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Prüfungsvorsitz: Prof. Dr. Alfred Leitenstorfer

i





Preface

This thesis was carried out under the supervision of Prof. Dr. Wolfgang Belzig
in the Quantum Transport group in the Department of Physics at the University
of Konstanz. The text is organized into six chapters, of which the first provides a
general introduction to the topic and methods, the last chapter gives a conclusion,
and the remaining chapters contain my publications together with a topic-specific
introduction. The projects in Sections III.6 and V.4 were conducted in close collab-
oration with Prof. Dr. Denis Basko and Prof. Dr. Juan Carlos Cuevas, respectively.

Chapter I gives a brief introduction to quantum transport and reviews the meth-
ods used in this thesis, including the Keldysh Green’s-function formalism and
the Landauer–Büttiker scattering approach.

Chapter II presents the peer-reviewed article1, in which we extend the concept
of temperature-difference-induced noise in a normal-metal mesoscopic conduc-
tor to the nonsymmetrized current–current correlator at finite frequency, thereby
connecting it to light emission.

Chapter III introduces near-field radiative heat transfer (NFRHT), which is de-
scribed by fluctuational electrodynamics. We discuss the circuit approximation
to NFRHT, described by circuit fluctuational electrodynamics, and analyze clas-
sical electrical networks as well as their quantization. Section III.6 contains the
peer-reviewed work3, where we formulate the problem of NFRHT as an effec-
tive quantum scattering theory of matter excitations. The circuit-related and nu-
merical calculations were carried out by me; the example of a surface-phonon-
polariton was a joint effort; the microscopic calculations and the extension to
macroscopic bodies were performed by my collaborator, Prof. Dr. Denis Basko.

Chapter IV addresses classical photon-assisted transport in normal-metal meso-
scopic conductors and shows how the Landauer–Büttiker approach extends to
arbitrary time-dependent voltage drives. In addition, we present an introduction
to full counting statistics (FCS) and review the Keldysh action for mesoscopic
conductors. Section IV.4 covers the peer-reviewed article2 on FCS in mesoscopic
conductors driven by few-cycle voltage pulses (Gaussian and box-shaped).

Chapter V examines quantum photon-assisted transport in tunnel junctions and
introduces dynamical Coulomb blockade, its extension to non-thermal electro-
magnetic environments, and the basic concepts of circuit quantum electrodynam-
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ics. Furthermore, we provide a brief overview of the Josephson effect. Section V.4
contains the peer-reviewed article 4, which presents a theoretical study of the elec-
tric current in a Josephson tunnel junction coupled to an arbitrary nonclassical
electromagnetic environment, thereby generalizing classical transport phenom-
ena such as photon-assisted tunneling and Shapiro steps to the quantum regime.

Chapter VI provides the overall conclusion of this thesis.
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Deutsche Zusammenfassung

Moderne Fertigungstechniken ermöglichen die präzise Kontrolle über physikalis-
che Vielteilchensysteme im immer kleineren Maßstab. Ein mesoskopischer Leiter,
dessen Ausdehnung kleiner ist als die Phasenkohärenzlänge seiner Elektronen-
wellen, zeigt Quanteneffekte im Transport und lässt sich durch eine quanten-
mechanische Streutheorie beschreiben. Der Leiter wird typischerweise durch
zwei große Teilchenreservoirs modelliert, die über einen Wellenleiter gekoppelt
sind, in dem ein Streupotential (z. B. eine Verengung, ein Defekt oder eine Tun-
nelbarriere) die kohärente Ausbreitung beeinflusst. Die Leitfähigkeit hängt von
der Transmissionswahrscheinlichkeiten der Ladungsträger ab. Dies führt zur
Quantisierung der Leitfähigkeit, da Transportkanäle geöffnet oder geschlossen
werden können. Transportgrößen wie Strom, Fluktuationen und höhere Kumu-
lanten können genutzt werden, um Informationen über das physikalische System
zu gewinnen, beispielsweise über die Ladung und die Streueigenschaften der
am Transport beteiligten Teilchen. Im Gleichgewicht, d. h. wenn beide Teilchen-
reservoirs denselben Zustand haben, fließt kein Strom und die Fluktuationen
ergeben sich allein aus dem thermischen Rauschen. Nichtgleichgewichtsfluktu-
ationen können durch verschiedene Mechanismen hervorgerufen werden, zum
Beispiel durch das Anlegen einer konstanten Spannung oder durch einen Tem-
peraturunterschied zwischen den Reservoirs. Zeitabhängige und nichtklassische
elektromagnetische Felder können ebenfalls Strom und Fluktuationen antreiben,
die wiederum charakteristische Signaturen im Transport erzeugen. Quanten-
transport in elektrischen Leitern weist Parallelen zum Transport anderer Teilchen
auf, wie beispielsweise Photonen oder Phononen, deren thermische Leitfähigkeit
ebenfalls mit Transmissionswahrscheinlichkeiten identifiziert werden kann.

Alle Körper endlicher Temperatur emittieren aufgrund der thermischen Bewe-
gung ihrer geladenen Bestandteile elektromagnetische Strahlung. Das Plancksche
Strahlungsgesetz beschreibt die Emission eines Schwarzen Körpers und ergibt
eine breitbandige spektrale Dichte, die ausschließlich von der Temperatur bes-
timmt ist. Der Strahlungsaustausch zwischen Körpern unterschiedlicher Temper-
atur bewirkt einen Wärmetransport, der durch das elektromagnetische Feld ver-
mittelt wird. Im Nahfeld kann dieser Wärmetransport die nach dem Planckschen
Gesetz erwarteten Beiträge deutlich übersteigen, da in diesem Bereich Beugung,
Interferenzeffekte und evaneszente Wellen eine zusätzliche Rolle spielen. Die
Fluktuationselektrodynamik bildet ein theoretisches Fundament zur Beschrei-
bung des radiativen Wärmetransports im Fern- und Nahfeld und führt zu einem
Wärmestrom mit einer Struktur, die dem elektrischen Strom in mesoskopischen
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Leitern ähnelt.

Das erste Kapitel I gibt eine kurze Einführung in den Quantentransport und den
Nichtgleichgewichts-Formalismus der Greenschen Funktionen.

Das zweite Kapitel II untersucht die Lichtemission eines mesoskopischen Leiters
bei unterschiedlichen Temperaturen der Elektronenreservoirs. Das nicht-symm-
etrisierte Rauschspektrum bestimmt dabei Emission und Absorption des Leit-
ers. Während spannungsgetriebene Fluktuationen aus einem Beitrag des ther-
mischen Rauschens und einem Beitrag des Schrotrauschens bestehen, lässt sich
das Rauschspektrum in thermisch getriebenen Leitern durch einen thermischarti-
gen und einen Delta-T -Beitrag charakterisieren. Zur Veranschaulichung der ver-
schiedenen Beiträge betrachten wir energieunabhängige sowie resonante Streu-
ung.

Das dritte Kapitel III führt in den Nahfeld-radiativen Wärmetransport ein und
behandelt die Quantisierung elektrischer Schaltungen. Im Hauptteil entwick-
eln wir den Streuformalismus für den Nahfeld-radiativen Wärmetransport, der
äquivalent zur Fluktuationselektrodynamik ist. Zuerst betrachten wir das Schal-
tungsmodell, in dem die thermischen Körper durch beliebige Impedanzen darge-
stellt und ihre Kopplung durch Schaltungselemente beschrieben werden. Prinzip-
ien der Schaltkreis-Quantenelektrodynamik dienen dabei zur quantenmechanis-
chen Modellierung thermischer Fluktuationen und von Dissipation. Aus der
Konstruktion der Streuzustände ergibt sich die vollständige Streumatrix. Wir
berechnen den Energieflussoperator und untersuchen sowohl die mittlere dissip-
ierte Energie als auch die Energieflussfluktuationen. Reaktive Komponenten in-
nerhalb der thermischen Körper können das Fluktuationsspektrum dominieren,
ein Effekt, der von der üblichen Landauer-Büttiker-Theorie nicht erfasst wird.
Die Ergebnisse werden anhand von zwei gekoppelten Oberflächen-Phonon-Po-
laritonen sowie einfachen Schaltungsbeispielen veranschaulicht. Darüber hinaus
übertragen wir die Streutheorie auf den radiativen Wärmetransport zwischen
makroskopischen Körpern.

Das vierte Kapitel IV behandelt klassischen photonenunterstützten Transport in
mesoskopischen Leitern. Es enthält außerdem eine kurze Einführung in die The-
orie der Zählstatistik und in den Formalismus der Keldysh-Wirkung. Der Haupt-
teil widmet sich der Zählstatistik eines mesoskopischen Leiters unter dem Ein-
fluss von Spannungspulsen, insbesondere solcher mit oszillierendem Träger und
gaußförmiger oder rechteckiger Hüllkurve. Wir berechnen die Wahrscheinlich-
keiten zur Erzeugung von Elektron–Loch-Paaren, welche die Zählstatistik und
das Rauschen bestimmen. Dabei zeigt sich, dass das Rauschen stark von der
Träger-Einhüllenden-Phase abhängt, also von der relativen Phase zwischen Trä-
geroszillation und Pulsform.

Das fünfte Kapitel V thematisiert nichtklassischen, photonenunterstützten Trans-
port und enthält eine Einführung in die Theorie der dynamischen Coulomb-
Blockade. Die Physik des Josephson-Effekts und der Shapiro-Stufen wird kurz
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dargestellt, ergänzt durch einen Überblick über verschiedene Quantenzustände
in der Schaltkreis-Quantenelektrodynamik. Im Hauptteil wird der Einfluss einer
nichtklassischen elektromagnetischen Umgebung auf den Transport durch einen
supraleitenden Tunnelkontakt untersucht. Klassische Transportphänomene wie
photonengekoppeltes Tunneln und Shapiro-Stufen werden dabei in das Quan-
tenregime übertragen. Es wird gezeigt, dass der supraleitende Tunnelkontakt
den vollständigen Quantenzustand der elektromagnetischen Umgebung erfasst
und eine Rekonstruktion ermöglicht. Der Quasiteilchenstrom liefert direkten Zu-
gang zur Wahrscheinlichkeit des Energieaustauschs zwischen Quasiteilchen und
Umgebung, während der Cooper-Paar-Strom empfindlich auf die Kohärenzen
des Umgebungszustands reagiert, sodass sich Shapiro-Stufen als Indikatoren für
diese Kohärenzen nutzen lassen. Als erstes Beispiel für die Umgebung betrachten
wir ein Qubit, das in einem beliebigen (reinen oder gemischten) Zustand präpari-
ert ist. Das zweites Beispiel betrachten wir einen LC-Schwingkreis, der entweder
in einer Überlagerung aus Vakuum und einem bzw. drei Photonen Zustand, in
einem kohärenten Zustand oder in einem gequetschten Zustand initialisiert ist.
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Chapter I

Introduction: Quantum Transport

Quantum transport describes the coherent propagation of particles or excitations
in a physical system, accounting for their wave-like nature and quantum statis-
tics. The concept emerged in the 1980s within the field of mesoscopic physics [1–
7], as a framework to describe phase-coherent electron transport in small-scale
conductors. As conductors are reduced in size and cooled to low temperatures,
Ohm’s law no longer applies. The system enters the mesoscopic regime, where
quantum effects dominate electron transport and resistance arises from mecha-
nisms other than inelastic scattering. Figure I.1 illustrates several systems ex-
hibiting coherent electronic transport. The physical behaviour of the conductor is
governed by its length L in relation to various intrinsic length scales such as the
energy relaxation length lin, the coherence length lφ, the elastic mean free path l,
and the Fermi wavelength λF . The energy relaxation length is the average dis-
tance an electron travels before undergoing a significant change in energy. The
phase coherence length describes the distance over which an electron maintains
its phase coherence. Inelastic scattering processes, such as electron-electron and
electron-phonon interactions, can lead to the loss of phase coherence. Apart from
scattering by magnetic impurities, elastic scattering does not affect phase coher-
ence. A conductor is said to be in the mesoscopic regime when its physical size
is smaller than the phase coherence length. For example, aluminium exhibits a
coherence length of approximately 1 µm at T = 1 K, which decreases to a few
tens of nanometres at room temperature [11]. Whether a mesoscopic conductor
exhibits diffusive (l � L) or ballistic (l > L) transport is determined by the elas-
tic mean free path, which represents the average distance an electron propagates
before scattering off a (static) non-magnetic impurity. Atomic-scale junctions can
have dimensions as small as a few nanometers or less, approaching the scale of
the Fermi wavelength in metals, namely, the de Broglie wavelength of electrons
at the Fermi energy. In this thesis, we consider mesoscopic conductors in the
ballistic regime satisfying

λF < L < l < lφ . lin. (I.0.1)

Rolf Landauer [1] proposed in the late 1950s that electrical transport, in the ab-
sence of inelastic interactions, can be formulated as a scattering problem, thereby
establishing the notion that conductance is transmission. The famous Landauer
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Chapter I: Introduction: Quantum Transport

(c) (d)

Figure I.1: Examples of electronic quantum transport. Scanning electron micrograph [8]:
(a) Two microfabricated bridges suspended above a triangular pit in the silicon sub-
strate. (b) Close-up showing two cantilevers (∼ 700 nm apart) coated with gold, forming
a ∼ 100 nm-wide conducting bridge. Bending the substrate breaks the bridge, result-
ing in discrete quantum transmission channels. (c) Illustration of a quantum point con-
tact formed in a two-dimensional electron gas (typically at a GaAs/AlGaAs interface)
between two contacts acting as electron reservoirs in local equilibrium. A constriction,
comparable in width to the electron wavelength, is created by applying a negative volt-
age to the gate, allowing control over the constriction width [9]. (d) Trapping-mode AFM
image of a single-wall carbon nanotube positioned on a Si/SiO2 substrate with two plat-
inum electrodes, each 15 nm thick, together with the corresponding circuit diagram. From
AFM height profiles, the tube diameter is determined to be ∼ 1 nm, and its total length is
3 µm, with a 150 nm segment located between the biased electrodes [10].
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Chapter I: Introduction: Quantum Transport

formula for the conductance

G =
e2

2π~
∑

n

Tn (I.0.2)

identifies the relationship between the conductanceG and the transmission prob-
abilities Tn of the electronic modes involved in the transport. The fundamen-
tal conductance scale in quantum transport is set by the conductance quantum
G0 = e2/(π~) ≈ 7.74× 10−5 Ω−1, which is defined in terms of the elementary
charge e and the reduced Planck constant ~. Equation (I.0.2) captures the essence
of conductance quantization, where each newly opened channel contributes a
quantized unit of conductance, resulting in a stepwise increase [2, 12, 13]. For
example, in a quantum point contact created in a two-dimensional electron gas
(see Fig. I.1), the confinement potential controls the transverse quantization of
electronic motion and thus the number of open conducting channels. [2, 9, 12].
The Landauer formula for the electric current is

〈Î〉 =
e

2π~

∫ ∞

−∞
dE
∑

n

Tn(E)[f1(E)− f2(E)], (I.0.3)

and is determined in terms of energy-dependent transmissions Tn(E), and the
occupation difference between the connected terminals, described by the Fermi-
Dirac distribution f1(E) and f2(E). The terminals act as particle reservoirs, whose
behavior can be controlled through external parameters such as temperature,
classical voltage drives, or quantum electromagnetic fields.

Although the idea of quantum transport originated in electronic systems, the
concept has since been extended to a wide range of carriers. Examples include
charged particles such as electrons [2, 6, 14, 15], Cooper pairs [16, 17], and chi-
ral edge states [18–20], as well as neutral excitations such as photons [14, 21, 22],
phonons [22–26], magnons [27, 28], and ultracold atomic matter waves in optical
lattices [29, 30]. At a fundamental level, quantum transport arises from quantum
scattering processes involving the interaction of wave-like particles with poten-
tial barriers and interfaces. In many situations, a suitable scattering theory pro-
vides an accurate description of transport properties and is especially well suited
for non-interacting systems, such as electrons in mesoscopic conductors, photons
in optical waveguides, or phonons in nanowires [14, 15, 21, 24]. Accounting for
interactions often requires more sophisticated methods, including the nonequi-
librium Green’s function approach and the Keldysh formalism.

Quantum transport investigates how particles and their associated quantities, en-
ergy, charge, or spin, propagate through a system and give rise to measurable
observables, including electric, energy, and spin currents and their fluctuations.
In many cases, the average current is captured by a Landauer-type formula [24,
31] that expresses transport in terms of transmission probabilities. The scattering
theory developed by Landauer and Büttiker (Landauer-Büttiker scattering ap-
proach [14]) for electronic transport in mesoscopic conductors can also be applied
to bosonic particles propagating through waveguides, and is therefore expected

3



Chapter I: Introduction: Quantum Transport

(a) (b)

Figure I.2: Single-channel photonic heat transfer: (a) image and (b) circuit representation of
the device, which consists of two AuPd resistors, R1 (red) and R2 (blue), connected via
aluminium DC-SQUIDs (superconducting loops interrupted by two Josephson junctions,
shown as crosses). A temperature difference between the resistors leads to radiative en-
ergy transfer, whose thermal conductance is tuned by the SQUID inductance under ex-
ternal magnetic flux Φ [32].

to also capture photonic and phononic energy transfer. In near-field radiative
heat transfer, the average heat current can be described by a Landauer-type for-
mula [21]. Figure I.2 shows an example of single-channel radiative heat transfer
in a nanostructure [32]. However, the heat current noise can depart from those
predicted by the Landauer-Büttiker scattering approach, as noted recently by
Wise et al. [33] for a specific system. In section III.6, we develop a general scatter-
ing theory for near-field radiative heat transfer and compare it to the Landauer-
Büttiker scattering approach. We demonstrate that the heat current noise spec-
trum contains information about the thermal bodies that is not captured by the
average current.

Nonequilibrium fluctuations can generally contain additional information about
the system, since they are not constrained by the fluctuation–dissipation theo-
rem [34]. Shot noise in vacuum tubes [35], for example, was used as an alternative
method to the Millikan oil drop experiment [36] for determining the elementary
charge of an electron. In mesoscopic electronic conductors, shot noise arises from
the stochastic partitioning of charge carriers at scattering potentials and demon-
strates the granular nature of charge transport. In fractional quantum Hall sys-
tems, it serves as a method to extract the effective charge of transport-related exci-
tations [37–39]. Furthermore, the suppression of mesoscopic shot noise below the
Poissonian level, which corresponds to transport by independent, rare events,
reveals details about electron transmission probabilities [40]. Historically, shot
noise was primarily induced by a voltage bias, but recent studies have shown
growing interest in partition noise arising from a thermal bias, commonly termed
delta-T noise. We investigate in Chap. II nonsymmetrized current fluctuations in
a mesoscopic conductor under thermal bias and show that the delta-T noise spec-
trum becomes partially negative, a behavior not observed under conventional
voltage bias. The nonsymmetrized component of current fluctuations is directly
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Chapter I: Introduction: Quantum Transport

related to photon emission from the conductor, as it captures the asymmetry be-
tween emission and absorption processes [41, 42].

The electromagnetic environment of the mesoscopic conductor influences charge
transport and its full statistical properties. The statistical properties of a coher-
ent conductor can be described by full counting statistics (FCS), which provides
the probability distribution of transferred charge. FCS enables the identification
of the elementary processes of charge transfer. For example, at zero temper-
ature under a classical drive, the transport is governed by single-electron and
electron–hole-pair excitations [43–45]. In Sec. IV.4, we investigate the cumulant-
generating function, which encodes the FCS, for a mesoscopic conductor driven
by few-cycle pulses, and show that the fluctuations depend on the carrier-enve-
lope phase (CEP), i.e., the phase offset between the pulse envelope and its under-
lying carrier wave.

Photon-assisted transport is sensitive to the characteristics of the surrounding
electromagnetic environment and can serve as a probe of its properties. Un-
like a classical field, which evolves deterministically, a quantum field inherently
fluctuates, with its behavior governed by the specific quantum state it occupies.
Advances in (circuit) quantum electrodynamics (QED) now enable the use of
nonclassical drives by preparing the electromagnetic environment in arbitrary
quantum states. Thermal environments have been extensively studied in the
context of dynamical Coulomb blockade [46], whereas more general quantum
states, such as squeezed states, have recently been explored in normal-metal tun-
nel junctions [47]. In such systems, current and noise measurements can be used
to infer the nonclassicality of the electromagnetic state. In Sec. V.4, we investi-
gate quantum photon-assisted transport through a superconducting tunnel junc-
tion, demonstrating that the quasiparticle and Cooper pair currents encode the
complete information about the environmental state, a feature not accessible in
normal-metal junctions.

I.1 Photon, Electron and Superconducting Reservoirs

A mesoscopic conductor is connected to macroscopic terminals, acting as reser-
voirs that supply particles to and remove them from the conductor. The reser-
voirs are controlled by external parameters, such as voltage, temperature, or a
time-dependent classical or quantum drive. When the reservoirs are in differ-
ent states, a net current flows between them. This thesis considers three types
of reservoirs: one consisting of non-interacting photons (see Chap. III), one of
non-interacting electrons (see Chap. II and IV), and one of electrons exhibiting
superconducting correlations (see Chap. V).

Normal-metal and superconductor.— We begin by considering a system of elec-
trons, described within the formalism of second quantization by the field opera-
tor Ψ̂σ(rrr). The field operator Ψ̂σ(rrr) annihilates an electron with spin σ = + (up)
or σ = − (down) at position rrr within the materials volume V ⊂ R3, and satisfies
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the canoncial fermionic anticommutation relations

{Ψ̂σ(rrr), Ψ̂σ′(rrr)} =0, {Ψ̂σ(rrr), Ψ̂†σ′(rrr
′)} = δσσ′δ(rrr − rrr′), (I.1.1)

where {·, ·} denotes the anticommutator, Ψ̂†σ(rrr) is the Hermitian conjugate of
Ψ̂σ(rrr), and creates an electron with spin σ at position rrr. The dynamics of the
electrons is governed by the Hamiltonian [48, 49]

Ĥ =
∑

σ=±

∫

V
d3rrrΨ̂†σ(rrr)hσ(rrr)Ψ̂σ(rrr)

+
1

2

∑

σ,σ′=±

∫∫

V
d3rrrd3rrr′Ψ̂†σ(rrr)Ψ̂†σ′(rrr

′)V (rrr − rrr′)Ψ̂σ′(rrr
′)Ψ̂σ(rrr), (I.1.2)

with hσ(rrr) the local non-interacting Hamiltonian, and V (rrr − rrr′) a two-body in-
teraction that depends only on the relative distance between particles. Despite
the presence of Coulomb interactions, normal metals can often be effectively de-
scribed using non-interacting electrons (V (rrr − rrr′) = 0) [50]. Hence, the normal
state is described by the free-particle Hamiltonian

h±(rrr) = − ~2

2m
∇2 − µ, (I.1.3)

with m denoting the electron mass and µ the chemical potential. In a supercon-
ducting material, the effective interaction between electrons becomes attractive
(V (rrr − rrr′) < 0), allowing the formation of Cooper pairs. To make the problem
tractable, a mean-field approximation is typically employed, in which the pair-
ing potential is defined as

∆(rrr, rrr′) = −|V (rrr − rrr′)|〈Ψ̂−(rrr′)Ψ̂+(rrr)〉, (I.1.4)

where ∆(rrr, rrr′) captures the effective interaction between paired electrons. In this
formulation, triplet correlations are discarded, consistent with the assumption of
a conventional s-wave superconductor. Additionally, we focus on a translation-
invariant pairing potential of the form ∆(rrr, rrr′) = ∆(rrr − rrr′), which includes, as a
special case, local potentials given by ∆(rrr−rrr′) = ∆(rrr)δ(rrr−rrr′). The field operators
can be grouped into a four-component Nambu spinor that acts in the combined
Nambu and spin space,

Ψ̂ΨΨ
†
(rrr) = (Ψ̂†+(rrr), Ψ̂−(rrr), Ψ̂†−(rrr),−Ψ̂+(rrr)). (I.1.5)

This representation allows a compact matrix formulation of the mean-field Hamil-
tonian, written as

ĤMF =
1

2

∫∫

V
d3rrrd3rrr′ Ψ̂ΨΨ

†
(rrr)ĤMF(rrr − rrr′)Ψ̂ΨΨ(rrr′) + const, (I.1.6)

where ĤMF(rrr) is the Bogoliubov-de Gennes Hamiltonian [51]

ĤMF =




h+(rrr)δ(rrr − rrr′) ∆(rrr − rrr′) 0 0
∆∗(rrr − rrr′) −h∗−(rrr)δ(rrr − rrr′) 0 0

0 0 h−(rrr)δ(rrr − rrr′) ∆(rrr − rrr′)
0 0 ∆∗(rrr − rrr′) −h∗+(rrr)δ(rrr − rrr′)


 .

(I.1.7)
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We consider a cuboidal system of volume V , in which the field operator admits a
discrete Fourier expansion of the form

Ψ̂σ(rrr) =
1√
V
∑

kkk

eikkk·rrrckkk,σ, (I.1.8)

where ĉkkk,σ annihilates an electron with momentum kkk and spin σ. The creation
and annihilation operators satisfy the canonical anticommutation relations {ĉkkk,σ,-
ĉkkk′,σ′} = 0 and {ĉkkk,σ, ĉ†kkk′,σ′} = δσσ′δkkkkkk′ . In momentum space, the pairing potential
becomes diagonal under the assumption of translation invariance, reducing to

∆kkkkkk′ =
1

V

∫∫

V
d3rrrd3rrr′e−ikkk·rrr+ikkk

′·rrr′∆(rrr − rrr′) = ∆kkkδkkkkkk′ . (I.1.9)

Accordingly, the mean-field Hamiltonian takes the form

ĤMF =
∑

kkk

ĉcc†kkkĤMF,kkkĉcckkk + const, ĤMF,kkk =

(
ξkkk ∆kkk

∆∗kkk −ξkkk

)
(I.1.10)

where ξkkk = ~2kkk2/(2m) − µ is the single-particle energy relative to the chemical
potential, and the Nambu spinor is defined as ĉcc†kkk = (ĉ†kkk,+, ĉ−kkk,−). The pairing
potential couples electrons with opposite momentum and spin, forming Cooper
pairs with zero total momentum and total spin, i.e., in a spin-singlet state. Un-
der the mean-field approximation, the Hamiltonians in Eq. (I.1.6) and Eq. (I.1.10)
reduce to a quadratic form, which can be diagonalized via the Bogoliubov trans-
formation. This transformation

Ukkk =

(
u∗kkk vkkk
−v∗kkk ukkk

)
, (I.1.11)

constructed from the coherence factors ukkk and vkkk maps the electronic Nambu
spinor ĉcckkk into the quasiparticle spinor γ̂γγkkk = (γ̂kkk,1, γ̂

†
−kkk,2)T via the relation γ̂γγkkk = Ukkkĉcckkk.

The coherence factors obey |ukkk|2 + |vkkk|2 = 1, and they are given by

|ukkk|2 =
1

2
(1 +

ξkkk
Ekkk

), |vkkk|2 =
1

2
(1− ξkkk

Ekkk
), (I.1.12)

where Ekkk =
√
ξ2
kkk + |∆kkk|2 is the quasiparticle energy. The individual phases of

the coherence factors are arbitrary, but their relative phase have to reproduce the
phase of ∆kkk. The quasiparticle operators introduced above satisfy the canonical
anticommutation relations, and therefore describe fermionic excitations, called
Bogoliubov quasiparticles or Bogoliubons. For example, γ̂kkk,1 is a coherent su-
perposition of an electron annihilation operator with momentum kkk and spin up,
and an electron creation operator with momentum −kkk and spin down. After the
Bogoliubov transformation, the mean-field Hamiltonian takes the diagonal form

ĤMF =
∑

j=1,2

∑

kkk

Ekkkγ̂
†
kkk,j γ̂kkk,j +

∑

kkk

(
ξkkk − Ekkk + 〈ĉ†kkk,+ĉ†−kkk,−〉∆kkk

)
, (I.1.13)
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where the second term is independent of the quasiparticle operators and repre-
sents the ground-state condensation energy [48]. For a free electron gas (∆kkk = 0),
the Hamiltonian simplifies to

Ĥel-gas =
∑

σ=±

∑

kkk

ξkkkĉ
†
kkk,σ ĉkkk,σ. (I.1.14)

There, the ground state corresponds to the Fermi sea, in which all single-particle
states are occupied up to the Fermi energy. In contrast, the BCS ground state of a
superconductor is given by

|ΨG〉 = Πkkk(ukkk + vkkkĉ
†
kkk,+ĉ

†
−kkk,−) |0〉 , (I.1.15)

where |0〉 refers to the vacuum state. [52, 53]. Bogoliubov quasiparticles have
excitation energies Ekkk above the BCS ground state, with a minimum excitation
energy of |∆kkkF |, since ξkkkF = 0 at the Fermi surface. Hence, ∆kkk is the supercon-
ducting gap. In conclusion, the Hamiltonian Ĥel-gas describes a system of non-
interacting electrons, while ĤMF represents non-interacting quasiparticles arising
from superconducting correlations.

Electromagnetic field.— The electromagnetic field is a physical field, generated by
charges and currents, that mediates electromagnetic forces between charged par-
ticles. In regions devoid of matter, the electromagnetic field exists independently
and is governed by the source-free Maxwell’s equations. The quantization of the
free electromagnetic field proceeds by solving Maxwell’s equations to identify
the mode functions, followed by the promotion of the classical amplitudes to op-
erators satisfying canonical commutation relations. For example, in a cuboidal
cavity, the modes of the electromagnetic field are plane waves characterized by
discrete wavevectors kkk, whose associated annihilation and creation operators sat-
isfy the canonical commutation relations

[âkkk, â
†
kkk′ ] = δkkk,kkk′ , [âkkk, âkkk′ ] = 0, (I.1.16)

where [·, ·] denotes the commutator. The operator âkkk annihilates a photon in the
mode with wavevector kkk. For simplicity, the polarization degree of freedom is
omitted. The corresponding Hamiltonian of the quantized electromagnetic field
is [54]

Ĥph =
∑

kkk

~ωkkk
(
â†kkkâkkk +

1

2

)
, (I.1.17)

where ωkkk = c|kkk| is the linear dispersion relation for photons, and c is the speed
of light. Consequently, each mode of the electromagnetic field behaves as an in-
dependent quantum harmonic oscillator. In this thesis, we model the thermal
reservoirs involved in near-field radiative heat transfer using semi-infinite trans-
mission lines, which provide an effective electromagnetic representation of the
thermal bodies (see Chap. III). Quantization of the transmission line yields the
Hamiltonian

ĤTL =

∫ ∞

0

dω

2π
~ω
(
â†(ω)â(ω) +

1

2

)
, (I.1.18)
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which describes a continuum of harmonic oscillators, each labeled by a frequency
ω. The annihilation operator â(ω) creates a transmission line excitation of fre-
quency ω.

Equilibrium correlators.— The correlations among particles in the reservoir are de-
termined by its quantum state, described by the density matrix ρ̂. Assuming
thermal equilibrium, the state of the particles is described by the thermal density
matrix

ρ̂th =
1

Z exp
(
−βĤ

)
, (I.1.19)

where Ĥ is the Hamiltonian of the particles, β = 1/(kBT ) is the inverse thermal
energy, T is the temperature of the reservoir, kB is the Boltzmann constant, and the
partition function is given by Z = Tr{exp(−βĤ)}. We introduce the annihilation
operator ς̂kkk, defined to remove a single excitation from the mode corresponding
to the quantum number kkk. Depending on the context, the annihilation operator
ς̂kkk may represent the destruction of an electron, a Bogoliubov quasiparticle, or a
photon with wavevector kkk, and spin σ or other relevant quantum numbers. The
quantum statistical correlations are [49]

〈ς̂†kkk ς̂kkk′〉 =
1

Z Tr{e−βĤ ς̂†kkk ς̂kkk′} =
1

Z Tr{e−βĤ ς̂kkk′ ς̂†kkk}e−βεkkk =
1

Z Tr{e−βĤ [δkkkk′k′k′ ± ς̂†kkk ς̂kkk′ ]}e−βεkkk ,
(I.1.20)

leading to

〈ς̂†kkk ς̂kkk′〉 =
1

eβεkkk ∓ 1
δkkkkkk′ . (I.1.21)

We employed the Baker–Campbell–Hausdorff formula along with the commuta-
tion relation [Ĥ, ς̂kkk] = −εkkk ς̂kkk, which follows from the diagonalization of the Hamil-
tonian in terms of single-particle energies εkkk. The difference in sign arises from the
use of commutators for bosons and anticommutators for fermions. In Eq. (I.1.21),
the negative sign corresponds to bosonic statistics and leads to the Bose–Einstein
distribution n(E) = [eβE − 1]−1, while the positive sign corresponds to fermionic
statistics and yields the Fermi–Dirac distribution f(E) = [eβE + 1]−1 (see Fig. I.3).
The same reasoning extends to a continuous spectrum of modes characterized by
energy E, resulting in the correlator

〈ς̂†(E)ς̂(E ′)〉 =
1

eβE ∓ 1
δ(E − E ′). (I.1.22)

In summary, equilibrium correlations of quasiparticles in a reservoir follow the
Fermi–Dirac distribution for fermions and the Bose–Einstein distribution for bo-
sons, reflecting their respective exchange statistics.

I.2 Green’s Function Approach

Green’s functions play a central role in the theoretical treatment of interacting
many-body systems in solid-state physics, enabling access to spectral, dynam-
ical, and transport properties. A wide range of observables, including particle
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Figure I.3: Equilibrium correlations: (a) Fermi–Dirac distribution f(E) for fermions and (b)
Bose–Einstein distribution n(E) for bosons, each shown for different temperatures.

densities, currents, correlation functions, and response functions, can be directly
obtained. The Green’s function formalism provides a systematic perturbative
framework, treating interactions diagrammatically and enabling partial resum-
mation of diagrams into blocks. Through the Dyson equation, the Green’s func-
tion can be expanded in terms of the non-interacting Green’s function and the
self-energy, which encodes a specific class of diagrams. Systems in thermal equi-
librium can be analyzed using imaginary-time Green’s functions, either at zero
temperature or via the Matsubara formalism. Out of equilibrium, such as under
a time-dependent perturbation, nonequilibrium Green’s functions, also known
as Keldysh Green’s functions, provide the appropriate framework to describe the
system’s dynamics. We briefly introduce the nonequilibrium Green’s function
formalism and refer the reader to [7, 55–63] for a more detailed treatment.

Keldysh time contour.— Our starting point is a many-body quantum system evolv-
ing under a time dependent Hamiltonian Ĥ(t), which encodes both external driv-
ing and internal interactions. The state of the many-body system is described by
the density matrix ρ̂(t), which evolves according to the Von Neumann equation
i~∂tρ̂(t) = [Ĥ(t), ρ̂(t)] [64]. The Von Neumann equation admits a formal solution
via the time-evolution operator

Û(t,−∞) = T exp

(
− i
~

∫ t

−∞
Ĥ(τ)dτ

)
, (I.2.1)

leading to ρ̂(t) = Û(t,−∞)ρ̂(−∞)Û †(t,−∞). Here, T denotes the time-ordering
operator, and ρ̂(−∞) is the density matrix of the system in the distant past. The
expectation value of an observable Ô evolves according to

〈Ô(t)〉 = Tr{Ôρ̂(t)} = Tr{Û(−∞, t)ÔÛ(t,−∞)ρ̂(−∞)} (I.2.2)

Therefore, we evolve the system forward in time from−∞ to t, where the observ-
able is inserted, and then backward to −∞ (see Fig. I.4). We extend the time-axis
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t

Ô(t)

Figure I.4: Keldysh time contour as used in the nonequilibrium Green’s function formalism.

to infinity by inserting Û(t,∞)Û(∞, t) = 1 into the expectation value, yielding

〈Ô(t)〉 = Tr{Û(−∞,∞)Û(∞, t)ÔÛ(t,−∞)ρ̂(−∞)} (I.2.3a)

= Tr{Û(−∞, t)ÔÛ(t,∞)Û(∞,−∞)ρ̂(−∞)}. (I.2.3b)

This closed time path, running from −∞ to ∞ and back, is referred to as the
Keldysh contour. By inserting the identity operator to the left or right of the
observable, it is effectively placed on the forward or backward branch of the
Keldysh contour, respectively. To capture both cases we extend the time vari-
able t to the Keldysh contour CK, such that 〈Ô(t)〉 with t on the forward branch
corresponds to (I.2.3a), and with t on the backward branch to (I.2.3b). While
nonequilibrium dynamics require the full Keldysh contour to account for time-
asymmetric evolution, the backward branch becomes redundant in equilibrium
systems due to the adiabatic switching on and off of interactions [7, 63].

Keldysh Green’s functions.— The contour-ordered Green’s function is defined by

G(x, x′) ≡ −i
〈

TCK

[
Ψ̂H(x)Ψ̂†H(x′)

]〉
, (I.2.4)

where x = (rrr, t) is the space-time coordinate, Ψ̂H(x) is the field operator in the
Heisenberg picture with respect to the Hamiltonian Ĥ(t), and the average is taken
with respect to the initial density matrix. The contour-ordering operator TCK is
defined as

TCK

[
Ψ̂H(x)Ψ̂†H(x′)

]
≡
{

Ψ̂H(x)Ψ̂†H(x′) t >CK t
′

±Ψ̂†H(x′)Ψ̂H(x) t <CK t
′ , (I.2.5)

with the upper sign (+) for bosonic fields and the lower sign (−) for fermionic
fields. The relation t >CK t′ indicates that t occurs after t′ along the Keldysh
contour. The various cases of contour ordering can be organized into the Keldysh
matrix Green’s function

Ǧ(x, x′) =

(
G++(x, x′) G+−(x, x′)
G−+(x, x′) G−−(x, x′)

)
, (I.2.6)

with the time-ordered (++), anti-time-ordered (−−), greater (+−), and lesser

11



Chapter I: Introduction: Quantum Transport

(−+) Green’s functions

G++(x, x′) =− i
〈

T
[
Ψ̂H(x)Ψ̂†H(x′)

]〉
(I.2.7a)

G−−(x, x′) =− i
〈

T̃
[
Ψ̂H(x)Ψ̂†H(x′)

]〉
(I.2.7b)

G+−(x, x′) =± i〈Ψ̂†H(x′)Ψ̂H(x)〉 (I.2.7c)

G−+(x, x′) =− i〈Ψ̂H(x)Ψ̂†H(x′)〉, (I.2.7d)

where T̃ denotes the anti-time-ordering operator. In this representation, the
times t and t′ lie on the real-time axis rather than on the Keldysh contour. We
traded the Keldysh contour for a matrix structure known as Keldysh space, in
which matrices are denoted by a check .̌ The components of the Keldysh Green’s
function are not independent, as they satisfy the identityG++(x, x′)+G−−(x, x′) =
G+−(x, x′)+G−+(x, x′). Therefore, performing a Larkin–Ovchinnikov rotation [63]
brings the Green’s function into a triangular form

ĽǦ(x, x′)Ľ† =

(
0 Ga(x, x′)

Gr(x, x′) GK(x, x′)

)
≡ Ğ(x, x′), (I.2.8)

with the rotation matrix Ľ = (1̌ − iσ̌2)/
√

2, constructed from the second Pauli
matrix σ̌2 in Keldysh space. The symbol˘denotes matrices expressed in the re-
tarded–advanced–Keldysh (RAK) basis. At this stage, the Green’s function is
expressed in terms of the retarded, advanced, and Keldysh component

Gr(x, x′) =G++(x, x′)−G+−(x, x′) = G−+(x, x′)−G−−(x, x′) (I.2.9a)
Ga(x, x′) =G++(x, x′)−G−+(x, x′) = G+−(x, x′)−G−−(x, x′) (I.2.9b)

GK(x, x′) =G++(x, x′) +G−−(x, x′) = G+−(x, x′) +G−+(x, x′). (I.2.9c)

Dyson equation.— The Dyson equation relates the Green’s function of an interact-
ing system to that of a known non-interacting system via the self-energy, which
captures all interaction-induced modifications. Even if the self-energy is deter-
mined approximately, the Dyson equation yields a non-perturbative approxima-
tion to the full Green’s function. To begin, we consider a reference system gov-
erned by a single-particle Hamiltonian

Ĥ0(t) =

∫∫

V
d3rrrd3rrr′Ψ̂†(rrr)h(rrr, rrr′, t)Ψ̂(rrr′), (I.2.10)

where, for brevity, we omit spin and other internal degrees of freedom. Possi-
ble choices for the reference system include the Hamiltonian of a free electron
gas (I.1.3) or the mean-field Hamiltonian of a BCS superconductor (I.1.6), de-
pending on the physical system under consideration. The field operators evolve
according to the Heisenberg equation of motion, which leads to an equation of
motion for the free Green’s function,

[Ǧ−1
0 ∗ Ǧ0](x, x′) = δ(x− x′)σ̌3, (I.2.11)
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where the inverse propagator is defined as

Ǧ−1
0 (x, x′) = [i~∂tδ(rrr − rrr′)− h(rrr, rrr′, t)]δ(t− t′)1̌. (I.2.12)

Here, 1̌ denotes the identity matrix, and σ̌3 the third Pauli matrix in Keldysh
space. The symbol ∗ denotes the generalized convolution of two functions f(x, x′)
and g(x, x′), defined by

[f ∗ g](x, x′) ≡
∫

V
d3rrr′′

∫ ∞

−∞
dt′′f(x, x′′)g(x′′, x′). (I.2.13)

In expressions involving Keldysh matrices, adjacent terms are also multiplied as
matrices.
When interactions are included, the exact evolution of the field operators be-
comes difficult to track, although it can still be formally expressed using the time-
evolution operator. By using the interaction picture, the Green’s function is ex-
pressed as a time-ordered correlator of the free field operators and the interaction-
picture evolution operator. The expansion of the interaction-picture evolution
operator yields an infinite series of correlators involving free field operators. Ap-
plying Wick’s theorem reduces the sum of time-ordered correlators to a convolu-
tion sum over products of non-interacting two-point Green’s functions Ǧ0(x, x′).
To better organize the perturbation series, a diagrammatic representation known
as Feynman diagrams is introduced to depict the individual terms. The structure
of the diagrams depends on the interaction under consideration. However, Feyn-
man diagrams can be classified according to their structural properties, such as
connectivity and particle irreducibility, e.g., connected, disconnected, reducible,
or irreducible. A connected diagram is defined by the property that all parts are
mutually linked, and no section is disconnected from the rest. Only connected
diagrams contribute to the Green’s function; disconnected contributions cancel
upon normalization. Furthermore, diagrams that differ only by a permutation of
internal vertex labels yield the same contribution, so only topologically nonequiv-
alent diagrams contribute. Irreducible diagrams form a distinguished subset of
Feynman diagrams that cannot be disconnected by cutting a single internal line.
The sum of all such irreducible diagrams defines the self-energy

Σ̌(x, x′) =

(
Σ++(x, x′) Σ+−(x, x′)
Σ−+(x, x′) Σ−−(x, x′)

)
. (I.2.14)

The irreducible diagrams serve as fundamental building blocks for the entire
Green’s function, which can be expressed through the Dyson equation [65]

Ǧ(x, x′) = Ǧ0(x, x′) + [Ǧ0 ∗ Σ̌ ∗ Ǧ](x, x′). (I.2.15)

Applying Ǧ−1
0 to both sides of the Dyson equation yields the equation of motion

for the interacting Green’s function

[(Ǧ−1
0 − σ̌3Σ̌) ∗ Ǧ](x, x′) = δ(x− x′)σ̌3. (I.2.16)

Both the Dyson equation and the equation of motion can be equivalently for-
mulated in the RAK basis, obtained through the Larkin–Ovchinnikov transfor-
mation. For a comprehensive treatment of diagrammatic methods and Dyson
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equations, see [56, 59].

Reservoir Green’s functions.— The thermal reservoirs at the ends of the conduc-
tor supply particles, rendering their Green’s function essential for determining
transport behaviour. Of particular interest are the equilibrium Keldysh Green’s
functions of a free electron gas and an s-wave BCS superconductor, which are uti-
lized throughout this dissertation. We consider the BCS superconducting reser-
voir, noting that the free electron gas is recovered in the limit of a vanishing
superconducting gap. The Green’s functions are constructed from the Nambu
spinor (I.1.5), and therefore carry both Nambu and spin structure. Time trans-
lation invariance in equilibrium, together with the plane-wave expansion of the
field operator (I.1.8), implies that the Green’s function depends only on the dif-
ference of space-time coordinates, x − x′. A Fourier transform in space (to the
wavevektor kkk) and time (to the energy E) leads to the equation

[E ± iη − 1̃⊗ ĤMF,kkk]G
r/a
kkk (E) =1, (I.2.17)

from which the Green’s functions are obtained as

Gr/a
kkk (E) =[E ± iη − 1̃⊗ ĤMF,kkk]

−1

=1̃⊗ 1

(E ± iη)2 − ξ2
kkk − |∆kkk|2

(
E ± iη + ξkkk ∆kkk

∆∗kkk E ± iη − ξkkk

)
, (I.2.18)

see Eq. (I.1.10) for the wavevector-resolved mean-field Hamiltonian ĤMF,kkk. The
±iη term ensures causality in the Green’s functions and is interpreted as a phe-
nomenological broadening parameter. In a perfect superconductor, it vanishes
(η → 0), but it can be retained to model simple inelastic scattering mechanisms.
Here, 1̃ denotes the identity matrix in spin space, and⊗ indicates the tensor prod-
uct. In thermal equilibrium, the fluctuation-dissipation theorem constrains the
Keldysh component to the form

GK
kkk (E) = (1− 2f(E))[Gr

kkk(E)−Ga
kkk(E)], (I.2.19)

where f(E) is the Fermi distribution. Together with the relations among the
Green’s function components, these considerations determine the equilibrium
Keldysh Green’s function Ǧkkk(E).

Quasiclassical approximation.— The quasiclassical approximation exploits the fact
that, in most systems, the Fermi energy is the dominant energy scale, much larger
than other relevant scales such as temperature, applied bias, or the superconduct-
ing gap [59, 60]. Since the relevant low-energy processes are concentrated near
the Fermi surface, we integrate over ξkkk, which represents the energy deviation
normal to the surface. In terms of the Green’s function, the quasiclassical approx-
imation amounts to integrating out the rapid oscillations on the scale of the Fermi
wavelength, while retaining only the slow spatial variations. The quasiclassical
Green’s function is defined by

Ǧqc(RRR,eeekkk, E) ≡ 1

π

∫ ∞

−∞
dξkkkσ̌KǦkkk(RRR,E), (I.2.20)
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Chapter I: Introduction: Quantum Transport

with σ̌K = σ̌3 ⊗ σ̂3, RRR the center of mass coordinate, σ̂3 the third Pauli matrix
in Nambu space, and eeekkk is the unit vector in the direction of the wavevector,
accounting for potential angular dependence. The normalization condition of the
quasiclassical Green’s function,

[Ǧqc(RRR,eeekkk, E)]2 = 1̌, (I.2.21)

is central to many calculations, as it constrains the allowable form of solutions
and ensures physical consistency. The equilibrium retarded and advanced Green’s
function of an s-wave BCS superconductor with isotropic gap ∆kkk = ∆ take the
form

Gr/a
qc (E) = 1̃⊗ i√

(E ± iη)2 − |∆|2

(
E ± iη ∆

∆∗ −(E ± iη)

)
. (I.2.22)

In the limit ∆→ 0, the BCS Green’s function reduces to that of a free electron gas.
The retarded and advanced quasiclassical Green’s functions become diagonal in
Nambu and spin space

Gr/a
qc (E) = ±1̃⊗ σ̂3, (I.2.23)

leading to

Ǧqc(E) =

(
(1− 2f(E)) −2f(E)
−2(1− f(E)) −(1− 2f(E))

)
. (I.2.24)

Throughout the remainder of this thesis, we work with quasiclassical Green’s
functions and omit the subscript unless otherwise stated.

I.3 Landauer-Büttiker Scattering Theory

The Landauer-Büttiker scattering approach describes the coherent and elastic
transport of electrons through a mesoscopic conductor. This section presents the
main principles of the scattering formalism as applied to two-terminal devices
with normal-metal leads. For comprehensive treatments and extensions to mul-
titerminal configurations and superconducting contacts, see [5–7, 14, 15].

Scattering states.— The mesoscopic conductor is modelled as a central scatter-
ing region connected to macroscopic terminals α = 1, 2 via ballistic waveguides
(see Fig. I.5). The electrons in the conductor can typically be approximated as
non-interacting, allowing the transport problem to be reduced to a single-particle
framework. Electrons in the conductor propagate along the z-direction, while
their transverse motion is confined by the conductor’s geometry, described by a
potential Ucon(x, y). The electrons experience a localized time-independent scat-
tering potential Uscat(rrr) that vanishes outside a finite region, allowing for free
propagation in the asymptotic limits. The single particle Hamiltonian is given by

Ĥ =− ~2

2m
∇2 + Ucon(x, y) + Uscat(rrr), (I.3.1)
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Ucon(x, y)

ballistic region 1

Ucon(x, y)

ballistic region 2

ĉ+
1n(E)
ĉ−1n(E)

ĉ+
2n(E)
ĉ−2n(E)

terminal 1 terminal 2

scattering region

Uscat(rrr)

z1 z2

Figure I.5: Schematic of a coherent conductor partitioned into three types of regions: reser-
voirs (terminals), the ballistic region, and the scattering region. Terminals inject incom-
ing electron waves ĉ+

αn, corresponding to channel n and energy E from terminal α. These
waves are scattered within the conductor and emerge as outgoing electron waves ĉ−βn(E).

wherem corresponds to the electron mass and∇ to the nabla operator. To analyze
the scattering process, we solve the time-independent Schrödinger equation

Eψ(rrr, E) = Ĥψ(rrr, E), (I.3.2)

and construct asymptotic scattering states far from the scattering center. Due
to the confinement, the energy levels E⊥αn associated with the transverse wave-
functions χαn(x, y) are quantized. Propagation in z-direction remains continu-
ous and is characterised by the longitudinal momentum kαn =

√
2m(E − E⊥αn).

For example, a hard-wall waveguide with rectangular cross section of size Lx ×
Ly yields transverse wavefunctions χαnxny(x, y) =

√
4/(LxLy) sin(kαxx) sin(kαyy),

with transverse moments kαd = πnαd/Ld, nαd ∈ Z, d = x, y and confinement en-
ergies E⊥αnxny = (k2

αx + k2
αy)/2m. In general, the energy quantization and the

transverse modes depend on the specific form of the confinement potential. For a
given energy E, only a finite number of modes propagate, as kαn becomes imagi-
nary for Eαn > E. Far from the scattering region in terminal α, the wavefunction
of mode n with energy E takes the form

ψναn(rrr, E) =
1√
vαn

eiνkαnzχαn(x, y), (I.3.3)

where ν = ± denotes forward (+) and backward (−) propagation, and vαn is the
mode-dependent group velocity. This set of wavefunctions satisfies the normal-
ization condition∫

drrrψν∗αn(rrr, E)ψν
′
βk(rrr, E

′) = δνν′δαβδnkδ(E − E ′). (I.3.4)

An arbitrary scattering state in terminal α with energy E is described by the
wavefunction

ψα(rrr, E) =

Nα(E)∑

n=1

[
ψ+
αn(rrr, E)c+

αn(E) + ψ−αn(rrr, E)c−αn(E)
]
, (I.3.5)
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Chapter I: Introduction: Quantum Transport

where cναn(E) are the complex amplitudes of the incoming (ν = +) and outgoing
(ν = −) modes n in terminal α, and Nα(E) the number of propagating modes.
For a given scattering potential, we solve the Schrödinger equation and deter-
mine the scattering states by matching the wavefunction and its derivative at the
boundaries of the scattering region. In general, this leads to a linear relation be-
tween incoming and outgoing mode amplitudes, determined by the scattering
matrix Sαβnm(E),

c−αn(E) =
∑

β

∑

k

Sαβnk(E)c+
βk(E). (I.3.6)

Here, the notations
∑

k and
∑

β are used as shorthand for
∑Nβ(E)

k=1 and
∑

β=1,2,
respectively. The scattering matrix encodes the effect of the scattering potential
on the asymptotic states. Energy conservation implies elastic scattering, meaning
the scattering matrix does not mix incoming and outgoing modes at different en-
ergies. Furthermore, the continuity equation implies conservation of probability
current, which leads to the unitarity condition of the scattering matrix:

∑

γ

∑

l

S∗γαln(E)Sγβlk(E) = δαβδnk. (I.3.7)

Second quantization.— We adopt a second-quantized description to account for
many-electron transport, where the Pauli exclusion principle prevents multiple
electrons from occupying the same quantum state. The mode amplitudes are
promoted to annihilation operators ĉναn(E), with the anticommutation relations
{ĉναn(E), ĉν†βk(E

′)} = δαβδnkδ(E − E ′), and {ĉναn(E), ĉνβk(E
′)} = 0. The scattering

matrix relates the incoming and outgoing annihilation operators through

ĉ−αn(E) =
∑

β

∑

k

Sαβnk(E)ĉ+
βk(E). (I.3.8)

Within the Heisenberg representation, the field operators are given by

Ψ̂α(rrr, t) =
∑

ν=±

∑

n

∫ ∞

−∞
dE

χαn(rrr⊥)√
2π~vαn(E)

e−iEt/~−iνkαn(E)z ĉναn(E) (I.3.9a)

Ψ̂†α(rrr, t) =
∑

ν=±

∑

n

∫ ∞

−∞
dE

χ∗αn(rrr⊥)√
2π~vαn(E)

eiEt/~+iνkαn(E)z ĉν†αn(E), (I.3.9b)

with anticommutation relations

{Ψ̂α(rrr, t), Ψ̂†α(rrr′, t)} =δ(rrr − r′r′r′) (I.3.9c)

{Ψ̂α(rrr, t), Ψ̂α(rrr′, t)} =0.
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Chapter I: Introduction: Quantum Transport

Current operator.— The electric current corresponds to the particle current along
the z-direction, multiplied by the elementary charge, leading to

Îα(z, t) =
~e

2im

∫
drrr⊥

[
Ψ̂†α(rrr, t)

(
∂

∂z
Ψ̂α(rrr, t)

)
−
(
∂

∂z
Ψ̂†α(rrr, t)

)
Ψ̂α(rrr, t)

]
. (I.3.10)

In terms of the particle creation and annihilation operators, the charge current
operator is

Îα(z, t) =
~e
m

∑

ν,ν′=±

∑

n

∫∫ ∞

−∞

dEdE ′

2π
ei(E−E

′)t/~−νkαn(E)− ν ′kαn(E ′)

2
√
vαn(E)vαn(E ′)

× ei(νkαn(E)−ν′kαn(E′))z ĉν†αn(E)ĉν
′
αn(E ′). (I.3.11)

The key assumption in electronic transport is that the relevant energies E and
E ′ are close to the Fermi energy, restricting the theory to external perturbations
that excite only states near the Fermi energy. Consequently, the wave vector and
group velocity are approximately evaluated at the Fermi energy. For example, in
the case of a free electron gas, the group velocity is vαn(E) = ~2kαn(E)/m, and the
charge current simplifies to

Îα(t) =e
∑

n

∑

ν=±

ν

∫∫ ∞

−∞

dEdE ′

2π~
ei(E−E

′)t/~ĉν†αn(E)ĉναn(E ′)

=e
∑

βγ
mk

∫∫ ∞

−∞

dEdE ′

2π~
ei(E−E

′)t/~Aαβγmk(E,E
′)ĉ†βm(E)ĉγk(E

′), (I.3.12)

with the Landauer-Büttiker A-matrix

Aαβγmk(E,E
′) = δmkδαβδαγ −

∑

n

S†βαmn(E)Sαγnk(E
′), (I.3.13)

and ĉαn(E) ≡ ĉ+
αn(E).

Average current.— The current operator is the central object in the Landauer-
Büttiker scattering theory and enables the calculation of the average current,
noise, and higher-order correlators. A prerequisite for computing current correla-
tors is the evaluation of single-particle correlation functions of the form 〈ĉ†αn(E)-
ĉβm(E ′)〉. The electronic correlations of the scattering states are determined by the
terminals, therefore the statistical properties of the terminals enter the problem as
boundary conditions. External bias and driving applied to the conductor are in-
corporated through these boundary conditions. The terminals serve as large par-
ticle reservoirs that inject and absorb electrons from the conductor. Inelastic scat-
tering within the terminals ensures that they behave as ideal thermal reservoirs,
maintaining well-defined temperatures and chemical potentials throughout the
transport process. For example, a Fermi gas in thermal equilibrium satisfies the
quantum statistical average

〈ĉ†αn(E)ĉβm(E ′)〉 = δαβδnmδ(E − E ′)fα(E), (I.3.14)
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Chapter I: Introduction: Quantum Transport

where the Fermi distribution is given by fα(E) = [exp[(E − µα)/(kBTα)] + 1]−1,
where Tα and µα denote the temperature and chemical potential of terminal α, re-
spectively, while kB is the Boltzmann constant. A difference in chemical potential
(µ1 6= µ2) corresponds to a voltage bias across the conductor, while a difference
in temperature (T1 6= T2) gives rise to a thermal bias.
The average current in terminal 1 is given by

〈Î1(t)〉 =
e

2π~

∫ ∞

−∞
dE
∑

nk

S†21nk(E)S12kn(E)[f1(E)− f2(E)]

=
e

2π~
∑

n

∫ ∞

−∞
dE Tn(E)[f1(E)− f2(E)], (I.3.15)

which follows from the correlator in Eq.(I.3.14). In the final step, we diagonalized
the transmission submatrix S12nm(E) in channel space, yielding the transmission
probabilities Tn(E). At zero temperature and energy-independent transmission,
we obtain the Landauer formula (I.0.2) for the conductance.

Noise spectrum.— Noise quantifies the fluctuations of the current around its av-
erage value. The deviation from the average current is defined as ∆Îα(t) ≡
Îα(t) − 〈Îα(t)〉. The current fluctuations are characterized by the symmetrized
correlator

Sαβ(t− t′) ≡ 1

2

〈
{∆Îα(t),∆Îβ(t′)}

〉
, (I.3.16)

and depend on the time difference t − t′ for systems without time-dependent
drive. The Fourier transform of the symmetrized correlator yields

2πδ(ω + ω′)Sαβ(ω) ≡ 1

2

〈
{∆Îα(ω),∆Îβ(ω′)}

〉
, (I.3.17)

with Sαβ(ω) is the noise spectrum. Current–current correlators involve fourth-
order electronic correlations, since the current operator is bilinear in the creation
and annihilation operators. Wick’s theorem provides a systematic way to express
expectation values of products of many creation and annihilation operators in
terms of second-order correlation functions, thereby assuming a Gaussian state
[66]. As a result the noise spectrum reduces to

Sαβ(ω) =
e2

2π~
∑

γδ
nm

∫ ∞

−∞
dEAαγδmn(E,E + ~ω)Aβδγnm(E + ~ω,E)

× [fγ(E)(1− fδ(E + ~ω)) + (1− fγ(E))fδ(E + ~ω))] . (I.3.18)

In the absence of a voltage bias and at finite temperature, the conductor exhibits
thermal noise due to the agitation of charge carriers. Thermal noise is accord-
ing to the fluctuation-dissipation theorem directly related to the conductance and
thus encodes the same information about the system as the current. In contrast,
at zero temperature and finite bias, shot noise arises due to quantum partitioning

19
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at the scattering potential. Shot noise is a direct consequence of the quantized
transport of charge and reveals the effective charge quantum involved in the pro-
cess, which can deviate from the elementary charge in interacting or correlated
systems [37–39]. In addition, the suppression of shot noise (Fano factor) rela-
tive to the Poissonian value provides insight into the distribution of transmission
channels. Therefore, shot noise measurements complement conductance mea-
surements by providing additional physical insight. A more detailed discussion
of thermal and partition noise is presented in Chapter II.

Bosonic Landauer-Büttiker theory.— Quantum transport of bosonic particles can
be described within the Landauer-Büttiker scattering approach, with appropri-
ate modifications. Bosonic particles obey symmetric exchange statistics, in con-
trast to fermions. As a result, their creation, annihilation, and field operators
satisfy analogous relations (compare to Eq. (I.3.9c)), with commutators replacing
anticommutators. The expectation values of bosonic creation and annihilation
operators are governed by the Bose-Einstein distribution,

nα(E) = [exp[E/(kBTα)]− 1]−1, (I.3.19)

rather than the Fermi-Dirac distribution, reflecting the fact that multiple bosons
can occupy the same quantum state. The particle current can be calculated anal-
ogously to Eq. (I.3.11), with the bosonic dispersion relation now determining the
momentum and group velocity. In the general case, we cannot make the usual
approximation that the relevant energies lie near the Fermi energy, which would
justify neglecting the energy dependence of the momentum and group velocity.
However, if the dispersion relation is linear, the particle current operator takes
the form Ĵα(t) = Îα(t)/e, where Îα(t) is the electric current in Eq. (I.3.12). There-
fore, the average bosonic particle current and noise share the same structure as
the electric current (I.3.15) and noise spectrum (I.3.18), with Bose-Einstein dis-
tributions replacing the Fermi-Dirac distributions. In this thesis, we derive the
energy current operator in the context of near-field radiative heat transfer. The
energy current (III.6.7a) has a structure similar to the electric current (I.3.12), with
the reservoir impedance playing a role analogous to the longitudinal electron mo-
mentum. The key difference is that a frequency-dependent impedance is gener-
ally complex-valued, whereas the momentum is real. For thermal reservoirs with
frequency-independent (i.e., purely resistive) impedance, the energy current op-
erator closely resembles the electric current operator. In this case, the scattering
theory of near-field radiative heat transfer reduces to a Landauer-Büttiker de-
scription.
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Delta-T Noise

Thermal fluctuations are unavoidable in practice, since no experiment can achieve
exactly zero kelvin, but they can be sufficiently suppressed in the limit of van-
ishing temperature. Electrical noise in a resistor at thermal equilibrium was first
observed by Johnson [67], and later theoretically described by Nyquist [68]. John-
son–Nyquist noise or thermal noise originates from the thermal agitation of charge
carriers within the resistor. In a mesoscopic conductor, thermal noise arises be-
cause the states incident on the scattering region are not perfectly occupied; in-
stead, their occupation number fluctuates [15]. The occupation becomes noiseless
only at zero temperature, as the fluctuations are proportional to f(E)(1 − f(E)),
which vanishes when the Fermi function f(E) becomes a step function. The noise
at a tunnel junction can be used for primary thermometry [69]. Schottky [35]
theoretically investigated current fluctuations in vacuum tubes and identified
another fundamental type of noise known as shot noise. The transfer of elec-
trons occurs through rare, stochastic events, meaning that the total transferred
charge is governed by a Poissonian distribution. As a result, a white noise spec-
trum emerges over a broad frequency range, with the noise power being pro-
portional to the current and the elementary charge serving as the proportionality
constant. Shot noise also occurs in mesoscopic conductors, where it arises due
to the stochastic partitioning of charge carriers at the scattering center. There,
shot noise is suppressed below the Poissonian limit. The degree of suppression
is described by the Fano factor, which is for energy-independent transmission
F =

∑
n Tn(1 − Tn)/

∑
n Tn (see Eq. (I.3.18)), where Tn is the energy-independent

transmission probability of eigenchannel n. Hence, determination of the Fano
factor yields insight into the properties of the transmission channels [40]. The to-
tal noise spectrum (I.3.18) of a mesoscopic conductor includes both thermal and
shot noise, each of which dominates in different regimes, although both types are
typically present. The thermal noise spectrum takes the form

Sth
11(ω) = 2G~ω coth

(
~ω

2kBT

)
, (II.0.1)

where G =
∑

n Tne2/(2π~) denotes the conductance. The quantity Sth
11(ω) rep-

resents the symmetrized current auto-correlation spectrum at terminal 1. The
noise in the conductor is purely thermal when no voltage is applied, i.e., the
system is in equilibrium. Although thermal fluctuations vanish at zero temper-
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Figure II.1: Symmetrized current-current noise spectrum S11(ω) of a mesoscopic conductor
at zero temperature (black, solid) and finite temperature (blue, dotted). The red, dashed
curve shows the zero-point contribution. Parameter: Fano factor F = 1/2.

ature, the noise spectrum remains finite due to zero-point fluctuations, which
yield Szero

11 (ω) = 2G~|ω|. In the opposite regime, where thermal fluctuations are
suppressed (zero temperature limit) and a voltage V is applied, the noise reduces
to

S11(ω) = 2GF (|eV | − |~ω|)Θ(|eV | − ~|ω|) + Szero
11 (ω) ≡ Sex

11(ω) + Szero
11 (ω) (II.0.2)

At low frequencies, the noise spectrum is dominated by shot noise Sshot
11 = 2GFe-

|V |, whereas at high frequencies, zero-point fluctuations become the leading con-
tribution. Figure II.1 shows the noise spectrum S11(ω), decomposed into zero-
point fluctuations and excess noise. The excess noise spectrum Sex

11(ω) represents
partition noise, as it vanishes for both perfect transmission (Tn = 1) and perfect
reflection (1 − Tn = 1). In this regime, partition noise arises due to the stochastic
transmission of charge carriers driven by a voltage drop across the conductor. A
temperature gradient across the conductor can also drive transport, a mechanism
that remained largely unexplored until recently [70–79]. This raises the question:
what are the properties of thermally driven partition noise?

A fundamental nonequilibrium noise arising from a temperature difference ∆T
was first demonstrated in atomic-scale junctions by Lumbroso and coworkers
[70], and subsequently observed in other mesoscopic platforms [71, 72]. This
noise, dubbed delta-T noise, is related to the voltage-driven shot noise and in-
herits the properties of partition noise [80]. Using the scattering approach, they
obtain an approximation of the noise, which is then decomposed into a thermal
and a delta-T component. The thermal component corresponds to thermal noise
at the average temperature, and the lowest order delta-T component is similar to
the quantum shot noise except for different numerical prefactor and scales with
(∆T )2 instead of the voltage squared. Another study [72] measured and calcu-
lated the noise of a voltage-and temperature-biased metallic tunnel junction. This
setup operates at a very low temperature and is not restricted to small relative
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temperature differences. At the limit, when one terminal is at zero temperature
and no voltage is applied, the noise has the form of thermal noise with an addi-
tional factor 2 ln 2 [80].

In a quantum Hall bar furnished with a quantum point contact, the delta-T noise
can serve as an instrument to discriminate between electron and quasiparticle
tunneling [81, 82]. Tunneling of chiral fractional quantum Hall edge states ex-
hibits a negative delta-T noise, in contrast to a positive contribution in the non-
interacting case. A sign inversion, from negative back to positive, may also be
forced by changing the transmission of the quantum point contact or applying a
voltage. The negative signal is attributed to the scaling dimension of the leading
charge tunneling operator [83, 84]. Their results suggest that the negative sign
is a property due to many-body interactions. In comparison, a quantum dot in
the SU(2) Kondo region has no negative delta-T noise [85], thus the effect does
not occur in this case despite the presence of strong correlations. Further, delta-T
noise was employed to study experimentally the heat transport of edge modes
[86].
An investigation of the relative sizes shows that delta-T noise never exceeds the
thermallike noise under the zero-average current condition [31]. In [31] they stud-
ied a resonant level as an example for energy-dependent scattering. In the limit
of a small resonance width, the size of delta-T noise approaches the thermallike
noise. Furthermore, they investigated noise of heat transport, which is not subject
to a limit like charge noise. More recently, bounds on the spin and heat current
noise were investigated [75].
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II.1 Light Emission in Delta-T -Driven Mesoscopic Conductors

At finite frequencies, the noise involves current operators taken at different times.
In general, these operators do not commute, so the symmetrized correlator is
studied as an observable [15, 42]. A detector that distinguishes between the
transfer of an energy quanta ~ω from or to the conductor can access the nonsym-
metrized correlator [41, 42]. Indeed, when the fluctuations interact with an elec-
tromagnetic field, the energy transfer rate is connected to the nonsymmetrized
noise spectrum. Negative frequencies account for the radiated power when one
photon is generated in the radiation field and, vice versa, positive frequencies
for the absorbed power when one photon is annihilated. In a thermally occu-
pied radiation field, the measured noise power spectrum is a sum of the nonsym-
metrized noise spectra at negative and positive frequencies. The prefactors are
determined by the Bose-Einstein distribution and, consequently, by the tempera-
ture of the electromagnetic field [41, 42].

In this work, we address the nonsymmetrized finite-frequency noise spectrum of
a temperature-biased mesoscopic conductor. We are interested in separating the
light emission and absorption into a thermallike and delta-T spectrum. Figure II.2
gives an illustrative summary of the considered system and our findings in the
case of energy-independent scattering. The mesoscopic conductor is described
within the scattering approach, where one terminal assumes a hot temperature
and the other a cold temperature. We define the thermallike noise spectrum as
the average of the thermal noise spectra at the hot and the cold temperature. Con-
sequently, the delta-T noise spectrum is defined similar to the excess noise spec-
trum [15, 87, 88]. Two distinct contributions to the delta-T noise are obtained,
S∆T

1 (ω) comes from the correlations of occupied and free electronic states with
different Fermi-Dirac statistics, and S∆T

2 (ω) from occupied and free states with
the same statistics but associated with a different rate per recombination event
than assumed in the thermallike noise. If the scattering is energy-independent
or the same from both sides, the latter contribution vanishes. Our main result is
that the delta-T noise spectrum can get negative at some frequencies, reducing
the thermallike noise spectrum. Below, we investigate the spectra for energy-
independent scattering and a single resonant level model. In the resonant case
S∆T

1 (ω) has a suppressed negative part for the chosen parameters and addition-
ally shows a contribution S∆T

2 (ω).

II.1.1 Nonsymmetrized Current Correlations

We consider a mesoscopic two-terminal conductor and model it using the scatter-
ing approach [6, 15] discussed in Sec. I.3. Uncorrelated electrons leave the reser-
voir and transverse through the scattering region, where they are elastically scat-
tered. Interactions between the electrons and charging effects are disregarded.
We denote the hot terminal as 1 and the cold one as 2. The Fermi functions
fα(E) = {exp[βα(E − µα)] + 1}−1 govern the energy distribution of emanating
electrons from terminals α ∈ {1, 2}. The parameters β1 = 1/kBTh and β2 = 1/kBTc
are determined by the temperatures Th and Tc of the hot and cold reservoir, re-
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Figure II.2: The mesoscopic conductor consists of a hot reservoir with a temperature Th
and a cold reservoir with a temperature Tc, separated by a potential barrier. In the hot
reservoir, more electrons are excited at higher energies, as illustrated by electrons farther
away from the surface. The current-current correlator depends on the scattering ampli-
tudes (simplified depicted by the arrows) of electrons (depicted by circles with a minus
sign) and holes (depicted by circles with a plus sign) as well as the probability distribu-
tion of the terminal from which they originated. Current-current fluctuations are related
to the energy transfer rate between the mesoscopic conductor and an electromagnetic
field, i.e. to the emission and absorption spectrum. The energy difference ~ω between the
electron and the hole corresponds to the energy of the annihilated or excited photon. We
separate the spectrum into an equilibrium part (thermallike), a superposition of a hot and
cold emitter, and a nonequilibrium part, given by a delta-T noise spectrum. The delta-T
noise spectrum is negative at some frequencies, thus diminishing the thermallike noise
spectrum. In the shown case, energy-independent scattering is assumed.
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spectively. We suppose that there is no applied voltage and set µ1 = µ2 = 0 in the
following. The transport is described by the unitary scattering matrix

s(E) =

(
s11(E) s12(E)
s21(E) s22(E)

)
. (II.1.1)

In the submatrix sαβ(E), the index β indicates where the electrons originated and
the left index α where the electrons head to. For a given energy, we assume that a
finite number of quantum channels contribute, which determines the size of the
submatrices. Overall, the transport properties of the mesoscopic conductor are
determined by the scattering matrix and the Fermi distributions of the reservoirs.

The current operator Îα(t) describes the electric current in terminal α ∈ {1, 2}
at time t [14, 15, 89]. By averaging over the quantum statistical ensemble, the
average current 〈Îα(t)〉 is obtained. A positive sign means that the current leaves
the reservoir, and vice versa, a negative sign means that it enters. Current fluctua-
tions are characterized by the auto- and cross-correlations of the current operator.
We are interested in the nonsymmetrized correlator

Sαβ(t, t′) = 〈∆Îα(t)∆Îβ(t′)〉 ,∆Îα(t) ≡ Îα(t)− 〈Îα(t)〉. (II.1.2)

In the absence of a time-dependent external field, the correlations depend only
on the time difference t − t′. As a result, the Fourier transform of the current
correlations yields Sαβ(ω, ω′) = 2πδ(ω + ω′)Sαβ(ω), with

Sαβ(ω) = 2

∫ ∞

−∞
eiωt〈∆Îα(t)∆Îβ(0)〉dt (II.1.3)

as the noise spectrum. At different times, the current operators do not commute.
This results in an asymmetrical noise spectrum. For α = 1, β = 2, the noise
spectrum has the form

S12(ω) =
e2

π~

∫ ∞

−∞
dE

×
[
f1(E)[1− f1(E + ~ω)] Tr

(
s†21(E + ~ω)s21(E)(s†11(E)s11(E + ~ω)− 1)

)

+ f1(E)[1− f2(E + ~ω)] Tr

(
s†11(E)s12(E + ~ω)s†22(E + ~ω)s21(E)

)

+ f2(E)[1− f1(E + ~ω)] Tr

(
s†12(E)s11(E + ~ω)s†21(E + ~ω)s22(E)

)

+ f2(E)[1− f2(E + ~ω)] Tr

(
s†12(E)s12(E + ~ω)(s†22(E + ~ω)s22(E)− 1)

)]
,

(II.1.4)

with e the elementary charge, ~ the reduced Planck constant, † the conjugate
transpose, Tr(·) the trace over the quantum channels and spin, and 1− fα(E) the
distribution of an unoccupied electronic state (hole). In general, s†(E)s(E ′) 6= 1
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for E 6= E ′ and thus the noise spectrum can be complex.

We focus on the total current Î(t) = [Î1(t) − Î2(t)]/2 and investigate the total
noise spectrum for this symmetric choice of the currents [90–92]

S(ω) ≡2

∫ ∞

−∞
dteiωt〈∆Î(t)∆Î(0)〉 =

∑

α,β

∫ ∞

−∞
dE γαβ(E,ω)fα(E)[1− fβ(E + ~ω)],

(II.1.5)

with

γαβ(E,ω) =
e2

4π~
Tr

(
Aαβ(E,ω)A†αβ(E,ω)

)
(II.1.6)

and the matrices

A11 =s†21(E + ~ω)s21(E) + 1− s†11(E + ~ω)s11(E)

A22 =s†12(E + ~ω)s12(E) + 1− s†22(E + ~ω)s22(E)

A12 =s†21(E)s22(E + ~ω)− s†11(E)s12(E + ~ω)

A21 =s†22(E)s21(E + ~ω)− s†12(E)s11(E + ~ω). (II.1.7)

Further on, the term total noise spectral density is abbreviated as noise spectrum.
The form Eq. (II.1.5) directly implies that the noise spectrum is positive, since for
a complex matrix A, the matrix A†A has only positive eigenvalues and thus a
positive trace Tr(A†A) ≥ 0. With the same argument and the monotonic decrease
of the Fermi functions, the inequality

S(ω) ≥ S(−ω) for ω ≥ 0 (II.1.8)

follows. This result holds irrespective of the applied voltage or temperature dif-
ference. In the next paragraph, we introduce the connection to light emission and
absorption, where the inequality has an illustrative interpretation.

The mesoscopic conductor can act as an antenna, where the current fluctuations
couple to an electromagnetic field [41, 42, 93]. We assume a linear coupling be-
tween the total current operator Î(t) and the electromagnetic vector potential op-
erator. Fermi’s golden rule gives the transition rates for absorption and emission
of a photon and thus the rate at which energy is transferred [94]. To establish a
connection, we consider the rewritten noise spectrum

S(ω) = 2π
∑

i,f

pi| 〈i|∆Î(0) |f〉 |2δ(Ei − Ef + ~ω), (II.1.9)

where pi is the statistical weight along with Ei the energy of the initial state |i〉,
and Ef the energy of the state |f〉. The energy transfer rate when emitting one
photon from the conductor is proportional to the noise spectrum for ω < 0 and
vice versa, when absorbing one photon to the noise spectrum for ω > 0. There-
fore, the noise spectrum at negative frequencies is referred to as the emission
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spectrum and that of positive frequencies as the absorption spectrum. Utilizing
∆Î(0) instead of Î(0) in expression (II.1.9) differs by a DC component, which
contributes nothing to the energy transfer. The inequality (II.1.8) now states that
the energy transfer rate at which the conductor absorbs from the electromagnetic
field is always greater than or equal to the rate at which it transfers energy to the
field.

We follow the interpretation in [95]. The physical processes involve electrons
with energy E and holes with energy E + ~ω which are scattered in the meso-
scopic conductor and afterwards recombine to emit or absorb energy ~ω. When
electrons come from terminal α and holes from terminal β, then they contribute
γαβ(E,ω)fα(E)[1− fβ(E + ~ω)] to the differential energy transfer rate

dS(E,ω) =
∑

α,β∈{1,2}

γαβ(E,ω)fα(E)[1− fβ(E + ~ω)]dE. (II.1.10)

On average, there are fα(E) electrons and 1 − fβ(E + ~ω) holes participating
in fα(E)[1 − fβ(E + ~ω)] recombination events. This is evident by rewriting
fα(E)[1 − fβ(E + ~ω)] = 〈n̂eα(E)n̂hβ(E + ~ω)〉 as the expectation value of the elec-
tron number operator n̂eα(E) and the hole number operator n̂hβ(E). The functions
γαβ correspond to the rates per recombination event. They depend solely on the
scattering amplitudes of the electrons and holes traversing the conductor.

Delta-T noise spectrum.— In the tradition of analyzing noise, two distinct con-
tributions of different origins were identified [15, 35, 67, 68]. One is the equi-
librium noise (Nyquist-Johnson noise) at thermal equilibrium, attributed to the
thermal agitation of the charge carriers, and the other is the nonequilibrium par-
tition noise (shot noise), which arises because an incident charge carrier beam is
stochastically divided. Hence, it is a consequence of charge quantization. In the
next paragraph, we are concerned with the question how can the noise spectrum
be partitioned into an equilibrium (thermallike) and a nonequilibrium (delta-T )
component in the presence of a temperature difference.

In the case of zero frequency and an energy-independent scattering matrix, the
thermallike noise is given by

Sth(ω = 0) = Sth = 2GkBTh + 2GkBTc, (II.1.11)

with G = G0

∑
n Tn the conductance, the conductance quantum G0 = 2e2/h, and

Tn the transmission probability of the n-th eigenchannel [15]. Half of the ther-
mallike noise consists of the Nyquist-Johnson noise at the hot temperature and
half at the cold temperature. We interpret that as the thermal agitation of two
isolated equilibrium systems and understand the thermallike noise as the aver-
age Sth = (STh + STc)/2 of them, with STα the noise at zero frequency and equal
temperature Tα in both reservoirs. Following this interpretation, the thermallike
noise for finite frequencies is defined as

Sth(ω) ≡ STh(ω) + STc(ω)

2
, (II.1.12)
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where STα(ω) is the noise spectrum at equal reservoir temperature Tα. From the
standpoint of light emission, the thermallike spectrum manifests as the superpo-
sition of independent hot and cold emitters. In [85] an equivalent definition is
used to account for the thermallike part in a system with interacting electrons.
After some calculation and using the unitary property of the scattering matrix,
the thermallike noise can be written as

Sth(ω) =

∫ ∞

−∞
dE γth(E,ω)

∑

α∈{1,2}

fα(E)[1− fα(E + ~ω)]

2
, (II.1.13)

with

γth(E,ω) =γ11(E,ω) + γ12(E,ω) + γ21(E,ω) + γ22(E,ω)

=
e2

4π~
Tr

[
|s11(E)− s11(E + ~ω)|2 + |s22(E)− s22(E + ~ω)|2 + |s12(E)

+ s12(E + ~ω)|2 + |s21(E) + s21(E + ~ω)|2
]
, (II.1.14)

where |a|2 = a†a is implied in the multi-channel case. At zero frequency, the
expression coincides with the thermallike noise defined in [31] and reduces to

Sth =
2e2

π~

∫ ∞

−∞
dE
∑

n

Tn(E)
∑

α=1,2

fα(E)[1− fα(E)], (II.1.15)

with Tn(E) the energy-dependent transmission probability.

Equipped with the definition of the thermallike noise, the nonequilibrium con-
tribution is identified as the excess noise spectrum S∆T (ω) ≡ S(ω)− Sth(ω). This
nonequilibrium noise spectrum is referred to as delta-T noise spectrum. We in-
terpret the delta-T noise spectrum by using the picture of recombining electrons
and holes. Electrons are denoted as hot or cold if they are distributed according
to the Fermi function f1 = 〈n̂e1〉 with temperature Th or according to the Fermi
function f2 = 〈n̂e2〉 with temperature Tc, respectively. This designation also ap-
plies to holes. The same rates γαβ are present in the entire noise spectrum (II.1.5)
and the thermallike spectrum (II.1.13). The difference manifests itself in the num-
ber of recombination events. For example, the actual noise spectrum includes the
contribution γ12〈n̂e1n̂h2〉, where hot electrons recombine with cold holes. The cor-
responding term γ12〈(n̂e1n̂h1 + n̂e2n̂

h
2)/2〉 in the thermallike noise spectrum involves

only recombination events of hot electrons with hot holes and cold electrons with
cold holes. This is accounted for by a factor γ12〈(n̂e1(n̂h2 − n̂h1) + (n̂e1 − n̂e2)n̂h2)/2〉
in the delta-T noise spectrum, which depends on the excess amount of cold and
hot holes 〈n̂h2 − n̂h1〉 and the excess number of hot and cold electrons 〈n̂e1 − n̂e2〉.
Another example is the noise contribution γ11〈n̂e1n̂h1〉, which has the counterpart
γ11〈(n̂e1n̂h1 + n̂e2n̂

h
2)/2〉 in the thermallike noise spectrum. The delta-T contribution

assumes the form γ11〈(n̂e1n̂h1 − n̂e2n̂
h
2)/2〉 and depends on the difference between

hot and cold recombination events.
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We distinguish between these two cases and split the delta-T noise spectrum into

S∆T (ω) ≡S∆T
1 (ω) + S∆T

2 (ω)

=

∫ ∞

−∞
dE

∑

α6=β∈{1,2}

γαβ(E,ω)Fαβ(E,ω)

+

∫ ∞

−∞
dE (γ11(E,ω)− γ22(E,ω))F (E,ω) (II.1.16)

with functions

∆fαβ(E) =fα(E)− fβ(E)

Fαβ(E,ω) =
fα(E)∆fαβ(E + ~ω) + ∆fαβ(E)[1− fβ(E + ~ω)]

2

F (E,ω) =
f1(E)[1− f1(E + ~ω)]− f2(E)[1− f2(E + ~ω)]

2
. (II.1.17)

The unitary property of the scattering matrix guarantees the symmetry TrA12-
A†12 = TrA21A

†
21. Moreover, F12(E,ω)+F21(E,ω) reduces to ∆f12(E)∆f12(E+~ω)

and the first contribution is given by

S∆T
1 (ω) =

∫ ∞

−∞
dE γ12(E,ω)∆f12(E)∆f12(E + ~ω). (II.1.18)

This contribution stems from recombinations of electrons and holes with different
temperatures, e.g., hot electrons with cold holes. It depends only on the excess
number of electrons 〈n̂e1 − n̂e2〉 and holes 〈n̂h2 − n̂h1〉. In the lowest order, the differ-
ence ∆f12(E) is linear in ∆T and therefore the whole term is quadratic.
The thermallike noise spectrum (II.1.13) includes recombination events of hot
electrons with hot holes with a rate γ22. In contrast to the spectrum (II.1.5),
where this rate is associated with cold electrons recombining with cold holes.
A similar situation arises for the rate γ11, where the thermallike spectrum con-
tains cold recombination events and the actual spectrum contains hot recom-
bination events. These cases are covered by the second contribution S∆T

2 (ω).
This contribution does not depend on the difference between the Fermi functions
but rather on the difference between the number of hot and cold recombination
events 〈n̂e1n̂h1 − n̂e2n̂h2〉. An expansion in ∆T results in a linear dependence at the
lowest order. For the part that depends on the scattering matrix, we find

Tr
[
A11A

†
11 − A22A

†
22

]
=2 Re Tr

[
s22(E)s†22(E + ~ω) + s21(E)s†21(E + ~ω)

− s11(E)s†11(E + ~ω)− s12(E)s†12(E + ~ω)

]
, (II.1.19)

with Re denoting the real part. At zero frequency, this expression disappears
because of the unitary property of the scattering matrix. The entire spectrum
S∆T

2 (ω) vanishes in two ways: first, when the scattering properties from both
sides are indistinguishable, i.e., s11(E) = s22(E), s12(E) = s21(E), or second, the
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reservoirs assume the same temperature.
At zero frequency, the delta-T noise decreases to

S∆T =
2e2

π~

∫ ∞

−∞
dE
∑

n

Tn(E)[1− Tn(E)][∆f12(E)]2 (II.1.20)

and matches with the definition given in [31].

II.1.2 Energy-Independent Scattering

The model is specified further by assuming an energy-independent scattering
matrix s(E) ≈ s. From the well-known equilibrium spectrum [15, 42], we obtain

Sth(ω) = G~ω
[
2 + coth

(
~ω

2kBTh

)
+ coth

(
~ω

2kBTc

)]
. (II.1.21)

The thermal spectra STh(ω), STc(ω) are not additive, i.e., STh(ω)+STc(ω) cannot be
written as a thermal noise spectrum with adjusted temperature. A consequence
of this is that at a fixed average temperature T̃ = (Th + Tc)/2, the thermallike
spectrum still changes for different temperature differences ∆T = Th−Tc. Never-
theless, for convenience, the average temperature and the temperature difference
are used hereafter.

The difference between the absorption and emission spectrum obeys Sth(ω)−Sth-
(−ω) = 4G~ω, ω > 0. It is sufficient to investigate the emission spectrum since
emission and absorption differ only by the zero-point fluctuations. Figure II.3(a)
depicts the thermallike spectrum for various ∆T . The curves vary continuously
from ∆T = 0 to the maximum ∆T = 2T̃ , where the curve for ∆T = 0 sets a lower
bound and for ∆T = 2T̃ an upper bound.

The examination of the delta-T noise spectrum reveals that S∆T
2 (ω) vanishes for

energy-independent scattering, and the delta-T component reduces considerably
to

S∆T (ω) = 2GF

∫ ∞

−∞
dE∆f12(E)∆f12(E + ~ω), (II.1.22)

where F =
∑

n Tn(1 − Tn)/
∑

n Tn represents the Fano factor. The Fano factor in-
dicates for the property of a partition noise and is a shared property with the shot
noise at zero frequency [15]. If the barrier is completely transparent or reflective,
Tn = 1 or Tn = 0, ∀n , then the Fano factor vanishes and so does the delta-T noise
spectrum, although a temperature difference might be present. The system con-
sists then of isolated hot and cold electron transport, each in thermal equilibrium,
which is why we call the term thermallike.
At the maximal temperature difference ∆T = 2T̃ , it is given as

S2T̃ (ω)

GF
=8kBT̃ ln

[
2 cosh

(
~ω

4kBT̃

)]
− |~ω| − ~ω coth

(
~ω

4kBT̃

)
. (II.1.23)
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Figure II.3: Emission spectra of (a) the thermallike noise (II.1.21) and (b) the delta-T noise
(II.1.22) from ∆T = 0 to 2T̃ = Th + Tc. The absorption spectrum of (a) results from
Sth(ω)−Sth(−ω) = 4G~ω and of (b) equals the emission spectrum, because of S∆T (ω) =
S∆T (−ω). The thermallike spectrum depends on the temperature difference ∆T and all
curves lie between the extreme points ∆T = 0 and ∆T = 2T̃ in the grey area. The delta-T
noise changes its sign from positive to negative at a certain frequency (compare to Fig.
II.4), which depends on the temperature difference. The curves are not enveloped by the
extreme points. The overall noise Sth + S∆T ≥ 0 does not change its sign.

In the limit ω → 0, we get back the factor 2 ln 2 as in [72]. The delta-T emission and
absorption spectrum for different ∆T is shown in Fig. II.3(b). The delta-T noise
spectrum starts at a maximum, then decreases and intersects the ω-axis at a cer-
tain point. After that, the course reaches a minimum and converges back to zero.
Above a certain point, the delta-T noise spectrum is negative and decreases the
thermallike noise. Negative delta-T noise (at zero frequency) has been reported
for transport in a fractional quantum Hall bar [81]. The decrease in fluctuations
is there attributed to interactions and related to the tunneling of quasiparticles.
In our case, interactions are not considered by the model. The combination of
temperature broadening of the Fermi function and the frequency shift between
distributions of the occupied and free states plays the crucial role here. A compar-
ison between the cold and hot distribution shows (see for an example Fig. II.4(b)),
that the hot reservoir has fewer occupied states for E < 0, more for E > 0 and
coincides for E = 0. This leads to a negative sign of f1(E)−f2(E) for E < 0 and a
positive sign for E > 0. The integrand (f1(E)− f2(E))(f1(E + ~ω)− f2(E + ~ω)),
i.e., the excess number of recombination events, has a negative sign in the interval
E ∈ (−~ω, 0). In the complement interval, the signs are equal and the integrand
is positive. The delta-T noise spectrum turns negative when the area under the
negative part of the integrand exceeds the area under the positive part. Figure
II.4(a) depicts the excess number of recombination events for different shifts in
the extreme case Tc = 0 and Th = 2T̃ .
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Figure II.4: Illustration (a) shows the excess number of recombination events due to re-
combinations between hot and cold particles, i.e., the integrand in (II.1.22). At a given
frequency (here e.g., ~ω = 0, 2, 4kBT̃ ), one of the differences ∆f12 is shifted by ~ω in
relation to the other. In the interval (−~ω, 0), the contribution is negative and out-
side it is positive. Inset (b) depicts the hot and cold Fermi functions drawn over en-
ergy. The gray-shaded area denotes energies where the sign of f1(E) − f2(E) and the
shifted f1(E + ~ω)− f2(E + ~ω) differ. The terminals are assumed to be at temperatures
Tc = 0, Th = 2T̃ .

II.1.3 Resonant Level

This paragraph sheds light on the influence of energy-dependent scattering, us-
ing a resonant level as an example. We assume a resonance energy of ε0 and a
lifetime of ~/Γ. For simplicity, we only consider one open quantum channel. The
scattering matrix can be modeled by the Breit-Wigner formula [89, 96]

sαβ(E) = δαβ −
i
√

ΓαΓβ

E − ε0 + iΓ/2
, α, β ∈ {1, 2} (II.1.24)

where Γ1,Γ2 are the partial widths, Γ = Γ1 + Γ2 the total width, and δαβ the Kro-
necker delta. Inserting this scattering matrix into the thermallike noise spectrum
(II.1.13) results in

Sth(ω) =
G0

4

∫ ∞

−∞
dE

∑

α=1,2

fα(E)[1− fα(E + ~ω)]T (E + ~ω)

× T (E)

[
(~ω)2

Γ2
1

+
(~ω)2

Γ2
2

+ 8
(E + ~ω

2
− ε0)2 + Γ2

4

Γ1Γ2

]
, (II.1.25)

where
T (E) =

Γ1Γ2

(E − ε0)2 + Γ2/4
(II.1.26)

represents the transmission probability through the resonance. Figure II.5 depicts
the deviation of thermallike spectrum from the thermal spectrum at average tem-
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Figure II.5: The deviation of the thermallike noise spectrum (II.1.25) from the thermal spec-
trum at average temperature ST̃ (ω) is shown for various temperature differences. In the
inset, we depict the thermallike noise spectrum at the extremes ∆T = 0, ∆T = 2T̃ in
order to give an idea of its shape and size. The inset uses the same units as the main
figure. The resonant level is located at ε0 = 0, i.e., at the terminal’s chemical potential,
and has the widths Γ1 = (2/3)kBT̃ , Γ2 = (1/3)kBT̃ .

perature. We fix the average temperature and consider different temperature dif-
ferences for an asymmetric resonance Γ1 = (2/3)kBT̃ ,Γ2 = (1/3)kBT̃ . The curves
for ∆T 6= 0 intersect with the curve for ∆T = 0 at three points and have a smaller
value in two intervals.

The resonance provides an example where both contributions in the delta-T noise
spectrum are relevant. We write the first contribution in the form

S∆T
1 (ω) =2G0

∫ ∞

−∞
dE∆f12(E)∆f12(E + ~ω)T (E)T (E + ~ω)

×
[

(E + ~ω
2
− ε0)2 + Γ2/4

Γ1Γ2

− 1

]
. (II.1.27)

Figure II.6 depicts this contribution for several temperature differences. In the
integral (II.1.27), the Fermi distributions enter in the same way as for the energy-
independent scattering. Temperature broadening in connection with the frequen-
cy shift leads again to a negative integrand in the interval (−~ω, 0). The difference
is that the resonance introduces an additional weight, which emphasizes, for the
chosen parameters, the positive areas of Fig. II.4(a) and leads to a suppression of
the negative contribution.

If the resonance is asymmetric Γ1 6= Γ2, then we obtain a nonvanishing second
component

S∆T
2 (ω) =

G0

4
(~ω)2 Γ2

1 − Γ2
2

Γ2
1Γ2

2

∫ ∞

−∞
dET (E)T (E + ~ω)F (E,ω), (II.1.28)
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Figure II.6: Left: Spectra of the contribution (II.6) at different ∆T . Emission and absorption
spectra are identical because this delta-T contribution is symmetric in frequency. The
inset shows the spectra at the transition from positive to negative. This negative part
is almost suppressed but still present. Right: Spectra of the second component (II.1.28) at
different temperature differences ∆T . In the emission spectrum, we see an enhancement,
and in the absorption spectrum, a reduction. The resonance is assumed to be at ε0 = 0
and has the widths Γ1 = (2/3)kBT̃ , Γ2 = (1/3)kBT̃ .

which is not symmetric in frequency. As a consequence, the emission spectrum
differs from the absorption spectrum. The spectrum exhibits a peak at negative
frequencies and thus an enhancement in the emission. For positive frequencies,
a dip occurs, which results in a reduction of the absorption. It is the other way
round if Γ1 < Γ2 is used instead of Γ2 < Γ1. First and second component are of
similar size. In Figure II.6, the second component S∆T

2 (ω) is shown for different
temperature differences.

II.1.4 Conclusion

We have investigated the nonsymmetrized noise spectral density in mesoscopic
conductors subjected to a temperature difference. The thermallike spectrum was
identified as the average thermal noise spectrum (STh(ω) + STc(ω))/2 and, conse-
quently, the delta-T noise spectrum as the excess spectrum. We further decom-
posed the delta-T noise spectrum into two contributions, one depending on the
frequency-shifted differences of Fermi functions and the other on the difference
of the combined Fermi functions. In the case of energy-independent scattering,
only the first contribution survived, and the spectrum was proportional to the
Fano factor. We have discovered a partially negative delta-T noise spectrum that
is positive at low frequencies and becomes negative above a certain frequency.
A similar behavior, but with a suppressed negative part, was obtained for a res-
onant level with the selected parameters. In addition, the second component
occurred for an asymmetric resonance.
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Chapter III

Near-Field Radiative Heat Transfer

Heat transfer relies on the transport of energy by particles or fields. Basic mech-
anism are convection, heat conduction or radiation. All these mechanisms can
be driven by a temperature difference, resulting in heat flow from a hotter to a
colder region, as dictated by the second law of thermodynamics. Convection oc-
curs in fluids or gases, where parts of the material are transferred in bulk, leading
to relocation of energy [97]. Heat conduction arises between contacted materials
from the diffusive motion of microscopic particles [98], e.g., by the transport of
electrons in a metal. Radiative heat transfer is mediated by the electromagnetic
field and can bridge vacuum gaps [99], e.g., energy transfer between the sun and
the earth (see Fig. III.1) [100]. The fundamental principle of radiative heat trans-
fer is that all bodies at finite temperature emit radiation due to thermal agitation
of their charged constituencies. Planck’s law describes the radiative emission of a
black body, resulting in a broadband spectral density that depends solely on tem-
perature, as illustrated in Fig. III.1 by comparing Planck’s law with the measured
solar spectrum. A black body corresponds to an idealized object that perfectly ab-
sorbs incident radiation of all frequencies and angles. Thermal motion of charged
particles lead to a fluctuating charge density and current density, which serve as
the sources of the electromagnetic field. The electromagnetic field travels to other
bodies and get absorbed there, hence enhancing their internal energy. If two bod-
ies are at the same temperature, the radiative flux in both directions is equal,
resulting in no net energy transfer. Energy flux fluctuations are still present and
can contain additional information about the system.

Radiative heat transfer can be divided into a near-field and far-field regime, as
illustrated in Fig. III.2. In the near-field, heat transfer can significantly exceed
the contribution expected from Planck’s law [101, 102]. There, diffraction, in-
terference effects, and evanescent waves contribute to heat transport, whereas
Planck’s law was derived based on ray optics. An evanescent wave travels along
the material’s surface whilst decaying exponentially in the perpendicular direc-
tion. The decay length is often set by the thermal wavelength λth = 2π~c/(kBT ),
with T the temperature of the emitting body, and c the speed of light. In gen-
eral, both propagating and evanescent waves contribute to heat transfer, with the
dominant mechanism depending on the separation of the bodies. A common
rule of thumb is that at separations smaller than the thermal wavelength, evanes-

37



Chapter III: Near-Field Radiative Heat Transfer

0 1000 2000 3000

Wavelength [nm]

0.0

0.5

1.0

1.5

2.0
S

S
I

[W
m
−

2
n

m
−

1
]

Measured spectrum

Planck’s law T = 5772K

Figure III.1: Solar spectral irradiance (SSI), defined as the solar power received per unit area
and per unit wavelength interval at the top of Earth’s atmosphere. The spectrum shown
was measured by the SOLAR/SOLSPEC instrument aboard the International Space Sta-
tion (ISS) [100]. While the solar spectrum exhibits numerous absorption features (Fraun-
hofer lines), its integrated irradiance corresponds to that of a blackbody at T = 5772 K.
For illustration, Planck’s radiation law at this temperature is depicted.

cent waves dominate, and significantly enhance heat transfer compared to the
far-field [21, 103–105]. Fluctuational electrodynamics (FED) provides a unifying
theoretical framework to describe radiative heat transfer in both regimes.

III.1 Fluctuational Electrodynamics

Fluctuational electrodynamics is a semi-classical theory that describes radiative
heat transfer. The theory combines Maxwell’s equations with Langevin’s notion
of fluctuating forces [21, 103, 104, 106, 107]. The source terms in Maxwell’s equa-
tions, charge density and current density, fluctuate due to the thermal motion
of charges within the body. The statistics of these fluctuations is evaluated with
the fluctuations-dissipation theorem, which connects the response of the mate-
rial to the random motion in equilibrium. Overall, three essential ingredients
are required for fluctuational electrodynamics: Maxwell’s equations, material re-
sponse, and the statistics of the fluctuations.
The dynamics of the electromagnetic field at point rrr ∈ R3 and time t ∈ R is cap-
tured by Maxwell’s equations

∇ ·EEE(rrr, t) =4πρ(rrr, t) (III.1.1a)
∇ ·BBB(rrr, t) =0 (III.1.1b)

∇×EEE(rrr, t) =− 1

c

∂BBB(rrr, t)

∂t
(III.1.1c)

∇×BBB(rrr, t) =
1

c
[4πjjj(rrr, t) +

∂EEE(rrr, t)

∂t
], (III.1.1d)
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(a) Far-field:
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Figure III.2: Comparison of far- and near-field radiative heat transport. (a) Far-field regime,
with separation d � λth. Heat transfer is dominated by propagating electromagnetic
waves. Evanescent waves, generated by total internal reflection at incident angles Θi
larger than the critical angle Θc, decay rapidly and thus do not reach the other body. (b)
Near-field regime, with separation d < λth. Evanescent waves can tunnel between the
bodies and contribute significantly, leading to strongly enhanced heat transfer [21].

the electric field EEE(rrr, t) ∈ R3, the magnetic field BBB(rrr, t) ∈ R3, and the velocity
of light c. The charge density ρ(rrr, t) ∈ R and current density jjj(rrr, t) ∈ R3 act as
sources of the electromagnetic field. The current density consists of two contribu-
tions: the fluctuating current density jjjfl(rrr, t) originating from thermal agitation,
and the induced current density jjjind(rrr, t), generated by the presence of the elec-
tromagnetic field.
How materials react to external perturbations is captured by their constitutive
equations, and are material specific. These equations govern the charge and cur-
rent densities stimulated by an external electromagnetic field. Maxwell’s equa-
tions in a medium are commonly formulated in terms of the displacement field
DDD(rrr, t) = EEE(rrr, t)+4πPPP (rrr, t), and the magnetizing fieldHHH(rrr, t) = BBB(rrr, t)−4πMMM(rrr, t)-
/c. The redistribution of charges within the medium is encoded in the polariza-
tion vector PPP (rrr, t) ∈ R3, which describes the induced dipole moment per unit
volume. Thereby, the magnetization MMM(rrr, t) ∈ R3 represents the induced mag-
netic dipole moment per unit volume. Induced charge and current densities are
related to the polarization and magnetization by

ρind(rrr, t) =−∇PPP (rrr, t) (III.1.2a)

jjjind(rrr, t) =∇×MMM +
∂PPP

∂t
. (III.1.2b)

In the linear response regime, the polarization is linear to the electric field and the
magnetization is linear to the magnetizing field, determined by the electric and
magnetic susceptibility. Here, to simplify the discussion, nonmagnetic bodies
are considered. There are many ways to express the material’s response, such
as electric susceptibility, electric permittivity, and conductivity, all of which are
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interrelated. The electric permittivity tensor εεε(rrr, t, rrr′, t′) ∈ M3×3(R) describes the
relationship between displacement field and electric field

DDD(rrr, t) =

∫
dt′
∫
drrr′εεε(rrr, t, rrr′, t′)EEE(rrr′, t′) (III.1.3)

and the electric conductivity tensorσσσ(rrr, t, rrr′, t′) ∈M3×3(R) determines the relation
between the electric field and the induced current density

jjjind(rrr, t) =

∫
dt′
∫
drrr′σσσ(rrr, t, rrr′, t′)EEE(rrr′, t′). (III.1.4)

The electric permittivity tensor and conductivity tensor reflects the geometry
by being non-zero within the bodies that contain charges. At the interfaces of
these bodies, the electromagnetic fields satisfy boundary conditions: the tangen-
tial component of the electric field and the normal component of the magnetic
field are continuous, while the tangential component of the magnetic field and
the normal component of the electric field exhibit jumps dictated by the bound-
ary charge and current densities.
The induced charge density due to the presence of an external potential φ(rrr, t) ∈
R is described by the density response function Π(rrr, t, rrr′, t′), i.e.,

ρind(rrr, t) =

∫
dt′
∫
drrr′Π(rrr, t, rrr′, t′)φ(rrr′, t′). (III.1.5)

Conductivity and density response functions are connected by charge conserva-
tion directly expressed by the continuity equation

∇jjj(rrr, t) +
∂ρ(rrr, t)

∂t
= 0. (III.1.6)

Fluctuational electrodynamics describes the field dynamics by stochastic differ-
ential equations, with jjjfl(rrr, t) acting as a random source of the electromagnetic
fields. This random source resembles a stochastic force in a Langevin equation,
which describes the dynamics subject to a combination of deterministic and fluc-
tuating forces. Typically, when the system is driven by an external force, the en-
tire temporal evolution of the force serves as an input to the theory. The stochas-
tic force varies erratically with time and between each realization in the ensem-
ble. It is determined by its temporal force-force correlations, while the average
stochastic force vanishes [107]. Analogously, the temporal current-current cor-
relations specify the behaviour of the fluctuating current density. The correla-
tions can be evaluated through application of the fluctuation-dissipation theo-
rem. The fluctuation-dissipation theorem establishes a connection between equi-
librium fluctuations and the response to external perturbations. In this context,
the polarization characterizes the medium’s response to an external field, defined
via the electric susceptibility. Polarization fluctuations translate to current den-
sity fluctuations of the form

〈jfl
j (rrr, ω)jfl∗

k (rrr′, ω′)〉 = ~ωRe(σjk(rrr − rrr′, ω)) coth

(
~ω

2kBT

)
2πδ(ω − ω′), (III.1.7)
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Figure III.3: Sketch of radiative heat transfer within the framework of fluctuational elec-
trodynamics. Two thermal bodies, k = 1, 2, separated by a distance d, are characterized
by their temperatures Tk and their material response (conductivity or permittivity ten-
sor). Heat exchange is mediated by the electromagnetic field generated by fluctuating
currents jjjfl

k inside the bodies, which originate from thermal agitation of charges and are
determined by the fluctuation–dissipation theorem. For example, the electric field E1 in
body 1 results from both its own fluctuations jjjfl

1 and those jjjfl
2 of body 2, and in turn self-

consistently induces a current density jjjind1
1 and jjjind2

1 , respectively. The local Joule heating
is given the local current density times the electric field [108, 109].

with ~ is the reduced Planck constant, the average 〈·〉, the angular frequency, and
T the temperature of the body. The conductivity tensor is assumed to be space
and time invariant such thatσσσ(rrr, t, r′r′r′, t′) isσσσ(rrr−rrr′, t−t′), with Fourier transformed
conductivity σσσ(rrr − rrr′, ω). Ultimately, the complex task boils down to finding the
electromagnetic fields by solving Maxwell’s equations with boundary conditions,
expressing them in terms of the fluctuating current density, and then using the
fluctuation-dissipation theorem to calculate the averages.
The radiative heat transferred between two bodies at temperature T1 and T2 can
be quantified by Joule heating or the Poynting vector. Joule heating describes
electrical energy dissipated as heat in a material due to the resistance encountered
by moving charge carriers [109]. The deposited energy in body 1 is governed by

P1 =

∫

B1

drrr〈jjj1(rrr, t)EEE1(rrr, t)〉, (III.1.8)

where the integration spans over the whole body B1. The electric field EEE1 =
EEEfl1

1 +EEEfl2
1 arises from current fluctuations in body 1 and body 2, represented by

EEEfl1
1 and EEEfl2

1 , respectively. The current density jjj1 = jjjind1
1 + jjjind2

1 + jjjfl
1 consists of

the induced current densities due to the electric fieldsEEEfl1
1 andEEEfl2

1 , as well as the
intrinsically fluctuating current density jjjfl

1 [109]. The Joule heating is expressed
by

P1 =

∫

B1

drrr

〈(
jjjfl

1(rrr, t) +

∫

B1

drrr′
∫
dt′σσσ1(rrr, r′r′r′, t, t′)EEEfl1

1 (rrr′, t′)

)
EEEfl1

1 (rrr, t)

〉
(III.1.9a)

+

∫

B1

drrr

∫

B1

drrr′
∫
dt′
〈
σσσ1(rrr, r′r′r′, t, t′)EEEfl2

1 (rrr′, t′)EEEfl2
1 (rrr, t)

〉
, (III.1.9b)
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where we assumed that fluctuating current densities of different bodies are not
correlated. The first contribution (III.1.9a) corresponds to the energy emitted by
body 1, which includes the energy that escapes to infinity and the energy that
is absorbed by the other body. The second contribution (III.1.9b) represents the
energy deposited in body 1 due to current density fluctuations in body 2. The
Joule heating in body 2 leads to the same formula (III.1.9a) and (III.1.9b), except
with indices 1 and 2 swapped. Figure III.3 illustrates radiative heat transfer in the
framework of fluctuational electrodynamics. Heat transfer between the bodies
captured by the absorption terms, such that the exchanged power is defined by

P2→1 ≡
∫

B1

drrr〈jjjind2
1 (rrr, t)EEEfl2

1 (rrr, t)〉 −
∫

B2

drrr〈jjjind1
2 (rrr, t)EEEfl1

2 (rrr, t)〉, (III.1.10)

with

jjjindj
k (rrr, t) =

∫

Bk

drrr′
∫
dt′σσσk(rrr, r

′r′r′, t, t′)EEEflj
k (rrr′, t′). (III.1.11)

The first term in (III.1.10) is calculated using Maxwell’s equations to determine
the electric field in body 1 due to current fluctuations in body 2, and the second
term is derived similarly but with the roles of bodies 1 and 2 reversed.
Another method for calculating the heat transfer is based on the Poynting vector.
The Poynting vector characterizes the directional energy flux of the electromag-
netic field. The power dissipated in a body is obtained by integrating the average
Poynting vector over a closed surface containing the body. In the two-body ge-
ometry, we can solve Maxwell’s equations subject to random currents in body 1
and evaluate the dissipated energy in body 2. Then, we solve the inverse problem
and acquire the net transferred heat by subtracting both contributions.

In conclusion, radiative heat transfer reduces to a Landauer-type formula [21]

P2→1 =

∫ ∞

0

dω

2π
T (ω)~ω[n2(ω)− n1(ω)], (III.1.12)

with nα(ω) = 1/(exp(~ω/(kBTα)) − 1) the Bose-Einstein distribution of a body
α = 1, 2 with temperature Tα, and T (ω) the total transmission coefficient. A posi-
tive heat transfer (III.1.12) indicates heat flux into the body, while a negative value
indicates heat flux out of the body. We assumed reciprocal transport such that the
transmission coefficient 1 → 2 is the same as 2 → 1. The transmission coefficient
is typically introduced phenomenologically to emphasize its resemblance with
the Landauer transport formula in quantum transport. As in quantum trans-
port, the total transmission coefficient T =

∑
n Tn(ω) is constructed from radia-

tion channels n, each with transmission probabilities 0 ≤ Tn(ω) ≤ 1. The factor
~ωnα(ω) could be interpreted as the average energy of a photon with frequency
ω. Thus, heat transport presents itself as photon tunnelling, with each photon
carrying energy ~ω. As we will see later in Sec. III.6 the energy is carried by the
electromagnetic field, not by the photons, because the energy current operator
and the photon number operator are non-commuting. Our approach derives the
energy current operator within a radiative scattering theory, thereby establishing
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T as a transmission coefficient.

The benchmark geometry of near-field radiative heat transfer consists of two
filled half spaces separated by a vacuum gap. This simple geometry demonstrates
the importance of heat transport by evanescent waves in the near-field regime.
We consider optically isotropic and non-magnetic materials 1, 2, with constant
temperature T1, T2 and local dielectric permittivities ε1(ω), ε2(ω). Maxwell’s equa-
tions in the vacuum gap reduce to the wave equations

∇2EEE(rrr, t) +
1

c

∂2E(rrr, t)E(rrr, t)E(rrr, t)

∂t2
=0 (III.1.13a)

∇2BBB(rrr, t) +
1

c

∂2B(rrr, t)B(rrr, t)B(rrr, t)

∂t2
=0, (III.1.13b)

with plane waves as solutions. The wave vector can be divided into a contribu-
tion perpendicular to the surface k⊥v, and parallel to the surface k‖, while they are
related by k2

v = k2
⊥v + k2

‖ , with the wave number in vacuum kv = ω/c. The wave
is evanescent if k⊥v is complex, i.e., the wave decays exponentially for k‖ > ω/c
and propagates for k‖ < ω/c.
As pointed out earlier, the transferred heat is obtained by solving the full set of
Maxwell’s equations, expressing the electromagnetic field in the gap in terms of
the fluctuating current density, and evaluating the average Poynting vector. The
transferred heat is governed by equation (III.1.12), where the transmission coeffi-
cient becomes

T (ω) =

∫ ∞

0

dk‖
2π

k‖[Ts(ω, k‖, d) + Tp(ω, k‖, d)], (III.1.14a)

with the gap size d, and the transmission probabilities Ts(ω, k‖, d), Tp(ω, k‖, d) of
s− or p− polarized waves. Note that the transmission coefficient involves both
propagating (k‖ < ω/c) and evanescent electromagnetic waves (k‖ > ω/c). The
individual transmissions are given by

Tα(ω, k‖, d) =

{
[1− |rα1 |2][1− |rα2 |2]/|Dα|2 k‖ < k0

4 Im(rα1 ) Im(rα2 )e−2|k⊥v |d/|Dα|2 k‖ > k0

, (III.1.14b)

with Dα = 1− rα1 rα2 e2ik⊥vd, α = s, p, and the Fresnel coefficients

rsj =
k⊥v − k⊥j
k⊥v + k⊥j

(III.1.14c)

rpj =
εjk⊥v − k⊥j
εjk⊥v + k⊥j

, (III.1.14d)

with k⊥j =
√
εj(ω)k2

v − k2
‖, j = 1, 2. Fresnel coefficients characterize the reflec-

tion and transmission of electromagnetic radiation at an interface between media
with different permittivities. This demonstrates that the transmission coefficient
incorporates geometrical aspects and material properties. A related geometry to
the semi-infinite half spaces are two infinite plates in close proximity. There the
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Figure III.4: Circuit model for nanoscale radiative heat transfer [109, 127]. Two finite plates
of size Wx,Wy support discrete in-plane modes k‖. When only a few modes lie in the
active band, i.e. when the relevant photon length scale exceeds the object’s dimensions
(1/k̃ �Wx,Wy), transport is quasi-static and can be captured by lumped circuit elements.
Each thermal body is modeled by an impedance, while electrostatic and magnetostatic
couplings are represented by capacitors and inductors, respectively, forming the coupling
circuit.

radiative energy can eventually transmit through the plates and escape to infin-
ity. Hence, the absorbed energy of the plate does not corresponds to the average
Poynting vector in the gap, but instead to the difference of the Poynting vectors
on both sides of the plate. Metals absorb very quickly on the length of the skin
depth such that the semi-infinite half space geometry can be a good approxima-
tion for plates thicker than the skin depth. The first near-field heat transfer ex-
periments between parallel plates were conducted by [101, 110, 111]. Subsequent
research explored various geometries, including scanning thermal profilers [112,
113], scanning thermal microscopes [114, 115], sphere-plate systems [116–120],
and integrated microelectromechanical systems (MEMS) [121, 122]. Experimen-
tal studies on dielectric materials [105, 123–125] revealed substantial near-field
radiative heat transfer exceeding the Planckian limit, attributed to the excitation
of surface phonon-polaritons. Metallic layers with macroscopic heat exchange
area were investigated in [102, 126].

A complete analytical solution to the radiative heat transfer problem is only avail-
able for the geometry of two infinite parallel planar bodies, while other geome-
tries, such as a semi-infinite body and a spherical body, or two spherical bodies,
can be treated using approximations [128]. In the realm of heat exchange between
nanoscale objects, geometric complexity and material properties can be modelled
utilizing an effective circuit approach [127, 129]. To develop a physical intuition
for the circuit approach, we examine the case of two finite-sized plates [109]. Heat
transfer between infinite plates is described by equation (III.1.12), which incorpo-
rates a wave vector and frequency integral. These integrals are dictated by char-
acteristic scales k‖ ∼ k̃, ω ∼ ω̃, for example k̃ = 1/d, 1/λth, . . . or ω̃ = T/~, c/d, . . ..
Plates of finite size Wx,Wy assume discrete wave vectors kx = nπ/Wx, n ∈ Z,
ky = mπ/Wy,m ∈ Z due to boundary conditions. When the plate size is small
compared to the inverse of the characteristic wave vector, i.e., Wx,Wy � 1/k̃,
then the integral over the wave vector is approximated by a sum over the rele-
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Z(ω) =̂ Z(ω)
Ifl
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V

Figure III.5: Thermal body represented by an impedance Z(ω) in parallel with a fluctuating
current source Ifl, determined by the fluctuation-dissipation theorem.

vant modes. This enables to model the heat transfer by an effective circuit, while
each summand represents an extra channel. Or as [109, 127] concludes, a zero-
dimensional circuit model is feasible, if the length scale of photons involved in
the heat transfer is larger than the system size. The characteristic length scales
and the choice of circuit elements require an understanding of the microscopic
mechanisms [109]. For example, electrostatic coupling is represented by a ca-
pacitor, while magnetostatic coupling is represented by an inductor. Figure III.4
summarizes the equivalent-circuit approach to few-channel near-field radiative
heat transfer. In this thesis, we keep the framework general and do not specify
a particular circuit model, in order to explore the fundamental structure of near-
field radiative heat transfer.

III.2 Circuit Fluctuational Electrodynamics

Fluctuational electrodynamics was extended by [129] to account for radiative heat
transfer in circuits. The bodies that absorb and emit heat are modelled as dissipa-
tive impedances, with their coupling emulated by linear, passive circuit elements.
Absorption is captured by the resistance of the impedance, and the emission by
a fictitious fluctuating current source in parallel (see Fig. III.5). Two galvanically
connected resistors at different temperatures serve as a fundamental example,
originally used by Johnson and Nyquist to investigate thermal noise. Instead of
using the electric and magnetic fields, circuit FED employs integrated variables,
voltage and current, to describe the operating states of the circuit. The three es-
sential components of circuit FED are: Kirchhoff’s laws, which takes the position
of Maxwell’s equations; dissipative impedances, which represent the material re-
sponse; and the fluctuating current, which plays an analogous role to the fluctu-
ating current density in FED. To solve the dynamics, we write down Kirchhoff’s
laws for the circuit (including the fluctuating current sources) and utilize the con-
stitutive equations of the circuit elements. The dynamical equations take the form
of a Langevin equation, with the fluctuating currents functioning as the fluctuat-
ing forces. The voltage drop Vj(ω) at impedance Zj(ω) induced by the fluctuating
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currents Ifl
k (ω) in impedance k is given by

Vj(ω) =
∑

j

ζjkI
fl
k (ω), (III.2.1)

with the matrix ζζζ(ω), and the frequency dependence ω obtained by Fourier trans-
formation. The fluctuating current is assumed to obey the fluctuation-dissipation
theorem

〈Ifl
j (ω)Ifl

k (ω′)〉 =δjk~ωRe

(
1

Zj(ω)

)
coth

(
~ω

2kBTj

)
2πδ(ω + ω′), (III.2.2)

while exhibiting vanishing average current. Therefore, the statistics of the fluctu-
ating current depend on the impedance Zj(ω) and the temperature Tj at which it
originates. The heat deposited into the impedance j is defined by the Joule loss

Pj ≡〈Ij(t)Vj(t)〉

=
∑

k,m

∫∫ ∞

−∞

dωdω′

8π2
e−i(ω+ω′)t

(
ζjk(ω)

Zj(ω)
− δjk

)
ζjm(ω′)〈Ifl

k (ω)Ifl
m(ω′)〉

=
∑

k

∫ ∞

−∞

dω

2π

(
ζjk(ω)

Zj(ω)
− δjk

)
ζ∗jk(ω) Re

(
1

Zk(ω)

)
~ω coth

(
~ω

2kBTk

)

=
∑

k

∫ ∞

0

dω

2π
Tjk(ω)~ω[nk(ω)− nj(ω)] (III.2.3)

where Vj(t) is the voltage and Ij(t) the current at impedance j, and

Tjk(ω) = 4 Re

(
1

Zj(ω)

)
ζjk(ω)ζ∗jk(ω) Re

(
1

Zk(ω)

)
(III.2.4)

is the transmission probability between impedance j and k. Here, no radiation
leaks to infinity, so Pj embodies the transferred heat to impedance j by the other
impedances. The special case of two dissipative impedances reduces to the Land-
auer-type formula (III.1.12). The transmission coefficient T (ω) depends on the
circuit parameters (resistances, capacitances, inductances, etc.), and corresponds
to the transmission probability of a single channel.

Superconducting circuits.— The circuit approach can be applied to model radia-
tive heat transfer in superconducting-normal metal structures. These mesoscopic
structures consist of normal-metal segments connected by superconducting links,
and are designed and operated such that heat transfer by phonons and quasi-
particles is suppressed, leaving photons as the prevalent channel for heat trans-
port. Here, the superconducting links provide electrical conductivity while effec-
tively acting as thermal insulators. Andreev reflection prevents subgap energy
transfer, and heat conduction takes place via thermally excited quasi-particles
[130]. As a result, the thermal conductance is exponentially suppressed at tem-
peratures well below the superconductor’s critical temperature [22]. When super-
conducting links are shorter than the coherence length, subgap energy transport
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can contribute to thermal conduction via elastic cotunneling and crossed Andreev
reflection [131]. Capacitive coupling between components of the structure addi-
tionally suppresses heat conduction, while allowing transport of electromagnetic
fields. Another mechanism for heat conduction arises from phonon transport:
electron-phonon coupling in the normal metal excites phonons, which carry heat
across the structure [32, 132]. Electron-phonon coupling declines significantly
at low temperatures. In typical nanoscale systems, the crossover temperature,
at which photon contributions dominate over phonon contributions, is typically
between 500 mK − 100 mK [132]. At this low temperatures the thermal wave-
length is around several centimetres, which warrants the lumped circuit descrip-
tion. Normal-metals are modelled by dissipative impedances or in the simplest
case by resistors, and the superconducting components are modelled by linear
non-dissipative elements such as capacitors, inductors, finite-length transmission
lines. The experiment [133] investigates the century-old Johnson-Nyquist circuit
in the quantum regime, featuring two galvanically connected resistorsR1, R2 held
at different temperatures. The photonic thermal conductance Gth = T GQth con-
sists of one channel, with transmission T = 4R1R2/(R1 + R2)2, and the thermal
conductance quantum GQth = πkBT/(6~). The thermal conductance quantum es-
tablishes a fundamental upper limit for the heat conductance per channel [134],
and is universally found in quantum heat transfer carried by fermions [135] and
bosons [32, 136, 137]. For matched resistors R1 = R2 the transport is ballis-
tic and the channel perfectly transmitting. Thermal transport by quasiparticles
emerged above ∼ 250 mK, while the photon contribution became noticeable be-
low ∼ 200 mK. A more advanced circuit topology incorporates reactive elements
between the resistors. Meschke et al. [32] demonstrated magnetic flux-control of
radiative heat transfer by inserting a DC-SQUID in both connections between the
resistors. The DC-SQUIDs provide a flux-tunable inductance, which in turn leads
to a flux-tunable transmission, thereby functioning as a heat valve for radiative
heat transfer in the system. The flux dependence was washed out for temper-
atures well above 100 mK. Electric field control of the radiative heat transport
was demonstrated in [138], where they added a Cooper-pair transistor, and con-
trolled the gate charge. Heat transport oscillates with the applied gate voltage
due to the competing effects of Cooper-pair tunneling and Coulomb repulsion
within the island. Photons enable coherent thermal transport over macroscopic
distances because they can be guided with minimal scattering in optical fibers
or transmission lines. Partanen et al. [139] established nearly ballistic radia-
tive quantum transport between mesoscopic-sized resistors (length ∼ 5 µm) con-
nected by a one-metre-long waveguide. So far the introduced experiments con-
centrate on radiative transport between two resistors. Each extra normal-metal
segment adds a terminal, enabling the investigation of multiterminal radiative
heat transfer. Several proposals exist for multi-terminal setups, such as thermal
transistors [140–142], heat amplifiers [143, 144], quantum absorption refrigera-
tors [145, 146], and thermally pumped masers [147]. Gubaydullin et al. [142]
engineered a three terminal device interacting through a Xmon qubit, where the
qubit frequency is controlled by a magnetic field, which results in flux-dependent
radiative heat transfer.
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III.3 Classical Electric Networks

Radiative heat transfer in electrical circuits essentially involves determining the
voltages and currents within the network. Thereby, we are not interested in every
branch voltage and current, but only in those across the dissipative impedances
Zj(ω) that represent the bodies which absorb and emit heat. The electric network
connecting these impedances is summarized as a multi-port network [156], here
referred to as the coupling circuit. The port entering the coupling circuit is char-
acterized by its voltage Vj(ω) and current Ij(ω), which correspond to those across
the associated impedance. At this stage, the coupling circuit is a black box, which
is simply determined by the relationships between its external ports. There are
several ways to describe the port relations, for example, via the short-circuit ad-
mittance, the open-circuit impedance, or, as will be relevant later, the scattering
matrix. The open-circuit impedance expresses port voltages in terms of port cur-
rents by

Vj(ω) =
∑

k

Zoc
jk(ω)Ik(ω), (III.3.1)

with the open-circuit impedance

Zoc
jk(ω) =

Vj(ω)

Ik(ω)

∣∣∣∣
Il(ω)=0,l 6=k

. (III.3.2)

The entry Zoc
jk(ω) specifies the voltage Vj(ω) that develops in response to the cur-

rent Ik(ω), while all other ports are open, that is, Il(ω) = 0, k 6= l. Vice versa, the
port currents in terms of port voltages are given by

Ij(ω) =
∑

k

Y sc
jk (ω)Vk(ω), (III.3.3)

with the short-circuit admittance

Y sc
jk (ω) =

Ij(ω)

Vk(ω)

∣∣∣∣
Vl(ω)=0,l 6=k

. (III.3.4)

Here, Y sc
jk (ω) characterizes the current Ij(ω) due to the voltage Vk(ω) under the

condition that the other ports are shorted, i.e., Vl(ω) = 0 for l 6= k. Reciprocal
coupling circuits lead to a symmetric short-circuit impedance and open-circuit
admittance. An open-circuit impedance or short-circuit admittance representa-
tion does not necessarily exist for arbitrary coupling circuits; in some cases, only
one of them, or neither, may exists [156].

Scattering parameter.— Energy transfer in electric circuits is naturally treated by
scattering parameter [156]. This representation highlights the dual role of the dis-
sipative impedances as both providers of energy (through incident excitations)
and absorbers of energy (through scattered excitations). The scattering param-
eters A−j (ω), A+

j (ω) can be interpreted as mode amplitudes of incident (−) and
scattered waves (+), respectively, in a transmission line (see section III.6). This
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connection enables the description of NFRHT from a quantum transport perspec-
tive. To construct the scattering parameters, we begin by defining the scattering
currents and voltages

V −j (ω) =
1

2

Z∗j (ω)

Re(Zj(ω))
[Vj(ω)− Zj(ω)Ij(ω)] (III.3.5a)

V +
j (ω) =

1

2

Zj(ω)

Re(Zj(ω))
[Vj(ω) + Z∗j (ω)Ij(ω)] (III.3.5b)

I−j (ω) =
1

2

1

Re(Zj(ω))
[Vj(ω)− Zj(ω)Ij(ω)] (III.3.5c)

I+
j (ω) =

1

2

1

Re(Zj(ω))
[Vj(ω) + Z∗j (ω)Ii(ω)], (III.3.5d)

with Zj(ω) the impedance that terminates port j, and Re(Zj(ω)) 6= 0 for all angu-
lar frequencies ω. The current and voltage scattering matrix are obtained by

SIjk(ω) =
I+
j (ω)

I−k (ω)

∣∣∣∣
I−l (ω)=0,l 6=k

(III.3.5e)

SVjk(ω) =
V +
j (ω)

V −k (ω)

∣∣∣∣
V −l (ω)=0,l 6=k

. (III.3.5f)

The conditions I−l (ω) = 0, V −l (ω) = 0 impose Vl(ω) = Zj(ω)Ij(ω), such that the
other impedances Zl(ω), l 6= k act as dissipative loads for the incident current
I−k (ω) or voltage V −k (ω), respectively. For purely resistive impedances Zj(ω) = zj ,
the scattering parameters A±j (ω) ≡ √zjI±j (ω) are straightforwardly defined us-
ing a frequency-independent normalization. In the case of frequency-dependent
impedances [156–162], normalization is achieved by introducing functions λ1j(ω),
λ2j(ω), which satisfy Re(Zj(ω)) = |λ1j(ω)|2 = |λ2j(ω)|2. To respect causality,
λ1j(ω), λ2j(ω) and 1/λ∗1j(ω), 1/λ∗2j(ω) must be holomorphic for Im(ω) > 0. These
conditions do not uniquely determine λ1j(ω) =

√
Re(Zj(ω)) eiϑ1j(ω), λ1j(ω) =√

Re(Zj(ω)) eiϑ2j(ω), leaving an arbitrariness in the phase ϑ1j(ω), ϑ2j(ω). The scat-
tering parameter are obtained by

(
A−j (ω)
A+
j (ω)

)
≡
(
λ∗1j(ω)

λ2j(ω)

)(
I−j (ω)
I+
j (ω)

)

=

(
λ∗1j(ω)/Z∗j (ω)

λ2j(ω)/Zj(ω)

)(
V −j (ω)
V +
j (ω)

)

=
1

2

(
λ−1

1j (ω) −Zj(ω)λ−1
1j (ω)

λ−∗2j (ω) Z∗j (ω)λ−∗2j (ω)

)(
Vj(ω)
Ij(ω)

)
, (III.3.6)

which leads to the scattering matrix

Sjk(ω) =
A+
j (ω)

A−k (ω)

∣∣∣∣
A−l (ω)=0,l 6=k

=
λ2j(ω)

λ∗1k(ω)
SIjk(ω) =

λ2j(ω)Z∗j (ω)

λ∗1k(ω)Zj(ω)
SVjk(ω). (III.3.7)
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(a) (b) (c) (d)

Z1(ω)

I2 = −I1

V1 V2 Z2(ω) Z(ω) =̂ R R C R C L

Figure III.6: Example impedance network: (a) Two impedances Z1(ω) and Z2(ω) coupled
galvanically. (b-d) Representative realisations for Zj : (b) pure resistor, (c) low-pass filter,
(d) damped RLC resonator.

In terms of the open-circuit impedance matrix ZZZoc(ω), we find

SSS(ω) =λλλ−∗2 (ω)λλλ1(ω) + 2λλλ2(ω)[ZZZoc(ω)−ZZZ(ω)]−1λλλ1(ω), (III.3.8)

with diagonal matricesλλλ1(ω) ≡ diag(. . . , λ1j(ω), . . .),λλλ2(ω) ≡ diag(. . . , λ2j(ω), . . .),
ZZZ ≡ diag(. . . , Zj(ω), . . .). Equation (III.3.8) directly demonstrates, that the scat-
tering matrix is symmetric, when the electric network and the normalization is
reciprocal, i.e.,ZZZoc(ω) is symmetric and λλλ1(ω) = λλλ2(ω). Without loss of generality,
we adopt a reciprocal normalization λλλ1(ω) = λλλ2(ω) = λλλ(ω) in the following, as
the measurable quantities are independent of the phases ϑ1j(ω) (see section III.6).
A fundamental property of the scattering matrix is its unitarity

SSS(ω)SSS†(ω) = SSS†(ω)SSS(ω) = 1. (III.3.9)

This guarantees the interpretation of |Sjk(ω)|2 as transmission probability, and
|Sjj(ω)|2 as reflection probability.

How to construct the scattering matrix.— The scattering matrix is obtained by the
constitutive relations of the circuit elements and Kirchhoff’s laws. A circuit ele-
ment is characterized by its voltage–current relation V (ω) = Z(ω)I(ω), with Z(ω)
its frequency-dependent impedance. For example, a capacitor obeys the constitu-
tive relation I(ω) = iωCV (ω), while an inductor satisfies V (ω) = iωLI(ω). Kirch-
hoff’s current law expresses the conservation of charge, stating that the sum of
currents entering a node is zero. Kirchhoff’s voltage law reflects the conservation
of energy, stating that the sum of voltages around any closed loop is zero [163].
In this thesis, we examine radiative heat transfer in several specific circuits and,
in the following, demonstrate how to derive their scattering matrices.

Two impedancesZ1(ω), Z2(ω) galvanically connected in a loop constitute a simple
and relevant example (see Fig. III.6(a)). Kirchhoff’s laws demand V1(ω) = V2(ω),
and I1(ω) = −I2(ω), therefore equation (III.3.7) leads to the scattering matrix

SSS(ω) =
1

Z1(ω) + Z2(ω)

(
λ1(ω)[Z2(ω)−Z∗1 (ω)]

λ∗1(ω)
2λ1(ω)λ2(ω)

2λ1(ω)λ2(ω)
λ2(ω)[Z1(ω)−Z∗2 (ω)]

λ∗2(ω)

)
. (III.3.10)

The corresponding transmission probability is given by

T (ω) = S†21(ω)S12(ω) =
4 Re(Z1(ω)) Re(Z2(ω))

|Z1(ω) + Z2(ω)|2 . (III.3.11)

50



Chapter III: Near-Field Radiative Heat Transfer

If Z1(ω) = R1, Z2(ω) = R2, we recover the transmission T = 4R1R2/(R1 + R2)2

of the Johnson-Nyquist circuit [133] (see Fig. III.6(a) and (b)). Note that while the
scattering matrix depends on the complex normalization, the transmission coef-
ficient does not. The unitarity of the scattering matrix is verified by the relations
S†11(ω)S11(ω) + S†12(ω)S21(ω) = 1 and S†11(ω)S12(ω) + S†12(ω)S22(ω) = 0.
A parallel RC-element (see Fig. III.6(a) and (c)) with impedance Z1(ω) = R/(1 −
iωRC), λ1(ω) =

√
R/(1 − iωRC) coupled galvanically to a resistor Z2(ω) = R,

λ2(ω) =
√
R results in the scattering matrix

SSS(ω) =
1

1− iωRC/2

(
iωRC/2 1

1 iωRC/2

)
, (III.3.12)

with the transmission function

T (ω) =
1

1 + ω2R2C2/4
. (III.3.13)

The transmission function corresponds to a Lorentzian centred at ω = 0,where
the inverse of the RC-time defines the damping parameter. Therefore, radiation
with frequency ωRC/2 � 1 is transmitted, while radiation with ωRC/2 � 1 is
reflected, realizing a low-pass filter.
A parallel RLC-element(see Fig. III.6(a) and (d)) with impedanceZ1(ω) = 1/(1/R−
1/(iωL)−iωC), λ1(ω) = −iωL/[

√
R(1−ω2LC−iωL/R)] coupled to a resistor with

Z2(ω) = R, λ2(ω) =
√
R posses the scattering matrix

SSS(ω) =
1

2ωγ − i(ω2 − ω2
0)

(
i(ω2 − ω2

0) 2ωγ
2ωγ i(ω2 − ω2

0)

)
(III.3.14)

and the transmission function

T (ω) =
(2ωγ)2

(ω2 − ω2
0)2 + (2ωγ)2

, (III.3.15)

with ω0 ≡ 1/
√
LC, γ ≡ 1/(RC). Radiation with frequency around ω0 can pass

from resistor 1 to resistor 2, with the RC-time determining the bandwidth. We
refer to this configuration as resonant-pass filter. The RLC element may model
a small metallic particle hosting a plasmonic resonance (reflected by the LC res-
onator) together with electron-hole pair excitations (the resistor).

Two coupled surface phonon-polariton modes can be modelled by the circuit III.7.
This example is discussed in depth in Sec. III.6. The surface phonon-polariton is
mimicked by the impedances

Z1(ω) = Z2(ω) =

[
−iωCc −

iωCT
1− ω2LCT − iωRCT

]−1

=
1

−iωCc

ω2
T − ω2 − 2iωγ

ω2
L − ω2 − 2iωγ

,

(III.3.16a)

with

Re(Z1(ω)) = Re(Z2(ω)) =
R/(LCc)

2

(ω2
L − ω2)2 + (2ωγ)2

, (III.3.16b)

λ1(ω) =λ2(ω) =

√
R/(LCc)

ω2
L − ω2 − 2iωγ

. (III.3.16c)
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(a) (b)
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Figure III.7: (a) circuit representation of two coupled surface-phonon-polariton modes, each
modelled as a damped LC resonator (b) with impedance Zj(ω), (j = 1, 2), capacitively
coupled via C+ and C−.

Symmetric and antisymmetric coupling of the modes is captured by the capaci-
tances C±. To obtain the scattering matrix, we solve the dynamic equations of the
coupling circuit (illustrated in Fig. III.7(a)) to obtain the voltages and currents at
the impedances. Kirchhoff’s laws lead to the equations

I1(ω) + I12(ω) + I14(ω) =0, V1(ω) + V32(ω)− V12(ω) = 0 (III.3.17a)
−I1(ω) + I32(ω) + I34(ω) =0, V1(ω) + V34(ω)− V14(ω) = 0 (III.3.17b)
−I2(ω) + I12(ω) + I32(ω) =0, V2(ω) + V12(ω)− V14(ω) = 0 (III.3.17c)
I2(ω) + I14(ω) + I34(ω) =0, V2(ω) + V34(ω)− V32(ω) = 0 (III.3.17d)

and utilizing the constitutive laws gives the relations

I1(ω) + I2(ω) =iωC+(V1(ω) + V2(ω)) (III.3.18a)

I1(ω) =
iω

2
(C+ + C−)V1(ω) +

iω

2
(C+ − C−)V2(ω) (III.3.18b)

I1(ω)− I2(ω) =iωC−(V1(ω)− V2(ω)) (III.3.18c)

I2(ω) =
iω

2
(C+ − C−)V1(ω) +

iω

2
(C+ + C−)V2(ω). (III.3.18d)

For example, the reflection amplitude S11(ω) is calculated by

S11(ω) =
λ1(ω)

λ∗1(ω)

V1(ω) + Z∗1(ω)I1(ω)

V1(ω)− Z1(ω)I1(ω)

∣∣∣∣
V2(ω)=Z2(ω)I2(ω)

=
λ1(ω)

λ∗1(ω)

1− iω(Z2(ω)− Z∗1(ω))(C+ + C−)/2 + ω2Z∗1(ω)Z2(ω)C+C−

1− iω(Z2(ω) + Z1(ω))(C+ + C−)/2− ω2Z1(ω)Z2(ω)C+C−
,

(III.3.19a)

and derived from equations (III.3.18) under the condition V2(ω) = Z2(ω)I2(ω).
The other elements are determined in an analogous manner, resulting in the sec-
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ond reflection amplitude

S22(ω) =
λ2(ω)

λ∗2(ω)

1− iω(Z1(ω)− Z∗2(ω))(C+ + C−)/2 + ω2Z∗2Z1(ω)C+C−

1− iω(Z1(ω) + Z2(ω))(C+ + C−)/2− ω2Z2(ω)Z1(ω)C+C−
,

(III.3.19b)

and the transmission amplitudes

S12(ω) =
iωλ1(ω)λ2(ω)(C+ − C−)

1− iω(Z1(ω) + Z2(ω))(C+ + C−)/2− ω2Z2(ω)Z1(ω)C+C−
(III.3.19c)

S21(ω) =
iωλ1(ω)λ2(ω)(C+ − C−)

1− iω(Z1(ω) + Z2(ω))(C+ + C−)/2− ω2Z2(ω)Z1(ω)C+C−
, (III.3.19d)

which lead to the transmission coefficient

T (ω) =
ω2 Re(Z1(ω)) Re(Z2(ω))(C+ − C−)2

N(ω)
, (III.3.20)

with

N(ω) =|1− ω2Z1(ω)Z2(ω)C+C−|2 + ω(C+ + C−) Im((Z1(ω)

+ Z2(ω))(1− ω2Z∗1(ω)Z∗2(ω)C+C−)) + ω2|Z2(ω) + Z1(ω)|2(C+ + C−)2/4.
(III.3.21)

Indeed, the reflection coefficients satisfy |S11(ω)|2 = |S22(ω)|2 = 1 − T (ω), as
demanded by the unitarity of the scattering matrix.

III.4 Quantum Electric Networks: Circuit Quantum Electrody-
namics

Quantum electric networks, described within the framework of circuit quantum
electrodynamics, represent the low-frequency approximation of quantum elec-
trodynamics. A phenomenological approach is employed to describe electric net-
works in the quantum regime. Charges and magnetic fluxes of circuit compo-
nents are viewed as collective coordinates, emerging from the cooperative mo-
tion of many electrons, and are directly quantized rather than being derived from
a full first-principles treatment of the underlying material [164]. Quantum effects
in electric circuits become observable when thermal fluctuations are suppressed
and the energy levels are well resolved, such that the linewidths remain smaller
than the level spacing [165]. This phenomenological approach led, for exam-
ple, to noiseless amplifiers, mixer configurations, and back-action-evading detec-
tors [164]. Quantization requires deriving the Hamiltonian of the circuit, where
the canonical variables are the branch charge, defined as the time integral of the
current, and the branch flux, defined as the time integral of the voltage. The
branch variables are not independent due to constitutive equations and Kirch-
hoff’s laws, which impose constraints on the system. The constraints are satisfied
by eliminating degrees of freedom till they are all independent or using the Dirac-
Bergmann algorithm [166–168]. The Lagrangian is formulated from the energy
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L CΦ
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|0〉

|1〉
|2〉

~ω0

â†

â

Φ/Φ0

V (Φ)

Figure III.8: Left: LC circuit consisting of a capacitor in parallel with an inductor, repre-
senting a harmonic oscillator. The system can be described equivalently by the magnetic
flux linked to the inductor or by the charge on the capacitor. Right: The quadratic poten-
tial energy V (Φ) gives rise to equidistant energy levels with spacing set by the resonator
frequency ω0. The annihilation operator â lowers, and the creation operator â† raises, the
excitation number of the resonator [108].

expressions of the circuit elements, and the Hamiltonian is then derived via Leg-
endre transformation. The Hamiltonian is constructed such that the Heisenberg
equations reproduce Kirchhoff’s laws. Therefore, the scattering matrix (III.3.7) re-
mains the same in both the quantum and classical regimes. For a comprehensive
discussion of circuit quantization, we refer the reader to [108, 165, 169]. In the
following, we discuss the quantization of an LC resonator and a resistor, as they
represent the relevant examples for this thesis.

Harmonic oscillator.— The LC resonator consists of an inductance L, and a capac-
itance C (see Fig. III.8). The energy of the inductor is given by EL = Φ2/(2L),
and that of the capacitor by EC = Q2/(2C), where Φ corresponds to the mag-
netic flux through the inductor, and Q to the charge on the capacitor. To construct
the Lagrangian, we need to decide which energy constitutes the kinetic energy
and which the potential energy. When EC is treated as the kinetic energy, the
flux variable plays the role of the position variable of a particle in a harmonic
potential. Conversely, when EL is taken as the kinetic energy, the charge variable
corresponds to the position variable. Both choices lead to the same equations of
motions, and we choose here EL as the kinetic energy. The Lagrangian is then
defined as L = EL − EC , which leads to the corresponding Hamiltonian

H =
Φ2

2L
+
Q2

2C
. (III.4.1a)

Charge and flux are conjugate variables, and quantization is achieved by pro-
moting the Poisson brackets to commutators, thereby introducing the canonical
commutation relations.

[Q̂, Φ̂] = i~. (III.4.1b)

It is instructive to introduce the annihilation operator â and creation operator â†,
defined by

â =
1

2

(
Q−1

zpfQ̂+ iΦ−1
zpfΦ̂

)
, â† =

1

2

(
Q−1

zpfQ̂− iΦ−1
zpfΦ̂

)
, (III.4.2)
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Figure III.9: From resistor to (continuum) transmission line. Left: A resistor z in parallel
with a fluctuating current source, inducing the current Ifl. Centre: LC ladder; unit cell
(dotted rectangle) n comprises two series inductors L/2 and a shunt capacitor C. The
node (capacitor) charge is qn(t). Right: Taking ∆x → 0 with ς = C/∆x and l = L/∆x
fixed yields a continuous line described by the polarization coordinate Q(x, t), i.e. the
accumulated line charge to the left of x with q(x, t) = ∂xQ(x, t).

with the magnitude of the zero-point fluctuations Qzpf =
√

~/(2Zr), Φzpf =-√
~Zr/2, and the characteristic impedance Zr =

√
L/C. The Hamiltonian as-

sumes the form

Ĥ = ~ω0

(
â†â+

1

2

)
, (III.4.3)

with the resonance frequency ω0 = 1/
√
LC. The eigenstates â†â |n〉 = n |n〉, with

n ∈ N0, of the number operator diagonalize the Hamiltonian, yielding eigenener-
gies En = ~ω0(n + 1/2). The energy levels are equally spaced, so that transitions
between states require integer multiples of the resonance quantum ~ω0. The an-
nihilation operator â destroys an excitation of frequency ω0, while the creation
operator â† creates one. The energy levels are broadened due to interactions with
environmental degrees of freedom, introducing a linewidth κ. The quality factor
Q = ω0/κ quantifies the resolution of the energy levels, with large values ranging
from Q ∼ 103 to 108 achievable in experiments [170–172]. Another requirement
to observe the quantum effects is that the thermal energy kBT be much smaller
than the energy quantum ~ω0, ensuring that thermal transitions are suppressed.
Superconductors operated far below their critical temperature∼ 1−10 K on low-
loss dielectric substrates are optimal platforms for accessing the quantum regime.
Additionally, voltage vacuum fluctuations are typically relatively large, resulting
in stronger electric dipole interactions than those encountered in conventional
quantum optics [173].

Resistor/transmission line.— In electric circuits, resistors play a twofold role: on
one hand, they inject energy into the coupled circuit elements via thermal noise;
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on the other hand, they dissipate energy from those elements. According to the
fluctuation-dissipation theorem, thermal noise generated by a resistor or impedan-
ce element depends on its resistance and the temperature. Thus, a transmission
line that accurately reproduces the resistor’s electrical response is sufficient for
modeling purposes, and the microscopic structure does not need to be consid-
ered. This phenomenological approach neglects electrical noise that stems from
microscopic or nonequilibrium processes, such as flicker noise [165]. In contrast
to a resistor, a transmission line is amenable to quantization. A quantum sys-
tem evolving under a hermitian Hamiltonian is inherently reversible, such that
no energy escapes from the system. To accurately model a dissipative quantum
system, an environment with infinitely many degrees of freedom is required to
ensure that energy, once transferred, is not reabsorbed by the system. A resistor
can be modelled by a semi-infinite transmission line, as illustrated in Fig. III.9,
with the Lagrangian

L(t) =
1

2

∫ ∞

0

dx

[
l(∂tQ(x, t))2 − 1

ς
(∂xQ(x, t))2

]
, (III.4.4)

expressed by the polarization field Q(x, t) with inductance l and capacitance ς
per unit length. A similar Lagrangian is obtained when formulating the theory
in terms of the flux field Φ(x, t), where l ↔ ς are interchanged. The classical
dynamics is governed by the Euler-Lagrange equation

∂2
tQ(x, t)− c2∂2

xQ(x, t) = 0, (III.4.5)

with the propagation velocity c = 1/
√
lς . The evolution of the polarization field is

described by a wave equation, and can thus be decomposed into left- and right-
travelling waves, i.e. an incident and scattered polarization field. Hence, heat
transfer in electric circuits can be formulated as a scattering theory. To construct
the scattering theory, we express the equations of motion in terms of the scattering
states

Aσ(x, t) =
1

2

(√
c

ς
∂xQ(x, t)− σ√z∂tQ(x, t)

)
, (III.4.6)

with σ = − the left and σ = + right propagating transmission line excitation, and
the transmission line impedance z =

√
l/ς . The equations of motions reduce to

(∂t − σc∂x)Aσ(x, t) = 0, (III.4.7)

with the solution

Aσ(x, t) =
1√
2π

∫ ∞

−∞
dω

√
|~ω|

2
e−iω(t−σx/c)ασω. (III.4.8)

At the endpoint x = 0, the transmission line is coupled to the rest of the cir-
cuit elements, which imposes a boundary condition. A field theory can be sub-
ject to different boundary conditions, such as Von Neumann, Dirichlet or Cauchy
boundary conditions. These boundary conditions restrict the phase space, as they
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only allow for fields that satisfy the boundary condition. We first resolve the con-
straints within classical field theory to obtain the reduced phase space, laying
the groundwork for quantization [167]. This approach is commonly used, for ex-
ample, to quantize the electromagnetic field in a box, where the E-and B-fields
are expressed by their Fourier components, which are then quantized. Alterna-
tively, one may treat constrained Hamiltonians using the Dirac procedure, which
involves replacing the Poisson bracket with the Dirac bracket [166, 167].
Assuming the resistor is open-ended, the boundary condition enforces that the
current ∂tQ(0, t) vanishes, which implies A+(0, t) = A−(0, t) in the time domain,
and consequently α+

ω = α−ω in the frequency domain. Incident excitations are to-
tally reflected back without a phase shift. For a shorted resistor, the boundary
condition ∂xQ(0, t) = 0 implies α+

ω = −α−ω , corresponding to total reflection of
the incident wave with a phase shift of π. The boundary condition eliminates the
field α+

ω , leaving α−ω as the only independent degree of freedom. The Hamiltonian
of the open and short circuited transmission line is

H(t) =
1

2

∫ ∞

0

dx

[
l(∂tQ(x, t))2 +

1

ς
(∂xQ(x, t))2

]
=

1

c

∑

σ=±

∫ ∞

0

dx[Aσ(x, t)]2

=

∫ ∞

−∞
dω

~|ω|
2
α−∗ω α−ω =

∫ ∞

0

dω~ω
(
α−∗ω α−ω +

1

2

)
(III.4.9)

with the Poisson brackets

{Aσ(x, t), Aσ
′
(x′, t)}P = −δσσ′σc

2

2
∂x−x′δ(x− x′), (III.4.10)

which are obtained from the canonical Possion brackets {Q(x, t),Φ(x′, t)}P =
δ(x − x′). The Hamiltonian resembles that of a free harmonic oscillator. Quan-
tization of the field theory is accomplished by replacing the Poisson bracket with
the commutator, i.e.,

{α−ω , α−ω′}P =− i

~
sgn(ω)δ(ω + ω′)→ [α̂−ω , α̂

−
ω′ ] = sgn(ω)δ(ω + ω′). (III.4.11)

The quantum Hamiltonian is obtained by replacing α−ω with the annihilation/-
creation operator α̂−ω of a transmission line excitation in equation (III.4.9).

Electric networks.— We are now equipped to quantize the linear classical networks
discussed in Section III.3. As in the classical case, we assume that the initial con-
ditions of the coupling circuit elements have decayed, such that the currents and
voltages in the coupling circuit are solely determined by thermal fluctuations in
the resistors or by external sources attached to the resistors. Each resistor j pos-
sesses a Lagrangian Lj , given by (III.4.4). The boundary condition demands that
the transmission line fields Aσj (x = 0, ω) equal the scattering parameters Aσj (ω)
from section III.3. Therefore, the coupling circuit imposes the relation

α+
j,ω =

∑

k

Sjk(ω)α−k,ω, (III.4.12)
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between incident α−j,ω, and scattered α+
j,ω excitations, leaving the incident fields

as the independent degrees of freedom. All information about the coupling is
condensed into the scattering matrix, which completely determines the scattered
states. The total Hamiltonian is given by

Ĥ(t) =
∑

j,k,l

∫∫ ∞

−∞
dωdω′

√
|~ω||~ω′|

4
e−i(ω+ω′)t [δjkδjlDω+ω′ + Sjk(ω)Sjl(ω

′)D−ω−ω′ ]

× α̂k,ωα̂l,ω′

=

∫ ∞

0

dω~ω
∑

j

(
α̂†j,ωα̂j,ω +

1

2

)
(III.4.13a)

+ i
∑

j,k,l

P.V.
∫∫ ∞

−∞

dωdω′

2π

√
|~ω||~ω′|

4
e−i(ω+ω′)t δjkδjl − Sjk(ω)Sjl(ω

′)

ω + ω′
α̂k,ωα̂l,ω′

(III.4.13b)

with α̂j,ω ≡ α̂−j,ω, and

Dω = lim
η→0

∫ ∞

0

dτ

2π
ei(ω+iη)τ = lim

η→0

1

2π

i

ω + iη
=

1

2
δ(ω) +

i

2π
P.V.

(
1

ω

)
, (III.4.14)

where P.V. is the principal value. The term in (III.4.13a) represents the energy
of the transmission-line excitations, whereas the term in (III.4.13b) takes into ac-
count the energy stored in the coupling circuit. In the ideal galvanic-coupling
limit where the scattering matrix is frequency independent, the coupling network
introduces no internal dynamics. Hence the term in Eq. (III.4.13b) vanishes. The
commutation relations governing the incident field modes are

[α̂j,ω, α̂k,ω′ ] = δjk sgn(ω)δ(ω + ω′). (III.4.15)

This Hamiltonian does not commute with the particle number operators,such
that the particle number is not conserved under time evolution.

III.5 Heat Current Fluctuations

A deeper understanding of near-field radiative heat transfer can be achieved by
extending the analysis beyond the average heat transfer to include its fluctu-
ations [33, 148–150]. The detection of heat current fluctuations is constrained
not only by experimental limitations but also by fundamental physical princi-
ples [151–154]. Whether fluctuations can be detected depends on the time scale
at which they occur. The requirement on the experimental level is that the mea-
surement system must have a time resolution finer than the time scale of the
fluctuations; otherwise, the signal is averaged out. On the fundamental level,
heat is a path-dependent thermodynamic quantity exchanged when a system un-
dergoes a non-adiabatic transition between equilibrium states. The system of
interest consists of a thermal body absorbing energy from a fluctuating heat cur-
rent emitted by another thermal body, thereby changing its internal energy. In
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accordance with the first law of thermodynamics, the change in internal energy
equals the heat dQ absorbed by the body, provided that the incident heat current
performs no mechanical work. Although the actual absorption process may be
irreversible or out of equilibrium, the change in internal energy between the ini-
tial and final equilibrium states can still be computed by invoking a hypothetical
quasi-static path, thereby enabling the assignment of a well-defined temperature
change dT . In total, the absorbed heat is given by dQ = CVdT , where CV is the
heat capacity at constant volume. If the heat current fluctuates on a timescale
much longer than the body’s equilibration time, the system can be viewed as a
random succession of equilibrium states, enabling the heat current fluctuations
to be measured in terms of temperature fluctuations. Since the inverse equilibra-
tion rate is typically much smaller than the thermal frequency scale τ−1

th = kBT/~,
experimental observations are generally restricted to low- or zero-frequency heat
current fluctuations. Karimi [155] reported a direct, time-resolved measurement
of electron temperature fluctuations induced by a fluctuating heat current from
a phonon bath. Electron–electron interactions lead to rapid thermalization on
nanosecond timescales (∼ 10−9 s), while energy exchange with the environment
and especially with the phonon bath occurs over much longer timescales, typi-
cally around ∼ 10−5 s, due to weak electron–phonon coupling. As a result of the
separation of timescales, the fluctuating electron temperature accurately reflects
the heat current exchanged with the environment. The equilibrium temperature
fluctuations are governed by the fluctuation–dissipation theorem, which sets a
fundamental limit to temperature detection sensitivity, a limit that was reached
in the experiment. The authors propose that their quantum calorimetry tech-
nique could be applied to measure microwave-energy transport in the gigahertz
regime, as relevant for circuit QED platforms. The electron reservoir is then sub-
ject to a fluctuating radiative heat current, thereby driving the electrons out of
equilibrium with the phonon bath. When the fluctuations in the radiative heat
current are comparable to or exceed those in the phononic channel, they may be-
come experimentally detectable. Further details on how to model temperature
fluctuations can be found in [22, 109].
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III.6 Scattering Approach to Near-Field Radiative Heat Transfer

Mesoscopic transport of electrons, phonons, and photons is associated with quan-
tum-mechanical scattering processes [22, 24, 174]. The Landauer-Büttiker scat-
tering approach [4, 6] expresses average currents between two or more particle
reservoirs in terms of the particle scattering matrix.
Moreover, the scattering approach gives a general prediction for current noise [14],
which is known to contain additional valuable information beyond the average
signal [34]. This is widely utilized in the field of electronic quantum transport,
where current noise is employed to characterize conduction mechanisms and
the nature of charge carriers [15]. Besides the field of electronic transport, a
Landauer-type formula for the average current is also found in quantum heat
transport conveyed by phonons or photons [24, 175].
Near-field radiative heat transfer (NFRHT) occurs between closely spaced bodies
and is mediated by electromagnetic field rather than carried by particles. The nat-
ural and common tool for its description is fluctuational electrodynamics (FED)
[176, 177], which also results in a Landauer-type formula for the average heat
current [103, 104, 106, 178]. The analogy between the FED formulation of NFRHT
and Landauer-Büttiker approach was pushed further in Refs. [179, 180], where
thermal reservoirs and transmission channels were identified. Still, we are not
aware of any work where scattering states for reservoir excitations and the corre-
sponding scattering matrix would be constructed for the NFRHT problem.
The need for such construction becomes especially pressing in the context of
recent studies of heat current noise in NFRHT [33, 148–150, 181]. It has been
noted [33] that the NFRHT noise spectrum does not fit the general form obtained
from the scattering approach for bosonic particles in Ref. [14]. It is therefore im-
portant to clarify what type of scattering problem NFRHT corresponds to.
In this work, we show how to formulate the quantum-mechanical scattering prob-
lem for NFRHT, focusing on its circuit version [129] for simplicity. Effective cir-
cuits of lumped elements (resistors, capacitors, inductors) can be used to model
NFRHT between nanoscale objects at low temperatures [32, 127, 129, 182], when
the full set of Maxwell’s equations separates into electrostatic and magnetostatic
sectors with few relevant modes. In the circuit picture, thermal reservoirs asso-
ciated with different bodies at different temperatures are represented as dissipa-
tive resistors, which include fluctuating current sources (Nyquist-Johnson noise
at the corresponding temperature) and are coupled by non-dissipative linear cir-
cuit elements (capacitors and inductors, modeling electrostatic and magnetostatic
coupling, respectively), as schematically represented in Fig. III.10. Instead of
Maxwell’s equations, one solves Kirchhoff’s laws, and all geometrical details of
the structure are encoded in a few circuit parameters [127]. Such circuit models
are more tractable than the standard Maxwellian FED, while being conceptually
equivalent.
Using an equivalent representation of each reservoir by a microwave transmis-
sion line (TL) hosting bosonic excitations, we construct scattering states for these
excitations. The corresponding scattering matrix can be determined from the
linear circuit equations (Kirchhoff’s laws), just like the response to fluctuating
sources in FED. The scattering theory enables one to determine arbitrary high-
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coupling
circuit

Z1(ω)

Zj(ω)

Zn(ω)

=̂
scattering

region

Figure III.10: Left: Circuit representation of near-field radiative heat transfer (NFRHT) be-
tween thermal reservoirs at different temperatures. The reservoirs are modeled as resis-
tors, characterized by their frequency-dependent impedances, Zj(ω). Right: An equiv-
alent scattering representation of NFRHT, where transmission lines (TL’s) couple through
a scattering region. Incoming TL excitations are either reflected back or transmitted to
other TL’s through the scattering region.

Zj

Ij
flIj

Ij

Vj

Ij

Ij

Vj
V(x)j

x
I (x)j

I (x)j

Figure III.11: Representation of a resistor Zj(ω) by an extended semi-infinite TL, modeled by
a sequence of infinitesimal inductors and capacitors, connected to the rest of the circuit
via a linear 4-terminal element (“filter”) which transforms a constant impedance of the
TL into the given impedance Zj(ω).

order correlation functions of the NFRHT energy current. We obtain a general
expression for the energy current, which extends Büttiker’s formula for the parti-
cle current [14, 15]. We find that frequency dependence of reservoir’s impedance
results in an additional reactive contribution to the energy current, which has no
counterpart in Büttiker’s theory for particle current. This reactive contribution is
absent in the average energy current, but can give a dominant contribution to its
finite-frequency noise.

III.6.1 Scattering Approach to Radiative Heat Transfer in Circuits

We employ the mesoscopic approach of circuit quantum electrodynamics [164,
165], directly quantizing circuit fluxes and charges, which yield currents and volt-
ages. It is equivalent to the Green’s function approach in the random-phase ap-
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proximation [33, 150], where currents and voltages emerge as collective variables
of electronic or ionic motion. Our main step is to represent each resistor j hav-
ing an arbitrary complex impedance Zj(ω) as a semi-infinite TL with some real
constant impedance zj (thus purely dissipative), combined with a purely reac-
tive element which yields the required total impedance Zj(ω) [157]. The TL is
characterized by the inductance `j and capacitance ςj per unit length, and can
be viewed as a chain of infinitesimal unit cells of length ∆x → 0, each unit cell
containing two inductances `j ∆x/2 and a capacitance ςj ∆x (Fig. III.11). The TL’s
impedance is zj =

√
`j/ςj and the wave velocity cj = 1/

√
`jςj . The voltage and

current profiles

V̂j(x, t) =

∞∫

0

dω

√
~ωzj
4π

∑

σ=±

[
âσj,ωe

−iω(t−σx/cj) + h.c.
]
, (III.6.1a)

Îj(x, t) =

∞∫

0

dω

√
~ω

4πzj

∑

σ=±

[
σâσj,ωe

−iω(t−σx/cj) + h.c.
]
, (III.6.1b)

are expressed in terms of bosonic creation/annihilation operators âσ †j,ω, â
σ
j,ω, for

left- (σ = −) and right- (σ = +) propagating excitations at frequency ω with the
commutator [âσj,ω, â

σ †
k,ω′ ] = δjkδ(ω−ω′). The scattered excitations, σ = +, are deter-

mined by the incident excitations and by the coupling circuit, so the operators â+
j,ω

are related to â−k,ω′ . Quantization of fluxes and charges in the circuit constitutes
the circuit analog of quantizing the electric and magnetic fields in the Maxwellian
electrodynamics.

At x = 0 the TL is connected to a fictitious linear reciprocal 4-terminal element
(“filter”) in order to reproduce the required impedance Zj(ω). The filter trans-
forms voltage and current Fourier components as [157]

(
V̂j(ω)

Îj(ω)

)
=

(
Re

Zj(ω)

λj(ω)
i Im

Zj(ω)

λj(ω)

i Im 1
λj(ω)

Re 1
λj(ω)

)(
z
−1/2
j V̂j(0, ω)

z
1/2
j Îj(0, ω)

)
. (III.6.2)

The function λj(ω) is determined by the physical realization of the filter (the so-
called network synthesis [156, 157]). It must satisfy |λj(ω)|2 = ReZj(ω). To
respect causality, λj(ω) and 1/λ∗j(ω) must be holomorphic for Imω > 0. These
conditions do not uniquely determine λj(ω) =

√
ReZj(ω) eiϑj(ω), leaving an arbi-

trariness in the phase ϑj(ω). For example, one may include a piece of transmission
line of length l into the filter, which amounts to ϑj → ϑj + ωl/cj . We do not need
the explicit construction, since measurable quantities are phase-independent.
The resulting expressions of the voltage and current at the resistor j in terms of
the bosonic mode operators,

V̂j(t) =

∫ ∞

0

dω

√
~ω
4π

[
Zj(ω)

λj(ω)
â+
j,ω +

Z∗j (ω)

λ∗j(ω)
â−j,ω

]
e−iωt + h.c., (III.6.3a)

Îj(t) =

∫ ∞

0

dω

√
~ω
4π

[
1

λj(ω)
â+
j,ω −

1

λ∗j(ω)
â−j,ω

]
e−iωt + h.c., (III.6.3b)
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will be our main tool in the following. We investigate the heat exchange between
the resistors while maintaining their temperatures at Tj . Accordingly, the reser-
voirs are assumed to have thermal populations 〈â−†j,ω â−k,ω′〉 = δjknj(ω)δ(ω − ω′),
where nj(ω) = 1/(e~ω/Tj − 1) being the Bose-Einstein distribution (the Boltzmann
constant kB = 1). In thermal equilibrium, the expectation values 〈â−j,ω〉 vanish, re-
sulting in zero average currents and voltages. However, other quantum states of
the TL’s can give rise to nonzero average currents and voltages. Applying a clas-
sical voltage drive to the resistor means imposing V̂j(t) = Vexte

−iωextt + c.c.. Then
we obtain â+

j,ω = Vext[λj(ω)/Zj(ω)]
√

4π/(~ω)δ(ω − ωext) − [Z∗j (ω)/Zj(ω)]e2iϑj(ω)â−j,ω
from Eq. (III.6.3a), and Eq. (III.6.3b) yields 〈Îj(t)〉 = Vexte

−iωextt/Zj(ωext) + c.c., con-
sistent with the definition of Zj(ω) (see Sec. III.7.1).

Scattering matrix.— The operators â+
j,ω of scattered excitations are related to those

of incident excitations. In a linear coupling circuit without external drives, this
relation must be linear and frequency-conserving, â+

j,ω =
∑

k Sjk(ω)â−k,ω, where
Sjk(ω) is the scattering matrix 1. It must be holomorphic for Im(ω) > 0 by causal-
ity; otherwise, the scattered excitation â+

j (t) =
∑

k

∫
dt′Sjk(t− t′)â−k (t′) would de-

pend on â−j (t′) in the future. Since the coupling circuit is lossless (all dissipative
elements must be included as reservoirs), the scattering matrix must be unitary,∑

k S
∗
kj(ω)Skl(ω) = δjl [183]. It is sufficient to solve the linear circuit equations

(Kirchhoff’s laws), with no need to specify the circuit Hamiltonian, to find the
scattering matrix

Sjk(ω) =
a+
j,ω

a−k,ω

∣∣∣∣a−l,ω=0,

l 6=k

=
λj(ω)

λ∗k(ω)

I+
j (ω)

I−k (ω)

∣∣∣∣I−l (ω)=0,
l 6=k

(III.6.4)

where I−j (ω) ≡ [Vj(ω)−Zj(ω)Ij(ω)]/[2 ReZj(ω)] is the incident current and I+
j (ω)-

≡ [Vj(ω) + Z∗j (ω)Ij(ω)]/[2 ReZj(ω)] the scattered current.

Circuit FED.— In the scattering approach, fluctuations emerge from the incident
TL excitations, whereas in circuit FED [129], they originate from fictitious fluctu-
ating current sources Ifl

j (t) attached in parallel to each resistor (Fig. III.11). Ifl
j (t)

represents the Johnson-Nyquist noise of the resistor, dictated by the fluctuation-
dissipation theorem, and induces the fluctuating voltage Vj(ω) = Zj(ω)[Ij(ω) +
Ifl
j (ω)]. In the scattering approach, Eqs. (III.6.3) lead to the fluctuating voltage
Vj(ω) = Zj(ω)Ij(ω) + [2 ReZj(ω)]I−j (ω). Thus, the incident current plays the
same role as the fluctuating current, and both approaches induce the identical
voltage if Zj(ω) Ifl

j (ω) = [2 ReZj(ω)]I−j (ω). We recover the standard Johnson-
Nyquist expression for the average anticommutator 〈{Î−j (t), Î−j (0)}〉. Addition-
ally, we can apply the circuit FED approach [129] to determine the scattering

1Typically, the coupling circuit does not conserve the number of excitations; indeed, electro-
static/magnetostatic coupling enters the circuit Hamiltonian via charges/fluxes which involve linear combi-
nations of creation and annihilation operators. However, this non-conservation may occur only transiently
in the scattering region, but not in the asymptotic scattering states. Mixing creation and annihilation op-
erators in the scattering relation would allow for production of excitation pairs out of vacuum, which is
forbidden in a stable harmonic system without external drives.
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matrix. The fluctuating current source Ifl
j (ω) at the resistor k induces a voltage

Vj(ω) =
∑

k ζjk(ω) Ifl
k (ω) on resistor j, where the matrix ζjk(ω) is found by using

Kirchhoff’s laws. (The matrix ζjk(ω) should not be confused with the impedance
matrix which relates the total currents, not the fluctuating sources.) Then, us-
ing Eqs. (III.6.3), (III.6.4) and the relation Zj(ω) Ifl

j (ω) = [2 ReZj(ω)]I−j (ω), we can
express the scattering matrix as

Sjk(ω) =
2λj(ω)λk(ω)

Zj(ω)Zk(ω)
ζjk(ω)− δjk

λj(ω)Z∗j (ω)

λ∗j(ω)Zj(ω)
. (III.6.5)

In a reciprocal circuit, the matrix ζjk(ω) is symmetric, and so is Sjk(ω). Non-
reciprocity can be included via non-reciprocal circuit elements such as circula-
tors [183].

Energy current.— We define the power, injected into the j-th resistor from the
rest of the circuit, as P̂j(t) ≡ {Îj(t), V̂j(t)}/2. For its time average, Eqs. (III.6.3)
give the natural expression

∫ τ/2

−τ/2

dt

τ
P̂j(t) ∼

τ→∞

1

τ

∫ ∞

0

dω ~ω
∑

σ=±

σ âσ †j,ωâ
σ
j,ω, (III.6.6)

which is determined by the number operator of incident and scattered excita-
tions, each carrying energy ~ω. The same expression is obtained for the time av-
erage of the power {Îj(0, t), V̂j(0, t)}/2 injected into the j-th TL from Eqs (III.6.1).
Thus, the introduced filter is indeed non-dissipative, although it can accumulate
some energy for a finite interval of time, as any reactive element.
We express the dissipated power (energy current) operator in terms of the inci-
dent creation/annihilation operators α̂j,ω>0 ≡ â−j,ω and α̂j,ω<0 ≡ â−†j,ω, which then
reads

P̂j(t) = −
∫∫ ∞

−∞

dω dω′

4π
~
√
|ωω′| ei(ω−ω′)t

∑

k,l

Ajkl(ω, ω
′) α̂†k,ωα̂l,ω′ , (III.6.7a)

where we defined Sij(ω < 0) = S∗ij(ω), and the matrix Ajkl(ω, ω
′) is given by

Ajkl(ω, ω
′) = − Z∗j (ω) + Zj(ω

′)

2λ∗j(ω)λj(ω′)
S∗jk(ω)Sjl(ω

′)− Zj(ω)− Zj(ω′)
2λj(ω)λj(ω′)

δjkSjl(ω
′)

+
Z∗j (ω)− Z∗j (ω′)

2λ∗j(ω)λ∗j(ω
′)

S∗jk(ω) δjl +
Zj(ω) + Z∗j (ω′)

2λj(ω)λ∗j(ω
′)

δjkδjl. (III.6.7b)

These expressions can be viewed as the extension of the general Büttiker’s for-
mula [14, 15] to the case of energy current, and represent the main formal result
of our work. The energy current operator does not conserve the particle num-
ber, as it contains terms â−†j,ωâ

−†
k,ω′ , â

−
j,ωâ

−
k,ω′ . This highlights a difference between

mesoscopic electronic transport and radiative energy transport, where energy is
carried by the electromagnetic field rather than by particles [184, 185], leading to
these additional terms.
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To understand the origin of the difference between Eqs. (III.6.7) and the simpler
Büttiker’s formula, we note that the latter is recovered if instead of the power
flowing into the whole impedance Zj(ω), one considers the power flowing into its
TL part; it is obtained by settingZj, Z∗j → zj and λj → √zj in Eq. (III.6.7b) with the
same scattering matrix. This Büttiker-like energy current P̂Bj (t) matches that in
Refs. [14, 15], where the effective particle velocity vj ∝ 1/zj . Here, the frequency
dependence of Zj(ω) necessarily implies ImZj(ω) 6= 0 due to Kramers-Kronig re-
lations and results in a reactive component of the reservoir, where energy can be
stored temporarily. The reactive contribution P̂j − P̂Bj has no counterpart in the
particle current since particle velocity must be real, even if energy-dependent.
Equations (III.6.7) result in a Landauer-type expression for the average dissipated
power (or average energy current),

〈P̂j〉 =
∑

k

∫ ∞

0

dω

2π
~ω|Sjk(ω)|2 [nk(ω)− nj(ω)] , (III.6.8)

well-known in the context of NFRHT; here we see how the transmission coeffi-
cient |Sjk(ω)|2, usually introduced phenomenologically, arises explicitly from the
scattering framework. The added value of Eqs. (III.6.7) is that they enable one
to calculate all higher-order correlation functions of the energy current, just like
the Büttiker’s formula for the electric current. Indeed, the incident excitations
being in the thermal state, arbitrary averages of the α̂j,ω operators can be eval-
uated from the pair average 〈α̂j,ωα̂k,ω′〉 = δjkδ(ω + ω′)nj(ω

′) sgnω′ using Wick’s
theorem 2. Note that the correlations 〈â−†j,ωâ−†k,ω′〉, 〈â−j,ωâ−k,ω′〉 vanish, ensuring that
all observables depend solely on the occupation number. Power correlations can-
not be computed in the semiclassical FED framework, which contains only the
average anticommutator of fluctuating currents, since correlators of order 2 and
higher also involve commutators.

Heat current noise spectrum.— Energy current correlations between two reservoirs
j and k are given by

Wjk(Ω) =

∫ ∞

−∞
dt eiΩt

[
1

2

〈
{P̂j(t), P̂k(0)}

〉
− 〈P̂j〉〈P̂k〉

]

=
∑

l,m

∫ ∞

−∞

dω

16π
~2ω(ω + Ω)Ajlm(ω, ω + Ω)Akml(ω + Ω, ω)

×
[
coth

~ω
2Tl

coth
~(ω + Ω)

2Tm
− 1

]
. (III.6.9)

A similar expression WB
jk(Ω), matching the one in Refs. [14, 15], can be con-

structed for the the correlations of energy currents P̂Bj (t) between TLs, by re-

2Wick’s theorem guarantees that energy current correlators do not depend on the phases ϑj(ω). Indeed,
Sjk(ω) ∝ eiϑj(ω)+iϑk(ω) and Ajkl(ω, ω

′) ∝ e−iϑk(ω)+iϑl(ω
′), so each annihilation/creation operator α̂j,ω in

Eq. (III.6.7a) is accompanied by the corresponding phase factor. Since ϑj(ω) = −ϑj(−ω), the phase factors
cancel out upon averaging.
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placing Zj, Z∗j → zj and λj → √zj in Eq. (III.6.7b) for Ajkl(ω, ω
′) 3. In contrast to

Eq. (III.6.9), thus defined WB
jk(Ω) depends on the phases ϑj(ω), unlike the average

〈P̂Bj (t)〉 = 〈P̂j(t)〉.
The simple physical reason for such behavior is that a reactive element can accu-
mulate some energy for a finite amount of time, and thus affect finite-frequency
heat current fluctuations, while a finite average current can only be accommo-
dated by a dissipative element. Which reactive elements must be included into
the reservoirs and which belong to the external circuit depends on their micro-
scopic nature and on how the energy current is actually measured. Typically, one
measures changes in electronic temperatures and its fluctuations [155]. For ex-
ample, a small piece of metal with the Drude conductivity σ(ω) = σ0/(1 − iωτ)
(τ being the momentum relaxation time) can be effectively represented as a re-
sistor and an inductor in series. A tunnel junction is equivalent to a resistor
and a capacitor in parallel. However, in both cases the reactive and the dissi-
pative components are effectively made of the same electrons, there is no way
to physically separate them, so P̂B(t) is not measurable. Importance of the re-
active contribution to the noise can be illustrated in some simple circuits (see
Sec. III.7.2), and is particularly manifest in fluctuations of NFRHT between two
dielectrics via coupled surface phonon-polaritons [148]. This physics (electric
coupling between two polarization oscillators) can be mimicked by the effective
circuit with two RLC contours, hosting weakly damped resonances at frequency
ωL =

√
1/(LCT ) + 1/(LCc), and coupled by the capacitances C±(Fig. III.12 and

Sec. III.7.3). The frequency of the coupled symmetric (antisymmetric) mode is
ω± =

√
1/(LCT ) + 1/(LCc + LC±), and their amplitude decay rate γ = R/(2L).

The Poynting vector in the vacuum gap separating the two dielectrics corre-
sponds to the power deposited into each RLC contour, which is thus treated as a
dissipative bath with impedance

Z(ω) =

(
−iωCc −

iωCT
1− ω2LCT − iωRCT

)−1

, (III.6.10)

while the capacitances C± make the coupling circuit. We choose λ(ω) = [
√
R/(L-

Cc)]/(ω
2
L − ω2 − 2iωγ) and find (see Sec. III.7.3)

|S12(ω)|2 =
(2γω)2(ω2

+ − ω2
−)2

∏
σ=±[(ω2

σ − ω2)2 + (2γω)2]
. (III.6.11)

Generally, fluctuations are more important in smaller systems, for which the cir-
cuit description is also expected to be most suitable. In Fig. III.12 we plot W11(Ω)
and WB

11(Ω) for the circuit parameters representative of two pieces of dielectric of
volume (30nm)3, separated by a vacuum gap of size d = 30nm: the typical capac-
itance CT = 1 aF, 1/

√
LCT , ωL = (1.5, 1.8)× 1014 s−1 (transverse and longitudinal

optical phonons in SiC, respectively), ω+, ω− = (1.7, 1.6)×1014s−1, γ = 5×1011s−1,
which fix all circuit parameters, and T2 = 300 K � T1. The reactive contribution

3A minor difference from the particle current fluctuations in Refs. [14, 15] is the contribution from av-
erages 〈α̂k,ω1 α̂l,ω2〉〈α̂

†
k′,ω′

1
α̂†
l′,ω′

2
〉 coming from Wick’s theorem. Due to the symmetry Ajkl(−ω,−ω

′) =

Ajlk(ω′, ω), this only produces a factor of 2 in Wij(Ω).
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Figure III.12: Heat current noise spectrum W11(Ω) (solid line) and the Büttiker-like contri-
butionWB

11(Ω) (dashed line), for the circuit mimicking heat transfer via surface polaritons
(right of panel) with L = 44pH, CT = 1aF,Cc = 2.3aF, C+ = 1.5aF, C− = 1.0aF,R = 44Ω
at T1 → 0, T2 = 300 K.

dominates in a wide range of Ω and has a prominent peak at Ω = |ω+ − ω−|. This
peak corresponds to oscillations in the time domain, found in Ref. [148].

To prove that the circuit in Fig. III.12 does indeed provide a correct model for the
NFRHT via coupled surface phonon-polaritons, in Appendix III.7.4 we present a
microscopic calculation for two dielectrics separated by a planar vacuum gap, us-
ing non-equilibrium Green’s functions. By comparing the two calculations, one
can see that each heat conduction channel (in the planar geometry specified by the
in-plane wave vector) behaves exactly as the effective circuit. This confirms the
common knowledge that the circuit representation works when the electromag-
netic coupling is dominated by just a few modes (which is often the case for small
objects at low temperatures). At the same time, the Green’s function calculation
is much heavier, and the relation to the standard Landauer-Büttiker framework
is not manifest. In a similar fashion, equivalence of scattering approach to the
Green’s function formalism can be established rather straightforwardly for each
specific system (since the use of Green’s functions is always based on a specific
microscopic model with a certain Hamiltonian).

III.6.2 Scattering Approach to Radiative Heat Transfer Between
Extended Bodies

The scattering problem developed for heat transfer in circuits can be straight-
forwardly extended to the standard picture of radiative heat transport between
spatially extended bodies and fields described by Maxwell’s equations. Let us
focus on structures described by a position-dependent local isotropic optical con-
ductivity σ(r, ω) (or, equivalently, dielectric function ε(r, ω) = 1 + 4πiσ(r, ω)/ω)
without spatial dispersion, which covers most of situations studied in the liter-
ature. The crucial step to construct the scattering problem is to note that each

67



Chapter III: Near-Field Radiative Heat Transfer

spatial point r where Reσ(r, ω) > 0 effectively represents an independent dissi-
pative bath, uncorrelated with those at neighboring points. All subsequent steps
are quite analogous to the circuit case, even though some short-distance regular-
ization is required to make them well-defined mathematically. Obviously, σ(r, ω)
of the material plays the same physical role as the admittance 1/Zj(ω) of circuit
elements.
First of all, we define a function κ(r, ω), holomorphic for Imω > 0 and such that
|κ(r, ω)|2 = Reσ(r, ω). For a Drude metal,

σ(ω) =
σdc

1− iωτ , κ(ω) =

√
σdc

1− iωτ , (III.6.12)

while for an insulator with an optical phonon resonance, described by the Drude-
Lorentz model,

σ(ω) =
ω2
L − ω2

T

4π

iω

ω2 + 2iγω − ω2
T

, (III.6.13a)

κ(ω) =

√
γ(ω2

L − ω2
T )

4π

iω

ω2 + 2iγω − ω2
T

. (III.6.13b)

Instead of the current and voltage at each resistor, we have the current density
and the electric field at each point r with Cartesian components labeled by k, l =
x, y, z:

ĵk(r, t) =

∫ ∞

0

dω

√
~ω
4π

[
σ(r, ω)

κ(r, ω)
â+
k,r,ω +

σ∗(r, ω)

κ∗(r, ω)
â−k,r,ω

]
e−iωt + h.c., (III.6.14a)

Êk(r, t) =

∫ ∞

0

dω

√
~ω
4π

[
1

κ(r, ω)
â+
k,r,ω −

1

κ∗(r, ω)
â−k,r,ω

]
e−iωt + h.c.. (III.6.14b)

The bosonic operators â−k,r,ω of the incident matter excitations have the commuta-
tion relations [â−k,r,ω, â

−†
l,r′,ω′ ] = δkl δ(r − r′) δ(ω − ω′), and thermal averages 〈â−†k,r,ω -

â−l,r′,ω′〉 = δkl δ(r − r′) δ(ω − ω′)n(r, ω), where n(r, ω) = [e−~ω/T (r) − 1]−1 is the
Bose-Einstein distribution with the local temperature T (r). The operators â+

k,r,ω of
the scattered excitations are related to the incident ones via the scattering matrix,
which now also involves integration over spatial variables:

â+
k,r,ω =

∑

l

∫
d3r′ Skl(r, r′, ω) â−l,r′,ω. (III.6.15)

The scattering matrix can be found by solving Maxwell’s equations in the given
structure. To see how it works, let us represent the total current density as a
sum of the fluctuating (quantum Langevin) source and the current induced by
the electric field, which is conveniently done in the frequency domain: ĵ(r, ω) =

σ(r, ω)Ê(r, ω) + ĵfl(r, ω). Eq. (III.6.14a) then gives

ĵfl
k (r, t) =

∫ ∞

0

dω

√
~ω
4π

2κ(r, ω) â−k,r,ωe
−iωt + h.c.. (III.6.16)

68



Chapter III: Near-Field Radiative Heat Transfer

The electric field operator satisfies the Maxwell’s equations with the total current
as a source. Separating the fluctuating part, we arrive at the familiar equation

∇×∇× Ê(r, ω)− ω2

c2

[
1 +

4πσ(r, ω)

−iω

]
Ê(r, ω) =

4πiω

c2
ĵfl(r, ω), (III.6.17)

which relates the electric field to the fluctuating current sources (the expression
in the square brackets is nothing but the dielectric function of the medium). Its
solution in a given structure can be written as

Êk(r, ω) = −
∑

l

∫
d3r′
DRkl(r, r′, ω)

−iω ĵfl
l (r′, ω), (III.6.18)

whereDRkl(r, r′, ω) is the same Green’s function of the electric field as in the micro-
scopic description in Sec. III.7.4. Note thatDRkl(r, r′, ω)/(iω) plays the same role as
the matrix ζij(ω) played for circuits (response of the voltages to external current
sources). Matching Eq. (III.6.14b), we relate the scattering matrix to the electric
field Green’s function:

Skl(r, r′, ω) = 2κ(r, ω)
DRkl(r, r′, ω)

iω
κ(r′, ω) + δkl δ(r− r′)

κ(r, ω)

κ∗(r, ω)
. (III.6.19)

The dissipated power density P̂(r) at each point r is given by the usual Joule
losses:

P̂(r, t) =
1

2

[
Ê(r, t) · ĵ(r, t) + ĵ(r, t) · Ê(r, t)

]

= −
∫ ∞

−∞

dω′ dω′′

4π
~
√
|ω′ω′′| ei(ω′−ω′′)t

∑

l′,l′′

∫
d3r′ d3r′′Al′l′′(r, r′, r′′;ω′, ω′′)

× α̂†l′,r′,ω′α̂l′′,r′′,ω′′ , (III.6.20a)

Al′l′′(r, r′, r′′;ω′, ω′′) = −σ
∗(r, ω′) + σ(r, ω′′)

2κ∗(r, ω′)κ(r, ω′′)

∑

k

S∗kl′(r, r′, ω′)Skl′′(r, r′′, ω′′)

− σ(r, ω′)− σ(r, ω′′)

2κ(r, ω′)κ(r, ω′′)
δ(r− r′)Sl′l′′(r, r′′, ω′′)

+
σ∗(r, ω′)− σ∗(r, ω′′)
2κ∗(r, ω′)κ∗(r, ω′′)

S∗l′′l′(r, r′, ω′) δ(r− r′′)

+
σ(r, ω′) + σ∗(r, ω′′)

2κ(r, ω′)κ∗(r, ω′′)
δl′l′′ δ(r− r′) δ(r− r′′)

= −2κ∗(r′, ω′)κ(r′′, ω′′)[σ∗(r, ω′) + σ(r, ω′′)]

×
∑

k

DR∗kl (r, r′, ω′)DRkl′′(r, r′′, ω′′)
ω′ω′′

− 2κ∗(r′, ω′)κ(r′′, ω′′)

[
δ(r− r′)

DRl′l′′(r, r′′, ω′′)
−iω′′

+
DR∗l′′l′(r, r′, ω′)

iω′
δ(r− r′′)

]
, (III.6.20b)
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where we defined α̂k,r,ω>0 ≡ â−k,r,ω and α̂k,r,ω<0 ≡ â−†k,r,ω. Then, one can calculate
arbitrary correlators of the power density, like 〈P̂(r, t) P̂(r′, t′)〉, etc.
The scattering matrix Skl(r, r′, ω), even though a natural object in any scattering
problem, in the present setting may lead to mathematically ill-defined expres-
sions, which should be handled with care. For example, in the average dissipated
power we have to deal with the square of the δ function,

〈P̂(r)〉 =

∫ ∞

0

dω

4π
~ω
∫
d3r′ [2n(r′, ω) + 1]

[∑

k,l

|Skl(r, r′, ω)|2 − 3δ2(r− r′)

]

=

∫ ∞

0

dω

2π
~ω
∫
d3r′

∑

k,l

|Skl(r, r′, ω)|2[n(r′, ω)− n(r, ω)] (III.6.21)

where we used n(r′, ω) δ2(r− r′) = n(r, ω) δ2(r− r′), as well as the unitarity of the
scattering matrix in the form

∑

l

∫
d3r′ |Skl(r, r′, ω′)|2 = δ(r = 0) =

∫
d3r′ δ2(r− r′). (III.6.22)

Thus, the transmission probability |S12(q, ω)|2, found in the microscopic descrip-
tion in Sec. III.7.4, is related to the scattering matrix which has a natural block
structure in the in-plane momentum:

|S12(q, ω)|2 =
∑

k,l

∫ ∞

d/2

dz

∫ −d/2

−∞
dz′ |Skl(z, z′,q, ω)|2. (III.6.23)

From the practical point of view, it is more convenient to equivalently express the
result in terms of DRkl(r, r′, ω), which does not suffer from short-distance singular-
ities:

〈P̂(r)〉 =

∫ ∞

0

dω

π
~ω
∑

k,l

∫
d3r′ [2n(r′, ω) + 1]

Reσ(r, ω)

ω

×
[
|DRkl(r, r′, ω′)|2

Reσ(r′, ω)

ω
+ ImDRkk(r, r, ω) δkl δ(r− r′)

]
. (III.6.24)

Using the relation

ImDkk(r, r, ω) = −
∑

l

∫
d3r |DRkl(r, r′, ω′)|2

Reσ(r′, ω)

ω
, (III.6.25)

which can be obtained from Eq. (III.6.17) and its complex conjugate, we arrive at
the standard Caroli formula for the dissipated power:

〈P̂(r)〉 =

∫ ∞

0

dω

π
2~ω

∑

k,l

∫
d3r′ [n(r′, ω)− n(r, ω)]

Reσ(r, ω)

ω
|DRkl(r, r′, ω′)|2

Reσ(r′, ω)

ω
.

(III.6.26)
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Note that σ(r, ω)/(−iω) is nothing but the retarded polarization operator of the
medium, see Eq. (III.7.54a). In the same way, one can obtain equivalent expres-
sions for higher-order correlators of dissipated power in terms of the scattering
matrix or in terms of the matter and field Green’s functions.
The presented scattering problem construction is fully analogous to that in cir-
cuits. The situation becomes a bit less straightforward if the spatial dispersion
should be taken into account in the optical conductivity. In this case, it becomes
an integral operator with the kernel σkl(r, r′, ω), and one cannot treat each spatial
point as an independent bath. Instead, at each ω one should diagonalize the op-
erator Reσkl(r, r

′, ω), and each eigenmode of this operator can be represented as
an independent scattering channel with incident and scattered excitation. Then
the construction again becomes analogous, although solution of the Maxwell’s
equations becomes quite difficult, as is usually the case in the presence of spatial
dispersion.
Another complication arises from the fact that besides the absorbing bodies, the
system may have one more dissipative bath, corresponding to radiation at |r| →
∞. This depends on the geometry of the problem: while for the textbook exam-
ple of heat transfer between two semi-infinite half-spaces (metallic or dielectric),
separated by a vacuum gap, all radiation is eventually absorbed by the mate-
rial, the case of two spheres involves photons that can escape to infinity, as well
as thermal photons incident from infinity. These represent additional scattering
channels, and only upon inclusion of these channels the scattering matrix be-
comes unitary. More detailed study of this issue is beyond the scope of our work.

III.6.3 Conclusions

We have developed a quantum-mechanical scattering theory for NFRHT prob-
lem, which enables one to calculate fluctuations of the energy current. Our gen-
eral expression differs from Büttiker’s formula for particle current fluctuations in
the presence of reactive components in the energy reservoir. We show that this
reactive contribution can dominate the energy current fluctuations at finite fre-
quencies. To determine it correctly, it is important to precisely define how the
energy current is measured. Our construction describes scattering of matter ex-
citations due to their coupling to the electromagnetic field, and has some limita-
tions. Temperature dependence of the scattering matrix is not naturally included,
similarly to the Landauer-Büttiker approach to electron transport; temperature
dependence arises from many-body effects inside the material (such as electron-
electron interactions or phonon anharmonicity), so a description in terms of scat-
tering of single excitations is, at best, approximate, if valid at all. Heat transfer
via phonons or electrons is far beyond our construction (in the same way as it is
beyond FED), since it represents a totally different physical mechanism involving
matter excitations themselves.
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III.7 Appendix

III.7.1 Resistor Under a Classical Drive

Here we show that Eqs. (III.6.3) for the voltage and current operators are con-
sistent with the standard definition of the impedance. The impedance Z(ω) of
a circuit element can be defined either via the response of the current through
this element to an externally applied monochromatic voltage source, or via the
response of the voltage to an external current source.
Let us connect an external voltage source Vexte

−iωextt + V ∗exte
iωextt to the jth resistor.

This means that the voltage operator V̂j(t) is constrained to have this value, thus
becoming a pure number. Interpreting this condition,
∫ ∞

0

dω

√
~ω
4π

[
Zj(ω)

λj(ω)
â+
j,ω +

Z∗j (ω)

λ∗j(ω)
â−j,ω

]
e−iωt + h.c. = Vexte

−iωextt + c.c., (III.7.1)

as an equation for â+
j,ω, we apply Fourier transform on both sides, and find

â+
j,ω = Vext

λj(ω)

Zj(ω)

√
4π

~ω
δ(ω − ωext)−

Z∗j (ω)

Zj(ω)

λj(ω)

λ∗j(ω)
â−j,ω. (III.7.2)

Such linear shift of the bosonic operators in the Heisenberg picture implies for
the Schrödinger picture that if the incident excitations were in the vacuum state,
then the scattered excitations are in the coherent state, resulting in a non-zero
expectation value of the current. This expectation value can be easily found by
averaging the Heisenberg operator Îj(t) [Eq. (2a) of the main text] over the vac-
uum state. Only the first term in Eq. (III.7.2) contributes to this non-zero average,
yielding

〈Îj(t)〉 =
Vext

Zj(ωext)
e−iωextt + c.c., (III.7.3)

so that the impedance is indeed Zj(ω). The same result is obtained if the incident
excitations are in a thermal state.
If we connect an external current source Iexte

−iωextt + I∗exte
iωextt, this results in im-

posing
∫ ∞

0

dω

√
~ω
4π

[
1

λj(ω)
â+
j,ω −

1

λ∗j(ω)
â−j,ω

]
e−iωt + h.c. = Iexte

−iωextt + c.c.. (III.7.4)

Again, this condition enables us to express the scattered excitation operator as

â+
j,ω = Iextλj(ω)

√
4π

~ω
δ(ω − ωext) +

λj(ω)

λ∗j(ω)
â−j,ω, (III.7.5)

yielding the average voltage

〈V̂j(t)〉 = IextZj(ωext) e
−iωextt + c.c., (III.7.6)

again corresponding to the impedance Zj(ω).
In this picture, the Joule losses in the resistor correspond to emission of excita-
tions into the transmission line. This can be checked by employing Eq. (III.7.2) or
Eq. (III.7.5) to calculate the average of the power 〈P̂j(t)〉.
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Figure III.13: Heat current noise spectrum W11(Ω) (solid line) and the Büttiker-like con-
tribution WB

11(Ω) (dashed line) for the circuit shown in the inset. The impedance Z1(ω)
consists of a parallel RC element galvanically coupled to the second resistor R. Here, the
RC time is chosen as T2RC/~ = 50. Impedance temperature T1 is assumed to be much
smaller than the temperature T2 of the second resistor.

III.7.2 Simple Circuits

Here we discuss simple circuits to illustrate the impact of reactive elements within
the thermal reservoir, which becomes evident in the heat current noise spectrum
but not in the average heat current. We calculate the noise spectrum for the spe-
cific examples of a low-pass and resonant-pass filter. Both cases can be viewed as
two impedances Z1,2(ω), galvanically connected in a loop. The scattering matrix
for this configuration is straightforwardly found from Eqs. (III.6.3) of the main
text and the conditions V̂1 = V̂2, Î1 = −Î2:

S =
1

Z1 + Z2

(
λ1(Z2 − Z∗1)/λ∗1 2λ1λ2

2λ1λ2 λ2(Z1 − Z∗2)/λ∗2

)
. (III.7.7)

We focus on the power flowing into reservoir 1 and calculate W11(Ω) assuming
for simplicity T1 � T2. The Büttiker-like contribution WB

11(Ω) matches with the
total heat current noise spectrumW11(Ω) when the reactive elements are excluded
from the reservoir and included in the coupling circuit. In these specific exam-
ples, the heat current noise spectra W11(Ω) and W22(Ω) coincide, since the current
and voltage across the impedance Z1(ω) are the same as those across the resistor
R.
According to Eq. (III.6.9), W11(Ω) is given by a sum of four terms,

∑
l,mW

(lm)
11 (Ω),

each containing a factor coth[~ω/(2Tl)] coth[~(ω + Ω)/(2Tm)] − 1 in the integrand
for l,m = 1, 2. The term W

(22)
11 (Ω) is due to excitations originating in the reservoir

with temperature T2, W (11)
11 (Ω) is due to excitations from the reservoir with tem-

perature T1 � T2, and thus is negligibly small. The terms W (12)
11 (Ω) and W

(21)
11 (Ω)

are due to interference.

The low-pass filter consists of a parallel RC element with the impedance Z1(ω) =
R/(1−iωRC), coupled galvanically to a second resistor Z2(ω) = R (see Fig. III.13).
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Figure III.14: Heat current noise spectrum W11(Ω) (solid line) and the Büttiker-like con-
tribution WB

11(Ω) (dashed line) for the circuit shown in the inset. The impedance Z1(ω)
consists of a parallel RLC element galvanically coupled to the second resistor R. The
RC time is chosen as T2RC/~ = 50 and the resonance frequency as T2

√
LC/~ = 10.

Impedance temperature T1 is assumed to be much smaller than the temperature T2 of the
second resistor.

Such circuit may represent an electronic tunnel junction. Choosing λ1(ω) =
√
R/-

(1− iωRC), λ2(ω) =
√
R, we find the transmission function given by a Lorentzian

|S12(ω)|2 =
1

1 + ω2R2C2/4
, (III.7.8)

where the RC-time corresponds to the inverse of the damping parameter. For
~/(RC)� T2, the transmission function is sharply peaked around ω = 0, and the
average power is approximately 〈P̂1〉 ≈ T2/(2RC).
Assuming ~Ω � T2, we evaluate the frequency integral in Eq. (III.6.9), and find
the Büttiker-like contribution given by

W
B(22)
11 (Ω) ≈ T 2

2

4RC

1

1 + (ΩRC/4)2
. (III.7.9)

The full W (22)
11 (Ω) contains an additional factor

|Z1(ω) + Z∗1(ω + Ω)|2
4 ReZ1(ω) ReZ1(ω + Ω)

= 1 + (ΩRC/2)2,

which leads to

W
(22)
11 (Ω) ≈ T 2

2

4RC

1 + (ΩRC/2)2

1 + (ΩRC/4)2
. (III.7.10)

The two expressions behave quite differently; the Büttiker-like contribution peaks
at Ω = 0 and decays for ΩRC � 1, while W (22)

11 (Ω) exhibits a dip at Ω = 0. The
interference terms WB(12)

11 (Ω) = W
B(21)
11 (Ω) are subleading in the limit T2 � ~Ω,

but they grow linearly with frequency, WB(12)
11 (Ω) ≈ T2~|Ω|/(4RC), in the limit

ΩRC � 1. The interference terms play a minor role in the total spectrum W11(Ω),
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where W (22)
11 (Ω) dominates the behavior.

In the second example, two resistors are coupled via an LC resonator (see Fig.
III.14), which may model a small metallic particle hosting a plasmonic resonance
(represented by the LC resonator) together with electron-hole pair excitations
(the resistor). The circuit partitioning is then determined by the energy measure-
ment protocol, which may be either sensitive to electron-hole pairs only, or to the
plasmonic energy as well. Let us calculateW11(Ω) assuming that theLC resonator
is included in the cold reservoir whose impedance is thus

Z1(ω) =

(
1

R
− 1

iωL
− iωC

)−1

, (III.7.11)

then the Büttiker-like contribution WB
11(Ω) will correspond to the first reservoir

including only the resistor. We can choose

λ1(ω) =
−iωL/

√
R

1− ω2LC − iωL/R, (III.7.12)

which results in the transmission function

|S12(ω)|2 =
(2ωγ)2

(ω2 − ω2
0)2 + (2ωγ)2

, (III.7.13)

where we denoted ω0 ≡ 1/
√
LC, γ ≡ 1/(RC). The transmission function exhibits

peaks at ω = ±ω0 resulting in peaks at Ω = 0,±2ω0 in the Büttiker component
W

B(22)
11 (Ω) [33] Again, the increase of WB

11(Ω) for Ω & 2ω0 stems from the inter-
ference terms WB(12)

11 (Ω) = W
B(21)
11 (Ω). The full noise spectrum W11(Ω) is quite

different from WB
11(Ω). Instead of peaks, W11(Ω) displays dips at the locations

Ω = 0,±2ω0. Its shape is primarily determined by W (22)
11 (Ω) and not by the inter-

ference terms W (12)
11 (Ω) = W

(21)
11 (Ω).

III.7.3 Effective Circuit for Coupled Surface Polaritons

Two coupled surface polariton modes can arise in the planar geometry in the TM
polarization when two semi-infinite half-spaces with dielectric function ε(ω) are
separated by a vacuum gap of width d. In the quasi-static limit, corresponding to
the speed of light c → ∞, the dispersion ω±(q) of the symmetric/antisymmetric
mode as a function of the in-plane wave vector q is determined by the equation

ε(ω) = −1∓ e−qd
1± e−qd . (III.7.14)

For the Drude-Lorentz model of optical phonon resonance in a dielectric,

ε(ω) = ε∞
ω2 − ω2

L

ω2 − ω2
T

, (III.7.15)

the frequencies of the symmetric and antisymmetric modes are given by

ω2
±(q) =

ε∞ω
2
L + ω2

T ± (ε∞ω
2
L − ω2

T )e−qd

ε∞ + 1± (ε∞ − 1)e−qd
. (III.7.16)
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Here ωT is the mechanical frequency of the triply degenerate polar optical phonon,
and ωL is the Coulomb frequency of the longitudinal optical phonon (both in the
bulk). A finite damping γ of the optical phonon can be included by replacing
ω2 → ω2 + 2iγω in Eq. (III.7.15). At d → ∞ the splitting vanishes, and the two
surfaces are decoupled, each hosting its own weakly damped surface polariton.
This situation can be modeled by the circuit in Fig. III.12. Here each RLC contour
hosts a weakly damped resonance at frequency ωL =

√
ω2
T + 1/(LCc), where we

denoted ω2
T ≡ 1/(LCT ). The two contours are coupled by capacitances C±. The

frequency of the coupled symmetric/antisymmetric mode is determined by the
equation

− iωCc −
iωCT

1− ω2LCT − iωRCT
= iωC±. (III.7.17)

We are interested in the regime when the damping is smaller than the splitting,
so that the doublet is well resolved. Then the solutions for the frequencies are
approximately given by

ω± − iγ ≡
√

1

LCT
+

1

L(Cc + C±)
− i R

2L
, (III.7.18)

where ω± are the hybridized mode frequencies, and γ is their amplitude decay
rate. For the condition γ � |ω+ − ω−| to hold, the circuit parameters should
satisfy

R� |C+ − C−|
ωL(Cc + C+)(Cc + C−)

. (III.7.19)

The Poynting vector in the middle of the vacuum gap between the two dielectrics
corresponds to the power deposited into the RLC contour, which is thus treated
as a dissipative bath with impedance

Z(ω) =

[
−iωCc −

iωCT
1− ω2LCT − iωRCT

]−1

=
1

−iωCc

ω2
T − ω2 − 2iωγ

ω2
L − ω2 − 2iωγ

, (III.7.20)

while the capacitancesC± represent the coupling circuit. According to the general
construction in the main text, this association leads to

ReZ(ω) =
R/(LCc)

2

(ω2
L − ω2)2 + (2ωγ)2

, (III.7.21)

λ(ω) =

√
R/(LCc)

ω2
L − ω2 − 2iωγ

, (III.7.22)

and

ζ11 = ζ22 =
2/Z − iω(C+ + C−)

2(1/Z − iωC+)(1/Z − iωC−)
, (III.7.23a)

ζ12 = ζ21 =
iω(C+ − C−)

2(1/Z − iωC+)(1/Z − iωC−)
. (III.7.23b)
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According to Eq. (III.6.4) and Sec. III.3, the scattering matrix is given by

S11 = S22 =
λ

λ∗
1 + ω(C+ + C−) ImZ + ω2C+C−|Z|2

(1− iωC+Z)(1− iωC−Z)
, (III.7.24a)

S12 = S21 =
iωλ2(C+ − C−)

(1− iωC+Z)(1− iωC−Z)
, (III.7.24b)

leading to the transmission and reflection coefficients

|S12(ω)|2 =
[ω(C+ − C−) ReZ(ω)]2

|1− iωC+Z(ω)|2|1− iωC−Z(ω)|2

=
(2γω)2(ω2

+ − ω2
−)2

[(ω2
+ − ω2)2 + (2γω)2][(ω2

− − ω2)2 + (2γω)2]
, (III.7.25a)

|S11(ω)|2 = 1− |S12(ω)|2

=
[(ω2

+ − ω2)(ω2
− − ω2) + (2γω)2]2

[(ω2
+ − ω2)2 + (2γω)2][(ω2

− − ω2)2 + (2γω)2]
. (III.7.25b)

Due to the condition |ω+ − ω−| � γ, we can approximating |S12(ω)|2 by a sum of
four Lorentzians,

|S12(ω)|2 ≈
∑

σ,σ′=±

γ2

(ω + σωσ′)2 + γ2
. (III.7.26)

In this approximation, the average power is given by

〈P̂1〉 =
∑

σ=±

γ

2

(
~ωσ

e~ωσ/T2 − 1
− ~ωσ
e~ωσ/T1 − 1

)
. (III.7.27)

This expression can also be obtained from the simple rate equations for the bosonic
occupation of the coupled resonant modes.
We are interested in the correlator W11(Ω) of the power dissipated into the impe-
dance 1 in the limit T2 � T1, ~Ω. According to Eq. (III.6.9), W11(Ω) is given by
a sum of four terms,

∑
l,mW

(lm)
11 (Ω), each containing a factor coth[~ω/(2Tl)] coth-

[~(ω + Ω)/(2Tm)] − 1 in the integrand for l,m = 1, 2. Let us analyze these contri-
butions one by one.
For the contribution with l = m = 2 we use the identity cothx coth(x + y) − 1 =
cosh y/[sinhx sinh(x+ y)] and write it as

W
(22)
11 (Ω) = cosh

~Ω

2T2

∫ ∞

−∞

dω

16π

~ω|S12(ω)|2
sinh[~ω/(2T2)]

~(ω + Ω)|S12(ω + Ω)|2
sinh[~(ω + Ω)/(2T2)]

× |Z(ω) + Z∗(ω + Ω)|2
4 ReZ(ω) ReZ(ω + Ω)

. (III.7.28)

The Büttiker part WB(22)
11 (Ω) is given by the same expression, but without the last

line. Since |S12(ω)|2 is peaked around ω = ω±,−ω±, the frequency integral in
Eq. (III.7.28) can be particularly large for such Ω that the peaks in the two factors
|S12(ω)|2 and |S12(ω + Ω)|2 overlap. This happens near Ω = 0,±|ω+ − ω−|.
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Let us first calculate the Büttiker contribution W
B(22)
11 (Ω), which is simpler. Us-

ing the Lorentzian approximation (III.7.26) together with the fact that the con-
volution of two Lorentzians is a Lorentzian with a double width, and assuming
T2 ∼ ~ω± � ~|ω+ − ω−|, we find

W
B(22)
11 (Ω) =

[
~ω±/2

sinh[~ω±/(2T2)]

]2 [
2γ3

Ω2 + 4γ2
+

γ3

(Ω + ω+ − ω−)2 + 4γ2

× γ3

(Ω + ω− − ω+)2 + 4γ2

]
, (III.7.29)

where ~ω± in the first factor means that either of the two frequencies can be taken
within the made approximation. To evaluate the full spectrum, W (22)

11 (Ω), we
rewrite the last factor in Eq. (III.7.28) as

|Z(ω) + Z∗(ω + Ω)|2
4 ReZ(ω) ReZ(ω + Ω)

= 1 +
|Z(ω + Ω)− Z(ω)|2

4 ReZ(ω + Ω) ReZ(ω)
≈ 1 +

Ω2

4γ2
, (III.7.30)

where the last line is written in the approximation |ω − ωL|,Ω, γ � (LCc)
−1/2,-

(LCT )−1/2. Then, we have a very simple relation

W
(22)
11 (Ω) =

Ω2 + 4γ2

4γ2
W

B(22)
11 (Ω), (III.7.31)

which shows a rather dramatic effect of the reactive contribution: the central peak
around Ω = 0 is fully suppressed, while the two peaks at Ω = ±(ω+ − ω−) are
strongly enhanced.
Let us now consider the contribution W

(12)
11 (Ω) with l = 1 and m = 2 [the other

one is just W (21)
11 = W

(12)
11 (−Ω)]. The Büttiker contribution WB(12)

11 (Ω) is calculated
quite analogously to WB(22)

11 (Ω), in the limit T1, ~Ω � T2 and the Lorentzian ap-
proximation (III.7.26):

W
B(12)
11 (Ω) =

∞∫

−∞

dω

8π

~2ω(ω + Ω)|S11(ω)|2|S12(ω + Ω)|2
esgn(ω)~(ω+Ω)/T2 − 1

=
~2ω2

±/2

e~ω±/T2 − 1
×
[

Ω2γ + 2γ3

Ω2 + 4γ2
− γ3

(Ω + ω+ − ω−)2 + 4γ2
− γ3

(Ω + ω− − ω+)2 + 4γ2

]
.

(III.7.32)

For the full spectrum W
(12)
11 (Ω), we cannot give a simple compact analytical ex-

pression because of interference terms. Still, at Ω = 0 it obviously coincides with
W

B(12)
11 (Ω = 0), while at Ω � γ it differs from W

B(12)
11 (Ω) by a large factor, of the

same origin as in W (22)
11 (Ω).

Finally, the contribution l = m = 1 is negligibly small. Indeed, the factor coth[~ω/-
(2T1)] coth[~(ω + Ω)/(2T1)] − 1 is non-vanishing only in a narrow region |ω| ∼
max{Ω, T1/~}, so it misses the peaks at |ω| ≈ ω±. The rest of the integrand is
regular at low frequencies, so the whole integral is small.
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III.7.4 Non-Equilibrium Green’s Functions for Coupled Surface Polaritons

Here we study how the results for heat current noise obtained from the circuit
scattering approach are related to those found using non-equilibrium Green’s
functions. This latter approach is always based on a specific microscopic model
for the involved materials, so we choose to model the specific situation of heat
transfer via surface polaritons between two thick dielectric slabs separated by a
planar vacuum gap of thickness d, so that the half-spaces z > d/2 and z < −d/2
are occupied by dielectrics with a dielectric function ε(ω) and held at tempera-
tures T1 and T2, respectively. The circuit mimicking this situation was studied
in detail in Sec. III.7.3. For a metallic system, the Green’s functions’ treatment is
analogous, and can be found in Ref. [33].

Microscopic model.— We need a microscopic model for a dielectric that would pro-
duce an isotropic Drude-Lorentz dielectric function of the bulk material,

ε(ω) = ε∞
ω2
L − ω2 − 2iγω

ω2
T − ω2 − 2iγω

, (III.7.33)

where the spatial dispersion is neglected. Since our goal is to illustrate the Green’s
function approach rather than to quantitatively describe a specific material, we
aim at the simplest model with a minimal number of ingredients. When a specific
example is needed, we will have in mind the tetrahedral SiC with two atoms
per unit cell (3C-SiC) and point group Td. For simplicity, we will set the high-
frequency value of the dielectric function ε∞ = 1. Its difference from unity is due
to a contribution from high-frequency polarizable degrees of freedom. We do not
include them explicitly, but briefly discuss the procedure at the end of the next
subsection.
The first ingredient of the model is the triply degenerate polar optical phonon
mode, assumed to be dispersionless. It is described by a vector field ξ(r) of the
relative displacements of two inequivalent atoms, with the Hamiltonian

Ĥop =

∫

|z|>d/2
d3r

[
η̂j(r) η̂j(r)

2%op
+
%opω

2
T

2
ξ̂j(r) ξ̂j(r)

]
. (III.7.34a)

Here η̂(r) is the momentum canonically conjugate to the displacement operator
ξ̂(r), so that [ξ̂j(r), η̂k(r

′)] = i~δjkδ(r − r′). Summation over repeated Cartesian
indices j, k = x, y, z is implied. %op is the density of the reduced mass, corre-
sponding to the optical phonon. For 3C-SiC, it is related to the total mass density
%0 of the crystal by a factor involving the masses of silicon and carbon atoms,
%op = %0mSimC/(mSi +mC)2. Finally, ωT is the mechanical frequency of the optical
phonon.
The second ingredient is the coupling of optical phonons to the electromagnetic
field. It is due to the fact that the polar phonon displacement ξ(r) is associated
with electric polarization in the material, P(r) = θ(|z| − d/2) ρ ξ(r), with θ(z) be-
ing the Heaviside step function. Such local relation is valid under the same as-
sumptions as neglecting the spatial dispersion in the dielectric function (III.7.33),
that is, at length scales well exceeding the atomic scale. The coefficient ρ has
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the dimensionality of the charge density and is determined by the microscopic
charge distribution in the atomic bond. Coupling between the polarization and
the electromagnetic field is taken in the electrostatic (Coulomb) limit, valid for
heat transfer between dielectrics at distances much smaller than the wavelength
of thermal photons (in contrast to metals, where the dominant mechanism is mag-
netostatic [106, 186–188]). Recalling that the charge density is given by−∇ · P̂(r),
we write

ĤC =
1

2

∫
d3r d3r′

(−∇ · P̂(r)) (−∇′ · P̂(r′))

|r− r′| ≡ ρ2

2

∫
d3r d3r′Dij(r− r′) P̂i(r) P̂j(r

′).

(III.7.34b)

With this definition, the function −Dij(r − r′) gives the response of the electric
field to the polarization, as determined by Maxwell’s equations in the quasi-static
limit, and describes the dipole-dipole interaction.
The third ingredient has to account for the optical phonon damping γ, appear-
ing as the imaginary term in the dielectric function (III.7.33). Such damping can
result from optical phonon decay into a pair of acoustic phonons due to anhar-
monicity [189, 190], provided that the optical phonon frequency is not too high
and can be matched by two acoustic phonon frequencies (which is the case in
SiC [191–193]). The acoustic phonons are described by the vector field of atomic
displacements u(r). In the long-wavelength limit, the change in the elastic energy
is expressed in terms of the strain tensor uij ≡ (1/2)(∂ui/∂xj+∂uj/∂xi) [194]. The
simplest model for acoustic phonons is that of a fully isotropic elastic medium;
however, such high symmetry prohibits local anharmonic coupling between a
vector ξi (transforming according to angular momentum 1) and a product of two
symmetric tensors uij (each transforming according to angular momentum 0 or
2, so their product having components of angular momentum 0, 2, and 4). Thus,
we write the elastic energy in terms of invariants of the Td point group, whose
lower symmetry allows for the sought anharmonic coupling in the form

Ĥanh =Υ

∫

|z|>d/2
d3r
[
ξ̂xûyz(2ûxx − ûyy − ûzz) + ξ̂yûzx(2ûyy − ûzz − ûxx)ξ̂zûxy

× (2ûzz − ûxx − ûyy)]

≡
∫

|z|>d/2
d3r

Υijklm

2
ξ̂i(r) ûjk(r) ûlm(r), (III.7.34c)

where Υ is the corresponding coupling constant, and the x, y, z axes are directed
along the edges of the cube centered at the position of a Si atom, while the four
C atoms forming the tetrahedron are located at four (out of eight) cube’s vertices,
so that the six edges of the tetrahedron coincide with diagonals of each of the six
cube’s faces.
The harmonic part of the acoustic phonon Hamiltonian is written in terms of the
strain tensor operator ûij(r) and of the vector momentum operator π̂(r), canoni-
cally conjugate to the displacement operator û(r), such that [ûj(r), π̂k(r

′)] = i~δjk-
δ(r− r′). To be consistent, here we also assume the tetrahedral symmetry instead
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of the full isotropy. This gives three terms in the elastic deformation energy:

Ĥac =

∫

|z|>d/2
d3r

[
π̂i(r) π̂i(r)

2%0

+ %0
v2
l − 2v2

t

2
[ûii(r)]

2 + %0v
2
t ûij(r)ûij(r)

+
%0v

2
∆

2

[
û2
xx(r) + û2

yy(r) + û2
zz(r)

]]

≡
∫

|z|>d/2
d3r

[
π̂i(r) π̂i(r)

2%0

+
Kjklm

2
ûjk(r) ûlm(r)

]
. (III.7.34d)

Here %0 is the mass density of the crystal, vl and vt are the longitudinal and
transverse acoustic phonon velocities in the isotropic approximation (which cor-
responds to keeping only the first two terms in the elastic energy), while v∆ plays
the role of the coupling constant in the last term, which is absent in the isotropic
approximation. This last term splits the two transverse phonon branches for
wave vectors which are not directed along high-symmetry axes.

Phonon propagators and the dielectric function.— In order to verify that the model of
Eqs. (III.7.34) indeed corresponds to the dielectric function (III.7.33) with ε∞ = 1,
let us consider an infinite bulk crystal and calculate the response of the polariza-
tion to an external oscillating electric field Eexteikr−iωt + c.c., which couples to the
polarization via the Hamiltonian

Ĥext = −
∫
d3r P̂(r) ·

(
Eexteikr−iωt + c.c.

)
. (III.7.35)

The Kubo formula expresses the corresponding response function χ̃ij(k, ω) as the
retarded correlator of the polarizations:

χ̃ij(k, ω) =
i

~

∫ ∞

0

dt

∫
d3r eiωt−ikr

〈
[P̂i(r, t), P̂j(0, 0)]

〉
, (III.7.36)

where we used the fact that in the infinite medium two-point correlators depend
only on the difference of the spatial and temporal coordinates.
To evaluate this correlator, we consider Ĥop + Ĥac [Eqs. (III.7.34a) and (III.7.34d)]
as the zero-approximation Hamiltonian, while ĤC and Ĥanh [Eqs. (III.7.34b) and
(III.7.34c), respectively] are included by summing perturbation series. Accord-
ingly, the operators of the optical and acoustic phonon displacements are ex-
pressed in terms of the phonon creation and annihilation operators:

ξ̂j(r) =
∑

k

√
~

2V %opωT

(
b̂kje

ikr + b̂†kje
−ikr

)
, (III.7.37a)

û(r) =
∑

k,µ

√
~

2V %0ω
ac
k,µ

ekµ

(
âkµe

ikr + â†kµe
−ikr

)
, (III.7.37b)

where V is the crystal volume. The index µ labels the three acoustic phonon
branches, while the degenerate optical phonon branches can be labeled by the

81



Chapter III: Near-Field Radiative Heat Transfer

= +

= +

= +

Figure III.15: Feynamnn diagrams representing the Dyson series for the phonon Green’s
functions. Solid, dashed and wavy lines represent the Green’s function for the optical
phonons, acoustic phonons, and the electric field, respectively. Triangles and thick dots
represent the Υ and ρ vertices appearing in the Hamiltonians Ĥanh and ĤC, respectively.

Cartesian index j = x, y, z. The unit vectors ekµ give the directions of the atomic
displacements for each acoustic normal mode. The corresponding non-interacting
retarded, advanced, and Keldysh Green’s functions (propagators) for the optical
phonons are given by

GR
jl(r− r′, t− t′) = − i

~
θ(t− t′)〈[ξ̂j(r, t), ξ̂l(r′, t′)]〉

=

∫
d3k dω

(2π)4

δjl
%op

eik(r−r′)−iω(t−t′)

(ω + i0+)2 − ω2
T

, (III.7.38a)

GA
jl(r− r′, t− t′) =

i

~
θ(t′ − t)〈[ξ̂j(r, t), ξ̂l(r′, t′)]〉

=

∫
d3k dω

(2π)4

δjl
%op

eik(r−r′)−iω(t−t′)

(ω − i0+)2 − ω2
T

, (III.7.38b)

GK
jl (r− r′, t− t′) = − i

~
〈{ξ̂j(r, t), ξ̂l(r′, t′)}〉

=

∫
d3k dω

(2π)4

δjl
%op

eik(r−r′)−iω(t−t′) 2πi

2ωT

× [δ(ω + ωT )− δ(ω − ωT )] coth
~ω
2T

, (III.7.38c)

where {·, ·} denotes the anticommutator, and T is the crystal temperature. In the
similar way we define the Green’s functions UR,A,K

jklm (r − r′, t − t′) for the acous-
tic phonons, building them from the strain operators ûjk(r, t), ûlm(r′, t′). These
Green’s functions can be straightforwardly evaluated in the Fourier space from
the Hamiltonian (III.7.34d); we do not give the explicit expressions because they
are too cumbersome.

The next step is to dress the optical phonon Green’s function by the self-energy
originating from the coupling (III.7.34c) to the acoustic phonons (Fig. III.15). To
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the leading (i. e, second) order in Ĥanh, the retarded self-energy is given by

ΣR
jj′(K,Ω) =

∫
d3k dω

(2π)4

i~
4

ΥjklmnΥj′k′l′m′n′
[
UR
klk′l′(K + k,Ω + ω)UK

m′n′mn(k, ω)

+ UK
klk′l′(K + k,Ω + ω)UA

m′n′mn(k, ω)
]
. (III.7.39)

This self-energy can be calculated explicitly using the Green’s functions built
from the Hamiltonian (III.7.34d). Note, however, that what we really need is
the limit Im ΣR

jj′(k → 0, ω), because we are interested in the damping of long-
wavelength optical phonons. By symmetry, ΣR

jj′(k → 0, ω) ∝ δjj′ , so its real part
gives an overall frequency shift which is the same for the three phonon branches,
without lifting the degeneracy, so it can be absorbed into ωT . Thus, we approxi-
mate

ΣR
jl(k, ω) = −2i%opω γ(ω) δjl, (III.7.40)

where the damping rate γ(ω) is frequency-dependent. This frequency depen-
dence is determined by the two-phonon density of states for acoustic phonons,
as well as by the momentum dependence of the coupling matrix elements. Equa-
tions (III.7.34d) and (III.7.34c), although provide a specific model where γ(ω) can
be calculated, do not describe any material quantitatively. The reason is that an
optical phonon with small momentum decays into two acoustic phonons whose
momenta are not small at all, they are of the order of the inverse lattice constant.
Equations (III.7.34d) and (III.7.34c) represent an expansion in the acoustic phonon
momenta around k = 0, and lose their validity deep in the Brillouin zone. Thus,
we keep γ(ω) as a parameter of the theory (the simplest assumption, implied in
the Drude-Lorentz model, is to take γ = const in the frequency region of inter-
est). Summing up the Dyson series, we find the optical phonon Green’s function,
dressed by the anharmonic coupling to acoustic phonons:

GRjl(k, ω) =
δjl
%op

1

ω2 − ω2
T + 2iωγ(ω)

. (III.7.41)

Finally, we dress this Green’s function by the self-energy originating from the
Coulomb interaction (III.7.34b), taken for the infinite medium:

Σ̃jl(k) = ρ2Djl(k) = 4πρ2 kjkl
k2

. (III.7.42)

This gives the fully dressed optical phonon retarded Green’s function (Fig. III.15),

G̃Rjl(k, ω) =

(
δjl −

kjkl
k2

)
1/%opt

ω2 − ω2
T + 2iωγ(ω)

+
kjkl
k2

1/%opt

ω2 − ω2
L + 2iωγ(ω)

,

(III.7.43)

where ωL ≡
√
ω2
T + 4πρ2/%op is the Coulomb frequency of the longitudinal opti-

cal phonon.
To relate the Green’s functions to the dielectric function ε(ω), we recall that the lat-
ter determines the response of the electric displacement E + 4πP to the total elec-
tric field E, which is the sum of the external field Eext and the field produced by
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the polarization P itself, so thatEj = Eext
j −DjlPl = (δjm−Djlχ̃lm)Eext

m . We can also
define the electric susceptibility χ(k, ω), which determines the response of the po-
larization P to the total field E, so that the dielectric function εij = δij + 4πχij .
Equating χ̃Eext = χ(Eext −Dχ̃Eext), we find the relation χ = χ̃(1−Dχ̃)−1. At the
same time, Eq. (III.7.36) gives χ̃ij(k, ω) = −ρ2G̃Rij(k, ω), and the Dyson series for
G̃R yields (G̃R)−1 = (GR)−1−ρ2D, from which we deduce χij(k, ω) = −ρ2GRij(k, ω).
As a result, from Eq. (III.7.41) with γ(ω) = const we recover Eq. (III.7.33) with
ε∞ = 1. Thus, the Hamiltonian presented in the previous subsection indeed de-
scribes a dielectric material with the Drude-Lorentz dielectric function.
To reproduce Eq. (III.7.33) with an asymptotic high-frequency value ε∞ > 1,
one has to include additional polarizable degrees of freedom resonating at much
higher frequencies (for example, electronic contribution to atomic polarizabili-
ties). The propagator for these degrees of freedom should be included (i) as an
additive contribution to χ̃ij(ω), and (ii) in the dressing of the dipole-dipole in-
teraction Dij(r − r′). Then the Drude-Lorentz dielectric function with a single
resonance at ω = ωT is recovered for frequencies well below those of the higher
resonances.

Energy and current operator.— To define the energy current operator Ĵ(r), one
must first define the energy density operator Ê(r), such that the Hamiltonian
Ĥ =

∫
d3r Ê(r), and then define an operator Ĵ(r) which satisfies the energy conti-

nuity equation,
∂Ê(r)

∂t
=
i

~

[
Ĥ, Ê(r)

]
= −∇ · Ĵ(r). (III.7.44)

The energy densities Êop(r), Êac(r), Êanh(r) are naturally defined as the integrands
in Eqs. (III.7.34a), (III.7.34d) and (III.7.34c), respectively. Since the Coulomb en-
ergy (III.7.34b) is non-local, it is possible to find many operators ÊC(r) which give
ĤC =

∫
d3r ÊC(r). The gauge-invariant definition is [195]

Ê(r) =
[
Êop(r) + Êac(r) + Êanh(r)

]
θ(|z| − d/2)

+
1

8π

∣∣∣∣
∫
d3r′∇ 1

|r− r′|∇
′ · ρξ̂(r′)θ(|z′| − d/2)

∣∣∣∣
2

. (III.7.45)

Indeed, the identity

−∇2 1

|r− r′| = 4πδ(r− r′) (III.7.46)

ensures that the integral over r of the last term in Eq. (III.7.45) gives Eq. (III.7.34b).
Then, the energy current operator Ĵ(r) satisfying Eq. (III.7.44) is given by

Ĵi(r) =
1

2

{
ς̂ik(r),

π̂k(r)

%0

}
θ(|z| − d/2) +

Ê(r)× β̂(r)− β̂(r)× Ê(r)

8π
≡ Ĵ ςi + ĴSi ,

(III.7.47)

where the first line represents the elastic energy current, expressed in terms of the
stress tensor,

ς̂ik(r) =
(

Λiklm + ξ̂j(r)Υjiklm

)
ûlm(r), (III.7.48)
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while the second line in Eq. (III.7.47) is nothing but the Poynting vector, expressed
in terms of the electric and “magnetic” fields,

Ê(r) = −∇
∫
d3r′
−∇′ · ρξ̂(r′)θ(|z′| − d/2)

|r− r′| , (III.7.49a)

β̂(r) = ∇×
∫
d3r′

(ρ/%op)η̂(r′)θ(|z′| − d/2)

|r− r′| , (III.7.49b)

which satisfy the following equations:

∇ · Ê(r) = −4π∇ · P̂(r), (III.7.50a)

∇× Ê(r) = 0, (III.7.50b)

∇ · β̂(r) = 0, (III.7.50c)

∇× β̂(r) = 4π
i

~

[
Ĥ, P̂(r)

]
+
i

~

[
Ĥ, Ê(r)

]
. (III.7.50d)

The first two equations are the Maxwell’s equations for the electrostatic electric
field E, while the last two equations are the Maxwell’s equations for the magnetic
field B, up to the factor 1/c on the right-hand side of the last equation. Indeed,
the two terms with the commutators in the last equation become 4π(∂P̂/∂t) ≡ 4πj

and ∂Ê/∂t in the Heisenberg representation, where

ĵ(r) =
ρ

%op
η̂(r) = −iωT

∑

k,l

√
~ρ2

2V %opωT
el

(
b̂kle

ikr − b̂†kle−ikr
)

(III.7.51)

is the operator of the electric current density.
The appearance of the magnetic field may look somewhat surprising in our prob-
lem with purely electrostatic interactions. Strictly speaking, the electrostatic limit
is obtained by sending the speed of light c → ∞ in the Maxwell’s equations, so
the magnetic field B = O(1/c) vanishes, but the “magnetic” field β = cB stays
finite, and so does the Poynting vector. The only term in the Maxwell’s equa-
tions that vanishes in the limit c→∞ is−(1/c2)∂β̂/∂t, which would stand on the
right-hand side of Eq. (III.7.50b).
Using Eqs. (III.7.50), it is rather straightforward to verify that the continuity equa-
tion (III.7.44) is satisfied. Indeed, we have

[Ĥop + Ĥanh, Êop + Êanh] = 0,

[ĤC, Êanh] = [Ĥanh + ĤC, Ê
2/(8π)] = 0,

i

~
[Ĥac, Ê ] +

i

~
[Ĥop + Ĥanh + ĤC, Êac] = −∇ · Ĵς ,

i

~
[Ĥop, Ê

2/(8π)] = −∇ · ĴS − ĵ · Ê + Ê · ĵ
2

,

i

~
[ĤC, Êop] =

ĵ · Ê + Ê · ĵ
2

.

Polarization operator.— Instead of working with the phonon Green’s functions, it
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is convenient to introduce retarded, advanced and Keldysh components of the
polarization operator,

Π̃R
jk(r, r

′, t− t′) = − i

~
θ(t− t′)〈[P̂j(r, t), P̂k(r′, t′)]〉, (III.7.52a)

Π̃A
jk(r, r

′, t− t′) =
i

~
θ(t′ − t)〈[P̂j(r, t), P̂k(r′, t′)]〉, (III.7.52b)

Π̃K
jk(r, r

′, t− t′) = − i

~
〈{P̂j(r, t), P̂k(r′, t′)}〉, (III.7.52c)

where the time dependence is determined by the full Hamiltonian. These are
proportional to the corresponding Green’s functions of the displacements ξ̂(r):
Π̃R,A,K
jk (r, r′, t − t′) = ρ2G̃R,A,Kjk (r, r′, t − t′). The Green’s functions of the momenta

η̂(r) can also be expressed in terms of the polarization operator using the fact that
η̂(r, t) = %op ∂ξ̂(r, t)/∂t:

∓i
~
θ(±(t− t′))〈[η̂j(r, t), η̂k(r′, t′)]〉 =

%2
op

ρ2

∂2Π̃R,A
jk (r, r′, t− t′)
∂t ∂t′

− ρopδjkδ(t− t′)δ(r− r′)θ(|z| − d/2),
(III.7.53a)

− i
~
〈{η̂j(r, t), η̂k(r′, t′)}〉 =

%2
op

ρ2

∂2Π̃K
jk(r, r

′, t− t′)
∂t ∂t′

. (III.7.53b)

The reason for introducing the polarization operator rather than working directly
with the phonon Green’s functions is that the subsequent steps will not rely on the
specific model for the material that we used in the previous subsections. What-
ever excitations contribute to the dielectric response of the material, the subse-
quent steps involve only the polarization operator, and thus are more general
than the specific model. For example, for a metal the polarization operator is
expressed in the random-phase approximation in terms of density-density and
current-current electronic bubbles, and the whole subsequent treatment is quite
analogous [33].
Together with the full polarization operator Π̃ constructed from operators in the
Heisenberg representation involving the entire Hamiltonian including interac-
tion (III.7.34b) with the electric field, we also introduce the mechanical polar-
ization operator Π, where the time dependence does not include this interac-
tion. It is related to the optical phonon Green’s functions as ΠR,A,K

jk (r, r′, t − t′) =

ρ2GR,A,Kjk (r, r′, t− t′), and in the frequency space is given by

ΠR
jk(r, r

′, ω) = δjkδ(r− r′)
1− ε(ω)

4π
θ(|z| − d/2), (III.7.54a)

ΠA
jk(r, r

′, ω) = δjkδ(r− r′)
1− ε∗(ω)

4π
θ(|z| − d/2), (III.7.54b)

ΠK
jk(r, r

′, ω) = δjkδ(r− r′)
ε∗(ω)− ε(ω)

4π

×
[
θ(z − d/2) coth

~ω
2T1

+ θ(−z − d/2) coth
~ω
2T2

]
. (III.7.54c)
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These expressions are also more general than the specific model for the material
that we used in the previous subsections [196]. The conditions for their validity
coincide with those for the spatially local dielectric response of the material, sup-
plemented by the requirement of thermal equilibrium in the material on each side
of the vacuum gap. In other words, heat conduction inside the material should
be more efficient than the near-field radiative heat transfer across the vacuum
gap [197, 198]. The relation between the mechanical and the Coulomb-dressed
polarization operators at a given frequency ω is

Π̃R,A = ΠR,A + ΠR,AD Π̃R,A, (III.7.55a)

Π̃R − Π̃A =
(
1 + ΠRDR

) (
ΠR − ΠA

) (
1 +DAΠA

)
, (III.7.55b)

Π̃K =
(
1 + ΠRDR

)
ΠK
(
1 +DAΠA

)
, (III.7.55c)

where the products are understood in the matrix sense (convolutions over the
Cartesian indices and over the spatial variables), 1 is a shorthand notation for
δijδ(r− r′), and the dressed retarded and advanced Green’s functions of the elec-
tric field are defined as (Fig. III.15)

DR,A = D +DΠR,ADR,A. (III.7.55d)

While −D gives the electric field produced by an external polarization, as deter-
mined by Maxwell’s equations in the empty space, the dressed Green’s function
−DR does the same, but from the solution of Maxwell’s equations in the full di-
electric environment. This dielectric environment is encoded in ΠR [57, 196].

Heat current fluctuations.— As in most of the literature on near-field radiative heat
transfer, we will be interested in the energy current Ĵz(r) inside the vacuum gap
separating the two materials, where the Poynting vector represents the only con-
tribution. Specifically, Ref. [148] focused on fluctuations of Ĵz(r) at a given point
r = (0, 0, d/2 − 0+). We believe that a more relevant quantity would be the total
power flowing to the upper body, assumed to have a finite size Lx × Ly in the
in-plane directions:

P̂1 =

∫ Lx

0

dx

∫ Ly

0

dy Ĵz(x, y, d/2− 0+). (III.7.56)

Indeed, in experiments it is not the heat current that is measured directly, but
rather fluctuations in the sample’s temperature [155]. Conversion of the heat cur-
rent into a temperature change necessarily involves heat transport inside the ma-
terial, which is assumed to be efficient. Thus, local fluctuations of the heat current
will quickly spread out across the sample, so fluctuations of the global energy
stored in the finite-size sample seem to be a more relevant quantity for experi-
mental observation. Of course, the relative magnitude of the global fluctuations
is inversely proportional to the sample area LxLy, so the sample should be small
enough. We assume Lx, Ly � d so that one can neglect boundary effects at the
sample edges. At the same time, we assume Lx, Ly � c/ωT so that the Coulomb
approximation is valid. In practice, for ωT ∼ 1014 s−1 we have c/ωT ∼ 10 µm,
while the separation can be d ∼ 10 nm, so these assumptions are quite realistic.
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(a)
+

(b)
+

Figure III.16: Feynamnn diagrams representing (a) the average Poynting vector, and (b) its
fluctuations. Double solid lines represent the polarization operator Π̃, solid wavy lines
represent the electric field Green’s functionD, while dashed-solid and solid-dashed wavy
lines represent the magnetic field response −i(ω/c)Λ and i(ω/c)Λ†, respectively.

Technically, we need to calculate various averages of electric and magnetic field
operators in the Heisenberg representation. It is convenient to reformulate Eqs.
(III.7.49) as

Êi(r) = −
∫
d3r′Dik(r− r′) P̂k(r

′) = −
∫
d3r′ P̂k(r

′)Dki(r
′ − r), (III.7.57a)

B̂i(r) = −1

c

∫
d3r′ Λik(r− r′) ĵk(r

′) = −1

c

∫
d3r′ ĵk(r

′) Λki(r
′ − r). (III.7.57b)

These linear relations between the fields and the polarization P̂ (recalling that
the current ĵ = ∂P̂/∂t) enable us to express correlators of the fields in terms of
correlators of the polarization given by Eqs. (III.7.52), as shown diagrammatically
in Fig. III.16. To simplify the algebra keeping track of different combinations of
the fields (giving 4 terms for 〈Ĵi(r, t)〉 and 32 terms for 〈{Ĵi(r, t), Ĵk(r′, t′)}〉), we
arrange all components of the fields in a single 6-vector (f1, . . . , f6) ≡ (Ex, Ey, Ez,-
Bx, By, Bz) and consider a generic observable

Ô(r) =
6∑

α,β=1

Oαβ f̂α(r) f̂β(r), (III.7.58)

with some matrix Oαβ = O∗βα. We also combine the two 3× 3 matrices Djk(r− r′)
and −i(ω/c)Λjk(r − r′), which determine response of the electric and magnetic
fields to the external polarization, into a single 6× 3 matrix Dαj(r, r, ω). Then the
average and the fluctuations of Ô(r, t), shown diagrammatically in Fig. III.16, can
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be written as

〈Ô(r, t)〉 =
i~
2

∑

α,β

Oαβ

∫
d3r1 d

3r2

∫
dω

2π
Dβj(r, r1, ω) Π̃K−R+A

jk (r1, r2, ω)

×D∗kα(r2, r
′, ω), (III.7.59a)

∫
d(t− t′) eiΩ(t−t′)

[
1

2
〈{Ô(r, t), Ô(r′, t′)}〉 − 〈Ô(r, t)〉〈Ô(r′, t′)〉

]

= −~2

4

∑

α,β,α′,β′

(OαβOα′β′ +OαβOβ′α′)

∫
d3r1 . . . d

3r4

∫
dω

2π

×
[
Dαi(r, r1, ω + Ω) Π̃K

ij (r1, r2, ω + Ω)D∗jα′(r2, r
′, ω + Ω)Dβ′k(r

′, r3, ω) Π̃K
kl(r3, r4, ω)

× D∗lβ(r4, r, ω)
(

Π̃K → Π̃R − Π̃A
)]
, (III.7.59b)

where we introduced a compact notation Π̃K−R+A = Π̃K − (Π̃R − Π̃A). Instead
of the dressed polarization operators Π̃ and the empty-space field Green’s func-
tions D, it is convenient to work with the mechanical polarization operators Π
and the dressed field Green’s functions D. Similarly to Eqs. (III.7.55b), (III.7.55c),
in Eqs. (III.7.59) we can replace

DαiΠ̃
K
ijD

∗
jβ = DRΠK

ijDAjβ, (III.7.60a)

Dαi(Π̃
R
ij − Π̃A

ij)D
∗
jβ = DR(ΠR

ij − ΠA
ij)DAjβ. (III.7.60b)

The mechanical polarization operators have a very simple structure (III.7.54),
while the dressed field Green’s function DRαj can be found from Maxwell’s equa-
tions in the given dielectric structure.
In the planar geometry we are considering here (vacuum for |z| < d/2, spatially
uniform dielectric for |z| > d/2), it is natural to work in the Fourier space with
respect to the in-plane coordinates r‖ ≡ (x, y), introducing the in-plane wave vec-
tor q. Let us place a layer of an external polarization at z = z′ < −d/2, so that

Pext(r, t) = Peiqr‖−iωtδ(z − z′). (III.7.61)

Then, Maxwell’s equations in the quasi-static limit c → ∞ give the electrostatic
potential ϕ together with the electric and magnetic fields in the region |z| < d/2:

ϕ(r, t) =
4π(iqP/q − Pz)eq(z′+d/2)+iqr‖−iωt

(ε+ 1)2eqd − (ε− 1)2e−qd
[
(ε− 1)eq(z−d/2) − (ε+ 1)e−q(z−d/2)

]
,

(III.7.62a)

E(r, t) = iq
4π(iqP/q − Pz)eq(z′+d/2)+iqr‖−iωt

(ε+ 1)2eqd − (ε− 1)2e−qd
[
(ε+ 1)e−q(z−d/2) − (ε− 1)eq(z−d/2)

]

+ qez
4π(iqP/q − Pz)eq(z′+d/2)+iqr‖−iωt

(ε+ 1)2eqd − (ε− 1)2e−qd

×
[
(ε+ 1)e−q(z−d/2) + (ε− 1)eq(z−d/2)

]
, (III.7.62b)

B(r, t) =
ω

c

ez × q

q

4π(iqP/q − Pz)eq(z′+d/2)+iqr‖−iωt

(ε+ 1)2eqd − (ε− 1)2e−qd

×
[
(ε+ 1)e−q(z−d/2) + (ε− 1)eq(z−d/2)

]
, (III.7.62c)
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where ez is the unit vector along the z axis. Thus, if for each given q we rotate
the basis (x, y, z) → (L, T, Z) with unit vectors eL = q/q, eT = ez × q/q, eZ = ez,
the field Green’s function DRαj has a direct product structure with only 4 non-zero
components out of 18:

DR(−d/2 < z < d/2, z′ < −d/2,q, ω) =
4πeq(d/2+z′)

ν+(0) ν−(0)




iqν−(z)
0

qν−(z)
0

(ω/c)ν+(z)
0




(
−i 0 1

)
,

(III.7.63a)

ν±(z) ≡(ε+ 1)e−q(z−d/2) ± (ε− 1)eq(z−d/2).
(III.7.63b)

If the source polarization is placed at z′ > d/2, the fields are easily found from
the previous solution by symmetry: flipping the signs z → −z, z′ → −z′ im-
plies (Px, Py, Pz) → (Px, Py,−Pz), (Ex, Ey, Ez) → (Ex, Ey,−Ez), (Bx, By, Bz) →
(−Bx,−By, Bz):

DR(−d/2 < z < d/2, z′ > d/2,q, ω) =
4πeq(d/2−z

′)

ν+(0) ν−(0)




−iqν−(−z)
0

qν−(−z)
0

(ω/c)ν+(−z)
0




(
i 0 1

)
.

(III.7.63c)

For z = d/2 − 0+ we are mainly interested in, we have simply ν+(d/2) = 2ε,
ν−(d/2) = 2.
For a finite-size sample, the in-plane momentum q takes discrete values, spaced
by π/Lx, π/Ly. However, for Lx, Ly � d we can neglect this discretization and
replace discrete summation

∑
q → LxLy

∫
d2q/(2π)2. The matrixOαβ correspond-

ing to the Poynting vector has the same simple form in the original (x, y, z) basis
and in the rotated (L, T, Z) basis (since Ĵz is invariant under rotations around the
z axis):

O =
c

8π




0 0 0 0 1 0
0 0 0 −1 0 0
0 0 0 0 0 0
0 −1 0 0 0 0
1 0 0 0 0 0
0 0 0 0 0 0



. (III.7.64)

All matrix products, spatial convolutions and z integrations in Eqs. (III.7.59) with
replacements (III.7.60) can be straightforwardly performed now.
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For the average power, the result is

〈P̂1〉
LxLy

=

∫
d2q

(2π)2

∫ ∞

0

dω

2π

(
~ω

e~ω/T2 − 1
− ~ω
e~ω/T1 − 1

)
16(Im ε)2

|(ε+ 1)2eqd − (ε− 1)2e−qd|2 .
(III.7.65)

Using Eq. (III.7.16), we can rewrite the last line identically in terms of the surface
mode frequencies ω±(q) as

|S12(q, ω)|2 ≡ 16(Im ε)2

|(ε+ 1)2eqd − (ε− 1)2e−qd|2

=
(2γω)2[ω2

+(q)− ω2
−(q)]2

[(ω2
+(q)− ω2)2 + (2γω)2][(ω2

−(q)− ω2)2 + (2γω)2]
, (III.7.66)

which is identical to Eq. (III.6.11) for the effective circuit. In fact, |S12(q, ω)|2 ap-
pearing here is identical to |S12(ω)|2 in Eq. (III.6.11) for any frequency dependence
of ε(ω), if one makes a substitution

Z(ω)→ − 1

iωC∗

1

ε(ω)
, C± → C∗

eqd ∓ 1

eqd ± 1
, (III.7.67)

where C∗ is an arbitrary constant having the dimensionality of capacitance.
For the correlator of the power P̂1, we find [denoting ω′ ≡ ω + Ω, and the prime
at ν ′±(z) indicating that it contains ε(ω′)]

W11(Ω)

LxLy
=

∫ ∞

−∞

dω

16π

∫
d2q

(2π)2

2~ Im ε(ω′)

|ν ′+(0) ν ′−(0)|2
2~ Im ε(ω)

|ν+(0) ν−(0)|2 ×

×
[(

coth
~ω′

2T2

coth
~ω
2T2

− 1

) ∣∣ν∗−(d/2)ω′ν ′+(d/2)− ων∗+(d/2) ν ′−(d/2)
∣∣2 +

+

(
coth

~ω′

2T1

coth
~ω
2T2

− 1

) ∣∣ν∗−(d/2)ω′ν ′+(−d/2) + ων∗+(d/2) ν ′−(−d/2)
∣∣2 +

+

(
coth

~ω′

2T2

coth
~ω
2T1

− 1

) ∣∣ν∗−(−d/2)ω′ν ′+(d/2) + ων∗+(−d/2) ν ′−(d/2)
∣∣2 +

+

(
coth

~ω′

2T1

coth
~ω
2T1

− 1

) ∣∣ν∗−(−d/2)ω′ν ′+(−d/2)− ων∗+(−d/2) ν ′−(−d/2)
∣∣2
]
.

(III.7.68)

Again, at each q the integrand of this expression is identical to Eq. (III.6.9) if one
takes the scattering matrix (III.7.24) and makes the substitution (III.7.67). That is,
each in-plane momentum q, which takes discrete values for finite Lx, Ly, repre-
sents an independent scattering channel admitting an equivalent circuit represen-
tation. Since for q � 1/d the integrand is exponentially suppressed, the effective
number of channels contribution to the heat current and its fluctuations is of the
order of LxLy/d2. Thus, a single circuit can qualitatively represent heat transfer
between two pieces of dielectric whose size Lx, Ly ∼ d, where the number of
channels is of the order of 1.
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Classical Photon-Assisted Transport

A mesoscopic conductor in equilibrium exhibits no net current and solely ther-
mal fluctuations. Placing the conductor in an electromagnetic environment, or
driving it with a time-dependent voltage, modifies the current and its fluctua-
tions. In a broader context, photon-assisted transport can be understood as the
transfer of charged particles that exchange energy with the electromagnetic en-
vironment or the drive. The concept underlying photon-assisted transport was
originally introduced by Tien and Gordon [199], who investigated the effect of a
microwave radiation on electron tunneling between superconducting films. Ped-
ersen and Büttiker [91] later developed the description of photon-assisted trans-
port in normal-metal mesoscopic conductors by incorporating time-dependent
voltages into the Landauer-Büttiker scattering framework. Here, we follow the
arguments of Pedersen and Büttiker, while allowing for an arbitrary drive pro-
file. The influence of the drive can be understood either as a modification of
the occupation distribution in the terminals or, equivalently, as a modification
of the scattering matrix, resulting in inelastic tunneling. Inelastic scattering pro-
cesses can arise under periodic modulation of system parameters (e.g. the volt-
age, barrier height) and are captured by the Floquet scattering theory of quantum
pumps [200, 201]. Quantum noise induced by an AC drive has been investigated
in [200, 202–208], while nonsymmetrized quantum noise is related to light emis-
sion [41, 42, 209]. Beyond the noise, the full counting statistics of charge transfer
was studied by Vanević et al. [43, 44], who analyzed various voltage drive pro-
files including square, cosine, triangular, sawtooth, and Lorentzian shapes. The
full counting statistics (FCS) approach provides detailed insight into the elemen-
tary charge transfer processes in mesoscopic conductors. In particular, it reveals
that time-dependent drives disturbs the Fermi sea and generates single-electron
and electron-hole pairs, which subsequently scatter at the conductor [45]. The
field of electron quantum optics focuses on the creation, manipulation, and mea-
surement of these excitations in solid-state analogues of optical systems [45, 210–
215] .
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IV.1 Driven Landauer–Büttiker Scattering Approach

We begin by adopting the Landauer-Büttiker formalism and subsequently incor-
porate time-dependent drives into the framework [14, 15, 91]. A time-dependent
voltage Vα(t) modulates the chemical potential at terminal α. These voltages
are introduced into the Hamiltonian (I.3.1) via the scalar potential V (z, t), which
asymptotically approaches V1(t) in terminal 1 and V2(t) in terminal 2. As a result,
the single-particle Hamiltonian is modified to

Ĥ = − ~2

2m
∇2 − eV (z, t) + Ucon(x, y) + Uscat(rrr). (IV.1.1)

The dynamics of the system is governed by the time-dependent Schrödinger
equation

i~
dψ(rrr, t)

dt
= Ĥ(t)ψ(rrr, t). (IV.1.2)

To handle the time-dependent drive, we apply a gauge transformation, which
corresponds to moving to a driven frame. The transformed wavefunction is

ψ′(rrr, t) = Υ(z, t)ψ(rrr, t), (IV.1.3)

where the unitary transformation

Υ(z, t) ≡ exp (−iφ(z, t)) , (IV.1.4)

satisfies ∂tφ(z, t) = eV (z, t)/~. Throughout the thesis, we employ this transforma-
tion to account for the drive by absorbing its effect into the phase of the wavefunc-
tion or field operators (compare to the Green’s function (IV.3.13)). Furthermore,
the Hamiltonian transforms according to [216]

Ĥ ′ =Υ̂(z, t)Ĥ(t)Υ̂†(z, t) + i~
dΥ̂(z, t)

dt
Υ̂†(z, t) (IV.1.5)

which yields

Ĥ ′ =
~2

2m
(i∇+∇φ(z, t))2 + Ucon(x, y) + Uscat(rrr). (IV.1.6)

By assuming that the voltage drop between terminal 1 and 2 is distributed over a
long distance, the gradient∇φ(z, t) becomes negligible, and we recover the static
Hamiltonian (I.3.1). The adiabatic approximation holds when the spatial varia-
tion of the field is slow on the scale of the Fermi wavelength, preventing addi-
tional scattering [91]. Thus, transforming to the driven frame casts the problem
into the form of the standard Landauer-Büttiker scattering formalism. Overall,
the scattering states in the undriven frame are

ψα(rrr, t) = eiφα(t)

∫ ∞

−∞

dE√
2π~

e−iEt/~
∑

n

[
ψ′+αn(rrr, E)c′+αn(E) + ψ′−αn(rrr, E)c′−αn(E)

]
,

(IV.1.7)
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where ψ′ναn(rrr, E) are the wavefunctions defined in Eq. (I.3.3), and c′ναn(E) the mode
amplitudes in the driven frame. We assume that transport is dominated by states
near the Fermi energy EF , and thus approximate the scattering wavefunction as
ψ′αn(rrr, E) ≈ ψ′αn(rrr, EF ). In the second quantization formalism, the mode ampli-
tudes are promoted to annihilation operators, yielding the field operators

Ψ̂α(rrr, t) =
∑

ν=±

∑

n

ψ′αn(rrr, EF )ĉναn(t) (IV.1.8)

Ψ̂†α(rrr, t) =
∑

ν=±

∑

n

ψ′αn(rrr, EF )ĉν†αn(t), (IV.1.9)

where the operators in the undriven frame are related to those in the driven frame
by the transformation ĉναn(t) = eiφα(t)ĉ′ναn(t). Note that in the undriven frame,
the creation and annihilation operators also satisfy the anticommutation relations
{ĉναn(E), ĉν†βk(E

′)} = δαβδnkδ(E−E ′) and {ĉναn(E), ĉνβk(E
′)} = 0. The transformation

leaves the current operator invariant, so that Îα(t) = Î ′α(t). As a result, the current
operator takes the same form as in the static Landauer-Büttiker formalism (I.3.12),
and is given by

Îα(t) =e
∑

ν=±

∑

n

νĉν†αn(t)ĉναn(t) = e
∑

n

∑

ν=±

νĉ′ν†αn(t)ĉ′ναn(t)

=e
∑

βγ
mk

∫∫ ∞

−∞

dEdE ′

2π~
ei(E−E

′)t/~Aαβγmk(E,E
′)ĉ′†βm(E)ĉ′γk(E

′). (IV.1.10)

Here, ĉ′βm(E) ≡ ĉ′+βm(E) denotes the annihilation operator for incoming scattering
states in the driven frame, and Aαβγmk(E,E

′) is the Landauer-Büttiker A-matrix
(I.3.13). Therefore, the average current and noise spectrum retain the same form
as Eqs. (I.3.15) and (I.3.18), but with the correlations 〈c′†βm(E)c′γk(E

′)〉 evaluated
in the driven frame. To compute the physical observables, we need to transform
back to the undriven frame. The particle correlators in the undriven frame, such
as 〈ĉ†βm(E)ĉγk(E

′)〉, are assumed to obey standard thermal averages consistent
with the equilibrium statistics of the reservoirs. Consequently, the correlators
in the driven frame acquire a time-dependent modulation and no longer obey
equilibrium statistics, so that the reservoir in the driven frame must be treated as a
nonequilibrium reservoir. To describe the nonequilibrium reservoir, we introduce
the Wigner function [217], defined as

Wα(t, E) ≡
∫ ∞

−∞
d∆te−iE∆t/~〈ĉ′†αn(t+ ∆t/2)ĉ′αn(t−∆t/2)〉

=

∫ ∞

−∞
d∆te−iE∆t/~eiφα(t+∆t/2)e−iφα(t−∆t/2)〈ĉ†αn(t+ ∆t/2)ĉαn(t−∆t/2)〉

=

∫ ∞

−∞

d∆t

2π~

∫ ∞

−∞
dε′e−iε

′∆t/~eiφα(t+∆t/2)e−iφα(t−∆t/2)fα(E − ε′), (IV.1.11)

where the Wigner function is expressed in terms of the center time t ≡ (t + t′)/2
and the center energy E ≡ (E+E ′)/2, with time difference ∆t ≡ t− t′ and energy
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difference ε ≡ E−E ′. The Wigner function characterizes the time-dependent qua-
sidistribution of electronic occupations under the drive [217]. It is a quasidistribu-
tion because it can take on negative values or exceed one, corresponding to an ap-
parent under- or over-occupation of fermionic states. In the absence of the drive,
the Wigner function reproduces the standard Fermi-Dirac distribution. When a
constant voltage is applied, it reflects the expected energy shift in the distribution.
The Wigner function can be reconstructed experimentally from shot noise mea-
surements, as demonstrated for levitons by [218]. Levitons are minimal-noise
states, consisting solely of single-electron excitations above the Fermi sea, cre-
ated by Lorentzian voltage pulses [212, 219]. Vanević et al. [45] investigated
the many-body state generated by a mesoscopic conductor subject to a periodic
arbitrary time-dependent drive. Using a full counting statistics approach, in par-
ticular the cumulant generating function (IV.4.1), the authors identified the in-
dependent single-electron and electron–hole excitations. The many-body state
corresponds to the Fermi sea dressed by the quasiparticle excitations induced by
the drive. Injecting time-delayed excitations from both terminals into the quan-
tum contact causes interference of the fermionic wave functions, whose overlap
can be determined via shot noise measurements. The experimentally obtained
overlap between a single-electron wave packet generated by a constant voltage
and electron–hole pairs generated by a harmonic drive was in quantitative agree-
ment with the theoretical predictions.
Overall, the nonequilibrium correlations within the electron reservoir reduce to

〈ĉ′†βm(E)ĉ′γk(E
′)〉 =

1

2
δβγδmk

∫ ∞

−∞

dt

2π~
e−i(E−E

′)t/~Wβ(t, (E + E ′)/2). (IV.1.12)

Diagonal elements E = E ′ correspond to electron populations, proportional to
the number of electrons per unit energy, whereas off-diagonal elements E 6= E ′

encode the coherence [214]. Therefore, averaging the Wigner function over the
center time yields the effective occupation function. For notational convenience,
we define the Wigner transform of the A-matrix with respect to the energy differ-
ence as

Aαβγmk(t, E) ≡
∫ ∞

−∞

dε

2π~
eiεt/~Aαβγmk(E + ε/2, E − ε/2). (IV.1.13)

The average current is then given by

〈Îα(t)〉 =
e

2π~
∑

βm

∫ ∞

−∞
dE

∫ ∞

−∞
dtAαββmm(t− t, E)Wβ(t, E), (IV.1.14)
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Figure IV.1: Wigner functions (IV.1.19) for periodic single-cycle (σω = 1) Gaussian voltage
pulses (IV.1.23b), repeated with period τ/(

√
2σ) = 10, and amplitude eV0/(~ω) = 5. Left:

carrier–envelope phase ϕ = 0, Right: ϕ = π/2. Insets: corresponding temporal pulse
shapes. The electron reservoir is assumed to be at zero temperature.

involving a time integral over the center time, and the center energy E. Further-
more, the instantaneous noise spectrum is expressed as

Sαβ(t, ω) ≡1

2

∫ ∞

−∞
d∆teiω∆t〈{Îα(t+ ∆t/2), Îβ(t−∆t/2)}〉

=
e2

8π2~2

∑

γδ
mk

∫ ∞

−∞
dE

∫∫ ∞

−∞
dt1dt2K

αβ
γδmk(t− t1, t− t2, E,E + ~ω)

×
[
Wβ(t1, E)[1−Wδ(t2, E + ~ω)] + [1−Wβ(t1, E)]Wδ(t2, E + ~ω)

]

(IV.1.15)

where the kernel function

Kαβ
γδmk(t1, t2, E1, E2) ≡

∫∫ ∞

−∞

dε1dε2
(2π~)2

eiε1t1/~+iε2t2/~Aαγδmk(E1 + ε1/2, E2 − ε2/2)

× Aβδγkm(E2 + ε2/2, E1 − ε1/2) (IV.1.16)

characterizes the scattering processes. Without drive, we rediscover the noise
spectrum in Eq. (I.3.18). In the general case of energy-dependent scattering, the
kernel (IV.1.16) cannot be expressed in terms of independently-Wigner-transfor-
med A-matrices (IV.1.13), but rather mixes them.

Periodic drives.— In the special case of periodic drives with angular frequencies
Ωα, we can write the phase factors in terms of the Fourier series

eiφα(t) =
∞∑

l=−∞

aαle
ilΩαt, aαl =

1

τα

∫ τα

0

eilΩαt+iφα(t)dt, (IV.1.17)
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Figure IV.2: Wigner functions (IV.1.19) for periodic single-cycle (N = 1) voltage
pulses (IV.1.23c) with a box-shaped envelope. The box width relative to the repetition
period is τω/τ = 1/2, and amplitude eV0/(~ω) = 5. Left: carrier–envelope phase ϕ = 0,
Right: ϕ = π/2. Insets: temporal pulse shapes. Temperature is set to zero.

with the period τα = 2π/Ωα. The Fourier coefficients satisfy the conditions

∞∑

l=−∞

aαn+la
∗
αm+l = δnm, (IV.1.18)

which allows pαl = |aαl|2 to be interpreted as a probability distribution over l.
Overall, the Wigner function reduces to

Wα(t, E) =
∞∑

l,l′=−∞

aαla
∗
αl′e

i(l−l′)Ωαtfα

(
E − [l + l′]

~Ωα

2

)
, (IV.1.19)

which leads to the average current

〈Îα(t)〉 =
e

2π~
∑

βm

∞∑

l,l′=−∞

aαla
∗
αle

i(l−l′)Ωβt
∫ ∞

−∞
dEfβ

(
E − [l + l′]

~Ωβ

2

)

× Aαββmm
(
E + [l − l′]~Ωβ

2
, E − [l − l′]~Ωβ

2

)
. (IV.1.20)

The noise spectrum has a complicated form, which is omitted here for brevity,
but can be obtained by inserting the Wigner function into Eq. (IV.1.15). Under
harmonic driving, both the average current and noise spectrum are consistent
with the expressions reported by Pedersen [91]. The time-averaged current is
determined by the time-averaged Wigner function

Wα(E) ≡ lim
T→∞

1

T

∫ T/2

−T/2
Wα(t, E)dt =

∞∑

l=−∞

pαlfα(E − l~Ωα) ≡ fα(E), (IV.1.21)
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and can be interpreted as an effective occupation fα that captures the time-av-
eraged influence of the drive. The effective occupation distribution is a valid
distribution respecting the Pauli principle and is larger than zero. For terminal 1,
the average current is given by

I1 =
e

2π~
∑

n

∫ ∞

−∞
dETn(E)[f 1(E)− f 2(E)]

=
∞∑

l=−∞

plI0(V + l~Ω1/e), (IV.1.22)

where I0(V ) denotes the static current–voltage characteristic, and we assumed in
the second line that a time-dependent drive is applied only to terminal 1. In a con-
ductor with energy-independent transmission Tn(E) = Tn, the current-voltage
characteristic is linear. Therefore, If the average voltage V 1 over one cycle of the
drive vanishes and no external static voltage V is applied, the average current
vanishes, since on average no energy quanta are exchanged, i.e.

∑
l lpl = 0 [43]

(see Eq. (IV.1.18)). For energy-dependent scattering, a nonzero average current
can arise even when both V and V 1 vanish. This effect was exploited in the ex-
periments in the Leitenstorfer group [220–222] to demonstrate carrier-envelope
phase control of the average transport, as we will discuss in Sec. IV.4. For illus-
tration, we consider the Wigner functions resulting from voltage pulses with an
oscillating carrier modulated by an envelope function (see Sec. IV.4). The pulses
occur periodically, with repetition frequency Ω = 2π/τ . In particular, the voltage
pulse during one period is given by

V (t) = E(t)V0 cos(ωt+ ϕ)− Voff, (IV.1.23a)

with the envelope E(t), the ac amplitude V0, the carrier frequency ω, the carrier-
envelope phase ϕ, the offset Voff which ensures vanishing average voltage. The
Wigner function W (t, E) for a Gaussian envelope

E(t) =
1√
2π

exp

(
− t2

2σ2

)
(IV.1.23b)

is shown in Fig. IV.1, while the corresponding result for a box-shaped envelope,

E(t) = Θ(t+Nτω/2)(1−Θ(t−Nτω/2)) (IV.1.23c)

is depicted in Fig. IV.2. The Wigner functions clearly reflect the temporal pulse
shape. Figure IV.3 shows the effective occupation distribution f(E) obtained by
time-averaging over the full pulse. Further details and illustrative examples of
the Wigner function can be found in [217].

Non-periodic drives.— A non-periodic drive complicates the notion of drive-induc-
ed quasiparticle excitations: the driven single-electron operator

ĉ′αn(E) = ĉαn(E) +

∫ ∞

−∞

dE ′√
2π~
F [(e−iφα(t) − 1)](E ′)ĉαn(E − E ′) (IV.1.24)
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Figure IV.3: Effective occupation (IV.1.21). Left: single-cycle (σω = 1) Gaussian-shaped
pulse with amplitude eV0/(~ω) = 5, period τ/(

√
2σ) = 10, and carrier-envelope phase

φ = 0, π/2. Right: single-cycle (N = 1) box-shaped pulse with amplitude eV0/(~ω) = 5,
width τω/τ = 1/2, and carrier-envelope phase ϕ = 0, π/2. Insets show the corresponding
pulse shapes. Zero temperature assumed.

is not straight forward to evaluate when the phases φα(−∞), φα(∞) are not an
integer multiple of 2π. In that case, the Fourier transform F [eiφα(t) − 1] does not
exist as an ordinary function, but may still be defined in the distributional sense.
Levitov et al. [219, 223, 224] demonstrated that in this situation the charge fluc-
tuations exhibit a logarithmic divergence, indicating the occurrence of a dynam-
ical orthogonality catastrophe. For a constant voltage bias, the phase factor is
φα(t) = eVαt/~, yielding F [e−iφα(t)](E) =

√
2π~δ(E − eV ) and shifting the occu-

pation 〈ĉ′αn(E)ĉ′βm(E ′)〉 = f(E − eV ) by the applied voltage bias. Similarly, for a
periodic drive Vα(t), we obtain F [e−iφα(t)](E) =

√
2π~

∑∞
l=−∞ aαlδ(E − l~Ωα). The

drive generates a wavepacket of the form ĉ′αn(E) =
∑∞

l=−∞ aαlĉαn(E − l~Ωα) cen-
tered around E, which corresponds to the particles energy in the driven frame.
Thus, the drive gives rise to sidebands at energiesE+l~Ωα, representing electrons
that have absorbed (l > 0) or emitted (l < 0) |l| energy quanta ~Ωα. For example,
a harmonic drive yields aαl = Jl(eVα/(~Ωα)), with Vα denoting the drive ampli-
tude and Jl(·) the Bessel function of the first kind of order l.
Nevertheless, the Wigner function can also be calculated in the non-periodic case
using the Fourier transformation of the Fermi-Dirac distribution. The thermal
correlator in the Wigner function (IV.1.11) is given by

〈ĉ†αn(t+ ∆t/2)ĉαn(t−∆t/2)〉 =

∫ ∞

−∞

dE

2π~
e−iE∆t/~f(E)

=
1

2πi

(
πiδ(∆t) +

1

∆t

π∆tkBT/~
sinh(π∆tkBT/~)

)
, (IV.1.25)
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where T is the temperature. Therefore, the Wigner function reduces to

Wα(t, E) = f(E) +

∫ ∞

−∞

d∆t

2
e−iE∆t/~

[
eiφα(t+∆t/2)−iφα(t−∆t/2) − 1

] kBT/~
sinh(π∆tkBT/~)

,

(IV.1.26)

which can be evaluated numerically. We consider the same pulses as before, but
focus on a single pulse rather than a train of pulses. The Gaussian envelope leads
to a phase

φ(t) = φeff Re

(
eiϕ erf

(
t√
2σ
− i ωσ√

2

)
+ 1

)
, φeff =

eV0σ

2~
e−ω

2σ2/2, (IV.1.27)

where erf(·) is the error function and we discarded the offset voltage Voff ≡ 0,
while the box envelope yields

φ(t) = φeff (sin(ωt+ ϕ)− sin(ϕ− πN)) , φeff = eV0/(~ω). (IV.1.28)

Figures IV.4 and IV.5 display the Wigner function for the Gaussian and Box en-
velopes, respectively, with the shape of the drive being imprinted in the Wigner
function. The Wigner functions clearly resemble those of periodic pulses in Figs.
IV.1 and IV.5. Figure IV.6 illustrates the effective occupation f(E) obtained from∫∞
−∞W (t, E)dt for both a single-cycle Gaussian pulse and a box pulse. The small

overshoot near zero energy arises from the finite resolution and averaging time
used in the numerical calculation.

IV.2 Full Counting Statistics: Beyond Average and Noise

Charge transport through nanostructures is inherently non-deterministic, exhibit-
ing fluctuations that stem from thermal and quantum mechanical origins, as well
as imperfections in the measurement process. Besides limiting the precision of de-
tection, out-of-equilibrium fluctuations carry information about the system that
is not captured by the average alone [34, 40]. Complete information about the in-
trinsic charge transport is contained in the full counting statistics (FCS), which de-
scribes the entire probability distribution of transferred charge. [225]. The concept
of full counting statistics was adopted from quantum optics, where its counter-
part, the photon counting statistics, has played a key role in characterizing quan-
tum states of light [226]. A major difference is that photons are typically absorbed
during detection, whereas charges are counted non-destructively, which leads
to a different operator ordering scheme [219]. At a fundamental level, charge
transport is inherently discrete, since it involves the transfer of particles carry-
ing quantized charge. For example, shot noise [15] originates from the discrete
nature of charge and results from the stochastic transport of particles through
the nanostructure. While most experiments have focused on the average current
and noise, measurements of higher-order cumulants [227] and direct counting
of single-electron transfers have also been realized [228–230]. From a theoretical
perspective, FCS is particularly intriguing because it provides insights into the
elementary processes underlying charge transport [43, 44, 219, 231–236] .
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Figure IV.4: Wigner functions (IV.1.26) for one single-cycle (σω = 1) Gaussian voltage
pulse (IV.1.23b) (with Voff ≡ 0), φeff = 2π. Left: carrier–envelope phase ϕ = 0, Right:
ϕ = π/2. Insets: corresponding temporal pulse shapes. The electron reservoir is assumed
to be at zero temperature.
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Figure IV.5: Wigner functions (IV.1.26) for one single-cycle (N = 1) voltage
pulses (IV.1.23c) with a box-shaped envelope. The box envelope exactly span one pe-
riod of the oscillating carrier, and amplitude eV0/(~ω) = 5. Left: carrier–envelope phase
ϕ = 0, Right: ϕ = π/2. Insets: temporal pulse shapes. Temperature is set to zero.
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Figure IV.6: Effective occupation of a single pulse. Left: single-cycle (σω = 1) Gaussian-
shaped pulse with amplitude eV0/(~ω) = 5, and carrier-envelope phase ϕ = 0, π/2.
Right: single-cycle (N = 1) box-shaped pulse with amplitude eV0/(~ω) = 5, and carrier-
envelope phase ϕ = 0, π/2. Insets show the corresponding pulse shapes. Zero tempera-
ture assumed.

Charge distribution.— At the heart of FCS lies the charge transfer distribution
P(N), which describes the probability that N charges are transferred over a fi-
nite measurement time. Once the charge probability distribution is known, the
k-th moment can be obtained from

Mk = Nk ≡
∑

N

NkP(N). (IV.2.1)

While moments capture the overall shape of a probability distribution, cumulants
refine this description by removing redundant correlations and highlighting sta-
tistically independent contributions. The first four cumulants are given by

C1 =N ≡
∑

N

P(N)N (IV.2.2a)

C2 =(N −N)2 =
∑

N

P(N)(N −N)2 (IV.2.2b)

C3 =(N −N)3 =
∑

N

P(N)(N −N)3 (IV.2.2c)

C4 =(N −N)4 − 3(N −N)2
2

=
∑

N

P(N)(N −N)4 − 3

(∑

N

P(N)(N −N)2

)2

. (IV.2.2d)

The first cumulant corresponds to the mean, whereas the second cumulant repre-
sents the variance and characterizes the width of the distribution. The asymmetry
of the probability distribution is captured by the third cumulant and quantified
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by the skewness, defined as C3/C3/2
2 . A positive skewness indicates a long tail of

the distribution extending toward large values, whereas a negative skewness im-
plies the tail is toward smaller values. Zero skewness corresponds to a symmet-
ric distribution. The fourth cumulant signals the peakedness of the distribution,
quantified by the kurtosis excess C4/C2

2 . Positive kurtosis excess indicates a distri-
bution with a pronounced central peak and heavier tails compared to a Gaussian
distribution. For a Gaussian distribution, the kurtosis excess is zero [237].

Cumulant generating function.— All cumulants can be derived from the cumulant-
generating function (CGF) S(χ) via

Ck = (−i)k ∂
kS(χ)

∂χk

∣∣∣∣
χ=0

, (IV.2.3)

where χ is the counting field. The CGF is related to the FCS by

S(χ) = ln

(∑

N

P(N) exp(iNχ)

)
. (IV.2.4)

The CGF provides an alternative representation of the charge transfer statistics
that contains the identical information and is more tractable for theoretical treat-
ment. Typically, the CGF or partition function is first computed, and the FCS is
then obtained via an inverse Fourier transform (see Eq. (IV.2.4)). The probability
of transferring N charges corresponds to the coefficient in front of eiNχ, and can
be directly extracted from the CGF in Eq. (IV.2.4). This reveals the elementary
charge transfer processes and establishes a connection to particle transport. Inde-
pendent processes contribute additively to the total CGF, appearing as a sum of
individual CGFs. This indicates that the FCS can be represented as a convolution
of the probability distributions associated with independent events. Therefore,
deviations from additivity in the CGF signal the presence of correlations between
processes.

Examples.— We begin by presenting the CGF and FCS of illustrative examples,
and subsequently discuss the microscopic calculation in the following section IV.3.
A simple mesoscopic system involves an electron reservoir sending uncorrelated
electrons to a scattering region, where each electron is transmitted with probabil-
ity T to the other reservoir or reflected byR = 1−T . The probability of transfer-
ring N elementary charges to the other reservoir is found to be binomial [6, 219,
225]

P(N) =

(
M
N

)
T NRM−N , (IV.2.5)

for N = 0, . . . ,M and P(N) = 0 otherwise. M corresponds to the number of
elementary charges send from the reservoir within the measurement time t0. The
binomial coefficient corresponds to the number of distinct ways to transmit N
and reflect M − N elementary charges out of M attempts. Figure IV.7 shows the
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Figure IV.7: Charge transfer distribution. Left: Binomial distribution of a single-channel
mesoscopic conductor for varying transmissions, with M = 10 attempts. Right: Hyper-
geometric distribution [237] arising under time-dependent voltage driving, evaluated for
two different charge-transfer probabilities pT R, with M = 10.

binomial distribution for various transmissions. The CGF is obtained by

S(χ) = ln

[∑

N

(
M
N

)
T NRM−NeiNχ

]
= ln

[
(R+ T eiχ)M

]
= M ln[1 + T (eiχ − 1)],

(IV.2.6)

where we used the binomial formula. This CGF arises for a single-channel nor-
mal-metal mesoscopic conductor at zero temperature, with the number of trans-
mission attempts M = et0V/(π~) is set by the applied voltage V [232]. In the
multichannel case, each channel n contributes independently, and the total CGF is
the sum of the single-channel CGFs, each with its distinct transmission probabil-
ity Tn. At finite temperature, transport in the reverse direction becomes possible.
The CGF takes the form

S(χ) =
t0

2π~
∑

n

∫
dE ln[1 + p1n(eiχ − 1) + p−1n(e−iχ − 1)], (IV.2.7)

where each electron, with energy E and channel n, contributes independently
to the charge transfer. The factor p1n = Tnf1(E)[1 − f2(E)] represents the prob-
ability of transferring an electron from terminal 1 to terminal 2, with the Fermi
distribution fj(E) = [1 + exp((E − µj)/(kBTj))]

−1 of terminal j, determined by
the temperature Tj , and the chemical potential µj . Charge is transferred from ter-
minal 1 to 2 when the state in terminal 1 is occupied (described by f1(E)) and
an unoccupied state is available in terminal 2 (described by 1 − f2(E)), with the
electron being transmitted with probability Tn (illustrated in Fig. IV.8). The trans-
port in the reverse direction is described by p−1n = Tn[1 − f1(E)]f2(E). Equation
(IV.2.7) directly indicates that transport in both directions are correlated.
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Figure IV.8: Electron transfer probability in a voltage-biased mesoscopic conductor at zero
temperature. Transfer occurs when one terminal is occupied and the other is empty.

A tunnel junction possess the CGF

S(χ) = N12(eiχ − 1) +N21(e−iχ − 1), (IV.2.8)

which is derived from Eq. (IV.2.7) by expanding to first order in the transmission
probabilities Tn � 1, with the average number of transferred charge

N12 =
t0GT

e2

∫
dE[1− f1(E)]f2(E) (IV.2.9a)

N21 =
t0GT

e2

∫
dEf1(E)[1− f2(E)], (IV.2.9b)

and the tunnel conductance GT = e2
∑

n Tn/(π~). All odd cumulants C2k+1 =
N12 −N21 and even cumulants C2k = N12 + N21 are identical and are determined
by the transferred charge from one side to the other. Transport form one side to
the other is uncorrelated and follows a Poisson distribution

Pjk(N) =
NN
jk

N !
e−Njk , j, k = 1, 2, j 6= k. (IV.2.10)

The total FCS results from the convolution of two Poisson distributions and takes
the form of a generalized Poisson distribution [238]. Therefore, charge transfer
in a tunnel junction corresponds to the successive transport of uncorrelated elec-
trons [6].
Multiparticle transfer involves the transfer of several particles in each attempt.
During a transfer event, there is a probability pk of transferring a group of k-
particles, where

∑∞
k=−∞ pk = 1. Given M total attempts, the CGF is given by

S(χ) = M ln

(
∞∑

k=−∞

pke
ikχ

)
. (IV.2.11)
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Multiparticle transfer occurs, for example, in a mesoscopic conductor at finite
temperature subjected to a time-dependent voltage drive [44]. For simplicity, we
consider a normal-metal conductor at zero temperature with a single channel
and transmission probability T . The drive creates electron-hole pairs in the ter-
minal, which are emitted towards the scatterer. The electron-hole pair contributes
to charge transport when the electron is transmitted with probability T and the
hole is reflected with probabilityR = 1−T , or vice versa. In total one elementary
charge is transferred with probability p1 = T Rp, with p the probability to create
an electron-hole pair by the drive. The inverse process, in which the hole is trans-
ferred, possesses the identical the probability p−1 = p1. No charge is transferred
with probability p0 = 1 − p1 − p−1, following from the normalization condition.
Overall, the CGF reduces to

S(χ) = M ln
[
1 + pT R(eiχ + e−iχ − 2)

]
. (IV.2.12)

Electrons and holes are transmitted with equal probability, causing all odd cu-
mulants to cancel out, resulting in no net charge transport. Fluctuations are still
present, resulting in the cumulants

C2 =2MpT R (IV.2.13a)
C4 =2MpT R(1− 6pT R). (IV.2.13b)

An ideal creation of electron-hole pairs, p = 1, yields independent contributions
from electrons and holes, thereby splitting the CGF into independent unidirec-
tional components with CGFs given by S±(χ) = ln[1 + T (e±iχ − 1)]. The corre-
sponding FCS can be formulated in terms of a hypergeometric function, and is
symmetric around N = 0, with a sharper peak for 0 < pT R < 1/6 and a flat-
ter peak for 1/6 < pT R < 1/4, as indicated by the kurtosis excess [237]. The
charge transfer distribution of a single-channel mesosocopic conductor under
time-dependent drive is depicted in Fig. IV.7.

IV.3 Keldysh-Action Approach

Over the years, multiple approaches have been developed to calculate the full
counting statistics. Nagaev et al. [239, 240] introduced a semiclassical cascade
approach, based on the Boltzmann-Langevin equations, to calculate higher-order
current correlators, and a stochastic path integral approach was developed in [241,
242]. Levitov et al. [243] proposed the first theory of full counting statistics. There,
the authors approached the problem by computing current moments 〈[

∫ t
0
dt′Î(t′)]k-

〉, which led to an unphysical result: a fractional electron charge for the particles
involved in the transport. The difficulty arises from the non-commutativity of
the current operator at different times, which renders the transmitted charge op-
erator Q̂(t) =

∫ t
0
dt′Î(t′) ill-defined. Therefore, time ordering is essential when

computing higher-order correlators. To resolve this issue, Levitov et al. [219] in-
troduced a quantum detector, a spin-1/2 particle that precesses in the magnetic
field induced by the current, serving as a quantum galvanometer. The FCS and
the associated CGF are independent of the galvanometer, which merely provides
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a convenient and rigorous quantum-mechanical definition of counting that re-
solves the operator-ordering ambiguities. Superconducting constrictions raise an
additional subtlety, as the full counting statistics can become negative under cer-
tain conditions [231], thereby undermining their interpretation as a probability
distribution. Here, the measuring device plays a decisive role in the interpreta-
tion. Kindermann et al. [233] proposed a static detector to study the FCS of a
general quantum mechanical variable. They demonstrated that the FCS captures
the transformation of the detectors density matrix due to the measurement. The
detector’s quantum state cannot be interpreted as a probability distribution, since
its Wigner function can take on negative values. Consequently, the FCS does not
need to be strictly positive either. In the following, we analyze the cumulant-
generating functional using the Keldysh Green’s function formalism [232, 233,
244, 245].

Partition functional.— The central object of interest is the moment generating func-
tional

Z[χ] =

〈
T̃

[
exp

(
i

e

∫ ∞

ts

dtχ−(t)ÎH(t)

)]
T

[
exp

(
− i
e

∫ ∞

ts

dtχ+(t)ÎH(t)

)]〉
,

(IV.3.1)

where ÎH(t) is the current operator in the Heisenberg picture, evolving according
to the Hamiltonian Ĥ(t). The time ordering and anti-time ordering operator are
denoted as T and T̃ , respectively. We introduced the counting fields χ±(t),where
χ+(t) is defined on the forward Keldysh contour and χ−(t) on the backward con-
tour. The Keldysh contour runs from the initial time ts to infinity and back to ts.
The corresponding cumulant-generating functional is obtained by

S[χ] ≡ lnZ[χ]. (IV.3.2)

Functional derivation of the moment-generating functional and cumulant-gen-
erating functional creates the time ordered current correlators

〈T̃ [Πj
k=1ÎH(tk)]T [Πn

l=j+1ÎH(tl)]〉 =
(−1)j(ie)nδnZ[χ]

δχ−(t1) . . . δχ−(tj)δχ+(tj+1) . . . δχ+(tn)

∣∣∣∣
χ=0

(IV.3.3a)

〈〈T̃ [Πj
k=1ÎH(tk)]T [Πn

l=j+1ÎH(tl)]〉〉 =
(−1)j(ie)nδnS[χ]

δχ−(t1) . . . δχ−(tj)δχ+(tj+1) . . . δχ+(tn)

∣∣∣∣
χ=0

,

(IV.3.3b)

where Πn
k=1ÎH(tj) denotes the product ÎH(t1) · . . . · ÎH(tn), and 〈〈·〉〉 is the cumulant

averaging. Accordingly, all correlation functions and the full counting statistics
can be derived from the moment-generating functional.
The moment-generating functional is connected to non-equilibrium field theory,
where it corresponds to the Keldysh partition functional. This connection be-
comes clear by introducing the auxiliary Hamiltonians

Ĥ±aux = Ĥ + (~/e)χ±(t)Î , (IV.3.4)

108



Chapter IV: Classical Photon-Assisted Transport

which differ on the forward and backward branches of the Keldysh contour due
to the contour-dependent counting fields. The interaction picture relates the time
evolution operators by

Û±Haux
(t, ts) = ÛH(t, ts)Û

±
int(t, ts), (IV.3.5)

with Û±Haux
(t, ts) the time evolution operator of the extended system, ÛH(t, ts) the

time evolution operator of the physical subsystem Ĥ , and

Û±int(t, ts) = T exp

(
− i
e

∫ t

ts

dt′χ±(t′)ÎH(t′)

)
. (IV.3.6)

Thus, the Heisenberg-picture formulation in (IV.3.1) can be recast in terms of a
Schrödinger picture with an extended Hamiltonian Ĥaux. The moment-generating
function is given by the Keldysh partition functional [63]

Z[χ] =

〈
T̃

[
exp

(
i

~

∫ ∞

ts

dtĤ−aux(t)

)]
T

[
exp

(
− i
~

∫ ∞

ts

dtĤ+
aux(t)

)]〉
. (IV.3.7)

If the counting fields are equal on both contours, then partition function reduces
to Z[χ+ = χ−] = 1. Especially, the partition functional is normalized at χ±(t) = 0.
A comprehensive treatment of the Keldysh path integral formalism is provided
in [63].

Counting fields.— It is instructive to consider the interaction Hamiltonians Ĥ±int(t)-
= (~/e)χ±(t)Î in greater detail. The counting fields χ±(t) are dimensionless,
whereas (~/e)χ±(t) has the dimension of a magnetic flux. Hence, the Hamilto-
nians effectively mediate an interaction between the system’s current and a ficti-
tious magnetic flux introduced via the counting fields. A classical time-dependent
drive V (t) induces an magnetic flux Φ(t) =

∫ t
ts
dt′V (t′), which corresponds to a

phase φ(t) = eΦ(t)/~. To account for a physically imposed phase φ(t), the count-
ing fields are shifted as χ±(t) → χ±(t) + φ(t). Therefore, the current correlators
in the presence of a classical drive can be obtained from (IV.3.3) by evaluating the
functional derivative at χ±(t) = φ(t) instead of zero. Furthermore, a quantum
mechanical environment imposing a phase φ̂ on the system is modelled by

Ĥ±hybrid = Ĥ±aux + Ĥenv + Ĥ int
env, (IV.3.8)

with Ĥenv the Hamiltonian of the electromagnetic environment, and the interac-
tion Hamiltonian Ĥ int

env = (~/e)φ̂Î . The partition functional now incorporates an
average over both the electromagnetic environment and the system. If the ini-
tial state is separable, the expectation value factorizes as 〈·〉 = 〈〈·〉env〉sys. The
electromagnetic environment is typically modelled as a collection of harmonic
oscillators with a quadratic Hamiltonian [233]. The phase operator is linear in
the bosonic creation and annihilation operators of the modes. Transitioning to
a path integral description introduces the fields φ±(t), which represent the phase
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operator on the forward and backward branches of the Keldysh contour [63]. The
partition functional of the coupled system is given by

Zhybrid[χ] =

∫
D[φ±]Zenv[φ]Zsys[χ+ φ], (IV.3.9)

with
∫
D[φ±] denotes the path integral measure over the forward and backward

phase fields, and Zenv[φ] the partition functional of the isolated electromagnetic
environment [63]. This highlights the intimate connection of the counting fields
both with the Keldysh quantum field of the electromagnetic environment and
with an externally applied classical drive.

Green-function formalism.— We examine the Keldysh action of a two-terminal co-
herent conductor, outlining the key aspects, while the details can be found in [232–
234, 244, 246]. Let us briefly recapitulate the basic modeling perspective of a
mesoscopic conductor outlined in Chap. I. A mesoscopic conductor is a nanoscale
constriction that allows particles to traverse it without undergoing inelastic pro-
cesses, such as electron-electron collisions or interactions with phonons. The
conductor acts as a one-dimensional fermionic waveguide, inside which a po-
tential hinders free propagation and induces elastic scattering. Due to confine-
ment within the waveguide, electron motion becomes quantized and is described
by transverse modes, or channels. Incoming and outgoing modes are related
through the scattering matrix, which encapsulates how they scatter off the po-
tential. Outside the ballistic region, electrons are exchanged with independent
particle reservoirs j = 1, 2. Each reservoir is characterized by a quasiclassical
Green’s function Ǧj(t, t

′), which is a matrix in Keldysh, Nambu and spin space.
The terminal Green’s functions are constant in space and isotropic in momentum
space as they are calculated in the diffusive approximation [247]. The key prop-
erty of the quasiclassical Green’s function, where most calculations rely on [244,
246], is the normalization condition

[ǦjǦj](t, t
′) =

∫
dt′′Ǧj(t, t

′′)Ǧj(t
′′, t′) = δ(t− t′)1̌, (IV.3.10)

where multiplication involves matrix multiplication and time integration. All re-
gions are assumed to be much shorter than the coherence length, allowing the
current to be evaluated within the ballistic region, as the matrix current is con-
served [245]. The current through the mesoscopic conductor is determined by
the Green’s function in the ballistic region, which in turn depends on the reser-
voir Green’s functions and the scattering matrix [245, 246]. The Green’s func-
tion framework can be extended to multiterminal devices [246] and to circuits
with multiple mesoscopic conductors [234, 245], separating the circuit into nodes
(isotropic particle reservoirs) and connectors (mesoscopic conductors) character-
ized by their transmission probabilities.

Incorporating Counting.— A central question that remains is how charge transfer
through the conductor is counted and how the counting field is incorporated. The
counting field can be transformed either to the scattering matrix or to the reser-
voir Green’s functions [231, 237, 246]. In the former case, the scattering potential
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Figure IV.9: Charge counting in terminal 1. The counting field couples to the current Î
across the cross section to generate its statistics.

is modified to incorporate the coupling (Eq. (IV.3.4)) between the counting field
and the current, where the counting field appears as a phase factor in the scatter-
ing matrix [246]. In the latter case, a cross section cutting through terminal 1 is
introduced, which counts the charge transferred between terminal 1 and 2. The
current density operator through this cross section is given by

ĵ(rrr) = [∇Λ(x)] lim
rrr→rrr′

ie

2m
(∇rrr −∇rrr′)σ̂3, (IV.3.11)

where σ̂3 acts in Nambu space and reflects the particle-hole structure relevant for
a superconducting terminal. Λ(rrr) is an auxiliary function that approaches one on
the side facing the scatterer and zero on the opposite side of the cross section,
with the transition occurring near the cross section over a length scale larger than
the Fermi wavelength but smaller than both the impurity mean free path and the
superconducting coherence length (see Fig. IV.9). The current density leads to the
current

Î =

∫

V
d3rrrĵ(rrr)Ψ̂ΨΨ

†
1(rrr′)Ψ̂ΨΨ1(rrr), (IV.3.12)

where Ψ̂ΨΨ1(rrr) is the spinor defined in Eq. (I.1.5) of the particles in terminal 1. Be-
cause ∇Λ(rrr) is sharply localized at the cross section, it effectively acts as a Dirac
delta distribution, reducing the volume integral in (IV.3.12) to a surface integral.
Consequently, the current operator yields the total current through the cross sec-
tion, and the Keldysh partition functional generates the statistics of this current.
The stationary Eilenberger equation or the non-stationary Eliashberg equation is
used to determine the reservoir Green’s function near the cross section [232, 237],
incorporating the counting field as

Ǧ1(t, t′;χ) =

(
e−iχ

+(t)σ̂3 0

0 e−iχ
−(t)σ̂3

)
Ǧ1(t, t′)

(
eiχ

+(t′)σ̂3 0

0 eiχ
−(t′)σ̂3

)
, (IV.3.13)

where Ǧ1(t, t′) is the equilibrium Green’s function in the absence of the counting
fields [232, 237]. Since the Green’s function (IV.3.13) satisfies the normalization
condition, the current through the mesoscopic conductor can be obtained using
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the identical procedure as in [245].
The same gauge-like condition can be obtained from a different perspective by
noting that χ̇±(t) correspond to externally applied fields. A time-dependent drive
modulates the chemical potential and thereby influences the electronic occupa-
tion in the terminal. The fields are introduced into the kinetic energy, explicitly
shown in the Hamiltonian

Ĥ±aux(χ) =
∑

σ=±

∫

V
drrr Ψ̂†1σ(rrr)

[
−~2∇2

2m
− µ− ~χ̇±(t)

]
Ψ̂1σ(rrr) + Ĥcoup+int, (IV.3.14)

where the first term describes the kinetic energy of the electrons in terminal 1

and Ĥcoup+int contains the coupling with terminal 2 through the conductor plus
interactions between the electrons in terminal 1. The effect of the external field is
incorporated into the phase of the field operators through the gauge-like transfor-
mation (IV.1.4), where the counting fields χ±(t) correspond to the time-dependent
phases acquired by electrons propagating along the forward (+) and backward
(−) contour. In the transformed frame, the Hamiltonian becomes time-indepen-
dent, enabling the use of established methods to compute the current [245] or
the action [219, 246] of the mesoscopic conductor. Expressing the transformed
Green’s function in terms of the counting fields and the equilibrium Green’s func-
tion recovers the transformation given in Eq. (IV.3.13). In this context, the cumu-
lant generating functional (IV.3.7) encodes the statistics of occupation changes in
terminal 1, as described by the time derivative of the number operator

∂tN̂1(t) =
∑

σ=±

∫

V
drrr ∂t

(
Ψ̂†σ(rrr, t)Ψ̂σ(rrr, t)

)
. (IV.3.15)

Using the gauge-like transformation in Eq. (IV.3.13), the counting field can equiv-
alently be understood as coupling to either the current across a cross section of
the terminal or to the temporal change of its fermionic occupation.

Conductor action.— The action is determined from variation of the partition func-
tional (IV.3.7), and related to the Green’s function in the ballistic region. After
tracing out the channel structure, Nazarov and collaborators [244, 246, 248] ob-
tain the effective action

S[χ] =
1

4

∑

n

Tr ln

[
1 +
Tn
4

(
{Ǧ1(χ)⊗, Ǧ2} − 2

)]
, (IV.3.16)

with the transmission values Tn, and the trace running over Keldysh, Nambu,
spin, and time space. The anti-commutator {·⊗, ·} involves integration over the
time arguments of the adjacent Green’s functions. Compared to the normal-
metal case, the superconducting action carries a prefactor of 1/4 rather than 1/2,
as a result of the state doubling in Nambu space [248]. This action provides
a versatile framework for quantum transport analysis and admits generaliza-
tions to both multiterminal configurations and energy-dependent scattering ma-
trices [246, 248].
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IV.4 Full Counting Statistics of Ultrafast Quantum Transport

Oscillating electric fields impact the electron transport in mesoscopic conductors,
which leads to features at multiples of the driving frequency [199, 202, 203]. A
mesoscopic conductor divides the incident electron stream from the terminals ac-
cording to its total transmission probabilities [15]. These charge carriers are dis-
tributed by the equilibrium Fermi function, i.e., by the chemical potentials and
temperatures of their departure terminals. Photon-assisted transport describes
electron tunneling driven by an oscillating chemical potential [91, 249]. The elec-
tron wave function at energy E exhibits side bands at energies E + n~ω, n ∈ Z
weighted by Bessel functions [15, 91, 249]. This leads to kinks at voltages n~ω/e
in the zero-temperature noise. The step height in the differential noise depends
on the ac amplitude through the Bessel functions [15, 202]. This field is comple-
mented by the dynamical response of the shot noise [206, 250].

Going beyond the noise and analyzing the full counting statistics (FCS) gives in-
sight into the elementary processes involved in electron transport [219, 225, 231,
251]. Classical charge carriers would obey a Poisson distribution, while electrons
in a mesoscopic conductor follow a binomial distribution due to the Pauli exclu-
sion principle [219, 225]. This manifests itself in a suppression of noise, indicated
by the Fano factor. In superconducting junctions, the probability distribution can
assume negative values, which torpedoes the notion of a probability distribution
[231]. Never the less, this function accounts for all elementary processes and can
be measured in an experiment. The same information about the charge transport
is contained in the cumulant generating function (CGF). Dismantling the CGF
into a sum of binomials or multinomials unveils the independent elementary pro-
cesses at play. This shows, for instance, that the charge transfer in spin-sensitive
tunnel junctions is carried by single electrons and spin-singlet pairs when the
electron source is a mesoscopic conductor in series [251].

Time-dependent voltage pulses generate collective excitations of the Fermi sea,
which are realized as a superposition of electron and hole excitations [45, 219,
223]. For example, Levitions are solition-like electron excitations, created by
Lorenzian voltage pulses with a quantized flux [219, 223]. These states mini-
mize the noise, which is reduced to a corresponding dc noise. Furthermore, the
entire full counting statistic shortens to a corresponding dc statistic [43, 44]. Levi-
tions have been realized experimentally [212] and analyzed via quantum state
tomography [218]. In general, many body electronic states generated by a time-
dependent voltage are built from single-electron and electron-hole quasiparticle
excitations [45]. The amplitudes and probabilities of these elementary excitations
depend on the details of the drive and can be examined experimentally [45]. The
entanglement can be addressed by a continuous-variable entanglement test [208].

Arbitrary time-dependent voltages can be treated by the non-equilibrium Green’s
function method [43, 44, 231, 245]. The work [43, 44] investigated the FCS for co-
sine, square, triangle, sawtooth, and Lorentzian pulses. Apart from a dc statistic,
there appears to be a bidirectional part that depends on the scattering of electron-
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hole pairs. The probabilities of creating these electron-hole pairs enter the CGF
and are determined by the shape of the pulses. A similar CGF structure is found
for a superconductor (S)-normal-metal (N) contact, because the problem can be
mapped onto a NN contact by replacing the transmission probabilities with the
Andreev reflection probabilities and doubling the counting field as well as the
applied voltage [252].

Nowadays, light fields can be manipulated on femtosecond time scales, leading
to ultrafast electron transport in mesoscopic constrictions. The experiments [220–
222] harnessed the nonlinear I−V characteristic of their bowtie antenna to estab-
lish carrier-envelope phase (CEP) control of electron transfer. For a cosine-shaped
carrier to envelope configuration (CEP= 0), the average current is maximal, while
for a sine-shaped configuration (CEP= π/2), the average current vanishes. The
near-field in the gap is distorted compared to the far-field, leading to a strong
field enhancement and a shift in the effective carrier-envelope phase [221]. A mi-
nor dc bias can be exploited to direct the photocurrent [222].

This work extends the investigations [43, 44] to include pulses that are a few
cycles long and modulated by a Gauss- or box-shaped envelope. We are inter-
ested in the zero-temperature noise and how the carrier-envelope phase mani-
fests therein. As expected, the differential noise shows oscillations with increas-
ing ac amplitude. For both envelopes, the carrier-envelope phase clearly affects
these oscillations. The influence of the carrier-envelope phase attenuates for ris-
ing number of carrier cycles under the Gauss. This trend is not seen for the box
pulse, probably because the temporal behavior at the edges of the box is funda-
mentally different for a sine and cosine carrier.

IV.4.1 Driven Full Counting Statistic

The full counting statistic is concerned with the probability of charge transfer
[219, 225]. The transfer of N charges in a given measurement time t0 is described
by the probability density Pt0(N). For uncorrelated and unidirectional transport,
we get a Poissonian distribution that exhibits Schottky’s shot noise. In contrast,
for a degenerated electron gas at zero temperature, we obtain a binomial distri-
bution.

All information about the cumulants is encoded in the cumulant generating func-
tion (CGF) S(χ), which is related to the probability density by

exp(−S(χ)) =
∑

N

Pt0(N) exp(iNχ),

with the counting field χ, and the imaginary unit i [219, 225]. The normalization
of the distribution requires S(0) = 0. The cumulants are attained by

Cn = −(−i)n ∂
n

∂χn
S(χ)

∣∣∣∣
χ=0

,
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where the first cumulant C1 = N :=
∑

N NPt0(N) is the mean value, the second
cumulantC2 = (N −N)2 the noise. Expressed by the current operator Î(t) at time
t, the first cumulant corresponds to

C1 =
1

−e

∫ t0

0

dt〈Î(t)〉

and the second cumulant to

C2 =
1

2e2

∫ t0

0

∫ t0

0

dtdt′〈{∆Î(t),∆Î(t′)}〉,

with ∆Î(t) = Î(t)− 〈Î(t)〉, {·, ·} the anticommutator and e the elementary charge.

The CGF of a mesoscopic conductor corresponds to the Keldysh action (IV.3.16)
introduced in chapter IV. A voltage drive V (t) applied to one terminal induces
a corresponding phase φ(t), defined by ∂tφ(t) = eV (t)/~. The counting field χ
and the classical drive φ(t) are combined into the time-dependent phases χ±(t) =
φ(t) ± χ/2, which differ between the forward (+) and backward (−) branches of
the Keldysh contour. After performing the Keldysh rotation and tracing over the
Keldysh structure, the CGF reduces to

S(χ) = 2
∑

n

TrE ln
(

1− Tn(1− hh̃) sin2(χ/2)− iTn(h− h̃) sin(χ/2) cos(χ/2)
)
,

(IV.4.1)

where Tn are the transmission probabilities of the conductor, TrE denotes the trace
over energy space. One terminal is assumed to be in equilibrium, leading to
h(E,E ′) = (1 − 2f(E))2π~δ(E − E ′), where f(E) = [exp(E/(kBT )) + 1]−1 is the
Fermi distribution. In the other terminal, the time-dependent drive modifies the
function h to h̃(t, t′) = [U ∗ h ∗ U †](t, t′), where U(t, t′) = exp(−iφ(t))δ(t − t′) is a
time-local gauge transformation, and ∗ denotes convolution in time. The function
h̃ captures modified reservoir correlations and is connected to the corresponding
Wigner function W (t, E) through

h̃(E,E ′) = δ(E − E ′)− 1

~π

∫ ∞

−∞
dte−i(E−E

′)t/~W (t, (E + E ′)/2) (IV.4.2)

(see Chap. IV). The CGF does not decouple between different energies and re-
mains a complex convolution sum. In the zero temperature limit, this can be
solved for periodic voltages by a diagonalization procedure, described in detail
in [43, 44]. The CGF S(χ) = NuniSuni(χ)+Nbi1Sbi1(χ)+Nbi2Sbi2(χ) subdivides into
a unidirectional part

Suni(χ) =
∑

n

ln[1 + Tn(e−iκχ − 1)]. (IV.4.3)

and bidirectional parts

Sbi1,2(χ) =
∑

n

∑

k

ln[1 + TnRnpk1,2(eiχ + e−iχ − 2)]. (IV.4.4)
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The numbers of attempts in the measurement time are given by Nuni = t0|eV |/π,
Nbi1 = t0Ω1/π, and Nbi2 = t0(Ω− Ω1)/π, where Ω1 = eV − beV /ΩcΩ, with bxc the
floor of the real number x. In the formulas, the repetition period τ = 2π/Ω of the
pulses, the average voltage V = (1/τ)

∫ τ/2
−τ/2 V (t)dt, the probabilities pk1,2 of creat-

ing an electron-hole pair, and the reflection probabilities Rn = 1 − Tn occur. The
parameter κ = 1 (κ = −1) indicates the direction of charge transfer, determined
by eV > 0 (eV < 0). We set ~ = 1 in all expressions.

Unidirectional transport (IV.4.3) corresponds to a single electron transfer with
probability Tn, where each transport channel contributes independently. Within
the measurement time t0, there are t0|eV |/π attempts of electrons to cross the
conductor. Hence, unidirectional charge transfer only occurs at finite average
voltages V . The period τ and the characteristic correlation time of the current
fluctuations are assumed to be much smaller than the measurement time. For a
single transport channel, the CGF translates to a binomial distribution.

Bidirectional charge transport (IV.4.4) stems from two particle processes, namely
the creation of electron-hole pairs in one terminal by the ac voltage ∆V (t) =
V (t) − V . This pair contributes to the statistics if the electron traverses the con-
ductor and the hole gets reflected, or vice versa. This process is captured by the
probability TnRnpk, which is composed of the transmission probability Tn, the
reflection probability Rn, and the probability pk of creating an electron-hole pair.
The index k labels different electron-hole pair excitations of the Fermi sea [45]. We
have to encounter two types of bidirectional processes. They differ by the num-
ber of attempts Nbi1,2 and electron-hole pair creation probability pk1,2. In contrast
to the unidirectional charge transport, the bidirectional parts only contribute to
the noise and higher-order even cumulants.

The details of the time-dependent drive determine the probabilities of electron-
hole pair creation. We obtain the probabilities pk by diagonalizing the matrix

Mnm(E) = sgn(E + nΩ)
∞∑

k=−∞

an+ka
∗
m+k sgn(E − kΩ− eV ), (IV.4.5)

with the signum function sgn(·), a∗n the complex conjugate of an and the coeffi-
cients

an =
(−1)n

τ

∫ τ/2

−τ/2
dt exp

(
−i
∫ t

−τ/2
dt′e∆V (t′)

)
einΩt. (IV.4.6)

This matrix represents h ∗ h̃ and, upon diagonalization, decomposes the CGF
(IV.4.1) into a sum of independent contributions [43]. The coefficients depend on
the ac drive ∆V (t) = V (t)− V and obey the properties

∞∑

k=−∞

an+ka
∗
m+k = δnm,

∞∑

k=−∞

k|ak|2 = 0.
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In the relevant energy range 0 < E < Ω, the matrix is piecewise constant for
energies E ∈ (0,Ω1), Ω1 = eV − beV /ΩcΩ and E ∈ (Ω1,Ω). This leads to the
two types of bidirectional processes denoted by an index of 1 for the first interval
and an index of 2 for the second interval. The matrix Mnm is unitary, and there-
fore the eigenvalues assume the form exp(±iαk1,2). If the unidirectional number
eV /Ω of attempts per cycle and per spin is an integer, then there is only one bidi-
rectional CGF Sbi2(χ). The phase αk1,2 of the eigenvalues enters directly into the
electron-hole pair creation probability by pk1,2 = sin2(αk1,2/2). The corresponding
eigenvectors are related to the electron-hole quasiparticle amplitude and dictate
the drive induced many-body wave function [45].

The bidirectional current-current noise is proportional to the sum of all proba-
bilities pk, which successively rise to one as the amplitude of the ac-drive is in-
creased. In the following, we are concerned with time dependent voltages, which
exhibit a vanishing average voltage V = 0. Hence, the unidirectional noise van-
ishes and only type 2 bidirectional processes appear. The current-current noise
per pulse and per spin has the form

S = 2e2

(∑

n

TnRn

)∑

k

pk.

Based on the findings in [43, 44], we expect oscillatory behavior in the differential
noise ∂S/(∂(eV0)), which fades out for large ac amplitudes. The oscillations come
from the successive ramp up of the probabilities pk with ac amplitude, where the
slope determines the height and the turning point the position of the peak.

IV.4.2 Gaussian and Box-Shaped Pulses

The considered voltage pulses consist of an oscillating carrier modulated by an
envelope. Their displacement against each other is described by the carrier-
envelope phase (CEP). We are after the effect of the CEP on the noise. The voltage
assumes the form

V (t) = E(t)V0 cos(ωt+ ϕ)− Voff, (IV.4.7)

with the envelope E(t), the ac amplitude V0, the carrier frequency ω, the carrier-
envelope phase ϕ, the offset Voff = (1/τ)

∫ τ/2
−τ/2 E(t)V0 cos(ωt+ϕ), and the repetition

rate 1/τ . The offset is subtracted to ensure a vanishing average voltage.

For the following results, we calculated the coefficients (IV.4.6) and diagonalized
the matrix (IV.4.5) to get the electron-hole pair creation probabilities. The sum
of the probabilities forms the noise. Numerically, we utilize a finite-dimensional
matrix to obtain the eigenvalues. Cutoffs for n andm are chosen on a much larger
scale than the one on which |an| vanishes. An additional consistency check con-
sists of controlling the unitary property and the deviation of the eigenvalues from
an absolute value of 1.
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Figure IV.10: Pulse shapes. Left: Gauss pulse and its envelope for carrier-envelope phases
ϕ = 0, π/2. The ratio between the variance σ and the pulse repetition time τ is chosen as
τ/(
√

2σ) = 10. Here, we set σω = 1, which is a measure of the number of carrier cycles
under the Gauss curve. Note the negative offset voltage for ϕ = 0 to keep the average
voltage at zero. Right: Box pulse and its envelope for carrier-envelope phases ϕ = 0, π/2
(solid line, dashdotted line). The box counts N = 1 carrier cycles with a period of τω
and extends between −Nτω/2 and Nτω/2, which is assumed to be smaller than the pulse
repetition time τ .

The first envelope is a Gauss curve of the contour

E(t) =
1√
2π

exp

(
− t2

2σ2

)
, (IV.4.8)

where σ corresponds to the variance. An illustration of the Gaussian pulse is
depicted in Fig. IV.10. The envelope shape is controlled by the ratio τ/(

√
2σ),

which determines the relation between the width of the Gauss and the repetition
rate. A measure for the number of carrier cycles under the envelope constitutes
σω. The offset voltage is given by

Voff = cosϕ
σ

τ
V0e

−(σω)2/2 Re

[
erf

(
τ

2
√

2σ
− iσω√

2

)]
,

with the error function erf(·), and the real part Re[·] of a complex number. A max-
imum is achieved for ϕ = 0 and a minimum for ϕ = π/2.

The CEP has an observable impact on the differential noise ∂S/(∂(eV0)), depicted
in Fig. IV.10 for carrier-envelope phases between ϕ = 0 and ϕ = π/2. Successive
ramp ups of the electron-hole pair creation probabilities pk cause the oscillating
character of the differential noise. The CEP has a noticeable influence on the on-
set and slope of these ramp ups. This is reflected in the differential noise by the
position and height of the peaks. For example, ϕ = π/2 exhibits a larger period
and smaller height compared to ϕ = 0.
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Figure IV.11: The differential noise ∂S/(∂(eV0)) of a Gaussian pulse is depicted over the ac
amplitude V0 for carrier-envelope phases between 0 and π/2. The variance σ in relation to
the pulse repetition time τ was set to τ/(

√
2σ) = 10 and in relation to the carrier angular

frequency ω to σω = 1.
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Figure IV.12: Differential noise ∂S/(∂(eV0)) of a Gaussian pulse for different numbers of
carrier cycles under the Gaussian envelope. We compare the carrier-envelope phase 0
(black solid) to π/2 (red dashed) for σω = 2 to σω = 7. As the number of carrier cycles
increases, the curves with CEP 0 and π/2 fall on top of each other. Additionally, more
elementary processes pk are contributing, and this leads to an increase in the differential
noise. The ratio τ/(

√
2σ) was fixed at 10.

The influence of the CEP diminishes with the increasing number of carrier cy-
cles in a pulse. Figure IV.12 outlines the dependence of the differential noise on
the number of carrier cycles and their influence on the CEP dependence. For
σω = 2 the curves for ϕ = 0 and ϕ = π/2 are significantly different, while for
rising σω they approach each other, and for σω = 7 they almost overlap. An ad-
ditional effect is that more probabilities ramp up at the same amplitude eV0/ω,
which shifts the oscillations upward. In comparison to σω = 1 (see Fig. IV.11),
the second peaks are shifted to lower amplitudes.

The pulses ought to be well separated, i.e., τ/(
√

2σ) � 1. In this regime, the dif-
ferential noise is ideally independent of this parameter. We chose τ/(

√
2σ) = 10

as a trade-off between the computational costs and the already independent prob-
abilities in the case of ϕ = π/2. For ϕ = 0, the probabilities slightly change with
increasing τ/(

√
2σ) > 10, presumably due to the non-negligible influence of the

offset voltage. However, the differences in the oscillations are not exclusively at-
tributable to the offset voltage, because we observe an even smaller period and
higher peaks for values τ/(

√
2σ) > 10.

As the second envelope, we study a box of the form

E(t) = Θ(t+Nτω/2)(1−Θ(t−Nτω/2)), (IV.4.9)

with Θ(·) the Heaviside function, N the number of carrier cycles in the box and
τω = 2π/ω the period of one carrier cycle. The offset voltage vanishes for all
carrier-envelope phases. Figure IV.10 depicts the box pulse for CEP ϕ = 0, π/2.
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Figure IV.13: Differential noise ∂S/(∂(eV0)) of a box pulse drawn over the ac amplitude V0

for carrier-envelope phases between 0 and π/2. The number of carrier cycles is N = 1.
The width of the box in comparison to the pulse repetition rate was fixed to τ/(Nτω) = 2,
because the electron-hole pair creation probabilities are nearly independent of the box
size. Oscillations are caused by elementary processes that are subsequently activated as
the voltage amplitude increases.

Again, traces of the CEP are pronounced in the differential noise ∂S/(∂(eV0)).
The dependence on different carrier-envelope phases is shown in Fig. IV.13. It
impacts the position and slightly the height of the peaks. For example, for ϕ = 0,
the second peak almost forms an excess wing of the first peak, while for ϕ = π/2
the second peak is clearly visible.

With increasing carrier cycles N in the box, more probabilities pk ramp up at the
same ac amplitude. Therefore, the differential noise experiences an upward shift,
akin to the Gaussian envelope. In contrast to the Gaussian pulse, the peak posi-
tions remain unchanged for the first few N investigated. The differential noise
for ϕ = 0 and ϕ = π/2 do not approach each other and stay distinct. We assume
that the origin of this lies in the different behavior of the cosine and sine at the
edges of the box. The cosine (ϕ = 0) jumps to zero, and the sine (ϕ = π/2) is zero
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but exhibits a kink.

IV.4.3 Conclusion

We have addressed the influence of few-cycle voltage pulses on the noise at zero
temperature in a mesoscopic conductor. Explicitly, we have studied a single-cycle
pulse with a Gaussian envelope and with a box envelope. The noise is carried
by bidirectional processes that lead to an oscillatory behavior of the differential
noise. These oscillations change with the carrier-envelope phase, and the CEP
is reflected in the peak height and position. For the Gaussian pulse, the impact
of the CEP decreases with an increasing number of carrier cycles. To enable a
meaningful comparison with the experiments reported in [220–222], the theoreti-
cal framework should be extended to account for energy-dependent transmission
(see Chap. IV). Furthermore, pulse shapes that more closely resemble the experi-
mental ones need to be employed, as the noise characteristics are highly sensitive
to the exact pulse form.
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Quantum Photon-Assisted Transport

In practice, mesoscopic transport does not occur under the idealized condition of
a perfect voltage source, but is instead subject to quantum and thermal fluctua-
tions of the electromagnetic field. However, it can be a useful approximation in
the presence of a low-impedance environment. A more advanced description in-
corporates the electromagnetic environment, which enables energy exchange be-
tween the environment and the charge carriers. Rather than being merely a per-
turbation, the electromagnetic environment can also be deliberately engineered
to control transport [47]. This motivates us to investigate tunnel junctions em-
bedded in a quantum electromagnetic environment. Our analysis starts with the
dynamical Coulomb blockade (DCB) theory, where a tunnel junction is placed in
series with an impedance [46] (see Fig. V.1). The impedance is treated as a set of
quantum-mechanical harmonic oscillators assumed to be in thermal equilibrium.
By considering the limit of infinitely many oscillators, one can model an arbi-
trary frequency-dependent impedance Z(ω), capturing the full spectral response
of the electromagnetic environment [253]. The Hamiltonian describing electron
transport through the tunnel junction is given by

Ĥ =
∑

α=1,2

Ĥα + ĤT + Ĥenv. (V.0.1)

The Hamiltonian of terminal α takes the form

Ĥα =
∑

kσ

εαkĉ
†
αkσ ĉαkσ, (V.0.2)

where ĉαkσ annihilates a quasiparticle of energy εαk, momentum k and spin σ.
Tunneling between the terminals is described by the Hamiltonian

ĤT =
∑

kqσ

tkq ĉ
†
2qσ ĉ1kσe

−iφ̂ + t∗kq ĉ
†
1kσ ĉ2qσe

iφ̂, (V.0.3)

in which tkq denotes the hopping amplitudes between single-particle states in ter-
minal 1 and 2 [254–256]. The charge shift operator exp(−iφ̂) incorporates the ef-
fect of the electromagnetic environment through the phase operator φ̂, and shifts
the charge Q̂ on the junctions capacitor by one elementary charge, as expressed
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by

eiφ̂Q̂e−iφ̂ = Q̂− e, (V.0.4)

which follows from the canonical commutation relations [φ̂, Q̂] = ie. The dynam-
ics of the phase is governed by the Hamiltonian of the environment Ĥenv, with
its time derivative corresponding to the voltage drop across the conductor. The
electromagnetic environment, modeled as a set of N harmonic oscillators with
capacitances Cn and inductances Ln, is captured by the Hamiltonian

Ĥenv =
(Q̂− CV )2

2C
+

N∑

n=1

[
q̂2
n

2Cn
+

(
~
e

)2
1

2Ln
(ϕ̂− φ̂n)2

]
, (V.0.5)

where q̂n are the charge and phase φ̂n operators of the individual oscillators. The
first term accounts for the charging energy stored in the junction capacitor of
capacitance C, while the junction phase φ̂ = ϕ̂ + eV t/~ couples bilinearly to the
environmental phase operators φ̂n. In addition, the circuit is subject to an external
dc bias V , as illustrated in Fig. V.1.
The tunneling rates are calculated by applying Fermi’s golden rule, treating the
tunneling Hamiltonian as a perturbation. The perturbative treatment is valid
when the tunnel resistance RT significantly exceeds the resistance quantum RQ =
h/e2. The rate of tunneling from terminal 1 to terminal 2 is expressed by

Γ+(V ) =
1

e2RT

∫ ∞

−∞
dEdE ′f(E)[1− f(E ′ + eV )]P (E − E ′), (V.0.6)

with the P -function

P (E) =

∫ ∞

−∞

dt

2π~
exp

(
iJ(t) +

i

~
Et

)
, (V.0.7)

determined by the correlator

J(t) = 〈[ϕ̂(t)− ϕ̂(0)]ϕ̂(0)〉env. (V.0.8)

Due to the symmetry of a biased junction, the rate in the opposite direction is
given by Γ−(V ) = Γ+(−V ). The phase ϕ̂(t) evolves under the Hamiltonian Ĥenv,
and expectation values are taken with respect to an equilibrium state at tem-
perature T . Wick’s theorem is used to show that the P -function depends only
on second-order correlation functions [46]. The fluctuation-dissipation theorem
enables one to express the phase correlator J(t) in terms of the environmental
impedance and temperature,

J(t) = 2

∫ ∞

0

dω

ω

ReZ(ω)

RQ
[coth(~ω/(2kBT ))[cos(ωt)− 1]− i sin(ωt)] . (V.0.9)

The P -function can be interpreted as the probability to exchange the energy E
with the tunneling electron, as it satisfies

∫∞
−∞ dEP (E) = 1. Moreover, the P -

function obeys the detailed balance condition P (−E) = exp(E/(kBT ))P (E).
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Figure V.1: Circuit of DCB. Left: Tunnel junction (TJ) in series with arbitrary impedance
Z(ω), connected to a voltage source while measuring the current. Right: Equivalent rep-
resentation of the impedance by harmonic oscillators.

For example, a high-impedance environment supports modes with frequencies
close to zero, resulting in an effective impedance Z(ω) ≈ (π/C)δ(ω), and a Gaus-
sian P -function

P (E) =
1√

4πEckBT
exp

(
−(E − Ec)2

4EckBT

)
, (V.0.10)

with Ec denoting the charging energy. At low temperatures, kBT � Ec, the cur-
rent

I(V ) =
eV − Ec
eRT

Θ(|eV | − Ec) (V.0.11)

exhibits a Coulomb blockade, as the applied voltage must overcome the charging
energy to initiate a current.

As another example, coupling to a single harmonic mode of frequency ω0 with
zero linewidth is modeled by the impedance Z(ω) = π/(2C)[δ(ω−ω0)+δ(ω+ω0)].
The P -function reduces to

P (E) =
∞∑

l=−∞

plδ(E − l~ω0), (V.0.12)

in which

pl = Il

(
g

sinh(~ω0/(2kBT ))

)
exp [l~ω0/(2kBT )− g coth(~ω0/(2kBT ))] , (V.0.13)

with Il(·) denoting the modified Bessel functions and g characterizing the cou-
pling strength. Analogous to the classical case in the previous section, the coeffi-
cients pl quantify the probability for electrons to absorb or emit l energy quanta
~ω0 due to their interaction with the electromagnetic environment. At zero tem-
perature, the probabilities reduce to a Poisson distribution p0

l = e−ggl/l!, and
at finite temperature the P -function becomes a convolution of Poisson distribu-
tions [46].
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V.1 Extension of DCB Theory to a Nonthermal Environment

Dynamical Coulomb blockade theory demonstrates that the state of the electro-
magnetic environment affects electron tunneling, as it enters the probability of en-
ergy exchange. In particular, a single mode drives the junction by a harmonic sig-
nal, similarly to the classical case in the previous section. However, here the av-
erage drive amplitude vanishes, and it is the fluctuations that yield a net driving
effect. Quantum effects break the symmetry between emission and absorption, as
indicated by pl 6= p−l, a feature not present with a harmonic classical drive. Novel
ways of driving the junction emerge when the mode is prepared in nonclassical
states, constituting the quantum analogue of classical photon-assisted transport.
Souquet et al. [47] investigated transport though a normal-metal tunnel junction
driven by a microwave cavity prepared in a nonequilibrium state, thereby ex-
tending DCB theory. They employed standard quantum linear response theory,
treating the tunneling Hamiltonian (V.0.3) perturbatively, and obtained a modi-
fied tunnel current

I(t, V ) = e
∑

ν=±

ν

∫ ∞

−∞
dEΓ(νeV − E)P ν(t, E), (V.1.1)

where Γ(E) = (e2RT)−1E/(1− exp(−E/(kBT ))) is the bare tunneling rate, and

P ν(t, E) = − 1

π
Im

∫ ∞

−∞
dτeiEτ/~Gν

env(t, τ) (V.1.2)

are the generalized P -functions, depending on the environmental correlation func-
tions

Gν
env(t, τ) = −(i/~)Θ(τ)〈eiνϕ̂(t)e−iνϕ̂(t−τ)〉env. (V.1.3)

The junction phase ϕ̂(t) evolves under the environmental Hamiltonian Ĥenv, and
expectation values are taken with respect to the (possibly nonthermal) environ-
mental state. Specifically, they investigated a single mode with frequency ω0 with
a phase

ϕ̂(t) = −i√g
[
â(t)− â†(t)

]
, (V.1.4)

where â(t) is the annihilation operator of the mode, and g = πZcav/RQ character-
izes the strength of the zero-point voltage fluctuations, determined by the cavity
impedance Zcav. The current oscillates at multiples of the mode frequency. In
the following, we discuss the resulting dc component by averaging over time t,
leading to I(V ) = limT→∞(1/T )

∫ T/2
−T/2 dtI(t, V ). The P -function reduces to

P±(E) = P (E) =
∞∑

l=−∞

plδ(E − l~ω0) =
∞∑

l,k=−∞

p0
kp

occ
l−kδ(E − l~ω0), (V.1.5)

where p0
l is the energy exchange probability associated with the zero-point fluc-

tuations of the cavity, and

pocc
l =

∫
d2αP(α) (Jl(2

√
g|α|))2 (V.1.6)
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is the energy exchange quasiprobability arising from the (nonclassical) state of
the mode, with Jl(·) the Bessel functions. Here, the cavity state is represented by
its Glauber–Sudarshan P function P(α), which expresses the cavity density ma-
trix ρ̂ as a quasidistribution over coherent states |α〉, with α ∈ C (see Eq. (V.2.3)).
While the total pl is a true probability, the contribution from the state, pocc

l , is a
quasiprobability that can take on negative values for nonclassical states. A non-
classical state is characterized by having a Glauber-Sudashan P -function which
admits negative values or is more singular than the delta distribution. Nonclassi-
callity is carried over to the exchange probability, which can lead to distinct signa-
tures in the current and differential conductance, respectively. Figure V.2 presents
the differential conductance and the energy-exchange probability for three envi-
ronmental states: vacuum-single-photon, coherent, and squeezed, as defined in
Eqs. (V.2.6a), (V.2.8), and (V.2.13), respectively. The current–voltage character-
istic is nonlinear, exhibiting piecewise-linear segments with kinks at multiples
of the mode frequency. In contrast, the classical photon-assisted transport in
Eq. (IV.1.22) shows a linear current-voltage characteristic. The differential con-
ductance displays a sequence of plateaus, with jumps occurring at multiples of
the mode frequency. The plateau height can serve as a signature of nonclassical-
ity. One can derive general bounds on the differential conductance that must be
satisfied if pocc

l is positive definite; a violation of these bounds indicates a nonclas-
sical cavity state [47]. By measuring the current and current noise, it is possible to
extract the full energy exchange probability pl. In conclusion, the normal-metal
tunnel junction can serve as a device for probing the surrounding quantum envi-
ronment.

V.2 Quantum Environment

The quantum electromagnetic environment can be engineered and controlled ow-
ing to innovations in circuit QED [108]. As discussed in the previous sections,
tunneling charges exchange energy with the environment, whose energy spec-
trum is shaped by the surrounding circuit elements. For example, a two-level sys-
tem, such as a superconducting qubit [108, 257], can undergo transitions between
its two energy levels and exchange energy equal to the level spacing. Further, a
single-mode resonator, as an example of a textbook quantum harmonic oscilla-
tor, features equally spaced energy levels determined by its mode frequency. The
resonator is populated or depopulated by inducing transitions between the en-
ergy levels. Coupling a finite number of resonators results in a multimode envi-
ronment that supports hybridized eigenmodes arising from interactions among
individual resonances. An array of infinitely many coupled oscillators forms a
distributed system known as a transmission line. An infinitely long transmission
line supports a continuum of modes, while a line of finite length supports a dis-
crete set of resonant modes determined by its boundary conditions. Furthermore,
an arbitrary impedance can be represented as either a semi-infinite transmission
line with mode filtering (see chapter III), or as a bath of oscillators with distinct
resonance frequencies [258]. The Josephson junction itself is a nonlinear circuit
element characterized by a cosine-shaped potential energy, resulting in a non-
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Figure V.2: Differential conductance dI/dV of a normal-metal tunnel junction coupled to
a single electromagnetic mode with frequency ω0. Panels: upper left, vacuum-single-
photon state (V.2.6a); upper right, coherent state (V.2.8); lower, squeezed state (V.2.13).
Inset: energy-exchange probability pl that gives rise to the conductance steps. The gray
dashed curves are the conductance in the absence of a quantum electromagnetic environ-
ment. Parameter: coupling constant g = 1/2.
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equidistant (or anharmonic) energy spectrum [108]. Shunting with a capacitor
introduces the charging energy EC, and the ratio between the Josephson energy
EJ and EC distinguishes different types of qubits: the charge qubit (EC � EJ),
the quantronium (EC ∼ EJ), and the transmon (EC � EJ) [108, 165]. Individual
elements can be combined to engineer a more complex energy spectrum experi-
enced by the junction.

Density matrix.— Beyond its energy spectrum, the behavior of the electromag-
netic environment is determined by its quantum state, whether it is the vacuum,
a thermal state, or a nonequilibrium state such as a coherent, Fock or squeezed
state. The quantum state of the system is represented by the density matrix ρ̂, a
positive semi-definite, self-adjoint operator with unit trace acting on the system’s
Hilbert space [64]. There always exists an orthonormal basis {|ψ〉j} such that

ρ̂ =
∑

j

pj |ψj〉 〈ψj| , (V.2.1)

where pj are the probabilities of finding the system in state |ψj〉. The unit trace
condition of the density matrix implies that the probabilities obey the normal-
ization condition

∑
j pj = 1. In a continuous-variable Hilbert space, the summa-

tion over discrete quantum numbers is replaced by integration over continuous
variables. A density matrix can be characterized by properties such as purity,
entanglement, and nonclassicality. Their definitions are briefly summarized as
follows:

Pure state.— The density matrix of a pure state has the form ρ̂ = |ψ〉 〈ψ|,
representing a projection onto a single state. Such a state is not a statis-
tical mixture, as indicated by its unit purity Tr{ρ̂2} = 1.

Entangled state.— In a multipartite system of n subsystems, such as
multiple environmental modes, a quantum state is said to be separa-
ble if it can be written as a convex combination of product states

ρ̂ =
∑

j

p′j ρ̂1,j ⊗ . . .⊗ ρ̂n,j, (V.2.2)

where each ρ̂k,j , with k = 1, . . . , n, is a density matrix acting on subsys-
tem k, and p′j are probabilities satisfying

∑
j p
′
j = 1. A quantum state is

considered entangled when its density matrix cannot be written in this
separable form [259].

Nonclassical state.— In quantum optics, nonclassicality is characterized
by the behavior of quasiprobability distributions, such as the Glauber-
Sudarshan P -function and the Wigner function, associated with the
electromagnetic field mode [260]. In the coherent state representation,
the density matrix takes the form

ρ̂ =

∫∫ ∞

−∞
d2αP(α) |α〉 〈α| , (V.2.3)
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where P(α) is the Glauber-Sudashan P -function, representing the state
as a quasidistribution over coherent states |α〉 (see Eq. (V.2.8)). The
complex plane spanned by the coherent-state parameter α defines the
phase space of the mode. A quantum state is defined as nonclassical
when its Glauber-Sudashan P -function is not a well-behaved proba-
bility distribution, that is, when it assumes negative values or becomes
more singular than a Dirac delta distribution, as in the case of Fock or
squeezed states. The Wigner function is another quasiprobability dis-
tribution defined in phase space, and it is related to the Glauber–Sudar-
shan P -function via an integral transformation. When the Wigner func-
tion takes on negative values in phase space, the state is considered
nonclassical. The Wigner function can be experimentally reconstructed,
as, for example, demonstrated by [261].

When expressed in a different basis the density matrix typically includes off-
diagonal elements, which represent quantum coherences between basis states.
Thus, the density matrix in the eigenbasis of the Hamiltonian {|Ej〉} is given by

ρ̂ =
∑

jk

ρjk |Ej〉 〈Ek| , (V.2.4)

where ρjk are the matrix elements of ρ̂ in the energy basis. Under unitary evolu-
tion governed by the von Neumann equation, the density matrix evolves as

ρ̂(t) =e−iĤt/~ρ̂(0)eiĤt/~ =
∑

jk

e−i(Ej−Ek)t/~ρjk |Ej〉 〈Ek| , (V.2.5)

with Ĥ denoting the systems Hamiltonian and ρjk the matrix elements of the
density matrix at initial time t = 0. This decomposition illustrates that the pop-
ulations (diagonal elements) remain stationary, since Ej − Ek = 0 when j = k,
whereas the coherences (off-diagonal elements) oscillate with frequencies deter-
mined by the energy differences between states. In the next chapter, we show
that the Josephson oscillations of a superconducting tunnel junction phase-lock
to the coherence oscillations, resulting in the emergence of generalized Shapiro
steps. Especially, this thesis investigates how a single mode, prepared in Fock-
state superpositions, a coherent state, or a squeezed vacuum state, affects a su-
perconducting tunnel junction. We therefore begin by briefly introducing these
states, because charge transport depends on these states through their density
matrix elements ρn+jn = 〈n+ j| ρ̂ |n〉, n+ j, n ∈ N; see Eqs. (V.4.14).

Fock superposition.— In recent years, various approaches have been developed
to prepare and stabilize numerous (nonthermal) quantum states [108, 260, 262–
267]. The Hamiltonian (III.4.3) for a single mode is introduced in Sec. III.4, where
the number states |n〉, n ∈ N, are the energy eigenstates, known as Fock states.
Here, ω0 is the mode frequency, and â and â† are the mode annihilation and cre-
ation operators, respectively. A coherent superposition of Fock states has the
form |ψ〉 =

∑∞
n=0 cn |n〉, with complex amplitudes cn ∈ C normalized such that
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Figure V.3: Density matrix elements for the vacuum–single-photon (upper row) and
vacuum-three-photon (lower row) superposition (Eq. (V.2.6b)) , with coherence phases
θ1, θ2 = π/4.

∑∞
n=0 |cn|2 = 1. In particular, we consider the superpositions

|ψ01〉 =
1

2

(
|0〉+ eiθ1 |1〉

)
, |ψ03〉 =

1

2

(
|0〉+ eiθ2 |3〉

)
, (V.2.6a)

whose density matrix elements are

ρn+jn =
1

2





1 n ≤ 1 and j = 0

eiθ1 n = 0 and j = 1

e−iθ1 n = 1 and j = −1

, ρn+jn =
1

2





1 n = 0, 3 and j = 0

eiθ2 n = 0 and j = 3

e−iθ2 n = 3 and j = −3

,

(V.2.6b)

reflecting vacuum–single-photon and vacuum-three-photon coherence, respec-
tively. The density matrix elements of these vacuum-single-photon and vacuum-
three-photon superpositions is depicted in Fig. V.3.
The deterministic generation of Fock states in circuit QED was experimentally
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shown by Hofheinz et al. [262] using a superconducting phase-qubit coupled to a
microwave resonator. The experiment exploits the ability to prepare a two-level
system in an arbitrary state via a classical drive, creating an excitation in the qubit
that is transferred to the resonator. Fock states with up to six [262] and later up
to 9 [263] photons were generated in the resonator, limited mainly by coherence
times and the photon transfer rate to the resonator. This experimental platform
also enables the generation of arbitrary quantum states in the resonator [263].
Depending on the target state, the protocol prepares the qubit in the required
ground–excited superposition, followed by a partial photon transfer to the res-
onator [264]. Fock-state superpositions with controlled amplitudes and phases,
including an approximate ”Voodoo cat“state, were generated and measured via
Wigner tomography. Another method of creating single-photon Fock states and
photon-blockade states was proposed by [265], employing weak Kerr-type non-
linearities combined with coherent and parametric driving. A photon-blockade
state exhibits an abrupt cutoff in its photon-number distribution, containing only
Fock states with photon numbers below a certain threshold.

Thermal state.— The thermal state is an incoherent superposition of Fock states,

ρn+jn =

{
nnth

(nth+1)n+1 j = 0

0 else
, (V.2.7)

where nth = [exp(β~ω0) − 1]−1 is the average thermal photon number, and β =
(kBT )−1 the inverse thermal energy, which is determined by the temperature T .
The thermal state is attained through thermalization with the environment, tak-
ing on the temperature T of the environment.

Coherent state.— A coherent state |α〉 is an eigenstate of the annihilation operator
â with eigenvalue α, i.e., â |α〉 = α |α〉, and saturates the Heisenberg uncertainty
relation. It can be expressed in the Fock basis as

|α〉 = exp

(
−|α|

2

2

) ∞∑

n=0

αn√
n!
|n〉 , (V.2.8)

or equivalently generated from the vacuum |0〉 by the displacement operator

D̂[α] ≡ exp(αâ† − α∗â). (V.2.9)

The coherent state |α〉 yields a density matrix element, shown in Fig. V.4,

ρn+jn =
|α|2nα∗j√
n!(n+ j)!

e−|α|
2

, (V.2.10)

with α = |α|eiθ3 ∈ C the coherent parameter.
A coherent state is nearly classical, with α specifying the oscillations amplitude
and phase, and containing only the minimum vacuum noise allowed by quantum
mechanics. The coherent state is generated by applying a classical drive that
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Figure V.4: Density matrix elements corresponding to coherent state defined in Eq. (V.2.10),
for amplitudes |α| = 1, 2, 4 and phase θ3 = π/4.
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couples to its field quadratures. In the rotating-wave approximation, this yields
the drive Hamiltonian

Ĥ(t) = ~ω0

(
â†â+

1

2

)
+ ~ε(t)â† + ~ε∗(t)â, (V.2.11)

where ε(t) is the time-dependent drive. For example, a harmonic drive ε(t) =
ε exp(−iωdt) is specified by its complex amplitude ε ∈ C and frequency ωd. The
temporal evolution reduces to a displacement operation D̂[α(t)] modulo a global
phase, thereby resulting in |0〉 7→ |α(t)〉 [258]. On resonance (ω0 = ωd), the co-
herent amplitude α(t) = −iε exp(−iω0t)t describes an outward spiral in phase
space, its magnitude increasing linearly from the switch-on time t = 0. In the
absence of dissipation, the harmonic drive continuously pumps energy into the
resonator, causing the displacement parameter α(t), and thus the photon number,
to increase over time. A coherent steady state emerges in the presence of dissi-
pation, which is typically described using the input–output formalism [108, 258].
Applying a classical drive pulse can also prepare a coherent state of the resonator
field, as demonstrated with a Gaussian-shaped pulse in Ref. [262].

Squeezed state.— Fluctuations in one field quadrature can be reduced below the
vacuum level at the expense of increased fluctuations in the conjugate quadra-
ture, thus satisfying the Heisenberg uncertainty relation. This effect is known as
squeezing, and a squeezed state is generated by the squeezing operator [260]

Ŝ[ξ] ≡ exp

(
−1

2
[ξâ†2 − ξ∗â2]

)
, (V.2.12)

acting on an initial state, where ξ = reiθ4 is the complex squeezing parame-
ter. When applied to the vacuum state, the squeezing operator generates the
squeezed vacuum state [260]

|ξ〉 =
1√

cosh(r)

∞∑

m=0

(−1)m
√

(2m!)

2mm!
eimθ4(tanh(r))m |2m〉 , (V.2.13)

which has the matrix element

%n+jn =

{
Bnje

ijθ4/2 [tanh(r)]n+j/2

cosh(r)
n, j even

0 else
, (V.2.14)

with Bnj = (−1)j/2
√

(n+ j)!n!/(2n+j/2((n + j)/2)!(n/2)!). Figure V.5 depicts the
density matrix elements of the squeezed vacuum for different squeezing parame-
ter. The charge and flux quadratures, Q̂ and Φ̂, are squeezed such that for θ4 = 0
(squeezing along the charge quadrature) the charge variance is reduced to

〈(∆Q̂)2〉 =
Q2

zpf

4
e−2r, (V.2.15)

while the flux variance is increased to

〈(∆Φ̂)2〉 =
Φ2

zpf

4
e2r, (V.2.16)
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Figure V.5: Density matrix elements corresponding to squeezed state defined in Eq. (V.2.14),
for squeezing amplitudes |ξ| = 1, 1.5, 2 and squeezing phase θ4 = π/4.

135



Chapter V: Quantum Photon-Assisted Transport

where ∆Q̂ ≡ Q̂− 〈Q̂〉 and ∆Φ̂ ≡ Φ̂− 〈Φ̂〉, and Qzpf and Φzpf denote the zero point
fluctuations of charge and flux, respectively. Squeezing can be generated by the
Hamiltonian of a degenerate parametric amplifier,

Ĥ(t) = ~ω0

(
â†â+

1

2

)
+ ~ε(t)â†2 + ~ε∗(t)â2, (V.2.17)

where ε(t) = ε exp(−iωdt) is the parametric drive with amplitude ε and frequency
ωd ≈ 2ω0. Analogously to the coherent-state case, working in the interaction pic-
ture shows that the time-evolution operator is equivalent to the squeezing opera-
tor Ŝ[ξ(t)], up to a physically irrelevant time-dependent global phase. At zero de-
tuning, 2ω0−ωd = 0, the squeezing parameter is ξ(t) = 2iε exp(−2iω0t)t showing a
linear growth in magnitude and a phase rotation at the frequency 2ω0. As before,
without dissipation no steady state is attained, and the squeezing of the quadra-
tures grows without bound.Therefore, a continuously driven system requires dis-
sipation to stabilize the squeezed state. For an optical mode, the degenerate para-
metric amplifier Hamiltonian arises from pumping a Kerr medium inside a cavity
at twice the cavity’s resonance frequency [258, 268–270]. In superconducting plat-
forms, squeezing is achieved with a Josephson parametric amplifier, in which the
Josephson junction serves as the nonlinear inductance responsible for the Kerr
nonlinearity [108, 267]. In the presence of this weak Kerr nonlinearity, combined
with coherent driving and dissipation, the system exhibits squeezed fluctuations
around the driven coherent state, resulting in a displaced, weakly non-Gaussian
steady state. Squeezing can also be generated using a Josephson parametric am-
plifier based on a radio-frequency SQUID, rather than by coherently driving the
Josephson junction, as demonstrated experimentally by [270, 271]. In this setup,
the Josephson junction is parametrically driven via modulation of its nonlinear
inductance using a time-dependent flux through the superconducting loop [108,
266, 267]. An alternative route to squeezing is dissipation-driven quantum state
engineering, which prepares a desired steady state by controlling the coupling
to the environment while retaining quantum coherence. Didier [272] proposed
modulating the environment–resonator coupling at twice the resonator frequency
to realize ideal squeezing. Control over the coupling between a superconducting
resonator and a transmission line was experimentally demonstrated in [273]. Re-
cently, steady-state intraresonator squeezing was observed in the experiment via
dissipation engineering in [274]. Furthermore, Xie et al. [275] discuss the dis-
sipative stabilization of superpositions of squeezed coherent states in a single
resonator mode, as well as in two superconducting resonator modes, the latter
including entangled two-mode cat states. A general multimode state-generation
scheme is presented in [276], illustrated with examples such as uncorrelated pho-
ton pairs, Bell states, and W states.

V.3 Josephson Effect and Shapiro Steps

The Josephson effect refers to the coherent tunneling of Cooper pairs between
two superconductors connected via a weak link, such as a thin insulating barrier
or a constriction [17]. In 1962, Brian Josephson [16] predicted two hallmark effects
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Figure V.6: Schematic of the Josephson effect. Minimal model: The macroscopic wavefunc-
tions ψj of the superconductors (j = 1, 2) are weakly coupled in the barrier region, giving
rise to transitions between quantum states and thus to Cooper-pair tunneling.

in superconducting systems: the dc Josephson effect, in which a supercurrent can
flow across a weak link without any applied voltage, and the ac Josephson effect,
where a static voltage across the junction induces an alternating current. The fun-
damental physics emerges from a minimal model that treats the superconducting
junction as a coherent two-level quantum system [277], as illustrated in Fig. V.6.
Each superconductor is in a macroscopic quantum state represented by a wave-
function of the form ψj =

√
ρje

iϕj , with j = 1, 2, where ρj denotes the Cooper
pair density and ϕj the corresponding superconducting phase. In the presence of
weak coupling, transitions between the superconducting states occur via quan-
tum tunneling, characterized by a tunneling Hamiltonian with amplitudeK. The
time-dependent Schrödinger equation, under the assumption ρ1 ≈ ρ2, yields the
Josephson relations

Icp(t) =Ic sinφ(t) (V.3.1a)
dφ(t)

dt
=

2eV

~
, (V.3.1b)

where Icp(t) is the Cooper pair current, Ic = 2K
√
ρ1ρ2/~ the critical current, and

φ(t) = φ1(t) − φ2(t) is the phase difference between the superconductors. There-
fore, in the absence of an applied voltage, a nonzero phase difference can sustain
a steady supercurrent. The first experimental verification of the dc Josephson ef-
fect was carried out by Anderson and Rowell in 1963 [278]. When a voltage V is
applied across the junction, the phase difference evolves linearly with time, giv-
ing rise to a supercurrent oscillating at the Josephson frequency ωJ = 2eV/~. The
Josephson frequency-to-voltage ratio is given by ωJ/V = 3.038 GHz/µV, and the
resulting oscillations are too fast to be directly detected using present-day elec-
tronics.

A method to detect the ac Josephson effect was proposed by Shapiro [279], who
observed quantized voltage steps in the current–voltage characteristic when the
junction was irradiated with a microwave field. The model used to describe
the Shapiro effect depends on what is controlled, current or voltage, and on the
impedance and dynamical response of the surrounding circuit [280, 281]. To cap-
ture the fundamental physical behavior of a Josephson junction under microwave
irradiation, a common approach is to model the external field as an imposed al-
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Figure V.7: Amplitude Ij of the jth current spike (Eq. (V.3.8)) as a function of the ac ampli-
tude V0 (left) and the frequency ω0 (right). By symmetry of the Bessel functions, I−j = Ij .
Here, the current amplitude Ic,1 is evaluated at zero temperature with a broadening pa-
rameter η = 5 × 10−3, while the drive frequency is ~ω0 = 0.2∆ (left) and a = 2 is fixed
(right).

ternating voltage, referred to as the voltage source model [17]. The junction ex-
periences a voltage V (t) = V +V0 cos (ω0t), where V is the constant dc bias, V0 the
amplitude and ω0 the frequency of the microwave radiation. Using the Josephson
relations, the phase evolves as

φ(t) =ωJt+
ωJ

ω0

V0

V
sin(ω0t) + φ0, (V.3.2)

which leads to a supercurrent of the form

Icp(t) =Ic sin

(
ωJt+

ωJ

ω0

V0

V
sin(ω0t) + φ0

)
, (V.3.3)

where φ0 is the initial static phase difference between the superconductors. Ex-
panding the current using Bessel functions of the first kind Jl(·) (Jacobi-Anger
expansion), one obtains

Icp(t) =Ic

(
J0(a) sin(ωJt+ φ0) +

∞∑

l=1

Jl(a)

(
sin[(lω0 + ωJ)t+ φ0]

− (−1)l sin[(lω0 − ωJ)t+ φ0]

))
, (V.3.4)

with a = ωJV0/(ω0V ). The oscillating Cooper pair current acquires a dc compo-
nent whenever the Josephson frequency is commensurate with the external drive
frequency, i.e., when

ωJ =
2e

~
V = lω0, l ∈ Z, (V.3.5)
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in which case the time-averaged current contains a contribution

I
cp
l = IcJl

(
lV0

V

)
sinφ0. (V.3.6)

The dc supercurrent is superimposed on the background quasiparticle current
present at finite bias. In this voltage source model, Shapiro steps manifest as
peaks in the current at voltages l~ω0/(2e), where l ∈ Z. However, current-biased
experiments reveal Shapiro steps as plateaus in the voltage, occurring when the
Josephson frequency synchronizes with the external drive [17]. In this simplified
model, the voltage dependence of the critical current is neglected, making a mi-
croscopic description necessary to capture the relevant physics. Barone [17] uses
a tunneling Hamiltonian formalism to derive both the quasiparticle and Cooper
pair currents, treating the superconductors as macroscopic reservoirs within the
BCS framework and modeling interaction via tunneling between them. In the
presence of the applied microwave field, the Cooper pair current through the
junction is given by

Icp(t) =
∞∑

n,l=−∞

Jn(a/2)Jl(a/2)

(
Ic,1(ωJ/2 + lω0) sin([(n+ l)~ω0 + ~ωJ]t+ φ0)

+ Ic,2(ωJ/2 + lω0) cos([(n+ l)ω0 + ωJ]t+ φ0)

)
, (V.3.7)

where the critical currents Ic,1(V ), Ic,2(V ) are defined in Eqs. (V.5.27b) and Eq.
(V.5.27c), respectively. Pronounced singularities in the critical current Ic,1(V ) ap-
pear at |eV | = 2∆, known as the Riedel peaks, as illustrated in Fig. V.21.
The time-average (I

cp
= limT→∞(1/T )

∫ T/2
−T/2 dtIcp(t)) of the Cooper pair current

leads to the current spikes at positions eV = j~ω0/2, j ∈ Z, which have peak
heights

I
cp
j =

∞∑

l=−∞

Jl(a/2)Jj−l(a/2)Ic,1([l − j/2]~ω0) sin(φ0) (V.3.8)

Here, we neglected the contribution of the cosine term in Eq. (V.3.7). Figure V.7
depicts the amplitude Ij = |Icp

j | versus the amplitude V0 and frequency ω0 of the
applied radiation field. The dependence on amplitude reveals Bessel-function
oscillations, whereas the frequency dependence at fixed a shows replicas of the
Riedel-peak. In Section V.5.7, we present an alternative derivation of Shapiro
physics based on the Keldysh action formalism.
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V.4 Nonclassical Photon-Assisted Transport in Superconducting
Tunnel Junctions

The first investigations of microwave-irradiated Josephson tunnel junctions date
back to the early 1960’s [17], which in particular revealed two textbook phenom-
ena. First, the appearance of microwave-induced steps in the current-voltage
characteristics [282], which were interpreted as photon-assisted tunneling of single
quasiparticles [199]. Second, the occurrence of Shapiro steps, which consists of
additional contributions to the dc current at very specific bias voltages that stem
from the phase locking between the ac Josephson current components and the
microwave field [279]. These two phenomena illustrated the duality that Joseph-
son junctions can be used as microwave detectors and microwaves can be used to
learn about the Josephson effect. With the advent of circuit quantum electrody-
namics (circuit QED) in recent years [108, 283], and the ability to create nonclas-
sical microwave states almost at will [263], a natural question arises: what novel
physical phenomena may result when Josephson tunnel junctions are subjected
to nonclassical microwaves?
In fact, the nonclassical microwaves generated by superconducting resonators
have already provided novel insight into the physics of Josephson junctions via
microwave spectroscopy of Andreev bound states, see e.g. [284, 285]. It has also
been shown that the coupling of a high impedance microwave resonator to a
Josephson tunnel junction can be used for quantum bath engineering [286].
In this work, we address the question above and present a theoretical study of
the current-voltage characteristics of Josephson tunnel junctions interacting with
nonclassical microwave states. Our main goal is to show that superconducting
tunnel junctions can be used as detectors to reveal the nature of nonclassical
microwave states beyond the capabilities of normal (nonsuperconducting) tun-
nel junctions [47]. To be precise, we show how the analysis of the supercurrent
and the quasiparticle current flowing through the Josephson junction enables the
complete reconstruction of the density matrix of quantum states fabricated with
circuit QED setups.

General environment.— We investigate how a general electromagnetic environ-
ment modifies quantum transport in a superconducting tunnel junction (see Fig.
V.8(a) for the setup). The environment imposes a voltage, and thereby a dynam-
ical phase φ̂(t), across the junction. This phase couples to the tunneling current
Î via the interaction term Ĥint(t) = (~/e) φ̂(t)Î , where ~ is the reduced Planck
constant, and e is the elementary charge. For example, a constant voltage bias
V induces the phase φ̂(t) = ϕdc(t) = eV (t − ts)/~ + φ0/2, with φ0/2 the phase at
the initial time ts. Photon-assisted tunneling is described by an additional phase
ϕ(t) = α sin(ω0(t− ts)), with α the strength of the classical drive, and ω0 the driv-
ing frequency [17, 199]. A quantum environment introduces a phase operator ϕ̂,
whose dynamics is governed by an environmental Hamiltonian Ĥenv. In the inter-
action picture, this phase evolves as ϕ̂(t) = exp(iĤenv(t− ts))ϕ̂ exp(−iĤenv(t− ts))
leading to a total phase across the junction given by φ̂(t) = ϕ̂(t) + ϕdc(t) (see Ap-
pendix).
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Our goal is the analysis of the tunnel current in a superconducting junction aris-
ing from both a voltage bias and an arbitrary quantum electromagnetic environ-
ment (see Fig. V.8(a)). We employ the Keldysh formalism [244] to compute the
cumulant-generating functional of the hybrid system to the lowest order in the
tunnel conductanceGT (see Appendix for details). In principle, the current, noise,
and higher-order cumulants can be obtained from the cumulant-generating func-
tion. We focus here on the tunnel current, as it already captures a broad range of
physical effects.

The tunnel current comprises quasiparticle (qp) and Cooper pair (cp) transport,
and takes the form:

I(t) =Iqp(t) + Icp(t)

=
∑

ν=±

ν

∫ ∞

−∞
dE P ν(t, E)Γqp(E) (V.4.1a)

+
∑

ν=±

ν

∫ ∞

−∞
dE Cν(t, E)Γcp(E). (V.4.1b)

Both contributions depend on the tunneling rate of the isolated junction, which
are given by

Γqp(E) =
GT

e

∫ ∞

−∞
dε%1(ε− E)%2(ε)[1− f(ε− E)]f(ε) (V.4.2a)

Γcp(E) =
GT

e

∫ ∞

−∞
dες1(ε− E)ς2(ε)[1− f(ε− E)]f(ε), (V.4.2b)

where

%p(ε) = Re


 −i(E + iη)√

∆2
j − (E + iη)2


 (V.4.2c)

is the normalized quasiparticle density of states,

ςp(E) = Re


 i∆j√

∆2
j − (E + iη)2


 (V.4.2d)

is the normalized pair density with η � 1 the broadening parameter, ∆p ≡ ∆ is
the superconducting gap of terminal p = 1, 2, and f(ε) = [1 + exp(ε/(kBT ))]−1 is
the Fermi-distribution at thermal energy kBT . Here, the terminals are assumed
to be s-wave superconductors. The ν = + terms in Eqs. (V.4.1a) and (V.4.1b)
describe transport from terminal 2 to terminal 1, while the ν = − terms describe
transport in the opposite direction. The environment influences the transport via
the generalized P -functions [47]

P ν(t, E) =

∫ ∞

−∞
dτ Im

(
eiEτ/~Gν+

env(t, τ)

)
(V.4.3a)
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Figure V.8: (a) Superconducting tunnel junction (STJ) interacting with an electromagnetic
environment (Env.) that imposes a quantum phase φ̂ on the junction. A dc voltage V is
applied, and the current-voltage characteristic is investigated. (b) Transitions Em → Ek
or En → Ek, . . . between the discrete energy levels of the electromagnetic environment
induce quasiparticle transport in the STJ. Interference between a pair of transitions leads
to inelastic Cooper pair transport, which manifests as current spikes at eV = (Em−En)/2
in the dc current. (c) dc current as a function of the voltage for an STJ at zero temperature,
coupled to an LC-resonator with frequency ~ω0 = 0.2∆ and coupling strength g = 1/2.
The oscillator is in the states defined in Eqs. (V.4.14), where |α| = 4, |ξ| = 2, and the
phases are arbitrary. The spikes represent the amplitude of the Cooper pair current-
phase relation (V.4.16c), while the background corresponds to the quasiparticle current
(V.4.15a). Spikes appear at eV = j~ω0/2, whereas steps occur at eV = 2∆ + l~ω0, with
j, l ∈ Z.
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and C-functions

Cν(t, E) =

∫ ∞

−∞
dτ Im

(
eiEτ/~Gν−

env(t, τ)

)
, (V.4.3b)

which depend on the environmental correlator

Gνµ
env(t, τ) =

i

π~
Θ(τ)

〈
eiµνφ̂(t)e−iνφ̂(t−τ)

〉
. (V.4.3c)

The structure of the quasiparticle current Iqp(t) is identical to that found in a
normal-metal tunnel junction coupled to an arbitrary electromagnetic environ-
ment [47]. The only difference is that the quasiparticle rates involve the super-
conducting rather than the normal-metal density of states. The P -functions in
Eq. (V.4.3a) coincide with that of the normal-metal case [47] and reduce to the
known result from dynamical Coulomb blockade theory for an environment in
equilibrium [46, 287, 288]. The key difference between a quantum and a classical
environment is that phase operators at different times do not commute, lead-
ing to distinct P -functions (ν = ±) for charge transport from terminal 1 to 2
versus from 2 to 1. If the phase operator commutes at all times, the symmetry
P−(t, E) = P+(t,−E) is recovered. This symmetry ensures that the current de-
pends directly on the bare current,

I0
qp(E) = Γqp(−E)− Γqp(E) =

GT

e

∫ ∞

−∞
dε%(ε− E)%(ε)[f(ε− E)− f(ε)], (V.4.4)

as is the case in photon-assisted tunneling [17, 199, 279]. In a normal-metal junc-
tion, this non-commutativity leads to a nonlinear I-V characteristic, as opposed
to the linear behavior predicted by photon-assisted tunneling, which is attributed
to the zero-point fluctuations of the field [47].
The Cooper pair current Icp(t) has a similar structure, with the density of states
replaced by the pair density, and with the exponents in the environmental corre-
lator carrying the same sign. This sign difference profoundly affects the system’s
behavior and is responsible for both the dc and ac Josephson effects. The standard
dc Josephson effect is recovered when the phase is constant, resulting in a sinu-
soidal current-phase relation. A dc bias induces a linear time-dependence of the
phase, leading to an oscillating Cooper pair current at the Josephson frequency,
as can be derived from Eqs. (V.4.3) (see Appendix).

V.4.1 Discrete Environmental Spectrum

We focus now on a broad class of environments composed of discrete modes.
This class is encountered in circuit QED systems [108], where the environment
may consist of an LC-resonator, an artificial atom, a superconducting qubit, etc.
The environmental Hamiltonian Ĥenv has a discrete spectrum, with eigenenergies
En and eigenstates |En〉. The phase ϕ̂(t) evolves according to the unitary operator
Û(t, ts), which takes the spectral form Û(t, ts) =

∑
n exp(−iEn(t − ts)) |En〉 〈En|,
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where the sum runs over all eigenstates. We consider the electromagnetic envi-
ronment to be initialized in a general quantum state, described by the density
matrix ρ̂. The environmental correlator reduces to

〈e−iνϕ̂(t)e−iν
′ϕ̂(t−τ)〉 =

∑

n,m,k

〈L̂mkL̂kn〉AνmkAν
′
kne
−i(Ek−En)τ/~−i(En−Em)t/~, (V.4.5)

with the ladder operator L̂kn = |Ek〉 〈En| corresponding to the transition En →
Ek, and the transition amplitude Aνkn = 〈Ek| exp(−iνϕ̂) |En〉. The operator e−iνϕ̂

acts as a translation operator for the charge operator Q̂, which is canonically con-
jugate to the phase ϕ̂, shifting the charge in the environment by one elementary
unit [46].

The current I(t) oscillates in time, and we focus on its dc component, given by
the long-time average I = limT→∞(1/T )

∫ T/2
−T/2 I(t)dt. The quasiparticle current is

a superposition of oscillations at transition frequencies between the states, and
the time-averaged current is given by

Iqp =
∑

ν=±

ν
∑

n,k

γν [k, n]Γqp(Ek − En − νeV ), (V.4.6a)

where

γν [k, n] =|Aνkn|2 Tr{L̂knρ̂L̂†kn} = |Aνkn|2ρnn. (V.4.6b)

Here, ρnn are the diagonal entries of the density matrix in the energy basis and
Tr{·} represents the trace. The transition rate γν [k, n] from state En to state Ek
involves the transition probability |Aνkn|2 induced by the charge transport and the
occupation probability of the initial state ρnn. The transition rates satisfy the nor-
malization condition

∑
k,n γ

ν [k, n] = 1, reflecting the conservation of probability.
Figure V.8(b) illustrates quasiparticle transport processes.
Due to the ac Josephson effect, the oscillations in the Cooper pair current are
shifted by the Josephson frequency ωJ = 2eV/~, such that the current becomes
a superposition of oscillatory components at frequencies ωJ + (En − Em)/~. The
time-averaged Cooper pair current is given by

Icp =
∑

m,n

δeV,(Em−En)/2 I
cp
mn, (V.4.7a)

where δx,y equals one for x = y, and zero otherwise. Therefore, the transport
of Cooper pairs results in spikes in the dc I-V characteristics, occurring when
the applied voltage satisfies the resonance condition eV = (Em − En)/2. For
an overview, Fig. V.8(c) shows the spike structure due to Cooper pair transport,
along with the step-like quasiparticle current resulting from an LC-resonator
used as the environment. Each pair of states |Em〉, |En〉 contributes

I
cp
mn =

∑

k

ΓS(Ek − (Em + En)/2) Im

(
eiφ0Cnkm

)
, (V.4.7b)
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with

ΓS(E) = 2 P.V.
∫ ∞

−∞
dε

Γcp(ε)

π(ε− E)
(V.4.7c)

Cnkm = (A+
kn)∗A−km Tr{L̂kmρ̂L̂†kn} = (A+

kn)∗A−kmρmn, (V.4.7d)

where P.V. denotes principal value. The rate ΓS(eV ) is related to the ac Josephson
current Ic,1(V ) sin(φ0 + ωf t) by [17]

Ic,1(V ) =[ΓS(eV ) + ΓS(−eV )]/2. (V.4.8)

The factor Cnkm incorporates the effect of the environment, and contains the tran-
sition amplitudes A+

kn and A−km. We interpret this factor as an interference con-
tribution between the transitions Em to Ek and En to Ek, with an initial coher-
ence ρmn being necessary to generate interference between the transitions, see
Fig. V.8(b). Degenerate energy splittings among multiple levels lead to their col-
lective contribution to a single spike in the I-V characteristics. If all transition
energies are distinct, the spike height is directly proportional to the coherences
%mn of the environmental density matrix, enabling their direct extraction.
The physics at play here is closely related to the Shapiro effect that occurs under
a harmonic current drive [17, 279]. There, voltage plateaus emerge at multiples
of half the driving frequency, manifesting as current spikes in the voltage-source
model [17]. Here, the spikes occur at the transition energies of the environment
and need not be regularly spaced.
Note that a system in equilibrium, or in an incoherent superposition of energy
eigenstates, does not exhibit spikes at finite voltage. Interestingly, a modified su-
percurrent I

cp
=
∑

n,k ΓS(Ek − En) Im(eiφ0Cnkn) arises even in equilibrium. This
is in contrast to predictions from standard dynamical Coulomb blockade the-
ory [46], where the supercurrent vanishes and the first nonzero contribution to
the Cooper pair current is second order in the tunnel conductance. In Ref. [46],
the Cooper pair condensate was modeled using the Josephson Hamiltonian. The
microscopic analysis [287] shows that the supercurrent survives for environments
in which the real part of the impedance vanishes as O(ω2) or faster as ω → 0. A
set of discrete modes satisfies this scaling behavior, and the supercurrent remains
finite.

V.4.2 Example 1: Qubit

To illustrate the physics, we consider a superconducting qubit (e.g., a charge qubit
or a transmon [108]) acting as the electromagnetic environment. Working within a
two-level truncation, the environmental Hamiltonian is Ĥenv = −~ωqσ̂3/2, where
~ωq is the level spacing, depending on the qubit frequency ωq and σ̂3 the third
Pauli matrix. Accordingly, the superconducting tunnel junction couples to the
phase operator ϕ̂ = ϕzpfσ̂1, where ϕzpf = (2Ec/EJ)

1/4 denotes the zero-point phase
fluctuations, EC and EJ are the charging and Josephson energies, and σ̂1 the first
Pauli matrix [108]. The state of the qubit is encoded in the density matrix

ρ̂ =

(
ρ00 ρ01

ρ10 ρ11

)
, (V.4.9)
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Figure V.9: Quasiparticle current Iqp (left) and differential conductance dIqp/dV (right) for
an environmental qubit prepared in the ground state (ρ00 = 1),the excited state (ρ11 =
1), and an equal mixture (ρ00 = ρ11 = 1/2). The zero-point fluctuations are ϕzpf =
1/2, the qubit frequency is ~ωq = 0.2∆, and the tunnel rate (V.4.2a) is evaluated at zero
temperature with a broadening parameter η = 5× 10−3.

with elements ρjk (j, k ∈ {0, 1}) satisfying ρ00 + ρ11 = 1 and ρ10 = ρ∗01.
The dc quasiparticle current through the superconducting junction is given by
Eq. (V.4.6a) and reduces to

Iqp = cos2(ϕzpf)I
0

qp(eV ) + ρ00 sin2(ϕzpf)
∑

ν=±

νΓqp(~ωq − νeV )

+ ρ11 sin2(ϕzpf)
∑

ν=±

νΓqp(−~ωq − νeV ), (V.4.10)

with I
0

qp(eV ) refers to bare current-voltage characteristic (V.4.4), which exhibits
an onset of quasiparticle current at |eV | = 2∆. Transitions from the excited state
|1〉 to the ground state |0〉 give rise to subgap transport that sets in at eV = 2∆−
~ωq,−2∆+~ωq. Conversely, transitions |0〉 → |1〉 appear at eV = 2∆+~ωq,−2∆−
~ωq. Therefore, the quasiparticle current features at most three step-like onsets:
a subgap step that occurs when the excited state is populated (ρ11 6= 0), and a
above-gap step that occurs when the ground state is populated (ρ00 6= 0). Fig-
ure V.9 shows the quasiparticle current and the corresponding differential con-
ductance for different qubit states. Therefore, measurement of the quasiparticle
current enables extraction of the diagonal elements of the qubit density matrix.
Cooper pair transport leads to current spikes at eV = 0 (I

cp

0 ), eV = ~ωq/2 (I
cp

+ ),
and eV = −~ωq/2 (I

cp

− ). The zero-bias current corresponds to a modified super-
current and takes the form

I
cp
0 = Ĩc sin(φ0), (V.4.11)

with an effective critical current

Ĩc = cos2(ϕzpf)Ic − sin2(ϕzpf) [ρ00ΓS(~ωq/2) + ρ11ΓS(−~ωq/2)] , (V.4.12)
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Figure V.10: Rate ΓS and amplitude of the AC Josephson current Ic,1 that enter the Cooper-
pair transport. Effective critical current Ĩc for an environmental qubit prepared in the
ground state (ρ00 = 1),the excited state (ρ11 = 1), and an equal mixture (ρ00 = ρ11 = 1/2).
The effective critical current can become negative and, in magnitude, exceed the (no-
environment) critical current due to the Riedel peak. Parameter: zero temperature;
broadening parameter η = 5× 10−3.

147



Chapter V: Quantum Photon-Assisted Transport

where Ic is the critical current without environment. In the limit ~ωq � ∆, the
effective critical current reduces to Ĩc ≈ cos(2ϕzpf)Ic ∈ [−Ic, Ic] and is therefore in-
dependent of the qubit state, depending only on ϕzpf. The frequency dependence
is governed by the rate ΓS in Eq. (V.4.7c), which exhibits the Riedel singularity
shown in Fig. V.10. Transitions between the qubit levels (|0〉 ↔ |1〉) reduce the
effective critical current. It can become negative, reflecting a phase shift of π and,
due to the Riedel peak, can even be smaller than−Ic. Figure V.10 depicts the effec-
tive critical current Ĩc for different zero-point fluctuations and qubit frequencies.
The global minimum minϕzpf,ωq ,ρ̂ Ĩc is attained for ρ11 = 1, ϕzpf = π/2, ~ωq = 4∆.
For the ground state ρ00 = 1, the minimum equals −Ic at ϕzpf = π/2 and ~ωq = 0.
The finite-bias spikes have peak heights

I
cp
± = sin(2ϕzpf)|ρ10|Ic,1(~ωq/2) cos(φ0 ± ϑ10), (V.4.13)

where ρ10 = |ρ10|eiϑ10 . Here Ic,1(~ωq/2) is the voltage-dependent current ampli-
tude known from the Shapiro effect (see Eq. (V.5.27b) and Ref. [17]). Figure V.10
displays the current amplitude Ic,1, which sets the frequency dependence of the
spikes. Overall, the two finite-bias current spikes provide information about the
qubit coherence |ρ10|.

V.4.3 Example 2: Quantum harmonic oscillator

Let us turn now to the case of a single electromagnetic mode modeled as a quan-
tized LC circuit. The flux Φ̂ = ~ϕ̂/e through the inductor is related to the phase
operator ϕ̂ = −i√g(â − â†), with g = πZLC/RK the strength of the zero-point
voltage fluctuations, determined by the impedance of the resonator ZLC =

√
L/C

and the resistance quantum RK = 2π~/e2, and â/â† the annihilation/creation op-
erator of the mode. The oscillator has eigenenergies En = ~ω0(n + 1/2) and Fock
states |n〉, with transition energies En+l − En = l~ω0, l ∈ Z between the states,
where ω0 = 1/

√
LC is the resonance frequency. To explore how different quan-

tum states influence the transport, we prepare the oscillator in Fock superposi-
tions

|Ψ01〉 =
|0〉+ exp(iθ1) |1〉√

2
, |Ψ03〉 =

|0〉+ exp(iθ2) |3〉√
2

(V.4.14a)

a squeezed vacuum state

|ξ〉 =
∞∑

n=0

(−1)n
√

(2n!)

2nn!
exp(inθ3)

(tanh(|ξ|))n√
cosh(|ξ|)

|2n〉 , (V.4.14b)

or a coherent state

|α〉 = exp

(
−|α|

2

2

) ∞∑

n=0

|α|neinθ4√
n!

|n〉 . (V.4.14c)

The squeezed state is controlled by the squeezing amplitude |ξ|, which character-
izes the degree of squeezing, while the coherent state depends on |α|, which de-
termines the amplitude of the oscillations. All states can carry an associated phase
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θs (s = 1, 2, 3, 4). By simple inspection, we can infer from Eq. (V.4.7d) and the
properties of the states which Cooper pair current spikes may appear in the I-V
characteristics. Since |ψ01〉 (|ψ03〉) only has nonzero coherences on the first (third)
off-diagonals of the density matrix, spikes only appear at eV = −~ω0/2, 0, ~ω0/2
(eV = −3~ω0/2, 0, 3~ω0/2). A squeezed vacuum state possesses nonzero entries
only for even occupation numbers, so no peaks appear at eV = j~ω0/2, with j
odd. In contrast, a coherent state can have spikes at all j ∈ Z due to its nonzero
coherences across all Fock states. The distinct coherence structures of these states
are directly reflected in the Cooper pair transport (see Fig. V.8(c)).
The background current in Fig. V.8(c) arises from quasiparticle transport and is
described by

Iqp =
∞∑

l=−∞

pl
∑

ν=±

νΓqp(l~ω0 − νeV ), (V.4.15a)

where the quasiparticles exchange l energy quanta with the environment, with
probability

pl =
∞∑

n=0

Θ(n+ l)|A−n+ln|2ρnn, (V.4.15b)

determined by the transition amplitudes

Aνn+ln =e−g/2





√
n!

(n+l)!
(νg)l/2Lln(g) l ≥ 0√

(n+l)!
n!

(−νg)−l/2L−ln+l(g) l < 0
. (V.4.15c)

Here, Lln(x) are generalized Laguerre polynomials.
Figures V.11 and V.12 show the quasiparticle current and the differential conduc-
tance for the four environmental states in Eqs. (V.4.14). Due to the superconduct-
ing energy gap, the quasiparticle rate Γqp(E) becomes nonzero only forE ≤ −2∆.
Therefore, the processes involving the exchange of l energy quanta with the res-
onator set in successively at 2∆ + l~ω0, where the exchange probability pl deter-
mines the height of the step. For example, the Fock superpositions |Ψ01〉 and |Ψ03〉
can emit at most one and three excitations, respectively, which implies pl = 0 for
l < −1 and l < −3. As a result, the first step appears at eV = 2∆ − ~ω0 and
eV = 2∆−3~ω0, respectively, whereas for the squeezed state, the first step occurs
around 2∆ − 11~ω0. The successive appearance of the steps enables direct ex-
traction of the exchange probability pl from the quasiparticle current. In contrast,
for normal-conducting junctions, determining the exchange probability requires
both the average current and current noise (compare to Fig. V.2 and Ref. [47]). As
proposed by Souquet et al. [47], the exchange probability can serve as a diagnostic
tool to distinguish classical from nonclassical states.
Cooper pair transport occurs at eV = j~ω0/2, j ∈ Z, and the height of the result-
ing current spike is given by

I
cp
j =

∞∑

l=−∞

ΓS([l − j/2]~ω0) Im

(
eiφ0Clj

)
, (V.4.16a)
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Figure V.11: Quasiparticle current Iqp (left) and differential conductance dIqp/dV (right)
when the environment was prepared in a vacuum-single-photon Fock state |Ψ01〉 (up-
per row) and vacuum-three-photon Fock state |Ψ03〉 (lower row). Insets show the corre-
sponding probability pl to exchange l energy quanta with the environment. The peaks in
the differential conductance mark the positions 2∆+l~ω0, where the l-th energy exchange
begins to contribute to the current. The parameters are ~ω0 = 0.2∆, g = 1/2, coherence
phases θ1,2 arbitrary, and the tunnel rate (V.4.2a) is evaluated at zero temperature with a
broadening parameter η = 5× 10−3.
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Figure V.12: Quasiparticle current Iqp (left) and differential conductance dIqp/dV (right) for
environments prepared in coherent (|α| = 4,θ3 ∈ R) and squeezed (|ξ| = 2, θ4 ∈ R) state
(upper and lower rows, respectively). Insets display the probability pl of exchanging l
energy quanta with the environment, while peaks in the conductance appear at 2∆+l~ω0,
signaling the onset of the l-th exchange process. Parameters: ~ω0 = 0.2∆, g = 1/2, zero
temperature, and broadening η = 5× 10−3.
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Figure V.13: Cooper pair current amplitudes Ij as a function of the frequency for a vacuum-
single-photon Fock state. The amplitudes are normalized to the junction’s critical cur-
rent Ic in the absence of environmental coupling. The remaining amplitudes Ij with
j 6= −1, 0, 1 vanish. The tunnel rate (Eq. (V.4.2b)) is evaluated at zero temperature with
broadening η = 5× 10−3. Parameters: θ1 ∈ R, g = 1/2.

where

Clj =
∞∑

n=0

Θ(n+ l)Θ(n+ j)A−nn+lA
−
nn+jρn+jn. (V.4.16b)

This expression reduces to a current-phase relation

I
cp
j = Ij sin(φ0 − ϑj), (V.4.16c)

with the amplitude Ij and phase shift ϑj depending on the environmental state,
the coupling strength

√
g, and the resonator frequency ω0. The j-th spike is sen-

sitive to the j-th diagonal of the density matrix ρn+jn. A ϕ0-junction cannot be
realized in this case, as the modified supercurrent I

cp
0 depends only on the diago-

nal elements of the density matrix, which are real. This leads to ϑ0 = 0, implying
a purely sinusoidal current-phase relation.
Figures V.13, V.14, V.15, and V.16 show the frequency dependence of the Cooper
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Figure V.14: Cooper pair current amplitudes Ij as a function of the frequency for a vacuum-
three-photon Fock state. The remaining amplitudes Ij with j 6= −3, 0, 3 vanish. The
amplitudes are normalized to the junction’s critical current Ic in the absence of environ-
mental coupling. The tunnel rate (Eq. (V.4.2b)) is evaluated at zero temperature with
broadening η = 5× 10−3. Parameters: θ2 ∈ R, g = 1/2.
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Figure V.15: Selection of Cooper pair current amplitudes Ij as a function of the frequency for
a coherent state with |α| = 4. The amplitudes are normalized to the junction’s critical
current Ic in the absence of environmental coupling. The tunnel rate (Eq. (V.4.2b)) is
evaluated at zero temperature with broadening η = 5×10−3. Parameters: θ3 ∈ R, g = 1/2.
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Figure V.16: Selection of Cooper pair current amplitudes Ij as a function of the frequency for
a squeezed state with |ξ| = 2. The amplitudes are normalized to the junction’s critical
current Ic in the absence of environmental coupling. The tunnel rate (Eq. (V.4.2b)) is
evaluated at zero temperature with broadening η = 5×10−3. Parameters: θ3 ∈ R, g = 1/2.
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pair current amplitudes. The frequency dependence exhibits sharp features at
specific frequencies, which are related to Riedel peaks, which are singularities at
|eV | = 2∆ in the ac Josephson current amplitude [17]. Here, the superconducting
rate is related to the ac Josephson current amplitude through Eq. (V.4.8). In con-
trast, the rate is asymmetric in energy and exhibits a Riedel peak only atE = −2∆
(see Fig. V.21). Hence, the frequency dependence of the amplitude Ij consists of
replicas of the Riedel peak at ~ω0 = −4∆/(2l − j), weighted by the interference
factors Clj . Kinks at Ij = 0 indicate a sign change of the spike and arise from
taking the absolute value, Ij = |Icpj |.
Figures V.17, V.18, V.15, and V.20 show the coupling dependence of the ampli-
tudes Ij for ~ω0 = 2 × 10−2∆, and compares it to frequencies much smaller than
the superconducting gap (gray dashed lines). Varying the coupling strength mod-
ifies the transition amplitudes and, consequently, the interference factor (V.4.16b).
The interference factor satisfies the identity

∑
l,j Clj = 〈e2

√
g(â−â†)〉 ≡ M [2

√
g],

which corresponds to the moment-generating function of the quadrature â − â†
evaluated at 2

√
g. As ~ω0/∆ � 1, the total Cooper pair current reduces to an ex-

pression involving the moment-generating function,
∑

j I
cp
j = Ic Im(eiφ0M [2

√
g]),

where Ic = ΓS(0) is the critical current of the uncoupled junction. The individual
amplitudes take the form limω0→0 Ij = Ic|

∑
n Θ(n+j)Ã−nn+jρn+jn|, with a rescaled

transition amplitude Ã−nn+j = 〈n| exp(2iϕ̂) |n+ j〉. Thus, the coupling dependence
serves as a sensitive indicator of the environmental state.

V.4.4 Conclusion

We have shown that the coupling between a nonclassical electromagnetic envi-
ronment and a Josephson tunnel junction gives rise to a very rich phenomenology
in the current-voltage characteristics. In particular, we have illustrated how a su-
perconducting tunnel junction can be used to completely characterize the nature
of quantum states generated with circuit-QED setups, something that is not pos-
sible with normal tunnel junctions. Moreover, with the theoretical framework
used here, the analysis of the transport characteristics can be straightforwardly
extended to the study of higher-order cumulants like shot noise.
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Figure V.17: Cooper pair current amplitudes Ij as a function of the frequency for a vacuum-
single-photon Fock state. Each amplitude probes the j-th diagonal of the corresponding
density matrix such that in this case the remaining amplitudes Ij with j 6= −1, 0, 1 vanish.
The gray dashed lines indicate the low-frequency limit, which depends solely on the
transition amplitudes Ã−nn+j and the density matrix elements ρn+jn. The amplitudes are
normalized to the junction’s critical current Ic in the absence of environmental coupling.
The tunnel rate (Eq. (V.4.2b)) is evaluated at zero temperature with broadening η = 5 ×
10−3. Parameters: θ1 ∈ R, ~ω0 = 5× 10−2∆.
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Figure V.18: Cooper pair current amplitudes Ij as a function of the frequency for a vacuum-
three-photon Fock state. Each amplitude probes the j-th diagonal of the corresponding
density matrix such that in this case the remaining amplitudes Ij with j 6= −3, 0, 3 vanish.
Gray dashed lines mark the zero-frequency limit, which depends solely on the transition
amplitudes Ã−nn+j and the density matrix elements ρn+jn. The amplitudes are normal-
ized to the junction’s critical current Ic in the absence of environmental coupling. The
tunnel rate (Eq. (V.4.2b)) is evaluated at zero temperature with broadening η = 5× 10−3.
Parameters: θ2 ∈ R, ~ω0 = 5× 10−2∆.
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Figure V.19: Selection of Cooper pair current amplitudes Ij as a function of the frequency for
a coherent state with |α| = 4. Gray dashed lines mark the low-frequency limit, which de-
pends solely on the transition amplitudes Ã−nn+j and the density matrix elements ρn+jn.
The amplitudes are normalized to the junction’s critical current Ic in the absence of envi-
ronmental coupling. The tunnel rate (Eq. (V.4.2b)) is evaluated at zero temperature with
broadening η = 5× 10−3. Parameters: θ3 ∈ R, ~ω0 = 5× 10−2∆.
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Figure V.20: Selection of Cooper pair current amplitudes Ij as a function of the frequency for
a squeezed state with |ξ| = 2. Gray dashed lines mark the low-frequency limit, which de-
pends solely on the transition amplitudes Ã−nn+j and the density matrix elements ρn+jn.
The amplitudes are normalized to the junction’s critical current Ic in the absence of envi-
ronmental coupling. The tunnel rate (Eq. (V.4.2b)) is evaluated at zero temperature with
broadening η = 5× 10−3. Parameters: θ4 ∈ R, ~ω0 = 5× 10−2∆.

160



Chapter V: Quantum Photon-Assisted Transport

V.5 Appendix

V.5.1 Hamiltonian

Our objective is to analyze the impact of an arbitrary electromagnetic environ-
ment on the current through a superconducting tunnel junction. In the absence
of an environment, quantum transport in the mesoscopic conductor is governed
by the Hamiltonian Ĥcond [46, 219, 232, 246]. We model the coupling between the
junction and the environment via the interaction Hamiltonian

Ĥint =
~
e
φ̂(t)Î , (V.5.1a)

where Î denotes the junction’s current operator, φ̂(t) represents the phase oper-
ator associated with the electromagnetic environment, and e corresponds to the
elementary charge. As a specific example, a constant phase operator corresponds
to a static phase bias, which gives rise to the standard supercurrent. A classical,
time-dependent voltage bias V (t) induces a dynamic phase φ̂(t) =

∫ t
ts
dt′eV (t′)/~,

which describes the AC Josephson effect in the case of a constant voltage (see
Eq. (V.5.27a)), and gives rise to Shapiro steps when the drive is harmonic. In gen-
eral, the dynamics of the phase operator is captured by a Hamiltonian Ĥenv. Then,
the total Hamiltonian is given by [244]

Ĥ = Ĥcond + Ĥenv + Ĥint. (V.5.1b)

V.5.2 Cumulant-Generating Functional

The statistics of the current ÎH(t) is fully encoded in the partition functional [219,
232, 234, 246, 289]

Z[χ] =

〈
T̃ [e

i
e

∫∞
ts
dtχ−(t)ÎH(t)]T [e−

i
e

∫∞
ts
dtχ+(t)ÎH(t)]

〉
, (V.5.2)

where T and T̃ denote the time-ordering and anti-time-ordering operators, re-
spectively. The functions χ+(t) and χ−(t) are the forward and backward com-
ponents of the counting field defined on the Keldysh contour C = C+ + C−,
which runs from ts to infinity and back to ts. The subscript H indicates that the
operator evolves in the Heisenberg picture, i.e., according to the Hamiltonian
given in Eq. (V.5.1b). The average 〈·〉 is taken with respect to the initial den-
sity matrix %̂ = %̂cond ⊗ %̂env, which is assumed to be separable. Taking the log-
arithm of the partition functional results in the cumulant-generating functional
S[χ] = log(Z[χ]). Time-ordered current correlations can be obtained by function-
ally differentiating the moment-generating functional with respect to the count-
ing field (see Eqs.(IV.3.3)). The average current and the noise are obtained by

〈ÎH(t)〉 =ie
δS[χ]

δχq(t)

∣∣∣∣
χ=0

(V.5.3a)

〈{∆ÎH(t),∆ÎH(t′)}〉 =− e2 δ2S[χ]

δχq(t)δχq(t′)

∣∣∣∣
χ=0

, (V.5.3b)
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with the quantum field χq(t) = χ+(t) − χ−(t), {·, ·} the anti-commutator and
∆ÎH(t) = ÎH(t)− 〈ÎH(t)〉 the difference to the mean [15, 233].

The central idea is to express the partition functional (V.5.2) in terms of the known
partition functional for an isolated tunnel junction [246, 289]. Accordingly, we
transition to the interaction picture to decouple the dynamics of the junction and
the environment. An operator ÔH(t) in the Heisenberg picture is related to the
operator in the interaction picture ÔI(t) by

ÔH(t) = Û †int(t, ts)ÔI(t)Ûint(t, ts), (V.5.4a)

where

Ûint(t, ts) = T exp

(
− i
~

∫ t

ts

Ĥ I
int(t

′)dt′
)
, (V.5.4b)

is the interaction-picture evolution operator, and

Ĥ I
int(t) =

~
e
φ̂I(t)ÎI(t), (V.5.4c)

with the subscript I indicating operators in the interaction picture. The operator
φ̂I(t) evolves under the Hamiltonian Ĥenv, while ÎI(t) evolves under Ĥcond. To
simplify the notation, we promote the time variable to the full Keldysh contourC,
and introduce the contour-ordering operator TC, the contour evolution operator
ÛC

int = TC exp(− i
~

∫
C dtĤ

I
int(t)), and a unified counting field χ(t), which equals

χ+(t) on the forward branch and χ−(t) on the backward branch of the contour.
The partition functional transforms to

Z[χ] =
∞∑

n=0

(−i)n
n!

∫

C
dt1 . . .

∫

C
dtn〈TC[χ(t1)ÎH(t1) . . . χ(tn)ÎH(tn)]〉

=1 +
∞∑

n=1

(−i)n
n!

∫

C
dt1 . . .

∫

C
dtn〈TC[Ûint(ts, t1)χ(t1)ÎI(t1)Ûint(t1, t2) . . .

× Ûint(tn−1, tn)χ(tn)ÎI(tn)Ûint(tn, ts)]〉

=1 +
∞∑

n=1

(−i)n
n!

∫

C
dt1 . . .

∫

C
dtn〈TC[ÛC

intχ(t1)ÎI(t1) . . . χ(tn)ÎI(tn)]〉+ 〈TCÛ
C
int〉

− 〈TCÛ
C
int〉

=1 +

〈
TC exp

(
− i
e

∫

C
[χ(t) + φ̂I(t)]ÎI(t)dt

)〉
− 〈TCÛ

C
int〉

=1 +
∞∑

m=0

gm

m!

∫

C
dt1 . . .

∫

C
dtm

[
δmZ0[χ]

δχ(t1) . . . δχ(tm)
− δmZ0[χ]

δχ(t1) . . . δχ(tm)

∣∣∣∣
χ=0

]

×
〈

TC[φ̂I(t1) . . . φ̂I(tm)]

〉

env
, (V.5.5)

162



Chapter V: Quantum Photon-Assisted Transport

with the partition functional Z0[χ] of the isolated tunnel junction, and 〈·〉env the
average with respect to ρ̂env. The final line is obtained by expanding ÛC

int and ex-
ploitation of the defining property of the partition functional. The term 〈TCÛ

C
int〉

ensures proper normalization of the partition functional, such that Z[0] = 1.
The partition functional formally resembles a functional Taylor expansion of 1 +

〈TC[Z0[χ+ δχ]−Z0[δχ]]〉env, with a displacement δχ(t) = φ̂I(t).

The cumulant-generating functional (or Keldysh action) for a general multiter-
minal and time-dependent scatterer was derived by Snyman and Nazarov [246,
248]. In a two-terminal device with an energy-independent scattering matrix, the
cumulant-generating functional is given by (see Eq. (IV.3.16))

S[χ] =
1

4

∑

n

Tr ln

[
1 +
Tn
4

(
{Ǧ1(χ)⊗, Ǧ2} − 2

)]
, (V.5.6)

where Ǧ1(χ) is the counting-field-dependent Green’s function of terminal 1, and
Ǧ2 the corresponding Green’s function of terminal 2, and Tn are transmission
eigenvalues [231, 246, 248, 289]. The Green’s functions are treated as operators in
time, Keldysh, Nambu, spin, and channel space, where log() denotes the opera-
tor logarithm, and Tr represents the trace over all these degrees of freedom. Op-
erator multiplication involves integration over time variable, while the remain-
ing spaces (Keldysh, Nambu, spin, and channel) entail summation over discrete
indices. For example, [Ǧ1Ǧ2](t, t′′) ≡

∫
C dt

′Ǧ1(t, t′)Ǧ2(t′, t′′). Note that the the
Green’s functions Ǧ1,2 are defined with a third Pauli matrix in Keldysh space to
ensure normalization Ǧ1,2Ǧ1,2 = 1̌, but therefore the Keldysh −+/−− compo-
nents correspond to the negative of the greater/anti-time ordered Green’s func-
tion. The counting-field is incorporated in terminal 1 by [232, 234, 289]

Ǧ1(χ, t, t′) = e−iχ(t)σ̂3Ǧ1(t, t′)eiχ(t′)σ̂3 , (V.5.7)

with σ̂3 the third Pauli-matrix in Nambu space.

We calculate the CGF S[χ] in the tunnel limit and therefore retain only terms
that are first-order in the tunnel conductance GT = e2

∑
n Tn/(π~). In principle,

higher-order terms can be obtained by expanding the CGF to the desired order in
the tunnel conductance GT , although the expressions become increasingly cum-
bersome. After tracing out the Keldysh and Nambu structure, we obtain

S[χ] =
GTπ~

8e2

∫∫ ∞

ts

dtdt′
∑

ν,ν′=±
µ,µ′=±

(e−iµχ
ν(t)+iµ′χν

′
(t′) − 1)

×Gνν′µµ′
env (t, t′) Tr{G̃νν′µµ′

1 (t, t′)G̃ν′νµ′µ
2 (t′, t)}, (V.5.8a)

with G̃νν′µµ′
j , j = 1, 2 a matrix in spin space, and Tr{·} the trace in spin space. The

indices ν, ν ′ refer to the Keldysh structure, with ν = + labeling the forward con-
tour and ν = − the backward contour. The indices µ, µ′ correspond to the Nambu
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structure, where µ = + denotes the particle component and µ = − the hole com-
ponent. The Green’s functions Ǧj are assumed to have a trivial spin structure,
corresponding to the identity matrix. The environmental Green’s functions are

G++µµ′
env (t, t′) =〈T e−iµφ̂I(t)eiµ

′φ̂I(t
′)〉env (V.5.8b)

G−−µµ
′

env (t, t′) =〈T̃ e−iµφ̂I(t)eiµ
′φ̂I(t

′)〉env (V.5.8c)

G+−µµ′
env (t, t′) =〈eiµ′φ̂I(t

′)e−iµφ̂I(t)〉env (V.5.8d)

G−+µµ′
env (t, t′) =〈e−iµφ̂I(t)eiµ

′φ̂I(t
′)〉env. (V.5.8e)

V.5.3 Full Counting Statistics

The full counting statistics (FCS) is obtained using the fields χ±(t) = ±(1−Θ(t−
te))χ/2, where χ is the counting variable and the measurement interval runs from
ts to te. The cumulant generating function, derived from Eq. (V.5.8a), is given by

S(χ) = (e−iχ − 1)N21 + (eiχ − 1)N12. (V.5.9)

For a normal-metal junction, N21 and N12 represent the number of charges trans-
ferred from terminal 1 to terminal 2, and from terminal 2 to terminal 1, respec-
tively. The charge transfer statistics follow a generalized Poisson distribution, as
expected for transport through a tunnel junction [232]. Accounting for higher-
order terms in the conductance GT causes deviations from Poissonian statistics,
whereas in the absence of a quantum environment, the resulting full counting
statistics is multinomial [43, 44, 231, 233, 235, 290, 291]. A superconducting tun-
nel junction can exhibit negative values for N21 and N12, thereby undermining
the interpretation of the FCS as a probability distribution. However, the FCS is
observable when the dynamics of an idealized measurement device is taken into
account [231]. Quasiparticles and Cooper pairs contribute to charge transfer such
that

Njk = N
qp
jk +N

cp
jk , (V.5.10a)

with the individual contributions

N
qp
21 =

1

e

∫ ∞

−∞
dE

∑

ν,ν′=±
ν 6=ν′

G
νν′νν
env (E)Γνν

′νν(E) (V.5.10b)

N
cp
21 =

1

e

∫ ∞

−∞
dE

∑

ν,ν′=±
ν 6=ν′

G
νννν′

env (E)Γνννν
′
(E) (V.5.10c)

N
qp
12 =

1

e

∫ ∞

−∞
dE

∑

ν,ν′=±
ν 6=ν′

G
ν′ννν
env (E)Γν

′ννν(E) (V.5.10d)

N
cp
12 =

1

e

∫ ∞

−∞
dE

∑

ν,ν′=±
ν 6=ν′

G
ννν′ν
env (E)Γννν

′ν(E), (V.5.10e)
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where

G
νν′µµ′

env (E) =

∫∫ te

ts

dtdt′

4π~
eiE(t−t′)/~Gνν′µµ′

env (t, t′) (V.5.10f)

is the time-averaged environmental Green’s function. In the absence of an elec-
tromagnetic environment, the tunneling rates are

Γνν
′µµ′(E) =

GT

8e

∫ ∞

−∞
dεTr{G̃νν′µµ′

1 (ε− E)G̃ν′νµ′µ
2 (ε)}, (V.5.10g)

with the energy domain representationGνν′µµ′
j (E) =

∫∞
−∞ e

iEτ/~dτGνν′µµ′
j (τ), where

τ = t − t′. Here, the terminals are assumed to be in thermal equilibrium, which
implies time-translation invariance of the Green’s functions, i.e., Gνν′µµ′

j (t, t′) =

Gνν′µµ′
j (t− t′). The Green’s function in Keldysh space takes the form:

Ǧj =

(
Ĝ++
j Ĝ+−

j

Ĝ−+
j Ĝ−−j

)
=

1

2

(
Ĝa
j + Ĝr

j + Ĝk
j Ĝa

j − Ĝr
j + Ĝk

j

Ĝa
j − Ĝr

j − Ĝk
j Ĝa

j + Ĝr
j − Ĝk

j

)
, (V.5.11)

with the retarded/advanced Ĝ
r/a
j (E) component, and the Keldysh component

Ĝk
j = (Ĝr

j(E) − Ĝa
j (E))(1 − 2fj(E)), where fj(E) = (1 + e(E−µ̃j)/(kBTj))−1 is the

Fermi-Dirac distribution. The Fermi-Dirac distribution is determined by the tem-
perature Tj , and the chemical potential µ̃j of the corresponding terminal.
A pure voltage bias V results in the environmental Green’s functions

G
νν′µµ′

env (E) =
t0δ(E − µ′eV )eiφ0(µ′−µ)/2

2
·
{

1 µ = µ′

exp(iµ′ωJ t0)−1
iµ′ωJ t0

µ 6= µ′
, (V.5.12)

with Josephson frequency ωJ = 2eV/~, the superconducting phase difference φ0,
and the length of the measurement interval t0 = te− ts. Here, we assume that the
measurement interval is large, such that ωJt0 � 1. The components N cp

jk oscillate
at ωJ , reflecting the ac Josephson effect. As expected for transport under voltage
bias [232], the number of transferred quasiparticles is given by the tunneling rates
times the measurement interval.

V.5.4 Tunnel Current

The tunnel current I(t) = 〈ÎH(t)〉 is obtained by functionally differentiating the
CGF with respect to the counting field (see Eq. (V.5.3a)). This yields the expres-
sion

I(t) =
∑

ν 6=ν′=±
µµ′=±

∫ ∞

−∞
dEP νν′µµ′(t, E)Γνν

′µµ′(E), (V.5.13)

with the generalized P -function

P νν′µµ′(t, E) =

∫ t−ts

0

dτ

2π~

(
µνeiEτ/~Gνν′µµ′

env (t, t− τ)− µ′ν ′e−iEτ/~Gνν′µµ′
env (t− τ, t)

)
.

(V.5.14)
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We employed the identities relating time-ordered and anti-time-ordered Green’s
functions to the lesser and greater components in order to eliminate the ++/−−
contributions.

V.5.5 Normal Conducting Tunnel Junction

In this section, we examine a tunnel junction between two normal conductors
interacting with an environment. The retarded/advanced Green’s function of a
normal lead is

Ĝr/a(E) = ±τ̂0 ⊗ σ̂3, (V.5.15)

with with τ̂0 the zeroth Pauli matrix in spin space, and σ̂3 the third Pauli matrix in
Nambu space. The rates Γνν

′µµ′ with µ 6= µ′ vanish. The remaining nonzero rates
simplify to Γνν

′µµ(E) = Γ(ν ′E), for ν 6= ν ′, and Γ(E) represents the tunneling rate
of the uncoupled junction:

Γ(E) =
GT

e

∫ ∞

−∞
dε[1− f(ε− E)]f(ε) =

GT

e

E

1− e−E/(kBT )
, (V.5.16)

assuming equal temperatures T1 = T2 = T . f(E) denotes the Fermi function
evaluated at zero chemical potential. The average current reduces to

I(t) =
∑

ν=±

ν

∫ ∞

−∞
dEP ν(t, E)Γ(E), (V.5.17)

with the P -functions

P ν(t, E) =

∫ ∞

0

dτ

π~
Re

(
eiEτ/~〈eiνφ̂I(t)e−iνφ̂I(t−τ)〉

)
, (V.5.18)

where, for brevity, 〈·〉 ≡ 〈·〉env. We consider the perturbation to have been switched
on in the distant past, and took the limit ts → −∞. Therefore, we recover the stan-
dard expressions of dynamical Coulomb blockade physics (DCB) [46, 287], and
the formula derived in [47] for a non-equilibrium environment.

V.5.6 Superconducting Tunnel Junction

We turn to the case of a superconducting tunnel junction coupled to an envi-
ronment, examining how the environment impacts both the quasi-particle and
Cooper pair tunneling currents. The superconducting Green’s function acquires
a nontrivial matrix structure in Nambu space, reflecting the intrinsic particle–hole
coherence characteristic of the superconducting state. The retarded and advanced
Green’s functions are given by

Ĝ
r/a
j = 1̃⊗ −i√

∆2
j − (E ± iη)2

(
(E ± iη) ∆je

iφj

−∆je
−iφj −(E ± iη)

)
, (V.5.19)

with 1̃ the identity in spin space, ∆j the superconducting gap, φj the supercon-
ducting phase, and the regularisation parameter η, which tends to zero, but can

166



Chapter V: Quantum Photon-Assisted Transport

be kept finite to describe inelastic processes, which broaden the electronic states.
The superconducting phases φj are set to zero in the following, as they are al-
ready accounted for in φ̂I(t). The normalization condition requires Ĝr/aĜr/a = 1̂,
where 1̂ is the identity in spin-Nambu space.
The quasi-particle current is associated with the diagonal components in Nambu
space, corresponding to terms with µ = µ′. The corresponding rates are Γνν

′µµ(E)-
= Γqp(ν ′E), ν 6= ν ′, with

Γqp(E) =
GT

e

∫ ∞

−∞
dε%1(ε− E)%2(ε)[1− f(ε− E)]f(ε), (V.5.20a)

and the superconducting density of states

%j(E) = Re


 −i(E + iη)√

∆2
j − (E + iη)2


 . (V.5.20b)

The resulting quasi-particle current,

I(t) =
∑

ν=±

ν

∫ ∞

−∞
dEP ν(t, E)Γqp(E), (V.5.21)

exhibits the same structure as the electron current discussed in the previously and
involves the same P -function defined in Eq. (V.4.3a). The only difference lies in
the bare quasi-particle tunneling rate, which additionally incorporates the super-
conducting densities of states.
The Cooper pair current originates from the anomalous (off-diagonal) compo-
nents of the Green’s functions, corresponding to µ 6= µ′, and gives rise to transi-
tion rates of the form Γνν

′µµ′(E) = −Γcp(ν ′E), for ν 6= ν ′ and µ 6= µ′. The Cooper
pair tunneling rate Γcp(E) is given by

Γcp(E) =
GT

e

∫ ∞

−∞
dες1(ε− E)ς2(ε)(1− f(ε− E))f(ε), (V.5.22a)

with the pair densities

ςj(E) = Re


 i∆j√

∆2
j − (E + iη)2


 . (V.5.22b)

Cooper pair tunneling leads to the contribution

Icp(t) =
∑

ν=±

ν

∫ ∞

−∞
dECν(t, E)Γcp(E), (V.5.23)

with a correlation function

Cν(t, E) =

∫ ∞

0

dτ

π~
Re

(
eiEτ/~〈e−iνφ̂I(t)e−iνφ̂I(t−τ)〉

)
. (V.5.24)

167



Chapter V: Quantum Photon-Assisted Transport

A dc voltage V and a superconducting phase shift applied additionally to the
tunnel junction leads to a dynamical phase ϕdc(t) = eV t/~ + φ0/2, and can be
incorporated by φ̂I(t) = ϕ̂I(t) + ϕdc(t), where ϕ̂ is the phase operator of the envi-
ronment. Thus, the P - and C-function are

P ν(t, E) =

∫ ∞

0

dτ

π~
Re

(
ei(E+νeV )τ/~〈eiνϕ̂I(t)e−iνϕ̂I(t−τ)〉

)
(V.5.25a)

Cν(t, E) =

∫ ∞

0

dτ

π~
Re

(
ei(E+νeV )τ/~e−iνφ0−2iνeV t/~〈e−iνϕ̂I(t)e−iνϕ̂I(t−τ)〉

)
. (V.5.25b)

To the best of our knowledge, the C-function has not been discussed in the liter-
ature in this level of generality and constitutes the novel part of our work.

V.5.7 AC-Josephson Effect and Shapiro Steps

A constant voltage bias represents the most basic example of an electromagnetic
environment. The C-function reduces to

Cν(t, E) = cos(φ0 + 2eV t/~)δ(E + νeV ) + ν sin(φ0 + 2eV t/~)
1

π
P.V.

[
1

E + νeV

]
,

(V.5.26)

with P.V. the principal value. The Cooper pair current is given by

Icp(t) =Ic,1(V ) sin(φ0 + 2eV t/~) + Ic,2(V ) cos(φ0 + 2eV t/~), (V.5.27a)

with the critical currents

Ic,1(V ) =
GT

πe
P.V.

∫∫ ∞

−∞
dEdε

ς1(E)ς2(ε)

E − ε− eV [f(E)− f(ε)] (V.5.27b)

Ic,2(V ) =
GT

e

∫ ∞

−∞
dες1(ε− eV )ς2(ε)[f(ε− eV )− f(ε)]. (V.5.27c)

We recover the well-known ac Josephson effect [16, 17]. The rate ΓS(E), as de-
fined in the main text, is related to the critical current amplitude Ic,1(V ) via the
relation Ic,1(V ) = [ΓS(eV ) + ΓS(−eV )]/2, as shown in Fig. V.21.
An external microwave field incident at the tunnel junction is modeled by a volt-
age V (t) = V0 cos(ω0t), where V0 and ω0 are the amplitude and angular frequency
of the microwave drive, respectively. The time-dependent voltage induces a dy-
namical phase

φ(t) =
eV

~
t+

a

2
sin(ω0t), (V.5.28)

where V corresponds to the applied dc voltage, and a = ωJV0/(~ω0V ) to the
strength of the drive. Therefore, the environmental phase φ̂(t) = φ(t) results
in

Cν(t, E) =
∞∑

n,l=−∞

Jn (a/2) Jl (a/2)

(
cos(φ0 + Ωnlt)δ(E + νeV + νl~ω0)

+ ν sin(φ0 + Ωnlt)
1

π
P.V.

[
1

E + νeV + νl~ω0

])
, (V.5.29)
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Figure V.21: Comparison between the rate ΓS from Eq. (V.4.7c) and the current amplitude
Ic,1. The plot illustrates that the critical current is given by the symmetrized rate evalu-
ated at ±eV .

with Ωnl = 2eV/~+(n+l)ω0. We utilized the identity exp(iz sin(Θ)) =
∑∞

l=−∞ Jl(z)-
exp(ilΘ), where Jl(z) denotes the Bessel function of the first kind of order l. The
resulting Cooper pair current

Icp(t) =
∞∑

n,l=−∞

Jn (a/2) Jl (a/2) [Ic,2(eV + l~ω0) cos(φ0 + Ωnlt)

+ Ic,1(eV + l~ω0) sin(φ0 + Ωnlt)] (V.5.30)

oscillates at harmonics of the driving frequency and is consistent with the results
reported in [17]. The time averaged Cooper pair current

Icp = lim
T→∞

1

T

∫ T/2

−T/2
Icp(t)dt

=
∞∑

m=−∞

δeV,m~ω0/2

∞∑

l=−∞

Jm−l (α) Jl (α)

× [Ic,1(eV + l~ω0) sin(φ0)− Ic,2(eV + l~ω0) cos(φ0)] (V.5.31)

exhibits spikes at eV = m~ω0/2 in the I − V curve, with δeV,m~ω0/2 = 1 for eV =
m~ω0/2, and δeV,m~ω0/2 = 0 for eV 6= m~ω0/2. These spikes correspond to Shapiro
steps in a current-biased tunnel junction [17, 279].

V.5.8 State Preparation

We envisage a finite-time state preparation protocol that initializes the environ-
ment in a desired state [263], after which the average tunnel current is measured
over a substantially longer time interval. The time-averaged current of interest is

I ≡ 1

te − tm

∫ te

tm

dtI(t) = I in + Iprep, (V.5.32)
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where the preparation takes place from time ts up to tm, at which point the mea-
surement begins and continues until te. The current I in depends solely on the
prepared state, while Iprep depends on the preparation protocol. The integrals
in I in run over times later than tm such that the environmental correlator can be
reformulated as

〈eiνϕ̂I(t)e−iν
′ϕ̂I(t

′)〉 = Tr{U †(t, ts)eiνϕ̂U(t, ts)U
†(t′, ts)e

−iν′ϕ̂U(t′, ts)ρ̂env}
= Tr{U †(t, tm)eiνϕ̂U(t, tm)U †(t′, tm)e−iν

′ϕ̂U(t′, tm)

× U(tm, ts)ρ̂envU
†(tm, ts)}

= Tr{eiνϕ̂m(t)e−iν
′ϕ̂m(t′)ρ̂in}, (V.5.33)

with ρ̂env is the initial density matrix at ts, ρ̂in the initialized density matrix at tm,
and U(t, ts) the time-evolution operator of the environment. The average current
Iprep involves correlators of the form

1

te − tm

∫ te−tm

0

dt

∫ tm−ts

0

dτ

π~
Re

(
eiE(t+τ)/~〈eiνϕ̂I(t+tm)e−iν

′ϕ̂I(tm−τ)〉
)
, (V.5.34)

and is sensitive to the time evolution of the environmental operator during the
state preparation period. If, Ĥ |En〉 = En |En〉, with a discrete set of eigenvalues
En and orthonormal eigenstates |En〉, then

1

te − tm

∫ te−tm

0

dteiEt/~eiνϕ̂m(t) =
∑

n,m

〈n| eiνϕ̂ |m〉 |n〉 〈m|

× 1

te − tm

∫ te−tm

0

dtei(E+En−Em)t/~. (V.5.35)

The time average leads to a factor

1

te − tm

∫ te−tm

0

dtei(E+En−Em)t/~ =
cos(Ω(te − tm))

iΩ(te − tm)
+

sin(Ω(te − tm))

Ω(te − tm)
− 1

iΩ(te − tm)

−−−−−−→
te−tm→∞

δΩ,0, (V.5.36)

with Ω = (E + En − Em)/~. In the limit of a large measurement window, this
factor becomes non-zero only when E + En − Em = 0. Therefore, the integrand
in the energy integral over E is non-zero only on a set of measure zero, implying
that Iprep → 0 in the limit te − tm → ∞. Including a finite voltage bias merely
shifts Ω, while the underlying reasoning remains unchanged. This demonstrates
that the average current I = I in depends on the initialized state as well as on the
system’s evolution during the measurement interval, and not on the preparation
protocol.
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Chapter VI

Conclusion

This thesis has examined fluctuation phenomena in mesoscopic transport, with
a focus on electric and energy current fluctuations. The projects addressed vari-
ous physical systems, including electronic, Cooper-pair, and radiative transport,
all of which can be described within a scattering-theory framework. Transport
processes were driven by different mechanisms, namely thermal, classical time-
dependent, and quantum driving.

The first project in Chap. II analyzed light emission of a mesoscopic conductor
under thermal bias and is published in [292]. The emission is linked to the non-
symmetrized noise spectrum, with negative frequencies corresponding to emis-
sion and positive frequencies to the absorption spectrum. In voltage-biased con-
ductors, the noise consists of equilibrium Nyquist–Johnson noise and nonequilib-
rium shot noise. The two contributions originate from distinct microscopic mech-
anisms: thermal occupation of electronic states in the reservoirs, and stochas-
tic partitioning of charge carriers in the scattering region. In thermally biased
conductors, we identified a thermallike noise spectrum, and the nonequilibrium
spectrum, referred to as the delta-T noise spectrum. Unlike in voltage-biased
conductors, the delta-T noise spectrum can exhibit negative values, reflecting the
different driving mechanism. For conductors with an energy-independent scat-
tering matrix, the delta-T noise spectrum is associated with processes in which
an electron and a hole originating from reservoirs at different temperatures (hot
and cold) recombine, resulting in the emission or absorption of energy. Accord-
ingly, the thermal-like noise spectrum is associated with recombination processes
of electron–hole pairs from reservoirs with equal temperature. In the presence of
asymmetric scattering the delta-T noise acquires an additional contribution orig-
inating from the difference between the number of hot and cold recombination
events. We illustrated this asymmetric contribution using resonant scattering.

The second project in Sec. III.6 developed a scattering formalism to near-field
radiative heat transfer, currently available on arXiv [293]. Near-field radiative
heat transfer exhibits a Landauer-type expression for the average heat current,
whereas the noise spectrum deviates from a Landauer-Büttiker expression, as
was demonstrated [33]. We first focused on the circuit version of near-field ra-
diative heat transfer, in which the thermal bodies are represented by arbitrary
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impedances and the coupling is mediated by circuit elements. Quantum mechan-
ically, the impedance is modeled by a transmission line that accounts for thermal
fluctuations and dissipation, while reactive elements attached to the line capture
the frequency dependence. This made it possible to construct the scattering states
and to identify the full scattering matrix. We obtained the energy current, thus
extending the Landauer–Büttiker theory to near-field radiative heat transfer, and
calculated both the average dissipated energy and the energy current fluctua-
tions. Reactive components within the thermal body can dominate the energy
fluctuation spectrum and are beyond the prediction of the Landauer–Büttiker
theory. The results are illustrated using two coupled surface phonon-polariton
modes as well as simple circuit examples. Further, the scattering approach is
extended to radiative heat transfer between macroscopic bodies, using the same
scattering-state structure as in the circuit model.

The third project in Chap. IV investigated the full counting statistics of a meso-
scopic conductor subject to voltage pulses, and is published in [294]. The full
counting statistics reveal the underlying elementary processes, demonstrating
that a voltage drive produces single-electron excitations and electron–hole pairs,
which then scatter in the conductor. Motivated by the experiments [220–222],
we studied voltage pulses with an oscillating carrier and either a Gaussian or
box-shaped envelope. We calculated the probabilities to create an electron-hole
pairs, which determines the cumulant generating function and, in turn, the noise.
We showed that the noise depends sensitively on the carrier–envelope phase, i.e.
the relative phase between the oscillating carrier and the envelope. The statistics
depend on the shape of the drive, and comparison with experiments requires
knowledge of the actual drive shape. Further shortcomings are that the full
counting statistics framework used here was limited to energy-independent scat-
tering, periodic driving, a spatially uniform reservoir field, and noninteracting
electrons. For meaningful comparison with experiments, it is essential to include
energy-dependent scattering, as the measurements [220–222] exhibit nonlinear
current–voltage characteristics. As a first step, we discussed the current and
noise for an energy-dependent scattering matrix and non-periodic drives. Trans-
port properties are determined by the quasidistribution of the electron reservoir,
namely the Wigner function, which we calculated for Gaussian and box-shaped
pulses.

The fourth project in Sec. V.4 studied how a nonclassical electromagnetic envi-
ronment influences transport through a superconducting tunnel junction, and
extended classical transport phenomena such as photon-assisted tunneling and
Shapiro steps into the quantum regime. The work is currently available on arXiv
[295]. Advances in circuit quantum electrodynamics allow the preparation and
control of quantum states of the electromagnetic field. By focusing on a multi-
mode electromagnetic environment, we demonstrated that the superconducting
tunnel junction can serve as a detector of the prepared quantum state, allowing
the complete reconstruction of the environmental state. The quasiparticle cur-
rent provides direct access to the probability of energy exchange between the
quasiparticle and the environment. Further, the Cooper pair current is sensitive
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to the coherences of the environmental state, so that Shapiro steps encode infor-
mation about the coherence. By contrast, in normal-metal junctions extracting
the probability of energy exchange requires combined current and noise mea-
surements, while coherence information remains inaccessible. In particular, we
considered the quasiparticle and Cooper pair currents when the environment
was a superconducting qubit or a single-mode environment prepared in vacuum-
single-photon, vacuum-three-photon, coherent, and squeezed states. The differ-
ent states leave distinct signatures in the quasiparticle and Cooper pair currents.
As our calculation already contains the necessary ingredients, it is a direct next
step to investigate the noise properties of the junction and to examine whether
they offer advantageous access to information about the environmental state.
Furthermore, it would be intriguing to derive a criterion for the current or noise
that enables one to distinguish different properties of the environmental state,
such as purity, entanglement, or nonclassicality. Our framework also permits a
perturbative treatment beyond the lowest order in transmission, thereby incorpo-
rating multiple-electron transfer processes. Although our analysis concentrated
on the current statistics of the superconducting tunnel junction, an important ex-
tension would be to study how the junction influences the environmental state.

Overall, the thesis provides a set of theoretical results on fluctuation phenom-
ena in quantum transport. The findings illustrate how the average current and
its fluctuations encode information about scattering properties, driving protocols,
and environmental quantum states.
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tioning Electrons One by One”, Phys. Rev. Lett. 108, 196803 (2012).

[214] E. Bocquillon, V. Freulon, J.-M. Berroir, P. Degiovanni, B. Plaçais, A. Cavanna, Y.
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