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Abstract

In the present paper we introduce a new class of methods, Projected Runge-

Kutta methods, for the solution of index 3 differential algebraic equations (DAEs)

in Hessenberg form. The methods admit the integration of index 3 DAEs without

any drift effects. This makes them particularly well suited for long term integration.

Finally, implemented on the basis of the Radau5 code, the projected Runge-Kutta

method admits larger step sizes for a prescribed tolerance than the corresponding

classical scheme without projection.
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1 Introduction

Many problems of scientific interest occur naturally as an index 3 DAE, i.e., mechanical

systems with constraints on the position level. Obviously much attention has recently been

devoted to the development of appropriate numerical methods. Problems in the numerical

treatment of index k DAEs (k ≥ 2) arise from the fact that a solution satisfies, apart

from the explicitely statet constraint, (k − 1)-additional conditions the so-called hidden

constraints.

A challenging task in Numerical Analysis is to design numerical schemes satisfying

as many of these constraints. Well known are numerical schemes, i.e., stiffly accurate or

projected Runge-Kutta methods solving index 2 problems satisfactory. Other problems of

higher index can be brought in this form by differentiating the constraints. The original

constraints remain in the system and are enforced by means of additional Lagrange mul-

tipliers (see, e.g., Gear, Gupta and Leimkuhler [6]). This approach is only convenient if
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the constraint derivative is directly available. But even in that case the efficiency of the

applied code decreases due to the enlargement of the system.

To overcome these difficulties we will present a different method. We combine classical

Runge-Kutta schemes with projection techniques. The Runge-Kutta iteration works as

a predictor and the projection step back to the constraint manifold as a corrector. This

approach was introduced first by Ascher and Petzold [1] for index 2 DAEs in Hessenberg

form. Here we generalize their methods to index 3 DAEs. An advantage of this strategy

is that the number of variables of the original problems remains untouched.

The rest of the paper is organized as follows. In section 2 we introduce the projected

implicit Runge-Kutta methods for index 3 DAEs and present the corresponding conver-

gence theorem. In section 3 the reader will find the proof of the convergence statements.

It will be shown that the projected Runge-Kutta method inherits the order of convergence

from the underlying classical Runge-Kutta scheme applied to the index 3 DAE, i.e., the

projection step does not change the order of convergence. The last section is devoted to

numerical computations. Here we have implemented a variable step size projected Runge-

Kutta method for index 3 DAEs on the basis of the excellent and widely spread code

Radau5 designed by Hairer and Wanner (see, [9] p.566-574). Finally we choose two ex-

amples from real applications and compare the resulting code with the classical Radau5

software.

A forthcoming task is to analyze the geometric properties of the projected index 3

Runge-Kutta methods. Of particular interest is the relation between the discrete state

and control variables as well as the discrete phase portrait near equilibria, periodic orbits

and attracting sets as it has been worked out for the projected Runge-Kutta methods

applied to index 2 DAEs ( see, e.g., Schropp [12], [13], [14]) or classical Runge-Kutta

schemes applied to ordinary differential equations (compare Garay [5], Beyn [2], [3] and

Kloeden and Lorenz [11]).

2 Projected Runge-Kutta methods

We consider the DAE

u̇ = f(u, v), u(0) = u0,

v̇ = k(u, v, λ), v(0) = v0, (2.1)

0 = g(u), λ(0) = λ0,

u ∈ RN , v ∈ RM and λ ∈ Rl in Hessenberg form. Let Cν
b denote the space of functions of

class Cν with bounded derivatives up to order ν. We make the following assumptions.

(A1) f ∈ Cν+1
b (RN+M ,RN ), k ∈ Cν

b (RN+M+l,RM), g ∈ Cν+2
b (RN ,Rl) for ν sufficiently

big.
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(A2) There is a Cν
b -function ψ0 satisfying Dg

2(u)(f(u, v), f(u, v))+Dg(u) ∂f
∂u
(u, v)f(u, v)+

Dg(u)∂f
∂v
(u, v)k(u, v, ψ0(u, v)) = 0 for (u, v) ∈ Dτ := {(u, v) ∈ RN+M | max(‖g(u)‖,

‖Dg(u)f(u, v)‖) < τ}, τ > 0.

(A3) Dg(u)∂f
∂v
(u, v) ∂k

∂λ
(u, v, ψ0(u, v)) is invertible for (u, v) ∈ Dτ and the inverse has

bounded norm.

In particular, problem (2.1) is of index 3 and consistent initial values (u0, v0, λ0) for

(2.1) must satisfy g(u0) = 0, Dg(u0)f(u0, v0) = 0 and Dg2(u0)(f(u0, v0), f(u0, v0)) +

Dg(u0)
∂f

∂u
(u0, v0)f(u0, v0)+Dg(u0)

∂f

∂v
(u0, v0)k(u0, v0, λ0) = 0. Additionally, (A3) says that

Dg(u), Dg(u)∂f
∂v
(u, v) are of full rank. Thus the solutions of the equations g(u) = 0,

Dg(u)f(u, v) = 0 define the (N +M − 2l)-dimensional submanifold

S0 := {(u, v) ∈ RN+M | g(u) = 0, Dg(u)f(u, v) = 0} (2.2)

of RN+M and the underlying index 0 ODE reads

u̇ = f(u, v), u(0) = u0

v̇ = k(u, v, ψ0(u, v)), v(0) = v0, (u0, v0) ∈ S0 (2.3)

(for an illustration of S0 and the dynamics on it, see Hairer, Wanner [9], p.458). We denote

the solution flow of (2.3) with (ū(t, u0, v0), v̄(t, u0, v0)), (u0, v0) ∈ S0. Then, (A2) implies

the flow (ū(t, u0, v0), v̄(t, u0, v0), λ̄(t, u0, v0)), λ̄(t, u0, v0) = ψ0(ū(t, u0, v0), v̄(t, u0, v0)) for

equation (2.1).

We are interested in the qualitative, geometric features of s-stage Runge-Kutta type

methods with Butcher tableau

c A

bT
, A = (aij)1≤i,j≤s ∈ Rs,s, b, c ∈ Rs (2.4)

and constant step size ∆t when applied to (2.1). The Runge-Kutta method possesses stage

order q, if

s
∑

j=1

aijc
k−1
j =

cki
k
, k = 1, . . . , q, i = 1, . . . , s.

To eliminate drift problems in the discrete long time run we are interested in Runge-

Kutta type methods whose iterates retain the first and second order constraints g(u) = 0,

Dg(u)f(u, v) = 0 exactly. To that purpose we combine classical Runge-Kutta methods

with projection techniques. This approach was first proposed by Ascher and Petzold [1]

for index 2 DAEs in Hessenberg form.

For the Butcher tableau of the projected Runge-Kutta method we impose the conditions:

(B1) The Runge-Kutta matrix A is invertible.
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(B2) R(∞) = 1− bTA−1I, I = (1, . . . , 1) satisfies |R(∞) |< 1.

(B3) The method is of classical order p and possesses stage order q with p ≥ q + 1 and

q ≥ 2.

Applied to equation (2.1) the proposed projected Runge-Kutta method with step size

∆t is a combination of a Runge-Kutta step with a projection. We denote the projected

Runge-Kutta iterates at time tn = n∆t shortly by (un, vn, λn) or more precisely

(û(n∆t, u0, v0, λ0), v̂(n∆t, u0, v0, λ0), λ̂(n∆t, u0, v0, λ0)),

if the dependence of the initial value (u0, v0, λ0) is emphasized. The Runge-Kutta step has

the form

ũn+1 = un +∆t(bT ⊗ I)f̄(Un, V n),

ṽn+1 = vn +∆t(bT ⊗ I)k̄(Un, V n,Λn), (2.5)

λn+1 = (1− bTA−1I)λn + (bTA−1 ⊗ I)Λn

where Un = (Un
1 , . . . , U

n
s ) ∈ RNs, V n = (V n

1 , . . . , V
n
s ) ∈ RMs, Λn = (Λn

1 , . . . ,Λ
n
s ) ∈ Rls

denote the solution of the algebraic system

U − (I⊗ un) = ∆t(A⊗ I)f̄(U, V ),

V − (I⊗ vn) = ∆t(A⊗ I)k̄(U, V,Λ), (2.6)

0 = ḡ(U)

and the functions f̄ , k̄, ḡ stand for f̄(Un,Λn) = (f(Un
1 ,Λ

n
1 ), . . . , f(U

n
s ,Λ

n
s )), k̄(U

n, V n,Λn)

= (k(Un
1 , V

n
1 ,Λ

n
1 ), . . . , k(U

n
s , V

n
s ,Λ

n
s )), ḡ(U

n) = (g(Un
1 ), . . . , g(U

n
s )).

Finally, the projection step

un+1 = ũn+1 +
∂f

∂v
(un+1, vn+1)

∂k

∂λ
(un+1, vn+1, λn+1)µ1,

vn+1 = ṽn+1 +
∂k

∂λ
(un+1, vn+1, λn+1)

µ2
∆t
, (2.7)

0 = g(un+1)

0 = ∆tDg(un+1)f(un+1, vn+1)

determines un+1 and vn+1. In (2.7) the variables µ1, µ2 are needed for the projection only.

A Runge-Kutta method satisfying asj = bj, j = 1, . . . , s is called stiffly accurate. Stiffly

accurate Runge-Kutta solutions satisfy the first order constraint g(u) = 0. In this case we

obtain un+1 = ũn+1, µ1 = 0 in (2.7) and the projection step can be reduced to

vn+1 = ṽn+1 +
∂k

∂λ
(un+1, vn+1, λn+1)

µ2
∆t
, (2.8)

0 = ∆tDg(un+1)f(un+1, vn+1).

The convergence properties of the proposed scheme are characterized in
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Theorem 2.1 Consider the DAE (2.1) and assume (A1)-(A3). Let (un, vn, λn) denote

the sequences generated with a projected Runge-Kutta method satisfying (B1)-(B3), when

applied to (2.1) with consistent initial values (u0, v0, λ0), (u0, v0) ∈ S0, λ0 = ψ0(u0, v0).

Then with γ(u0, v0) := (u0, v0, ψ0(u0, v0)) we have the following estimates for the global

error. There exists a positive constant ∆t0 such that for 0 < ∆t ≤ ∆t0

û(n∆t, γ(u0, v0))− ū(n∆t, u0, v0) = O(∆tq),

v̂(n∆t, γ(u0, v0))− v̄(n∆t, u0, v0) = O(∆tq), (2.9)

λ̂(n∆t, γ(u0, v0))− λ̄(n∆t, u0, v0) = O(∆tq−1) for n ∈ N with 0 ≤ n∆t ≤ tend.

Remark: Hairer, Lubich and Roche (see Theorem 6.4 in [7]) have shown the cor-

responding statement to (2.9) including convergence order for the classical Runge-Kutta

scheme. Thus, the accuracy of the projected Runge-Kutta iterates (2.5)-(2.7) is untouched

by the projection step. In addition, for p ≥ q + 2, q ≥ 2 in (B3) the consistency and the

convergence order in the u-component can be improved by one to q + 1 in (2.9).

3 Proofs: differential algebraic equations

In this section we will give a proof of Theorem 2.1. In the process of proving Theorem 2.1

refined stability inequalities distinguishing the variables u, v and λ are needed. To that

purpose we work with the concept of vectornorms.

A functional | · |: W → Rk on a vector space W is called a generalized norm, if

|v | ≥ 0, |v |= 0 ⇐⇒ v = 0,

|v1 + v2 | ≤ |v1 | + |v2 |, (3.1)

|αv | = |α |R |v |

holds with the natural ordering “≤” on Rk. Here | · |R denotes the absolute value in R.

Every norm ‖ · ‖∗ in Rk defines a norm ‖ · ‖ in W via ‖ v ‖=‖ | v | ‖∗ . The main tool to

solve equations in spaces equipped with vectornorms is the following version of Banachs

fixed point theorem in a ball.

Lemma 3.1 Let (W, | · |) be a Banach space with generalized norm | · | and let Br(v0) :=

{v ∈ W | | v − v0 |≤ r} for r > 0. Let the map F : Br(v0) 7→ W be continuously

differentiable with invertible DF (v0). Moreover, for some nonnegative matrices P,K ∈

Rk,k we assume

|DF (v0)
−1z | ≤ P |z |, z ∈W,

|(DF (v0)−DF (v))z | ≤ K |z |, z ∈W, v ∈ Br(v0),

P |F (v0) | < (I − PK)r.
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Then, the equation F (v) = 0 has a unique solution in Br(v0). In addition, the matrix

I − PK is nonsingular and we have the stability inequality

|v − w | ≤ (I − PK)−1 |DF (v0)
−1(F (v)− F (w)) | ∀v, w ∈ Br(v0).

A proof of Lemma 3.1 can be found in Beyn, Schropp [4].

Now we present existence results for the projected Runge-Kutta schemes.

Lemma 3.2 Let the assumptions of Theorem 2.1 hold and let (u0, v0) ∈ S0,λ0 = ψ0(u0, v0)

be a consistent initial value for the DAE (2.1).

Then for 0 < ∆t ≤ ∆t0, ∆t0 > 0 sufficiently small the projected Runge-Kutta iterates

(un, vn, λn) exist for n ∈ N. For the stages (U, V,Λ) of the projected Runge-Kutta dynamics
we have with w0(u, v) := (I⊗ u, I⊗ v, I⊗ ψ0(u, v)), (u, v) ∈ Dτ the inequality

|(U, V,Λ)− w0(u, v) | ≤ O(∆t) (1, 1, 1) (3.2)

Moreover, the functions µi = µi(∆t, u, v, λ) from the projection step (2.7) satisfy

‖µi ‖ = O(∆tq+1) for (u, v) ∈ S0, ‖λ− ψ0(u, v)‖ sufficiently small. (3.3)

Proof: The first step of a projected Runge-Kutta method is a classical Runge-Kutta step.

Following Hairer, Lubich and Roche [7], Ch. 6, we use the intermediate value theorem two

times and obtain

ḡ(U) = ḡ(I⊗ u) +

∫ 1

0

Dḡ(I⊗ u+ s(U − I⊗ u)) ds ∆t(A⊗ I)f̄(U, V )

= I⊗ g(u) + ∆t AI⊗Dg(u)f(u, v) +

∆t2
(

∫ 1

0

∫ 1

0

sD2ḡ(I⊗ u+ σ(U − I⊗ u)) dsdσ ((A⊗ I)f̄(U, V ), (A⊗ I)f̄(U, V ))

+

∫ 1

0

Dḡ(I⊗ u+ s(U − I⊗ u)) ds (A⊗ I)
∂f̄

∂U
(U, V )(A⊗ I)f̄(U, V ) (3.4)

+

∫ 1

0

Dḡ(I⊗ u+ s(U − I⊗ u)) ds (A⊗ I)
∂f̄

∂V
(U, V )(A⊗ I)k̄(U, V,Λ)

)

=: I⊗ g(u) + ∆tAI⊗Dg(u)f(u, v) + ∆t2h̄(U, V,Λ).

Using (3.4) we replace the equation 0 = ḡ(U) in (2.6) for ∆t > 0 by

0 =
1

∆t2
I⊗ g(u) +

1

∆t
AI⊗Dg(u)f(u, v) + h̄(U, V,Λ). (3.5)

We prove the first statements of Lemma 3.2 by applying Lemma 3.1 to the equation

T1(∆t, u, v, U, V,Λ) :=







U − (I⊗ u)−∆t(A⊗ I)f̄(U, V )

V − (I⊗ v)−∆t(A⊗ I)k̄(U, V,Λ)
1
∆t2

I⊗ g(u) + 1
∆t
AI⊗Dg(u)f(u, v) + h̄(U, V,Λ)







= 0, (u, v) ∈ Dτ . (3.6)
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Let

Mc1,c2,∆t := {(u, v) ∈ RN+M | ‖g(u)‖< c1∆t
2, ‖Dg(u)f(u, v)‖< c2∆t}

and let (u, v) ∈Mc1,c2,∆t∩Dτ . We define w0(u, v) := (I⊗u, I⊗v, I⊗ψ0(u, v)) and calculate

with q ≥ 2 and (A2)

h̄(w0(u, v)) =
1

2
(I ⊗D2g(u))(AI⊗ f(u, v), AI⊗ f(u, v))

+A2I⊗Dg(u)
∂f

∂u
(u, v)f(u, v) (3.7)

+A2I⊗Dg(u)
∂f

∂v
(u, v)k(u, v, ψ0(u, v)) = 0.

Introducing the generalized norm |(U, V,Λ) |= (‖U ‖, ‖V ‖, ‖Λ‖) ∈ R3 and using (3.7) we

can compute

T1(∆t, u, v, w0(u, v)) =
(

O(∆t), O(∆t),
1

∆t2
I⊗ g(u) +

1

∆t
AI⊗Dg(u)f(u, v)

)

= (O(∆t), O(∆t), O(c1 + c2)) for (u, v) ∈ Dτ . (3.8)

Moreover, we obtain

∂h̄

∂Λ
(w0(u, v)) = I ⊗Dg(u)(A⊗ I)I ⊗

∂f

∂v
(u, v)(A⊗ I)I ⊗

∂k

∂λ
(u, v, ψ0(u, v)) (3.9)

= A2 ⊗Dg(u)
∂f

∂v
(u, v)

∂k

∂λ
(u, v, ψ0(u, v))

which is invertible bei (A3) and (B1).

For the derivative of T1 with respect to (U, V,Λ) we find with

Γ(u, v) := Dg(u)
∂f

∂v
(u, v)

∂k

∂λ
(u, v, ψ0(u, v)) (3.10)

the representation

∂

∂(U, V,Λ)
T1(∆t, u, v, w0(u, v)) =







I +O(∆t) O(∆t) 0

O(∆t) I +O(∆t) O(∆t)

O(1) O(1) A2 ⊗ Γ(u, v)






.

By (3.9) the matrix ∂
∂(U,V,Λ)

T1(∆t, u, v, w0(u, v)) is invertible for 0 < ∆t ≤ ∆t0, ∆t0 > 0

sufficiently small and the inverse is of the form

∂

∂(U, V,Λ)
T1(∆t, u, v, w0(u, v))

−1 =







I 0 0

0 I 0

O(1) O(1) (A2 ⊗ Γ(u, v))−1






+O(∆t).
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In terms of vector norms this leads to | ∂
∂(U,V,Λ)

T1(∆t, u, v, w0(u, v))
−1 |≤ P∆t with

P∆t :=







1 +O(∆t) O(∆t) O(∆t)

O(∆t) 1 +O(∆t) O(∆t)

O(1) O(1) O(1)






∈ R3,3.

Then, following the lines of the proof of Lemma 4.1 in Beyn, Schropp [4] we obtain

the unique solvability of (3.6) in Br(w0(u, v)) := {(U, V,Λ) ∈ R(N+M+l)s | | (U, V,Λ)−

(I ⊗ u, I ⊗ v, I ⊗ ψ0(u, v)) |≤ r}, r = (r1, r2, r3) > 0 for (u, v) ∈ Mc1,c2,∆t, 0 < ∆t ≤ ∆t0
provided that c1, c2,∆t0 > 0 are sufficiently small. We remark that an application of the

implicit function theorem ensures the smooth dependency of the solution (U, V,Λ) from

(∆t, u, v). In addition, the claimed stability inequality (3.2) holds.

The second step is the projection of the classical Runge-Kutta iterates onto the con-

strained manifold S0. We define the discrete time ∆t step forward functions of the Runge-

Kutta map

ũ = ũ(∆t, u, v) = u+∆t(bT ⊗ I)f̄(U(∆t, u, v), V (∆t, u, v)),

ṽ = ṽ(∆t, u, v) = v +∆t(bT ⊗ I)k̄(U(∆t, u, v), V (∆t, u, v),Λ(∆t, u, v)), (3.11)

λ̃ = λ̃(∆t, u, v, λ) = R(∞)λ+ (bTA−1 ⊗ I)Λ(∆t, u, v)

and consider the equation

T2(∆t, u, v, λ, û, v̂, µ1, µ2) =











û− ũ(∆t, u, v)− ∂f

∂v
(û, v̂) ∂k

∂λ
(û, v̂, λ̃(∆t, u, v, λ))µ1

v̂ − ṽ(∆t, u, v)− ∂k
∂λ
(û, v̂, λ̃(∆t, u, v, λ)) µ2

∆t

g(û)

∆tDg(û)f(û, v̂)











= 0 for 0 < ∆t < ∆t0, (u, v) ∈Mc1,c2,∆t ∩Dτ . (3.12)

With the central point z̃(∆t, u, v) = (ũ(∆t, u, v), ṽ(∆t, u, v), 0, 0) we can compute

T2(∆t, u, v, λ, z̃(∆t, u, v)) = (0, 0, g(ũ(∆t, u, v)),∆tDg(ũ)f(ũ, ṽ)(∆t, u, v)). (3.13)

Obviously, g(ũ) = O(∆t) and ∆tDg(ũ)f(ũ, ṽ) = O(∆t) hold for (u, v) ∈ Mc1,c2,∆t ∩ Dτ .

Moreover, for (u, v) ∈ S0 we obtain

g(ũ)(∆t, u, v) = O(∆tq+1),

Dg(ũ)f(ũ, ṽ)(∆t, u, v) = O(∆tq) (3.14)

from the local error analysis of the underlying classical Runge-Kutta map (see, e.g., Ch.

6 in Hairer, Lubich and Roche [7]).

Next, we can calculate

∂

∂(û, v̂, µ1, µ2)
T2(∆t, u, v, λ, z̃(∆t, u, v)) =

(

I B̃(∆t, u, v, λ)

C̃T (∆t, u, v) 0

)

(3.15)
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with

B̃(∆t, u, v, λ) =

(

−∂f

∂v
(ũ, ṽ) ∂k

∂λ
(ũ, ṽ, λ̃)(∆t, u, v, λ) 0

0 − 1
∆t

∂k
∂λ
(ũ, ṽ, λ̃)(∆t, u, v, λ)

)

,

C̃T (∆t, u, v) =

(

Dg(ũ)(∆t, u, v) 0

O(∆t) ∆tDg(ũ)∂f
∂v
(ũ, ṽ)(∆t, u, v)

)

. (3.16)

The matrix ∂
∂(û,v̂,µ1,µ2)

T2(∆t, u, v, λ, z̃(∆t, u, v)) in (3.15) is regular, if and only if its Schur-

complement

−C̃T (∆t, u, v)B̃(∆t, u, v, λ) =

(

a(∆t, u, v, λ) 0

O(∆t) a(∆t, u, v, λ)

)

a(∆t, u, v, λ) = Dg(ũ)
∂f

∂v
(ũ, ṽ)

∂k

∂λ
(ũ, ṽ, λ̃)(∆t, u, v, λ) (3.17)

is invertible. Hence, by (A3) and with (λ̃ − ψ0(ũ, ṽ))(∆t, u, v, λ) = λ − ψ0(u, v) + O(∆t)

the operator ∂
∂(û,v̂,µ1,µ2)

T2(∆t, u, v, λ, z̃(∆t, u, v)) is invertible for ∆t and λ− ψ0(u, v) suffi-

ciently small.

Moreover, the equation T2(∆t, u, v, λ, ., ., ., .) = 0 possesses a unique solution in Br(z0)

for r = (r1, . . . , r4) > 0 appropriate and (u, v) ∈ Mc1,c2,∆t, c1, c2,∆t, λ − ψ0(u, v) suf-

ficiently small. By the implicit function theorem this solution is smooth in (∆t, u, v, λ).

Finally, combining (3.13), (3.14) and using the stability inequality of Lemma 3.1 this yields

µi(∆t, γ(u, v)) = O(∆tq+1) for i = 1, 2, (u, v) ∈ S0.

Now, let (u0, v0) ∈ S0, λ0 = ψ0(u0, v0) be consistent initial values. We show the exis-

tence of the iterates (un, vn, λn), (un, vn) ∈ S0 iteratively for n ∈ N. Obviously we obtain

(u1, v1, λ1), (u1, v1) ∈ S0 by solving (3.6), (3.12) with u = u0, v = v0, λ = λ0 since

λ0 = ψ0(u0, v0). To make the induction work for n ∈ N it remains to show

‖λn − ψ0(un, vn)‖ ≤ ε, n ∈ N, ε > 0 arbitrary. (3.18)

Let ηn := λn − ψ0(un, vn). The iteration scheme of the η-sequence reads

ηn+1 = R(∞)ηn + ψ0(un, vn)− ψ0(un+1, vn+1)

+(bTA−1 ⊗ I)(Λ(∆t, un, vn)− I⊗ ψ0(un, vn))

=: R(∞)ηn + βn, η0 = 0 (3.19)

with βn := β(∆t, un, vn, ηn) = O(∆t). Here, due to the construction of the method un+1

and vn+1 are functions of (∆t, un, vn, ηn). Using | R(∞) |< 1, the theory of difference

equations yields

‖ηn ‖ ≤ ‖η0 ‖ +
1

1−R(∞)
sup{‖βn ‖ | n ∈ N} = O(∆t) ∀n ∈ N (3.20)

and (3.18) is verified possibly after diminishing ∆t. This finishes the proof of Lemma 3.2.
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In order to show the convergence statements of Theorem 2.1 we have to analyze the

local error and the stability properties of the projected Runge-Kutta method.

Lemma 3.3 Suppose that the underlying Runge-Kutta method is of classical order p

and stage order q with p ≥ q + 1 and q ≥ 2. Then for (u0, v0) ∈ S0, γ(u0, v0) =

(u0, v0, ψ0(u0, v0)) the local error lerr = (lerr,u, lerr,v, lerr,λ) is of magnitude

lerr,u = ū(∆t, u0, v0)− û(∆t, γ(u0, v0)) = O(∆tmin(q+2,p)),

lerr,v = v̄(∆t, u0, v0)− v̂(∆t, γ(u0, v0)) = O(∆tq+1), (3.21)

lerr,λ = λ̄(∆t, u0, v0)− λ̂(∆t, γ(u0, v0)) = O(∆tq−1),

Proof: The local error of the projected Runge-Kutta method is strongly connected with

the local error of the classical Runge-Kutta method which is, e.g., analyzed in Hairer,

Lubich and Roche [7], Lemma 6.3. For the λ-component which is untouched by the

projection (2.7) we obtain directly

‖ λ̄(∆t, u0, v0)− λ̂(∆t, γ(u0, v0))‖ = O(∆tq−1)

from Lemma 6.3 in Hairer, Lubich and Roche [7].

To estimate the local error in the u- and v-component, we consider the equation (3.12).

Evaluating (3.12) at the central point z̄(∆t, u0, v0) = (ū(∆t, u0, v0), v̄(∆t, u0, v0), 0, 0) we

can compute

T2(∆t, γ(u0, v0), z̄(∆t, u0, v0)) = ((ū− ũ)(∆t, u0, v0), (v̄ − ṽ)(∆t, u0, v0), 0, 0). (3.22)

Following the formulae (3.15)-(3.17) we can calculate

∂

∂(û, v̂, µ1, µ2)
T2(∆t, γ(u0, v0), z̄(∆t, u0, v0)) =

(

I B̄(∆t, u0, v0)

C̄T (∆t, u0, v0) 0

)

(3.23)

with

B̄(∆t, u0, v0) =

(

−∂f

∂v
(ū, v̄) ∂k

∂λ
(ū, v̄, λ̄)(∆t, u0, v0) 0

0 − 1
∆t

∂k
∂λ
(ū, v̄, λ̄)(∆t, u0, v0)

)

,

C̄T (∆t, u0, v0) =

(

Dg(ū)(∆t, u0, v0) 0

O(∆t) ∆tDg(ū)∂f
∂v
(ū, v̄)(∆t, u0, v0)

)

. (3.24)

Here we analyze the structure of ( ∂
∂(û,v̂,µ1,µ2)

T2(∆t, γ(u0, v0), z̄(∆t, u0, v0)))
−1 in more detail.

A straightforward calculation shows that with S̄(∆t, u, v) = −(C̄T B̄)(∆t, u, v) this inverse

has the form
(

∂

∂(û, v̂, µ1, µ2)
T2(∆t, γ(u0, v0), z̄(∆t, u0, v0))

)−1

=

(

I + B̄S̄−1C̄T −B̄S̄−1

−S̄−1C̄T S̄−1

)

(∆t, u0, v0)

(3.25)
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with

(I + B̄S̄−1C̄T )(∆t, u, v) =

(

a11(∆t, u, v) 0

O(1) a22(∆t, u, v)

)

,

a11(∆t, u, v) =

(

I −
∂f

∂v

∂k

∂λ

(

Dg
∂f

∂v

∂k

∂λ

)−1

Dg

)

(∆t, γ(u, v)), (3.26)

a22(∆t, u, v) =

(

I −
∂k

∂λ

(

Dg
∂f

∂v

∂k

∂λ

)−1

Dg
∂f

∂v

)

(∆t, γ(u, v)).

In order to compute the local error of the projected Runge-Kutta method we apply the

stability inequality of Lemma 3.1. Using (3.22), (3.25) and (3.26) this yields

|z(∆t, u0, v0)− (û, v̂, µ1, µ2)(∆t, γ(u0, v0)) | ≤ C |((DT2)
−1T2)(∆t, γ(u0, v0), z̄(∆t, u0, v0) |

=

∣

∣

∣

∣

∣

∣

∣

∣

∣











(a11)(ū− ũ)(∆t, u0, v0)

(O(1)(ū− ũ) + (a22)(v̄ − ṽ))(∆t, u0, v0)

∗

∗











∣

∣

∣

∣

∣

∣

∣

∣

∣

. (3.27)

We insert the relations

‖(ū− ũ)(∆t, u, v)‖ = O(∆tq+1),

‖(v̄ − ṽ)(∆t, u, v)‖ = O(∆tq),

‖a11(∆t, u, v)(ū− ũ)(∆t, u, v)‖ = O(∆tmin(q+2,p)),

‖a22(∆t, u, v)(v̄ − ṽ)(∆t, u, v)‖ = O(∆tq+1)

(see Lemma 6.3 in Hairer, Lubich, Roche [7]) into (3.27) and obtain

‖ ū(∆t, u0, v0)− û(∆t, γ(u0, v0))‖ = O(∆tmin(q+2,p)),

‖ v̄(∆t, u0, v0)− v̂(∆t, γ(u0, v0))‖ = O(∆tq+1).

This finishes the proof.

Next we rewrite the discrete scheme as dynamical system. With P1 = û(∆t, ·, ·, ·),

P2 = v̂(∆t, ·, ·, ·) and P3(∆t, u, v, λ) = R(∞)λ + (bTA−1 ⊗ I)Λ(∆t, u, v), P = (P1, P2, P3)

we obtain

un+1 = P1(∆t, un, vn, λn),

vn+1 = P2(∆t, un, vn, λn), (3.28)

λn+1 = P3(∆t, un, vn, λn).
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The dynamics of the iteration (3.28) is guided essentially by the dynamics of (un+1, vn+1) =

P̃∆t(un, vn) with the map P̃∆t :Mc1,c2,∆t → RN+M defined by

P̃∆t(u, v) :=

(

P1(∆t, γ(u, v))

P2(∆t, γ(u, v))

)

=

(

P̃1,∆t(∆t, u, v)

P̃2,∆t(∆t, u, v)

)

. (3.29)

Now we show the stability of the projected Runge-Kutta method.

Lemma 3.4 Let the assumptions of Theorem 2.1 hold. Then the projected Runge-Kutta

method is stable and we have for (u0, v0) ∈ S0 the following estimates for the global error.

ū(n∆t, u0, v0)− û(n∆t, γ(u0, v0)) = O(∆tq),

v̄(n∆t, u0, v0)− v̂(n∆t, γ(u0, v0)) = O(∆tq), (3.30)

λ̄(n∆t, u0, v0)− λ̂(n∆t, γ(u0, v0)) = O(∆tq−1) for 0 ≤ n∆t ≤ tend

and 0 < ∆t ≤ ∆t0, ∆t0 > 0 sufficiently small.

Proof: Let Ω∆t = {j∆t | j = 0, . . . , σ}, σ = σ(∆t) with σ(∆t)∆t ∈ [tend, tend +∆t[ be

an equidistant grid on [0, tend] and let (~w, ~z) = (w0, z0, w1, z1, . . . , wσ, zσ) ∈ (Mc1,c2,∆t)
Ω∆t .

For a grid function (~w, ~z) we use the norm

‖(~w, ~z)‖∞ = sup{‖(wi, zi)‖ | i = 0, . . . , σ}.

We consider the operator

S∆t(~w, ~z) =

((

w0 − u0
z0 − v0

)

,
1

∆t

(

wn+1 − P̃1,∆t(wn, zn)

zn+1 − P̃2,∆t(wn, zn)

)

, n = 0, . . . , σ − 1

)

.(3.31)

Obviously, the equation S∆t(~w, ~z) = 0 is uniquely solvable for (u0, v0) ∈ S0. To show the

convergence of the projected Runge-Kutta scheme we will derive a stability inequality for

the operator S∆t. This will be done by appyling Lemma 3.1 to the equation S∆t(~w, ~z) = 0.

The central point is
(

ū∆t

v̄∆t

)

=

((

ū(i∆t, u0, v0)

v̄(i∆t, u0, v0)

)

, i = 0, . . . , σ

)

. (3.32)

With the abbreviation ūi = ū(i∆t, u0, v0), v̄i = v̄(i∆t, u0, v0), i = 0, . . . , σ we can compute

S∆t(ū∆t, v̄∆t) =

((

0

0

)

,
1

∆t

(

ūi+1 − P̃1,∆t(ūi, v̄i)

v̄i+1 − P̃2,∆t(ūi, v̄i)

)

, i = 0, . . . , σ − 1

)

=

((

0

0

)

,
1

∆t

(

ūi+1 − P1(∆t, ūi, v̄i, λ̄i)

v̄i+1 − P2(∆t, ūi, v̄i, λ̄i)

)

, i = 0, . . . , σ − 1

)

(3.33)

=

((

0

0

)

,

(

O(∆tmin(q+1,p−1))

O(∆tq)

)

, i = 0, . . . , σ − 1

)

= O(∆tq).

12



Moreover, the linearization at the central point (ū∆t, v̄∆t) reads

DS∆t(ū∆t, v̄∆t) =

















E

−B∆t,0 A∆t

−B∆t,1 A∆t

. . . . . .

−B∆t,σ−1 A∆t

















with the matrices

E =

(

I 0

0 I

)

∈ RN+M,N+M ,

A∆t =
1

∆t

(

I 0

0 I

)

∈ RN+M,N+M ,

B∆t,i =
1

∆t

(

∂P̃∆t,1

∂u
(ūi, v̄i)

∂P̃∆t,1

∂v
(ūi, v̄i)

∂P̃∆t,2

∂u
(ūi, v̄i)

∂P̃∆t,2

∂v
(ūi, v̄i)

)

∈ RN+M,N+M , i = 0, . . . , σ − 1.

Using

∂P̃∆t

∂(u, v)
(ūi, v̄i) = I +O(∆t)

we can deduce

‖A−1∆tB∆t,i ‖ ≤ 1 + C∆t for i ∈ {0, 1, . . . , σ}. (3.34)

Now we show that ‖DS∆t(ū∆t, v̄∆t)
−1 ‖∞ remains bounded as ∆t → 0. To that purpose

we consider the linear system of equations

DS∆t(ū∆t, v̄∆t)y = r, y = (y0, . . . , yσ), r = (r0, . . . , rσ). (3.35)

(3.35) is equivalent to

yi =
i
∏

j=1

(A−1∆tB∆t,i−j)r0 +
i
∑

k=1

(

i−k
∏

j=1

(A−1∆tB∆t,i−j)

)

A−1∆trk, i = 0, . . . , σ.

Hence we obtain

‖yi ‖ ≤ ‖
i
∏

j=1

(A−1∆tB∆t,i−j)‖ · ‖r0 ‖ +
i
∑

k=1

‖
i−k
∏

j=1

(A−1∆tB∆t,i−j)‖ · ‖A
−1
∆trk ‖,

i = 0, . . . , σ.
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Using (3.34) and ‖A−1∆t ‖= ∆t we can compute

‖yi ‖ ≤ (1 + C∆t)i ‖r0 ‖ +
i
∑

k=1

(1 + C∆t)k ∆t ‖rk ‖

≤ exp(Ci∆t) ‖r0 ‖ +
(1 + C∆t)i+1 − 1

C
‖r‖∞ (3.36)

≤ exp(C(tend +∆t0))(1 +
1

C
)· ‖r‖∞, i = 0, . . . , σ

with ‖r‖∞= sup{‖ri ‖ | i = 0, . . . , σ}. Formula (3.36) shows

‖DS∆t(ū∆t, v̄∆t)
−1 ‖∞ ≤ exp(C(tend +∆t0))(1 +

1

C
), 0 < ∆t ≤ ∆t0.

Moreover, the stability inequality

‖(~u,~v)− (~w, ~z)‖∞ ≤ C̃ ‖S∆t(~u,~v)− S∆t(~w, ~z)‖∞ (3.37)

holds. We apply the stability inequality (3.37) for

(~u,~v) = (ū0, v̄0, ū1, v̄1, . . . , ūσ, v̄σ),

(~w, ~z) = (u0, v0, u1, v1, . . . , uσ, vσ).

Using ui = (P i(∆t, γ(u0, v0)))1, vi = (P i(∆t, γ(u0, v0)))2, i = 0, . . . , σ we can compute

S∆t(~w, ~z) =

((

0

0

)

,
1

∆t

(

P (∆t, ui, vi, λi)1 − P̃1,∆t(ui, vi)

P (∆t, ui, vi, λi)2 − P̃2,∆t(ui, vi)

)

, i = 0, . . . , σ − 1

)

=

((

0

0

)

,
1

∆t

(

∂P1
∂λ

(ui, vi, αi)(ψ0(ui, vi)− λi)
∂P2
∂λ

(ui, vi, αi)(ψ0(ui, vi)− λi)

)

, i = 0, . . . , σ − 1

)

.

Here the values αi = λi+ siψ0(ui, vi), si ∈ [0, 1], i = 0, . . . , σ−1 arise from the application

of the intermediate value theorem. Moreover, we know

P (∆t, u, v, λ)i = P̃i,∆t(u, v) + ∆tqfi(∆t, u, v, λ), i = 1, 2 (3.38)

with functions f1, f2 bounded for ∆t→ 0 (compare (3.3)). Differentiation of (3.38) yields

∂Pi

∂λ
(ui, vi, αi) = O(∆tq), i = 0, . . . , σ − 1, i = 1, 2

and with (3.20) we can derive S∆t(~w, ~z) = O(∆tq). Combining this with (3.33) the con-

vergence results

ū(i∆t, u0, v0)− (P i(∆t, γ(u0, v0)))1 = O(∆tq),

v̄(i∆t, u0, v0)− (P i(∆t, γ(u0, v0)))2, = O(∆tq), i = 0, . . . , σ
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follow.

It remains to prove the convergence of the λ-component. Due to the definition of the

projected Runge-Kutta scheme the λ-iteration reads

λn+1 = R(∞)λn + (bTA−1 ⊗ I)Λ(∆t, un, vn) = P3(∆t, un, vn, λn).

Now let

WΩ∆t

ε = {ρ = (ρ0, . . . , ρσ) | ‖ρi − ψ0(ūi, v̄i)‖< ε, i = 0, . . . , σ}.

For (u0, v0) ∈ S0 fix we set up the operator Γ∆t : W
Ω∆t
ε → (Rl)Ω∆t defined via

Γ∆t(ρ) := (ρ0 − ψ0(u0, v0), (ρn+1 −R(∞)ρn − rn), n = 0, . . . , σ − 1)

with rn = (bTA−1 ⊗ I)Λ(∆t, (P n(∆t, γ(u0, v0)))1, (P
n(∆t, γ(u0, v0)))2).

We have (λ0, λ1, . . . , λσ) ∈ WΩ∆t
ε by (3.20) and apply Lemma 3.1 to Γ∆t(ρ) = 0. The

central point is z0,∆t = (ψ0(ū0, v̄0), . . . , ψ0(ūσ, v̄σ)). Using (3.21), (3.28) we can compute

Γ∆t(z0,∆t) = (0, (ψ0(ūi+1, v̄i+1)−R(∞)ψ0(ūi, v̄i)− (bTA−1 ⊗ I)Λ(∆t, ūi, v̄i)

+(bTA−1 ⊗ I)(Λ(∆t, ūi, v̄i)− Λ(∆t, ui, vi))), i = 0, . . . , σ − 1)

= O(∆tq−1).

We compute the linearization at the central point z0,∆t and obtain

DΓ∆t(z0,∆t) =

















I

−R(∞)I I

−R(∞)I I
. . . . . .

−R(∞)I I

















.

Finally, we estimate the norm of ‖DΓ∆t(z0,∆t)
−1 ‖∞. We consider

DΓ∆t(z0,∆t)y = r, y = (y0, . . . , yσ), r = (r0, . . . , rσ). (3.39)

(3.39) is equivalent to

yi =
i
∑

k=0

R(∞)i−krk, i = 0, . . . , σ.

We can calculate

‖yi ‖ ≤

i
∑

k=0

|R(∞) |i−k · ‖r‖∞ ≤
1

1− |R(∞) |
‖r‖∞, i = 0, . . . σ.

This shows ‖DΓ∆t(z0,∆t)
−1 ‖∞≤

1
1−|R(∞)|

. The stability inequality then serves

‖ (λ0, . . . , λσ)− (ψ0(ū0, v̄0), . . . , ψ0(ūσ, v̄σ))‖∞ ≤ C ‖Γ∆t(z0,∆t)‖∞ = O(∆tq−1)

and completes the convergence proof of the projected Runge-Kutta methods.
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4 Numerical Applications

In this section we present the results of our numerical computations. The projected Radau

IIa methods have been implemented on the basis of the well known excellent Radau5-code

from Hairer and Wanner [9], p.566-574. Moreover, we assume the internal parameter

iwork(5), iwork(6), iwork(7) of Radau5 standing for the dimensions of the index 1,2 and

3 variable in the underlying DAE are set correctly.

We apply the Radau5-code with and without projection step to our index 3 DAE test

examples.

Example 1: The famous normalized pendulum

u̇1 = v1, u1(0) = u10,

u̇2 = v2, u2(0) = u20,

v̇1 = −2u1λ, v1(0) = v10, (4.1)

v̇2 = −1− 2u2λ, v2(0) = v20,

0 = u21 + u22 − 1, λ(0) = λ0.

Here (u1, u2) are Cartesian coordinates and describe the motion of an infinitesimal ball of

mass 1 with gravitational force 1 and pendulum length 1. Consistent initial values read

(u10, u20, v10, v20, λ0) = (1, 0, 0, 0, 0). (4.2)

The solution of (4.1), (4.2) is plotted in Fig. 1.
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Fig. 1: (u1(t), u2(t)) for t ∈ [0, 20]

As usual we monitor the index-i deviation di, i = 1, 2, 3,

d1(t) = u1(t)
2 + u2(t)

2 − 1,

d2(t) = 2(u1(t)v1(t) + u2(t)v2(t)),

d3(t) = −2λ(t)(u1(t)
2 + u2(t)

2)− 2u2(t) + 2v1(t)
2 + 2v2(t)

2

along the solution. The functions d1(t) (blue) and d2(t) (red) computed by Radau5 (rtol =

atol = 10−8) without and with projection are shown in Fig. 2.
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Fig. 2: (d1(t), d2(t)) without proj. (left) and with proj. (right)

Due to the structure of the problem (4.1) we able to monitor the index 3 defect d3 too.

This is shown in Fig. 3.
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Fig. 3: d3(t) without proj. (left) and with proj. (right)

As computer independent measure for the computational effort we have chosen the

number of function evaluations (fev) and evaluations of the jacobian (jacev) for various

tolerances tol = rtol = atol.

tol 10−6 10−8 10−10 10−12

fev 2966/2580 6217/4996 12979/9963 24531/20576

jacev 276/238 570/481 1124/956 2225/1912

Tab. 1: comp. effort example 1 without/with proj.

Example 2: Andrews squeezing mechanism.

The squeezing mechanism consists of 7 rigid bodies connected by joints without friction in

plane motion. A detailed description including all parameters and consistent initial values

can be found in the book of Hairer and Wanner, [9], Ch. VII.7. The equations of motion

have the form

u̇ = v, u(0) = u0,

M(u)v̇ = f(u, v)−Dg(u)Tλ, v(0) = v0, (4.3)

0 = g(u), λ(0) = λ0
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with a symmetric, positive definite matrix M(u). The reader may notice that (4.3) is of

index 3 if Dg(u)M(u)−1Dg(u)T is invertible. Here u ∈ R7 is defined in angle-coordinates

by u = (β, θ, γ,Φ, δ,Ω, ε). The position of these angles in the mechanical system can be

seen the picture of the physical system shown in Hairer and Wanner, [9], p.531. Moreover,

we take the consistent initial values (u0, v0, λ0) from [9], p.536-537. The corresponding

solution in the state variables is plotted in Fig. 4.
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Fig. 4: u(t) = (β, θ, γ,Φ, δ,Ω, ε)(t)) for t ∈ [0, 0.05]

Again we monitor the deviation of the index 1 constraint d1(t) = g(q(t)) in blue and the

index 2 constraint d2(t) = Dg(q(t))v(t) in red (see Fig. 5).
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Fig. 5: (d1(t), d2(t)) without proj. (left) and with proj. (right)

Finally, the computational effort for various tolerances tol = rtol = atol is summarized

in Table 2.

tol 10−6 10−8 10−10 10−12

fev 2147/2073 3429/3251 6098/5760 12078/11190

jacev 138/131 241/227 472/447 984/926

Tab. 2: comp. effort example 2 without/with proj.

Our computations show that the projected index 3 Runge-Kutta method satisfies the

index 1 and index 2 constraints correctly. Moreover, in combination with the excellent

Radau5 code the projected 3-stage Radau IIa method of order 5 is able to gain efficiency

(see Tab. 1 and 2). The reason is that the step size ∆t chosen by the internal local error

estimator for a prescribed tolerance tol = rtol = atol increases when combining Radau5

with the propagated projection.
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