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Discrete translational symmetry plays a fundamental role in condensed matter physics and lattice gauge

theories, enabling the analysis of systems that would otherwise be intractable. Despite this, many open

problems remain. Quantum simulation promises to offer new insights, but progress is often limited by

device connectivity constraints, which lead to prohibitively long computation times. We extend the use of

spatial symmetry from the systems to be simulated to the quantum circuits simulating them. One

application is that it becomes possible to efficiently and optimally alleviate device connectivity constraints

algorithmically. This leads to reductions in quantum computational time by several orders of magnitude

even for moderate system sizes, making such simulations feasible, with even greater relative gains for larger

systems. This substantially enhances the capabilities of quantum computers in the simulation of condensed

matter systems and lattice gauge theories, even before hardware improvements. Our Letter forms the basis

for using spatial symmetry of quantum circuits in other areas of quantum computation, such as in the design
and implementation of quantum error correcting codes.

DOI: 10.1103/cswp-xy7k

Quantum simulation [1,2] remains one of the most
promising applications of quantum computers. Recent
experiments have demonstrated encouraging results in
simulating quantum magnetism [3-8]. Other systems that
can be simulated in principle include the Fermi-Hubbard
model, which provides insights into high-temperature
superconductivity [9-11], and lattice gauge theories such
as the Rokhsar-Kivelson model [12] and the Kogut-
Susskind model of 2D quantum electrodynamics (QED)
[13—16], where the phase diagram and real-time dynamics
remain only partially understood [17,18]. These systems
possess discrete translational symmetry, and this symmetry
is inherited by circuits for the quantum simulation of those
systems. In this Letter, we call such circuits tileable since
they consist of a circuit tile or motif that is repeated
spatially and optionally temporally.

A quantum simulation circuit typically comprises a
sequence of one- and two-qubit unitaries acting on spin-
1/2 degrees of freedom (qubits). In many architectures,
such as superconducting or quantum dot devices, two-qubit
gates can only be applied to specific pairs determined by
the device’s coupling graph [19,20] (also called the
coupling map [19] or device graph [20]). Examples include
the square grid [21] and the heavy-hexagonal lattice [5].
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To overcome restricted qubit connectivity, SWAP gates
(swaps) are commonly inserted [22,23]. A SWAP gate
exchanges the states of two qubits, effectively swapping
their positions. To apply a two-qubit gate to a pair of remote
qubits, first these qubits must be routed along the edges of
the coupling graph using SWAPs until they become adjacent.
The routing problem [23], also called quantum layout
synthesis [24,25], is the task of determining the initial
positions of the qubits and the placement of the SWAPs. An
optimal solution minimizes routing overhead, commonly
measured by the routed circuit’s depth or the number of
inserted SWAPs.

Optimal qubit routing is crucial. First, on today’s
quantum computers, routing overhead increases the effects
of noise, currently limiting simulations to models of
quantum magnetism that can be directly embedded into
the hardware coupling graph [4—7]. Second, on early fault-
tolerant quantum computers, minimizing routing overhead
maximizes the system sizes and simulation times that can
be achieved. Finally, while scalable fault-tolerant quantum
computers can reliably execute circuits of arbitrary depth,
the routing overhead directly increases the monetary cost of
running a circuit.

However, solving the routing problem optimally is NP
hard [22,23,26], making optimal methods [24,27] slow and
limited in the circuit sizes they can handle. Using highly
optimized implementations [28], the performance of these
methods can be improved, but given the problem’s computa-
tional complexity, it is unlikely that optimal routing can be
achieved for circuits acting on more than 100 qubits—
roughly the number of qubits already available on today’s
quantum computers and the scale anticipated to be necessary
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(a) Basis circuit (bold edges) for the quantum simulation of the Kogut-Susskind model of 2D QED. Dashed lines delineate the

circuit cells, with coordinates in gray, and seed numbers within the vertices. The Jordan-Wigner transformation breaks 2D translational
symmetry, which we circumvent by using the compact encoding [37,38], leading to the red auxiliary qubits. (b) Qudit mobility zone.
The logical qudits of the basis circuit (black worldlines) are free to move by the action of SWAPs (omitted) along the edges in a patch of
26 4 1 by 26 + 1 hardware cells (here, § = 1 and edges are likewise omitted). The logical qudits are acted upon by single-qudit (dark
blue dot) and two-qudit (dark orange edge) physical gates. In this example, the physical circuit (black lines, dark blue dots, and dark
orange edges) is repeated to form a 3 x 1 physical circuit patch. These physical basis circuits interact; a two-qudit gate from a translated
copy of the physical basis circuit (wavy orange line) acts between a logical qudit from the original basis circuit and a logical qudit from a
translated copy (green line). (c) Benchmarking results comparing our method’s implementation (“QuanTile,” dashed lines) [33] with

Qiskit’s AIRouter [19] (solid lines).

for a quantum advantage [29,30]. Consequently, efficient
but suboptimal heuristic methods have been developed
[23,31,32], with SWAP counts sometimes exceeding the
optimal by several orders of magnitude [25].

In this Letter, we introduce a framework for analyzing
tileable circuits. It enables the modification of existing
routing methods so that they only need to solve the routing
problem for a single circuit tile, while ensuring that the
routed circuit remains tileable. We provide an implementa-
tion of our method [33], in which we modify the optimal
satisfiability modulo theories (SMT) based routing method
from Ref. [24], with extensive verification of the correctness
and performance of our method and implementation. We use
it to find routing solutions with negligible overhead for
circuits derived from quantum cellular automata [34-36],
condensed matter simulations, and lattice gauge theory
simulations. This unlocks the potential of today’s quantum
computers to study frustrated magnetism and reduces
computational cost on fault-tolerant devices by several
orders of magnitude.

Although finding an (optimal) solution to the routing
problem for a single tile is still NP hard, our method allows it
to be repeated spatiotemporally at essentially no computa-
tional cost. The complexity of solving the routing problem
now only depends on local properties of the simulated
system and becomes essentially independent of the system
size and the simulation time. Benchmarking our specialized
method’s implementation [33] demonstrates that also in
practice it greatly outperforms leading general-purpose
routing software. For instance, on a 500-qubit circuit, our
method reduces the depth overhead by more than 3 orders of
magnitude while also requiring less computational time.

Fundamentals—We define a circuit tile formally as a
basis circuit [Fig. 1(a)]. It consists of a finite set of gates g.

Since the routing problem is independent of whether
the degrees of freedom are qubits or qudits with more
than two basis states, we use the term “qudits” for
generality. A single-qudit (two-qudit) gate ¢ acts on
qudit(s) . (9.g, 9.q'). We assign each gate a circuit layer
g.1€ NP, Each qudit ¢ has cell coordinates ¢.%, ¢.j € Z and
a seed number ¢.5 € N°, which distinguishes qudits within
a cell. This generalizes to higher dimensions by adding
spatial coordinates.

A spatiotemporal circuit patch P, ,, ,(C) is formed by
merging n X m x [ translated copies of a depth-d basis
circuit C,

Pn,m,l (C) = U
(Ax,Ay.At)
€Z,xZ,,xdZ,

TAx,Ay,At(C)' (1)

Here, Tz, ay.a/(C) translates each gate’s time coordinate by
At and each qudit’s spatial coordinates by Ax and Ay, and
dz;={0.d,2d,...,(1 - 1)d}. Replacing Z, and Z,, with
Z yields spatially infinite, or lattice, circuits. For formal
reasons, the union is taken as a multiset union (allowing
duplicates). We call circuits in which a basis graph can be
identified tileable circuits.

A gate collision occurs when two gates simultaneously
act on the same qudit. A basis circuit C is valid if the circuit
patch P, ,,(C) (or equivalently, its induced lattice circuit)
is collision-free for all n, m, [ € N*, which can be checked
straightforwardly due to the following theorem.

Theorem I—Let C be a basis circuit. The circuit patch
P, ,.1(C) is collision-free for all n, m, I € N™ if and only if,
for each time ¢ and seed number s, at most one qudit ¢ with
q.5 = s is acted on by a gate in layer ¢. A proof is provided
in the Supplemental Material (SM) [39].
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A basis graph [48] is a basis circuit with edges instead of
gates. Edges lack a time coordinate, and two edges may
meet at the same vertex. Merging infinitely many translated
copies of a basis graph produces a lattice graph, formal-
izing the concept of an “infinite lattice” with edges.
Examples include the square, honeycomb, and kagome
lattices, with edges connecting nearest neighbors.

Tileable circuits naturally arise in quantum simulations
of lattice systems via Trotterization. Consider a two-local
Hamiltonian H = ), H; + ) _(; ) H;;, acting on 5-dimen-
sional local degrees of freedom (i.e., o-level qudits), where
H; acts on qudit i and H; ;) on qudits i and j along the
edges of a lattice graph G. By Trotterization [2,49,50],
e ™~ [U,(z/r)]", with U,(z/r) a pth-order Trotter step
and r the number of Trotter steps. A first-order step has the
form U,(z) = e " ...c7H"  for some sequence
HW, ... HD of the terms in H. Here, H) is the ith term

in the sequence, and each e s a two-qudit gate. A
second-order Trotter step is constructed by applying the
first-order step twice, reversing the order in the second
application, U, (z) = U} (—7/2)T,(z/2). Using the bounds
from [49], the error is O[Nz(z/r)?], where N is the number
of qudits.

Importantly, the Trotter step U » 1s tileable for any p. For
the routing problem, only the structure of G matters, so we
consider arbitrary two-local (ATL) Hamiltonians, including
models such as the Ising, (an)isotropic Heisenberg, Kitaev,
and Bose-Hubbard models [39]. Trotterization does not
prescribe a specific order H). Finding the order that
minimizes circuit depth is equivalent to solving an NP-
hard edge-coloring problem [48]. Tileable circuits also
arise naturally in the task of finding ground states of lattice
systems, for example, because the implementation of e~'*
is a core subroutine [51], or because U, determines the
structure of a parameterized ansatz circuit [52,53].

Routing—It is common to call the circuit to be routed the
logical circuit, acting with logical gates on logical qudits.
The routed circuit is the physical circuit, acting with
physical gates on physical qudits, while respecting hard-
ware connectivity constraints. Although qudit routing is
also needed for fault-tolerant quantum computing, we note
the terms logical and physical here differ from their
common usage in error correction. To physically execute
a logical circuit, each logical qudit g is assigned to a
physical qudit Q via a qudit map Q. We say that the logical
qudit g resides at the physical qudit Q,,. If g starts at O, and
a SWAP acts on Q, and Q', then afterward g resides at Q'
The qudit map has to be updated accordingly.

The routing problem for standard circuits was formu-
lated as an SMT formula in [24]. An SMT formula consists
of variables and constraints. Here, Boolean and integer
variables encode the qudit map, the coordinates of the
physical qudits of gates, and the time coordinates of

physical gates. Constraints on those variables ensure that
the corresponding physical circuit is collision-free, respects
the hardware connectivity, implements the same unitary
as the logical circuit (up to a final reordering of the qudits),
and has a preset depth D > 0. The smallest D for which all
constraints become satisfiable yields the routed circuit with
minimal depth overhead.

The second-order Trotter formula (and higher-order
versions [39]) offers an advantage in qudit routing. Let
U(z) be the routed version of U, (7). At the end of U(z),
logical qudits may not return to their initial positions, but
after UT(—7)U(7), they do. Thus, e ™ ~ [U,(z/r)]" =
{U'[-7/(2r)]U[=7/(2r)]}", where the right-hand side is a
fully routed circuit. Thus, it suffices to route a single first-
order step without enforcing logical qudits to return to their
initial position. This temporal symmetry can be exploited
alongside spatial symmetry. Alternatively, one can enforce
qudits to return to their initial positions at the end of U(z),
though this may increase circuit depth.

When simulating Hamiltonians with two-qubit inter-
actions H;;(A)~X,X;+Y,;Y;+AZ,Z; on hardware
where the CNOT is native, SWAPs can be absorbed into
directly preceding or following two-qubit simulation
unitaries e ™" at no increase of the infidelity of the
subcircuits implementing those unitaries [39,54]. The same
applies when the two-qubit fSim gate [39,55,56] is native.

Routing tileable circuits—To leverage spatial symmetry,
we map tileable circuits to hardware whose connectivity
graph is described by (a patch of) a lattice graph. The
unitary implemented by any n x m x [ physical circuit
patch must equal the unitary implemented by the corre-
sponding n x m x [ logical circuit patch (up to a final
reordering of qudits). Since this holds for any n and m, we
may even consider infinite physical circuit patches, or
physical lattice circuits.

In the mathematical formulation of the qudit routing
problem for tileable circuits, several concepts and assump-
tions beyond those required for standard routing are essential.
First, when placing any gate into the physical basis circuit,
any physical circuit patch induced by the physical basis
circuit [Eq. (1)] must be collision-free. This is done straight-
forwardly by using Theorem 1, demonstrating its necessity
and effectiveness. Second, due to the discrete spatial trans-
lational symmetry of a physical lattice circuit, the qudit map
must share the same symmetry. We assume that the initial
qudit map conserves cell coordinates. Translational sym-
metry then requires that for each seed number s, there is a
unique seed number S such that all logical qudits with seed
number s are mapped to physical qudits with seed number S.
Logical qudits can move along the edges of the hardware
lattice graph via SWAPs, but we assume they cannot move
outside the mobility zone [Fig. 1(b)], which is a patch of
26 4 1 by 26 + 1 hardware cells centered around the central
cell. The mobility zone can be made arbitrarily large at the
cost of increased computational resources.
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Finally, consider inserting a SWAP gate ¢ acting on
physical qudits (Q, Q') into the physical basis circuit C.
By Eq. (1), the physical lattice circuit induced by C will
include SWAPs along T'a, ,0[g] for every Ax, Ay. Crucially,
these translated SwAPs, although they are not in C itself,
may act on physical qudits of C holding logical qudits. We
account for this effect by temporarily inserting all relevant
possible translated versions of each SWAP gate that is added
to the physical basis circuit. This renders the basis circuit
technically invalid by Theorem 1. In postprocessing,
however, we retain only the untranslated Swap gate,
ensuring that the physical lattice circuit is collision-free.
The translated SWAPs acting on C automatically reemerge in
the final physical lattice circuit. For finite physical circuit
patches, boundary effects occur, which are dealt with in
detail in the SM [39].

Implementation—Until now, our discussion has been
conceptual and not related to the implementation. For
demonstration, we reformulate the above concepts as an
SMT formula, as it was done in [24] for general, structure-
less circuits, and implement this SMT formulation in code.
In the End Matter, we give an example of a constraint
unique to the routing of tileable circuits. The full details of
our SMT formulation and implementation can be found in
the SM [39]. Our framework is modular and the SMT-based
method can be replaced by other routing methods, includ-
ing heuristic methods.

The implementation provides the following options that,
like tileability, go beyond the capabilities of standard
routing methods: (i) optimize the order of two-qudit gates
in the Trotter step; (ii) allow SWAPs to merge with directly
preceding or following two-qudit gates; (iii) enforce that
logical qudits return to their initial positions at the end of
the circuit (“cyclic routing”); and (iv) slice the logical
circuit into subcircuits to route sequentially, reducing the
computational complexity to linear in the logical cir-
cuit depth.

Results—We applied our method to basis circuits for one
Trotter step in the quantum simulation of: ATL. Hamiltonians
on 24 different 1D and 2D lattices, the Fermi-Hubbard
model on the square lattice [10], the Rokhsar-Kivelson
model [12], and the Kogut-Susskind model of 2D QED [13].
Finally, we applied our method to the basis circuit of the
Rule 54 quantum cellular automaton [35,36]. Using Eq. (1),
the solutions can be tiled spatially and temporally, creating
arbitrarily deep and wide routed circuits. The routing
problems were solved for various combinations of the
routing options (i-iv).

All circuits and the 1D and 2D lattices are provided
explicitly in the SM, along with extensive results [39]. An
excerpt of the results is given in Table I, with the exact
routing options used given in the End Matter. For the
solutions we found, the routing overhead is remarkably
low. In some cases there is no overhead at all, possible
under option (i). For the zero-overhead cases, we note that

TABLE 1. Excerpt of the results obtained by our method [33] in
routing a single Trotter step for various lattice systems (first
column) to various hardware coupling graphs (second column).
ATL J1J2-¢ denotes an arbitrary two-local model (ATL) on a
lattice £ with edges between nearest and next-nearest neighbors.
The reported depth overhead (third column) is given per Trotter
step and remains valid for any number of Trotter steps and logical
circuit patch size. The SWAP overhead (last column) is per Trotter
step and per the number of qudits indicated in parentheses. In all
listed solutions, the qudit overhead is zero, except for Kogut-
Susskind, where it is one qudit per seven logical qudits.

Hardware

coupling Depth SWAP
Simulated system graph overhead overhead
ATL ladder Chain 0 (0%) 0
ATL J1J2-ladder Chain 0 (0%) 0
ATL J1J2-chain Chain 1 (25%) 0
Rule 54 Ladder 0 (0%) 14
ATL J1J2-chain Ladder 0 (0%) 0
ATL J1J2-square Square grid 0 (0%) 0
ATL triangular Square grid 0 (0%) 0
ATL kagome Square grid 1 (25%) 0
ATL shuriken Square grid 1 (25%) 0
ATL snub-square Square grid 1 (20%) 0
Rokhsar-Kivelson Square grid 2 (11%) 2 4)
Fermi-Hubbard Square grid 0 (0%) 0
Kogut-Susskind Square grid 9 (4%) 253 (6)

increasing 6 cannot decrease the depth further. For the
remaining low-overhead cases, we expect limited to no
further improvements from increasing & because of the
locality of the input circuits.

Our method offers a scaling advantage over general-
purpose methods because its running time is essentially
independent of the logical circuit size. Nevertheless, the
question remains if this advantage is already significant for
today’s quantum chips, with on the order of 100 to 1000
qubits. We therefore benchmarked our method against
multiple established routing methods across various routing
problems [39]. Here, we show the results of comparing our
method to Qiskit’s leading AIRouter [32] on the problem of
routing a single Trotter step for the simulation of an ATL
J1J2 model on a chain to hardware with chain connectivity
[Fig. 1(c)]. Since the AIRouter does not optimize gate order
(i), we allow our implementation to perform this optimi-
zation and then use the resulting gate order as a fixed input
for the AIRouter. Because the AIRouter does not support
SWAP merging (ii) nor cyclic routing (iii), we disable these
options in our implementation. As both methods route a
single Trotter step, their solutions can be repeated tempo-
rally to construct arbitrarily deep second-order Trotter
circuits, but only our solution can also be repeated spatially.
Our method’s implementation becomes faster for system
sizes above approximately 100 qudits, while also produc-
ing solutions with significantly lower depth and Swap
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overhead. At around 500 qudits, the depth overhead
decreases from approximately 10* to just 5.

Conclusion—We have demonstrated that for circuits
with discrete spatiotemporal translational symmetry, natu-
rally arising in the quantum simulation of condensed matter
systems and lattice gauge theories, inherently scalable qubit
routing solutions can be achieved with negligible overhead.
Beyond a reduction of costs on fault-tolerant devices by
several orders of magnitude, this enables the simulation of
geometrically frustrated magnetism on current devices.
One possibility is the observation of disorder-free locali-
zation and many-body quantum scars in a Heisenberg
model on the kagome lattice [57,58]. The circuits require
O(1)-depth state preparation, followed by the Trotterized
simulation circuit, which for this system is possible on
square-grid hardware using five fSim gate layers per Trotter
step (Table I). With 100 qubits and a depth-100 circuit,
which could be within reach of pre-fault-tolerant devices
[30], it becomes possible to simulate around 11 second-
order (or 17 first-order [39]) Trotter steps on 100 qubits.

Using the techniques from [28], an optimization of our
implementation is expected to decrease its own (classical)
running time by several orders of magnitude. Also, while
our focus has been on an optimal method, within our
framework, heuristic methods can also be adapted so that
their solutions become tileable. This could be valuable
when the basis circuits become too large for optimal
methods, e.g., when routing circuits for future modular
and tileable hardware, where each module consists of
hundreds of qubits [59].

We have laid the foundation for addressing compilation
tasks other than qubit routing in the tileable setting.
Examples include leveraging gate identities to reduce
logical circuit depth [60], compilation to error-correction
native gates [61], automated and optimized construction of
logical quantum simulation circuits [62], and routing by
shuttling [63,64]. Similar improvements over leading
methods are expected in these areas as well.
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End Matter

Tileable SMT formulation—Denote by G,.T the
integer variable describing the time coordinate of the
physical gate G implementing the logical gate g,
and denote by G,.Q.S (Gg.Q’.S) the integer variable
describing the seed number of qubit 1 (2) of G,. Using
Theorem 1, tileability of the physical basis circuit is
asserted by adding the constraint

G,T=G,T = G,AS#G,.BS (Al

for all pairs {g,¢'} of indistinct logical gates and all

A,Be{Q,Q'} (momentarily assuming only two-qudit
gates for simplicity).

Used routing options—For the results displayed in
Table I, we assumed a mobility zone of 3 by 3 cells
(6 =1). For the ATL models only, we optimized the
gate order (i). We allowed SwAP-merging (ii), except for
the Fermi-Hubbard circuit. We enforced cyclic routing
(iii), except for the ATL circuits. Logical circuits were
not sliced (iv), except for the Kogut-Susskind circuit,
which had a slice depth of 20.
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