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TOWARDS AN L!}-THEORY FOR VECTOR-VALUED ELLIPTIC
BOUNDARY VALUE PROBLEMS

ROBERT DENK, MATTHIAS HIEBER, AND JAN PRUSS

1. INTRODUCTION

Vector-valued elliptic and parabolic boundary value problems subject to general boundary con-
ditions have been investigated recently in [DHPO1] in the L,-context for 1 < p < oo. One
of the main goals of this paper was to deduce a maximal L,-regularity result for the solution
of the parabolic initial boundary value problem. A classical reference in the elliptic context
are the celebrated papers of Agmon, Douglis and Nirenberg [ADN59]. For further references
and information on the scalar and vector-valued case we refer to the [Ama01] and the list of
references given in [DHPO1].

Vector-valued elliptic and parabolic problems on all of R” we considered first by Amann
[Ama01] on a large scale of function spaces, including L, (R™; E). Here E denotes an arbitrary
Banach space. He proved in particular that the Lj-realization of such problems generates
an analytic Cy-semigroup provided the top-order coefficients of the underlying operators are
uniformly bounded and Holder continuous.

In this note, we consider vector-valued boundary value problems with constant coefficients
in the L;-setting for a half space. Following the approach described in [DHPO01], we assume
the Lopatinskii-Shapiro to be true; we then obtain a representation of the solution u of the
elliptic problem by integral operators which allows to deduce a-priori estimates for u in the
Ly (Rﬁﬁ“ ; E)-norm. Here E denotes again an arbitrary Banach space. These estimates imply in
particular that the L; (]Rfrl ; E)-realization of an elliptic boundary value problem with constant
coefficients in the half space ]Ri“ generates an analytic Cp-semigroups on L1(1R{1+1 ; E). For
different approaches and results with variable coefficients in the scalar-valued case we refer to
Amann [Ama83], Di Blasio [DiB91], Guidetti [Gui93] and Tanabe [Tan97], Section 5.4.

2. ELLIPTIC PROBLEMS ON L!(R"; E)

Throughout this section, let E be a Banach space. Following the notion of [Ama01] or Section
5 of [DHPO01], we call a homogeneous B(E)-valued polynomial A(-) of degree m € N parameter-
elliptic if there is an angle ¢ € [0, 7) such that the spectrum o(A(£)) satisfies

(1) o(A(f)) C Xy foral { eR", ¢ =1.
We then call
da:=1inf{¢: (1) holds} = sup1 |arg o (A(€))]

€=

the angle of ellipticity of A. For D = —i(dy,... ,0n) we call A(D) =3, _,, aaD* parameter
elliptic, if its symbol A() is parameter-elliptic.

Assume now that A(D) is a parameter-elliptic operator with angle of ellipticity ¢.4. It was

proved in Theorem 5.2 and Corollary 5.3 of [DHPO1] that for ¢ > ¢4 and k € N there are
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constants cg x, Ce,r such that the solution ~ of
Au + A(D)u = do
satisfies the estimate
(2) DP9 (@)] < Co k™™ TPl sleonlel), o€ R, JargA| <7 —o,]8] =k,

where py, | is given by

¢ (1+5)
n — —r $)ds.
pm,k(r) /0 (1 + S)m—k—le S

We define the L, (R"; E)-realization A of A(D) by means of A = Ay, where
[Aou](z) = A(D)u(x), @ €R", u€ D(4) = Wi"(R"; E).

The first assertion of the following proposition is a special case of Theorem 5.10 of [Ama01].
The proof given below is based on estimates on the fundamental solution. Via estimate (2) we
also obtain some information on the domain of A, which will be important in the following.

Proposition 2.1. Let n,m € N, E be a Banach space, an € B(E) and suppose that A(D) is

parameter elliptic with angle of ellipticity ¢4 < 5. Then —A generates an analytic semigroup
on L1(R"; E) of angle T — ¢4 and we have

W™ (R"; E) Cc D(A) c W Y(R"; E).
Proof. Obviously, A has dense domain. If f € L, (R"; E), choose a sequence f, € C§°(R"; E)
such that f, — fin L1(R*; E). For A € £,_4, ¢ > ¢4, we have u, := vy x f, € W(R"; E)
as well as Au, + A(D)u, = f. Since up, = u = v\ * f in L1 (R"; E) as n — oo, we see that

u € D(A) and Ay + Au = f. This shows that A + A is invertible for each A € X _4 with
(A+ A)"1f =~ = f. Thus by (2) and Young’s inequality we obtain

W (R"; E) D D(A) D D(Ap) = W/ (R"; E).
Furthermore, estimate (2) yields —X,_4 C p(A) and
A+ A) sz, mrm) < Mros,
for each ¢ > ¢ 4. O

3. ErripTiCc PROBLEMS IN A HALF SPACE

In this section we consider boundary value problems of the form
_ : +1
A+ AD = f, in RY
Bi(D)u = gj, on 8Rﬁ+1,j:1,...,m.

on a half space. Here A(D) as well as B;(D) for j € {1,... ,m} are differential operators with
operator-valued coefficients. We also assume that A(D) and B;(D) consist only of the principal
parts, i.e.

AD) = Z aq D*
|a]=2m

Bi(D) = Y bjsD’,
|B|=m;
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where m; € {0,...,2m — 1}, aq € B(E) and bjzg € B(E) for j € {1,... ,m}. In the following
we assume that A(D) is parameter-elliptic with angle of ellipticity ¢4 € [0, 7), i.e. there exists
¢ € [0,m) such that

(3) o(A(€) C By, EER™, [ =1

and ¢ 4 is defined as the infimum of all ¢ satisfying (3). Here A(:) is the symbol of A(D) defined
by
(4) A©) = ) aal®, £€R™ a, € B(E).
|a|=2m
We suppose that the following Lopatinskii-Shapiro Condition holds true:
Lopatinskii-Shapiro Condition:
For each ¢’ € R and A € ¥,_4 with |£'| + |A| # 0, the problem

Ao(y) + A, Dyvly) = 0, y>0,
B](f’7Dy)U(O) 9j, j:]-;"'am

admits a unique solution u € Cy(R, ; E) for each (g1,... ,9m)% € E™.

In the following we are interested in the L;-theory of the above problem; more specifically,
for ¢ > ¢4 we consider the following problem:
Given A\ € S, 4, f € Li(RT™;E) and g; € W™ (R E) for j € {1,...,m}, find
u € W™ (RYH; E) which satisfies

(5) M+ AD)u = f, in R}
(6) Bi(D)u = g;j, on OR}™ j=1,... ,m.

To this end, for A(D) and B;(D) defined as above, we define an operator A in L;(R}™; E)
associated to the boundary value problem (5) and (6) with g; = 0 for all j € {1,...,m}
by means of A = Apin, where Apmin : D(Amin) — Li(RE E) x I, W™ ™ (R E) s
defined by

D(Amin) = WI™(RPE)
A(D)
By (D
Apinu 1= 1(, ) u.
B (D)

Moreover, we set g := (g1, - ,gm)"- For A € oy, f € Li(R™; E) and g; € W™ ™™ (R B)
for 5 =1,...,m, our boundary value problem can rewritten as

(7) )\JU+Av:<£>,

where Jv = (v,0,...,0)T. We then have the following theorem.
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Theorem 3.1. Let A(D) be a parameter-elliptic operator of order 2m and angle of ellipticity
¢a. Let ¢ > ¢a. For j € {1,...,m} let Bj(D) be boundary operators of order m; < 2m.
Assume that the Lopatinskii-Shapiro condition holds. Let E be a Banach space, f € Ll(lRT'l ; E)
and g; € mefm" (]RTFI;E) forj=1,...,m. Let \ € £;_4 and let A be defined as above.
Then there exists a unique function u € lemfl(]Rfrl ; E) N D(A) satisfying

(8) /\Ju+Au:<]gc>.

Moreover, u is given by

() w= P+ Agast) ' Eof + Y RLF+ Y Sig;,
j=1 Jj=1

where R{\ and Sf\ are kernel operators as defined in Propositions 6.8 and 6.9 of [DHPO1].
Furthermore, there ezists a constant C > 0 such that for 0 <|a| <2m —1 and A\ € £,_, we
have

o Ui 1 2momy
|>\17ﬁDa“|L1(RT1;E) < C[|f|L1(R1+1;E) + Z (A4 A=) = 9j|L1(R1+1;E)
j=1

+Y AN T

Jj=1

Dygj|L1(R1+1;E)]-

Proof. The following proof is a modification of the arguments given in the proof of Theorem 6.10
of [DHPO1] to the L;-situation. Indeed, note that under the given assumptions the problem (8)
has a unique solution u € W™ ' (R}*'; E) N D(A) if and only if u defined as in (9) belongs to
W N R E) N D(A).

Given f € Li(R!*"; E), it follows from Proposition 2.1 (and its proof in case ¢ > 7/2) that
the first term on the right hand side of (9) belongs to the required regularity class.

In order to treat the second term, notice that by Proposition 6.6 of [DHPO01] the kernel kf’j
of Ri satisfies for 0 < |a] < 2m — 1 and A € £;_4 an estimate of the form

—2milaltl o

1 —2mtjaltl 1
(10) |DaKf7j('7 Y, yl)|L1(R";B(E)) S C|>‘| 2m p2m+n7|a‘(c|>‘| 2m (y + yl))a Y, yl > 0.

The above kernel estimates allow us to derive L!'-estimates for the second term on the right
hand side of (9) via the following simple lemma on L!-continuity of integral operators acting
in half spaces.

Lemma 3.2. Let T be an integral operator in L, (]RTrl ; E) of the form

(Tf)(@,y) = //k(:v —a'y,y ) (@' y)da'dy', @ € R,y >0,
0 R»
where k: R* X Ry x Ry — B(E) is a measurable function. If

o
sup/|k('7yayl)|1dy =M< 00,
y’>00

then T € ,C(Ll(]RT_:_+1  E)) and |T|E(L1(R:_+1;E)) <M.
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The proof of Lemma 3.2 is consists only of an application of Young’s and Hoélder’s inequality.
Combining estimate (10) with Lemma 3.2 it follows that

_lel i
|>\1 2m DaRg\f|L1(Ri+l;E) S C|f|L1(Ri+1;E)'

Similarly, by Proposition 6.8 of [DHPO01] the kernel k37 of SJ satisfies for 0 < |a| < 2m — 1
and A € ¥;_y an estimate of the form

—amtlaltl o0

DK (9o mmisemy < CIA| T~ 2m (e[Azmy"), y' >o0.

2m+n, ||

Again, together with Lemma 3.2, this estimate implies that

2m —

m
el o o 1 Emomy
AT D S§9j|L1(R1+1;E)§ ¢ (Z|(—A+|>\|"‘) 2 9j|L1(R1+1;E)
j=1

+D (A4 A=)

=1

Dy9j|L1(R1+1;E))-

This proves the assertion. [l

For a parameter-elliptic operator A(D) of order 2m and angle of ellipticity ¢4, we define the
Ly (R E)-realization A% of the boundary value problem (8) with g = 0 as

(11) A% = A(D)u
(12) D(AY) = {ue WI™(R{*E);Bj(D)u=0 forall j=1,...,m}
and set

AB = A_OB
It follows from Theorem 3.1 that (A + Apg) is invertible for all A € ¥;_4 with ¢ > ¢4 and that

A+ Ap) ' = PO+ Agurr) "By + > R
j=1

Theorem 3.1 also implies that — 3, C p(A) and that INA+Ap) Y < M for A € T,_4 with
¢ > ¢ 4. We thus have the following corollary.

™

Corollary 3.3. Suppose that ¢4 < 5. Then —Ap generates an analytic Co-semigroup on
Li (R EB).
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