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Abstract

In the present paper we introduce a new class of methods, Projected Runge-
Kutta methods, for the solution of index 3 differential algebraic equations (DAEs)
in Hessenberg form. The methods admit the integration of index 3 DAEs without
any drift effects. This makes them particularly well suited for long term integration.
Finally, implemented on the basis of the Radaub code, the projected Runge-Kutta
method admits larger step sizes for a prescribed tolerance than the corresponding
classical scheme without projection.
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1 Introduction

Many problems of scientific interest occur naturally as an index 3 DAE, i.e., mechanical
systems with constraints on the position level. Obviously much attention has recently been
devoted to the development of appropriate numerical methods. Problems in the numerical
treatment of index k& DAEs (k > 2) arise from the fact that a solution satisfies, apart
from the explicitely statet constraint, (k — 1)-additional conditions the so-called hidden
constraints.

A challenging task in Numerical Analysis is to design numerical schemes satisfying
as many of these constraints. Well known are numerical schemes, i.e., stiffly accurate or
projected Runge-Kutta methods solving index 2 problems satisfactory. Other problems of
higher index can be brought in this form by differentiating the constraints. The original
constraints remain in the system and are enforced by means of additional Lagrange mul-
tipliers (see, e.g., Gear, Gupta and Leimkuhler [6]). This approach is only convenient if



the constraint derivative is directly available. But even in that case the efficiency of the
applied code decreases due to the enlargement of the system.

To overcome these difficulties we will present a different method. We combine classical
Runge-Kutta schemes with projection techniques. The Runge-Kutta iteration works as
a predictor and the projection step back to the constraint manifold as a corrector. This
approach was introduced first by Ascher and Petzold [1] for index 2 DAEs in Hessenberg
form. Here we generalize their methods to index 3 DAEs. An advantage of this strategy
is that the number of variables of the original problems remains untouched.

The rest of the paper is organized as follows. In section 2 we introduce the projected
implicit Runge-Kutta methods for index 3 DAEs and present the corresponding conver-
gence theorem. In section 3 the reader will find the proof of the convergence statements.
It will be shown that the projected Runge-Kutta method inherits the order of convergence
from the underlying classical Runge-Kutta scheme applied to the index 3 DAE, i.e., the
projection step does not change the order of convergence. The last section is devoted to
numerical computations. Here we have implemented a variable step size projected Runge-
Kutta method for index 3 DAEs on the basis of the excellent and widely spread code
Radaub designed by Hairer and Wanner (see, [9] p.566-574). Finally we choose two ex-
amples from real applications and compare the resulting code with the classical Radaub
software.

A forthcoming task is to analyze the geometric properties of the projected index 3
Runge-Kutta methods. Of particular interest is the relation between the discrete state
and control variables as well as the discrete phase portrait near equilibria, periodic orbits
and attracting sets as it has been worked out for the projected Runge-Kutta methods
applied to index 2 DAEs ( see, e.g., Schropp [12], [13], [14]) or classical Runge-Kutta
schemes applied to ordinary differential equations (compare Garay [5], Beyn [2], [3] and
Kloeden and Lorenz [11]).

2 Projected Runge-Kutta methods

We consider the DAE

v = k(u,v,A), v(0) =0y, (2.1)

u € RN v e RM and A € R' in Hessenberg form. Let C¥ denote the space of functions of
class C” with bounded derivatives up to order ». We make the following assumptions.

1 € ) , ke Oy , , g € ) or v sufficiently
Al) f C’I’;H RNTM RN ke CY(RNTMH RM C;}’*Q RN RY) f fh 1
big.



(A2) There is a Cy-function vy satisfying Dg?(u)(f(u, v), f(u,v))+Dg(u) 2L (u, v) f(u, v)+
Dg(u) 3 (u, v)k(u, v, 90(u,v)) = 0 for (u,v) € Dy = {(u,v) € RV [ max(]| g(w)]]
| Dgw)f(u,v) ) < 7}, 7 > 0.

(A3) Dg(u)%( 0) % (u, v, 9o(u,v)) is invertible for (u,v) € D, and the inverse has
bounded norm.

In particular, problem (2.1) is of index 3 and consistent initial values (ug,vq,\g) for
(2.1) must satisfy g(ug) = 0, Dg(uo)f(uo,v0) = 0 and Dg*(uo)(f(uo,vo), f(uo,v0)) +
Dg(uo) (uo, vo)f(uo, vo)+Dg(uo)%(u0, v0)k(ug, vo, Ag) = 0. Additionally, (A3) says that

Dg(u), Dg( ) (u v) are of full rank. Thus the solutions of the equations g(u) = 0,
Dg(u) f(u,v) = 0 define the (N + M — 2l)-dimensional submanifold

So = {(u,0) € RY™M | g(u) =0, Dg(u)f(u,v) = 0} (2.2)
of R¥*M and the underlying index 0 ODE reads

u = f(u,v), u(0)=1ump
v = k(u,v,%o(u,v)), v(0)=wv, (ug,vy) € So (2.3)

(for an illustration of Sy and the dynamics on it, see Hairer, Wanner [9], p.458). We denote
the solution flow of (2.3) with (a(t,ug,vo), 0(t, ug, vo)), (uo,vo) € Sp. Then, (A2) implies
the flow (u(t,uo,vo), 0(t, uo, vo), A(t, uo, v0)), A(t,up,v0) = bo(u(t, ug, vo), v(t, ug, vo)) for
equation (2.1).

We are interested in the qualitative, geometric features of s-stage Runge-Kutta type
methods with Butcher tableau

A
i’bT, A= (aij)lsid‘gs e R, b,ceR’® (24)

and constant step size At when applied to (2.1). The Runge-Kutta method possesses stage
order ¢, if
s k

Zawcf 1 = %, k=1,...,q,i=1,...,s

j=1
To eliminate drift problems in the discrete long time run we are interested in Runge-
Kutta type methods whose iterates retain the first and second order constraints g(u) = 0,
Dg(u) f(u,v) = 0 exactly. To that purpose we combine classical Runge-Kutta methods
with projection techniques. This approach was first proposed by Ascher and Petzold [1]
for index 2 DAEs in Hessenberg form.
For the Butcher tableau of the projected Runge-Kutta method we impose the conditions:

(B1) The Runge-Kutta matrix A is invertible.
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(B2) R(0)=1—b"A"', 1= (1,...,1) satisfies | R(00) |< 1.

(B3) The method is of classical order p and possesses stage order ¢ with p > ¢ + 1 and
q>2.

Applied to equation (2.1) the proposed projected Runge-Kutta method with step size
At is a combination of a Runge-Kutta step with a projection. We denote the projected
Runge-Kutta iterates at time t¢,, = nAt shortly by (u,,v,, A,) or more precisely

(ﬁ(nAt, Up, Vo, )\0), z?(nAt, Up, Vo, )\0), S\(nAt, Up, Vo, )\0)),

if the dependence of the initial value (ug, v, Ag) is emphasized. The Runge-Kutta step has
the form

U1 = up +AHOT @ 1) F(U™, V"),
Tpi1 = vp+ AT @ DE(U™, V™, A™), (2.5)
Mg1 = (1=0"ATTDN, + (0TA P @ A"

where U™ = (U},...,U") € RYs, V= (VP ..., V) € RMs) A" = (A},...,A") € R
denote the solution of the algebraic system

U-—I®u,) = At(AxI)f(U,V),
V-(10®v,) = At(Ax Dk(U,V,A), (2.6)
0 = g(U)

and the functlons f,k, g stand for f(U” A”) (f(U1 ,A”) L FUR A, k(U™ V™A™
Finally, the projection step

s ok
Upt1 = Upt1 + %(un-l—la Un-l—l)ﬁ(un-i-la Un+1, >‘n+1),ula
5 ok
Upt1 = Upy1+ 57 o\ (Un+1,Un+17 A”H)Zzt (2-7)
0 = g(un-i-l)

0 = AtDg(unt1)f(Uns1,Vnt1)

determines u, 1 and v,41. In (2.7) the variables iy, uo are needed for the projection only.

A Runge-Kutta method satisfying a,; = b;, j = 1,..., s is called stiffly accurate. Stiffly
accurate Runge-Kutta solutions satisfy the first order constraint g(u) = 0. In this case we
obtain u, 1 = Up11, 1 = 0 in (2.7) and the projection step can be reduced to

ok
Un+1 = Un—i—l + = B (un—l—la Un+1, )\n—i-l) 2275 (28)

0 = Ath(un+1)f(un+l7vn+l)-

The convergence properties of the proposed scheme are characterized in
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Theorem 2.1 Consider the DAE (2.1) and assume (A1)-(A3). Let (un,vn, \n) denote
the sequences generated with a projected Runge-Kutta method satisfying (B1)-(B3), when
applied to (2.1) with consistent initial values (ug, vo, No), (ug,vo) € So, Ao = ¥o(ug, vo).
Then with ~(ug,ve) := (ug, vo, Yo(ug,v9)) we have the following estimates for the global
error. There exists a positive constant Aty such that for 0 < At < At

I~}

ﬁ(nAt7’7(u07 UO)) -
@(nAt7 7(“’07 UO)) -
)\(nAta 7(“07 UO)) -

(nAt,ug,v9) = O(AL?),
(nAt,ug,v9) = O(At?), (2.9)
(nAt,ug,v9) = O(At"™) forn € N with 0 < nAt < topg.

> Q)

Remark: Hairer, Lubich and Roche (see Theorem 6.4 in [7]) have shown the cor-
responding statement to (2.9) including convergence order for the classical Runge-Kutta
scheme. Thus, the accuracy of the projected Runge-Kutta iterates (2.5)-(2.7) is untouched
by the projection step. In addition, for p > g+ 2, ¢ > 2 in (B3) the consistency and the
convergence order in the u-component can be improved by one to ¢ + 1 in (2.9).

3 Proofs: differential algebraic equations

In this section we will give a proof of Theorem 2.1. In the process of proving Theorem 2.1
refined stability inequalities distinguishing the variables u, v and A\ are needed. To that
purpose we work with the concept of vectornorms.

A functional | - |: W — RF on a vector space W is called a generalized norm, if

lv] > 0, |v|=0 <= v=0,

|1)1+U2|§|Ul| + |U2|, (31)
jav| = |alg [v]
holds with the natural ordering “<” on R*. Here | - |gr denotes the absolute value in R.
Every norm || - ||, in R* defines a norm || - || in W via || v ||=|| | v | ||+ . The main tool to

solve equations in spaces equipped with vectornorms is the following version of Banachs
fixed point theorem in a ball.

Lemma 3.1 Let (W, |- |) be a Banach space with generalized norm | - | and let B, (vg) :=
{veW | |v—uv|<r} forr > 0. Let the map F : B.(vg) — W be continuously
differentiable with invertible DF(vy). Moreover, for some nonnegative matrices P, K €
RE* we assume

| DF(vy) 2| Plz|, ze W,

<
|(DF(vg) — DF(v))z| < K |z|, z€ W, v € B.(v),
P|F(v)| < (I —PK)r.



Then, the equation F(v) = 0 has a unique solution in B,.(vy). In addition, the matriz
I — PK is nonsingular and we have the stability inequality

lv—w| < (I—PK) ™' |DF(v) ' (F(v) — F(w))| Yv,w € B,(v).

A proof of Lemma 3.1 can be found in Beyn, Schropp [4].
Now we present existence results for the projected Runge-Kutta schemes.

Lemma 3.2 Let the assumptions of Theorem 2.1 hold and let (ug,vg) € So, Ao = ¥o(ug, Vo)
be a consistent initial value for the DAE (2.1).

Then for 0 < At < Aty, Aty > 0 sufficiently small the projected Runge-Kutta iterates
(Un, Uy \n) exist forn € N. For the stages (U, V, \) of the projected Runge-Kutta dynamics
we have with wo(u,v) = (1@ u, I ® v, 1® o(u,v)), (u,v) € D, the inequality

(U, V,A) —wo(u,v)| < O(At)(1,1,1) (3.2)
Moreover, the functions p; = pi(At,u,v, \) from the projection step (2.7) satisfy
il = O(At™Y) for (u,v) € So, [|A—vo(u,v)| sufficiently small. (3.3)

Proof: The first step of a projected Runge-Kutta method is a classical Runge-Kutta step.
Following Hairer, Lubich and Roche [7], Ch. 6, we use the intermediate value theorem two
times and obtain

glu) = mMmo+/umﬂ®u+dU—H®wﬁkAﬂA@DﬂMV)
= T®g(u) + At AT® Dg(u) f(u,v) +
Aﬁl//:@%@®u+dU—H®wﬁmw«A@Dﬂ&V%M@IﬁWWW

of
oU

/ DgI@u+s(U—-T®u))ds (A®[)§‘J;

= I® g(u) + AtAT ® Dg(u) f(u,v) + At*h(U,V, A).

/1Dgﬂ®u+dU—H® W) ds (Ao N2Lw vyas DU V) (3.4)

(ava®nMauA0

Using (3.4) we replace the equation 0 = g(U) in (2.6) for At > 0 by

1 _
0 = 2a1®0(u) + 5 AT® Dy(u)f(u,v) + h(U,V, A). (35)
We prove the first statements of Lemma 3.2 by applying Lemma 3.1 to the equation
—(Ieu)—AtAR ) f(U,V)
Ty (At,u,0, U,V A) o= —(I®v) - AH(A® KU, V,A)
Mn ® g(u) + £AT® Dg(u) f(u,v) + A(U,V, A)
= 0, (u,v)€ D,. (3.6)



Let
Mgy eone = {(u,0) e RN M ||l g(u)[|< et A, || Dg(u) f(u,v) | < 2 At}

and let (u,v) € M., ¢, AN D7. We define wy(u, v) := (I®u, I®v, [®¢y(u, v)) and calculate
with ¢ > 2 and (A2)

Awo(u,v) = (I @ Dg(u))(AT® f(u,v), AT® f(u,v))

+ AT ® D‘q(u)%(u7 v) f(u,v) (3.7)
+ AT ® Dg(u)%(u7 v)k(u, v, Y(u,v)) = 0.

Introducing the generalized norm | (U, V,A) |= (||[U ||, | V|, || A]) € R® and using (3.7) we

can compute

Ty (At v, wg(u,0) = (O(A1), O(A) A15211®g< )—l—éA]I@Dg(u)f(u,v))

= (O(At),0(At),0(c1 + ¢2)) for (u,v) € D;. (3.8)

Moreover, we obtain

oh B of ok
8A<w0(u v)) = I®Dgu) (A1) ® %(u,v)(/l I ® 5(1@,1},1/10(%@)) (3.9)
of Ok
42
= 428 Do) (1, 0) 0 0., 0)
which is invertible bei (A3) and (B1).
For the derivative of 77 with respect to (U, V,A) we find with
0 ok
D) = Dglu) 22 () o (v, oo, ) (310)
the representation
5 I+ O0(At)  O(At) 0
mTI(At, u, v, Wy (U, U)) = O(At) 1 + O(At) O(At)
T O(1) O(1) A2 @ T (u,v)

By (3.9) the matrix mTl(At u, v, wo(u,v)) is invertible for 0 < At < Aty, Atg > 0
sufficiently small and the inverse is of the form

0

WYH(AI&,U,U,U]Q(U,U))il = 0 1 0 + O(At)



In terms of vector norms this leads to | WE(AIS, u, v, wo(u,v)) " |< Pay with

1+ O(At)  O(At)  O(AY)
Pay = O(At) 1+ 0(At) O(At) | e R*®.
O(1) O(1) O(1)

Then, following the lines of the proof of Lemma 4.1 in Beyn, Schropp [4] we obtain
the unique solvability of (3.6) in B,(wo(u,v)) := {(U,V,A) € RW+M+Ds | | (T V A)—
I@u,I®v,I® o(u,v))|< 1}k, = (r1,r2,73) > 0 for (u,v) € M, epnt, 0 < At < Aty
provided that ¢y, co, Aty > 0 are sufficiently small. We remark that an application of the
implicit function theorem ensures the smooth dependency of the solution (U, V,A) from
(At,u,v). In addition, the claimed stability inequality (3.2) holds.

The second step is the projection of the classical Runge-Kutta iterates onto the con-
strained manifold Sy. We define the discrete time At step forward functions of the Runge-

Kutta map
i = a(At,u,v) =u+ At @ I)fF(U(AL,u,v), V(AL u,v)),
7 = (At u,v) =v+ At @ DE(U(At,u,v), V(AL u,v), A(At,u,v)), (3.11)
A = MAtu,v,\) = R(oo)A + (T A7 @ I)A(At, u,v)

and consider the equation

L0, MAE, w, v, )i
LU,y 0,

\)) L2
To(At, u, v, \, U, 0, g, f1o) = ))

At Dg(a)f(a,0)
= 0 for 0 < At < Aty, (u,v) € Mey cynt N D (3.12)

With the central point Z(At, u,v) = (a(At,u,v),0(At, u,v),0,0) we can compute
To (At u,v, N, Z(At,u,v)) = (0,0, g(a(At,u,v)), At Dg(a) f(a, v)(At,u,v)). (3.13)

Obviously, g(a) = O(At) and AtDg(a)f(a,0) = O(At) hold for (u,v) € M, cyae N Dy
Moreover, for (u,v) € Sy we obtain
g(W)(At,u,v) = O(AtTT),
Dg(i) f(@,5)(At,u,v) = O(AH) (3.14)
from the local error analysis of the underlying classical Runge-Kutta map (see, e.g., Ch.

6 in Hairer, Lubich and Roche [7]).
Next, we can calculate

0 _ I B(At,u,v, )\)
— T (At A, Z(At = ~ PR 3.15
8(’&7@,,&1,,&2) 2( o ’Z( o v)) ( OT(Atyuav) 0 >( )
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with

~ _Of [~ ~\Ok [~ ~
B(At,u,v,\) = ( e (1, 0) 55 (1, 0, A) (At, u, v, \)

CT(At,u,v) = (Dg(

The matrix ~=2—Ty(At,u,v, \, 2(At,u,v)) in (3.15) is regular, if and only if its Schur-

O(t,0,p1,p42)
complement
~ ~ a(At, u, v, \ 0
—CT(At,u,v)B(At,u,v,\) = ( ( O(A) ) a(Af v, \) >
a(Atuv ) = Dyl o (@,5) 0% (1,5 X)(Ab w0, 0)  (317)

is invertible. Hence, by (A3) and with (A — (@, ) (At,u, v, \) = A — 9o (u, v) + O(At)
the operator WTQ(A{;, u, v, A, Z(At, u,v)) is invertible for At and A — v (u, v) suffi-
ciently small.

Moreover, the equation Ty(At,u,v, A, .,.,.,.) = 0 possesses a unique solution in B,(z)
for r = (r1,...,74) > 0 appropriate and (u,v) € M., ¢, At, €1, C2, AL, X — o(u,v) suf-
ficiently small. By the implicit function theorem this solution is smooth in (At, u,v, \).
Finally, combining (3.13), (3.14) and using the stability inequality of Lemma 3.1 this yields
wi( At y(u,v)) = O(AtI) for i = 1,2, (u,v) € Sp.

Now, let (ug,vg) € So, Ao = ¥o(ug,vo) be consistent initial values. We show the exis-
tence of the iterates (un, vn, An), (tun,v,) € Sy iteratively for n € N. Obviously we obtain
(uy,v1, A1), (u1,v1) € Sp by solving (3.6), (3.12) with u = ug, v = vy, A = A since
Ao = o(ug, vo). To make the induction work for n € N it remains to show

| A — Yo(un,vn)| < € neN, e>0 arbitrary. (3.18)

Let 1, := Ay — o(up, v,). The iteration scheme of the n-sequence reads

Mot = R(00)N + Yo(tn, vn) — Yo(Unt1; Vntr)
+(OT AT @ I (A(AL, U, vn) — T ® Yo (Up, v2))
=: R(0c0)nn + Bn, 70 =0 (3.19)

with 3, := B(At, up, vy, 1m,) = O(At). Here, due to the construction of the method w1
and v,4; are functions of (At, u,,v,,n,). Using | R(co) |< 1, the theory of difference
equations yields

1
Il < Aol +3— sup{[| Bn [l | » € N} = O(At) vne N (3.20)

R(o0)
and (3.18) is verified possibly after diminishing A¢. This finishes the proof of Lemma 3.2.



In order to show the convergence statements of Theorem 2.1 we have to analyze the
local error and the stability properties of the projected Runge-Kutta method.

Lemma 3.3 Suppose that the underlying Runge-Kutta method is of classical order p
and stage order q with p > q+ 1 and ¢ > 2. Then for (ug,vy) € So, Y(ug,v9) =
(w0, vo, Yo(ug, vo)) the local error leyr = (leprus lerrws lerrn) s of magnitude

lerew = (AL ug, v0) — (AL, y(ug, vp)) = O(At™MTH2P)),
lerro = O(At g, 09) = D(AL y(uo,v9)) = O(AE"™), (3.21)
lerra = AAL g, v0) = A(AL (g, v9)) = O(AET),

Proof: The local error of the projected Runge-Kutta method is strongly connected with
the local error of the classical Runge-Kutta method which is, e.g., analyzed in Hairer,
Lubich and Roche [7], Lemma 6.3. For the A-component which is untouched by the
projection (2.7) we obtain directly

IA(AL, g, v0) — A(AL, 3 (ug,vo)) | = O(AL)

from Lemma 6.3 in Hairer, Lubich and Roche [7].

To estimate the local error in the u- and v-component, we consider the equation (3.12).
Evaluating (3.12) at the central point zZ(At, ug, vo) = (@(At, ug, vo), V(At, ug, vo), 0,0) we
can compute

To(At, y(ug, vo), Z(At, up,v9)) = ((u—a)(At, up,vo), (0 — 0)(At, ug, v9),0,0). (3.22)

Following the formulae (3.15)-(3.17) we can calculate

0 _ 1 B(At,UO,Uo)
—Th(At At = _
O, 0, iy, pi2) 2(A%,1(to, vo), (AL, o, vo)) ( CT(At, ug,v) 0
(3.23)
with
>, ~o 7a v) 9k 7a 77/_\ At: ) 0
B(At,ug,v9) = o (1 0) 35 (1,0, A) (AL o, vo) b o«
0 _Em(uﬂ]a )‘)(AtaumUO)
= Dg(u)(At, ug, vo) 0
(At = : 24
¢ (At uo,v0) < O(AY) AtDg(a)% (@, 7) (At u, vo) (3:24)

Here we analyze the structure of (WTQ(AIS, Y(ug,vg), Z(At, ug, vp))) " in more detail.

A straightforward calculation shows that with S(At, u,v) = —(CT B)(At, u,v) this inverse
has the form

0 - (1+BS'CT —-BS!
—TH(At Z(At = - _ At
<3(1l,17,,u1,u2) 2( ”y(U'O)UO)?Z( 7u07U0))) < —SilcT Sfl )( au07U0)
(3.25)
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with

_ 7 B a1 (At u,v) 0
(I +BSC")(At,u,v) = o) 4 (AL 1, v) ) :
of 0k of ok
all(At7u7U) = I— a_fa (Dgaf 8)\) g) (At,y(u,v)), (326)
Ok of 0k 0
QQQ(At7u7U) = I— a (Dgaf 8)\) Dggf) (Atvv(uav))

In order to compute the local error of the projected Runge-Kutta method we apply the
stability inequality of Lemma 3.1. Using (3.22), (3.25) and (3.26) this yields

| 2(At, g, vo) — (@, 0,y p2) (A, (g, vo)) | < C [((DTo) ™ To) (At y(uo, vo), Z(At, ug, vo) |

(an)(a — )(At Uo,Uo)
_ || m@=i+ @ - m@tww || o
*
*
We insert the relations
(@ —a)(At,u,v) || = O(Atq“)
lans(At,u,v)(@ — @)(At,u,v) | = O(Atmmwp )
|| a22<At u U)(@ 6)(At7 u?”) || = O(Atq—H)
(see Lemma 6.3 in Hairer, Lubich, Roche [7]) into (3.27) and obtain
|a(At, ug, v0) — a(At, y(ug,v)) | = O(AF™MaF2)),
HE(AtauO)UO) - @(AtaV(UOWO)) || = O(Atq+1)‘
This finishes the proof.
Next we rewrite the discrete scheme as dynamical system. With P, = u(At, -, -, "),

P2 = @(At, oy ) and Pg(At,U,U,)\) = R(OO))\ + (bTA_l &® I)A(At,u,v), P = (Pl,PQ,P3)

we obtain

Un4+1 = Pl(Ataun7vn7)\n)a
Un4+1 = P?(Ata Up,, Un, )\n)a (328)
)\n—i-l - PS(Ataun7vn7)‘n)-

11



The dynamics of the iteration (3.28) is guided essentially by the dynamics of (u, 41, vn11) =
ﬁAt(un, vp,) with the map Pa; My ey ae — RNM defined by

N - Pi(At,y(u,v)) ) Py ae(At,u,v)
Pl (Pz(At,'y(u,U)) ) - (pw(m’“’“) ) o

Now we show the stability of the projected Runge-Kutta method.

Lemma 3.4 Let the assumptions of Theorem 2.1 hold. Then the projected Runge-Kutta
method is stable and we have for (ug,vy) € Sy the following estimates for the global error.

u(nAt, ug, vo) — u(nAt,y(uo,v0)) = O(ALY),
@(nAtau(bUO) - f)(nAt,’y(uo,vo)) = O(Atq)7 (330)
/_\(nAtv Uo, UO) - x(nAta 7('&07 UO)) = O(Atq_l) fOT’ 0< nAt < tend

and 0 < At < Aty, Aty > 0 sufficiently small.

Proof: Let Qar = {jAt| j=0,...,0}, 0 = 0(At) with o(At)At € [tend, tena + At[ be
an equidistant grid on [0, .4 and let (@, 2) = (wo, 20, W1, 21, - - -, Wey 26) € (M ey ne) 20
For a grid function (), Z) we use the norm

1@, 2) [l = sup{[| (ws, z)[| | #=0,...,0}.

We consider the operator

- 1 n - p ny ~“n
Sai(@,2) = wo—to \ L Wiy = Prau(wn,za) ) g (3.31)
Z0 — Vo At Zn4+1 — PQ,At(wna Zn)
Obviously, the equation Sas(w, Z) = 0 is uniquely solvable for (ug,vy) € So. To show the
convergence of the projected Runge-Kutta scheme we will derive a stability inequality for

the operator Sa;. This will be done by appyling Lemma 3.1 to the equation Sa¢(w, 2) = 0.
The central point is

’l:LAt _ ?(?At,anvo) L i=0,...,0]. (3.32)
Das v(iAt, ug, vo)
With the abbreviation u; = u(iAt, ug, vo), v; = V(1At, ug, vo), @ = 0,...,0 we can compute
1 5. _P TR
L[ Py (T, i) L i=0,...,0—1
At \ Ui — PQ,At(Uia v;)

Sac(tae, Uar) =

At \ Vi1 — Po(At, 1,03, ;)
min(g+1,p—1)
,(gEAt )>,i:0,...,0—1> = O(AtY).

12
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Moreover, the linearization at the central point (@a¢, a;) reads

FE
—Bato At
DSai(tng, Uar) = —Baig Ane
—Bato-1 Ant
with the matrices
I 0
E = RN+M,N+M
1 I 0
A - RNJrM,NJrM
At ; < 0 7 c ,
1 0Py Us, ;i OPats U, V; .
BAt,i _— _t < 8}539;1;’2(_ _) 8;?;}1&}2(_ _) ERN+M’N+M, ZZO,...7O-_]_.
o (Ui, i) T(Uia i
Using
OPxy
a(u 'U) <u’l7 UZ) - -[ + O(At)
we can deduce
| AxiBarill < 1+ CAt for i €{0,1,...,0}. (3.34)

Now we show that || DSa¢(ia¢, Uar) ™! ||ee remains bounded as At — 0. To that purpose
we consider the linear system of equations

DSAt<aAt>Q_]At)y = rnr y= <y07 ce 7y0)7 r= (7’0, cee 7r0)' (335)

(3.35) is equivalent to

7 i i—k
yi = H(ANBAMTOJFZ(H BAtZ]>A;1rk,z':o,...,a.

j=1 -1 \yj=1
Hence we obtain

lyll < 1 ]](AZ Bavi-s) ||7“0||+Z||H arBaci-g) || 1Az I,
i=1
1=0,...,0

13



Using (3.34) and || A4} |= At we can compute

lysll < (L+CAL |lroll + ) (1+CA" At |y

(1+CAt)™ -1

< exp(CiAL) [lroll + 8 17 {loe (3.36)
< ep(Cltena + A1+ ) 7l 120,10
with ||7||ee= sup{||7i|]| | ¢=0,...,0}. Formula (3.36) shows
| DSat(tar; Dar) Moo < exp(Cltena + Ato))(1 + é), 0 < At < Aty.
Moreover, the stability inequality
(@) = (@, 2) e < C || Saeld@, 7) = Saeli@, Z) [|oc (3.37)
holds. We apply the stability inequality (3.37) for
(4, v) = (@, Vo, U1,01,.-.,Us, V),
(W0,2) = (ug,vo,Us,V1,... Uy, Vy).

Using u; = (Pi(At,’Y<U0,UO))>17 v; = (pi(At,y(uo,vo)))Q, 1=0,...,0 we can compute
o 0 1 P(At,Ui7Ui, )\i)l - 151 At(ui,vi) .
S — — L =0,... —1
2l (( 0 ) At ( P(Atus v Ao — Poai(usv) |07 0
d
_ ) §wMMM%MM%M)J=QmJ—1.
0 At 2(“27”17al)(¢0(u17%) - )‘1)

Here the values a; = A; + s;¢00(us, v;), s; € [0,1], 4 =0,...,0—1 arise from the application
of the intermediate value theorem. Moreover, we know

P(At,u,v, )y = Poag(u,v) + AtUfi(At,u,v,N), 0= 1,2 (3.38)

with functions f1, fo bounded for At — 0 (compare (3.3)). Differentiation of (3.38) yields

P,
oA\

and with (3.20) we can derive Sa.(@, Z) = O(At?). Combining this with (3.33) the con-
vergence results

L u, v, ) = O(A9), i=0,...,0—1,i=1,2

u(iAt, ug,v0) — (P'(At,y(ug,v0)))1 = O(At?),
E(iAtvumUD) - (PZ(Atvfy(UOa UO)))?v = O(Atq>’ = Oa - 0

14



follow.
It remains to prove the convergence of the A-component. Due to the definition of the
projected Runge-Kutta scheme the A-iteration reads

Ar1 = R(00)A, + (BTAT @ DA(AL up,vy) = P3(At, Uy, Un,y An)-
Now let
WA = {p= (o0, p0) | pi = Gl 3) < & i =0,..., 0}
For (ug,vp) € Sy fix we set up the operator I'a; : Wt — (Rt defined via
Lat(p) = (po — vo(uo, vo), (Pn+1 — R(00)pn —15),m =0,...,0 — 1)

with 7, = (BT A7 @ I)A(At, (P"(At, y(ug, vo)))1, (P (At, y(ug, vo)))2).
We have (Ao, A\1,...,As) € Wt by (3.20) and apply Lemma 3.1 to [ai(p) = 0. The
central point is zg ar = (¢¥o(to, V), - - ., Yo (ts, Us)). Using (3.21), (3.28) we can compute

FAt(ZO,At) = (0, (¢0(ﬂi+17 ’(_JH_l) — R(OO)I/J()(’UJ“ ’(_Jl) — (bTA_l X I)A(At, TTLZ', 77@)
+(bTA71 (%9 [)(A(At, Uj, T_JZ) — A(At, Uj, Ui))), 1= 0, ., 0 — 1)
= O(At"™).

We compute the linearization at the central point 2y o+ and obtain
1
—R(o0)I I
DFAt(ZO,At) = —R(OO)] I
—R(c0)I 1
Finally, we estimate the norm of || DT as(20.a¢) " ||co. We consider
DFAt(ZO,At)y =T y= (yOa s 7y0)7 r= (’f'o, s ’TU)' (339)

(3.39) is equivalent to

We can calculate

ly:ll < [R(o0) [T Il € =7 [I7llees i=0,...0.
; 1= | R(c0)]

This shows || DT a¢(20.a¢) " o < % The stability inequality then serves

I Aoy -5 Ao) = (Yolito, Do) - - s Yo(tios U5)) loo < O [Tar(20,a0) oo = O(AL)

and completes the convergence proof of the projected Runge-Kutta methods.

15



4 Numerical Applications

In this section we present the results of our numerical computations. The projected Radau
[Ta methods have been implemented on the basis of the well known excellent Radau5-code
from Hairer and Wanner [9], p.566-574. Moreover, we assume the internal parameter
iwork(5), iwork(6), iwork(7) of Radaub standing for the dimensions of the index 1,2 and
3 variable in the underlying DAE are set correctly.

We apply the Radaub-code with and without projection step to our index 3 DAE test
examples.

Example 1: The famous normalized pendulum

W = vy, u1(0) = uq

Uy = g, uz(0) = ug

0 = —2uA, (0 ) V10, (4.1)
Uy = —1—2us\, v9(0) = vy,

0 = ul+us—1, A0

\/

Here (uq,uy) are Cartesian coordinates and describe the motion of an infinitesimal ball of
mass 1 with gravitational force 1 and pendulum length 1. Consistent initial values read

(U107U207U10,U20,)\0) = (1,07070,0)- (4-2)

The solution of (4.1), (4.2) is plotted in Fig. 1.

Fig. 1: (uy(t),ua(t)) for ¢ € [0,20]
As usual we monitor the index-i deviation d;, i = 1,2, 3,

di(t) = w(t)’ +us(t)” -
da(t) = 2(ur(t)oa(t) +u ( ) 2()),
dg(t) = —2>\(t) (Ul (t)2 + U2(t)2> - 2U2(t) + 21}1 (t)2 + 2U2(t)2

along the solution. The functions d;(t) (blue) and ds(t) (red) computed by Radaub (rtol =
atol = 107®) without and with projection are shown in Fig. 2.

16
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Fig. 2: (di(t),dy(t)) without proj. (left) and with proj. (right)
Due to the structure of the problem (4.1) we able to monitor the index 3 defect d3 too.
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This is shown in Fig. 3.

[ I
| Il
L | i | “‘ ) Ww n ““ | 1 RN
Pl e i 0 el L
2 a 6 8 10 12 14 16 18 20 o 2 a B

Fig. 3: ds(t) without proj. (left) and with proj. (right)
As computer independent measure for the computational effort we have chosen the
number of function evaluations (fev) and evaluations of the jacobian (jacev) for various
tolerances tol = rtol = atol.

tol 1076 1078 10719 10712
fev [2966/2580 6217/4996 12979/9963 24531/20576
jacev | 276/238  570/481  1124/956  2225/1912

Tab. 1: comp. effort example 1 without/with proj.
Example 2: Andrews squeezing mechanism.
The squeezing mechanism consists of 7 rigid bodies connected by joints without friction in
plane motion. A detailed description including all parameters and consistent initial values
can be found in the book of Hairer and Wanner, [9], Ch. VIL.7. The equations of motion
have the form



with a symmetric, positive definite matrix M (u). The reader may notice that (4.3) is of
index 3 if Dg(u)M (u)~'Dg(u)” is invertible. Here u € R is defined in angle-coordinates
by u = (3,0,v,®,6,€Q,¢). The position of these angles in the mechanical system can be
seen the picture of the physical system shown in Hairer and Wanner, [9], p.531. Moreover,
we take the consistent initial values (ug,vo, Ag) from [9], p.536-537. The corresponding
solution in the state variables is plotted in Fig. 4.

Fig. 4: u(t) = (6,0,~,®,0,Q,¢€)(t)) for t € [0,0.05]
Again we monitor the deviation of the index 1 constraint d;(t) = g(¢(¢)) in blue and the
index 2 constraint dq(t) = Dg(q(t))v(t) in red (see Fig. 5).
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Fig. 5: (di(t),d2(t)) without proj. (left) and with proj. (right)
Finally, the computational effort for various tolerances tol = rtol = atol is summarized
in Table 2.
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tol 10-¢ 10-% 10-10 10-12
fev |2147/2073 3429/3251 6098/5760 12078/11190
jacev | 138/131  241/227  472/447  984/926

Tab. 2: comp. effort example 2 without/with proj.

Our computations show that the projected index 3 Runge-Kutta method satisfies the
index 1 and index 2 constraints correctly. Moreover, in combination with the excellent
Radaub code the projected 3-stage Radau Ila method of order 5 is able to gain efficiency
(see Tab. 1 and 2). The reason is that the step size At chosen by the internal local error
estimator for a prescribed tolerance tol = rtol = atol increases when combining Radaub

with the propagated projection.
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