Journal of Symbolic Computation 133 (2026) 102488

Contents lists available at ScienceDirect

Journal of Symbolic Computation

journal homepage: www.elsevier.com/locate/jsc

Slices of stable polynomials and connections to
the Grace-Walsh-Szeg6 theorem *

Check for
updates

Sebastian Debus?, Cordian Riener®, Robin Schabert ¢

a Technische Universitdt Chemnitz, Fakultdt fiir Mathematik, 09107 Chemnitz, Germany
b Department of Mathematics and Statistics, UiT - The Arctic University of Norway, 9037 Tromse, Norway
¢ Fachbereich Mathematik und Statistik, Universitit Konstanz, 78457 Konstanz, Germany

ARTICLE INFO ABSTRACT
Article history: Univariate polynomials are called stable with respect to a domain
Received 15 November 2024 D if all of their roots lie in D. We study linear slices of the space

Received in revised form 5 August 2025
Accepted 8 August 2025
Available online 14 August 2025

of stable univariate polynomials with respect to a half-plane. We
show that a linear slice always contains a stable polynomial with
only a few distinct roots. Subsequently, we apply these results to
symmetric polynomials and varieties. We show that for varieties

Keywords:

Stable polynomials defined by few multiaffine symmetric polynomials, the existence
Symmetric polynomials of a point in D" with few distinct coordinates is necessary and
Grace-Walsh-Szegé coincidence theorem sufficient for the intersection with D" to be non-empty. This is at

the same time a generalization of the so-called degree principle
to stable polynomials and a result similar to Grace-Walsh-Szegd's
coincidence theorem.
© 2025 The Author(s). Published by Elsevier Ltd. This is an open
access article under the CC BY license (http://
creativecommons.org/licenses/by/4.0/).

0. Introduction

The study of univariate polynomials whose roots lie in prescribed regions of the complex plane is a
classical and central topic in mathematics, with deep connections to algebra, analysis, combinatorics,
and control theory. A particularly important case is that of hyperbolic polynomials, i.e., real polynomials
whose roots are all real. More generally, one considers D-stable polynomials - those polynomials whose
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roots are contained in a designated domain, often a circular region D C C, meaning a region bounded
by a circle or a line, possibly open or closed.

A case of central interest in this work is when D is a half-plane. For instance, a real polynomial
is hyperbolic precisely when it is stable with respect to the closed upper half-plane, due to the sym-
metry of complex conjugate roots. Classical and widely studied examples of such stable polynomials
include Hurwitz stable polynomials, whose roots lie in the open left half-plane and are fundamental in
control theory.

Beyond their classical importance, stable polynomials also feature prominently in modern devel-
opments in combinatorics and theoretical computer science, for example, in the theory of real stable
polynomials and their applications to negative dependence and log-concavity (see, e.g., Braindén, 2007;
Fisk, 2008).

A powerful perspective arises when viewing these polynomials via their roots, encoded through
Vieta’s formula. A monic univariate polynomial of degree n with roots x1, ..., X; can be written as

fAT) =T — 1TV 4 2T 2 — 4 (= 1)z,

where z; = e;j(x) is the i-th elementary symmetric polynomial in the roots. This identifies the space
of monic polynomials with C", via the Vieta map from C" to symmetric functions of roots. In this
setting, the set of hyperbolic polynomials corresponds to the image of R" under the Vieta map, while
D-stable polynomials arise as the image of D".

Within this framework, we investigate slices of the set of D-stable polynomials, i.e., subsets defined
by fixing linear combinations of coefficients. For hyperbolic polynomials, such slices, often called hy-
perbolic slices or Vandermonde varieties, have been extensively studied starting from Arnold’s seminal
work (Arnold, 1986; Givental, 1987; Kostov, 1989; Meguerditchian, 1992) up to recent contributions
(Lien and Schabert, 2024; Riener, 2012). These slices reveal rich geometric and combinatorial struc-
tures.

These stable slices arise as natural geometric sections of the space of D-stable polynomials and
offer a powerful lens through which to study the interplay between algebraic constraints and root
configurations. By fixing linear relations among coefficients, one obtains linear subspaces intersecting
the semialgebraic set of stable polynomials, giving rise to highly structured and tractable subsets. The
geometry of these slices reflects a rich stratification by root multiplicities and symmetries, and our results
reveal a striking sparsity phenomenon: the number of non-real and distinct real roots in local extreme
points is tightly controlled by the slice’s codimension. This geometric perspective generalizes classical
constructions such as Vandermonde varieties and hyperbolic amoebas, and connects naturally to appli-
cations in real algebraic geometry, stability analysis in control theory, and optimization over structured
polynomial spaces, such as those arising in signal processing and spectral graph theory. By identify-
ing low-complexity representatives within slices, we also facilitate reductions of stability verification
problems to simpler, lower-dimensional cases.

In this paper, we generalize these ideas from hyperbolic to upper half-plane stable polynomials. We
study linear slices of the set of stable polynomials defined by k linear constraints on coefficients, and
show in Theorem 1.8 that the local extreme points of such stable slices have at most k non-real roots
and at most 2k distinct real roots. This extends classical sparsity results into the complex setting and
provides new tools for analyzing the structure of stable polynomials under linear constraints.

A key motivation stems from connections to the Grace-Walsh-Szeg6 coincidence theorem, a classical
result stating that for symmetric multiaffine polynomials evaluated over a circular region D, any tuple
in D" can be replaced by a constant tuple (¢, ..., ¢) without changing the evaluation. While powerful,
this result relies on strong symmetry assumptions. Recent work by Brandén and Wagner (2009) shows
such results generally fail for polynomials invariant under proper subgroups of Sj.

We show that for certain multivariate polynomials built from a small number of symmetric mul-
tiaffine building blocks, a similar “coincidence” result does hold when D is a half-plane. Specifically,
we prove (Theorem 2.3, Proposition 2.14) that for any point in D", the evaluation of such functions
agrees with that at a point with few distinct coordinates. In this way, stable slices provide a natural
setting to generalize classical theorems under weaker assumptions.
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We also introduce and prove a double-degree principle for varieties of symmetric polynomials (The-
orem 2.7) and a half-degree principle specific to upper half-plane stability (Theorem 2.10), extending
classical ideas about root sparsity to this broader context.

0.1. Relation to previous work

As stated before, the ideas of studying slices of hyperbolic polynomials go back to the work of
Arnold and his school. This paper builds on the ideas and techniques developed in Riener (2012);
Riener and Schabert (2024), where the authors studied hyperbolic slices and positivity conditions for
symmetric multivariate polynomials. In those works, the focus was on hyperbolic polynomials, whose
roots lie on the real axis, and the results relied heavily on the geometry of real-rooted polynomials.

In contrast, the present paper studies stable slices, where the roots are constrained to lie within
(closed) half-planes. The shift from hyperbolicity to stability introduces fundamentally different ge-
ometric behavior, particularly concerning the interaction between interior and boundary points of
the domain. While some structural methods from Riener (2012); Riener and Schabert (2024) can be
adapted quite directly, the main results here — such as the connection to the Grace-Walsh-Szego6
theorem (Theorem 2.3) and the double-degree principle (Theorem 2.7) do not follow directly from
the earlier hyperbolic case.

1. Slices of D-stable polynomials

Throughout the article we denote by C[T] and R[T] the rings of univariate complex and real
polynomials and fix positive integers k < n. Throughout, we identify C" with the real vector space
R?" via the mapping

(X1 +1y1, .. X+ 1yn) > (X1, Y1, -5 Xy Yn),

and all notions of convexity, convex combinations, and extreme points are considered with respect to
this real structure.

For a complex number z we write Re(z) and Im(z) for its real and imaginary parts. Furthermore,
we commonly identify the set of monic univariate polynomials with C" via the bijection

1, zn) > fA(T) =T — i T 4 2T — o (= 1)z,

In this section we are interested in polynomials whose roots lie in a prescribed domain D c C.

Definition 1.1 (D-stable polynomials and slices). Let D C C be a subset. A polynomial f € C[T] (or
f € R[T]) of degree n is called D-stable (or real D-stable) if all of its roots lie in D. The set of all such
monic polynomials is denoted by

Sp(F) := {z eF" : f,(T)=T"—z;T" '+ ... 4+ (=1)"2, has all roots in D} ,

where T is either C or R. For a surjective linear map L: C" — C¥ (or M : R" — R¥) and a € C¥ (or
b € R¥), the sets

Sp(C)N L Ya), Sp(R)NM~1(b)

are called a slice of D-(real) stable polynomials, or simply a (real) D-stable slice.

A D-stable slice is thus the set of monic (real) D-stable polynomials whose coefficients satisfy
k <n linearly independent relations.

Remark 1.2 (Common domains D ). Several well-known classes of polynomials arise by choosing specific
domains D c C:
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Fig. 1. Comparison of a hyperbolic slice and a stable slice.

(1) Hyperbolic polynomials: D = R. Then S (R) = Sg(C) is the set of monic polynomials with
only real roots.

(2) Hurwitz polynomials: If D := {z € C : Re(z) <0} then the real D-stable polynomials whose roots
lie in the interior of D are called Hurwitz polynomials and the real D-stable polynomials are called
weakly Hurwitz. We write 1V instead of Sp(R) and call a stable slice 20/ N M~1(b) a Hurwitz
slice.

(3) Schur-stable polynomials: D = {z € C : |z| < 1}. These are polynomials whose roots lie in the
open unit disk. Hurwitz and Schur-stable polynomials are used in control theory and complex
analysis since they guarantee that all solutions of the associated systems of differential and dif-
ference equation converge to 0.

(4) Upper half-plane stable polynomials: For D = H, := {z € C : Im(z) > 0} the closed upper half-
plane we write S instead of Sy, (C).

(5) General domains: For applications, D can also be a strip, sector, cone, or polygonal region, de-
pending on the stability conditions relevant to the problem.

In the setting of hyperbolic polynomials, it had been observed that the corresponding hyperbolic
slices exhibit the following very interesting properties: Given a hyperbolic slice defined by k linear
conditions. Then every affine linear function achieves its minimum or maximum over the slice at a
polynomial with at most k distinct roots (Riener and Schabert, 2024, Theorem 2.8). Since the set of
such polynomials inside a hyperbolic slice is finite, this implies that the convex hull of the slice is
a polytope (see Fig. 1a for an example of such a slice). This property is a consequence of the strong
concavity of the discriminant variety around the hyperbolic polynomials, and besides its geometri-
cal consequences, it also has algorithmic implications leading to algorithmic simplifications, as, for
example, shown in Basu and Riener (2022); Riener et al. (2025).

The focus here is to investigate H-stability, where H is a half-plane. More specifically, we are
interested in intersections of the set of stable polynomials with subspaces of C". As multiplication
with units in C does not change the roots of a polynomial, we restrict to monic stable polynomials.
Given the results on hyperbolic slices, it is natural to wonder, whether this property generalizes to
more general D-stable slices. As can be seen, for example, in Fig. 1b, these slices do no longer possess
the same strong concavity of the boundary and their convex hulls are not spanned by finitely many
points, in general. However, we show below that also in this setup the convex hull is spanned by
polynomials with restricted root multiplicities.

Example 1.3. We consider SN L~!(a), where
a:=(—23i,—463,8461i) and L:C*— C3 (z1,22,23,24) ~ (21,22, 23)

4



S. Debus, C. Riener and R. Schabert Journal of Symbolic Computation 133 (2026) 102488

is the projection to the first 3 coordinates. Then SN L~!(a) is non-empty, since

(—23i, —463, 8461i,8020) € SN L™ (a).

The coefficient vector corresponds to a polynomial with roots —20 +1i,i,20+i and 20i. Furthermore,
SN L~1(a) contains no point corresponding to a polynomial with at most 3 distinct roots.

It often suffices to study stable slices of Spy(C) for a fixed half-plane H, since translations and
rotations are linear isomorphisms. Let ¢ : H — G be a linear isomorphism between half-planes, and
let ¥ = ¢~ denote its inverse. Then f, € Sy (C) if and only if f, o € Sg (C). In the following, we
primarily work with H = H, the upper half-plane.

Remark 1.4. The set Si(F) can be identified with a semialgebraic set in R". While the set of
hyperbolic polynomials can be explicitly described using Sturm’s Theorem (see e.g. Theobald, 2024,
Section 1.2), it appears generally difficult to provide an explicit semialgebraic description of Syy(IF).
However, monic Hurwitz polynomials can be characterized as polynomials with a positive definite
finite Hurwitz matrix (see e.g. Theobald, 2024, Section 9.3).

The following remark establishes a connection between Hurwitz polynomials and stable polyno-
mials, which we will use.

Remark 1.5. The set of monic weakly Hurwitz polynomials H}V can be embedded in S in the follow-
ing way: If f € HVV is Hurwitz then the monic polynomial

n
F =" fi-T)y=T"+) i*zT"*
k=1
is upper half-plane stable with coefficients alternating from the sets R or i-R. The map ~: W — S
is linear, injective, not surjective, and its inverse is g(T) > i"g(—i - T).

Example 1.6. The polynomial

f(=(T+2)(T+1+i)(T+1—i)=T>+4T? +6T +4

is Hurwitz and
f(T)= (=3 f(T)=T3 — 4iT? — 6T + 4i

is H; -stable with alternating real and purely complex coefficients.

Definition 1.7. An extreme point of a convex set C C C" is a point that cannot be expressed as a
convex combination of two distinct points in C. For a set A c C", we say that a point z € A is a local
extreme point of A if there exists a neighborhood U of z such that z is an extreme point of the convex
hull conv(ANU).

The terminology local extreme point is motivated by the real setting, where extreme points of a
convex subset of R" correspond to points where strict global minima or maxima of affine linear
functions are attained. Similarly, local extreme points of A C R" correspond to those points where
strict local minima or maxima of such functions on A are attained.

The following result complements the analysis of hyperbolic slices given in Riener (2012, Theorem
4.2) and Riener and Schabert (2024, Theorem 2.8), extending the discussion to the context of H, -
slices and real Hurwitz slices. As in the case of hyperbolic slices, the local extreme points in both of
these settings correspond to polynomials with constrained root multiplicities.

Theorem 1.8. Let L : C" — Ck and M : R" — RX be surjective linear maps and a € C¥ and b € R¥ be points.

5
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(1) All local extreme points of an Hl -stable slice S N L1 (a) are polynomials with at most k roots in H, \ R
and at most 2k distinct real roots.

(2) All local extreme points of a real Hurwitz slice 7)) N M~1(b) are polynomials with at most k roots with
negative real part and at most 2k distinct roots with real part equal to zero.

The assumption that the linear maps are surjective is made for convenience. More generally, if
L (or M) is not surjective, the conclusion of Theorem 1.8 still holds, with k replaced by rank(L) (or
rank(M)).

Moreover, the following example shows that the converse of Theorem 1.8 does not hold.

Example 1.9. For n = 3 and k = 1, consider the surjective linear map L : C3 — C given by
(z1, 22, 23) — z3. Then the point (i,0,0) € SN L~1(0) has one root in H, \ R and one distinct real
root. For all € € (0, 1) the points ((1 — )i, 0,0) and ((1 + €)i, 0, 0) also lie in SN L~1(0). Since
((1-¢)i,0,0) + ((1+¢)i,0,0)
2

the point (i, 0, 0) is not a local extreme point in the stable slice SN L~1(0).

(1,0,0) =

We present an example of a compact stable slice in Example 1.15. The proofs of assertions (1)
and (2) in Theorem 1.8 follow the same line of arguments. Therefore, we isolate the key difference
between them in Lemma 1.10, which guarantees that small perturbations of certain D-stable polyno-
mials remain D-stable.

Lemma 1.10.

(a) Let F c C, D c C and p € F[T] be a monic polynomial whose roots lie entirely in the interior of D
and h € F[T] be a polynomial with degh < deg p. Then for all sufficiently small € > 0 the perturbed
polynomials

pE:=(p+eh)

are D-stable, i.e., all their roots lie in D.
(b) Let q € R[T] be a monic hyperbolic polynomial with only distinct roots and h € R[T] be a polynomial
with degh < degq. Then the perturbed polynomials

aF:=@+eh

are hyperbolic and therefore H . -stable for all sufficiently small ¢ > 0.

(c) Let g € R[T] be a monic polynomial of degree m with only distinct roots and every root of q has real
part equal to zero. Let h(T) = ZT:] b;T™1 € R[T] be a polynomial which coefficients satisfy the linear
conditions byj_1 =0,for1 <i < L%J. Then the perturbed polynomials

¢t :=@=+eh

have only roots with real part equal to zero for all sufficiently small € > 0.

Proof. (a) and (b) follow immediately from the fact that the roots of a polynomial depend continu-
ously on the coefficients (Harris and Martin, 1987) and since complex roots of a real polynomial come
as conjugated pairs.

For (c), note that the weakly Hurwitz polynomial q(T) corresponds to a monic polynomial g(T) =
(—=i)™q(i-T) via the embedding stated in Remark 1.5. All roots of the polynomial ¢ are real, since every
root of g has real part equal to zero. By assumption, ¢ and thus ¢ have only pairwise distinct roots. In
particular, § is monic hyperbolic with only distinct roots. Now, consider h(T) = Y"1 ; b;T™ e R[T]
satisfying the condition stated in (c). Applying the same linear transform to h gives the polynomial

6
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h(T) := (=D)™h@ - T) = Z;f:](—l)mbiizm*kTm*" € C[T] but the condition on the coefficients of h
guarantees h € R[T]. By (b) we have that the perturbed polynomials rgt :={ % €h are hyperbolic for
all sufficiently small & > 0. Then for all small ¢ > 0 the polynomials imrf(—i -T)=i"G(—i-T) - ¢-

img(—i -

T) =q(T) + €h(T) have only distinct roots and every root has real part equal to zero. This

was to show. O

Now we can prove the characterization of local extreme points in stable slices.

Proof of Theorem 1.8. (1) We begin with proving assertion (1). Let ze SNL~1(a) be a local extreme
point; that is, there exists a neighborhood U of z such that z is an extreme point of conv(S N
L~1(a) N U). Define the monic polynomial

fT):=T"—2;T" 1 o 4 (=1)"z,,

and factor f =p -r, where p has only roots in H \ R and r has only real roots.

(a)

(b)

We first show that deg(p) < k. Suppose for contradiction that deg(p) =m > k. Write

r(M)=T"" 41T oy, withrg:=1,

and define the linear map

x:C"=>C", y— Z iV, .o, Z riyi |,
i+j=1 i+j=n
where 0 <i<n—m, 1<j<m, and i + j ranges from 1 to n. Since m > k, we can find a
nonzero vector b € ker(L o ).
Define the perturbation polynomial

h(T):=b1T™ '+ +bp, andg(T):=h(T) -r(T)=c1T" '+ +cn,

where ¢ = x (b) € kerL. By Lemma 1.10 (a), the perturbed polynomials f +e¢g=(p £ ¢€h)-r
are stable for all ¢ > 0 sufficiently small. Hence, the coefficient vectors z+¢c lie in SNL~1(a).
For small enough ¢, these vectors also lie in U, so we have

. (z4+¢ec)+(z—¢0)
- 2

contradicting the extremality of z. Therefore, deg(p) <k.
Now we show that r has at most 2k distinct real roots. Suppose for contradiction that r has
m > 2k distinct real roots x1, ..., X,. Factor

)

f=q-s, whereq(T):= H(T —Xj), deg(s)=n—m.
i=1

Write
S(T)=T" ™ 45T 4o fsy_m,  withsg:=1,
and define the linear map
XRTC oy [ Y sy Y sy
i+j=1 i+j=n

Since m > 2k, we can again find a nonzero vector b € ker(L o x), and define

7
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h(T):=b1T™ '+ +bp, gT):=h(T) s(T)=c1T" '+ +cp,

with ¢ = x(b) € kerL. Since q has only simple real roots, it is hyperbolic, and by
Lemma 1.10 (b), the perturbed polynomials f 4+ &g = (q & €h) - s are again stable for small
enough & > 0. Thus, z+ ece SNL~'(@) N U, and again

(z4+¢ec)+(z—¢0)
Z=
2
contradicting extremality. Therefore, r has at most 2k distinct real roots.

)

(2) The proof of assertion (2) proceeds analogously to that of assertion (1), but relies on Lemma 1.10
(c) instead of Lemma 1.10 (b). O

Remark 1.11 (Unified Local Extremality Criterion). The theorem above addresses only the cases of H -
stable and Hurwitz-stable polynomials. However, we note that the proof extends to arbitrary slices,
with a small caveat: Let L : C" — CK be a surjective linear map, and suppose that z € Sp(C)NL 1 (a)
is a local extreme point. Then, following the same reasoning, the associated polynomial f, satisfies
the following: it has at most k roots in int(D) \ R, and at most 2k distinct real roots if R is a subset
of the boundary of D.

Moreover, as a corollary of Theorem 1.8, we obtain a result for arbitrary stable slices for closed
half-planes.

Corollary 1.12. Let H be a closed half-plane. Every non-empty H-stable slice Sy N L™ (a) # @ contains a
point that corresponds to a polynomial with at most k + 2 roots in the interior of H and at most 2(k + 2)
distinct roots in the boundary of H.

Note that the result in Corollary 1.12 does not depend on the degree n of the univariate polyno-
mials, making it particularly interesting when n is large. In fact, we observe a form of stabilization in
the structure of local extreme points of stable slices once the number of variables exceeds 3k.

Before proving Corollary 1.12, we examine the set of stable polynomials of degree n with fixed
leading coefficients, which constitutes a specific instance of a stable slice. We will show that these
slices are compact (if k > 2) which will be instrumental in ensuring the existence of local extreme
points in stable slices.

Definition 1.13. For an integer 1 <k <n and a point a = (ay, ..., a;) € CX we define S(@)=Sn{ze
C":z1=a,...,2x =a;} as the set of all monic H -stable polynomials of degree n whose first k
non-trivial coefficients are determined by the point a.

With the notation introduced earlier, we have S(a) =S N L~ (a), where L: C" — Ck denotes
the projection onto the first k coordinates. The following lemma guarantees that stable slices S(a)
have a local extreme point and thus contain a polynomial whose roots are distributed as described in
Theorem 1.8.

Lemma 1.14. For an integer 2 < k < n the stable slice S(a) is compact.

Proof. As the empty set is compact we can assume that there exists a point z € S(a). Furthermore,
we denote by x = (x1,...,x;) € H the roots of the polynomial

fr=T" —z1T" 1 4. 4 (=1)"z,.

Then, if e; and e, denote the first and second elementary symmetric polynomial in n variables, we
have
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n
Y oxi=e0=aq
i=1

and hence the imaginary part of the xgs is contained in [0, Im(ay)]. Furthermore, we have

Y o =e1(®® —2e(0 =a] —2a W

i=1

and hence

Y Re(x)? =) Re(x}) +Im(x;)* < Y "Re(x}) +Im(a;)* =Re (Zx%) +nlIm(a;)?.

i=1 i=1 i=1 i=1

Then using the identity in (1) we obtain

n
> “Re(x;)* <Re(a} — 2a) +nim(ar)* .

i=1

This shows that also the real part of the x;’s is bounded. Thus the set S(a) is bounded. Further-
more, as the roots of a polynomial depend continuously on the coefficients it is clear that S(a) is
closed and therefore compact. O

The following example shows that the converse of Theorem 1.8 also does not necessarily hold for
compact stable slices.

Example 1.15. Let L: C'% — C? be the linear projection onto the first 2 coordinates. The H -stable
polynomial f;(T) = (T —1 —i)(T +1 —i)(T — 2)(T 4+ 2)(T — 1)(T 4+ 1)° has two roots in H, \ R
and 4 distinct real roots. Thus the point z=(1+1i,—-1+1i,2,—-2,1,—1,...,—1) lies in the stable
slice S(—4+2-i,—1 — 8-1i) which is compact by Lemma 1.14. We factor f,(T) = g(T) - h(T), where
h(T) = (T — 2)(T + 2)(T — 1). By Lemma 1.10 the perturbed polynomials hgt(T) =h(T)£e-1 are
real rooted for small ¢ > 0. Thus g - hEi = f, + eg is H -stable for sufficiently small € > 0 and lies
in the same stable slice. Therefore z is not a local extreme point which shows that the converse of
Theorem 1.8 fails also in the compact case.

Remark 1.16. For a surjective linear map L: C" — Ck and a point a € C the stable slice SN L~ (a)
may be unbounded. Then we can consider the linear map T: C"— Ck2, where Z(z) =(L(2), 21, 22).
The set SNL'(b) is compact for any point b € Ck+2 by a similar argument as in the proof of
Lemma 1.14. Moreover, if one or both of the first two unit vectors are in the row span of a matrix
representation of L, then we can consider T(z) = (L(2),z;) for j e {1,2} instead of L or the original
stable slice was already compact.

Proof of Corollary 1.12. Since H can be bijectively mapped to H; under a linear isomorphism it
suffices to show the theorem for H = H . Now the claim follows from Theorem 1.8, Lemma 1.14 and
Remark 1.16. O

Remark 1.17. In the case that L (or M) is the projection to the first k <n coordinates, we can replace
2k by k in Theorem 1.8. This is, since (0,...,0,1) € ker(L o x) and we can choose h(T) :=1 in the
proof in this case. Moreover, if k > 2 the stable slice is compact by Lemma 1.14. So we can say that
every such non-empty stable slice contains a point corresponding to a polynomial with at most k
roots in the interior of H; and at most k distinct roots in the boundary of H.

9
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2. A Grace-Walsh-Szego like theorem for symmetric polynomials in few multiaffine polynomials

Throughout this section, let H be a closed half-plane, let X := (X1,..., X;;) be a tuple of n vari-
ables and let C[X] and R[X] denote the complex and real polynomial rings in X.

The main results of this section are a statement akin to the well-known Grace-Walsh-Szeg6 co-
incidence theorem (Theorem 2.3) and a generalization of the degree principle (Theorem 2.7), which
we derive from Proposition 2.14. This proposition, in turn, follows from the characterization of local
extreme points of stable slices via root multiplicities given in Theorem 1.8. We present the proofs
in Subsection 2.1 and in Subsection 2.2 we briefly discuss an alternative way of generalization of
Grace-Walsh-Szegé.

Recall that a multivariate polynomial is called multiaffine, if it is linear in every variable.

Theorem 2.1 (Grace-Walsh-Szegé coincidence theorem, Grace, 1902). Let D be a circular region and let f €
C[X] be a multiaffine symmetric polynomial. If deg(f) = n or if D is convex, then for any (x1,...,x,) € D"
there existsa y € D with f(x1,...,xp) = f(y,..., y).

Recall that every symmetric polynomial in n variables can be uniquely expressed as a polyno-
mial in the first n elementary symmetric polynomials. This is known as the fundamental theorem of
symmetric functions (see, e.g., Macdonald, 1998, p. 20).

In the sequel, we introduce new variables Z := (Z1, ..., Z,) and note that for any symmetric poly-
nomial f € IF[X], where F € {R, C}, there exists a unique polynomial g € IF[Z] such that

fX)=ge1(X),....en(X)).

In particular, we are interested in symmetric polynomials that depend only on a small number
of linear combinations of elementary symmetric polynomials. Multiaffine symmetric polynomials fall
into this category, as they can be described as one affine linear combination of eq, ..., e,. However,
polynomials such as (2e1 + 3e4 +i)? illustrate that the degree can still be arbitrarily large, even when
the dependence is restricted to few combinations.

We now introduce the following notation to describe points with controlled numbers of distinct
coordinates.

Definition 2.2. Let H be a closed half-plane. We define Hj , C H" to be the set of points with at
most k distinct coordinates on the boundary of H and at most m coordinates in the interior:

Him={x€H" : |{x1,...,x,) NbdH| <kand [{j € {1,...,n}:xj € intH}| <m}.

The classical Grace-Walsh-Szegd theorem guarantees that symmetric multiaffine polynomials at-
tain their values at diagonal points. In this work, we extend this perspective to symmetric polynomials
depending on few multiaffine building blocks. Using the structure of stable slices and local extremality
developed in Section 1, we show that a similar, though weaker, coincidence property holds: function
values can be matched at points with few distinct coordinates, explicitly controlled by the algebraic
structure of the polynomial.

Theorem 2.3. Let f € C[X] be a symmetric polynomial that can be written as a polynomial in k symmetric
and multiaffine polynomials. Furthermore, let x € IH". Then there exists a point X € H 2 k42 with f(x) =

f®).

Note that, in contrast to the Grace-Walsh-Szeg6 coincidence theorem, our result does not re-
quire the polynomial f to be multiaffine. However, it is also less general in two respects: first, we
restrict our attention to half-planes rather than arbitrary circular regions; second, the conclusion
(in the multiaffine case) we obtain is weaker. More precisely, if f is symmetric and multiaffine of

10
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degree d > 2 and x € D", then our result guarantees the existence of a point X € Hg 3 such that
f(x) = f(x), whereas the Grace-Walsh-Szeg6 theorem ensures the existence of a y € H such that

fO=Ffy,....».
Moreover, we address the problem of giving a degree principle in analogy to Timofte’s degree principle
for real varieties.

Theorem 2.4 (Degree principle, Timofte, 2003). Let f1, ..., fm € R[X] be symmetric polynomials. Then their
real variety is non-empty if and only if it contains a real point with at most max<j<m{deg(fi), 2} many
distinct coordinates.

Definition 2.5. Let f1,..., f;m € C[X] be polynomials, and denote by V (fi,..., fm) C C" their com-
plex zero set. Let H c C be a closed half-plane. We say that the variety V (f1, ..., fi) is disjoint from
H" if

V(fi,.... fm) NH" = 2.
Similarly, we say that a polynomial f € C[X] is H-disjoint if its zero set V (f) is disjoint from H?".

Remark 2.6. In Definition 2.5, we use the notion of H-disjointness for multivariate polynomials,
meaning that the zero set does not intersect H". In the literature a multivariate polynomial which is
H-disjoint is usually called stable. This contrasts with the notion of stability for univariate polynomi-
als in Definition 1.1, where a univariate polynomial is called H-stable if all of its roots lie inside H.
Since the complement HC of H in C is an open half-plane, it follows that for univariate polynomials,
H-disjointness corresponds to HC-stability.

Theorem 2.7 (Double-degree principle). Let f1, ..., fm € C[X] be symmetric polynomials of degree at most
d. Then

V(f1,..., fm) NH'=0 «— V(f1,.--s fm) mHZ(d+2),d+2 =d.
Moreover, if H is a rotation of the upper half-plane we can replace H 2 d4+2 by Hg 4.

Although one might hope for a stronger degree principle, the next example shows that disjointness
of a variety defined by symmetric polynomials of degree < d cannot always be checked by testing
points with at most d many distinct coordinates.

Example 2.8. Let n =4 and consider f; :=ej; — 23i, fo :=e3 —463i and f3 :=e3 — 8461i. Then

V(fi, f2, fHINHL £ @ and V(f1, fo. fy) N{x e HY : [{x1, ..., xa}| <3} =2,
which can either be computed directly using a Grébner basis or concluded by using Example 1.3.

Remark 2.9. The results also extend to open half-planes as follows: let G c C be an open circular
region, and let x € G™. Then x € H" for some closed half-plane H c G. Consequently, in Proposi-
tion 2.14 and Theorem 2.3, the set Gy42) k+2 can be replaced by Gg 32y, and in Theorem 2.7,
G2(d+2).d+2 can be replaced by Gg 3(4+2).

If H = H, is the upper half-plane, one can also formulate a generalization of the half-degree
principle for the upper half-plane.

Theorem 2.10 (Half-degree principle for the upper half-plane). Let f € C[X] be a symmetric polynomial of
degreed <nand A, u € R. Then

ign)»Re(f(X))JrMIm(f(X)): ]iﬁllf ARe(f (X)) + pIm(f (x)),
xeldl X

€l k

where k = max({ L%J, 2}

11
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2.1. Proofs of Theorems 2.3, 2.7 and 2.10

The proofs of Theorems 2.3 and 2.7 are based on our result concerning the existence of polynomi-
als with few distinct roots in stable slices (see Theorem 1.8).

Definition 2.11. Let f € C[X] be a symmetric polynomial and write f(X) = g(e1(X),...,en(X)) in
terms of elementary symmetric polynomials for a unique polynomial g € C[Z].

(1) We say that f is (¢1, ..., &)-sufficient if g € C[{4, ..., £;] where £1(2),..., £,(Z) are linear forms.

(2) Moreover, we say that an algebraic variety V c C", which is closed under the permutation action
of S,, is (£1,...,¢k)-sufficient, if V can be described as vanishing set of (¢1,..., £y)-sufficient
polynomials f1,..., fm.

Remark 2.12. A polynomial f is called (¢1,...,¢y)-sufficient for some linear forms ¢1,..., ¢ if and
only if f can be expressed as a polynomial in k symmetric and multiaffine polynomials.

In particular, every symmetric and multiaffine polynomial is ¢1-sufficient for some linear form ¢1,
and any symmetric polynomial f € C[X] is (Z1, ..., Zy)-sufficient.

For instance, for n > 3, the polynomial e%(é) +e(X) +2e3(X) is (£1, £2)-sufficient, where ¢1(Z) =
Z1 and €(Z) = Z + 2Z3. For further details on the notion of sufficiency and methods for checking
sufficiency, we refer to Riener and Schabert (2024, Subsection 3.3).

The following lemma is an immediate consequence of the fundamental theorem of symmetric
functions and may serve as a motivation for Definition 2.11.

Lemma 2.13. Let f € R[X] be a symmetric polynomial of degree d < n. Then f is (Z1, ..., Zg)-sufficient, i.e.,

f can be written as f = g(e1, ..., eq) forsome g € C[Z4,..., Z4). Moreover, g is linear in Zld_J+1, e Zg.
2

Theorems 2.3 and 2.7 will follow as consequences of the following key result.

Proposition 2.14. Let V C C" be an algebraic set defined by (1, ..., £)-sufficient symmetric polynomials.
Then V is H-disjoint if and only if

V N Hagt2) k+2 = <.

Proof. The forward implication is immediate from the definitions.
For the converse, assume that V is not H-disjoint. Then there exists a point x € V N H". Consider
the vector z:= (e1(x), ..., en(x)) € C", which lies in the set Si(C) N L~1(a), where

L:C"—>Ck,  y (t1(y), ..., (), and a:=L(z)eCk,

By Corollary 1.12, there exists a point Z € Sp(C) N L~1(a) such that the associated polynomial f5 has
roots X € Hi42) k+2. In particular, Z= (e1(%), ..., en(¥) and L(2) =a = L(2).

Since V is ({4, ..., ¢)-sufficient, and Z satisfies the same defining relations as z, it follows that
x e V. Thus V N Hy2) k+2 # @, completing the proof. O

Proof of Theorem 2.3. The statement follows directly from Remark 2.12 and Proposition 2.14. O

Proof of Theorem 2.7. The first part of the theorem follows immediately from Proposition 2.14 and
Lemma 2.13.

In the case that I is a rotation of the upper half-plane we can replace H42) 442 by Hg . This
follows from Remark 1.17 for d > 2 and the case d =1 is trivial. O

12
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Proof of Theorem 2.10. Write f = g(eq,...,eq) for some g e C[Z] and observe that g is linear in
ZL%JH’ ..., Zq by Lemma 2.13. Let now x € H, and consider z := (e1(x), ..., en(x)) € S(a), where a :=

(e1(x), ..., ex(x)). Since S(a) is compact and g is linear on S(a), the minimum of ARe(g) + uIm(g)
on S(a) is taken on an extreme point of the convex hull of S(a), i.e., on a point z € S(a) which
corresponding polynomial f; has roots x € Hy; , by Remark 1.17. O

2.2. A converse to Grace-Walsh-Szegé’s coincidence theorem

In a contrasting direction of generalization, Brandén and Wagner (2009) showed that for the open
upper half-plane int H; and for any proper subgroup G C S acting on C[X] by variable permutation,
there is no analogue of the Grace-Walsh-Szegd coincidence theorem.

Theorem 2.15. (Brdndén and Wagner, 2009, Theorem 2) Let G C S, be a permutation group. Suppose that
for any multiaffine G-invariant polynomial f € C[X] and any x € intH} there is a y € intH with
f(y,...,y)= f(x), then G must be already the full symmetric group Sy.

By considering Young subgroups of S, we find that a weaker statement still holds. Recall that a
Young subgroup of Sy, is a group which is isomorphic to S;, x --- x Sy, for a partition (A1,...,1) of n.

Definition 2.16. For a group G C S, we write S(G) = 321 X e X S:‘;((g C S, for a Young subgroup of G,

where §ljj is the symmetric group on i; elements acting on C" by permuting the i +--- +ij_1 +1
to iy + .- +ij-th coordinates and «(G) be the minimal number of factors needed to define such a
Young subgroup of Sj.

For instance, for G = ((i,i+1):1<i <n—2) we have k(G) =2 and S(G) =S} | x 52 is a Young

subgroup defined in Definition 2.16. Observe that Z'{(G)

i1 ij =n holds for all groups G C Sj.

Proposition 2.17. Let H be a half-plane, f € C[X]° be a G-invariant multiaffine polynomial and x € H".
Then there are y1, ..., yi(c) € H, such that

FO=fy1,... Y1, Yie(G)s -5 Yie(G))-
——— [ ———
i1-times ix(G)-times

Proof. Let S(G) = 3}1 X o X S:(K((g)) C Sp be as in Definition 2.16 and x = (xq, ..., x,) € H". The poly-
nomial

fii=FXa, o0 Xigs Xig41, .- %) CCLXq, .0, Xy ]

is 531 -invariant and multiaffine, so by Grace-Walsh-Szegé’s coincidence theorem, there is y; € H, such
that

fO=fitx,....xi) = fi(y1,..., y1).
D —

i1-times

Recursively, we define the §ljj—invariant polynomial

fj:f(y1,...,yl,...,yj_1,...,yj_1,X1,...,X,-}.,x,-1+...+,-j+1,...,xn)
—_— —_—
i1-times ij_q-times

and, by Grace-Walsh-Szeg6’s theorem, there is a y; € D, such that
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f(X) = .fj(xi1+"'+l'j,1+1a .. 'axi1+"'+ij) = f](y], cees y1) o
—_———

ij-times
Using the result of Brandén and Wanger we can formulate the following converse statement:

Proposition 2.18. Let G C S, and H = §}] X e X §’]?1m C Sy be a supergroup of G. If for any G-invariant
multiaffine polynomial f € C[X]° and any x € (intH )", there are y1, ..., ym € int H ., such that

fO=fyi,....y1,- . Ymo oo Ym),
———— ————
Jj1-times Jjm-times

then every G-invariant multiaffine polynomial is already H-invariant.
3. Conclusion and open questions

In this work, we restricted our attention to half-plane stable polynomials. However, the notion
of stability can be formulated for any domain or more typically for any circular region. It is well
known that Mébius transformations map circular regions to circular regions, and that testing stability
for an arbitrary circular region can be reduced to testing H, -stability for an associated polynomial,
possibly of smaller degree. Specifically, let D be a circular region and let ¢ (z) = Zt2 be a Mdbius

cz+d
transformation mapping H, to D. Then a monic polynomial f € C[T] is D-stable if and only if the

polynomial (cT +d)des() ¢ (%) is H; -stable. The roots of the associated polynomial are contained

in the image of the roots of f under ¢~'. However, the transformed polynomial may fail to be monic
or may have lower degree. This phenomenon occurs when a root of f is mapped to the pole of ¢~.
For instance, consider f =p - (T — 1) which is {x € C : |x| < 1}-stable and p has not root at 1, then

(T+z)deg<P>p<;+ )(T+ )(—;Jr —1>_(T+1)deg(p)p<;+ ) (—2i)

is a non-monic H, -stable polynomial of degree deg(f) — 1. Thus our proof of Theorem 1.8 does not
transfer to circular regions which are bounded by a circle. Nevertheless, the following questions seem
worth to be asked.

Question 3.1. Can Theorem 1.8 be adapted to arbitrary circular regions? If not, can our variation of the coinci-
dence theorem be extended to a closed domain bounded by a circle?

Question 3.2. Can the double-degree principle from Theorem 2.7 be further improved?

The Grace-Walsh-Szeg6 coincidence theorem plays a central role in understanding the stability of
multivariate polynomials. One important consequence is that a polynomial is stable if and only if
its polarization, which is multiaffine and symmetric in each group of variables, is stable (see, e.g.,
Theobald, 2024, Section 9.4). The polarization of a polynomial f € C[X] introduces new groups of
variables (one for each variable of f).

In this work, we have established a result akin to the Grace-Walsh-Szegd theorem that applies to
certain non-multiaffine symmetric polynomials. This raises the natural question:

Question 3.3. Can Theorem 2.3 be used to characterize or construct classes of linear operators that preserve
stability for (non-multiaffine symmetric) polynomials?

Finally, it might be interesting to study possible stratifications of the set of weakly Hurwitz poly-
nomials with respect to root multiplicities, similar to the stratifications investigated for hyperbolic
polynomials by Arnold (1986), Kostov (1989), Meguerditchian (1992), and others. Recently, Lien (2025)
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showed that for the special case of fixed first k coefficients in the hyperbolic setup, one can recon-
struct the stratification’s compositions from those of its 0-dimensional strata, and Schabert and Lien
Lien and Schabert (2024) demonstrated that in this case the resulting poset has a structure simi-
lar to that of a polytope, leading to the same bounds on the number of j-dimensional strata. We ask
whether similar results hold for Hurwitz slices defined by fixing the first k coefficients. We note, how-
ever, that any stratification for weakly Hurwitz polynomials must necessarily be more refined than in
the hyperbolic case: one has to distinguish between roots lying in the interior of the left half-plane,
roots at the origin, and roots located on the remaining part of the boundary of the left half-plane.
This suggests that the root multiplicity data should be described by triples (s,r, i), where s denotes
the number of roots in the interior, r denotes the multiplicity of the root at zero, and u encodes the
multiplicities of the roots on the rest of the boundary.
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