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PARAMETER-DEPENDENT ESTIMATES FOR MIXED-ORDER
BOUNDARY VALUE PROBLEMS

R. DENK AND M. FAIERMAN

ABSTRACT. In this paper we prove parameter-dependent a priori estimates for
mixed-order boundary value problems of rather general structure. In partic-
ular, the diagonal operators are not assumed to be of the same order. Our
assumptions on the structure of the boundary value problem covers the case
of Dirichlet type boundary conditions.

1. INTRODUCTION
Let us consider the model problem for a general mixed-order system of the form
(1.1) A(D)u(x) — du(zr) = f(x) in RY,
(1.2) Bj(D)u(z) = g;(x) on R"™! for j =1,.. N,

Here R} := {z € R™ : x, > 0} denotes the half-space with boundary OR?} =
R u(z) = (u1(x), ..., un(2)T and f(z) = (fi(z),..., fn(z))" are N-dimen-
sional vector functions defined in R, g;(z) are scalar functions defined on R™~*.
The matrix A(D) = (Aj’f<D))j,k:1,...,N is a mixed-order system of differential op-

erators, and B;(D) is a 1 x N-matrix operator for 1 < j < N. The Douglis-
Nirenberg structure of A is given by integers {s;};=1,...n and {¢;},;=1,. ~ satisfy-
ing sy >--->s,>0and t; > --- > tnx > 0. Setting m; = s; +¢;, we assume, for
simplicity, that m; > --- > mpy > 0.

In the sequel we will impose conditions which will ensure that m; is even for
j=1,...,N and set N; := 1(mq +---+my) for j = 1,...,N and N := Ny.
Then the mixed-order structure of the boundary conditions is given by a sequence
{oj};—1. & of integers with o; < 0 for j =1,.. .,N. We then assume ord Aji <
s; +th jok =1,....,N, and ord Bjy < o +tr, j = 1,...,N, k = 1,...,N.
As we will study the model problem only, we further assume that A;, = 0 if
ord Aj, < s; + 1t and By, = 0 if ord Bj, < 0 + t. Further the operators A and
Bj are assumed to have constant coefficients,

Ajp(D)= > alfD*, jk=1,..N,
lo|=s;+tr
Bj(D)= Y blfD* j=1,...,N k=1,..N.

lal=0;+tk
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2 R. DENK AND M. FAIERMAN

Here we used the standard multi-index notation D* = (—i)l®lgr .. 09 o =
(a1,...,0a5). We will show that under suitable parameter-ellipticity conditions,
unique solvability and a priori estimates for the solution hold. First results in this
direction were obtained by Kozhevnikov in [K1]. In this paper the author deals with
a system of pseudodifferential operators on a closed manifold; by introducing the
so-called Kozhevnikov conditions, the author is able to establish a priori estimates
and spectral results. In subsequent works [K2], [K3], the author deals with genuine
boundary value problems, imposing, however, conditions on the dimension of the
system (N = 2 in [K2]) or assuming triangular form of the boundary matrix.
In the paper [DMV] by Denk, Mennicken, and Volevich, and [DV] by Denk and
Volevich, the Newton polygon method was used to establish a priori-estimates for
rather general systems. However, also in the paper [DV] the authors impose severe
restrictions on the order of the boundary operators. Both papers [K3] and [DV] are
not able to deal with the important problem where s; = t; = t;- forj=1,...,N
(here {t}}2, denotes a monotonic decreasing sequence of positive integers) and the
boundary conditions are of Dirichlet type (see [ADN, Section 2], [G, p.448]). In
the present paper, we establish a priori estimates for solutions of (1.1), (1.2) under
boundary conditions which include Dirichlet type conditions. In this way, we also
generalize results from Agranovich, Denk, and Faierman [ADF] concerning scalar
problems.

Let us mention that we restrict ourselves to the model problem (1.1), (1.2). The
general case of boundary value problems in bounded domains with coefficients with
limited smoothness, as well as less restrictive assumptions on the order structure,
are treated in our paper [DF]; the present note should be seen as a simplified and
shortened version of [DF].

The structure of the paper is as follows. In Section 2 we introduce some ter-
minology and definitions concerning the boundary value problem (1.1), (1.2) and
present the main result, Theorem 2.6 below. The proof of Theorem 2.6 can be
found in Sections 3 and 4.

2. ASSUMPTIONS AND MAIN RESULTS

Let us first introduce some notation. For 1 < p < oo and s € N U {0}, let
W, (R%) stand for the standard L,-Sobolev space with norm

1/p
lellsr = (3 / |Du(@) P dz)
|| <s RY

For 1 <j < N and A € C\ {0}, we define the parameter-dependent norm
1) gy = lullopzr + N/ oy for w € Wi (RY).

We will also deal with the Bessel potential spaces H,(R’}) for s € Z,s < 0,

and the related parameter-dependent norm |ul g{;,w = [|[F~"&, N)iFullo,pre and
el gz)mRi = inf |Hv|||g])37Rn, where the infimum is taken over all v € H,(R") for which

U = U‘Ri, F denotes the Fourier transformation in R"(z — &) and ({,\); =
(|€]% + |A[#/™3)1/2 (see [GK, Section 1], [T, p. 177]).

On the boundary R™~!, the trace spaces W;f_l/p(R”’l), s € N, are defined in
a standard way (see, e.g., [ADF, Section 2] and [Gr, p.20]). For A € C\{0} and
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1 <5 <N, we set
Bl s = ltllamt s NP gy ocr for w € Wy—H/P(RP).

To formulate the parameter-ellipticity conditions on (A, B), we set for £ € R™ and
1<r<N

A (E) = (Ajk(©)) oy AR ) = (Aj(€) j=trn
k=r+1,..., N
AV = (Aje(©hizrien s and - AR (E) = (A3r()pcpa,v

EEREE)

Alsofor E e R and 1 <r </{1,/ <N, let

BED(E) = (Bit(€)jmNe 10y 41, Ve

k=1, . N
.l
321,1) €)= (Bjk(f))j:m,l(l—lawzﬂ ..... Ne s
-1,
.l
321,2) () = (Bjr(&))j=n, (18 )+ LN
=l1+1,...,

where 0, is the Kronecker delta. In addition we let I, denote the r-dimensional
unit matrix and I, o = diag(0,...,0,1) e R™*" forr =1,...,N.

Definition 2.1 ([K1], [DMV]). Let £ be a closed sector in the complex plane with
vertex at the origin. Then the operator A(D)—\ Iy will be called parameter-elliptic

in £ if det (A} (€) = M) #0 for € e R"\ {0} and A€ £, 7 =1,...,N.
In the sequel we let Cx = {z € C, Imz 2 0}.

Definition 2.2. Suppose that the operator A(D)— X Iy is parameter-elliptic in the
sector L. Then the operator A(D) — A\ Iy will be called properly parameter-elliptic
in L if the following conditions are satisfied.

1) The polynomial det A &', z) — M,.o) has precisely N,. zeros lying in C
11 : +
for ¢ e R\ {0} and N e L, r=1,...,N.
2) The polynomial det Al 0,z) — Al.o) has precisely N, — N,_; zeros lying
11 :
inCy for Ae L\ {0}, r=2,...,N.

Remark 2.3. Referring to Condition (1) of Definition 2.2, we know from [AV, Section
2] that det(Ag? (&',2z) — M) has precisely N, zeros in Cy if r =1orifr > 1
and n > 2. Turning next to Condition (2) of the definition, it is clear that the
number of zeros of the determinant in C; (resp. C_) does not depend upon .
Hence it follows from an expansion of the determinant in powers of z and A that
Condition (2) always holds if m,. is even and there is a A € £\ {0} such that —X € L.
Lastly we mention at this point that it is also clear from what was said above that
Condition (2) is always satisfied if the operator A(D) is essentially upper triangular
(see Definition 2.5 below).

Definition 2.4. We say that the boundary problem (1.1), (1.2) is parameter-
elliptic in £ if A(z, D) — X Iy is properly parameter-elliptic in £ and the following
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conditions are satisfied. According to the notation introduced above, let

BU(¢, D) = (Bit(€, D)y, e 1ST N,

Bg?ﬂie) (6/7 Dn) = (Bjk(fl7 Dn))j:Néil—‘rl,[’N[ , 1<r< ¢ < N.
—1,..,

Then
(1) the boundary problem on the half-line

AN (& Dy)o(xn) — Mugv(z,) =0 for z, > 0,
Bgir)(flan)U(xn) =0 atwx,=0,
|v(zn)| — 0 asx, — oo,

has only the trivial solution for & € R*“1\ {0}, A€ £ and 1 <7 < N;
(2) the boundary problem on the half-line

A%(O,Dn)v(xn) — X ov(z,) =0 forz, >0,
BIY (0. Da)o(wa) =0 ata, =0,
[v(xn)| = 0 asz, — oo,
has only the trivial solution for A € £\ {0}, 1 <r < ¢ < N.

__ For our purposes we need to introduce some further terminology. For 1 < j <
N, let 7w(j) = r if N,_1 < j < N,, where Ny = 0. In addition we let (§) =

1/2 1/2 N1/2 .
(1+1€)"2,4¢) = (L+1€12) %, and (¢, Xy = (I€'2+N2™) for 1 < j < N.
We also require the following definition.

Definition 2.5. We say that the operator A(D) is essentially upper triangular if

alk =0for |a| = s; +t,,1 <k <j—1,0=2,...,N. Likewise we say that the

operator B(D) = (Bjk(D)),_; 5 is essentially upper triangular if bik =0 for
k=1...,N

‘Ck| :Jj—ﬁ-tk,Ng,l <J SNE,]. §k§€—1,€:2,,N

We are now in a position to state the main result of this paper, namely Theorem
2.6 below, which will be proved in Sections 3 and 4. In this theorem we will require
the further assumption, which will be made precise in Definition 4.4 below, that
the operators A(D) and B(D) are compatible. Hence for the moment let us state
that this condition will always be satisfied if B(D) is of Dirichlet type or if the
operators A(D) and B(D) are essentially upper triangular.

Theorem 2.6. Suppose that the boundary problem (1.1), (1.2) is parameter-elliptic
in L. Suppose also that the operators A(D) and B(D) are compatible. In addition,
suppose that B(D) is essentially upper triangular. Then there exists a constant
A0 = \O(p) > 1 such that for X € L with |\| > \°, the boundary problem (1.1), (1.2)
has a unique solution u € vazl Wy (RY) for every f € vazl H, " (R%)andg =

(gl, e ,gK,)T € vazl Wp_oj_l/p(Rnfl), and the a priori estimate

N N N
@0 Sl <O XA, e + DUl T, e
j=1

j=1 j=1

holds, where the constant C' does not depend upon the f;, g;, and .
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Remark 2.7. Tt can be shown by standard arguments (cf. [AV]) and the results of
Section 3 that in fact the estimate (2.1) is 2-sided, i.e., an estimate reverse to (2.1)
holds.

3. PROOF OF THE MAIN THEOREM

Following a standard approach in elliptic theory, we will prove Theorem 2.6 by
studying first the whole space equation and then the equation in the half-space. The
main technical issue, the proof of Proposition 3.4 below, can be found in Section 4.
In the following, C, Cy,Cs, ..., Cy,Cs, ... stand for unspecific constants which may
vary at each time of their appearance.

Let us first consider the whole-space equation
(3.1) A(D)u(xz) — Au(z) = f(x) for z € R" and X € £\ {0}.

We then have the following two results.

Proposition 3.1. Suppose that u € H;V:1 Wy (R™) and that (3.1) holds. Then
N 85 rmon N j N j

FeIll Hy V(R and S0 1F19), ,en < CS0 wslli, s

Proposition 3.2. Suppose that the operator A(D) — Ay is parameter-elliptic in

L and that f € vazl H, " (R™). Then there exists the constant \° > 0 such that

for X € L with |\ > X\°, the differential equation (3.1) has a unique solution
N tj mon N j N j

we TLL, Wy R and S0, Jull) e < OS50, IAGID, 5 e

We will only prove Proposition 3.2 as the proof of Proposition 3.1 follows directly
from the definition and the Mikhlin-Lizorkin multiplier theorem.

Proof of Proposition 3.2. Under our assumptions we know from [DMV] and [K1]
that for € € R™ and A € £ with |\ > A%, A(¢) — A Iy is invertible and

N
det (A(§) = A1) | = C T (e N},

Furthermore, if we put (A(¢) — AMy)~ " = (@1 (&, )\));\,fk:D then the a@; , (&, A) are
rational functions of their arguments, while it also follows from the references just
cited that for any multi-index o whose entries are either 0 or 1,

€7 Dg a1 (8, M| < CLE) (g, X); ™ (&, A). ™
for all £ € R™ whose components are all non-zero.
Now observe that under Fourier transformation (3.1) becomes

A(E)Fu(§) = AFu(§) = Ff(E).

Furthermore, in light of what was said above, we conclude that this equation
has a unique solution in the space of tempered distributions on R™ given by
Fu(€) = (A(€) = XIn) ' Ff(¢). Hence all of the assertions of the proposition
follow immediately from this last result, the definitions of the terms involved, and
the Mikhlin-Lizorkin multiplier theorem. [

Let us next fix our attention upon the boundary problem
(3.2) A(D)u(x) — Au(x) = 0 for z € R},
(3.3) Bj(D)u(z) = g;(z') at 2, =0, j=1,...,N,
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with A € C\ {0}.

Proposition 3.3. Suppose that u € H;V:1 W;j (R7%), that (3.3) holds, and that
B(x, D) is essentially upper triangular. Then

g= (g17 o 7gﬁ)T c H Wp—a'j—l/P(Rn—l)
j=1
and

(3.4) Z Il Ty, g < cz s 157, 5

Proof. Let 1 <j < N. Then it follows from [ADF, Proposition 2.2] that

1 ,,RM_QWZ S brDow

k=1 |a|=0j+ty

(m(5))

—0j ’p’RK_

—oj

oy Y (1D k1], e + N0 D2

k=7(j) loe|=0;+tx

N
<Cs 3 (Illowmy + Tud 792
k=m(j)
N
(= (5))
<2C3 Z ll |”tk,p,R1~
k=n(j)
Hence all the assertions of the proposition follow from this last result. (]

‘We now come to the main result of this section.

Proposition 3.4. Suppose that the boundary problem (1.1), (1.2) is parameter-
elliptic in L. Suppose also that the operators A(D) and B(D) are compatible.
Then there exists a constant \° = \°(p) > 1 such that for X € L with |A\| > \°, the

boundary problem (3.2): (3.3) has a unique solution u € vazl Wy (R%) for every
g=1(g91,...,95)" € H;y:1 W;Url/p(R"_l), and the a priori estimate

N N

(7) (7 (5)
> My I pen <C > gl Zf L pp R
— =

holds.

The proof of this proposition will be given in Section 4. The proof of the main
result Theorem 2.6 is now a consequence of Propositions 3.2, 3.3, and 3.4.

Proof of Theorem 2.6. Let us first fix our attention upon the problem in the half-
space

(3.5) AD)u(x) — Au(z) = f(z) for x € R} and A € £\ {0}.

Then from a consideration of the pairing between H, ° (]R”)7 equipped with the
norm || - H|_SJ PR and its dual W;ﬂ (R%), equipped with the norm || - H|S R 1<
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j<N,p =p/(p—1) (see [GK, Theorem 1.1]), we see that there exists a \° > 0
such that for A\ € £ with |[A| > A% the differential equation (3.5) has a solution
we L5 Wy (RY) and S0, Bl mn < C X0 IAIY), ppy -

Here we used the existence of an extension operator from the half—space to the
whole space. In fact, it follows from [T, Lemma 2.9.3, p.218] and [GK, Eqn.(1.27)]
that there is a f € HN: H, ¥ (R") such that f|R” = f and

N
Z 1509, o < C NN,

=1

Hence if @ denotes the solution of (3.1) when f there is replaced by ]?and u= E‘Ri,
then the assertion follows directly from Proposition 3.2.

In this way we reduced problem (1.1), (1.2) to problem (3.2), (3.3), modifying the
right-hand sides g;. Now the proof of Theorem 2.6 follows by standard arguments
from Propositions 3.3 and 3.4. (]

4. PROOF OF PROPOSITION 3.4

For the proof of Proposition 3.4, we use a partition of unity in the space R"~! of
the covariable &’. More precisely, let us fix A € £ with |A\| > 1 sufficiently large and
let {ej}{v denote a sequence of numbers satisfying 0 < ¢; < 1, 5 = 1,..., N (the
magnitudes of A and the ¢; will be specified below). We will establish estimates of
the solution of (3.2), (3.3) for ¢’ belonging to one of the regions

Upi={€ €R"15|¢'| < Fea\/m
Uy = {€ €R™ s LAY < I < Dera Ao}, r =1, N -
w = {6 € R dey Y < ).

As the proof of the a priori estimates in the regions Uy and Uy are similar to
the corresponding proof in U, 1 < r < N — 1, we will only consider the latter
case. Therefore, throughout this section we will assume that the conditions of
Proposition 3.4 hold, that A € £ with |A| sufficiently large, and that 1 <r < N —1
is fixed.

Our first result concerns the zeros of det(A(¢', z) — M) as a polynomial in z.

Proposition 4.1. For every fized €, we can choose numbers € sufficiently small
and \° sufficiently large so that for e, 1 < € and |\ > O, det (A(¢',2) — A y)

has precisely N 2€eT08, Say {z](-r)(f’, )\)};.V:l, lying in C4 and satisfying

Im Z§r)(€l7 )\) 2 Cl <§/a )‘>Ta |Zj('r)(§/7 )‘)| S 02<§/a )‘>’r7 .] = 17 s ,NT7

Im 2" (€,0) > CLE Ao, [287(E,N)] < Col€, N)e, j = Neo1,.., Ny
for&=r+1,...,N, where Co(&', Ny < C1{§', N)py1 forl=r,...,N — 1.
Proof. To begin with let us observe that

(T) / N A(T)
A, 2) = My = (5 ), " (r) , (&%)
21 (572’) 2 (€,2) = ANy

and that
ADE 2) = AL = AT, 2) = Mg — AT, — L),
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Then as a consequence of our hypotheses we know that det(A(lq) (&',2)—Al,0) has
precisely N, zeros lying in C, and that there is a closed contour (&', X) C C,
containing all these zeros in its interior such that for z € v;7 (¢, ) we have Im z >
C1(E, Ny 2] < Co(E, M)y, and

Ca(e/ N2V < |det (A (€2) = Mo ) | < Catel, N2V
By expanding the determinant, it is easy to show that for z € y,F (¢, \),
| det (A((¢,2) = Mi,) — det (AD(E,2) = M) | <

C </> (€ N2,
=1 1<i(1)<...<i(£)<kp_1 k=1 (€ A)r
Similarly, one can show by the Laplace method of expanding a determinant, that
|det (A(¢/,2) = Ay) — det (A (€, 2) = AL)AN |
< Cleppn, N [det(A (€, 2) = ML) - AN
with a factor C(€,41, ) which can be made arbitrarily small if €, is chosen small
enough and |A| is chosen large enough. Hence it follows from Rouché’s theorem
that in this case, det (A(£’, z) — A Iy) has precisely N, zeros contained in v, (£, \).
For{=r+1,...,N, we write
A(Z) Y A(Z) "
(4.1) Al 2) =My = |1 (fe) Z), o (&%)
Asy (€, 2) Az (§,2) = Nn—s

and
A& 2y = AL = AY(0,2) = Mo+ AL (€ 2) — A11(0,0,2) — AT, — Ip).

Then as a consequence of our hypotheses we know that det(Agel) (0,2) — Al o) has
precisely Ny— Ny_; zeros lying in C;. and that there is a closed contour 'y: (A CcCy

containing all these zeros in its interior such that for z € 'yrf +(A) we have Imz >
CiIN77,|2] < CyIAI7 and
1| e 0) sy 2
CLA[ e < ‘det (,411 (0,2) — AILO) ‘ < C4N e
Furthermore, we can show that for z € 'y: (M),

| det (ALY (€', ) — Ay) — det( AP (0, 2) — Ay )|

< O (N7 4 a6 ) N7
In a similar way as before, we obtain
| det(A(€',2) — M) — det (A (€, 2) = AT)AN |
< C'(er1,A) [det (AT (€', 2) = M) - AV

with a factor C’(e;41,A) which can be made small for small €., and large |\|. Tt
follows again from Rouché’s theorem that then det(A(0,&’, z) — A Iy) has precisely
Ny — Ny_1 zeros contained in vi +(A). Hence since ¢ was chosen arbitrary, this
completes the proof of the proposition. O
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Still assuming that ¢’ € U,., 1 <r < N — 1, and €” has been chosen sufficiently
small and \° sufficiently large, it follows from [V] that the set of solutions of the
differential equation

(4.2) A€, Dp)u(zy) — du(zy,) =0 foraz, >0

which decay exponentially at oo form a vector space of dimension N. Furthermore,
this vector space is precisely the direct sum of the vector space (of dimension N,.)
spanned by the columns of the matrix

(4.3) / e (A(E,2) = Mn) " (Iny 2Dy, .o, 2™ ) do,
V(€N

and the N — r vector spaces (of dimension Ny — Ny_1, { =r +1,..., N) spanned
by the columns of each of the matrices

/ en® (AL, 2) — Ay) " (In,2In,..., 2™ y) dz
SAYION)

0

for{=r+1,...,N.

Proposition 4.2. We can choose the constants €® and \° of Proposition 4.1 suf-
ficiently small and sufficiently large, respectively, so that for & € U, we have

rank/ BUO(¢ 2) (A€, 2) = Nn) " (In, 2In, ..., 2™ " ) dz = Ny,
Y (€A

rank/ BrO (€ 2) (A€, 2) — )\IN)_l (In,2In, ..., zml*lfN) dz
'Y:r’z(k)
(4.4)

=Ny—Ny_1 forf=r+1,...,N.

The proof of this proposition is based on a thorough study of the integrals (4.4) in
comparison with the analog integrals corresponding to the boundary value problems
appearing in Definition 2.4. For the details, we refer the reader to [DF, Section 3].

In light of Proposition 4.2 and from what was said in the text preceding that
proposition, we are now in a position to present some results pertaining to the
solutions of (4.2).

Proposition 4.3. Suppose that €© and \° have been chosen small enough and
large enough, respectively, so that the conclusions of Proposition 4.2 hold. Then
for & € U,, the differential equation (4.2) has N linearly independent solutions,

{w™(€ 2, NI, which decay exponentially at oo and satisfy

(4.5) B D)W 0,0) = In,—n,, , forl=r,...,N,
where Ny g—1 = (1—8,¢)Ne—_1, w6 (&', xn, A) denotes the N x (Ng— Ny ¢—1) matriz
function whose columns are precisely the w(™") (&, xn, A) forv=Npp_1+1,...,Ny.

Furthermore, we have the representations
WDy, 2) = / € (AW 2) = M) T G 2 Nz,
'Y;!—(El’)‘)
WO, \) = / € (A(E2) = My) T CTI(E 2 Nz,
'Y:zO‘)
(4.6) ford=r+1,...,N,
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where forr <L < N

() (1)
(r,8) (¢! \) = G (nrr’éaCT,Za,ufr,Zapr,@)
R |

é(rl) (77;-,13’ CT,Za M2, pr,f) = p;g} diag(pi}ev LR} p:fe)K(T’E) (77;'767 C'r,é) Hre, pr,é)

ONp g_1+1 a0
b

X diag(p;g seeesPrg

Pr.or = <§/7)‘>r: Pre = |)\|1/mg fOT’ > T, 77;,4 = pr_,g}é./; Cr,é = p;(}zy Hre = P;;nz)\;
and

V4 Vi
KT (0] g, Crots tir,ts pre) = (K](Z )(777/"727C7',€7,u’7‘,f7p7"7[)> P
k=N, 1+4+1,....Ng

such that for each pair j, k, KJ(.,:’E) (nijé,gr’g,ur,g, pre) 1S a finite sum of a product of
a power of (¢ and an expression of rational type in 77;75,(}7@,;%@ and pryp (ie., a
rational function of terms which are integrals of rational functions of the components
of n;%, Crey tire and prg) and is bounded in modulus by a constant depending only
upon n,. . and pi., if £ =1 and only upon py ¢ if £ > 1.

Proof. We will only consider the case £ = r, the assertion for the case ¢ > r will
follow in a similar way. From Proposition 4.2 we know that there exist matrices J
and Z(z) such that the N, x N, matrix

A€, N) ;:/ BUI(E 2) (A, 2) — Ay) J Z(2)dz
Y (€,N) 0

is invertible where J denotes an r x N, matrix with the property that each of its
columns has precisely one non-zero component, namely 1, and Z(z) = diag(zq(l)7 .
24(N+)) | where the ¢(j) denote non-negative integers not exceeding m; — 1. More-
over, using the homogeneities of A and B, by scaling arguments we obtain that
A(€’,X) can be written in the form

A&, N) = pdiag (p7,...,p7 ) (K1 (0, ) + Ka(n', 11, p))

o x diag (qu(l)*sl7 o 7pq(N7‘)75N7‘)7

where p = (&', \),, ' = p~ ¢, u = p~™ \. Additionally we have
|det K1(n', )| > ¢1 >0,

and the elements of the matrix Ky(n/', i, p) are expressions of rational type of the
arguments and are bounded by

My M1
moy

_1+‘/\|1— o

(4.8) et 1A
Therefore, for small €, and large |A|, the matrix A(£’, A) is invertible and
A N = ptdiag (psl_Q(l), L PPN TINDY)
x (I, + Ks(n', p, p)) K1 (', )~  diag (p= 7", p7 ),
where K5(n', u, p) is an N, X N, matrix function defined by

_ —1
In, + K3(n',p,p) = (In, + Ki(n', ) " Ko (0, 1, p))
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and where each entry of K3(n', i, p) is a function of its arguments of rational type
and is bounded in modulus by the expression (4.8). Hence it follows that

/ B, 2) (A€ 2) — Ay) (G0 Cep) GO Cnsp) g,
(€N 0-In_p,

=1In,,
where
GO ¢ pp) = p~t diag(p™ ... p" ) JZ(Q) K1 (0, )" diag(p™,..., p~7""),
GO ¢ p,p) = p~t diag(p™ ... p* ) JZ(Q) K30/, i, p) K (' )
(4.9) x diag(p=7',...,p 7).
O

Let us denote by W) (¢, 2,,, \) the N x N matrix function whose columns are
precisely the w(™*) (&' x,,\). For r < j < N, let

N
i€ 0) = (BOO€ D)W ED(E0,0)
w1=]
~ ~ —~ N
(4.10) (€0 = (BOOg, D)W 0,0)
*1=J

where

g(rl) (517 Dn) _ dlag (p;;’Nne—1+1’ o pfO'Ng)B(nl) (é-/7 Dn)»

Pl
WWI)(&’,O, \) = W(T’Zl)(f’, 0,\) diag (p;‘jzlr,elfﬁ-l’ o ,P:Zfl )
Then we can write
B(¢, Dy)W(E,0,0) = T, (£, )

(411) . ~o ~O N\ F ’ . ~0c ~— 0N
:dlag (pllv"'vpﬁN)ITﬂ"(g v)‘)dlag (pl 17"'7pﬁ N)7

where
~ _Jpry for1<v <N,
v = pro  for Nooy <v <Ny b=r+1,...,N.

We remark at this point that as a consequence of Proposition 4.5 below, it will be
seen that for £ # £1, B0 (&', D, )W ) (€0, A) is an (Ne— Ny g—1) % (Ng, =Ny, 1)
matrix function whose entries are products of powers of p,¢/pr ¢, and an expression
of rational type in the components of 77;%1 s gy, and prg, .

Definition 4.4. Suppose that the boundary problem (1.1), (1.2) is parameter-
elliptic in £ and that A € £. In addition, suppose that with respect to this boundary
problem all hypotheses of Proposition 4.3 hold. Then bearing in mind the defini-
tions of the various terms introduced above, we say that the operators A(D) and
B(D) = (B1(D),...,Bx(D))" are compatible if for each r satisfying 0 < r < N
and for each pair of integers/é7 {1 satisfying r < ¢1 < N, 1 +1 < ¢ < N, each entry
of the matrix B9 (¢, D, )W) (¢',0,)) is bounded in modulus by a constant
depending only upon (7;. ., ftr) and ji. ¢ for £ > 7.
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Proposition 4.5. Suppose that the hypotheses of Proposition 4.3 hold and that the
operators A(D) and B(D) are compatible. Suppose also that 0 < r < N. Then
for €@ sufficiently small and \° sufficiently large the matriz function fm(f’,)\) of
(4.11), and hence the matriz function Z,. (€', X) are invertible and we have

Ir,r(€/7 /\)71 = dlag (ﬁ(lfla s 72)?\'7N)ir,r(§/a /\)71 dlag (51—01, s ’ﬁ;\?‘i’ﬁ)’

where | det Z,. (€', \)| > 1, while the entries of L. (&, 0" are rational functions
of the pr¢ and expressions of rational type in 77;,@, tre, and pr¢ for £ > r and are
bounded in modulus by a constant depending only upon (n;. ., pirr) and pir ¢ for € > r.
Lastly, the operators A(D) and B(D) are always compatible if

(i) the boundary conditions (1.2) are of Dirichlet type or if

(ii) the operators A(D) and B(D) are both essentially upper triangular.

Proof. We will only prove the proposition for the case 1 < r < N; the case r =0
can be similarly treated. Accordingly, let us fix our attention upon (4.10) and
suppose that ¢ # /7.

Suppose that £ > ¢1. Then by hypothesis the entries of the matrix B0 (&', Dy)
W(Ml)(f’, 0, A) are bounded in modulus by a constant depending only on (;. ., ir¢)
and p, g for £ > r. Let us now show that this boundedness condition is always
satisfied if the boundary conditions (1.2) are of Dirichlet type. Indeed, if this latter
condition holds, then every entry of Bg’ﬁ) (1., +Gre1) is 0, while the only non-zero

entries of Bg’g)(nﬂl ,Cr.0, ) are those lying in rows Ny—v, v =10,...,Ng—Nyp_1 — 1,

and in column £. Then recalling from Section 1 that we now have s; = t; =t} for
j=1,...,N, it follows from the foregoing results that the entry in the (N, — v)-th
row and the /-th column of B9 (&', D, )W (4)(¢’,0, \) is bounded in modulus by

t/ t)
1 kg b1 1 kg

where 0 < vf < ty,, — 1 and the constant C' depends only upon (7;. ., ftr-) and f,. e
Our claim concerning Dirichlet boundary conditions are an immediate consequence
of this last result.

Note also that when A(D) and B(D) are essentially upper triangular, then every
entry of BZ’,?(W;,ZI ,Cre,) 18 0, and hence the entries of g(”’z)(ﬁ’, Dn)W(’"’El)(f’, 0,\)
are all 0. Thus the boundedness condition also holds under the cited conditions
concerning A(D) and B(D).

Let us now consider the case ¢1 > ¢. Then it is a simple matter to deduce that
for this case each entry of

BUO(¢, Da)WO(€,0,4)

is bounded in modulus by

Mg 41 1

1 _ 1 B
(412) C(NT70 4+ 61 mers + (1= 8 )N 0 ),

where the constant C' depends only upon fi, .
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Returning again to (4.10), let us next introduce the block row and column ma-
trices

- N N N

€N = (BO)(E D)W 00)

’ £1:j+1

- - . N

I,r(?jl) (é—/7 )\) _ (B('y-,f) (é—/, Dn>W(T"J)(§/7 O, )\)) ,

’ l=j+1

respectively. Then a factorization in the sense of Schur gives

= [Nj—Nr,j—l 0
I’”’j(fl’k):((z-’”(e N I )

T,J N—Nj

. <INJ‘NT,J.1 O )
-~ ~(2,1 ~(1.,2
0 UARTRY (D VI AR (P VASRI(IPY

#(1,2)
(e BN,

0 Iy_y,

Since we already know that each entry of fﬁ?j’l)(f’ ,A) is bounded in modulus by a
constant depending only upon (1;. ., i), that each entry of 711]2) (&', ) is bounded
in modulus by the quantity (4.12), and that Z, (&', \) = INfNT,Nfl’ an inductive
argument involving Schur factorizations shows that we may choose €” sufficiently
small and \° sufficiently large so that all the assertions of the proposition concerning

fw(f’ ,A) hold. This completes the proof of the proposition for the case under
consideration. O

As a consequence of Proposition 4.5, we are now in a position to prove Proposi-
tion 3.4. We let S(R™~!) denote the Schwartz space of rapidly decreasing functions
on R*~!

Proof of Proposition 3.4. Under Fourier transform F with respect to z’, the bound-
ary value problem (3.2), (3.3) is transformed into the boundary value problem

(4.13) A&, Dp)F'u(¢ ) — AF'u(€  2,) =0 for @, >0,
(4.14) B(0,&', D) Flu(€' x,) = F'g" (&) at x, = 0.

We assume that ¢© and A have been chosen so that the conclusions of Proposi-
tion 4.3 and 4.5 hold. _

(i) We first assume that g € S(R*1)" and that F’g has support in the region U,
defined above for some fixed r = 0,..., N. From Proposition 4.3 and 4.5 it follows
that for a fixed A € £ with |A| > Ao, the boundary value problem (4.13), (4.14) has
a solution in the vector space decaying exponentially at oo, say w({’, x,, A), which
is unique for &’ € U, and is given by

U 0, \) = WOUE 20, NI (€, 0) 71 g(€)

N
= > WO, NIEE N Fg(€).
l=r

Here W(9 is defined in (4.6) and L(fr) (¢/,\)7! denotes the matrix whose rows
are precisely the rows N,,_1 + 1,..., N, of the matrix Z.-(&, )71, For fixed
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{=r,...,N, we therefore have to consider the term
T an, ) = WO 0, NIEE N T Fg(E).

Following a standard approach in elliptic theory (Volevich trick), we write
T o N == [ 0, VOO 0+ NILE A F R )] d
0
where we defined the extension h € H;V;I W, 7 (R7) of g by

oy - | e €n)Fa) @) ey
L (F  exp(— (€, A ey ) Flg) (2) ifl>r

(see [ADF, Prop. 3.2]). Arguing as in [V, Section 5], using the representation (4.6)
from Proposition 4.3 and the Mikhlin-Lizorkin multiplier theorem, we obtain for
u®(z,\) ;== 'O (¢ x,,)\) the a priori estimate

N N

4 j (g
P [l Pl S 1 ey
j=1 j=1

Summing up over £, we obtain the desired estimate for the case under consideration.

(ii) To prove the a priori estimate for general g € H;V=1 Wp_aj_l/p (R"~1), we first
approximate g by a Schwartz function in a standard way and then use a partition
of unity with respect to & subordinated to the regions Uy, ...,Uy. For details, we
refer the reader to [DF]. Note that unique solvability for fixed A, |\| > A, with \°
large enough, follows from [DV, Thm. 3.5] and the above considerations. O
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