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ON ELLIPTIC OPERATOR PENCILS WITH

GENERAL BOUNDARY CONDITIONS

R. DENK, R. MENNICKEN, AND L. VOLEVICH*

In this paper parameter-dependent partial differential operators are investigated
which satisfy the condition of N-ellipticity with parameter, an ellipticity con-
dition formulated with the use of the Newton polygon. For boundary value
problems with general boundary operators we define N-ellipticity including an
analogue of the Shapiro-Lopatinskii condition. It is shown that the boundary
value problem is N-elliptic if and only if an a priori estimate with respect to
certain parameter-dependent norms holds. These results are closely connected
with singular perturbation theory and lead to uniform estimates for problems of
Vishik-Lyusternik type containing a small parameter.

1. Introduction

Let us consider an operator pencil depending polynomially on the complex parameter A and
being of the form

A(.T, D, )\) = Agm(m, D) + )\Agmfl(ﬂf, D) + -+ )\271’1*2/1,142“(1,7 D) s (11)

where m and p are integer numbers with m > p > 0 and A;(z, D) = 3_, . @aj(x) D is a
partial differential operator with smooth coefficients. We assume that the pencil (1.1) acts
on a smooth compact manifold M with smooth boundary OM. Here and in the following,
we use the standard multi-index notation.

In the paper [5] the authors obtained basic results on N-elliptic pencils of the form
(1.1) and the Dirichlet boundary value problem connected with this pencil. The present
paper is a continuation of [5] and deals with general boundary conditions and corresponding
a priori estimates. Moreover, we will prove the necessity of N-ellipticity for these estimates,
construct a right parametrix and show the connection to problems with small parameter.
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Let the boundary operators B;, for simplicity independent of the complex parameter
A, be of the form

Bj(z,D)= Y bgi(x)D? (j=1,....m), (1.2)

|B]<my;

where the numbering is chosen such that for the orders of the operators B; we have m; <
mo < ... < m,,. Additionally, we assume that

My < Myt . (1.3)

The coefficients of B; are supposed to be defined in M and to be infinitely smooth.
The principal symbol A®(z, &, ) of (1.1) is defined as

AO (2,6, 0) 1= AY) (2,€) + ANAS)_(,€) + ...+ N2 AD) (7€) (1.4)
where
AN @) =" aoj(@)€™ (5 =2p,...,2m) (1.5)
lal=j

stands for the principal symbol of A;. The principal symbols (1.4) and (1.5) are invariant
under change of coordinates and thus globally defined on the cotangent bundle 7*M\{0}.
The principal symbols BJ(O) of the boundary operators B; are defined analogously.

In [5] the Newton polygon approach was used to formulate and prove an a priori
estimate for the Dirichlet boundary value problem. This method (which was also applied to
Douglis—Nirenberg systems in [4]) turns out to be suitable for general boundary conditions,
too. The concept of the Newton polygon makes it possible to define the general notion of
N-ellipticity with parameter which is a generalization of the classical definition of ellipticity
with parameter given by Agmon [1] and Agranovich—Vishik [3]. For the connection to N-
parabolic problems and Douglis-Nirenberg systems, the reader is referred to [5], Section 1.

The main ideas of the present paper are to use the language of function spaces
connected with the Newton polygon and to find equivalent (Shapiro—Lopatinskii type) con-
ditions for estimates in these spaces. These conditions, in particular the condition of regular
degeneration (see below) which might seem surprising at the first moment, become clearer
if we replace in (1.1) A by e7*. We obtain a problem of singular perturbation theory as it
was studied, for instance, by Vishik and Lyusternik [12]. The a priori estimate stated below
in Section 4 corresponds to a uniform (with respect to €) estimate in the Vishik—Lyusternik
theory (see also [6], [9], [11]). We will come back to this close connection in the Appendix.

2. The Shapiro—Lopatinskii condition

As the manifold M is compact we may fix a finite number of coordinate systems. Locally in
each of these coordinate systems the operator pencil A(x, D, A) is of the form (1.1) and acts
in R”. We can suppose without loss of generality that the coefficients of A(z, D, \) are (in
local coordinates) of the form

(aj(T) = o + aj;(z), a,; € D(R"). (2.1)



Definition 2.1. Let 2° € M be fixed. The interior symbol A(x° &, \) is called N-elliptic
with parameter in [0, 00) at 2° (cf. [5]) if the estimate

A (20, € N)| > Ol (A +[€)*™ 2 (£ eR™ N € [0,00)) (2.2)

holds with a constant C' which does not depend on & or A. If this is true for every 2° € M,
the symbol A(z,&, A\) and the operator A(z, D, \) are called N-elliptic with parameter in
[0, 00).

By continuity and compactness, for an N-elliptic operator the constant C' in (2.2)
can be chosen independently of z°.

Now we shall define the analogue of the Shapiro—Lopatinskii condition for our prob-
lem. For this, we fix a point 2° € M and a coordinate system in the neighbourhood of z°
such that in this system locally the boundary OM is given by the equation z,, = 0. We use in
R? := {z € R" : z,, > 0} the coordinates x = (2’, x,,) and the dual coordinates £ = (£',&,).
If A is N-elliptic with parameter, it follows from (2.2) that for every 2° € M we have

ADRYEN) #0 (€€ R™N{0}, A €[0,00)). (2.3)

In the case n > 2 this implies that A, considered as a polynomial in &,, has exactly m
roots with positive imaginary part for every £ # 0. In the case n = 2 this is an additional
condition which we assume to hold in the following. Similar considerations hold for ASB.
Let A be N-elliptic with parameter in [0, 00), fix 2° € OM and write A in local
coordinates corresponding to z° as considered above. Then we define the polynomial in
TeC
Q2% 1) = 77#A0 (0 0,7,1). (2.4)

Definition 2.2. The operator A(z, D, \) degenerates regularly at the boundary OM if for
every 20 € OM the polynomial (2.4) has exactly m — p roots in the upper half-plane of the
complex plane.

Remark 2.3. a) It is easily seen that if for a fixed 2° € OM and a fixed coordinate system
polynomial (2.4) has m — p roots in the upper half-plane, then this polynomial has this
property for arbitrary z° € OM and for an arbitrary coordinate system. This is due to the
fact that Q(z°,-) has no real roots (this follows from inequality (2.2)) and that its roots
depend continuously on the coefficients.

b) The condition of regular degeneration has its direct counterpart in the theory of singular
perturbations (see, e.g., [12], Section 6).

¢) Some examples where the condition of regular degeneration (Definition 2.2) holds auto-
matically can be found in [5], Remark 3.4.

If A is N-elliptic with parameter in [0, 00), then for any fixed 2° € M and & €
R\ {0}, we see from (2.3) that we can factorize the principal symbol A©® (2 & )) in the
form

A0 ¢ 2) = ALV @60 ADE,EN).



Here

AQ 0 ¢ 7 A) =T = 7% €, ), (2.5)

—:

Il
—

J

where 74, ..., T, are the zeros of A with positive imaginary part.

Now let 2° € OM and denote by Bj(x%¢',&,, A) the remainder of BJ(-O)(ZUO, ¢) after
division by A(f) (2°,&,\), where all polynomials are considered as polynomials in &,. We
write B in the form

B0, € 60 0) = S byela, € NEE (2.
k=1
and define the Lopatinskii determinant by
Lop(a®, €', \) := det (bjk(ajo, ¢ A))j,kzl 7777 e (2.7)
Then the condition
Lop(z°,&,)) #0 (2.8)

J(-O) (2°,¢',+) are linearly independent modulo Af)(xo, ¢, N). Tt is well-known

that condition (2.8) is satisfied if and only if the ordinary differential equation on the half-line

means that B

AV ¢ DL w(t) = 0 (t>0), (2.9)
B¢, D)w(t)imo = hp (k=1,...,m), (2.10)
w(t) — 0 (t — +00),
is uniquely solvable for every (hq,...,h,) € C™. Here D, stands for —i%.

Definition 2.4. Let A satisfy the regular degeneration condition. Then the boundary prob-
lem (A, By, ..., By,) is called N-elliptic with parameter A € [0, 00) if the following conditions
hold:

a) The interior symbol A(z, &, A) is N-elliptic with parameter in [0, 00) in the sense of Defi-
nition 2.1.

0

b) For every fixed z° € 9OM, every ¢ # 0 and every A € [0,00) the polynomials

.....

c) For every fixed 2° € OM, the boundary problem
(ASL)(‘%‘O7 D)u Bl<x07 D)7 SRR Bu(xoa D))

fulfills the Shapiro—Lopatinskii condition, i.e. (BJ(O) (2°,€));=1,. . are linearly independent

modulo (AS;))JF(JUO, €). Here (Agﬁ’jp is defined in analogy to (2.5) with A replaced by Ay,.

d) Let Qy (2% 7) := [, (= 7;(2°)) where 7,,,,...,7,, denote the zeros of Q(z,7)
(0)

with positive imaginary part. Then (B; (2°,0,7))j=pt1,..m are linearly independent modulo
Q. (2° 7) for every 2° € OM.



Remark 2.5. a) Note that the degree of BJ(-O) (2°,0,-) is m; which may be greater than
2m — 2p.

b) Condition b) in Definition 2.4 differs from the Agmon—Agranovich—Vishik condition of
ellipticity with parameter. If the symbols A(x,&,\) and Bj(x,&) are homogeneous with
respect to (£, \), the Agmon—Agranovich-Vishik condition means that

Lop(z%, & \) #0 for |€'P+ X2 =1, A >0. (2.11)

In particular, in this case inequality (2.8) holds for A = 1 and ¢ = 0. In the case of N-
ellipticity, however, the Lopatinskii determinant is in general not defined for £’ = 0 and may
tend to zero as £ — 0.

c) Taking in 2.4 b) A = 0 and [£'| = 1, we obtain the standard Shapiro—Lopatinskii condition
for the boundary value problem (Ag,, B1,. .., Bn).

d) Conditions 2.4 ¢) and d) correspond in some sense to the limit A — oo in 2.4 b). To
explain this, we replace A = e~! and write (2.9) in the form

Ag?}(l‘o, gla Dt) +o Tt 82m72HAg1)2L($07 5/7 Dt):| w: = 0.

For ¢ = 0 we supplement this equation with the first ;4 boundary conditions and obtain a
problem for wqy which is, due to condition 2.4 ¢), uniquely solvable.

For € > 0 the solution wy(t) will be a good approximation of w.(t) for ¢t > t, for
each tg > 0. However, wy does not satisfy the last m — p boundary conditions and therefore
will not be a good approximation in a neighbourhood of ¢t = 0. To satisfy all boundary
conditions, we have to add boundary layers which exist due to condition 2.4 d). These
considerations are a basic part of the Vishik—Lyusternik theory of boundary value problems
with small parameter (see [12], Section 6).

e) Condition 2.4 d) can be formulated as unique solvability of an ordinary differential equa-
tion system on the half-line, similarly to (2.9)-(2.10). If this condition holds, we have the
strict inequalities

My, < Mypyp1 < Mpga < oo < My

3. The basic ODE estimate

In a first step we consider the model problem in the half space. Let (A, By,..., B,,) be of
the form (1.1), (1.2) and acting in R’;. We suppose that A is homogeneous in (£, A), i.e. has
the form

A(EA) = Ao (&) + Mam1(§) + ..+ X" Az, () (3.1)
where A;(¢) is a homogeneous polynomial in £ of degree j. Similarly we assume that B; is
given by

Bi(§)= Y by¢” (j=1....m). (3:2)
|8]=m;

For fixed A > 0 and ¢’ € R""1\{0} we investigate the boundary problem



A€ DN ws(t) = 0 (t>0),
Bi(§, D) wi(t)li—o = dju (k=1,....m),
wi(t) — 0 (t — +00).

In [5], the following lemma on the roots of the polynomial A(', -, \) is proved.

Lemma 3.1. Let the polynomial A(§, \) in (3.1) be N-elliptic with parameter in [0, 00) and
assume that A degenerates reqularly. Then, with a suitable numbering of the roots ;(&', X)
of A(&', 7, \) with positive imaginary part, we have:

(i) Let S(&') = {10(&), ..., 7(&)} be the set of all zeros of Ay, (€', T) with positive imaginary
part. Then for all r > 0 there exists a N\g > 0 such that the distance between the sets
{n(&N),...,1.(&, N} and S(&') is less than v for all & with || =1 and all X > ).

(ii) Let 7,1, ..., 7y, be the roots of the polynomial Q(7) (cf. (2.4)) with positive imaginary
part. Then

T N) = AT+ 7€ N G=p+l.m), (3.5)
and there exist constants K; and A, independent of &' and X, such that for X > Ay the
mequality

AGPVES TIPS ({EPY (3.6)
holds, where ki is the mazimal multiplicity of the roots of Q(T).

Theorem 3.2. Assume that the operator (A, By, ..., By,) is of the form (3.1)~(3.2). Assume
that condition (1.3) holds and that A degenerates regularly at the boundary (cf. Definition
2.2) and (A, By, ..., By,) is N-elliptic with parameter in R’} in the sense of Definition 2.4.
Then for every & € R""'\{0} and X € [0,00) the ordinary differential equation (3.3)-(3.4)
has a unique solution w;(t,&', \), and the estimate

||D1ltwj('7€,a)\)||L2(R+) <

|§/‘l*mj*%, J< s < myg,
B L e O R T (e (3.7)
T lEeE e G LSy,

A+ [e)ms, T b

holds with a constant C' not depending on £ and \.

Proof. The existence and the uniqueness of the solution follows immediately from conditions
a) and b) in Definition 2.4. From the homogeneity of the symbols and from the uniqueness
of the solution we see that

! —m; 5, A
W (t,f 7)‘) =T ij (Tta ) _> (38)
ror
holds for every r > 0. If we set r = |¢/| and W' = % we obtain

a1 A
D (€ s = 1611778 | Dy (' )| (3.9)

La(Ry)
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The theorem will be proved if we show that for |w'| = 1 we have

C, J<p, < myqq,
C’Al_m““_%, J<p, l>myuq1,
C Nmw=mi Jg>u, 1<m,,
CAl’mj’%, J>p, l>my,

1(Dyw;) (- &', A Ly < (3.10)

for A > 1 and that the left-hand side is bounded by a constant for A < 1.

The boundedness for A < 1 follows easily from conditions a) and b) of Definition
2.4. We have to consider the case of large A.

To find an estimate in this case, we represent the solution in a form suggested in a
paper of Frank [6]. This representation is different from the (more explicit) representation
which is possible for the Dirichlet boundary value problem and which was used in [5].

Due to Lemma 3.1, the roots of this polynomial consist of two groups, the first
group, denoted by {r(w',A),..., 7, (', A)}, being bounded for A — oo, the other group,
denoted by {7,+1(w',A), ..., T (W', A)}, being of order A for A — oo.

We define .
A, A) =[] = (W', A)). (3.11)
j=1
Let v be a contour in the upper half of the complex plane enclosing the zeros 1, . .. s Tu-

From Lemma 3.1 we see that () can be chosen independently of w’ and A for all || = 1
and A > Ag.

From the same lemma we see that A;(w',7,A) — (As,)+(w',7) as A — oco. There-
fore we obtain from condition ¢) in Definition 2.4 that there exists A; such that for A > A;
and for all |w'| =1 the polynomials {B;(w’, 7)};=1,. , are independent modulo A;(w’, 7, A).
Thus there exist polynomials (with respect to 7) N;(w', 7, A), depending continuously on
(W', A), such that

1 Bk(w,,T)Nj(w/,T, A)
211 Ve A1 (w’, T, A)

dr =0y (k,j=1,...,p). (3.12)

From the construction of N; (cf., e.g., [2], p. 634) it is clear that for |w'| = 1 the polynomial
N;(w',7,A) tends to the corresponding polynomial connected with Ay, for A — oo; in
particular, N;(w', 7, A) is bounded for |w'| =1, 7 € ¥y and A > A;.

Analogously, we define

m

A ) = ] (7= 7w 0). (3.13)

Jj=p+1

Let ¥®(w’,A) be a contour in the upper half of the complex plane enclosing the zeros

Tyup1 (W', A), ..., T(w', A). From Lemma 3.1 we know that this contour is of order A for
A — o0o. Therefore we may fix a contour v?, independent of w’ and A such that ~(®
encloses all values 7;/A with j = g+ 1,...,m. We also remark that due to the regular

degeneration we may choose 7 with a positive distance to the real axis (cf. also (3.5)).

7



From condition d) in 2.4 we know that {B;(0,7)};=,+1
modulo @ (7). From Lemma 3.1 b) we know that

m 1s linearly independent

.....

/

Ao (%,7, 1) — Q4(1) (A — ).

.....

independent modulo Ag( , T, 1). Therefore there exist polynomials (in 7) N;(w', 7, A) for
J=pu+1....m, dependmg continuously on w’ and A, such that
L[ BN, A)
2mi J @ Ay(,7,1)

dr =06y (k,j=p+1,....,m). (3.14)

Now we need a lemma which will be proved below.

Lemma 3.3. The solution w;(t,w’,A) of the problem (3.3)-(3.4) can be represented in the
form

1 MO (W, 7, A) 1 P )
" A Ty N zt'rd / - ZtATd 315
wj(t, W', A) = 2 /(1) Ai(w', 7, A) 27” @ AZ(MK 1) ' ( )

where for |T| = O(1) and |w'| =1 we have

(1) -1 0, Js
M] (waT7A)—{CAmH—mj’ j>,u,
and _ ‘
),/ < e g s
M <W’T’A)_{CA‘"”, J>
As a direct corollary of the lemma we obtain
O(1) + O(A!=mw=3) j<pu
Dl N WA < T )
(Db Wlias) < § Gt 00 T A=
The estimate (3.10) trivially follows from these relations. O

Proof of Lemma 3.3. Let w(t,w’, A) be a solution of the problem (3.3)(3.4) with d,;, replaced
by ¢ = (¢1,...,0m) € C™. We seek the solution in the form

o
Nk(w’ T A) i
) A _ PYR\M T A it
w(t,W, ) ;wk 7 271'2 ~(1) Al(wl77-7 A)e o
m Nk( ’, A) itA
N 1 DR T ) itAr g 3.16
Z Q/Jk( )27TZ ) Az( ) ( )

k=p+1

where the functions v still have to be found.
Applying the boundary operator B;(£’, D;) to both sides of (3.16) and taking ¢t = 0
we obtain the following system for the unknown functions ¢y (w’, A):

8



(@A) + AT (W MW A) = ¢ (I=1,...,p), (3.17)

k=p+1

M=

wk(w’, A)hlk(w', A) + Aml@/Jl(w,, A) = Cbl (l = U + 1, ce ,m) . (318)
k=1

Here we have set

1 B LL/) N ,7A7
hu (W', A) = —/ 6 T)w/k(w i dr
2 7(2) AQ(X,T,l)
(l=1,...., k=p+1,...,m), (3.19)
1 By(W', T)Ni(w', A, 7)
h / A —_ Y ) Y d
lk(w, ) 271 /7(1) A1<w/,T,A) T
l=p+1,....om; k=1,...,p). (3.20)

We remark that we have used Bj(w', A7) = A™ By(%, 7).

Now we write 1) = (¢/,4"), where ¢’ consists of the first g components of the vector
¥, and ¢" consists of the other m — p components. In the same way we write ¢ = (¢', ¢").
In these notations the system (3.17)—(3.18) can be rewritten in the form

,lp/ _"_ A1H12¢/I — ¢/ ,
H21¢/ _"_ A2¢Il — qz5// ,

where we use the notation

A Ams
A1 = T ) A? = .
A A

and

If me multiply the second equation by the matrix A;H2A;" from the left and
subtract it from the first equation we obtain

(I = A Hpp Ay Hp ) = ¢ — A H1p A"
In a similar way we obtain
(I = Ay Ho Ay Hip)d" = =Dy Hor ¢ + A"

The matrices in brackets in the left-hand sides of above relations differ from the identity
by matrices whose elements can be estimated by a constant times A™»~™«+1 According to

9



(1.3), their norms tend to zero as A — oo. From this it follows that the matrices in brackets
for large A have inverses which we denote by G; and G, respectively. Then we obtain

Y= Gi¢) — G1A1H12A2_1¢”7
Vo= —GhA'Hyg' + GoA; '

If we take ¢ = e; (1 < j < ), where e; stands for the j-th unit vector, and denote by €}
the first © components of e;, we obtain

Vi) = Giej Y = —Galdy e}
In the same way if j > p and e denotes the components p + 1,...,m of e;, we obtain
wE]) = _G1A1H12A*mg’e;” wzlj) = GQAimjeg .

The statement of the lemma directly follows from these relations. O

4. A priori estimate and parametrix construction

Theorem 3.2 is the key result for proving a priori estimates. The norms used in these
estimates are based on the Newton polygon N, s (cf. Fig. 1) defined for » > s > 0 as the
convex hull of the set

{(0,0), (0,7 —s), (s,7—s), (r,0)}.

] >
T

S T )

Fig. 1. The Newton polygon N, .
The weight function Z, 4(§, A) is defined by

EsE N = > KA (4.1)

(i,k)ENy sNZ2

For a discussion of general Newton polygons we refer the reader to [4], [5], [7].
It is easily seen (cf. [5], Section 2) that we have the equivalence

Za(6,0) & (L4 €)M+ €] (4.2)

10



The sign =~ means that the quotient of the left-hand and the right-hand side is bounded
from below and from above by positive constants independent of £ and A. Taking the right-

hand side of (4.2) as a definition, we may define Z, ; for every r,s € R. The Sobolev space
HT9)(R") := HZ+(R") is defined as

{u e S'(R"): Z,5(& AN Fu(€) € Lo(R™)}
with the norm

lullrs) e = llullz,, re = [1F 7 2 (§ N FwE) o) (4.3)

Here Fu stands for the Fourier transform of u and S'(R™) denotes the space of all tem-
pered distributions. The space H="+(R"™1) is defined analogously with the weight function
Ers(&A) == E,5(€,0,A). These spaces can be defined on the half-space R’ in accordance
with the general theory of Sobolev spaces with weight functions as it can be found, e.g.,
in [13]. On the manifold M and the boundary OM, the spaces H="(M) and H==(0M),
respectively, are defined in the usual way, using a partition of unity.

In [5], Section 2, Sobolev spaces connected with Newton polygons were investigated

in detail. In particular, for r € N it was shown that ()7 : u — (£ )ulgn acts continuously

from H=rs(M) to e (OM) for j = 0,...,7 — 1. Here 55;1*1/2) denotes the weight
function corresponding to the Newton polygon which is constructed from N, s by a shift of
length j + 1/2 to the left parallel to the abscissa. More precisely, the shifted polygon is the
convex hull of the points

(0,0), (0,7 —s), (s—j+1/2,r—s), (r—75+1/2,0) ifj—1/2<s,
(0,0), (0,7‘—j+1/2), (T‘—j—}-l/Z,O) if8<j—1/2§7“.

Y

While in [5] the basic Sobolev space was H=m# we now have to deal with more general
spaces. For the remainder of this section, we fix integer numbers

r>my+1 and m,+1<s<my,q (4.4)

and consider the Newton polygon N, , its weight function = := =, ; and the corresponding
Sobolev space. We remark that for the Dirichlet problem the values » = m and s = p used
in [5] are included as an example.

Analogously to (4.1), we define the function ® = @, ; by

D(E,N) = Z EJAF, (4.5)

where the sum runs over all integer points (i, k) belonging to the side of N, ; which is not
parallel to one of the coordinate lines. This means that we have

O, A) = [P A+ [€) (4.6)

By &) we again denote the corresponding function for the shifted Newton polygon. From
Theorem 3.2 we obtain the following estimate for the fundamental solution w; defined in

(3.3)—(3.4):

11



Lemma 4.1. For the solution w;(t,£', \) considered in Theorem 3.2 we have the estimate

B )

! '
||thj('a§ 7)‘)||L2(1R+) <C @(71)(5/7)\)

(4.7)

Proof. To see this, we only have to remark that the right-hand side of (4.7) is equivalent to

€/ [ima=z, j<u 1<s,
Gl A+ €D < >,
E1s A+ )™, >, U< s,
A+ |&)immiz, i>p, 1> s

The first and fourth lines above coincide with the corresponding lines in the right-hand side
of (3.7). The ratio of the second line in (3.7) and the second line above is equal to

()\ |§I||§'| )m#+1—5+1/2 |
n

Respectively, the ratio of the third line in (3.7) and the third line above is equal to

("

Now our statement follows from (4.4). O

In [5] it was shown how an inequality of the form (4.7) leads to the proof of an a
priori estimate in terms of the parameter-dependent norms. Following the same steps as in
the proof of Theorem 5.6 in [5], we obtain from Lemma 4.1:

Theorem 4.2. Let A(x, D, \) be an operator pencil of the form (1.1), acting on the manifold
M with boundary OM. Let Bj(x,D), j =1,...,m, be boundary operators of the form (1.2).
Assume that A degenerates reqularly at the boundary and that (A, By, ..., By) is N-elliptic
with parameter in the sense of Definition 2.4. Set = = =, with r and s satisfying (4.4).
For simplicity, assume that r and s are integers. Then for X > \g there exists a constant

C = C()Ny), independent of u and \, such that
||u||E,M < C(HA(:L‘yD7)\)u”(r72m,572u),M

+ 3 11Bj (@, DYullgimy 17 gy + x*sHuHLQ(M)) . (4.8)
j=1

Now we want to construct a right (rough) parametrix for the operator (A, B) =
(A, By, ..., By). We restrict ourselves to the construction of local parametrices in R” and
R?” ; after this the definition of the parametrix on the manifold is standard.
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Lemma 4.3. Let A(z, D, \) in (1.1) be N-elliptic in R™ with coefficients of the form (2.1).
Then there exists a bounded operator

Py : HU=2ms=20(R™) — H™*)(R™) (4.9)

such that
APy=1+T (4.10)

where I denotes the identity operator in H(T=2ms=24)(R") and
T . HU=2ms=20(R") — HO(R") (4.11)
15 bounded. Here we have set

O6,2) = Zr st api1 (€ N) | = (1+ ) Zpoams2u(€ V)] (4.12)

Here and in the following, by a bounded operator we understand a continuous
operator with norm bounded by a constant independent of .

Proof. We define Py as a classical pseudodifferential operator (ps.d.o.) with symbol

¥(§)
AO) (€ N)

where 1) € C°(R™) is a cut-off function with ¢ = 0 for [{] < 1 and ¢ = 1 for |{]| > 2. The
continuity of the operator (4.9) is equivalent to the statement that the Ls-Lo-norm of the
operator

Py(z,&,N) =

—r4s— 2,u+2m

(14 [D[*)3 (A2 + |D]) %" Py, D, A)(1+ | D|*) =5 (3 + | DP?)

can be estimated by a constant independent of .
Using standard results on the Ls-boundedness of ps.d.o. (cf. [10], Section 2.4) we
have to show the inequalities

P(€) Da( (x &) ) < Cu(1+ |£D*2#(>\+ ‘€|>*2m+2,u.

For |a| = 0 this inequality directly follows from N-ellipticity with parameter, the proof for
arbitrary « can be made using the chain rule.
To prove (4.10)—(4.11) we write the operator T in the form

T =T+ (A(z,D,\) — A9z, D, \) P,
with Tu = A (z, D, \)Pyu — u. Noting that
A(z,D,\) — A9z, D, )\) : H™)(R") — H®(R")
is continuous, it is sufficient to prove (4.11) with T replaced by T. As above, this is equivalent
to the uniform L,-Lo boundedness of

(A +[D[*)”

—2u+1 r92m+p

r—8— 2m+2p

(L+ D)~ T (1+|DP)=" (X +|DP)

13



For this it is enough to show that the symbol T'(z, &, \) of T satisfies
(1+ 1) | DT (2,6, N)| < G (4.13)

The last inequality follows easily from the fact that for |{] > 2 we have

T(x, &\ = O%;m 5(‘9?14(0) (z,€,\) D2 m (4.14)
and from the estimates
D2 o] <O Eamade )™ (1122 (1.15)
and
DIOEAO (2,6, 0] < CE50(E N (0 < |a] < 2m). (4.16)
]

Now assume that (A4, B) acts in the half space R", the coefficients of (A, B) are
of the form (2.1) and that (A, B) is N-elliptic in the sense of Definition 2.4. We will use
the cut-off function ¢/ € C°(R"™!) defined by ¢/(£') := ¥ (£,0) with ¢ from the proof of
Lemma 4.3.

To define a parametrix, we use a cut-off function ¢/ € C*°(R"!) with

ey ) 0, €<,

For j =1,...,m we define the ps.d.o. P; in R""! (with z,, as parameter) by
(Pig)(a',xn) =" (D" ) wi(x', xn, D', M) g, (4.17)
where w;(2', z,,, &', ) is the unique solution of (3.3)—(3.4) with

A(glaDta)\> = A(O)(xla07€/7Dt7)‘)7

4.18
Bi(€, D) = BY(,0,¢,Dy). (£18)

Due to Lemma 3.3, for large A the symbol of w;(2', x,, D', \) can be written in the form

L)y g ¢
1 M; (l’ 3 6 » T /\) ]
(o] . /’ A P : T
U)j(aj , L 75 ) 2711 /y(l) Al(x/7£/77—7 )\) ‘ '
2) .0 ¢
1 M X ) I 7—7 )\ ;
_/ j ,< /f ) ezxn)\‘r dr . (419)
2mi oo Ao, &'/A T, 1)
Lemma 4.4. The operator P; defined in (4.17) is continuous from H= (R™) to

HE(R™).

14



mj—1/2) (

Proof. Let g € HE" R™!) and set u := P;g. Using the equivalent norm

r oo 1/2
> /0 DY, ) |2 s d:cn] (4.20)
=0

in H=(R"), we see that we have to show that

< Clxy)

—(— —(—m.— —1
‘:‘( l)(Dla )‘>D7lz]D] [‘:‘( 472 (D,’ A)] ‘ Lo(R*—1)— Ly (Rn—1) o

for some function C' = C(z,,) whose Ly(R, )-norm is bounded by a constant independent of
A. For this it is sufficient to show that for |{'| > 1 we have

—m;—1/2) (5/’ )\)
2N,

oo 1/2 =(
(/ | DS, Dfle(:p’,xn,g', A2 dxn) <CZ=
0

As we have for |{'| > 1 the equivalence =, (', A) = &, (¢, \) for all r,s € R (with ®,
defined by the right-hand side of (4.6)), the case o' = 0 is already covered by Lemma 4.1.
Here we take into account that, due to condition (2.1), the constant C' in Lemma 4.1 applied
to the symbols (4.18) may be chosen independently of 2’ € R"!.

The case o > 0 follows after differentiation of (4.19) with respect to a’ along the
same lines as in the proof of Lemma 3.3. O

Lemma 4.5. The operator

(—mj—1/2)

Cj = A(x, D,\)P; : H= (R"1) — HP(R™)

is bounded. Here ©(&, \) is defined in (4.12).

Proof. The symbol of the ps.d.o. C; in R"™! with parameter z,, is given by

2m

1 al al
> o A(x,€', Dn, N) D Pz, 20, €', \)
jov[=1
with

Pj<m7 5,7 >‘) = ¢(§/) wj<m7 6,7 A) .

Consider the family F = {A(z,&,\) : € R} of polynomials in (§,X) € R"*'. As the
degree of the polynomial A(z,-) is equal to 2m for all € R, the family F is a subset
of the finite-dimensional vector space of all polynomials in (£, \) of degree not greater than

2m. Therefore, there exists a finite set (M, ... ) ¢ R? such that every A € F may be
represented in the form

with smooth coefficients ¢ ().

15



Taking into account that the operators of multiplication by c¢x(x) are bounded in
H G(Rﬁ), we reduce our problem to the proof of the boundedness of operators of the form

=(—mj—1/2)

Cory = Gor (D', \) DL DY Pi(z, D', \) - H® (R™Y) — HO(R?),

where
—(—1—1
[aaa(€ M) < C Egn) (€N (4.21)
Literally repeating the proof of Lemma 4.4 we establish the boundedness of the operator

(~mj—1/2)

DS Pj(z, D, )\) : H= (R™) — H=(R").

According to (4.21) the operator
o (D', N) : HE(RY) — HO(RY)

is bounded. As Cy; is the product of of the above operators this operator is also bounded.
]

Theorem 4.6. Consider in the half space R} the boundary value problem (A,B) =
(A, By, ..., By) of the form (1.1), (1.2) with coefficients of the form (2.1). Assume that A
degenerates reqularly at the boundary and that (A, B) is N-elliptic with parameter in [0, 00)
in the sense of Definition 2.4. Then there exists a bounded operator

p: PR x [[H

Jj=1

Z(-m;—1/2)

(R") — HE(R?)

such that
(A, B)P=1+T

where I stands for the identity operator in the space

m
H(fmj71/2)

H(r72m,sf2,u) (Ri) > H HE

j=1

(R 1) (4.22)
and T is a continuous operator from the space (4.22) to the space
HO®y) < [[ = )
j=1

with ©(&, \) being defined in (4.12).
Proof. We define

P(f,g1,- -, 9m) = RREf+ > Pi(g; — BiRf).

j=1
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Here E is a fixed operator of extension from R’} to R", R denotes the operator of restriction
onto R}, the operator P is given in Lemma 4.3 and P; (j = 1,...,m) is given by (4.17). The
continuity of P follows from Lemma 4.3 and Lemma 4.4. In order to see that the operator
T is continuous with respect to the spaces given in the theorem, we denote the components
of T'by Ty, Ty, ..., T,,. The operator Tj is given by

To(f. 91 gm) = ARREf — f + Y  AP;(g; — BRREf).

=1

We see from Lemma 4.3 and Lemma 4.5 that T maps the space (4.22) continuously into
HO(RY).

Turning to the other components 17, . .., T},, we remark that for j,k =1,..., m the
operator By P; equals dx; I up to operators of lower order. More precisely, the operator

Bk(l', D)f)] - 5k]]

is a ps.d.o. in R""! which is continuous from

=(-=m;—1/2)

H= (R™)  to HE "R,

This is due to the fact that w;(z', z,,§’, \) satisfies (3.3)-(3.4); the estimates for the lower
order terms of the ps.d.o. B P; can be found in the same way as it was done for AP; in the
proof of Lemma 4.5. From the continuity of B;P; — ;] the continuity of T} in the spaces
given in the theorem immediately follows. m

Remark 4.7. The main feature of the parametrix constructed in the previous theorem is
that the spaces defined in terms of Newton polygons appear. The existence of a parametrix
for fixed A is clear due to the ellipticity of the boundary value problem (As,,, B, ..., By,) (see
Remark 2.5 ¢)). Similarly, on a compact manifold with boundary, the Fredholm property of
(A, B) follows from the ellipticity of (Ag,, By, ..., B,,) as (for fixed \) the norm in H=r+ is
equivalent to the standard norm in H".

5. Proof of the necessity

The aim of this section is to prove the following theorem.

Theorem 5.1. Let A degenerate reqularly at the boundary OM and assume that inequality
(1.3) holds. Let r and s be integers satisfying (4.4) and assume, in addition, that

r>m and pu<s<r—m-+/pu. (5.1)

If the a priori estimate (4.8) holds, then (A, By, ..., By) is N-elliptic with parameter in the
sense of Definition 2.4.

17



Note that if the orders m; of the boundary operators B; are all different (e.g., if the
boundary operators are normal), then (1.3) is satisfied and (5.1) is a consequence of (4.4).
The proof of this theorem is divided into several steps.

Necessity of condition 2.4 a). First of all note that applying estimate (4.8) to
functions whose support does not intersect with the boundary, we obtain the estimate in R™

[ulles < C(IA@, DN ull-2m o2+ N ], ) (5:2)

Proposition 5.2. Suppose that (5.2) takes place and x° is an arbitrary point of R™. Denote
A(D,\) = A%=z° D, )\). Then the estimate

[1DF(D1+ 2= (53)

| <c|ipr(pl + Ay A, Al

Lo
holds, where the constant C' does not depend on z° or \.

The necessity of a) easily follows from (5.3). Indeed, applying the Fourier transform,
we can rewrite (5.3) in the form

[ Dol 2279 = R ]+ 2220 A, ] [(Pu)@) P < 0.

Since u € D is arbitrary, the expression in the square brackets is non-positive. From this
part a) follows.
To prove (5.3) we replace in (5.2) A by pA with p > 0 and u(x) by

up(@) = p~ " u(p(a — 2°) (5.4)
and tend p to +00. To carry out the calculations we need the following

Lemma 5.3. Denote
(Spot) (@) = u(p(x — 2)). (5.5)

Then for an arbitrary ps.d.o. a(z, D) we have
a(zx, D)Sp@ou} (x) = [Sp,xoa(xo +p t, pD)u} (x). (5.6)

Proof. Direct calculation shows that

(Sya0)(€) = p " exp(-ia€) (Fu) (£

If we substitute the last expression in the left-hand side of (5.6) and change £ to p& we obtain
the right-hand side of (5.6). O

Proof of Proposition 5.2. Applying the a priori estimate (5.2) to the function u, (cf. (5.4)),
we obtain, according to the lemma,

(1 +[D)* (oA + D) *up) () = p"2S 00 [(p‘1 +IDD) A+ D) u (2)

18



The Ly(R™) norm of this expression tends to the left-hand side of (5.3), as p tends to +oc.
Now we turn to the right-hand side of (5.2). We have
(1+ D)) (pA + [D)""*" Az, D, pA)u, ()
= 2S00 (7 + D)2 (0 4 D]y =22, | (2)
where
hp(x) = p~ 2" A(z® + p~'a, pD, pMu(z)  —  A(D,Nu

as p — +00.
It is easy to check that the limit of the second term of the right-hand side of (5.2)
is equal to zero. O

To prove the necessity of 2.4 b), ¢) and d) we consider (4.8) for functions with
supports belonging to a small neighbourhood of a point 2° € M. In this case the norms
in (4.8) can be taken in R and R"!, respectively. Now we use the fact that we have the
norm equivalence (4.20) and the equivalence

=(- (LD A+ 1g)—, 1<s,
=0 N = {(A+!§|)T‘l, I>s.

According to [5], Section 2, the norm

1(iD + /14 [D'[2)? (iDy + /A2 + | D'[)P~ | Ly

is defined for any p,q € R and is equivalent to ||lul[(pqr: (cf (4.3)). Substituting these
expressions into the a priori estimate (4.8) for the half space, we obtain in explicit form

I (O (R

La(R%)

»s |02+ 1Dy e-72 Dl
l=s+1

‘Lg(m)

C| |loe(D,\)A(z, D,)\)UHLQ(RTJ;) +)\T_SHU||L2(R1)

Mt/‘\

1 + |D | ) s— mj—1/2)/2()\2 + |D/|2)(r_8)/23j($,,D)U‘

Lo(Rn—1
] 2( )

J

A2 4 | D2 —mi=1Y2/2B (4 D ‘ ‘
£y H( D) @ D), ) (57)

Jj=p+1

where we used the abbreviation
(D)\ ZD —|—\/1—|—|D/ SQNZD + /)\2+‘D/ rs2m+2,u
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Proposition 5.4. Suppose estimate (5.7) holds Let 2° be an arbitrary point in R"! and
set A(D,\) = A9(2° D, X\), B;(D,\) = B )( 0 D,N), j=1,...,m. Then the following

estimate holds
Z H ’D/‘S_l()\z + |D/‘2)(r_8)/2szuH
1=0

+ 3 [+ DB e2DL

l=s+1

L (R7)

‘LQ(M)

< C(||(~T(D,)\)A(Da)\)UHLQ(RK)

D/|sfmj71/2()\2 + ’D/|2)(rfs)/23j(D)uH

L2 (Rnfl)

5.8
LQ(R"—l)) ’ (58)

J=1

& 3 ||or+ ippemeE Dy

Jj=p+1

where we have set

5(D, ) == (iDy + |D'|)* "2 (iD,, + /A2 + | D/[2) 52+

Proof. We apply (5.7) with A replaced by pA to the function u, defined in (5.4), noting that
S,wou is again defined in R”. because of 2° € R"™! and p > 0. From Lemma 5.3 and the fact
that for any function v € Ly(R’") we have

P11, Loy = 0l|Loqen) |

we see that the [-th term in the first sum in (5.7) is equal to

s—=1)/2 (r—s)/2
|G+ 1) ™ (e 10) ™ B

L (R7)

which tends to the corresponding term in (5.8) for p — oco. The remaining expressions in
(5.7) can be treated analogously; the term (pA)"*||u,||,rn) tends to zero for p — oo.

For the terms involving the boundary operators we remark that 7S, 0 = S, z070
where 7o : u +— u(+,0) stands for the trace operator. Therefore we may apply Lemma 5.3 to
the function B;(2’, D)u, defined in R"1. O

If we apply (5.8) to a function of the form

u(@) = ¢(&")V (@), (2') € DR
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we obtain an estimate on the half-line (cf. [8], Chapter 3, Proposition 2 in Subsection 2.3):

D IEPTRHEP) VDLV o

T

+ D A HIER DLV |y

l=s5+1

IN

C (H&<€/7 Dn7 )\)A<€/7 Dn7 A)VHLQ(R+)

W
SO 4 €292 By (€, D)V (0)]

J=1

Y (NP2 By (¢ Dn>V<0>\) . (5.9)

Jj=ptl

Necessity of condition 2.4 b). Suppose V(z,) € La(R,) is a solution of the homo-
geneous equation

A, Dy, NV (x,) =0, x,>0.
Then this function satisfies the equation
A (&, Dy, NV (x,) =0, z,>0. (5.10)

Now from (5.9) we deduce the estimate

(&, A) ZHD Vo) <Z!B' A, Dn)V(0)]. (5.11)

7=1

Here B} are remainders of B; after the division by A, and ¢(§,\) > 0 for & # 0 and A > 0.
From a standard trace result for Sobolev spaces on R, we know that

r r—+1
S IDITV0)] < CY DTV | nyzy) - (5.12)
j=1 j=1

From this and (5.11) we obtain, using r > m (see (5.1)),

SN 3 IDVO) < S| b€ MDY (0)], (5.13)
=1 j=1 k=1
where
BI(€ ), 2) Zb]kg A)z (5.14)
The constant ¢(¢',\) in (5.13) is positive for ¢ # 0and A > 0. Note that the Cauchy
problem

DEYW(0)=¢, k=1,....,m
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for ODE (5.10) has a unique solution for arbitrary ¢ = ((i, ..., (y,) € C™. This means that
for an arbitrary complex vector ¢ we have the estimate

(&, NS < IB(E, )]

where B(¢', ) :== (bjx(€',A))jk=1,..m- The last inequality means that the matrix B(£', \) is

.....

nonsingular as |'| # 0, A > 0, i.e. the necessity of b) is proved.

Proposition 5.5. Suppose the estimate (5.7) holds. Let 2° be an arbitrary point of R"1.
Then the inequality

S
> | phu
=0

< C H D, + D)2 Ay, (D H
oy < <<z + D) Ay (D)

o
p3
j=1

holds, where Ay, (D) = Agj} (2", D), B;j(D) = B](-O) (2°,D), 57=1,..., .

L (R7)

‘|D/|s—mj—1/2Bj(D)UHL2(Rn1)) (515)

Proof. This can be seen in exactly the same way as Proposition 5.4, now applying the a
priori estimate (5.7) with p‘A instead of A to the function

up(x) = p~ I 2y (p( — 20))
where ¢ > 1 is fixed and p > 0 tends to infinity. O

Necessity of condition 2.4 ¢). From Proposition 5.5 the estimate on the half-line
can be obtained

La(R4)

Sl IDV s < O(H(z‘Dn +IEDT 2 An (€, D)V
=0

+ > |§/Is‘mj‘1/2|3j(£’7Dn)V(O)!> :
j=1

As above we see that for solutions V(x,) € Ly(R,) of
A, (&, D)V (zy) =0, x,>0

we obtain the inequality
s 1
D IDTV(O)] £ C Y IBE A D)V(0)] (5.16)
=1 j=1

with a constant C' independent of &', |{'| = 1, and A, where now B} denotes the remainder
of B; after division by (Ag,)+. Replacing in (5.16) the germ of V' in 0 by an arbitrary vector
¢ € C* and using s > p (see (5.1)), we obtain the necessity of ¢).
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Proposition 5.6. Suppose the estimate (5.7) holds and x° is an arbitrary point of R"~1.
Then the estimate

T
> Dbl yEn) < C(H(Dn—i)”2m+2“DZQ($O,Dn)U||L2(Ri>
l=s

+ Y B0, Dn>u||L2(Rn1>> (5.17)

J=p+l
holds.
Proof. We apply (5.7) with X replaced by p to the function

1/24e(n—1)/2—r

uy(x) == p u(p® (2 — 2°), pxy,)

with 0 < € < 1 fixed. Now we use
u(ps(x/ - xO)’ ,OZL'n) = [Séf,:)no Sg”fon)u] (CC) )

where S indicates that the operator S... acts on the first n — 1 variables (and analogously
that S acts on the last variable), and apply Lemma 5.3 twice. For the [-th term in the
first sum of (5.7) we obtain the expression

(1—e)(l—s) (p—25 + |D/|2>(s—l)/2(1 + p2(6_1)|D/|2)(r_8)/2D£LU

P ‘ Lo(R%)

For [ < s —1 this expression tends to zero for p — oo, for I = s its limit equals || Djul|r,®n)-
The remaining terms can be treated analogously; to finish the proof we use

/
pm A(ivo + % %", p°D', pDy, p> — D}Q(a°, Dy,)

and .

—m z €
p JBj(:c°+;7p D’,pDn) — B (2",0,D,)
as p — oQ. .

Necessity of condition 2.4 d). From Proposition 5.6 we obtain the estimate on the
half-line

Ly(Ry)
l=s

Z ||DLV||L2(R+) < C(H(Dn — Z’)T—S—Qm—f—QMDZQ(xO’ Dn)v‘

* Zm: 1B (2", 0, Dn)V(0)|>- (5.18)

Jj=u+1

Since m; > s for j > p+ 1, each Bj(-o)(xo, 0,7) contains the factor 7%, and it is easily seen
that condition d) follows from the analogous condition for

R(0) .0 s 0
B (x7,0,7) :==7°B;"(2",0,7).
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Now we apply (5.18) to a solution V' € Ly(R,) of
Q(2°, D)V (z,) =0, x,>0

and substitute W(x,,) := DV (z,). We obtain

r—s+1 m
D DT Wilnaey <C Y 1Bj(a”,0, D)W (0)], (5.19)
=1

J=p+1

where now B stands for the remainder of BJ(O) after division by ;. Usingr —s>m —pu
(cf. (5.1)) and the trace result (5.12), we obtain the linear independence of B} modulo Q)
from (5.19) and therefore condition d).

Appendix. Singularly perturbed problems

One of the most important features of the Newton polygon approach is to provide an easy
formulation and proof of a priori estimates in the theory of singularly perturbed problems.
All results of the previous sections can be rewritten for boundary value problems with small
parameter as treated by Vishik-Lyusternik [12], Nazarov [11], Frank [6] and others. As an
example, we formulate an a priori estimate for such problems.

Consider for € > 0 the operator

AS(IL‘, D) = EQm_ZMAQm(ZL', D) + 82m_2u_1A2m_1(l’, D) + ...+ Agu(ﬁ, D)

with A; =37 . aaj(z)D®. Let A. act on a smooth compact manifold M with boundary
OM and assume that we have boundary conditions By (z, D), ..., By, (z, D) of the form (1.2)
satisfying (1.3).

We fix integer numbers r and s satisfying (4.4) and consider the weight function

Ea(g) = Ee,(r,s) (5) = (1 + |€|)S (1 + 5|£|)T_S :

The norms corresponding to this weight function will be denoted by

Definition A.1. a) The operator A.(x, D) is called N-elliptic if

=M = H ) Hs,(r,s),M'

A9 (2, 6)] > CIEP (1+efe)P™ % (€€R", e>0, z € T)

holds where C' does not depend on x, & or ¢.

b) The operator A. is said to degenerate regularly at the boundary if the polynomial
Qa®,7) =7 AP (2°,0,7)

has exactly m — u roots in the upper half plane.
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Definition A.2. The boundary problem (A., By, ..., B,,) is called N-elliptic if the following
conditions hold:

a) The operator A.(z, D) is N-elliptic in the sense of Definition A.1.
b) For every fixed z° € M the boundary problem

<A£O)<x0’ 5/’ Dn), B§O)($O,f/a Dn), o ,BS)($O,§,7 Dn)>

for each ¢ > 0 and £’ # 0 is uniquely solvable on the half-line z,, > 0 in the space of functions
tending to zero as xz,, — 0o. Moreover we suppose that the problem

<A;(7]7)71(:B0’ 5/7 Dn)’ B§0) (x07 5/’ D”)? ct B’V(7?) (x()? 5/7 Dn) >

(corresponding to € = oo) has the same property.

c) For every 2° € OM the boundary problem
(A2.(2°, D), Bi(2°, D), ..., B,(2°, D))

fulfills the Shapiro—Lopatinskii condition.

d) For every z° € OM the polynomials (BJ(.O)(xO,O,T))j:#H m are linearly independent

modulo Q, (2%, 7) with Q, defined in Definition 2.4 d).

If the conditions of Definition A.1 and A.2 hold, we can apply Theorem 4.2 to the

operator
Az, D,X) == N7 Ay (2, D).

The connection between Z.(€) and Z(&,e7!) (defined in (4.2)) is given by

E(§) =" E(6e7T)

and
=(emi=1/2) ey _ ) € ° ECmiml2)(g et ifj <up,
it (5) - Erfmjfl/Q E(fmjfl/Q) (6’ 671) lf] > 0.

Using these relations, we obtain from Theorem 4.2 the following result which can be found
(without the notation of the Newton polygon) in [6]:

Theorem A.3. Assume that A, degenerates reqularly and that (A, By, ..., By) is N-elliptic
in the sense of Definition A.2. Then the following a priori estimate holds with a constant C
independent of € > 0:

n
HU =e,M S C(HAEUHE,(T‘—QT)’L,S—2/,L),M + Z HBjuH:(*mjflﬂ)
—e b

j=1

m
Y T Bl gm gy, + ”““L2<M>>'
J=p+1

oM
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