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Abstract

In this thesis, we investigate some adaptive wavelet approaches for a so-called
nonparametric regression model with strongly dependent Gaussian residuals. At
first, we discuss data adaptive wavelet estimation of a trend function. It turns
out that under certain smoothing conditions on the trend function, the asymp-
totic rate of the mean integrated square error (MISE) of a trend estimator
obtained by a hard wavelet thresholding is the same as for a linear wavelet esti-
mator. Asymptotic expressions for the optimal M ISE and corresponding optimal
smoothing and resolution parameters are derived. Furthermore, we focus on the
non-continuous trend functions and derive corresponding optimal smoothing, res-
olution and thresholding parameters. Due to adaptation to the properties of the
underlying trend function, the approach shows very good performance for piece-
wise smooth trend functions while remaining competitive with minimax wavelet
estimation for functions with discontinuities. It turns out that the same expres-
sion for MISFE still holds and the hard thresholding wavelet estimator can be
understood as a combination of two components, a smoothing component consist-
ing of a certain number of lower resolution levels where no thresholding is applied,
and a higher resolution component filtered by thresholding procedure. The first
component leads to good performance for smooth functions, whereas the second
component is useful for modeling discontinuities. This fact is used to develop an
appropriate test for the null hypothesis that the trend is continuous against the
alternative that it has at least one isolated jump. The proposed test statistic
is based on blockwise resampling of estimated residual variances. Asymptotic
validity of the test is derived. Simulations illustrate the asymptotic results and

finite sample behavior of the proposed methods.



Zusammenfassung

In der vorliegenden Arbeit werden adaptive wavelet-basierte Methoden fiir nicht
parametrische Regressionsmodelle mit langfristig abhangigen Innovationen un-
tersucht. Zunéachst beschéftigen wir uns mit der Frage der adaptiven wavelet-
basierten Trendschatzung. Dabei stellt sich heraus, dass unter gewissen Glattheits-
bedingungen an die Trendfunktion die optimale asymptotische Konvergenzrate
des mittleren integrierten quadratischen Fehlers des Wavelet-Trendschatzers mit
Hard Thresholding der eines linearen Waveletschéatzers entspricht. Die asympto-
tischen Ergebnisse fiir den mittleren integrierten quadratischen Fehler, sowie die
entsprechenden Glattungs- und Zerlegungsparameter werden hergeleitet. Dariiber
hinaus konzentrieren wir uns auf nichtstetige Trendfunktionen und untersuchen in
diesem Zusammenhang die dazugehorigen Parameter. Aufgrund der Anpassung
an die Trendfunktion zeigt unser Schatzer gute Resultate auch fiir stiickweise
glatte Funktionen und ist mit Minimax-Waveletschatzern sicherlich vergleich-
bar. Es stellte sich auch heraus, dass das asymptotische Ergebnis fiir den mit-
tleren integrierten quadratischen Fehler unverandert bleibt. Auflerdem kann der
Hard Thresholding-Waveletschétzer als lineare Kombination einer Smoothing- und
High-Resolution-Komponente dargestellt werden. Die Smoothing-Komponente
setzt sich aus niederfrequenten Anteilen zusammen und beinhaltet keine Anwen-
dung der Thresholding Methode. Dagegen besteht die High-Resolution- Kom-
ponente aus hoheren Frequenzbéndern, die mit Thresholding gefiltert sind. Die
erste Komponente liefert eine sehr gute Schétzung der glatten Anteile der Trend-
funktion, wahrend die zweite iberwiegend zur Schatzung der Spriinge geeignet
ist. Diese Eigenschaft haben wir uns zunutze gemacht, um einen geeigneten Test
zu entwerfen. Dabei wird die Stetigkeit der Trendfunktion gegen die Alterna-
tive, dass die Funktion mindestens einen isolierten Sprung besitzt, getestet. Die
vorgeschlagene Teststatistik basiert auf Blockwise Resampling der Varianzen der
geschatzten Residuen. Die asymptotische Konsistenz des Tests wird bewiesen.
Eine empirische Untersuchung der vorgeschlagenen Methoden illustriert deren
Verhalten fiir endliche Stichproben.
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Chapter 1
Introduction

Often financial time series seem to be stationary and exhibit strong dependencies
measured by the autocovariances. In this case one speaks of long memory (or
long-range dependence). By long memory, we mean that the autocovariances of

a second order stationary process are not absolutely summable. For instance, let

1K) = cov (€. 6) ~_ k™ (1)

with constants C, > 0 and « € (0,1) where ”~” means that the ratio of the two

Z (k) = 0.

kEZ

sides converges to one, then

As illustrated in the extensive literature, long memory processes occur quite fre-
quently in different fields like hydrology or finance. In addition, it is not unusual
that data contain deterministic trends. In a nonparametric regression setting this

is generally modeled by
Yi=g(t) +&, (i=1,2,...,n). (1.2)

In this thesis we consider time series data of the form (1.2) with t; = i/n, g €
L?([0,1]) and & a Gaussian zero mean second order stationary process with
long-range dependence, i.e. with autocovariances (k) as in (1.1) with « € (0,1)
and C, > 0. For the spectral density f(\) = (2m)~' > v(k)exp(—ik)) this
corresponds to a pole at the origin of the form C ])\|a71 for a suitable constant C'y
(see e.g. Beran 1994, Zygmund 1953, Samorodnitsky 2007). The issue addressed
in this thesis is optimal wavelet trend estimation and as an extension to this

testing whether there is at least one jump in the function g.

3
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Nonparametric estimation of ¢ in this context has been studied extensively in the
last two decades, including kernel smoothing (Hall and Hart 1990, Csorgd and
Mielniczuk 1995, Ray and Tsay 1997, Robinson 1997, Beran and Feng 2002a,b),
local polynomial estimation (Beran and Feng 2002c, Beran et al. 2002) and
wavelet thresholding (Beran and Shumeyko 2011a, Wang 1996, Johnstone and
Silverman 1997, Kulik and Raimondo 2009). For nonparametric quantile esti-
mation in long-memory processes also see Ghosh et al. (1997) and Ghosh and
Draghicescu (2002a,b). In this thesis we take a closer look at optimal wavelet es-
timation of g. Wang (1996) and Johnstone and Silverman (1997) derived optimal
minimax rates within general function spaces and Gaussian long-memory resid-
uals. In particular, the minimax threshold ¢;1/2logn turns out to achieve the
minimax rate even under long memory. For some practical applications, the min-
imax approach may however be too pessimistic. It may, for instance, be known
a priori that g or some derivatives of g are piecewise continuous. Li and Xiao
(2007) therefore considered data adaptive selection of resolution levels. They
derived an asymptotic expansion for the mean integrated squared error (MISE)
under the assumption that g is piecewise smooth, and the resolution levels used
for the estimation are chosen according to certain asymptotic rules (formulated
in terms of the parameters J and ¢, as defined below). The rate of the MISE
achieved this way turns out to be the same as for minimax rules. No further
justification for the specific choice of J and ¢ is given however, and no optimality
result is derived. We refer to Remark 11 below for further discussion on Li and
Xiao (2007).

For literature on trend estimation by wavelet thresholding in the case of iid or
weakly dependence residuals see e.g. Donoho and Johnstone (1994, 1995, 1998),
Donoho et al. (1995), Daubechies (1992), Brillinger (1994, 1996), Abramovich
et al. (1998), Nason (1996), Johnstone and Silverman (1997), Johnstone (1999),
Percival and Walden (2000), Vidakovic (1999), Hall and Patil (1995, 1996a,b),
Sachs and Macgibbon (2000) and Truong and Patil (2001). Apart from Johnstone
and Silverman (1997) and Wang (1996), wavelet trend estimation in the long-
memory case has also been considered by Yang (2001) for random design models.
As we will see in chapter 4, a natural approach to testing continuity is provided
by wavelet analysis, since wavelets are likely to pick up even local deviations from
smoothness. More specifically, as discussed in chapter 4, a suitable wavelet esti-

mator of ¢(t) can be decomposed into a low resolution part i, (t) characterizing
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the smooth component of g and a detailed high-resolution part gp;g(t) that may
capture jumps. This fact is used to develop a bootstrap based test for the null
hypothesis that g is continuous everywhere against the alternative that g has at
least one isolated jump.

In the iid and weakly dependent setting, the question of detecting changes or
structural breaks in a mean or a (parametric or nonparametric) regression func-
tion has been considered by many authors (see e.g. Quandt 1960, Hinkley 1969,
Hawkins 1977, 1987, Sen 1980, Andrews 1993, 2003, Andrews and Ploberger
1994, Bai 1994, 1997, Hansen 1992, 2007, MacNeill 1978). For instance, change
point detection in regression was considered by Quandt (1960). Hinkley (1996)
derived an approximate distribution of a corresponding likelihood ratio statis-
tic. For an overview of the extended literature see e.g. Hackl and Westlund
(1991), Csorgd and Horvath (1998), Banerjee and Urgab (2005) and references
therein. An interesting approach is taken in a recent paper by Ait-Sahalia and
Jacod (2009) who define an index of jump activity in a short-memory context
(also see references therein for related literature). In the case of long memory,
it has been recognized that structural breaks can be confused with stationary
long-memory components, and standard tests do not apply (Hidalgo and Robin-
son 1996, Horvath and Kokoszka 1997, Wright 1998, Horvath 2001, Delgado and
Hidalgo 2000, Diebold and Inoue 2001, Kramer and Sibbertsen 2002, Ray and
Tsay 2002, Granger and Hyung 2004, Mikosch and Starica 2004, Lazarova 2005,
Berkes et al. 2006, Choi and Zivot 2007, Gil-Alana 2008). In spite of this insight,
only a few formal tests are available for the situation where the time point of the
break is unknown (Wright 1998, Kréamer and Sibbertsen 2002, Lazarova 2005; for
an overview and more references see e.g. Sibbertsen 2004 and Banerjee and Urgab
2005). In particular, since sample paths of stationary processes with strong long
memory tend to exhibit local spurious trends, very local changes in the mean
function are difficult to detect. It is therefore very difficult to decide whether a
completely unspecified (and thus nonparametric) trend function is continuous or
only piecewise continuous. No general test for this hypothesis seems to be avail-
able in the long-memory setting. Due to their localization in time and frequency,
wavelets provide a natural approach to solve this problem. This approach will be

taken here.
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The thesis is organized as follows:

Chapter 2 is a short introduction to long memory, limit theorems, FARIMA
models and bootstrap under long memory introduced by Lahiri (1993). The ref-
erences to this chapter include Beran (1994), Doukhan et al. (2003), Lahiri (1997)
and Schiitzner (2009).

Chapter 3 is an overview about wavelets and their use in statistics. This in-
volves multiresolution analysis, the continuous and discrete wavelet transforma-
tion, construction of wavelet bases, shrinkage, thresholding, and some well-known
results on wavelet based trend estimation under long memory given by Li and
Xiao (2007), Donoho and Johnstone (1997) and Wang (1997). The references to
wavelets and their use in statistics include Daubechies (1992), Vidakovic (1999),
Hardle et al. (1998), Steeb (1998) and Heiler (2006).

The aim of chapter 4 is to obtain concrete data adaptive rules for optimal estima-
tion of g. In a first step, it is shown that for functions with continuous derivatives,
the rate given by Li and Xiao (2007) can be achieved without thresholding by
choosing optimal values of J and ¢. In a second step, exact constants for the
MISE and asymptotic formulas for the optimal choice of J and ¢ are derived.
This is comparable to results on optimal bandwidth selection in kernel smooth-
ing (Gasser and Miiller 1984, Hall and Hart 1990, Beran and Feng 2002a,c). In
a third step, additional higher resolution levels combined with thresholding are
added in order to include the possibility of discontinuities. The resulting esti-
mator shows very good performance for smooth trend functions (comparable to
optimal kernel estimators) while remaining competitive with (and even superior

to) minimax wavelet estimation for functions with discontinuous derivatives.

In chapter 5, a bootstrap based test is developed for the null hypothesis that g
is continuous everywhere against the alternative that g has at least one jump. In
terms of the decomposition of § and g respectively, this amounts to testing the
null hypothesis Hy : grign = 0 against the alternative that gp;gn(t) is not zero for
at least one isolated point ¢t. Properties of adaptive wavelet estimators of g,
and gpign are used to derive a test statistic W based on bootstraped blocks of
Y — Giow(t;). Critical values of W under Hy are obtained by suitable blockwise

resampling of Y; — §iow(ti) — Gnign(t;). Previous references to bootstrap in the
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long-memory setting include Lahiri (1993), Hall et al. (1998, 2000), Percival et
al. (2000), Davidson (2002), Franco and Reisen (2004), Arteche and Orbe (2005),
Lazarova (2005), Andrews et al. (2006), Silva et al. (2006) and Poskitt (2008).

The thesis concludes with some final remarks in chapter 6. Some S-PLUS-programs,

that were used for simulations in sections 4.3 and 5.3, are given in the appendix.



Chapter 2

Basics on Long memory and

Bootstrap

In this chapter, we cite some well-known results from Beran (1994), Doukhan et
al. (2003) and Lahiri (1997). This will be used in later chapters of this thesis.
The chapter is structured as follows. Standard notation is introduced in section
2.1. In section 2.2 we consider functionals of Gaussian processes and show that
the asymptotic behavior of partial sums essentially depends on the connection to
Hermite polynomials. After introducing the fractional autoregressive integrated
moving average models in section 2.3, we consider in section 2.4 Lahiri’s results
on the moving block bootstrap under long range dependence ( Lahiri 1997). For
our propose we consider this result for the Gaussian process only. The result of
Lahiri (1997) gives us a proof idea for the approach in chapter 5.

As already mentioned, for more details on long memory we refer to Beran (1994)
and Doukhan et al. (2003).

2.1 Basic concepts

At first we define long memory processes:
Definition 2.1. Let (&;):cz be a stochastic process.
(a) (&)icz is called strictly stationary, if for all (iy,...,i,)T € ZF, k > 1, the
joint distributions of (§iy+t,- - -, &i+¢) do not depend on t € Z.

(b) Define p; = E[&] and (i, 7) = cov(&;, ;). Then, (& )iez is called second-

order stationary, if p; is constant for all i, j and v¢(i,5) only depends on

8
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|i — j|. In this case, the autocovariance function v of (&;)icz is denoted by
V(k) == 7¢(0, k).

(c) (&)icz has long memory (or long range dependence), if

> k)=

keZ
Otherwise, (&)icz has short memory, if |3, v(k)| > 0 or (&)iez is an-
tipersistent, if Y, ., v(k) = 0.

The following linear process is an example of a long-memory process. Let (;,1 =
1,2, ... be a zero mean iid sequence of random variables with finite variance and

define coefficients

where ¢ is some positive constant and d € (0, %) Then, we can define the linear

process

fz - Z bjCi*j) t € Z
Jj=1

The autocovariances are given by

Eléo&] = D bibjx =Y NG+ k)
j=1 Jj=1

00 ] d—1 ] d—1 1
= ]{72d_162 Z (E) (1 + E) E = kf2d_1A(kJ).

j=1
Taking in account that the following truncated sum is a Riemann approximation

for the corresponding integral we have

[nk] .\ d—1
Z(%) (1+ ) ——>/ —I—:Edld:v as k — oo,
j=1
where convergence is uniform in n. Thus
[nk] j d—1 j d-1 4 [nk] j d—1 j d-1 4
A 2 (z) (1 i z) BT ek 2 (z) (1 i g) 3
j= j=

= / (1 + 2)" e < oo,
0
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Here L(-) is a slowly varying function, in the sense that L(-) is positive with

lim; 00 % =1, Va > 0. By Karamata’s theorem

n n 1
k) = L(K)K** ~ L(n)—n* — co.
>k =30 ) ()5

Thus, X; has long memory in the sense of definition 2.1.
For simplicity of presentation in chapters 4 and 5 long-range dependence will be
characterized (see (1.1)) by

v(k) = E[&ivr] ~ Cylk[™"

k—o0

for some constants o € (0,1) and C, > 0. For the spectral density f(\) =
(27)71 S" (k) exp(—ikA) this corresponds to a pole at the origin of the form
Cy|A|*"" for a suitable constant Cy.

2.2 Limit theorems

The asymptotic behavior of partial sums ). Y; for stationary processes Y; with
linear long-range dependence is well known (see e.g. Rosenblatt 1961, Taqqu
1975, 1979, Dobrushin and Major 1979, Surgailis 1981, 1982, Giraitis 1983, 1985,
Giraitis and Surgailis 1985, 1986, 1999, Avram and Taqqu 1987, Dehling and
Taqqu 1989, Arcones and Yu 1994, Ho and Hsing 1996, 1997). Here we will
describe limit theorems for Y; = G(&;), where &; is Gaussian and G admits a
Hermite expansion. Let (&;);cz be a stationary Gaussian process with E[¢;] = 0,

E[€2] = 1 and covariances are such that
v(k) = El&o&] ~ k7"L(k), k=00 (2.1)

where L(k) is a slowly varying function (in fact L may take negative values as
well) and 0 < a < 1. For a function G with E[G(&)] = 0 and E[G(&)?] < oo,
we derive the asymptotic behavior of ZEZ{] G(&).

Let us define Hermite polynomials as follows:

Definition 2.2. For ¢ > 0, the Hermite polynomials H, are defined by

H

() = 6$2/2£6_12/2.

dz
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Note that (H,),>0 constitutes a complete orthogonal system in the space {G :
R — R : E[G(&)] = 0, E[G?(&)] < oo} (Abramowitz and Stegun 1972). Thus,

the following expansion holds:
-
q=0

where Y c2q! < oo. Since the variance of Hy(&;) is given by Var(Hy(&)) =
q'(7(0))? (see (2.2)), the series above converges in L?. Moreover, due to the
orthogonality of Hermite polynomials the coefficients can be calculated by ¢, =
LE[G(&)H,(&)]- The lowest integer ¢* € N with ¢~ # 0 is then called the
Hermite rank of H. Denote by 7¢(i) the covariance function of G(&;) and note

that the covariances of Hermite polynomials are given by

E[Hy(&)H;(&)] = di5k! (v(2))". (2.2)

This implies

Ya(i) = Z cre; B [H(&)H;( o)

k.j=q*
= ()T i)

Jj=q*

(2.3)

If ¢* > 1/a, the covariances of H,«(¢;) are absolutely summable, since

Z |7(4)

and (due to (2.3))
3" bl < e Y he

where ¢ > Y7 c3jly(i)/79, Vi € ZT (notice that y(i) — 0). It is not difficult
to show that this implies summability of the covariances of the process G(¢&;).
On the other hand, (2.3) and 7(i) — 0 imply

(i) = v (@) ceg*l/2,

for ¢ large enough. Consequently, we have the relation

Z he <o = Y LT <,

1=0
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meaning that a function G with Hermite rank ¢* > 1/« leads to short memory in
the process G(&;). Indeed, Giraitis and Surgailis (1985) have proved the following

theorem:

Theorem 2.1. Let (&;);ez be a zero mean Gaussian process for which (2.1) holds.
If > 20 he(i)] < oo (ie ¢f > 1/a) and 0? == >"2 v6(i) > 0, then

[nu]

n"23"G(E) B oB(u),

i=1

: . , D
where B(u) is a standard Brownian motion and "= ”stand as usual for conver-

gence in distribution.

We now consider the case ¢* < 1/a. At first, we derive the divergence order of
the variance of >~ | H,(&;) in the case (1.1):

Var (Z Hq(fi)) =n-Var(H,(&)) + an (1 — 1) E[H,(&)Hy(&)]

—n-Var(H,(&)) + 2n§ (1 — %) qly(i)*

n—1 n—1 .
=n-Var(Hy(&)) +2Cn Z qli~* —2Cn Z %q!i_aq. (2.4)
i=1 i=1

Note that

n—1 n—1 .\ —aq 1

-—aq l1—aq ¢ 1 1—aq —aq
E 1T =n — —~n x~*dx.
— o\ n 0

7 1=

Similarly, we derive for the term in (2.4) that

n—1 1 n—1 i l—aq 1 1
E Z'l—aq_ — nl—aq e o nl—aq .rl—aqu,.
n —1 n n 0
1=

i=1
Hence, by (2.4) and the last relations yields lim,, o Var (31, Hy(&)) /n? 1 =
const. Consequently, since 2 — ag* > 1, the usual central limit theorem (with
standard y/n-scaling) do not hold for sums of H,«(&;). Indeed, a limiting distribu-
tion of ZEZ“E G(&;) can be non-normal, as the next theorem, due to Tagqu (1979)
and Dobrushin and Major (1979), states.
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Theorem 2.2. Let ¢* be the Hermite rank of G and (§;)icz a zero-mean Gaussian
process for which (2.1) holds with 0 < o < 1/q*, then

[nu]

1 D
ni—ae/2La/2(n) Z; G(&) = coHg(u), as n— oo,

where ¢y« is the ¢*-th coefficient in the Hermite expansion of G.

Here, Hy(u) denotes the Hermite process of order k£ > 1, defined by

! u k
Hi(u) = C, /Rk/o <H(s — yj)_(Ha)/Q) dsdB(yy) - - - dB(yx)

where B(-) is a standard Brownian motion and C, > 0 (see e.g. Taqqu 1979).
Hq(u) is fractional Brownian motion, and thus Gaussian, while Hy(u) has non-
normal marginal distributions for k£ > 2.

Theorem 2.2 can be understood as a reduction principle, in the sense that the
asymptotic properties of S, ¢(u) only depend on the Hermite rank ¢* of G. In
particular, the sum of G(¢;) and the sum of ¢« H,+(&;) have the same limiting
distribution.

Theorem 2.2 plays an important role for the proof of the approach in section 2.4.

2.3 Fractional ARIM A models

Box and Jenkins (1970) have introduced ARIM A models. Due to the simplicity
and flexibility, the ARIM A models became popular in time series analysis and
econometrics. The theory of statistical inference for these processes is well de-
veloped. Some of the references can be found, for example in Box and Jenkins
(1970), Priestley (1981) and Brockwell and Davis (1987). This section summa-
rizes results on the well known extension of classical ARIM A models, namely
the so called Fractional ARIM A models.

Let B denote the backshift operator defined by BX, = X;_, B?>X;, = X, o, ....
In particular, differences can be expressed in terms of B as X; — X; 1 = (1 —
B)X:, (X;— Xi1) — (Xpo1 — Xy 0) = (1= B)2X,,....

Let us now recall the definition of ARM A and ARIM A processes. For simplicity
of notation we assume p = F[X;] = 0. Otherwise, X; must be replaced by X; — p.

Let p and ¢ be some integers. Define

Gla)=1-> ¢l
j=1
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and

Yla)=1-) gz’
=1

In following, we suppose that all solutions of ¢(xy) = 0 and 1)(xy) = 0 are outside
of the unit circle. The process {X;} is said to be an ARM A(p, q) process if it is

a stationary solution of
¢(B)X, = (B)e (2.5)

where € (t = 1,2, ...) are iid normal variables with zero expectation and variance

o2,

€

{X:} is called ARIMA(p,d, q) process if (2.5) holds for the dth difference (1 —

B)?X,. The corresponding equation is
P(B)(1 — B)dXt = (B)e. (2.6)

Note that if d is larger than or equal to 1, then the original series X; is not
stationary but the dth difference of X; is a stationary ARM A process.

Fractional ARIM A models are obtained by allowing d in (2.6) to be real valued.
As the gamma function I'(+) is also defined for all numbers, the definition of the
binomial coefficient can be extended to all real numbers d. Thus, the ( fractional)

differencing operator can be written as

= d+1)
1-B) = ( —~1)kBk.
( ) ;F(l@—kl)F(d—kJrl)( )
If d is an integer, then this coincides with
1 (d
1-B) = —~1)k Bk
-my=32 ()

For non-integer values of d, the summation is over an infinite number of indices.
Due to the preceding representation we now extend the definition (2.6) to non-

integer values of d in the following way:

Definition 2.3. Let X; be a stationary process such that
¢(B)(1 = B)'X; = ¢(B)e; (2.7)

for some —0.5 < d < 0.5. Then X, is called a fractional ARIM A(p,d,q) process.
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This definition was proposed by Granger and Joyeux (1980) and Hosking (1981).
In the context of this thesis we are interested in stationary long-memory processes.
The corresponding values of d are in the interval (0,0.5). For d > 0.5 the corre-
sponding process is not stationary and it is not invertible if d € {0.5,1.5,2.5,... }.
The parameter d determines the long-memory property, whereas p, ¢, and the
corresponding parameters in ¢(B) and ¢ (B) allow for modeling short-range be-
havior.

Note that equation (2.7) can be interpreted as
(1 - B)dXt == Xt

where X, is an ARM A process defined by X; = ¢~ (B)1/(B)e;.

D te b
e o2 [p(e)]?
27 ()2

the spectral density of the ARM A process X;. Recall that if X, is obtained from

farma(A)

a process Y; with spectral density fy by applying the linear filter Y a(s)Y;_s then
the spectral density of X is equal to | > a(s)e"*? fy(\) (see e.g. Priestley 1981,
p. 266). Due to invertibility of (1 — B)? for all d € (0,0.5), the spectral density
of X, is therefore

FO) =11 =7 farara(N).

At origin we have

o2 [B(1)
T~ e

N2 = farara(0)|A 72

Note that for nonnegative d the spectral density has a pole at zero.

The asymptotic formula for the covariance is given by

P)/(k) ~ C’Y(d7 ¢7 w)’k|2d_17

where o? |¢(1)|2
Cold 6,9) = 51 5D

and d € (0,0.5) (see e.g. Beran 1994, Zygmund 1953, Samorodnitsky 2007).

['(1 — 2d) sind
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2.4 Moving block bootstrap under long range

dependence

Efron (1979) introduced the bootstrap method as a general tool for estimating
the unknown sampling distribution of a statistic. For any statistical inference
based on some sample we need the n dimensional distribution function, which
can be calculated exactly by evaluating an n dimensional integral. In most cases,
the calculation of high dimensional integrals is difficult. One of the options to
approximate such integrals is Monte Carlo approximation, which means that we
estimate the one dimensional distribution by a simulated distribution based on
a sufficiently large sample. This is the main idea of the bootstrap approach.
The bootstrap method provides very accurate approximations to distributions
of many commonly used statistics in the case of iid observations. However, a
similar statement does not necessarily hold for dependent observations. The iid
resampling scheme associated with the method fails to capture the underlying
dependence in the joint distribution of the observations and as a result, the clas-
sical bootstrap fails for dependent series, even in the simple case of the sample
mean. Different modifications of this method for specific dependent models has
been studied extensively in the last few years (see Bose 1988, Freedman 1984,
Datta and McCormick 1992). Kiinsch (1989) and Liu and Singh (1992) have
independently formulated a moving block bootstrap procedure, that provides
valid approximation to distributions for weakly-dependent observations in gen-
eral. However, Lahiri (1993) has shown that, under some additional conditions,
the moving block bootstrap provides valid approximation to the distribution of
the correctly normalized sample mean, for a class of long-range dependent obser-
vations if and only if the normalized sample mean is asymptotically normal. For

simplicity of representation we consider only Gaussian zero mean noise.

Next we give a brief description of Lahiri’s moving block bootstrap procedure.
Let {&;} be a Gaussian zero mean second order stationary process with long-range

dependence. For blocks of size [ (1 <1 < n) define block sums (i, ..., 141 by
G=&+ - +&u1 1<i<n—1+41).

Then draw ¢, ..., (; randomly with replacement from {(y,...,(,—+1} and cal-
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culate i
To=a' (k/ > c:) (2:8)
i=1

where q; = C3/*[1=o/2,

The limit behavior of T}, is given by the following result.

Theorem 2.3. Assume that l = O(n'~¢) for some 0 <e< 1. If k™' +171 =0(1)
and o® = Var (), then

sup [P, (T <) — @ (67 'z)| = 0,(1)

z€R
where
52 =20%*(1-a) ' (2—a) .

The proof follows from three lemmas:

Lemma 2.1. Assume that | = O(n'=¢) for some 0 < € < 1, and I™* = o(1).
Then a; ' E,, [¢f] = 0,(1).

)

Lemma 2.2. Assume that the conditions of theorem 2.3 hold and thatl = O(n'~°)
for some 0 < € < 1, and 7t = o(1). Let 6% = a; >E,(¢})?. Then 62 = 202(1 —
@)~ (2= ) +0,(1).

Lemma 2.3. Let Z1,7Zs,...,Z, be n iid random variables with E [Z;] = 0, and
E[Z? = 1. Then, for anyn >0, and every n > 1,

sup |P (Zy + -+ + Z, < V/nz) — @(z)]

z€R
<1+ =n =] ) a1 + (0 + 6m) [1 =07t = 8u(1)] ]
where 6, (x) = E[Z}1(|1Z1] > xv/n)] ,Yx > 0, and C is a constant.
See Lahiri (1993) for more details.

Proof. (of theorem 2.3) By lemma 2.3

P (Z (< \/Eaﬁm:) — O(x)

sup
z€R

gCKH—‘l—kl—Sn

_1) o + (k*l/‘* + Sn) ’1 _ k13,

_3/1 (2.9)
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where 6, = (0,6) 2B, [(¢)* I (1G] > kY 4a,6)].
We now show that 4, — 0. By lemma 2.1 and 2.2 it follows that 6% = 5% + 0,(1)
and 6, = (0,6) 2B, [(¢1)° T (|G| > k*@5)] + 0,(1). Hence

E [(@8)2E, [(G)P 1 (1G] > K a5)]] = (@6) B [(G)* I (1G] > K *as)] = of1).

Consequently, 8, = 0,(1). Due to (2.9) we conclude the proof. O



Chapter 3

Wavelets

In this chapter we briefly recall well-known results from Daubechies (1992), Vi-
dakovic (1999), Hardle et al. (1998), Steeb (1998), Donoho and Johnstone (1997),
Wang (1997), Li and Xiao (2007) and Heiler (2006). Up to section 3.8 we
summarise the main ideas of wavelets and multiresolution analysis as given in
Daubechies (1992), Vidakovic (1999), Hardle et al. (1998), Steeb (1998) or Heiler
(2006). We provide an overview of the basic concepts of wavelet analysis and
briefly review current research ideas in nonlinear wavelet based trend estimation
under long memory. This chapter is organized as follows. After introducing the
continuous wavelet transform in section 3.1, the discretization of the continuous
wavelet transform is discussed in section 3.2. In section 3.3 we introduce the con-
cept of multiresolution analysis. Sections 3.4 and 3.5 handle the problem of con-
structing related mother and father wavelet functions. The Daubechie’s wavelets
are introduced in section 3.6 and some of their properties are discussed. In section
3.7 we focus on wavelet shrinkage and derive two different thresholds that are of
particular interest in the following chapters. In section 3.8 wavelet based trend
estimation and its rates of convergence are discussed for certain classes of trend
functions and Gaussian noise with long memory. Finally, an overview of results
derived by Donoho and Johnstone (1997), Wang (1997) and Li and Xiao (2007)

is given with a specific focus on the long-memory case.

3.1 Continuous wavelet transformation

The first theoretical results on wavelets stated in the early 1980s, are connected

with the continuous wavelet decomposition of L? functions. Articles of Morlet

19
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et al. (1982) and Grossmann and Morlet (1985) are the primary source on this
subject.

Let us start with some notations. We denote by L*(R) the Hilbert space of
square integrable complex-valued functions on the real line. Commonly, this

space is equipped with the scalar product

<ﬁg%:/mfm»REULVﬁgeL%R>

where g(x) denotes complex conjugation of g(z). This induces the norm

g1, == (g, 9)"/> = (/O" |g(x)l2d;p) 1/2

o0

which is finite for all ¢ € L?*(R). One speaks of orthogonality of f,g € L?(R)
whenever (f, g) = 0.

Most recent practical applications of wavelets especially in statistics mainly in-
volve discrete wavelet transform. However, an understanding for continuous
wavelet transformations is important, since many of their properties have analo-
gous discrete counterparts. For example, there is a significant body of research in
probability and time series analysis where the problems are formulated in terms
of continuous wavelet transformations.

Let -
v = [ v

denote the Fourier transform of ¢). Assume v, a € R\{0},b € R be a family of
functions defined by translation and dilation of a single function ¥ (z) € L*(R),

bole) = 7 (70,

The factor |a|~/2 ensures that ||144(7)]| 1, is independent of @ and b. The function

1 is called the mother wavelet and is assumed to fulfill the admissibility condition,

00 * 2
0<C¢:27r/ de<oo.
oo W]
The role of this condition will soon become clear. Note that the admissibility

condition implies

0= = [ le)de
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Furthermore, we assume that the wavelet functions are normalized, i.e.

[Yap()][L, = 1.

For any function g(z) € L?R, the continuous wavelet transform is defined by

[e.9]

Ty (a,5) = {g, us) = / o) ban(®) do

—00

The parameters a € R\{0} and b € R denote the dilation and translation pa-
rameters respectively. A function g can be recovered from its wavelet transform

as follows

Lemma 3.1. For all f,g € L*(R) we have

// LTy (a,b)Ty(@ ) dadb = Cylf g). (3.1)

Proof. (see Daubechies 1992, proposition 2.4.1, p. 24) Note that

// —Ty(a,b)T, T,(a,b) da db
[T S| e

X {/ g (W)]a|2e™ ™ ¥ (aw’) dw'} da db

The expression between the first pair brackets can be viewed as (27)'/? times the
Fourier transform of F,(w) = |a|"/? f*¢*(aw). The expression between the second
pair brackets has a similar interpretation as (27)'/? times complex conjugate of
the Fourier transform of G,(w) = |a|'/2g*(w)i*(aw). By the unitarity of the

Fourier transform we obtain

// L0, b) Ty, B) dadb

[ ﬁ/ o
—%/ / F()g7(@) [ (aw) [ doo da

o [ s <>dw/ L (@) doda = Cy(f. )
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It is now clear why we imposed the admissibility condition: if Cy, is infinite, then
the resolution of the equality (3.1) would not hold.

Formula (3.1) can be rewritten as

(0.9} o 1
g(z) = Cw/ / ﬁTg(a, b)1pa p(x) da db.

This is called synthesizing, or reconstructing, the function. The key property of
wavelet transforms is their ability to decompose and perfectly reconstruct square-
integrable functions.

As an example, we consider the continuous Haar transformation. Let

%ﬁ”@%=$§@(me[ag+4)—l(xe[g+aa+bb],aeRtbeE{

Let G be a primitive for g, i.e., G’ = g. Then,

TgHaar<a7 b) = <g,¢fgar> _ % {G (g +b> GO+ f(a—f—b)] '

3.2 Discretization of the continuous wavelet trans-

formation

The continuous wavelet transformation of a function of one variable is a function
of two variables. It is clear, that this transformation is redundant. To minimize
the transformation discrete values of a and b can be selected, and we still will have
a invertible transformation. Nevertheless, the sampling of a and b that preserves
all information about the decomposed function cannot be coarser than the critical
sampling.

It is known (see e.g. Hérdle et al. 1998), that the critical sampling is given by
a=27b=k27 j.keZ. (3.2)

Any coarser sampling will not give a unique inverse transformation of the original
function. There are other possible discretization choices ( see e.g. Daubechies
1992 and Heil and Walnut 1989). Further, we focus on the discrete wavelet
transforms for values given in (3.2). Next, we consider Mallat’s multiresolution
analysis, which provides an elegant theoretical framework for critically sampled

wavelet transform.
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3.3 Multiresolution analysis

Assume that ¢ € L*(R) is such that {¢or, k € Z} = {N'2$(N - k), k € Z} is
an orthonormal system in L?(RR) for every fixed positive number N. We denote
by Vp the subspace of L?(RR) generated by {¢o,}. Thus, there exist coefficients
ay € C, Yk € Z such that every g € V; can be written as

g(x) = Z e NY2)(Nx — k)
kEZ
almost everywhere with ay = (g, gox), Y. lax|? < oo and
1 7j = k7

3.3
0 ,else. (3:3)

<¢0j7¢0k> =05k = {

We now define integer translations and dyadic dilations of the scaling function as
follows
Gjr(x) == 2PNY2H(N2x — k), j, k € 7. (3.4)

Due to this representation we define a set of functions {¢;}.

The sequence of subspaces {V}, j € Z} is defined by
Vi={9(22),: g€ W}, j €L (3.5)

Furthermore the {¢;;, k € Z} constitutes a basis system of V; and we can say
that ¢ generates the sequence {V}, j € Z}.
Taking account of previous notations we can introduce the underlying concept of

multiresolution analysis:

Definition 3.1. If the function ¢ is chosen such that V;, j € Z in (5.5) satisfies
1. ...VyoCcV i CcVyCcViCcVWVaC...,
2. UjerV; = L*(R),
3. NjexV; = {0},

then the sequence of subspaces {V;, j € Z} is called a multiresolution analysis of

L2(R).

Definition 3.2. If a multiresolution analysis of L*(R) is generated by a function

¢, then ¢ is called a scaling function or a father wavelet.
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Note, that the resulting system of functions in (3.4) is in general not orthonormal.
For the aim to construct an orthonormal basis we now consider the orthogonal

complement W; of V; in V. Thus,
W;=VieV;,je’.

For J € Z and for each fixed j > J the subspace V; can be represented as follows

j—J
Vi=Via ®W =V, oW 0 W, ==V, 0 P W,

k=1

Due to the definition 3.1 the union over all nested subspaces V; is dense in L?(R).

Hence, we can decompose L?(IR) into the combination of orthogonal subspaces:

L2(R) - VJ EB @ijk-

k=1
Thus, any g € L*(R) can be represented by
9(@) =Y snon(@) + )Y dit(x) (3.6)
keZ >0 ke

where {91}, k € Z denotes an orthonormal basis in W ; and sy, d;;, are the

corresponding coefficients given by

Syk = (9, Pyr) = /9(56') o1 () de,

djr == (g, Yjr) = /g(:l:) V() de.
Which fulfill

D sl D ldul? < 0.

kEZ §>0,keZ
To call (3.6) a wavelet expansion of g we have to introduce the following condi-

tions: suppose there exist a function ¢ € L?(IR) that each 1 is of the form
Py = 2UFDR N2 QURD Ny — k), 4,k € Z. (3.7)

Definition 3.3. A function ¢ € L*(R) generating the family {¢jx} in (3.7) is

called a mother wavelet.

Definition 3.4. Representation (3.6) with a basis of the form
{bsr, Y, J €Z, 5 >0, k € Z} is called wavelet series expansion of g. The cor-

responding coefficients sy, and dj;, are called wavelet coefficients of g.
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Notice that the mother wavelet 1) associated with ¢, is not necessarily unique. In
next section we introduce general conditions for existence and construction of ¢
and 1. In (3.6) is shown that the wavelet series expansion represents functions
by using linear combination, starting on a coarse level J, of the translated and

dilated father and mother wavelet.

3.4 Construction of a mother wavelet with given

father wavelet

In the previous section, we have described theoretically a pair of orthonormal
wavelet functions, which serves as a basic component in the multiresolution anal-
ysis. Whereas in this section we construct the mother wavelet with a given father.
Daubechies (1992), Hardle et al. (1998), Pinsky (2002), Strichartz (1994) and Vi-
dakovic (1999) provide us with more information on this topic.

Let ¢ € L?(RR) be scaling function with compact support. In chapters 4 and 5 we
denote by N the support length of ¢ and . In the current section, we assume
without lost of generality that NV = 1. Following this assumption the next lemma

discuss the orthonormality of the integer translates of ¢.

Lemma 3.2. Assume that ¢ € L*(R). A necessary and sufficient condition for
{¢(- — k), k € Z} to constitute an orthonormal system in L*(R) is that
> 1w+ 2mk)* =1 (3.8)
kEZ

almost everywhere.

Proof. (see Vidakovich 1999, p. 55) By the unitarity of the Fourier transform

and the 27-periodicity of e™! one has

= [ oot =1 da
-5 | o@Fee a
_ % /_Oo S 16" (w + 27k P! dow.

 keZ
The last line is the Fourier coefficient in the Fourier series decomposition of
f(w) =>"1ep |0 (w+27k)|%. Due to the uniqueness of the Fourier representation
we conclude that f(w) = 1.
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]

As in the last section we suppose that V; defined by (3.5) and this subspaces are

nested, then the scaling function can be represented as

where the family {¢1x, k € Z} is an orthonormal basis in V; with s1x = (@, d1x).

The Fourier transform is then given by
5'(w) = [ o) do
1 Lok e (W
- Al (3)

“n(5) (3

where my is a trigonometric polynomial with coefficients s1;. Thus,
1 —iwk
mo(a}) = E Z S1k€ . (39)

This is the preposition for
Lemma 3.3. Let {¢or} be an orthonormal system. FEvery 2m-periodic function

mg satisfying
W w

¢"(w) =my (5) o <§> (3.10)

almost everywhere such that mo € Lo([0,27]), also satisfies

[mo(w)[* + [mo(w + m)|* =1 (3.11)
almost everywhere.
Proof. (see Hirdle et al. 1998, lemma 5.2, p. 37) By (3.10)

9% (2w + 27k)|* = |mo(w + 7k)|* |67 (w + 7k)|*
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Summing up in k£ and using the fact that {¢g} is an orthonormal system and my

is 2m-periodic we get by lemma 3.2 the following equality almost everywhere

L= Imo(w 4+ 7k |6 (w + wh)|

keZ
= " |mo(w + 27k)[* ¢ (w + 27k)
kEeZ
+ ) |mo(w + 2k + ) [¢" (w + 27k + )
keZ
= |mo() [¢"(w + 27k)[* + ) [mo(w + m)[* |¢*(w + 27k + )|
kEeZ kEZ

= |mo(w)|* + [mo(w + m)|*.
[l

Now we are able to derive a necessary and sufficient condition for nesting of V;
in Vj11 (see e.g. Hérdle 1998).

Lemma 3.4. A necessary and sufficient condition for V; C Vi1, j € Z, according
to definition 3.1 is that there exists a 2m-periodic function mg € L*([0,27]) such
that (3.10) holds almost everywhere.

Proof. (see Hirdle et al. 1998, lemma 5.1, p. 36) Note that necessary condition
is already proven. Now, prove that (3.10) is a sufficient condition. A consequence
of lemma 3.3 is that such a function my is bounded. It is clear if we denote by
Vi and respectively V" the sets of Fourier transforms of the functions of V4 and

of Vi we have
Ve = {m(w)¢*(w) | m(w) is 2 periodic, m € Ly([0,27]) },

and
Vi ={m(w/2)¢"(w/2) | m(w) is 27 periodic, m € Ls([0,27])} .
Condition (3.10) implies that every function in V" has the form m(w)mg(w/2)¢* (w/2)

and belongs to Vi*. In fact m(2w)mo(w) is a 2m-periodic function belonging to

Ly([0,27]) since m € Ly([0,27]), and my is bounded due to previous lemma. [

Remark 1. If ¢ € L*(R) has a compact support, then ¢ € L*(R) N L*(R) and
@ is continuous. Furthermore, mq is a trigonometric polynomial with a finite
amount of coefficients six. Thus mq is continuous as well and (3.10) holds for

all w.
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Due to the relation (3.3) we imply my(0) = 1. Equation (3.11) will be used
further to construct a scaling function ¢. Notice that the function mg is not
necessarily unique. Recall that if ¥ € W, is a mother wavelet then the family
{(-— k), k € Z} is an orthonormal basis in Wj. The idea how we can define
the mother wavelet ), corresponding to the given polynomial mg, is derived in

following lemma:

Lemma 3.5. Let the assumption of lemma 3.4 hold. Define mi(w) = —mg(w + 7)™

ww=m (3)e ()

Then, the inverse Fourier transform of ¥* is a mother wavelet.

and set

For details see Hérdle et al. (1998), lemma 5.3, p. 38. The same in more general

form

Remark 2. The statement of lemma 3.5 is fulfilled if we choose
my(w) = 0(w)mg(w + 7)e™ ™,
where O(w) is an arbitrary w-periodic function such that |0(w)|=1.

Lemmas 3.2 and 3.4 introduce methods to verify whether ¢ can be chosen as a
father wavelet. Furthermore, lemma 3.5 and remark 2 provide a way to construct
a corresponding mother wavelet. It remains to show a such conditions that 2.
and 3. of definition 3.1 are satisfied. Daubechies (1992, p. 141) shows that
for all ¢ € L*(R) satisfying (3.8) the resulting sequence of subspaces has trivial
intersection. Moreover, it can be shown (see Hérdle et al. (1998, p. 95)) that a
mild condition of the integrability of ¢ fulfill the 2. of definition 3.1. Thus,

Lemma 3.6. Assume that there exists a function ® that is monotonely decreasing

and bounded with

/<I>(|u])du < 0.
Let ¢ € L*(R) satisfy (5.8) and (5.10). Then, if |¢p(u)| < ®(|u|) almost every-

where,

Uvi=L*®w).
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3.5 Construction of a compactly supported fa-

ther wavelet

Until now we have assumed that an appropriate father wavelet is given and we
derived previous lemmas and remarks under this assumption. The aim of this
section is to construct a suitable scaling function. First, recall the previously

described properties of ¢:

1. 37, |9 (w4 27k)|? = 1 almost everywhere,

2. ¢*(w) =mg (£) ¢* (¥) almost everywhere, with my defined in lemma 3.4,

3. Imo(w)|? + |mo(w + 7)]* = 1 and mg(0) = 1.
As a consequence,

mo(m)|* =1 — |mo(0)* =0,
such that (see lemma 3.5)
/¢(x) dz = 0. (3.12)

Remark 3. In many applied articles and textbooks (3.12) is used as a defining
property of a mother wavelet (see e.g. Percival and Walden 2000, Bruce and Gao
1996).

According to lemma 3.4 the sequence of subspaces V; is nested if and only if

cer=m () (2

“’ N (LY =... = “
=mo (3)ma ()" () == L[ %) (3.13)
with ¢*(0) = 1. If (3.13) properly defines a function ¢ € L?(R), which generates
a basis in L*(IR), then we receive a multiresolution analysis and corresponding
orthonormal basis function. For this propose we now derive the pointwise con-

vergence of (3.13).

Lemma 3.7. Let mo(w) satisfy condition 3. above with mgy(w) being Lipschitz
continuous. Then,
[T (5)
mo 9
j=1

converges uniformly to ¢*(x) on every compact subset of R.
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Proof. (see Hardle et al. 1998, lemma 6.2, p. 55) Since my(0) = 1, then for all
lw| < K yields

I (5) =TT (- (5) ~mi0)

where L is the Lipschitz constant. Hence, the infinite product converges uniformly

on every compact set. 0

Remark 4. Assume that myg is of the form (3.9) with a finite number of nonzero
coefficients. Then, lemma 3.7. surely holds. Daubechies (1992) mentions a gen-
eralization to infinite sets of coefficients in case that the decay rate is sufficiently
fast.

The next lemma is firstly derived by Mallat (1989). It shows that the limiting

function in (3.13) together with its Fourier transform is in L*(R) space.

Lemma 3.8. Let myq satisfy the assumptions of lemma 3.7, then ¢ € L*(R) with
ollz, <1.

Moreover, we have also to show that so constructed scaling function generates
an orthonormal basis in L?*(R). This question addressed to the next theorem,
which is originally introduced by Cohen and Ryan (1995), and can be found, for
example, in Hardle et al. (1998, p. 56). This result is common for polynomials mg
with associated compactly supported wavelet function, which is the most popular

case in applied sciences.

Theorem 3.1. Assume that the function mg(w) is a trigonometric polynomial of
the form

1 &
mo(w) = —= Z sipe
V2 5
where No, N1 € Z and
— S1k — 1.
V2,5

Further assume that condition 3. above is satisfied and there exists a compact set

R in R, containing a neighborhood of 0, such that
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1. Y I (w+2m € R) =1 almost everywhere,
2. mo(277%) # 0, for allw € K and for all j > 1.

Then, the function ¢*(w) in (3.13) is the Fourier transform of a function ¢ €
L*(R) such that

(i) supp ¢ C [No, N1],

(ii) {¢(- — k), k € Z} is an orthonormal system in L*(R).

Notice that every solution ¢, defined by theorem 3.1, has a compact support. This
is a huge computational advantage in contrast to the basis defined on the real line.
Moreover, due to the choice of the coefficient sq; the father wavelet ¢ and/or the
mother wavelet ¢ could have a prescribed number of vanishing moments and/or
have prescribed number of continuous derivatives. The following remarks (see
e.g. Héardle et al. 1998, lemma 6.4 and 6.5,p. 57) describe how exactly it could
happen.

Remark 5. Let the conditions of theorem 3.1 be satisfied, and let

Ny
Zslkk‘l:O, lzl,...,n.

k=No

Then for ¢ defined as the inverse Fourier transform of (3.13) we have

/ p(x)atde =0,1=1,...,n.

Remark 6. Let the conditions of theorem 3.1 be satisfied. Then v € Ly(R), ¢

18 compactly supported, and yields
1 1
supp ¥ C 5(1 — N1+ No), 5(1 — No + N1)

If, in addition,
1-No

Z ()5l —k)!=0,1=1,...,n, (3.14)

k=1—N;
then

/w(x)xldx:(), l=1,...,n.
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It is clear, that (3.14) can be satisfied only if n + 1 is smaller than the degree of
the polynomial mg(w), since (3.14) contains n equalities.

In this section we developed an approach for the construction of the compactly
supported wavelets. For further information on the regularity of the wavelet basis
or construction of a multiresolution analysis starting from a Riesz basis we refer
to the monographs of Daubechie (1992) and Hérdle et al. (1998).

3.6 Daubechies wavelets

The original construction of compactly supported wavelets is due to Daubechies
(1988). In this section we briefly review her concept. However, there are also
other concepts such as ” Coiflets” or ”Symmlets”, for more details see, for example,
Hérdle et al. (1998). Here we sketch the main points of Daubechies theory. We are
interested in defining the exact form of functions mg(w), which are trigonometric
polynomials, with associated compact supported father and mother wavelets.
Moreover, the moments of ¥ up to order n should vanish. As you will see later this
property is necessary to guarantee good estimation properties of corresponding
wavelet expansion.

An immediate consequence of (3.14) is the following

Lemma 3.9. Let the conditions of theorem 3.1 and (3.14) are satisfied. Then

mo(w) factorizes as
14+ e\
mow) = (=) 2w
where £(w) is a trigonometric polynomial.

Proof. (see Hdirdle et al. 1998, corollary 7.1, p. 59) The relation (3.14) implies

Also mg(m) = 0. Hence mg(w) has a root of order n + 1 at w = w. This mean

o) = (”T) o).

Since my is a trigonometric polynomial, then £(w) is also a trigonometric poly-

nomial. O
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Let

My(w) = (@) = (cos?5) " £(w)

where |£(w)]? is a polynomial in cosw, then the orthogonality condition (3.11)

leads to
My(w) + My(w + ) = 1.

£(w)|? can be rewritten as a polynomial in sin® ¢ since cosw = 1 — 2sin®? %. We
2 2

then denote |£(w)|? by P(sin®%). Then the condition (3.11) becomes
L=y Py) +y"PL—y) =1,y €[0,1].

Due to Daubechies (1992) the unique solution of last equation with degree deg P(y) <

N —1is
N-1

P(y)=>_ (N +:_ 1)@/“ +yVR(1/2 —y)

k=0
where R(-) is an odd polynomial with R(y) > 0, Yy € [0, 1].
The propose of Daubechies (1988) is to take R = 0, and she showed that under

this restriction
i

|mo(w)|* = CN/ sin? " gz do (3.15)

w

where Cy fulfills mo(0) = 1.

Definition 3.5. Wavelets fulfilling (3.15) called Daubechies wavelets and will be
denoted by d2N .

For Daubechies wavelets one can calculate corresponding coefficients {s1,}. You
can found them in table 3.2. Table 3.1 also provides the compact overview of
the Daubechies wavelets and their properties. Notice, that the Holder exponent
there measures the smoothness of a function and is defined by a = m + 3, where

a and (3 are the largest values, satisfying
[f™ (@) = f" (@ + 1) < Ot Va t.

The figure 3.1 represents some of Daubechies wavelets.
As example, we consider the case N = 1. Due to (3.15)

™

Imo(w)? = C’N/ sin(x) de = Cn(1 + cos(w)).

w
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Taking w = 0 we obtain Cy = 1/2. Solving last equation we achive mg(w) =

5 (1+ e ™). Taking account on (3.13), we compute function ¢*
—w2—it1

w2—i Sl 1—e
w23\ -
(1 e ) = I_Il (2(1 - ein‘J’))

1
2
o1 ( 1 —e ) 1—e W
= lim — = - .

w

Then it yields

¢(x) ! /Oo TP (W) dw L[ ei“zl_.—e_w dw = I(z € [0,1]).

" or o). iw

— 00

Taking account on lemma 3.5, we achieve

w=m(§)e (5) = m G )
1 1—e ™2 (1-— efiw/2)2.

=_2(1 —i(r+w/2)) e~ 1w/29 _
2< te Je w w

Finally, by the inverse Fourier transform we derive
Y(x) = I(x €[0,1/2]) — I(x € (1/2,1]).

Thus, the Daubechies d2 wavelet coincides with the Haar wavelet.

3.7 Non-linear wavelet shrinkage: thresholding

Let us first recall (3.6)
9(x) =Y smban()+ )Y dptix()
ke >0 ke

for any g € L*(R). The idea of the linear wavelet estimation is simple: we replace

the unknown coefficients {s;;}, {d;;} in wavelet expansion (3.6) by estimates
. 1« S R
Sak = > Yion(t), di = - > Yib(ta), (3.16)
i=1 i=1

which are based on the observed data {Y;}. This will require a truncation of the
infinite series in (3.6), since we can only deal with a finite number of coefficients
and this leads to

9t) = Sumdum(t) + D> ditk(t)

keZ j=0 keZ
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Figure 3.1: Daubechie’s orthogonal wavelets: haar, d4, d6, d8 and d10. Left: father wavelets.

Right: mother wavelets.
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Table 3.1: Table of Daubechie’s wavelets and their properties.

wavelet | support | vanishing | number of | Holder
length | moments | derivatives | exponent

haar 1 1 0 0

d4 3 2 0 0.55

d6 5 3 1 1.09

ds 7 4 1 1.62
d10 9 5 1 1.97
d12 11 6 2 2.19
d14 13 7 2 2.46
d16 15 8 2 2.76
d18 17 9 3 3.07
d20 19 10 3 3.38

where J, ¢ denote the decomposition level and smoothing parameter correspond-

ingly. In case of L%([0,1]) we define associated estimator by

N2J -1 qg N2/t+i—1 X
g(t) = Z §Jk¢Jk(t)+Z Z dixthik(t). (3.17)
k=—N+1 j=0 k=—N+1

Further, we also assume that ¢(t) and (t) are the father and the mother wavelets
with compact support [0, N| for some N € N.

It was pointed out by many researchers that linear methods are not efficient when
signals have considerable time-inhomogeneity, such as varying degrees of smooth-
ness, and in fact the linear wavelet estimators often include unnecessary high
oscillations. Non-linear estimators can improve the efficiency and achieve better
convergence rates. The simplest way to correct this disadvantages is to suppress
too small coefficients by the wavelet estimation, for example, by introducing a
threshold. Such an approach is called wavelet thresholding. There exist various
thresholding concepts. However, in this thesis we restrict ourselves to the two
of them: soft thresholding and hard thresholding. In the context of wavelets,
these techniques were proposed by D.Donoho and I. Johnstone in the beginning
of 1990-ies.



CHAPTER 3. WAVELETS

37

Table 3.2: This table presents the corresponding coefficients of Daubechies wavelets d2N for

N=12...,10

N=1 N =2 N =3 N=4 N=5
0.707106781 | 0.482962913 | 0.332670553 | 0.230377813 | 0.160102398
0.707106781 | 0.836516304 | 0.806891509 | 0.714846571 | 0.603829270

0.224143868
-0.129409523

0.459877502
-0.135011020
-0.085441274

0.035226292

0.630880768
-0.027983769
-0.187034812

0.030841382

0.032883012
-0.010597402

0.724308528
0.138428146
-0.242294887
-0.032244870
0.077571494
-0.006241490
-0.012580752

© 00 N O Ot = W NN R ORI 0 O Ot Ww Ny = O

G U Gt
coO I O Ot = W N = O

—_
Ne}

0.003335725

N =6 N=T7 N =38 N=9 N =10
0.111540743 | 0.077852054 | 0.054415842 | 0.038077947 | 0.026670058
0.494623890 | 0.396539320 | 0.312871591 | 0.243834675 | 0.188176800
0.751133908 | 0.729132091 | 0.675630736 | 0.604823124 | 0.527201189
0.315250352 | 0.469782287 | 0.585354684 | 0.657288078 | 0.688459040

-0.226264694
-0.129766868
0.097501606
0.027522866
-0.031582039
0.538422E-4
0.004777258
-0.001077301

-0.143906004
-0.224036185
0.071309219
0.080612609
-0.038029937
-0.016574542
0.012550999
4.295780E-4
-0.001801641
3.537138E-4

-0.015829105
-0.284015543
4.724846E-4
0.128747427
-0.017369301
-0.044088254
0.013981028
0.008746094
-0.004870353
-3.917404E-4
6.754494E-4
-1.174768E-4

0.133197386
-0.293273783
-0.096840783

0.148540749

0.030725682
-0.067632829

2.509471E-4

0.022361662
-0.004723205
-0.004281504

0.001847647

2.303858E-4
-2.519632E-4

3.934732E-5

0.281172344
-0.249846424
-0.195946274

0.127369340

0.093057365
-0.071394147
-0.029457537

0.033212674

0.003606554
-0.010733176

0.001395352

0.001992405
-6.858567E-4
-1.164669E-4

9.358867E-5
-1.326420E-5
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In soft thresholding one replaces d;; in (3.17) by
(Il = 5)I(1dje| > 8;)sign(dyy)
where 0; is a threshold. In comparison, in hard thresholding one replaces czjk by
diI(|dje| > 65x)-

The plots of hard thresholding and soft thresholding versus estimate Cij are shown

in figure (3.2). The hard thresholding wavelet estimator is respectively

N2J/—1 g N2/ti-1 . X
g(t) = Z 8kPak(t) + Z Z i I(|djk| > 6;)05k(1). (3.18)
k=—N+1 j=0 k=—N+1

(see e.g. Donoho and Johnstone 1994, 1998, Abramovich et al. 1998). For
estimates without thresholding (i.e. d; = 0) also see Johnstone and Silverman
(1997), Nason (1996), Brillinger (1994, 1996), among others.

For soft thresholding wavelet estimator will be additionally assumed that the
decomposition level J is equal to zero and ¢ = [log, n]. Thus, the corresponding

estimator then given by

N-1 [logyn] N27—-1
gt =D dadox®)+ Y Y (dil = 5)I(|ds] > 6;)sign(dp) ().
k=—N+1 =0 k=—N+1

(3.19)

3.8 Trend estimation via wavelet shrinkage

This section is concerned with nonparametric estimation of a deterministic trend

of a noisy data. Suppose that we observe time series data of the form (1.2). Thus,
§/i :g(tz)_’_g’m 1= 1727"'7n7

with ¢; = i/n, g € L* ([0, 1]) and &; a Gaussian zero mean second order stationary
process with long-range dependence. Here, long-range dependence is character-
ized by (1.1). The only knowledge about g is that it belongs to some known set
§ C L? of functions. Now we define the mean integrated square error (MISE)

of an estimator ¢ of g by
Ellg—gll7,] - (3.20)
The aim of the next two subsections is to derive two well known results on the

error minimization in some appropriate sense.
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Figure 3.2: Plot of y = (|z| — 1)I(|z| > 1)sign(x) (left) and y = xzI(|z| > 1) (right).

Soft Hard

3.8.1 Minimax wavelet trend estimation

The performance in the worst case over the set § C L? is given by
p 2
sup E [[|§ — gll7,] -
geT

We define the L? minimax risk by minimizing the M ISE in the worst case over

all possible estimates g. Thus,
R.(§,9) = infsuwp E [||g — gll7,] (3.21)
9 geF

Estimation of g we perform now by minimizing L? risk (3.21) over a certain set
of functions. Donoho and Johnstone (1994) suggested a universal threshold by
setting

b =o0v2lnn

in case &; in (1.2) is iid. The combination of a soft-thresholding rule with universal
thresholding is known as VisuSchrink. They also show that the risk in this case
is close up to a logarithmic factor to the minimax R, (§, g) over every § classes

taken from norms in the Besov and Triebel scales with ¢ > 1/p- e.g. Sobolev
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balls. The fundamental property behind VisuSchrink is following. Let 21, ..., Z,

be Gaussian iid with mean 0 and variance o2, then

P{max |Z:| < a\/21nn} — 1.

1<i<n
Then by using the universal threshold, we are assured, that if the sample size is
large enough, then the probability of the noisy coefficients asymptotically being
shrunk to zero. As already mentioned, this result is an asymptotic one and does
not guarantee good performance with respect to finite sample sizes. However,
if the noise in the data is stationary and correlated, then the variance of the
wavelet coefficients will depend on the level in the wavelet decomposition and
will be constant within each level. Therefore, it will be natural to use a level
dependent thresholding rule.

We define now exactly what we mean by Besov spaceses and give their appropriate
characterization by the wavelet decomposition coefficients (see e.g. Donoho and
Johnstone 1995, Hardle et al. 1998 and Heiler 2006).

Definition 3.6. Let A" f be the m-th order difference of f withm <r < m+1.
We say that g : [0,1] — R satisfying g € W*([0,1]) is in the Besov space By

whenever 1/
1 (AL, qo,1—rn) \ T dn 1
(Jo (Bt ) T ) g < o,

ATl L, (0,1—rh]) .
SUPo<p<1 hr ; q = 00,

is finite. The space B} (R) equipped with the norm

|9|B;,,q =

gl 5;,, = Nlgllz, + 19" |z, +1915;,
where g\ denote weak derivative.

Here we note that r, corresponding to the number of derivatives that ¢ has in
L, (weak derivative) and if p = ¢ = 2, then the Besov spaces coincide with the
classical Sobolev spaces.

Donoho and Johnstone (1997) derived their results for a broad range of regres-
sion function classes, corresponding to sequence space models of its coefficients
s = {sox} and d = {d;,}. A flexible scale of functional classes is given by
the Besov family, which is specified in sequence space form as follows. Set
i l7, = 3o ldiwl?, lso Il = 3oy Isowl?,

1/q

19lle;,, = llsollz, + | 29021 d, |7,
j=0
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and
0,o(C) = {(dix) = llglley, < C} -

p,q —

For a fuller discussion on this definition and importance of this classes we refer
to Donoho and Johnstone (1997) and Hérdle et al. (1998).

The relation between Besov spaces and wavelet coefficients sequence spaces (see
e.g. Hardle et al. 1998) given by

Remark 7. In the case 1 < p,q < oo the Besov norm is equivalent to the

sequence norm of wavelet coefficients of g. Thus,

gllsy,, = lglloy,,
where " <" means that the ratio of both sides is bounded by two constants.

For additional information on this see Heiler (2006) and Hérdle et al. (1998).
We now suppose that the noise exhibits long-range dependence and introduce the
concept of Donoho and Johnstone (1997):

Theorem 3.2. If0 < p,q < oo andr > 1/p, then

sup E [|ld— (d] = 9)I(1d] > 8)sign(d)|[3,] < CoC75 logn - n™ 55
deb;,q(C)

where § = {d;} = {Uj\/ann} and o5 = Var(ds), Vk.
Moreover, Wang (1996) states

Theorem 3.3. Under assumption of theorem 3.2 yields

inf sup E [Hd—(iuiz} ~ s
d deb:ll?’q(C)

where d all possible estimators.
Then by Donoho and Johnstone (1997) yields also following remark

Remark 8. Since the wavelet basis is orthogonal, the risk of the soft thresholding
estimator (3.19) with § = {aj\/21n n} achieves the optimal convergence rate up

to a logarithmic factor.
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3.8.2 Hard thresholding wavelet trend estimation

Li and Xiao (2007) considered the nonparametric regression model (1.2) with long
memory data, that are not necessarily Gaussian, and provided an asymptotic
expansion for the MISE of hard thresholding wavelet estimators. They derived
MISE expansion for the piecewise smooth underlying mean regression function.
It turns out that MISE convergence rate is the same as by analogous minimax
expansion (see e.g. Wang 1996). Throughout this thesis, my € N will denote the

number of vanishing moments of v, i.e.

N
/‘ﬁwwﬁzak:Owamw—l (3.22)

0

and

L/mew¢@yﬁ::u%b%(l (3.23)

0
We assume that both ¢ and 1 satisfy a uniform Hélder condition of exponent 1/2

and the following conditions are satisfied:

e The errors & in (1.2) given by & = G(¢;) where ¢; a Gaussian zero mean
second order stationary process with long-range dependence and G has

Hermit rank m. Here, long-range dependence is characterized by (1.1).

e The smoothing parameter ¢, decomposition level J and thresholding d; are
functions of n. We assume that J — oo, ¢ — oo as n — 0o, and for every
7=12,...,q9—1, holds

(4e)m012N—1+ma(ln n)m—i—l
mmpma2(J+ji)(1-ma)

27457 — 0, 2NN s 00, 67 > (3.24)

where

02

N N
0/0/|ac—y| $(2) Y(y) do dy

with J(m) = E(G(Z)H,,(Z)) where Z Gaussian with mean 0, variance 1
and H,, is Hermite polynomial of order m. We additionally assume that

0 <ma<1.
Under these conditions they derived

Theorem 3.4. If, in addition to the conditions stated before, we assume that

the rth derivative g\") is continuous and bounded on [0,1]. Let my = r, then as
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n — 00,

Ellg—dl2,] = Caln 'N27yme 4 (N27) 2 (1) 22(1 — 2727) / g (1) dt
" (325

where Cy is a positive and finite constant defined by

jilx—yl‘m (2) ¢(y) dz dy.

In this theorem, they have assumed that the mean regression function g is rth

02

times continuously differentiable. However, this result can be generalized. In
addition to last theorem, Li and Xiao (2007) showed, that if g™ is only piecewise

continuous, this result still holds, as given in the following:

Theorem 3.5. If, in addition to the conditions stated before, we suppose that g")
exists on [0, 1] except for at most a finite number of points, and, where it exists,
it is piecewise continuous and bounded. Furthermore, assume that supp(g™)
has positive Lebesque measure and my = r. In particular, g itself may be only
piecewise continuous. Also, assume that 23m+ma)Ip=2rma s o0 Then (8.25) still
holds.

Furthermore, this implies

Remark 9. For the Gaussian error special case, the Hermite rank ofG is1 (i.e.,
= 1). In this case, if the decomposztwn level J is chosen of size 5.5 logy n, then
the convergence rate of MISE isn <2T+a>, which is the same as those i Wang
(1996). Moreover, Hall and Hart (1990) gave a similar asymptotic expansion
for MISE, considering kernel estimator in fixed-design nonparametric regression

when error is Gaussian long memory process and trend is smooth.

No further justification for the specific choice of J and ¢ was given by Li and
Xiao (2007), as well as no optimality result is derived. We refer to Li and Xiao
(2007) for further discussion.

Beran and Feng (2002a) in contrast to Hall and Hart (1990) considered kernel
estimator in semiparametric fractional autoregressive models (SEMIFAR) and
derived corresponding results for this case. The class of SEMIFAR models
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includes Gaussian FFARIM A models, what allows us to formulate this results in
form that we using later in the empirical studies.
Before starting the result, we require following definitions. Let K(z) be a sym-

metric, nonnegative polynomial kernels with

K= { mome® [ (3.26)
0 |z| > 1.

where r € N U {0} and the coefficients a; fulfill f_ll K(x)dz =1 (see e.g. Gasser
and Miiller 1979). Suppose that we observe time series data of the form (1.2).
For a given bandwidth b > 0 and ¢ € [0, 1], the kernel estimate of g defined by

1 — t—t;
i=—9Y K ‘Y,
nb; ( b )

The following results originally derived by Beran and Feng (2002a)

Theorem 3.6. Let b, > 0 be a sequence of bandwidths with b, — 0 and nb,, — oo,
andY; a FARIM A process. Assume g be a twice differentiable, for all x,y € [0, 1]

sup max |¢¥(z)| < Oy < o0
z€(0,1) 7=0,1,2

and
19" () = ¢"(y)| < Co|z — y|?

where constants Cp,Cy < 00 and € (2,3]. Moreover, assume that at least one
j €{0,1}, g9 does not vanish in [A,1—A] and g% achieves an absolut mazimum

or minimum in [A,1 — A]. Then, we have

1. Mean integrated squared error in [A,1 — Al

[ sl-sor)a- i (] ) (] o)

+(nbn)2d—1v +o0 (max {bfw (nbn)zd—l})

where
V =2C;I'(1 — 2d) sin(nd) / / |z — y[** 'K (2) K (y) d dy.

2. The bandwidth that minimizes the asymptotic MISE is given by

bos = 5 [ﬁ ( /;A (9?)° dx) ( /_ 11 22K () dx) 2]

~1/(5—2d)
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Note that for » = 0 we obtain box-kernel and this result take following represen-
tation:
Theorem 3.7. Let K(z) = 31 {x € [-1,1]}. Define

2241(1 — 2d) sin(nd)
fld) = d(2d + 1)

Then, under the assumptions of theorem 3.6, we have

+(nb,)** ' CyB(d) + o (max {by, (nby,)**'}) .

1. Mean integrated squared error in [A,1 — Al

[ e {low —dwp} a=n (

A

2. The bandwidth that minimizes the asymptotic MISE is given by

1 1 1—-A ) —1/(5—2d)
— m53i (2)
bopt = [(1—2d>0f/3<d> (/A (s7) d)} '

Note that the K, defined in (3.26), is only a second order kernel. Similar results

can be obtained for kernel estimates with higher order kernels. This is obviously

beyond the scope of the present thesis.



Chapter 4

Asymptotically optimal wavelet

estimation of trend functions

In this chapter, we consider the hard thresholding wavelet trend estimation for
data of the form (1.2). In theorem 4.1 we establish rate optimality and this
result is only of limited practical use, since the estimator is not exactly defined.
In order to apply the result to observed data, optimal parameter choice needs
to be derived. This question is addressed in theorems 4.2 and 4.3 below. The
presentation in this chapter is fairly detailed whereas the main results correspond
to Beran and Shumeyko (2011a).

Specifically, this chapter is organized as follows. Basic definitions and notations
are introduced in section 4.1, the main results are given in section 4.2. The results
are illustrated by tables and figures, which achieved by a short simulation study,
in section 4.3. To verify the behavior of data adaptive wavelet estimation as
outlined below, we carried out a simulation study with different test functions
g and a Gaussian FARIMA(0,d,0) residual process. We also simultaneously
compared hard thresholding wavelet estimators with minimax soft thresholding
wavelet estimators and kernal estimators. Proofs are in appendix 4.4 will finalize

the chapter.

4.1 Notations

Throughout this chapter, we are making a following assumptions. Suppose that

we observe time series data of the form (1.2) with a Gaussian zero mean second

46
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order stationary process with long-range dependence. The long-range dependence
will be characterized by (1.1).

Let ¢(t) and 1 (t) be the father and mother wavelets respectively with compact
support [0, N] for some N € N and such that

$(0) = ¥(N) = 0. (4.1)

It then follows
N N N
dt = 2()dt = 2()dt = 1 4.2
/Oqs(t)t /ch(t)t /Owt)t , (4.2)

Note that, for the sake of generality, the support of ¢ and # is chosen to be [0, N|
instead of [0,1]. By this way, it is possible to choose from a larger variety of
wavelet generating functions satisfying (4.2) (see e.g. Daubechies 1992, Cohen et
al. 1993). my, € N will denote the number of vanishing moments of ) and v, is
myth moment, as it is defined by (3.22) and by (3.23) respectively.

For every trend function g € L*([0,1]), and every decomposition level J > 0,
smoothing parameter ¢ and threshold d;, we define the hard thresholding wavelet
estimator by (3.18).

4.2 Main results

In the context of long-memory errors, an explicit asymptotic expansion for the
MISE is given in the section 3.8.2 (see e.g. Li and Xiao 2007), under specific
assumptions on the decomposition level J and the smoothing parameter q. The
question how to choose J and ¢ optimally is not investigated. The following
theorem establishes the optimal convergence rate of the M ISFE when minimizing
with respect to J, ¢ and {d;}.

In following ¢ and v will either be assumed to be piecewise differentiable or they

satisfy a uniform Hélder condition with exponent 1/2 i.e.,
() = ¥(y)| < Cle —y['?, Yo,y € [0, N]. (4.3)

In chapter 3 (see e.g. Chap. 6 of Daubechies 1992) we provided some examples of
wavelets satisfying these conditions. Moreover, throughout the paper 27 = o(n) to
ensure that g includes resolution levels lower than the distance between successive

time points. This assumption is needed for consistency of g as considered below.
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Theorem 4.1. Suppose that g € C"[0,1], the support supp(¢™) = {t € [0,1] :
g (t) # 0} has positive Lebesgue measure, the process &; is Gaussian with covari-
ance structure (1.1), and 1 is such that m, = r. Then, minimizing the MISE
with respect to J, q and {d;} yields the optimal order

2ra

MISE,y, = O(n~2%a). (4.4)

Theorem 4.1 is of limited practical use, since only rate optimality is established.
The following theorem 4.2 shows that the rate obtained in Li and Xiao (2007)
can be achieved without thresholding by minimizing the MISE with respect to
J and ¢. In order to apply the result to observed data, optimal constants need
to be derived. This question is addressed in theorems 4.2 and 4.3 below. The

following constants will be needed:

cz=¢, [ [le=sl o) oty dr . (4.5)
=, [ [le=slvie) vty ey (46)

N o (r) 2
1 v (9" (1)) dt
* )y — 0 _°r —
C (Tv a, wa g ) - M+« 10g2 [ Cﬁ(rl)2 10g2 N7

Q * r
Anlg: Cy) = 5——logyn+C (r,a, 9, g™)

2
- a logy n 4 C*(r, a, v, g") (4.7)
2’]"‘ + a Y Y Y Y
where |z] denotes the largest integer less than or equal to z,
22rAn(ng¢) 2a(l—An(g,C¢)) 9 _2r
A1(7“,047¢) = ( 92r _ + 20 _ 1 ) (01,11) e
(r) et a)
Malriav,5) = (s [ o) )
= / trap(t) dt
2
¢ (r7a7¢7g ) QT—I—O[ ( 1)( ) 089 1V,
Q * r
An(gv C¢) = o +a 10g2 n + O (7”, «, ¢7g( ))
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(8} * r
92rAn(9,Cs)  9a(1-An(g,0y)) 2
As(r,a, ) = < Tt T ) (C2(2 — 1)) 7ia .

For the case where no thresholding is used, exact asymptotic expressions for the

MISE and an optimal solution can be given as follows.

Theorem 4.2. Under the assumptions of theorem 4.1 and thresholds
0;=0(0<j<q),
the following holds.

(i) If (2*=1)C3 > C7, then the asymptotic MISE is minimized by the smoothing

parameter

(6%
* 1 * (r) _J* 4.
¢ = |5 o n + € (rasng) | - (49)

with decomposition levels J* satisfying 27 = o <nﬁ> The optimal MISE
is of the form

MISE = Ay(r,, ) As(r, 0,0, ) - 07355 40 (n7355). (4.10)

Moreover, if A,(g,Cy) =0, then also

* a * r *
¢ = | g o+ i) | <

(and J* as before) minimizes the MISE.

(i1) If (2% — 1)03) < C’i, then minimizing the asymptotic MISE with respect to
J and q yields

* «Q * r
= \‘27,._*_05 10g2n+0 (’I“,O[,Qﬁ,g( ))J + 1 (411)
and
N27 -1
g9(t) = Z 8kPk(t), (4.12)
k=—N+1

with J = J*. The optimal MISFE is of the form

MISE = As(r,a, $) As(r, o, 9, g - n" i 40 (n_;#aa) (4.13)
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Moreover, if A,(g,Cy) =0, then also

* «Q * T
J = {2r+alog2n+0 (r,a,gb,g())J

minimizes the MISFE.

If higher resolution levels beyond those used in theorem 4.2 are included together
with thresholding, then the value of the MISE given in (4.10) and (4.13) respec-
tively can be attained even if g") does not exists everywhere and is only piecewise

continuous:

Theorem 4.3. Suppose that ¢ exists on [0, 1] except for at most a finite number
of points, and, where it exists, it is piecewise continuous and bounded. Further-
more, assume that supp(g™) has positive Lebesque measure, my = 1 and the

process &; is Gaussian and such that (1.1) holds. Then the following holds:

(i) If (2* = 1)C3 > C3, J is such that 27 = o <nﬁ>, q=|logyn| —J, ¢ is
defined by (4.9), and §; is such that for 0 < j < ¢*

5; =0 (4.14)

and for ¢* <3 <gq

4eC3N~*(Inn)?
na2(J+i)(l-a) 7’

274§ — 0, 2NN 00 57 > (4.15)

then equation (4.10) holds.

(i) If (2% = 1)C; < CF, J = J* with J* defined by (17), ¢ = [logyn] — J and
d; such that

4eCIN 1 (Inn)?
eI (1—a)

274967 — 0, 2V — 0o, 07 > (0<j<aq),
(4.16)

then equation (4.13) holds.

Remark 10. Li and Xiao (2007) derived an asymptotic expansion for the MISE
under the assumption that J,q — oo, 271162 — 0, 22rTHUHTNE2 — o0 and 62
are above a certain bound that depends on j, n, g, o and J. The question how
to choose J, q and d; optimally is not considered. Here a partial solution to the

optimality problem is given. Theorem 4.2 provides optimal values of ¢ and J, and
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a corresponding formula for the optimal MISE, for estimators with no thresholding
(i.e. 6; =0). This result is obtained for r—times continuously differentiable trend
functions. Thus, jumps and other irreqularities in g are excluded. In a second
step, we therefore ask the question whether the asymptotic formula for the optimal
MISE can be extended to more general functions. Theorem 4.3 shows that this is
indeed the case, in the sense that (essentially) g does not need to be differentiable
everywhere. This includes, for instance, the possibility of isolated jumps. Note
that, for a given n, ¢ = |logyn| —J is the highest available resolution. By adding
all available higher resolution levels combined with thresholding, the same formula
for the MISE applies as in theorem 4.2. The intuitive reason is that isolated
discontinuities are "infinitesimally local” and can therefore be characterized best
when the finest possible levels of resolution are included. At very high resolution,
however, nonzero thresholds are needed in order to distinguish deterministic jumps
from noise. For functions where theorem 4.2 applies, the optimal MISE in theorem
4.2 and the MISFE obtained in theorem 4.3 are the same.

Remark 11. The only quantity in (4.9) and (4.11) that depends on n is o(2r +
o) ‘log,n. The constants C*(r,a, 1, g") and C*(r, , ¢, g™) respectively pro-
vide data adaptive adjustments to optimize the multiplicative constant in the
MISE. They can be decomposed into several terms with different meanings. For

mstance,
Ci+C5+C5

C*(r,a,¢,9") = o

+C;
with )
Ci =tog, [ (3"(0)" d
0

reflecting the properties of g,

2

* Vr
CQ = IOgQ (F)
depending on the basis function v,
C5 = —log, [C3(2* — 1)]

characterized by the basis function ¢ and the asymptotic covariance structure (1.1)
Of gi; and
Cy = —logy, N

defined by the length of the support of ¥ and ¢. Note that, for N =1, C} = 0.
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Remark 12. The question in how far the MISE can be optimized further with
respect to freely adjustable thresholds is more difficult and subject to current re-
search. The same comment applies to the possibility of soft thresholding. It is
worth mentioning here, however, that for some classes of functions, §; = 0 is
indeed the best threshold. For instance, it can be shown that, if g € L*[0,1]
and C < g ()] < O2+%/2 (almost everywhere) for some finite constant C, then
0; = 0 is asymptotically optimal. This includes, for example, functions that can
be represented (or approximated in an appropriate sense) by piecewise rth order

polynomials.

Remark 13. The results in Li and Xiao (2007) are derived for residuals of
the form & = G(Z;) where Z; is a stationary Gaussian long-memory process
and the transformation G has Hermite rank mg. For simplicity of presentation,
the results given here are derived for Gaussian processes only. An extension to

& = G(Z;) would be possible along the same lines.

Remark 14. Asymptotic expressions for the MISE and formulas for optimal
bandwidth selection in kernel regression with long memory are given in Hall
and Hart (1990), Csérgo and Mielniczuk (1995) and Beran and Feng (2002a,c),
among others. Note, however, that there, g") has to be assumed to be continuous
instead of only piecewise continuous, and r > 2. In that sense, the applicabil-
ity of kernel estimators (and also of local polynomials) is more limited. This is

tllustrated in the simulation study in the next section.

Remark 15. In analogy to kernel estimation, the optimal rate of convergence of
wavelet estimates becomes faster the more derivatives of g exist. Howewver, the
optimal MISE can only be achieved, if the number of vanishing moments of the
mother wavelet 1 is equal to r. In other words, the choice of an appropriate
wavelet basis is essential. This is analogous to kernel estimation where a kernel
of the appropriate order should be used (see e.g. Gasser and Miiller (1984)).
Consider, for instance, the case where only the first derivative of g exists (and is
piecewise continuous), i.e. v = 1. Then, for the wavelets estimator, the optimal
order of the MISE is O(n_?%). In this case, we may use Haar wavelets (for which
my = 1). In contrast to the wavelet estimator, the usual asymptotic expansion
for the MISE of kernel estimators does not hold in this case. On the other hand,
if g is twice continuously differentiable, then the optimal rate achieved by kernel

estimators is at least O(n_ﬁ%&). If Haar wavelets are used, in spite of r being
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equal to 2, then the optimal rate of the wavelet estimator cannot be better than
O(n_%) and is thus slower than the rate achieved by kernel estimators. In order
to match the rate of kernel estimators, a wavelet basis with m, = 2 vanishing

moments has to be used.

Remark 16. The optimal rate of convergence of the MISE is the same as the
minimaz rate obtained by Wang (1996) and Johnstone and Silverman (1997).
However, for a given function, the multiplicative constant in the asymptotic ex-
pression of the MISE is essential. This is achieved here by data adaptive choice
of ¢ and J. The simulations in the next section illustrate that the data adaptive
method tends to outperform the minimax solution, provided that the assumptions

of theorem 4.2 or 4.3 hold.

Remark 17. The best smoothing parameter and decomposition level depend on
the unknown parameters o, C, and the unknown rth deriwative of g. Based on
theorems 4.2 and 4.3, an iterative data adaptive algorithm along the line of Beran
and Feng (2002b) can be designed. FEssentially, the iteration consists of a step
where g is estimated (using the best estimates of relevant parameters available at
that stage), and a step where a, C., and other quantities in the asymptotic MISE
formula are estimated. For the estimation of C, and o, see for instance, Yajima
(1985), Fox and Taqqu (1986), Dahlhaus (1989), Giraitis and Surgailis (1990),
Beran (1994, 1995), Beran et al. (1998), Abry and Veitch (1998). A detailed
iterative algorithm is currently being developed and will be presented elsewhere.
An obvious choice for estimating « is to use an appropriate wavelet based method
such as described in Bardet et al. (2000). Note that, while the idea of the iteration
is simple, a concrete implementation is far from trivial (see Beran and Feng
(2002b)). In particular, in the presence of long-range dependence, small changes
i the smoothing parameters can lead to considerable changes in the estimate of

the long-memory parameter o and vice versa.

4.3 Simulations

To study the potential benefits of data adaptive wavelet estimation as outlined
above, a simulation study was carried out with four different test functions g
(figure 4.1) and a Gaussian FARIMA(0,d,0) residual process &. Note that

a =1 —2d. The test functions are:
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e Sine function: g;(t) = 10sin(4nt)
e Jumpsine function: gs(t) = 10sin(4nt) + A-I{2 <t < I}, (A >0)
e Sharp function: g3(t) = 10 [exp (¢t {t < 0.5} + (1 —¢)I{t > 0.5}) — 1]
e Doppler function: gs(t) = 10[t(1 — ¢)]"*sin [27(1 + 0.05) /(¢ + 0.05)]
The following methods are compared:

o Wavelet estimator with hard thresholding, and ¢, J as in theorem 4.3 and

2 _ 4eCIN~*(Inn)?

j U (@ <i=q)

Note that for the first three functions, theorem 4.3(ii) applies whereas for
the Doppler function, derivatives are not bounded. Nevertheless we carried
out the simulations using a modified version of C* (see the remarks at the

end of this section).

o Wavelet estimator with soft thresholding defined by
sign(de) (|dje] — M) I{|djx| > A}

and minimax thresholds

)\j = O'j(2 IOg n)1/2,

as given in remark 8 ( see e.g. Johnstone and Silverman 1997).

e Kernel estimator with rectangular kernel K(z) = $I{z € [-1,1]} and
asymptotically optimal bandwidth

bopt — Ooptn(Zd—l)/(5—2d)

where
oo (9(1 — Qd)ﬁ(d)cf)l/(52d)
" 1(g") :
_ 2240(1 — 2d) sin(wd)
o= d(2d+1) ;

as given in theorem 3.7 (see e.g. Hall and Hart 1990, Beran and Feng
2002a).
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Sine: Figure 4.2 shows reasonably good agreement between the simulated and
theoretical MISE of the adaptive wavelet estimator with basis "d4”. Here ”7d4”,
”d6”, ...denote Daubechies’” wavelets with 2,3,... vanishing moments respec-
tively (see Daubechies (1992)). Table 4.1 illustrates the effect of using different
basis functions, for the case d = 0.2. Irrespective of the wavelet basis (7d4”,
7d6”, 7d8” and ”d10” respectively), the agreement between the simulated MISE
and the theoretic formula is very good already for n = 256. However, since g
is infinitely continuously differentiable, the MISE can be reduced by using very
smooth basis functions. This explains why the performance of ”d4” is consider-
ably worse compared to "d6”, ”d8” and "d10”. Table 4.2 shows that, as expected,
the mean squared error increases with increasing long memory (also see figure
4.2). A comparison between minimax wavelet thresholding, the data adaptive
wavelet estimator and kernel smoothing is given in figures 4.3 and 4.4. Since the
sine function is well behaved, optimal kernel estimation is expected to perform
well. The kernel estimator does indeed outperform the minimax procedure. In
contrast, the MISE of the data adaptive wavelet method is comparable to optimal
kernel estimation. A typical sample path and the corresponding estimated trend
functions are plotted in figure 4.5. The minimax rule leads to a rather erratic
function near local minima and maxima, whereas this is not the case for the other
two methods.

Jumpsine: The simulated and asymptotic MISE for the Jumpsine function are
compared in table 4.3 for d = 0.2 and jump sizes A = 0.1,0.5,1,10,20 and
50. The agreement between the asymptotic and simulated MISE is reasonably
good, in particular for small and very large values of A. Figure 4.6a shows a
typical sample path with d = 0.3 and fits obtained by the three methods. Figure
4.6b shows that, as expected from theorem 4.3(ii), almost all nonzero coefficients
belong to the father wavelet. The mother wavelet functions are useful to model
the two jumps. Due to thresholding almost all coefficients are eliminated except
those near ¢t = 5/8 and 7/8 respectively. Similar results were obtained for other
values of d. In comparison, the data adaptive wavelet method shows the best
performance (figures 4.7 and 4.8) though the difference between the two wavelet
methods is smaller under strong long memory. As expected, kernel estimation
cannot compete with the wavelet approach.

Sharp: Quite in contrast to the Jumpsine function, for the Sharp function, the

performance of the kernel estimator is comparable to the data adaptive wavelet
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method (figures 4.9 and 4.10), at least when the criterion is the MISE. With
respect to the visual fit, as exemplified by figure 4.11, the kernel method leads to
oversmoothing of the edge in the middle.

Doppler: For the Doppler function, theorem 4.3 is not applicable and J* in
equation (4.11) is not well defined. Nevertheless it is interesting to see how well
hard thresholding may work with a slight modification of (4.11). Specifically,

consider

Tx «a Yk T
J = {2r+alog2n+0 (T’aad}agbvg( ))J +1

where

v (g0 (1)’

C220 — 1)(r))

C(*(’I"70[71/J’¢,g(r)) = 10g2

2r + «

dt
5 — log, N.

Note that the only change compared to C* consists of bounding the integration
limits away from 0 and 1. For moderate long memory with d = 0.2 the data
adaptive wavelet estimator still turns out to be best (figure 4.12). For strong
long memory with d = 0.4, the minimax approach appears to be slightly better
for very long series (figure 4.13). The relatively good performance of the minimax
approach is expected, because, in contrast to the data adaptive estimator, the
coarser levels of resolution are not favored a priori. This way, it is easier to catch
the increasingly fast oscillations towards the left of the time scale. As expected

the kernel method does not work well. A typical example is shown in figure 4.14.
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Figure 4.1: Trend functions used in the simulations: Sine, Jumpsine, Sharp and Doppler.
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Table 4.1: Logarihms (to the base 2) of simulated values of the mean integrated squared error,
logy M IS E;, as a function of n and the wavelet bases ”d4”, ”d6”, ”d8” and ”d10” respectively.
For comparison, logy M 1S E;peor obtained from the asymptotic formulas in theorem 4.3 is also

given. The results are based on 400 simulations of a FARIM A(0,0.2,0) model with trend

function g (t) = 10sin(4nt).

MISE  Trend: Sine Noise: FARIM A(0,0.2,0)
n Simulation ”d4” | Theor "d4” | Simulation "d6” | Theor "d6”
128 0.516420047 0.408553554 0.251744659 0.332459614
256 0.263441364 0.294451230 0.214928924 0.222321976
512 0.217604044 0.219171771 0.112951872 0.149658234
1024 0.150284851 0.150545678 |  0.110547951 | 0.101718042
2048 0.109213215 | 0.100879757 |  0.079795806 | 0.070089311
4096 0.061483507 0.068112469 0.049441935 0.049222131
8192 0.050871673 0.046494121 0.030814609 0.035454926
16384 0.040330363 0.032231330 0.020141994 0.026371959
MISE  Trend: Sine Noise: FARIM A(0,0.2,0)

n Simulation ”d8” | Theor "d8” | Simulation "d10” | Theor ”d10”
128 0.251744659 | 0.290131091 0.348379471 0.251989178
256 0.214928924 | 0.193352318 0.20541786 0.174618829
512 0.112951872 | 0.129502140 0.158692616 0.123573436
1024 0.110547951 0.087376732 0.074319167 0.089896035
2048 0.079795806 0.059584328 0.061712354 0.065326166
4096 0.049441935 0.041248179 0.030175723 0.043107368
8192 0.030814609 0.029150833 0.027662929 0.028448428
16384 0.020141994 0.021169561 0.020361623 0.018777135
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Table 4.2: Simulated values of the MISE for different sample sizes and values of d. The results

are based on 400 simulations of model (1.2) with FARIM A(0,d,0) residuals, the sine trend

function g; and the wavelet estimator based on theorem 4.3 with wavelet basis ”7d4”.

MISE  Trend: Sine

Noise: FARIM A(0,d,0)

Basis: 7d4”

n

d=0.1

d=0.2

d=0.3

d=0.4

128

0.284521469

0.516420047

0.661787865

1.104194018

256

0.210694474

0.263441364

0.537558642

1.42979724

012

0.110584545

0.217604044

0.403889173

0.927229839

1024

0.078905169

0.150284851

0.29832426

0.717419015

2048

0.041133887

0.109213215

0.228981208

0.64283222

4096

0.037871696

0.061483507

0.165045782

0.818104781

8192

0.021438157

0.050871673

0.1444763

0.505236717

16384

0.012234701

0.040330363

0.11107171

0.351823994

Table 4.3: MISE,;,,/MISEco, for the Jumpsine function and FARIM A(0,0.2,0) residu-

als, in dependence of the jump size A. The results are based on 400 simulations and a thresh-

olding estimate according to theorem 4.3, with wavelet basis ”d4”.

M]SEsim/M]SEtheor

Noise: FARIMA(0,0.2,0)

Trend: Jumpsine

Basis: 7d4”

A

n=2048

n=4096

n=38192

0.1

1.02984365

1.000066053

0.996328962

0.5

1.044736472

1.007194657

1.004583086

1

1.10352021

1.120497921

1.096100157

10

1.635074083

1.690840646

1.563330038

20

1.301618649

1.234763386

1.207770083

50

1.222581848

1.21888936

1.115174282
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Figure 4.2: Simulated values of the mean integrated squared error, MISE;,,, for different
values of the fractional parameter d, plotted against the sample size (n = 27,28 ... 2!3) on
log-log-scale (log to the base 2). The results are based on 400 simulations of model (1.2) with
the Sine trend function and FARIM A(0, d, 0) residuals with d = 0.1,0.2,0.3,0.4. The estimates

are based on theorem 4.3 and wavelet basis ”d4”.
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Figure 4.3: Simulated values of log, M ISE;,, plotted against logn (n = 27,28,...,213), for
trend estimates obtained by kernel smoothing, minimax soft threshold wavelet estimation and
data adaptive hard threshold wavelet estimation obtained from theorem 4.3 (both with basis
”d4”). The results are based on 400 simulations of model (1.2) with the Sine trend function

and FARIM A(0,0.2,0) residuals.
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Figure 4.4: Simulated values of logy, M ISEy;,, plotted against logn (n = 27,28,...,213), for
trend estimates obtained by kernel smoothing, minimax soft threshold wavelet estimation and
data adaptive hard threshold wavelet estimation obtained from theorem 4.3 (both with basis
”d4”). The results are based on 400 simulations of model (1.2) with the Sine trend function

and FARIM A(0,0.4,0) residuals.
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Figure 4.5: Simulated data with sine function plus FARIM A(0,0.3,0) process, and trend
estimates obtained by optimal kernel smoothing, minimax soft thresholding wavelet estimation

and data adaptive hard threshold wavelet estimation according to theorem 4.3 (both with basis

7?d477).
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Figure 4.6: Simulated data (figure 4.6a) with Jumpsine function plus FARIM A(0,0.3,0)
process, and trend estimates obtained by kernel smoothing, minimax soft threshold wavelet
estimation and data adaptive hard threshold wavelet estimation obtained from theorem 4.3

(both with basis ”d4”). Figure 4.6b shows the coefficients of the data adaptive wavelet estimate.
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Figure 4.7: Simulated values of logy MISE,;,, plotted against logn (n = 27,28 ...,213),
for trend estimates obtained by kernel smoothing, minimax soft threshold wavelet estimation
and data adaptive hard threshold wavelet estimation obtained from theorem 4.3 (both with
basis ”d4”). The results are based on 400 simulations of model (1.2) with the Jumpsine trend

function and FARIM A(0,0.2,0) residuals.
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Figure 4.8: Simulated values of logy MISFEj;,, plotted against logn (n = 27,28 ... 213)
for trend estimates obtained by kernel smoothing, minimax soft threshold wavelet estimation
and data adaptive hard threshold wavelet estimation obtained from theorem 4.3 (both with
basis ”d4”). The results are based on 400 simulations of model (1.2) with the Jumpsine trend

function and FARIM A(0,0.4,0) residuals.
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Figure 4.9: Simulated values of logy MISFEy;,, plotted against logn (n = 27,28,...,213), for
trend estimates obtained by kernel smoothing, minimax soft threshold wavelet estimation and
data adaptive hard threshold wavelet estimation obtained from theorem 4.3 (both with basis
”d4”). The results are based on 400 simulations of model (1.2) with the Sharp trend function
and FARIMA(0,0.2,0) residuals.
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Figure 4.10: Simulated values of logy M IS E,;,, plotted against logn (n = 27,28 ... 213), for
trend estimates obtained by kernel smoothing, minimax soft threshold wavelet estimation and
data adaptive hard threshold wavelet estimation obtained from theorem 4.3 (both with basis
”d4”). The results are based on 400 simulations of model (1.2) with the Sharp trend function
and FARIMA(0,0.4,0) residuals.
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Figure 4.11: Simulated data with Sharp function plus FARIM A(0,0.3,0) process, and trend
estimates obtained by kernel smoothing, minimax soft threshold wavelet estimation and data

adaptive hard threshold wavelet estimation obtained from theorem 4.3 (both with basis ”d4”).
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Figure 4.12: Simulated values of logy M IS E,;,, plotted against logn (n = 27,28 ..., 213) for
trend estimates obtained by kernel smoothing, minimax soft threshold wavelet estimation and
data adaptive hard threshold wavelet estimation with J = J* and thresholds §; as in theorem
4.3 (ii) (both with basis ?d4”). The results are based on 400 simulations of model (1.2) with
the Doppler trend function and FARIM A(0,0.2,0) residuals.

Doppler

log(MISEs)/log(2)

—— Wavelet Hard
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Figure 4.13: Simulated values of log, M IS E,;,, plotted against logn (n = 27,28 ..., 213) for
trend estimates obtained by kernel smoothing, minimax soft threshold wavelet estimation and
data adaptive hard threshold wavelet estimation with J = J* and thresholds §; as in theorem
4.3 (ii) (both with basis ?d4”). The results are based on 400 simulations of model (1.2) with
the Doppler trend function and FARIM A(0,0.4,0) residuals.
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Figure 4.14: Simulated data with the Doppler function plus FARIM A(0,0.3,0) process, and
trend estimates obtained by kernel smoothing, minimax soft threshold wavelet estimation and

data adaptive hard threshold wavelet estimation with J = J* and thresholds d; as in theorem

4.3 (ii) (both with basis ”d4”).
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4.4 Appendix: Proofs

In the proofs of theorem 4.1, 4.2 and 4.3, ¢ and 1 will be assumed to be piecewise
differentiable. Analogous results (apart from some expressions in the remainder
terms) can be obtained even if ¢’ and ¢’ do not exist anywhere, provided that
both functions, ¢ and v, satisfy a uniform Hélder condition with exponent 1/2
(see (4.3)). The proofs are analogous, with the difference that instead of the

rectangle rule (4.19) the mean value theorem is applied.

Proof. (of theorem 4.1) Let

MISE =FE /(g(t) —g(t))*at (4.17)

denote the mean integrated square error. Combining (4.17) with (3.6) and (3.18),

we have
L[ wn27a
MISE = FE / Z (875 — Sk) i (t)
0 |k=—N+1
qg N2/+i—q oo N2/+iq 2
+ Z Z <djk — djk [(|d]k| > 5 ) @Zijk Z Z d]ki/ijk dt
j=0 k=—N+1 J=q+1 k=—N+1

Orthonormality of the basis in L*(R) implies

N2J -1 q N2/+i-1 9
MISE=E{ S Bu—sul’y +E{S. Y [ [(\dj| > ;) — d}
k=—N+1 Jj=0 k=—N+1
oo N2J+i-1 N2J -1 N27 -1
+ Z Z d?k: Z [E(§Jk>_5Jk]2+ Z E{[ng—E((‘ng)]Q}
j=q+1 k=—N+1 k=—N+1 k=—N+1
q N2/+i—-1 A . A
+> ) {E [(djk — dj)* (| dji| > 53')} +E [d§k1(|djk| < 5;‘)]}
j=0 k=—N+1

oo N2J/+iq

+ 3 ) =M+ A+ As+As (4.18)

j=q+1 k=—N+1

The proof then follows from lemmas 4.1 to 4.6 given below. [
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Lemma 4.1. Suppose that the first derivatives of g and ¢ exist except for a
finite number of points. Moreover, assume that g and ¢' (where they exist) are

piecewise continuous and bounded. Then

N2J -1

A1 = Z [E(ng) — SJk]2 = O(TL—222J).

k=—N+1

Proof. For the expected value we have

1 — N1/297/2 ™ : .
E(sy)=E <ﬁ ;}/i(ka(ti)) = Zlg (%) 0 (NQJ% — k>

"1 (i i
= NY2272N " —g( = N2/ — — k).
; 7\ n ¢ n
Assume first that g and ¢ are continuously differentiable and recall the rectangle

/abf(t)dt: b;agf(aﬂ@)

+0 (2_3 sup /()] - ;2“>2) (419)

o teli

rule

with I; = [a + iM, a+ (i + 1)M] Noting that the support of ¢ (N2Jt — k)

(as a function of t)is [kN"1277 (kN~1 +1)277], we obtain

1 l l
E(3) = NY/29J/2 e gt
(SJk) N=2 Z ng n qb N2TL k s
=11 (k)
with
i1 (k) = nkN—1277
and
is(k) =n (EN~"4+1)277.

Thus, the number of nonzero terms in the sum is n2~7/ + 1. This together with
the rectangle rule for f(i/n) = g(i/n)¢ (N2’7i/n —k) (and integration limits
a=0,b=1) implies

1
E(3) = N1/22J/2/ g()(N2/t — k) dt + O(n™'27/%) = s + O(n™12772).
0

Note that here, the factor 27 from the derivative of ¢ (N2t — k) is compensated

by the fact that the number of nonzero terms in the sum is proportional to 2.



CHAPTER 4. DATA ADAPTIVE WAVELET TREND ESTIMATION 69

Assume now more generally that ¢’ and ¢’ exist except for a finite number of
points, and, where they exist, they are piecewise continuous and bounded. The
result then follows by using the rectangle rule piecewise.

In sumimary, we have
E(gjk) — SJr = O(n_12‘]/2).

This implies

N27 -1 N2T 1
A = Z (£ (35%) — SJk:]2 =0 Z n=297 | = O(n —222J)
k=—N+1 i
which concludes the proof. .

Lemma 4.2. Suppose that the first derivative of ¢ exists on [0, N| except for
a finite number of points, and, where ¢ exists, it is piecewise continuous and
bounded. Let J >0 and —N +1 <k < N2/ —1. Then

E{[s— E ()"} = C3N"Topme27 7079 L O(n™)

and
N27 -1

Ay = Z b {[§ch —-E (§Jk;)]2} = C';n_O‘NO‘20‘J+O(n—12J)+O (n—QQ—J(l—a)) 7
k=—N+1

where Cy is the constant in (4.5).

Proof. Assume first that ¢ is continuously differentiable. Note that Cy is a pos-
itive finite constant (see Li and Xiao (2007)). Now, we consider the behavior of
E{[éJk — E(51)] } We have

3

3I*—‘

=1

N1/22J/2 n JZ' 2
—E <—n ZIW <N2 - —k))

e

=Nn?2' Y N CE(G&)0 (NZJ% — k) ) (NQJ% — k)

=1 [=1

(1+kN~Hn2=7 (1+kN—1)n2—7

=Nn72' > dooAll-i)e <N2J% — k:) b (N2J% — k:)

i=nkN—-12—J |=nkN—-12-J
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(1+kN—Nn2—7

o —20J _ Ji_ Ji_
= Nn~22 o z)¢(N2n k>q§<N2n k)

i,l=nkN—12—7

i#l
(1+EN—1n2—J .
i
+Nn279(0) Y ¢ (NzJ— — k;) .
i=nkN—-12-J n
Equation (4.19) implies
(1+kN-1n2-7 .
i
Nn=22/y0) > ¢ (NQJ— - k)
i=nkN-12-7 "
N (1+kN—1n2—J .
= n"14(0) Yo (NzJi - k;)
—J
n2 i=nkN-12-J "

=n"'v(0) /0 ¢*(t) dt +o(n™").

Due to (4.2), this is equal to

Hence
E{3 —FE G’} =

(1+kN—Yn2—7 . I
Nn—297 g Jv gt -1y
n=22 DDEET( z)¢<N2n B)o( N2/~ —k)+0(n™)
il=nkN—12-7
i#l
Using again formula (1.1), we obtain, by analogous arguments as e.g. in Taqqu
(1975),
E{[5 — E (3%}
(1+kN~1)n2=7

—206J _ il Ji_ Ji_
C,Nn~22 > =il gb(NQn k:)gb(NQn k;)

i,l=nkN—12-7

il

(1+kN—1)n2—7 ;
=C Nl N g (NQJE - k>
i=nkN—12—J
(14+kN—Yn2—7 p—
N2/ l l
D D IR T (NQJ— . k> .
n n n n

l=nkN—12-7J
1#i
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The function f(z) = |z — (N2/L —k)|™" ¢ (2) is differentiable on [0, N2/=1 —
k| U[N2/ 2L — k, N | for all ﬁxed i and n. Therefore the rectangle rule implies
DS

—a ]
o (NQJ— — k)
l=nkN—12—J "
l#i

l ' o l
(NzJ— - k:) . <N2=’i . k:) ¢ (sz— - k)
n n n
(1+kN—1Hn2—7 I i - l
Jb Jv JZ
—7 . ‘ <N2 k) (NQ - k:) ¢ <N2 k;)

l=i+1
T — (NzJi - k) ¢ (x) dx
n

/NQ‘”I—I@
n
0
—Q

N .
+/ T — (NQJi—k‘) ¢ (x) de + Ky, + Koy,
NoJ ikl g n
where

N 2 1—2 d
wo-of(@) 8l (-
—19—J €h(k

I=nkN
with I;(k) = [N271/n — k, N27(1 + 1)/n — k] and

i l‘_
d:c

i (- (i) o)
e 8 (i) (122)

N (14+EN—yn2-7

N2Ji — N2Ji
' mn

i—1

N
~ o Z

l=nkN—12-7J

o (14+kN~-1n2-7 -1

N
Ky, =0 <n2J> Z sup

I=i+1 z€l(k

Now

(NzJi _ k
n

N 2 i—2
sup
‘ <n2_J> Z _y z€l(k)

l=nkN~—

< aN? max ¢ (x) -

z€(0,1]
l=nkN
= i I+1 o
+N? max ¢ (x) - [n722% Y (<N2J - k) — (NZJ — - k>)
z€[0,1] I—nhN—19-7 n n

i—1l—nkN—12-7
< Oln (1- a)2J(1 Q) Z j—l—a

j=1
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i—1-nkN—1277
_i_Can(Qfa)zJ(Qfa) Z jfa

j=1
00 n2=7

< Cln—(l—a)2J(1—o¢) Zj—l—a + CQn—(Q—oc)2J(2—o<) Z je
=1 =1

< Cln—(l—a)QJ(l—a) Zj—l—a + C';n_12‘].
j=1

Thus
K, = O(n_(l_“)Q‘](l_a)).

By analogous arguments we obtain
Ky = O(n~ 17227079,

This implies
E{[s — E ()%}

(1+kN-1)n2-7

o, —l—aoo Z
= C,Nop~tme2 Y gb(NQJE—k)-

i=nkN—12—J
/N2=“'—1—k
n
0

—Q

¢ (z) dz

T — (NQ‘]i — k:)
n

- (N2J3 - k:)
n

N
+
NoJ L p
n

¢ (x) de+ O(n_(l_o‘)Q‘](l_o‘))> +0(n™h)

(1+kN—1n2—7 ; NoJi=l_ ; —a
= O, Nop 107 N2/~ — / ! —(N27Z —k d
L N°n i:nk%;r] ) < - i T - ¢ (x) dx
(14+kN—Hn2-7 ; N i —a
+C N~ o2 N g (sz— - k) / N (sz— - k) ¢ (x) dz
i=nkN—12-7 " N2J 5~k "

+0(n ™Y = A + A, +0(n ™).
Using again (4.19), we obtain by analogous arguments as before
N y—N27 %

A= N ey 0 [ [y o) o) dady + O )
0 0
and

N N
Ay = N ezl [ [ ey o) ofy) dedy + O™,

J1
0 y+nN2 P
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Noting that

~N2J L z€[0,N]

y+N27 L N2Ip—1
/ |z —yI™* ¢ (2) $(y) dv < 2 max (¢* (x))-/ 2~ dy = O(n~(1-)g7(-a)
Y 0

we obtain

y+N27 L
/ / 2 — 5™ 6 () Bly) da dy = O(n~ (=270,
Y

N2J L1
n

and
N N

E{[3 — E(3))} = C, N Top=277 //|x Y|~ ¢(z) d(y) dz dy+O(n~)
00

— CriN—l-l—an—aQ—J(l—a) + O(?’L_l),

where Cy is the constant in (4.5). Hence

N27—1 N2J -1
M= Y E{n—-EGw)’}= Y (C3N o 27/079 4 0(n™))
k=—N+1 k=—N+1

= C’;n_O‘NO‘Q‘” +0(n 127y +0 (n‘“?“](l_a)) :
In the general case where ¢’ exists except for a finite number of points, and, where

it exists, it is piecewise continuous and bounded, the result follows by applying

the rectangle rule piecewise. O]

Lemma 4.3. Suppose that the first derivative of ¢ exists on [0, N| except for
a finite number of points, and, where 1’ exists, it is piecewise continuous and
bounded. Let J >0, j >0 and —N + 1<k < N2/% —1. Then

2 p { [d— B(dy)] 2}

_ CiN—1+an—a2—(J+j)(1—a) + O(n—l)7
where Cy, is the constant in (4.6).

Proof. Noting that

E{[djk—E(cfjk)r}ZE e R if’ ( QM k)r

the proof is analogous to the proof of lemma 4.2, with the difference that
instead of ¢ is used and J is substituted by J + j. [
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Lemma 4.4. Suppose that the first r derivatives of g exist and are continuous
on [0,1]. Then, for all j >0 and 0 < k < N2/+ — 1,

= 1 O N U o (30 (4an)

where v, is the rth moment of 1 (see (3.23)). Together with the assumptions of
lemma 4.3 this yields

A

E(dj,) — djj, = O(n~'2VH)/2),
Proof. Note that
dj, = NY2U+0)/2 / 1 g () V(N2 — k) dt
0
(14+kN—1)2=(T+7)

= NY2UT+)/2 / g (N7 27D [N27Ht — |+ k]) (N2t —k) dt
kN—12—(J+3)

N
:N_1/22—(J+j)/2/ g(N7127 ) (y 4 k) (y) dy.
0

Since g is r-times continuously differentiable, the local Taylor expansion (see e.g.
Zorich (2004), pp. 225-226) of g yields

dj = N~ 1/29=(J+35)/ / U(y) [g(kN~ log— (J+J)) + N lg=(U+)) (k’N lg— (J+J))y
N-79-7(J+5)
N Tg(r)(k]\f_12_(‘]+] )y ] dy + o ( (J+J)>

The moment conditions (3.22) and (3.23) then imply

1 , r . N
djp = 5 gD (kN2 U N o= Fe () / Y (y) dy + o ( (J+J)>
- 0

= D g (Nl U N U (2*2?1(”]‘)).
T.
For E(d;;) we have
. 1 <
E(dj) = - > E[Yihj(t:)]
=1

gy (D) (w2l ).
— n n
Using again the same arguments as in lemma 4.1 for E(§,;), we obtain

E(dj) = dji + O(n~1207+)/2),
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Lemma 4.5. Under the assumptions of lemma 4.4,

1

1 1 —4Tra)—ar T 2 —ZT

M=o 2 <J+q>/yz (gD(0)? dt + 0 (272U,
0

Proof. Using (4.18) we have

oo N2J/+i-1

M=) > dy

j=q¢+1 k=—N+1
oo N2/ti-1

Z Z [r () (kN~L2~(T+D) N—(2r+l)2—(2r+l)(J+j)+O(2—(2r+1)(J-H')).
j=q+1k=—N+1 '

Note that continuity of ¢(") implies convergence of the Riemann sum. Hence, A4

is equal to
1
2r2—27‘ J+7) /VE (g(r)(t))Q dt + 0<1) +o (2—27’(J+q))
J=q+1 0
_ L 1 N—2ro=2r(J+q) /1 2 (g(r) (t))2 dt + o (2,2%]”)).
(rh222r —1 "
0

Lemma 4.6. Let

o 1 V2 2
5 — 1 prrs 1 S S () (¢ —J+1, (421
§ = logyn¥sa + o ——log, ((H)QC{iNz’“*“ max 9" (t)] ) +1, (4.21)

and

N = B | (die = d) (1] > 5)| + B a1 (1dul < 9)]

Then under the assumptions of lemma 4.3 and 4.4 the following holds: If ¢ > ¢,
then for all j with ¢ < j <

I +2+a logyn —J,

r%in Ajp = d 4+ O (20742~ (a/2))
j

Proof. Defining Sy = 2-@rte)CZ N-1rep-e=(JH)(=e) and taking into account
lemma 4.3 we have Sy ; = 2*(2”0‘)0?-50_1 =1+ ; with |r; ;| <r = o(1) for all
J > 4. Moreover, lemma 4.4 implies

2

— v, r —1lo—(J+j 2 5—(2r+a)(J+j— a
Sage = d5,5, " = W [0 (kN 12~ ()] * g @rie)ti-Dpa 4y,
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1/2 2 .
o () a —(2r+a)(J+j-1)
< Gipcznma iy 07 O) 1 ma {2 b

with 75 = o(1) independent of j and k. Using (4.21) we obtain

S2,jk S 27(2T+a) + 79 S 1+ T = SLJ'

for j > ¢ and n large enough, which implies

o; > 2rte? max |d k|- (4.22)
The mean squared error Aj, can be written as
Ajp =E [(djk — ) 1(|dji| > 53')} +E [dﬁfﬂdjﬂ < 5j)]

t—E(d;;))2

1 / y iy (- B(d;5))? , 1 L
= (t —dj)’e 7 dt + &%, ——— e T dt

V2o Jit|>s; ’ "y 2105 Jyti<s;
= A + A,.

We approximate A; and A, separately. Taylor expansion of A; with respect to

~

E(d;i,) in the neighborhood of d;j, yields
— i (t=E(dj1))?

1 .
A1 = / (t — d‘k)2€ 27j
V2ma; Jit>s; !

— oz (t=djk)?

1
= t—di)%e %
V2moj A>5j( g

+E(Czjk) — 4 / (t = dp)’ -~z
— s P ~ 7 e 9%
V2no; > i

g
. 2
[E(djk) —dj } / ((t —dp)t (t- djk)2> Tz’
_ e %
[t]>0;

J
4
O'j o

+0

gj
If d;i # 0, then lemmas 4.3 and 4.4 imply

B(dy) - dy [l e,
[t]>6;

0j
(t - %>36_é(t_?f>2 dt

=0 [E(Czjk) —d; ] /
[t1>6;/0
O (200 +)/2p=(Fe/2)) - (4.23)

-0 (n—a/22—(J+j)(1_O‘)/2 . n_12(‘]+j)/2) =
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If dj, = 0, then

E(dy) — d; t—djp)? g (t=du)?

( ]O)-' ]k/ ( 0-2.7k) e 20]2. k dt — 0
J |t‘>(5j J
and )
[E<djk> —4 ] / ((t —dp)t (- djk)Q) b

g AN o]

. 2 da\ 2 da N2\ (i 2
:[E(dj)_dj}/ (—ﬂ> —(—ﬁ) eQ(t "f) dt
[t[>0;/0; 9j gj

=0 (n7227%). (4.24)
The condition j + J < 4T2++2‘ia log,n implies that n=227+ = o(25+)p~0+%)) g0
that
1 — ooz (t=dji)? ,
Ay = / (t —dp)%e > dt + O (20V+D/2p=(Fe/2) = (4.95)
V2o s ! ( )
By analogous arguments, we have for d;; # 0,
1 _ (=B(d))?
A2:d2.—/ e I dt
" Vora; Juss,
) 1 _(t—2dj2k)2 d_?k [E(djk> —_ djk‘:| (t N djk) _(t—2dj2k)2
= djk / e % dt+0O / —— ¢ 7 dt
V2mo; Jit<s; aj t<s; 9
with R
i, [E(djk) - djk] / (t —dji) —(t;ffz_‘“)z p
2z ¢ 7 d
0j |t|<8; o5
2 N E(d) — d. ] i\
] e,
0—] |t‘<6J/O'J 0-.7
= O (2 CrINU) 192 290 ) (1-e)/2)
=0 (n—(l—a/2)2—(2T+0t/2)(=]+j)) ) (4.26)

For dj;, = 0, we have

_ (t=B(dj)?

1 :
A:dz—/ e 7 dt=0.
T e Juss,
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In summary we derived the approximation,

)\jk - Al + A2
2 a1, 4k 1,4k
o’ / ( J’“) A 51) dt+c12,c ) g
V21 Jit1>6;)o; 0 V2 Jit<s; /a]
+0 (2a J+3)/2 n7(1+a/2)) +0 ( (1— a/2)27(2r+a/2)((]+j)) (427)

with uniformly bounded error terms (see (4.23), (4.24) and (4.26)). It is then

sufficient to show that for all k£ and for all j with ¢ < j < 4r2j2fm logon — J we
have
N2
n};n Ajk = djy,
where

2 _l(t_ﬂ)Q
ik 2 o
k—a —/ ( ] ) e i/ dt
A V21 S5, /0, 0j
2

9 _l t_ﬂ) )
+d2, / e\ ar (4.28
T2 Ji<sys,

In the following we distinguish two cases: d; < o, and d; > o;.
At first let 6; < 0. Recall that o; > 2"+%/2d;; for all k (see (4.22)). Then

%) 2 e_%(t_%f dt

e / (
27 J |25, /0; T

(t — ) e’%(t"":)2 dt

0<g;<2 (r+a/2) \ 2 /t|>1
> min / (t — ) e 20" gt > 0.57.
t|>1

Also note that

YA
L/ ez(t jf) dt > 0.
V27 Jjtl<; /o

These two inequalities and (4.28) imply that for all j > g,

2 _1 t_dJ%k :
inf )\Jk mf / ( Jk) e 2( "j) dt
0;<0; §;<o; \/ 2 |t]>6; /0, 0j

2 ()
i, / %) at
T 2r Jiges, /oj

L )
> inf / ( 9; ) e 2\ 7/ dt 20.57032'.
0;=0; \/27r It|>6, /o; o

M\»—A
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For the case with 0; > o; we need some auxiliary results. Without loss of gener-
ality let d;;, > 0. At first note that if §;/0; > (1 + ij—'f“), then
J

1 / <_djk)2_1
V21 Jt|<s;/o; Tj
00 o\ 2 BV A%
SL/ ARSI IS ICY dt = 0
\/ﬂ —o0 0
1 din\ 2 —l(t—d]—"“f
—/ (t—i) —1le *\ %) @t <0
Vv 271— |t‘<5j/0'j 0-.]

so that

and

ol I G
— /
27 J\t1<s; /o 7

Similarily, if 1 < §;/0; < (1 +dj;/0;), then

B ARSI )

v [( 2) 1] e g
8j/0; N\ 2 _% t—d(f—f 2

= \/ﬁ/ [( ) —1] e ( ) dt.

Moreover, since (4.22), we have dj;/0; < 1 < §;/0; so that an upper bound is

e [ R P 2
NGr: t 1le dt

e‘ét2 dt = 0.

given by

Sk I

Hence, if §; > o, we also have the inequality

N2 a4 _
Ao (2 e
27 Jit|<s;/o; gj 27 Jt|<s; /o

In summary we obtain

[
/N
~
|

qls
"
N
QL
.

djk) 2 6—%(15—%)2 &

5 (
27T |t‘>6j/0'j U]

2
- o, (-2
27 Jit|<s;/o; 0j

[
N
o~
|

ol
ok
N——
[ V)
QL
Ry
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2
1 1%k
>1— —— )
21 J\t)<s; /o

Deﬁning
1 djk g
75( ,Ji)
7 dt € [0, 1],
\% 2 /|1;<5 /oj

80

this inequality together with (4.28) implies that for all j > ¢, all k and n large

enough, infs.~,. Ajx is equal to

2
djk

2 t——) ;( _4
inf / ( —L’“> ¢ 2< ) dt 4 d—— / 2
;>0 { V2m [t|>6;/0; gj vor V2m [t]<d; /‘71

so that

21 _ g2
6H>1£] )\Jk > 7ér[10fl] { (1-— a- + ’ydjk} = dj.

Moreover note that the minimum is attained at the border. Now,

i(rslfj\jk = min{ inf )\]k, inf )\Jk} > mm{O 5707 ,d?k}

§ 0;<0; 0;>0;

> min {0.57 - 2*** - max d}, 5, } = d5,

where the last inequality follows from (4.22). Clearly, the value of d?k is attained

if and only if 0; = oo
Finally we obtain
Ililsi'n Ajk
= mm)\ i+ 0 (2 ( a(J+5)/2),~(1+a/2) ) +0 (n—(l—a/2)2—(2r+a/2)(J+j))
_ d?k +0 (2a J+])/2 —(1+a/2) ) +0 ( (1— a/2)2 (2r+a/2)(J+]))

Now d;, = O 2~ #3779 and the assumption
j

~

q<j< logon — J

+ «
dr+2+a
implies

9=(2r+1)(J+5) 5 9a(J+)/2,,~(1+a/2)

and
(I +1)/2,,~(1Fa/2) o —(1-a/2)g—(2r+a/2)(J+])

Therefore the remainder term 2°¢/*9)/2p=0+2/2) js of smaller order than d3,, and
O (20V7H)/2p=(1+2/2)) dominates O (n~(1=*/22~@r+e/2(/))  This concludes the

proof of lemma 4.6.



CHAPTER 4. DATA ADAPTIVE WAVELET TREND ESTIMATION 81

We now come back to the proof of the theorem 4.1. Suppose that ¢ and 1

piecewise differentiable. Define

- o 1 v? 2
J = logyn¥ie logy | ——tr (¢t 1
08z e + 5 1o 082 ((r!)2CiN2r+a ,}2[3}1(] [9"7(1)] ) -

and let J > J. Noting that A; > 0 (1 =1,2,3,4) and taking into account lemma
4.2 we obtain for all ¢ > 0

1
B[ (o) = 90 dt = A+ A+ A+ s 2 g
0

2ra

Z C;)n—aNazaJ + O(n—IQJ) + 9] (n—a2—J(1—a)) Z Cln_wra.

Consider now .J < J and let q < G where ¢ is defined as in lemma 4.6. Lemmas

4.4 and 4.5 imply
oo N2J/+i—1

Z Z d?k > an 2?:%&@ .

j=G+1 k=—N+1

Since ¢ < § we have

1
E/(ﬂﬂ—mm%ﬁ:m+A2Hh+m
0

oo N2/ti-1 oo N2/+i-1
_ 2ra
j=q+1 k=—N+1 Jj=q+1 k=—N+1

For the other case with ¢ > ¢, taking into account Az in (4.18) and lemma 4.6

leads to

EA(MO—MWQﬁzAg

I
—

B (g = d)*1(dnl > 05)| + B |31 (3] < 07)| }

j=0 k=—N+1
qg N2/+i1 G N2/+iq N2/+i 1
= Ajk = g )\]k—l— E E mln)\Jk

j=0 k=—N+1 7=0 k=—N+1 =G+1 k=—N+1

G+1 N2/ti—1 G+1 N2Jt+i-1
2
E E mln )\]k = E g djy,

J=G+1 k=—N+1 Jj=¢+1 k=—N+1

2ra

—|—O (2 1+Oz/2)(J+qA)n*(1+a/2 ) > C n 2rto
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In summary, we obtain a lower bound
1
2ra
min F t)—g(t)* dt = min (A + Ay + Az + A > (On™ 2r+a,
min B [ (0) =0 de = min (0 + 80+ Aa+ )
It is shown in the proof of theorem 4.2 that equality can indeed be achieved, by
using a specific choice of d;, ¢, J and C. This concludes the proof of theorem

4.1. [l

Proof. (of theorem 4.2):

Under conditions of theorem 4.2 and taking into account lemmas 4.3 and4.4 we

obtain
q N2/+i_1 ¢ N2J+i_1 ;
"33l ]}zz( NCOAERY
7=0 k=—N+1
2
= ﬁ (201(11+1) — 1) Nan*GQaJ+O(n*12J+q)+O ( 7042 )+O( 7222 J+q))

This and lemmas 4.1, 4.2 and 4.5 imply that the expression in (4.18) will take

following form

MISE (q,J) :A1+A2+A3+A4

02 2002
_ (O(?)_ >Na —a2aJ_|_ P chn—aza(J—l—q)

20 —1 20 — 1
1
| B
- s ro- r(J+q) / dt
T o
0
+0 (27VHD) 4 O(n 1271 + O (n*27707), (4.29)

Now let ¢ and J be such that MISE is minimal. Then (4.18), ¢; = 0 and

MISE,(q,J) — MISE,(q+1,J) <0

imply
MISE,(q,J) — MISE,(q+1,J) =
N2J+a+1_1 N2J+a+1_1
k=—N+1 k=—N+1

By analogous argument as in the proof of (4.22) the last inequality implies, to-

gether with lemmas 4.3 and 4.4, that for n large enough we have

1

1
—9re—9r , 2
MRS / V2 (g () dt
r!)? 0

C«Z}n—aNazx(J—&-q—i-l) 2
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and

Jyv2 (9" (@)
C’i(r!)2

quogznﬁ—J—qu log,

2r+

>t
—log, N.  (4.30)

On the other hand
MISE,(q,J) — MISE,(q—1,J) <0

implies the second necessary condition

1 1
Cin_aNQQQ(J+q) < WN—ZTQ—QT(J—H])/O 1/3 (g(r) (t))2 di
so that

fol V2 (g(”)(t))2 dt
C7(r!)?

o 1
< l 2r+a 1
g = 10g;n + o + o 082

] —logy, N — J. (4.31)

Note that ¢ and J are integers. Then the inequalities (4.30) and (4.31) imply
that the value

Jo 72 (g™

()" dt
R ] — log, NJ —J  (4.32)

2r + « 2

q = {bgz n7ie +

asymptotically minimizes the MISE. Using the definition of A, (g,Cy) in (4.7)

we conclude

¢ = logyn¥ +

fo v (2( 7 ) dt] —logy N — J — An(g,Cy).

2r+a C

Note that if A, (g,Cy) # 0, then for every fixed J there exists a unique ¢* such

(4.30) and (4.31) hold.
Combining these results with (4.29) yields

CQ
MISEy(q", J) = 2704 ) (C; 20 1) Nep~age]
92rAn(g,Cy) 9(1-An(g,Cy)) ar 2 1 , o .
c, - ) (¢ dt T 3rta
+O0(n127) + o(n_%) +0 (nfa2fJ(17a)> _ (4.33)

The first term is monotonically decreasing in .J if (2* — 1)C} < C7 and mono-

tonically increasing if (2% — I)C'; > C?p. The second term does not depend of J.



CHAPTER 4. DATA ADAPTIVE WAVELET TREND ESTIMATION 84

Hence, if (2* —1)C3 > C7, then the optimal decomposition level J is equal to
zero. Note that the optimal decomposition level is not unique, since the same
asymptotic expressions will be achieved for all integers .J such that 27 = o(nz+ ).
Combining this with the last formulae implies that MISE,(q,J) is equal to

22’(’An(gac¢) 2a(l—An(g,Cw)) Ar ]/3 1 ) ) ﬁ o
( 22r -1 + 2a _ 1 ) Cj)"+a ((r‘)2 A (g( )(t)) dt) n " 2ria

+o (n_ 23-1”2) . (4.34)

On the other hand, suppose that (2% — 1)0; < C’i. Then, taking into account
(4.32) and g > 0 (see (3.18)), we have

1 2
o 1 Jo v2 (g (1))" dt
0<J< {loan%w + T+ a log, Cfp(r!)Q —log, N | .
Hence, the optimal choice of J is
2
o Jo v2 (g7 (1))" dt
J = {log2 nita + T a log, |+ é?p(TW) —log, N | . (4.35)

Due to (4.32) this also implies ¢* = 0.

Note that (3.18) with ¢ > 0 and ¢; = 0 always includes at least one level of
mother wavelets. The case where the estimate includes father wavelets only is
automatically considered in theorem 4.1, namely if ¢ = 0 and g = oco. To
conclude the proof we also need to compare with the estimate that includes

father wavelets only. Thus consider

N2J -1

g(t) = Z Skdan(t),

k=—N+1

and denote the corresponding mean integrated square error by MISE,(—1,.J).
Then

N27 -1 N27—1
MISE,(~1,0)= Y [EGu) —sul’+ Y. E{lsn—EGuw}
k=—N+1 k=—N+1

Let J* be such that MISE,(—1,J*) is minimal. Then

MISE,(—1,J%) = MISE,(—1,J*+1) <0
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and
MISEg(—l7 J) — MISEg(—l, J*—1) <0.

Suppose n is large enough. Then the elementary calculations similar to those

above show that the optimal decomposition level J* is given by

S vz (g™)?
C2(22 — 1)(r!)

Defining A, (g,Cy) as in (4.8), the corresponding MISE is equal to

J* = |logyn¥ + :

2r+ a

dt
| —logy N | +1.  (4.36)

227‘An(970¢) 2&(1*An(g,0¢)) 2r 1/2 1 2 2’:;»04 2ra
Co(2* — 1)) [ —= (@) dt T2t
( 22r _ | + 20 _ 1 ) ( ¢>( )) ((r!)2 /0 (9 ( )) n

_ 2ra
+o (n 2r+a>.
Now, let (2% — 1)035 > C’i. Suppose that J defined by (4.36) and the estimator

consisting of father wavelets only minimizes the M ISE. Now

MISE,0,J) — MISE,(=1,J + 1)

2ra

_ n—aNaQaJ (C«i _ C(;Qs(Qa _ 1)) + o(n_m)-

so that, for n large enough,
MISE,0,J) — MISE,(—1,J+1) <0

which is a contradiction. Thus, it follows that the best J is equal to zero, ¢ is
defined by (4.32) and the MISFE is as in (4.34).
Now suppose that
Ci(2*—1) < CF,
g =0 and J given by (4.35) minimizes the MISE. Consider
MISE,(—-1,J4+1)— MISE,QO,J)
—a pTaga fel — Zra
=n N2 (C3(2* — 1) — C3) + o(n " 2+a).

Using the same argument as before, MISE,(—1,J+ 1) — MISE,(0,J) < 0 for
n large enough. Thus, the best estimator includes father wavelets only and the

optimal decomposition level is defined by (4.36).

In conclusion we consider the case A, (g, Cy) = 0. Suppose that

2°-1)C; > CF,



CHAPTER 4. DATA ADAPTIVE WAVELET TREND ESTIMATION 86

J =0 and ¢ as in (4.32) minimizes the M ISE. Now

MISFE,(q,0) — MISE,(q — 1,0)

1 20 22 1 w2 (! 2 \7 o
— _ _ C2r+a T (7’) t dt T 3rta
(22r—1+2a—1 2 — 1 2a—1> v ((r!)ﬂ/o (6"(1) "

_ 2ra _ 2ra
+O (n 2'r+a) = 0 <n 2r+a > .
Then, for every fixed J there exist two smoothing parameters that minimize the

MISE asymptotically. The same follows also for the case (2* —1)C3 < C7 and
A, (g,Cy) = 0. This concludes the proof. O

The extension to functions with piecewise continuous r-th derivative follows from
the following lemma 4.7 which will be proved in a similar manner as lemma 4.5
and lemma 4.6 in Li and Xiao (2007).

Lemma 4.7. Suppose that the assumptions of theorem 4.3 hold. Then

(i) If (2% = 1)CZ > C7 then

g N2/ti-1 0o N2J+i_q
2. 2 Mty )
J=q*+1 k=—N+1 j=a+1 k=—N+1
Vz 1 * / 2 J *
= T N*2T2*27’(J+Q) 9(7') t dt + o 2721”( +q%) )
(rl)222r —1

0

(i) If (2* = 1)C3 < C7, then

qg N2/+i-1 co N2J/ti_1

2
DD ety >
j=0 k=—N+1 j=q+1 k=—N+1

V2 1 h 2
— r N—2r2—27'(J—1) g(r) t dt+0 2—27’J ]
(22 1

0

Proof. At first, recall that
N = B [(dje = dp)*1(diel > 07)] + B |dT (1] < 65)] -

Let (2% —1)CZ > C7 and w, B denote positive numbers satisfying 2w + 3 = 1.

Set
N2J/+i—1

Z > [Jk_ )2}f(|djk|>w<5j)7

J=q¢*+1 k=—N+1
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g N2/ti-1

= > Y B[ i~ dul > @+ 8)5)].

j=q*+1 k=—N+1

The triangle inequality then implies

qg N2/ti

SO>S B - dw)Idil > )] < 81+ 5.

J=q¢*+1 k=—N+1

It follows from (4.15) and I(|d;x| > wd;) =1 that
dgk Z w - 2\/EO¢N_(1_O‘)/2 lnn . n_a/22_(‘]+j)(1—a)/2_

Due to lemma 4.4, there are only finitely many ks satisfying this inequality.

Therefore, by using lemmas 4.3 and 4.4 we derive

qg N2/+ti

=2 2 {‘7 +E[Edjk—djk)2”](|djk| > wi;)

J=q*+1 k=—N+1
_ O( —ag— J+q*)(1—a)) + O(n—22J+q) —0 (2—2r(J+q)).

Note that the triangle also inequality implies

N d;, — Ed; +8)0;  |Edj — d;
I{‘djk_djk’><w+ﬁ)5j}§[{|JkO_ Jk|>(w ﬁ)j—| gk jk'}

J 9j gj

Using this, lemmas 4.3 and 4.4, the condition (4.15) and the general inequality
P(Z>n) < e 27 for standard normal variables Z (see e.g. Pollard 1984, p.
191) leads to

. dy — Ed, 6, |Edy —d,
E 1 {ld — dl > @+ B)5; || < P (' = Byl w0t )0 |Edy J’“’)

gj 9j gj

S 2n72(w+ﬁ)2elnn To <n72(w+f3)261nn> ) (437)

Due to Holders inequality and last inequality we achieve

q N2/ti-1

S B[l B~ ] > o+ 56

j=q*+1 k=—N+1

g N2/ti-1

30 Y (Bdy— B [1(di — dyl > (w0 + 8)5))]

j=q*+1 k=—N+1

N2J+i—1
< \/ (djx — Edji)* ] B [I(Wg‘k —dji| > (w+ 5)@')]

= q*+1 k:*—N—f—l
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+O(n—222(J+q)n—2(w+ﬁ)2elnn) — 0 (2—27“(J+q)).

Since
oo N2J/t+iq

Z Z k = 027Uy = (2 2+

Jj=q+1 k=—N+1
then for proving this theorem, one has to show essentially that

g N2/ti_1

SO>S B |dd(dil <5)]

J=q*+1 k=—N+1

1
_ V? 1 N—2r2—2r(J+q*) (r) t 2 dt 2—2T(J+q*)
Tz —1 (9 ( )) +0( )

0
For this propose, assume that w > 0, and define

qg N2/ti—1
Ss= > Y dyI(dil <6),
j=q*+1 k=—N+1
qg N2/ti
YY) Ed(ldpl < (1+w)d;),
j=q¢*+1 k=—N+1
g N2/ti-1
oD dd(ldi] < (1-w)dy),
j=q¢*+1 k=—N+1
g N2/ti-1

So= Y >, dpl(dy — dy| > wdy),

j=q*+1 k=—N+1
Then the triangle inequality implies

Sy — 86 <S35 < S5+ Se.

Using lemma 4.4 and the assumption (4.15), we see that I(|d;i] < (1 4+ w)d;) =
I(|djk] < (1 —w)d;) =1 for n sufficiently large, and

1
’/3 1 —2ro—2r(J+q* r 2 —2r(J+q*
S4=S5=W22T_1N 2 (+Q)/(g()(t)) dt + o0 (272F0)) . (4.38)

0
On the other hand, due to (4.37) and lemma 4.4

qg N2/ti

ESg = Z Z [ (Idj — dj| > W5j)] = o (2770 )).

=g +1 k=—N+1
Combining this and (4.38), we conclude the proof for case (2* — 1)C; > Cf.
The proof extension to the case (2* — 1)C3 < C} can be provided in a similar

manner. O
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As already mentioned, similar results (with the difference of remainder terms)
can be attained even if ¢’ and ¢’ do not exist everywhere and both ¢ and
satisfy a uniform Hélder condition of exponent 1/2 ( see (4.3)). The proofs are
analogous to the those above, with the difference that instead of rectangle rule
(4.19) we use Mean-value theorem.

For example the corresponding result for lemma 4.1 will take following represen-

tation:

Lemma 4.8. Suppose that ¢ satisfy a uniform Holder condition of exponent 1/2,
the first derivative of g ewists except for a finite number of points. Moreover,

assume that g’ (where it exists) are piecewise continuous and bounded. Then

N27 -1

A1 = Z [E(é]k) — S]k]2 = O(n*12‘7).

k=—N+1

Proof. At first, we assume that ¢ is continuously differentiable. The Mean-value
theorem implies, that it exists ¢; € [t; — n~!, ;] with
1. A ti
_g(i)¢(N2jti—k):/ g(t) o (N27t — k) dt.
n tif’)’L_l
This implies
1
—g(t) ¢ (N2/t; — k
~g(t:) ¢ ( )

= g () 6 (N2h — k) + ~ (g(0) & (N2t — ) — g (£) 0 (N2'h, — )
= / g0 (N2 k) di - (9106 (N2t~ k) — g (1) 6 (N2, — R))

+ % (9 (i) ¢ (N278; — k) — g (1) & (N278; — k) . (4.39)

Due to the differentiability of ¢ and the boundedness of ¢ we derive

L (N2t — k) (g (1) — g (@-))]

n

<Cn2 (4.40)

<L max {lo(t)[} |g () — g ()

7 te[0,N]

Furthermore, the boundedness of g and uniform Holder condition of ¢ imply

E (t;) (¢ (N27t; — k) — ¢ (N274; — k))’

n
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1 -
< max {lg@®)|} |¢ (N27t; — k) — ¢ (N27¢; — k)| < Cn322772 (4.41)
te
Now, combining (4.39) with (4.40) and (4.41) we derive
1 b
~g (ti) o (N27t; — k) = / g ()¢ (N27t — k) dt + O(n?) + O(n=3/?27/%).
¢

i—noT

This relation implies
SIS i
E(5) = NY22I2N " _g [ = N2/— —k
(87k) ;n‘q n ¢ n
1
_ N290/2 /0 GOSNt — k) dt + O(n~12).

Note, that the number of nonzero terms in the previous sum is n2~7 4 1. This

gives us following estimation:
A1 = 0(77,712J).

The proof in case ¢’ is only piecewise differentiable, follows by the same argument
as before, by applying it piecewise.
O

In the following we take a look at the case ¢ and v satisfy a uniform Holder con-
dition of exponent 1/2 and not piecewise differentiable, and derive the equivalents
to the lemmas 4.2-4.6.

Lemma 4.9. Suppose that ¢ satisfy a uniform Holder condition of exponent 1/2.
Let J>0 and 0 < k < N2/ — 1, then

B {[i — B ()"} = CIN™on-227/070) 4 O ™1) 40 (/2o /0/2-0)
and

A2 — C;n_aNO?aJ + O(n—IQJ) +0 (n—1/2—a2J(1/2+a)) +0 (n—a2—J(1—a)> ’
where Cy is the constant in (4.5).

Lemma 4.10. Suppose that v satisfy a uniform Hoélder condition of exponent

1/2. Let J>0,7>0and 0 <k < N2/t — 1. Then
sz _ C«iN—l-‘ran—aQ—(J-i-j)(l—a) + O(n_l) +0 (n—1/2—a2—(J+j)(1/2—a))

Y

where Cy, is the constant in (4.6).
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Lemma 4.11. Suppose that the first r derivatives of g exist and continuous on
[0,1]. Then, for all j >0 and 0 < k < N2/t —1,

dj, = % 9(7“)(kN—12—(J+j))N—%2—2T;1(J+j) To (2_2T2+1(J+j)>

and under the assumptions of lemma 4.10 yields
E(djx) — djx = O(n™'/?),

where v, is Tth moment of ¥ (see (3.23)). Note that under assumption J + q <
(2r + 1)~ 'log, n the remainder term O(n=Y/22-U+)/2) s of smaller order than

djk.

Lemma 4.12. Under the assumptions of lemma 4.11,

1
N72r272r(J+q) / Vz (g(r) (t))2 dt + o (2—2T(J+q)) ]
0

11
Ay = ——
Tz —1

Lemma 4.13. Let ¢ as in (4.21) and
Aje = E [(djk — djye)*I(|dsx] > 53‘)} +E [d?k](|(zjk| < 5;‘)] :

Then under the assumption of lemma 4.10 and 4.11 the following holds: If ¢ > q,

24«
4dr4+2+a

then for all j with ¢ < j < logon — J,

min Nji = d2, + O (n~(Fe)/29= (T4 (=0)/2)
J

Proof. The proof is analogous to the proof of lemma 4.6, with the difference that
we derive instead of (4.23)-(4.27) following relations:

7 3 _ 1 (44
E(d;y,) — d; / (t —dji) . zajz(t d;k)? Q=0 (n7(1+o¢)/227(J+j)(17a)/2)
[t|>d;

, 2
of o;

Y

|B(d;e) - d; r/ He~% dt =0 (n"),

[t1>8;/0;
_ 1 4_d.
A, = 1 / (t— dye)2e 270 djk)? Q40 (n,(Ha)/zT(HJ’)(l—a)/z)’
V210 Jit|>s,
&2 [E d; —d-} (a?
i | Edik) = d; / (t_;ijk)e % g — O (n=(1-)/2g=@r+1/24a/D(49))
0j t<s;

and
Ajp = Ai + Ay
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— _/ ( )26_%@_?) dt + d2, —— _%(t_%fdt
|t|>6;/0; gj

TV2r vor V2T Jt|<6;/0;

( (1+a)/22 (J+5)(1— a/2) +O( (1- a)/22 (2r+1/2+a/2)(]+g))
O

Based on lemmas 4.8 to 4.13, theorem 4.2 and 4.3 (in analogous way as before)
can be derived for the case ¢ and 1 satisfy a uniform Holder condition of exponent
1/2.



Chapter 5

Bootstrap testing for

discontinuities

The issue addressed in this chapter is testing whether there is at least one jump in
the trend function g. Our approach is provided by wavelets, since this are likely to
pick up even local deviations from smoothness. More specifically, as discussed in
chapter 4 and in Beran and Shumeyko (2011a), an appropriate wavelet estimator
G(t) consists of two estimators and the high-resolution part gun(t) is able to
capture jumps. This fact we have used to develop a bootstrap based test for the
null hypothesis that g is continuous everywhere against the alternative that g has
at least one isolated jump. As in the previous chapter, we give here the detailed
presentation of the results derived by us before in Beran and Shumeyko (2011b).
The chapter is organized as follows. Basic definitions are introduced in section
5.1, the main results are given in section 5.2. The results are illustrated by a
simulation study in section 5.3. And finally, proofs are in appendix 5.4 conclude

the chapter.

5.1 Notations

Throughout this chapter, the assumption of section 4.1 will be fulfilled. Addi-
tionally, ¢ and v will be assumed to be continuous and piecewise differentiable.

As already mentioned in chapter 4, the estimator defined by equation (3.18) can

93
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be understood as a combination of two components, a smoothing component

N2J -1

Gow(t) =D Sndn(t) (5.1)

k=—N+1
consisting of the scaling function decomposition only with no thresholding, and
a higher resolution component

q N2/+i-1

nign(t) =Y Y di I(|dj] > 8, (D) (5.2)

j=0 k=—N+1
where estimated coefficients are filtered by thresholding. The first component
provides a good estimate of smooth functions, whereas the second is useful for
modeling discontinuities.
We will assume, that the following conditions for decomposition level, smoothing
parameter and threshold are satisfied:

(07

J=J,= 2r+alog2n—|—C’whereC’€R, (5.3)

q=¢q, =logyn —J, (5.4)
and (J+i)(1-a)
. . 052 ] —Q

27Hi§2 5 0, QRIS oo 2T T oo (5.5)

Inn

In the following we will use the notation x(n) for the sequence

ag(J+j)(1-a)

k(n) = iCﬁN‘J‘l(SJZn 2 o

Note that, by definition, k(n) — oco.
Consider now the null hypothesis Hy : g € C[0, 1] against the alternative that g is
only piecewise continuous, with a finite number of isolated jumps. The following
statistics will be used to define a bootstrap based test of Hy. Denote by X; the

residuals after extracting the estimated trend g(¢;) given in (3.18),
Xi =Y = g(t:) = & + 9(t:) = Giow(ti) — Gnign(t:).
For blocks of size [ (1 <1 < n) define block sums (i, ..., (41 by
G=Xi+ -+ Xy I1<i<n—10+1).

Then draw (i, ..., (; randomly with replacement from {(y,...,(,—+1} and cal-

culate

k
Ty =o' (k‘W > C;‘) (5.7)
=1
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where a; = C},/ 2[1-a/2, Similarily, residuals X ;.. are defined by subtracting the

low resolution component only, i.e.
Xz',low =Y - glow<ti) = gz + g(tl) - gll?ll)(ti)
and corresponding block sums are denoted by

Ci,low = Xi,low + -+ Xi—i—l—l,low (1 S { S n—1 + 1)

Sampling randomly with replacement from {Ci 0w, - - - s Gn—i+1,l0w } We Obtain ¢j ;,,,, -

and .
Tl:l,low = afl <k1/2 Z gilow) . (58)
=1

In the following section it is shown that under Hy, T}, and T}, ,,,, have approxi-

mately the same distribution whereas this is no longer the case under H;.

5.2 Main results

5.2.1 Asymptotic distribution of 7}, and T,juow

Throughout the chapter, E, and Var, will denote expectation and variance with
respect to the distribution generated by the resampling procedure, conditionally
on the observations Y7, ..., Y,,. Similarily, P,(A) will denote the conditional prob-
ability of A. For block lengths increasing like a power of n (but slower than n)
and bootstrap sample size k tending to infinity, the expected value and variance
of T} 10 can be approximated as follows. (Note that, since E,, Var, and P,
are random variables depending on Y7, ..., Y,,, errors of approximations are of the

form o,(-) instead of o(-).)

Theorem 5.1. Let [ = O (n'™) with 1 —2(2r + o)™ <e < 1—(2r+a)™
Assume that g € L?[0,1], ¢ exists on [0, 1] except for a finite number of points,
and, where it exists, ¢’ is piecewise continuous and bounded. Then the following

holds as min{k,n} — oo.
(a) If g has no jumps on (0,1), then

E’Vl (Tl;kl,low) = Op(l)

and
Var, (Ti o) = 0 + 0p(1)

c 7Cl:,low
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where
7 =20*(1—-a) '(2—a)". (5.9)

(b) If g has at least one jump on (0, 1), then
Ly, (lel,low) = op(1)
and there exists a constant C* > 0 such that
Var, (T3 10w) = 07+ va + 0p(1)

with
v, = C*na(l—e)—ﬁ.
Theorem 5.1 means that under Hi, the variance of T}, ,,,, increases by the addi-
tional term v,. Since € < 1 — (2r + a)7!, v, diverges to infinity as n increases.
Note also that e can be specified as required in theorem 5.1 without a priori

knowledge of a, because 0 < a < 1 and r > 1 implies

— < 1-— .
2r + « 2r +1 2r 2r + «

We may thus choose an € from the interval [1 —2(2r + 1)1, 1 — 1/(2r)].
The following result shows that the standardized bootstrapped statistic 77, is

l,low

asymptotically normal under Hy and H; respectively and convergence is uniform
on R.

Theorem 5.2. Under the assumptions of theorem 5.1 the following holds:

(a) If g has no jumps on (0,1), then

sup
z€R

Pa(Tiion <7) = @ (%)| = 0,(1).

5
(b) If g has at least one jump on (0,1), then

sup [P0y, P Tt < ) = @ ()] = 0p(1)
S

where vy, is as in theorem 5.10b).
The next step is to compare the distributions of 7, ,,,, and Tj;. First it is shown

that under the null hypothesis both variables are asymptotically equivalent. How-

ever, in contrast to Ty, ,,,, the variance of Ty; is not affected by isolated jumps.
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Theorem 5.3. Under the assumptions of theorem 5.1 the following holds:
(a) If g has no jumps on (0,1), then
B (Ti) = B (Thyuga) = 0p(n2*1797550)

and
Var, (Ty) — Vary (Thwm) = 0, (n@1=6)= 3x(n)y,

Moreover,

T = Thsa + 0pln22 (179737,
(b) If g has at least one jump on (0,1), then
En (Tia) = 0p(1)

and
Var, (T) = 6 + 0,(1).
Finally, it is shown that 77; is also asymptotically normal, however, as implied
by theorem 5.3, with the same standardization under Hy and H.
Theorem 5.4. Under the assumptions of theorem 5.1 the following holds.

(a) If g has no jumps on (0,1), then

sup [P, (T < ) — @ (67 'z) | = 0,(1)
R

xe

and
Slelﬂg }PH(TI:(Z S I) - Pn(Tl:l,low S IL‘)l = Op(]')'

(b) If g has at least one jump on (0, 1), then

sup | Py (Ty; < 2) — @ (67'2) | = 0,(1).

z€eR
5.2.2 Testing for jumps

Given theorems 5.1 to 5.4, a natural approach to testing for jumps is to compare
Hy : Var(T},,) = Var(Ty) with Hy - Var(Ty,,,,) > Var(1};). This can be done
as follows. In a first step, m bootstrap samples {C;(lio)w, o CZ,(QM} (i=1,2,...m)

are drawn and Tl:l(llgw, ooy 1 ;l(?zfu are computed. The test statistic is defined by

n 2
_ ~2 (1) A
Wiow =0 E <Tkl,low a Tk’l,low) )
=1



CHAPTER 5. BOOTSTRAP TESTING FOR DISCONTINUITIES 98

with T,jlylow =m 'y, T,:;%Z)w. In a second step, critical values for Wj,, are
calculated by resampling in the same way s sets of m bootstraped values of T},
i.e. we have A; = {T:l(l’l), ...,T;l(m’l)},..., A, = {T,:l(l’s), ...,T:l(m’s)}. For each A;
(1 <j <s), the statistic

m

. a0\ 2
W=t 3 (1 -7

=1

with T, ,;kl(j ) — ! Zzl T,:l(i’j ) is computed and critical values for W, are obtained
from the empirical distribution of Wy, ..., W,. The null hypothesis is rejected at
the level of significance «, if W), is above the (1 — a)—quantile. Theorems 5.1
to 5.4 imply that asymptotically, the level of the test is correct and the power

converges to one.

5.3 Simulations

The finite sample behavior of the proposed test is illustrated by the following
simulations. In the main part of the simulation study, residuals are generated
by a Gaussian FARIMA(0,d,0) process (note that « = 1 — 2d). Five trend

functions ¢ (figures 5.1 and 5.8b) are considered:
a) Sine function: ¢;(t) = 10sin(4nt) (figure 5.1a)

b) 7 JumpSine” function (figure 5.1b):

g(t) = 10sin(drt) +A-I{g <t< g}

c¢) "Sharp” function (figure 5.1c):

g3(t) = 10 [exp (t1 {t < 0.5} + (1 — ) I{t > 0.5}) — 1]

d) 7JumpSharp” function, i.e. ”Sharp” function with a single jump (figure
5.1d):
ga(t) = 10[exp (tI {t < 0.5} + (1 —¢)I{t > 0.5}) — 1]

+AI{t > 3/8}, (A>0)
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e) Sharp plus a local constant shift (figure 5.8b):

gs(t) = 10 [exp (1 {t < 0.5} + (1 — )I{t > 0.5}) — 1]

20 21
< =
+A1{64_t_64}, (A >0)

Moreover, modifications of function b) by more than one jump are also included
(see below). The parameters ¢, J and J; were chosen as outlined in Beran and
Shumeyko (2011a).

Simulated sample paths of Y; with trend functions a) and b) are shown in figures
5.2a) and b). For the series in figure 5.2b), the complete estimate § and the low
resolution estimate g, are displayed in figures 5.3c) and d) respectively. In this
case, including the high resolution component mainly leads to the detection of the
second jump. Figures 5.4a) and b) show the residuals X, jo,, = Y; — 10w Obtained
after subtracting the low resolution estimate. The corresponding block sums
Gilow are shown in figure 5.5, and bootstrapped samples of T,:ﬁgw (standardized
by ) are displayed in figures 5.6a) and b) respectively. Compared to figure 5.6a),
the variability of T,:l(jgw appears to be higher in figure 5.6b). This is due to the

discontinuity of the second trend function, as explained by theorems 5.1(b) and
5.4(b).

’ Table ‘ FARIMA model ‘ € ‘ k ‘ A ‘ no. of jumps ‘ wavelet ‘
’ sine, JumpSine ‘
5.2 & 5.3 d=0.1,0.4 1.5(2r + )=t 10 to 150 | 0, 10 2 7d6”
5.4 d=0.4 1.5(2r + )=t 50 5 to 12 2 7d6”
5.5 d=0.4 1.5(2r +a)~t 50 5 1to4 7 d6”
5.6 d=10.4 1.5(2r +a)~t 50 10 2 7 d6”

» d8?
?d10”
5.7 d=04 1—-2(2r+1)71, 50 10 2 7 d6”
1—1.52r+a)" 1,
1—Lp-1

2

Sharp, JumpSharp

5.8 & 5.9 d=0.1,0.4 1.5(2r + )t 10t0 150 | 0,2 1 46"

5.11 & 5.12 d=0.1,0.4, 1.5(2r + o)t 10to 150 | 0, 2 1 46"
6 =-05

5.13 & 5.14 d=0.1,04, 1.5(2r + )~} 10to 150 | 0, 2 1 46"

¢ =0.5,4 =0.5

’ Sharp with local shift ‘
[ 510 | d=0.3 | 5@+t | w0 [ 3| 2 | vde |

Table 5.1: Overview of tables with simulation results.
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Numerical results are summarized in tables 5.2 to 5.14. An overview of the
simulated models and parameter settings is given in table 5.1. Tables 5.2 and 5.3
show simulated rejection probabilities for the sine and JumpSine function and
d = 0.1 and 0.4 respectively. Results for different values of k are compared. The
nominal levels of significance are achieved with a reasonable degree of accuracy
for all cases, even for the relatively small sample size of n = 128 and strong long
memory (d = 0.4). Similar results are obtained for significance levels for case c)
(tables 5.8 and 5.9). As expected, the power increases with increasing values of k
and n. Moreover, discontinuities are more difficult to detect under stronger long
memory. This is not surprising, since a large value of d leads to sample paths that
tend to have local cycles and trends resembling discontinuities in the expected
value.

The influence of A is illustrated in table 5.4. In table 5.5, it can be seen that the
power increases considerably when the number of jumps is increased. Moreover,
the power is also influenced by the choice of the wavelet basis. In the case of
the JumpSine function, the power improves when one replaces "d6” by "d8” or
7d10” respectively (table 5.6). The effect of choosing different values of [ (or ¢)
is considered in table 5.7. As a general rule [ should be neither too small nor too
large. Choosing [ very small (e large) prevents the procedure from capturing the
asymptotic effect of long memory. On the other hand, if [ is very large (e small),
then local jumps are smoothed out and the number of available blocks is small.
Simulated powers for case d) (sharp function with one jump) with A = 2 are
displayed in tables 5.8 and 5.9. Case e) is considered in table 5.10. Discontinuities
of this type are very difficult to detect, since under long memory local shifts are
often masked by similar spurious local trends generated by the residual process.
This is illustrated in figure 5.7. Looking at the data only, without any visual
guideline, it is very difficult to see whether and where a jump in the mean function
may have occurred. Figure 5.8¢) illustrates that the high resolution fit detects the
local jump, though the estimate is more wiggly than the true trend. The reason
is that for n = 512 and relatively strong long memory with d = 0.3, the extremely
local shift is masked by spurious trends of the residual process. Nevertheless, it
is remarkable that the location is identified correctly, in spite of several similar
looking (but spurious) ”discontinuities” at other time points. The simulation
results in table 5.10 show a reasonably good power of the bootstrap test already

for n = 512. However, the power appears to converge to 1 rather slowly.
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Finally, tables 5.11 to 5.14 consider the same situation as in tables 5.8 and 5.9,
In tables 5.11 and 5.12,
we have a negative autoregressive parameter ¢; = —0.5 whereas strong posi-
tive short-range dependence is added in tables 5.13 and 5.14 with ¢; = 0.5 and

except that short-memory parameters are included.

1 = 0.5 (table 5.14). The results indicate that a negative short-memory compo-
nent improves power. This coincides with the fact that negative autocorrelations
improve the accuracy of trend estimates. For the FARIM A(1,d, 1) model with
positive short-memory components the results are less clear. Here, the choice of

k apparently plays a role.

A=0
n = 256

0.1 0.05
0.1050 0.0475
0.0925 0.0550
0.0925 0.0575
0.0950 0.0525
0.0975 0.0525
A =10

n =128
K\a | 0.1 0.05
10 | 0.1075 0.0425
20 | 0.1075 0.0350
50 | 0.1000 0.0475
100 | 0.1050 0.0450
150 | 0.0950 0.0500

n =512
0.1 0.05
0.1050 0.0575
0.0950 0.0550
0.1050 0.0525
0.1050 0.0500
0.1025 0.0525

n = 128

n = 256

n =512

k\ o

0.1 0.05

0.1 0.05

0.9 0.05

10
20

0.8200 0.7575
0.9625 0.9050

0.9625 0.9250
0.9900 0.9850

0.9875 0.9650
1 1

50 1 0.9950 1 1 1 1
100 1 1 1 1 1 1
150 1 1 1 1 1 1

Table 5.2: FEmpirical rejection frequencies based on 400 simulations of a
FARIMA(0,0.1,0) process with g equal to the sine function a) (upper part
of the table) and the JumpSine function b) with A = 10 (lower part of the table).
The wavelet basis ”d6” was used. The levels of significance are o = 0.1 and 0.05.
For each simulation, the rejections regions were determined using a bootstrap

sample of size 400.
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A=0
K\a | 0.1 0.05 0.1 0.05 0.1 0.05
10 | 0.1275 0.0625 | 0.0950 0.0575 | 0.1075 0.0625
20 | 0.1000 0.0500 | 0.0975 0.0550 | 0.0950 0.0500
50 | 0.0950 0.0525 | 0.1025 0.0525 | 0.1050 0.0425
100 | 0.1000 0.0625 | 0.1050 0.0450 | 0.0900 0.0550
150 | 0.0975 0.0525 | 0.1025 0.0525 | 0.1000 0.0500

A =10
K\a | 0.1 0.05 0.1 0.05 0.1 0.05
10 | 0.3650 0.2975 | 0.4650 0.3775 | 0.6075 0.4950
20 | 0.5050 0.4075 | 0.6550 0.5600 | 0.6775 0.6250
50 | 0.7425 0.6925 | 0.7575 0.7125 | 0.7975 0.7575
100 | 0.8225 0.7750 | 0.8425 0.8050 | 0.8725 0.8225
150 | 0.8850 0.8375 | 0.9025 0.8750 | 0.9100 0.8675

102

Table 5.3: Empirical rejection frequencies based on 400 simulations of a

FARIMA(0,0.4,0) process with g equal to the sine function a) (upper part
of the table) and the JumpSine function b) with A = 10 (lower part of the table).

The wavelet basis ”d6” was used. The levels of significance are a = 0.1 and 0.05.

For each simulation, the rejections regions were determined using a bootstrap

sample of size 400.
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Ala=01 a=0.05
5 | 0.1100  0.0625
6 | 0.1525  0.0725
7 | 0.1725  0.0900
8 | 0.3075  0.2725
9 | 0.5825  0.4950
10 | 0.7425  0.6925
11 | 0.9550  0.9325
12 1 1
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Table 5.4: FEmpirical rejection frequencies based on 400 simulations of a
FARIMA(0,0.4,0) process of length n = 128 and g equal to the JumpSine
function b). The wavelet basis "d6” was used and k was set equal to 50. The
levels of significance are o = 0.1 and 0.05. For each simulation, the rejections
regions were determined using a bootstrap sample of size 400. Jumps of sizes
A € {5,6,...,12} are considered.

# Jumps | a=0.1 «a=0.05
1 0.1525  0.1050
2 0.7250  0.6750
3 0.9800  0.9650
4 1 1

Table 5.5: Empirical rejection frequencies based on 400 simulations of a
FARIMA(0,0.4,0) process of length n = 128, and g equal to a JumpSine func-
tion with one or more jumps of size A = 5. The wavelet basis ”d6” was used and
k was set equal to 50. The levels of significance are o = 0.1 and 0.05. For each
simulation, the rejections regions were determined using a bootstrap sample of
size 400. The following locations of the jumps were used: 1) one jump at 7/8; 2)
two jumps at 5/8 and 7/8; 3) three jumps at 3/8, 5/8 and 7/8; and 4) four jumps
at 1/8,3/8, 5/8 and 7/8.
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Basis

a=0.1 a=0.05

2 d677
7 d877
7 dlo??

0.7425  0.6925
0.9100  0.8950
0.9200  0.9025
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Table 5.6: Comparison of the wavelet basis functions ”d6”, ”d8” and ”d10”.

Given are empirical rejection frequencies based on 400 simulations of a
FARIMA(0,0.4,0) process of length n = 128, and g equal to a JumpSine func-
tion with A = 10. The value of k was set equal to 50. The levels of significance

are a = 0.1 and 0.05. For each simulation, the rejections regions were determined

using a bootstrap sample of size 400.

_ 2
e=1 2r+1

1.5
2r+a

e=1-—

—1_ 1
e=1 2r

0.1 0.05

0.1 0.05

0.1 0.05

27
28
29

0.6450 0.5825
0.7725 0.7000
0.7750 0.7000

0.7275 0.7075
0.7450 0.7125
0.8050 0.7550

0.7025 0.6825
0.7525 0.7050
0.7775 0.7100

Table 5.7:

Empirical rejection frequencies based on 400 simulations of a

FARIMA(0,0.4,0) process for different values of € (I = n'™), and g equal to
the JumpSine function b) with A = 10. The wavelet basis ”d6” was used and

k was set equal to 50. The levels of significance are @ = 0.1 and 0.05. For each

simulation, the rejections regions were determined using a bootstrap sample of

size 400.
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A=0
n =128 n = 256 n =512
K\a | 0.1 0.05 0.1 0.05 0.1 0.05
10 | 0.0900 0.0400 | 0.0950 0.0575 | 0.1075 0.0425
20 | 0.1050 0.0575 | 0.0950 0.0500 | 0.0950 0.0475
50 | 0.1050 0.0500 | 0.0975 0.0525 | 0.1075 0.0425
100 | 0.1025 0.0575 | 0.0950 0.0475 | 0.0975 0.0575
150 | 0.0975 0.0425 | 0.1075 0.0450 | 0.1025 0.0550
A=2
n =128 n = 256 n =512
K\a | 0.1 0.05 0.1 0.05 0.1 0.05
10 | 0.4750 0.3650 | 0.6250 0.5475 | 0.7225 0.6375
20 | 0.6175 0.5225 | 0.8425 0.7325 | 0.8925 0.8450
50 | 0.8150 0.7150 | 0.9600 0.9450 | 0.9825 0.9600
100 | 0.9225 0.8750 | 0.9825 0.9825 1 1
150 | 0.9575 0.9525 1 1 1 1

Table 5.8:

105

Empirical rejection frequencies based on 400 simulations of a

FARIMA(0,0.1,0) process with g equal to the Sharp function ¢) (upper part
of the table) and the JumpSharp function d) with A = 2 (lower part of the ta-

ble). The wavelet basis "d6” was used. The levels of significance are o = 0.1

and 0.05. For each simulation, the rejections regions were determined using a

bootstrap sample of size 400.
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A=0

K\a | 0.1 0.05 0.1 0.05 0.1 0.05

10 | 0.0950 0.0550 | 0.1000 0.0475 | 0.0950 0.0425
20 | 0.0950 0.0575 | 0.0950 0.0425 | 0.0975 0.0425
50 | 0.0975 0.0550 | 0.0975 0.0425 | 0.1050 0.0525
100 | 0.0950 0.0550 | 0.1025 0.0425 | 0.1025 0.0450
150 | 0.1000 0.0550 | 0.0950 0.0500 | 0.0975 0.0550
A =2
K\a | 0.1 0.05 0.1 0.05 0.1 0.05

10 | 0.1350 0.1000 | 0.2250 0.1550 | 0.2650 0.1900
20 | 0.2100 0.1400 | 0.3225 0.2450 | 0.3125 0.2275
50 | 0.2550 0.2050 | 0.3075 0.2550 | 0.4450 0.3700
100 | 0.2700 0.2300 | 0.3300 0.2850 | 0.4325 0.3925
150 | 0.2775 0.2450 | 0.3475 0.3125 | 0.5200 0.4850

Table 5.9: FEmpirical rejection frequencies based on 400 simulations of a
FARIMA(0,0.4,0) process with g equal to the Sharp function ¢) (upper part
of the table) and the JumpSharp function d) with A = 2 (lower part of the ta-
ble). The wavelet basis ”d6” was used. The levels of significance are a = 0.1
and 0.05. For each simulation, the rejections regions were determined using a

bootstrap sample of size 400.

n |a=01 a=0.05
29 | 0.3400  0.2850
219°1°0.4050  0.3150
2121 04175  0.3225
21510.6450  0.4900

Table 5.10: FEmpirical rejection frequencies based on 400 simulations of a
FARIMA(0,0.3,0) residual process and g equal to the Sharp function with a
local shift (of size A = 3 and length 1/64) as defined in e). The value of k was set
equal to 150, the wavelet basis was ”d6”. The levels of significance are o = 0.1
and 0.05. For each simulation, the rejections regions were determined using a

bootstrap sample of size 400.
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A=0

n = 128

n = 256

n =512

k\o

0.1 0.05

0.1 0.05

0.1 0.05

10
20
50
100
150

0.0975 0.0625
0.1250  0.0500
0.1275 0.0800
0.1100 0.0400
0.1125 0.0625

0.0900 0.0725
0.0700 0.0375
0.1250 0.0400
0.1175 0.0450
0.0925 0.0550

0.0750  0.0500
0.0850 0.0550
0.0975 0.0475
0.0800 0.0625
0.0925 0.0500

A=2

k\o

0.1 0.05

0.1 0.05

0.1 0.05

10
20
50
100
150

0.4150 0.3275
0.3425 0.2850
0.6025 0.5000
0.5975 0.5750
0.6550 0.6475

0.7100 0.6425
0.8650 0.7300
0.9775 0.9600
1 1
1 1

0.7800 0.6925
0.9150 0.8800
1 1
1 1
1 1

Table 5.11:

Empirical rejection
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frequencies based on 400 simulations of a

FARIMA(1,0.1,0) process with ¢ = {—0.5}, and ¢ equal to the Sharp func-
tion ¢) (upper part of the table) and the JumpSharp function d) with A = 2

(lower part of the table). The wavelet basis ”d6” was used. The levels of sig-

nificance are @ = 0.1 and 0.05. For each simulation, the rejections regions were

determined using a bootstrap sample of size 400.
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A=0
n =128 n = 256 n =512

K\a | 0.1 0.05 0.1 0.05 0.1 0.05
10 | 0.0975 0.0625 | 0.0900 0.0725 | 0.0750 0.0500
20 | 0.1250 0.0500 | 0.0700 0.0375 | 0.0850 0.0550
50 | 0.1275 0.0800 | 0.1250 0.0400 | 0.0975 0.0475
100 | 0.1100 0.0400 | 0.1175 0.0450 | 0.0800 0.0625
150 | 0.1125 0.0625 | 0.0925 0.0550 | 0.0925 0.0500

A=2
K\a | 0.1 0.05 0.1 0.05 0.1 0.05
10 | 0.4650 0.4125 | 0.5200 0.4575 | 0.6275 0.5400
20 | 0.5600 0.5125 | 0.6000 0.5325 | 0.6625 0.6325
50 | 0.7425 0.6600 | 0.7625 0.7225 | 0.7700 0.7225
100 | 0.7725 0.7550 | 0.8025 0.7700 | 0.8725 0.8450
150 | 0.8025 0.7700 | 0.8725 0.8575 | 0.8900 0.8675

Table 5.12: Empirical rejection
FARIMA(1,0.4,0) process with ¢ = {—0.5}, and g equal to the Sharp func-
tion ¢) (upper part of the table) and the JumpSharp function d) with A = 2
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frequencies based on 400 simulations of a

(lower part of the table). The wavelet basis ”d6” was used. The levels of sig-

nificance are a = 0.1 and 0.05. For each simulation, the rejections regions were

determined using a bootstrap sample of size 400.
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A=0

n = 128

n = 256

n =512

k\o

0.1 0.05

0.1 0.05

0.1 0.05

10
20
50
100
150

0.1175 0.0600
0.1150 0.0525
0.0800 0.0400
0.1225 0.0775
0.1150 0.0550

0.1475 0.0600
0.1125 0.0625
0.1525 0.0475
0.1050 0.0575
0.1150 0.0550

0.0800 0.0325
0.1150 0.0600
0.1175 0.0425
0.1075 0.0475
0.1000 0.0525

A=2

k\o

0.1 0.05

0.1 0.05

0.1 0.05

10
20
50
100
150

0.4300 0.3475
0.6150 0.5600
0.8225 0.7650
0.8975 0.8950
0.9225 0.9100

0.6375 0.5475
0.8475 0.7600
0.9975 0.9850
1 1
1 1

0.7175 0.6325
0.9125 0.8850
1 1
1 1
1 1

Table 5.13:

Empirical rejection
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frequencies based on 400 simulations of a

FARIMA(1,0.1,1) process with ¢ = {0.5} and v = {0.5}, and g equal to the
Sharp function c) (upper part of the table) and the JumpSharp function d) with
A = 2 (lower part of the the table). The wavelet basis ”d6” was used. The levels

of significance are aw = 0.1 and 0.05. For each simulation, the rejections regions

were determined using a bootstrap sample of size 400.
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A=0

n =128 n = 256 n =512
K\a | 0.1 0.05 0.1 0.05 0.1 0.05
10 | 0.1250 0.0800 | 0.0900 0.0750 | 0.1250 0.0500
20 | 0.1475 0.0875 | 0.1325 0.0850 | 0.1000 0.0275
50 | 0.1375 0.0650 | 0.0950 0.0325 | 0.1425 0.0425
100 | 0.1100 0.0875 | 0.1075 0.0600 | 0.1475 0.0800
150 | 0.0850 0.0675 | 0.1000 0.0525 | 0.1075 0.0625
A=2
K\a | 0.1 0.05 0.1 0.05 0.1 0.05
10 | 0.2475 0.1650 | 0.2300 0.1400 | 0.2425 0.1575
20 | 0.2800 0.2475 | 0.2325 0.1875 | 0.2650 0.2125
50 | 0.3325 0.2775 | 0.3625 0.2850 | 0.3800 0.3650
100 | 0.3650 0.3200 | 0.4025 0.3775 | 0.5450 0.5050
150 | 0.4650 0.4400 | 0.4150 0.3875 | 0.5900 0.5200

Table 5.14: Empirical rejection frequencies based on 400 simulations of a
FARIMA(1,0.4,1) process with ¢ = {0.5} and v = {0.5}, with ¢g equal to
the Sharp function c) (upper part of the table) and the JumpSharp function d)
with A = 2 (lower part of the table). The wavelet basis "d6” was used. The
levels of significance are o = 0.1 and 0.05. For each simulation, the rejections

regions were determined using a bootstrap sample of size 400.
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Figure 5.1: Trend functions: a) sine, b) ”JumpSine”, ¢) ”Sharp”, d) ”Sharp”

with a single jump.
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Figure 5.2: Simulated data of length n = 128 with the trend functions a) and b)
(sine and ”JumpSine”) respectively and a FARIM A(0,0.4,0) residual process.
In (b), A is equal to 8.
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Figure 5.3: Comparison of trend estimation by the low resolution component g,y
and by a full wavelet decomposition § = Giow + Jnign for the simulated series in
figures 5.2 a) and b) respectively. The wavelet basis "d6” was used. The figures
are: (a) data, (b) data and trend function, (c) data and g, (d) data and §ip.,.
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Figure 5.4: Residuals for simulated data in figures 5.2 a) and b) respectively after

subtracting the low resolution estimate §;oy,-
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Figure 5.5: Block sums (0, for the simulated data in figures 5.2 a) and b)

respectively.



CHAPTER 5. BOOTSTRAP TESTING FOR DISCONTINUITIES

0

[

o 0 0 0
“Oep 00 0 990 Foo o 0%V glagp 00
. % o %@w 5 syt Bamiepheeg BGR% T
o oq;c? 0 o ood)% 006,000 0 o% 0% 0 8‘?
0
QI' 4
© 4
00 02 04 06 08 10
(b)
] 0
<
0 0 o ©
0 08o 9 50 0 °
~ 0 0 09 % o
g%: v °00°‘§’°% 50 o oo ° 0%%0 o<£<é€, °q<)>§°°:
o 00 %Q’o ooo g 0 @O ({;0 @ooo 008? é@gd) %ﬂ()b S %O 000 890 S %)
86)% @00 00%8, [ %00 8% 00 %)oo
N 0, 00000009 %000 ooooo o: 00 %
N 0 o 0 0 Oo © ° 0
© J
00 02 04 06 08 10

116

Figure 5.6: Random sample {T:l%w, Tkl(l w} for the simulated series in figure

5.2 a) and b) respectively, standardized by &.
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Figure 5.7: Simulated data with trend function e) (”Sharp” plus a local shift) with
A = 3) and residuals generated by a FARIM A(0,0.3,0) process with sample size
n = 512.
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Figure 5.8: Comparison of trend estimation by g, and the full wavelet decom-
position § = Giow + Ghigh for the simulated data in figure 5.7. The ”7d6” wavelet
basis was used. The figures are: (a) data, (b) data with trend function, (c) data
with ¢ and (d) data with §jo.-
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5.4 Appendix: Proofs
The following assumptions will be used.

(A1) The derivatives ¢, ¢’ and ¢ exist except for a finite number of points

and, where they exist, they are piecewise continuous and bounded.
(A2) J,j>0and —(N —1) <k < N2/t — 1.

(A3)

N
yk:/ trpt)dt =0 (0 <k <r—1),
0
v, # 0.
In the case where ¢ is constant and estimated by the sample mean, the results
under Hj essentially follow from Lahiri (1993). In the following these results are

extended to wavelet estimation of a nonconstant function g, under Hy, and H;

respectively. At first, we cite results that follow from chapter 4:

Lemma 5.1. Under (A1), (A2) and (A3) the following holds:

(a)
Sy = O(Q_J/Q);
(b)
E(351) — sy, = O(n127/?);
(c)
E {[§Jk —FE (§Jk)]2} = C;N_Han_aQ_J(l_a) +0(n™);
(d)
. . 2 .
(¢)

N

Eldj] — djx = O(n~'2+9/%); (5.10)

(f) If ¢ € C(1;,) where Ly = [kN7'27U+) (k + N)N='27UH)]  then

Vy 2r+1

dy = _|gm(kN—12—<J+j>)N—%2—%<J+j> +o0 (2— > <J+j>>; (5.11)
T.

J




CHAPTER 5. BOOTSTRAP TESTING FOR DISCONTINUITIES 120

(9) If there exists an m € {0,1,...,r — 1} such that g € C™ (I;1), g™V emists
almost everywhere, but g & C™ (I;1,), then

djp = O <2—WU+J‘>> :

(h) If g & C (Ijx), then
dj = O (2-U+)/2)

Proof. (a) through (f) follow directly from lemmas 4.1-4.7.

For (g), we have

1
= N2 [ () w2Vt~ )
0

N
_ N—1/22—(J+j)/2/ g(N"12-U49) (4 4+ k) (y) dy. (5.12)
0

The points where ¢ is not differentiable are isolated so that, for n large enough,
there is exactly one such point in the support of ¢;,. Thus, assume that there

exists exactly one y* such that yj, = N=12-UH)(y* + k) € supp(¢);1,) and
: m—+1 * —1o—(J+j m+1 * —1o—(J+j o
lim [g Y (g5, + NT'27VHIA) — gt (= NTTUIA)] = Gy #0.

Since g is m-times continuously differentiable on 7}, and m+1-times continuously
differentiable on I;; \ {y;r}, a local Taylor expansion of g at y* (see e.g. Zorich
2004, pp. 225-226) vields

—Uu

N2 J+J

d]k — N2 J+j % Z
u=0
(N2 J-‘r])) (m+3/2)

(m+1)!

9" () /O U(y)(y —y)"dy

i (A + A) 4 o (2~ (mF3/2(19))

with

A™ =gty — / U(y)(y — y* )" dy,

At = gt (yr 4+ 0) / V() (y —y*)™ " dy.
y*

Taking into account condition (3.22) and m < r, we have
N
A At =g = 0) [ u) - ) dy
0
N
+ L9 P g5+ 0) = g™ Dy — 0)] / U(y)(y —y*)"Hdy

N
= 9" (Wl = 0)mst + Crgrye / D(y)(y —y)"Hdy
y*
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and hence

2mie
2

e = 27 Gy o (- _0 (2727540 )

where Cjy, is a finite constant.
Finally note that (h) follows directly from (5.12). O

Now we consider the expected value and the autocovariance function of g, under

the null hypothesis.

Lemma 5.2. Suppose that g € C'[0,1], and (A1), (A2), (A3) hold. Then
Z; = glow(ti) - F [glow(ti)] ~ N(O7 012)
and

E [Giow(t:)] = g(t:) + O(n_ﬁ>

where

2ra

’L2 S Cln 2r+a

and, as |k| — oo,
Ccov (Zl, Zz+k) S Cg|k|7o{

for some positive constants Cy and Cs.

Proof. Taking into account (3.6), (3.16), (5.1), lemma 5.1b) and the bounded

support of ¢, we obtain

9(ti) = Giow(ti) = 9(ti) — ElGiow(t:)] + Elgiow(ti)] — Jiow(ts)

N27 -1 oo N2J+i_1
= Z (s — E[51]) pur(ti +Z Z d]kw]k
k=—(N-1) §=0 k=—(N—
N2/ -1

+ Z — Sg1) Ga(ts)

oo N2J+i_-1 n N2J -1

O (2n7) +Z Z dixr(ti —n_lzfu Z Gk (tu)dan(ts)-

j=0 k=—(N-1) u=1 k=—(N—1)
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The stochastic part is normal and can be written as

i+n2—7 N2Jn—14

dooa Y dnlt)on(t)

u=i—n2—J k=N2/n—1{—N
i+n2—7 N2/n—14

=N/t YL > (N2unt — k)g(N2Tin !

u=i—n2—J k=N2/n-1i—N
i+n2=7

= N2Jn_l Z buzgu

u=i—n2~J

122

where b,; are some real constants. By analogous arguments as in Beran and

Shumeyko (2011a) and Li and Xiao (1997) one obtains

i+n2—7
Var(Z;) = N*n~22*Var Z buiu

u=i—n2~J

i+n2—7 i+n2—J

< N2 max (02} | D Var)+ Y. y(w—v)

u=i—n2~J w,u=i—n2"7

UFV

11
~ 2N?max {¢2,} (n277)™" C’W/ / 2 —y| *dxdy+ O (n'27).
Ut 0o Jo

Equation (5.3) then implies, for n large enough,

2ra

Var (Z;) < Cyn~ 2rta

for all 4, where C} is a suitable constant. Finally lemma 5.1f) implies

co N2J/+i-1 N2/ tin—1;

> Z djsin(ti <Z > max|dy| max g (t)
Jj=0 =i

J=0 k=N2J+in-1ij—N
< 0322 203U = 0 (277) = O(n~75a)

where C5 > 0 is a suitable constant. In summary,

E [g(ti) - glow(ti)] = O<n_ﬁ)’
Var [§iow(ts)] = O <n7 22:&%) )

(5.13)
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Finally,

i+n2—J Jj+n2— J

cov (Z;, Z;) < max {b. ;} N*n~*2* Z Z E(§u&y)]

u=i—n2~J v=j—n2-J
~ C'4n*222‘] / /
—1

< Csli—g|™"

dx dy + O( 1+a)2(1+a J|Z | (1+a))

Y

for suitable constants Cy, C5 and |i — j| — oc. O]
The next lemma provides a useful approximation of gpigp.

Lemma 5.3. Suppose that (A1), (A2), (A3) hold. Define for each j the set
D; ={dji : g€ C[supp(¢;i)]}. Then

q N2/ti-1

ghzgh Z Z d]k'I {d]k € D }w]k + U(t )

j=0 k=—(N—1)

where for any fired M € N and w € (0,1),
sup E[n"(t;)] = 0O (n‘”Q””(”)> :
o<m<M

Proof. Recall that

g N2/ti-1

Gigh(t) =D Y d]kj{| k| > 5j} Vi(ts)-

7=0 k=—N+1

The triangle inequality implies for every fixed w € (0,1) (see Hall and Patil
(1995))

I{ldsel > (L4 w)ds} = I {Id = dinl > wé } < T{1dl > 05 }

< H{Jdsel > (1= )8} + 1 {ldje — dyn] > wd; }

Now, due to the definition of §; and lemma 5.1, we have for all j € {0, ..., ¢} and

n large enough,
H{|djr| > (1 —w)é;} = I {|djs]| > (1 +w)d;} = {djx € Djs},

so that
An(tz‘) — By ( ) < ghzgh( ) <A ( )"‘ Bn(ti)
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with
q N2/+i_1

=Y > dp(t)I {djx € D},
7=0 k=—N+1
q N2J+i_1

=303 It |]{|djk jk|>w5j}

J=0 k=—N+1
and
Inign(ti) = An(t:) +n(t;)
with
n(ti)| < Bu(ts). (5.14)

Before considering moments of 7(¢;) note that lemma 5.1 implies
m’?XE (djk) = O(0j)
for 0 < j <log,n — J, and also, since ij is normal,

E (&) = 0(a2") = O(n-meg 40 (i-e)),

J

Let . . .

L1 | djp — Edje| _ wd;  |Edjx — dy

’ gj gj gj
and Pj, = E (Ij;). The triangle inequality implies / {|cf]k —dji| > wéj} < L.
Using this, the compact support of wavelets, lemma 5.1c) and 5.1e), the condition
07 = 4r(n)Inno? ((5.6) and lemma 5.1c)) and the general inequality P (Z > 1) <
e~z for standard normal variables Z (see e.g. Pollard 1984, p. 191) leads to

ij < 27,1/72&}2/{(”) +o <n72w2ﬁ(n)> .

Holder’s inequality together with (5.14) imply

qg N2/+i—1

B <Y Y |l [walt)
j=0 k=—N+1
n—loJ+ig

<> S B Pt =0 ().

J=0 k=Nn-12/+is—N
By analogous arguments one obtains

g N2/ti-1

B Z Z ( [diﬂ Jk> o [ (t)l ] =0 (n‘“2“(”)> :

7=0 k=—N+1
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The following two lemmas provide asymptotic approximations of the first two

conditional moments of (7., under the null hypothesis.

Lemma 5.4. Suppose that the assumptions of lemma 5.2 hold. Let | = O(n!'~°)
for some 1 —2(2r + a)™' <e< 1. Then

Cl,;lEn (Cilow) = Op(1>'

Proof.
TOOf n—I+1i4+1-1
al_lEn (Cilow) - Z Z X] low — Sl + 52
=1 j=
with
n—I+1i+1—1
1= (n— l +1) Z Z

n—I+1 z-‘,—l 1

52: l+1 Z Z {g glow( )]}

and Z; = Giow(t;) — £ [Jiow(t;)] = 0p(&;) (see lemma 5.2). Then S; = 0,(1) due to
lemma 2.1 (see e.g. lemma 3.1 in Lahiri 1993) and lemma 5.2 together with (5.3)

imply
n—I+1i+1—1 (1-9
- 1 _ Taa+a 1—e
Sy = ————— n—l—i—l Zl JZZO lal2 ) O(n 2r+ 2 )
which is o(1) because € > 1 —2(2r + o)L O

Lemma 5.5. Suppose that the assumptions of lemma 5.2 hold. Let 62 = al [G‘Qlow]
and I = O(n'=¢) with 1 —2(2r + a)~! < e < 1. Then

62 =20"(1—a) ' (2—a)" +0,(1).

Proof.

1 n—l+1 [itl—1 2
£2 2 _ _
o,=a, E, [C1 zow] = alz(n Y E ( jEi Xj,lOw) =51+ 52+ 53
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with
S Z (o)~ [glowaj)]))Q,
S= i 2 (2 620D i) -8 [glow@j)]))

i=1 j=i j=i
and Z; as before. Then

202
Sl = (1 —Oé)(?—(l/) +Op(1).

Lemma 2.2 (see e.g. lemma 3.2 of Lahiri (1993)) and lemma 5.2 implies

1 n—Il+1 /i+l-1 2
b a(l—€)— 22
SQ_alQ(n_—l_HZ<ZO > :O(ZQGZQQ 2J):O<n( )2r+a>

=1

which is o(1) because € > 1 —2(2r + a)~'. Finally, noting that F (S3) = 0, using

Holder “s inequality and writing

v(i, 1) = Var (2_: (& — Z5) ) 7 Z {9(t;) = E [giow(t;)]}

j=i
we obtain

n—I+1

4
V@T(Sg) < mman Z l Z \/ U 21, 22, O< a(l—e) 27"+a> :0(1)

i1,i2=1

]

Now we consider Cf;ow under H;. Without loss of generality it is sufficient to

state the results for the case with one jump.

Lemma 5.6. Suppose that (A1), (A2), (A3) hold. Futhermore assume that g
has a single jump of size A at a point s* € (0,1). Let I = O(n'~¢) with 1 —2(2r +
a)™t <e< 1. Then

a; ' B, (Cilow) = 0p(1)

and

_ 2 B 202
a7 ’E, ((Llw) “ A o)E=a) + v, + 0,(1)
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with
v = A2Cn w1

and C > 0. In particular, if e <1 — (2r + @), then v, — oo.

Proof. Recall that

oo N2J/ti-1

g(ts) - glow(ts) = O (2Jn_1) - Zs + Z Z djkwjk(ts)

J=0 k=—N+1
The compact support of the wavelets implies that for k ¢ [Nn™'2/%s — N, Nn=127%s],
Vik(ts) is equal to zero. Similarily, ¢y, (t;) = 0if i ¢ [s — n27H) s + n2=(/+9)]
and k € [Nn*12‘]+js — N, Nn*12"+js}. Let * € N be such that i*/n < s* <
(i* + 1)/n. Then lemma 5.2 implies that g(ts) — Giow(ts) = —Zs + O(277) for
s ¢ [i* —n27 " + 14+ n277].
Also, for s € [i* —n277 i + 1+ n277],

0o N2J+i-1 N27-1
Yo D dudalt)=gt) = Y sadnlts) =0
j=0 k=—N+1 k=—N+1

Define f(z) = g(z) — A - H(z — s*) where H(z) = I{z > 0} is the heaviside
function, and denote by lffzow (t — s*) the corresponding low resolution wavelet

decomposition
N27 -1 1 ; ;
H —s*) = — _ _ o* _
low (t — 87) Z (n ZH (n s ) Ok (n)) Gk (1)
k=—N-+1 =1

N27 -1

Z Z¢Jk< >¢Jk t) = N2t /¢Jk )bk(t) dz + o(n™").

k=—N+1  i=i* k=N2J/t—N
Note that

flow(t) = glow(t) AR ]f[low@ — S*)
and L )
/ Hlow (t - 5*) dt = / H (t — S*) dt + 0(’[1_1).
0 0
For t > s* +n~! 4+ 27 we have

H(t—s") = Hipy (t —s*) +o(n7")

and for t < s* — 277 the same equality holds exactly. Then

n—I+11+1-1

al_lEn (Cilow) - l—|— 1 Z Z Xj low — Sl S2
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with

1 —l1 it — A
S = al(n——lH Z Z [f] + f(t; flow(tj)] )

=1 Jj=t
—I+1 41—

A ] *
ngal(n_—lHZ [ t—S Hlow(tj_s)]-

=1 Jj=i

Lemma 5.4 implies 57 = 0,(1). Moreover,

Al i*+14n277 o
= T 7 1\ ") — H L o* al(l—e)/2—1
52 n al(n — [+ 1) ' .*ZQ_J |:H<tj S ) Hlow(tj S )i| + 0 (’n, )
Jj=t*—n
= _A-dln /1 [H (t — %) — Hyp (t — s*)] dt + 0 (lay'n™") + o (na(l—e)/2—1>
a(n—14+1) Jq low :

-0 (na(l—e)/Q—l) )

Taking into account lemma 5.5 we have

1 n—l+1 fitl—1 2
_ <2
a; 2En<C1,low) = a—%<n 11 Z ( Z low)

1 n—Il+1 [i+l-1 R 2
- m Z (; <§J+f(t])_flow(tj)>> +Sl+s2
=20%(1 =) 2 =) + 51 + 52+ 0,(1) (5.15)

with

S1 = _alQ(nQ——Al—Fl) nil {Z—:zl__;l |:€J + f(tj) - floTU(tj)} i—il_:l [H(tj - S*) B ﬁlow(tj - S*)} } ’

j=i

AZ n—l4+1 (itl—1 A 2

S H(t; —s*) — Ht;—s)| b .

RE = D CORRRTR
Now

A2 -1 #1402 (i1 ) 2
(m) Sz = Z { Z [H<tj —s") — Hlow(tj — s*)] } +O(l2n_1)

i=i*—n2=J—1 \ j=i

i*+14+n277 il R 2
- ¥ {n/ [H (€ — 8) — Hipy (2 — s*)} dz + 0(1)} + o
1=1*—n2—J -] "

l

%4’2_‘] Y+ R 2
= n/ n/ [H (x —s") — Hipw (x — s*)] dr p  dy+ o(I*n277).
R v
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. I
Using the representation of Hj,, and fyy+” dn(z)de = Lou(y) + o(ln=127/2),

the integral can be written as

2

s 10— y+L N2J -1 1
wf w [ == X [ ontonta) de| ot dy
s7=277 =5 g k=—N+175"
2

st 42— N27-1
:nlz/ Z / () o(y) dt | dy+ o(I°n277)

F-277— —N+1

3|~

with
0 Ly < st —In7t
Ht)={ I"lny+1—1"1s" |, s —In"t<y<s
1 sy =St

Noting that H (y)—> "1 N2’ 7\[1“ fs* Gu(t)dsk(y) dt =0fory ¢ [s*—277 — L v 4 277]

and using the wavelet decomposmon of H and orthonormality of ¢, and Y we

obtain
1 B qg N2/+i-1 2
[ W) - =) +> Y /Ht—s bin®baly) dt | dy
0 =0 k=—N+1

+o(IPn277) = I, + Iy + I3 + o(I>n2™7)
with
e, 2
I, = nl2/ [H(y) — H(y — s*)] dy,
0

oo N2Jti— 1[

Ig—nZQZ Z

H (t = 5) et dt} ,

§=0 k=—N+1
1. g N27ti-1
13:m2/ [H(y)_ y—s* Z > /Ht—s ) in ()i (y)dtdy
0 =0 k=—N+1
where
1
[1 - glg,

Iy = nl? /01 [ﬁ(y) —H(y— s*>] [H(y — ) = Hwly — )| dy = 0(%).

Since fol H (t — s%) y(t) dt = 0 for Vk ¢ U; = [|[N27Hs*| — N, [N2/Hs* | +1]
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and N27/%7 — | N2/%s*| — k — oo, we obtain

Jg—nFZZ ( i Wit dt)

Jj=0 keU;

= N~ 'n/? 9~ (J+3) (/
Z Z N2J+ig*—| N2/ +ig* |-k

> 2N 1nl?2”- eren(l)ri [ (/ WP(t dt)]

and the bounds [joyer < T2 < Lypper, Where

1 N 2
Tower = 2N 10?277 min (/ t dt)
l i [ (v

o) 1 N
Lypper = N7'ni? Y 2740 3 / YA (t) dt = 2N"'ni?277 (N + 2).
§=0 k=—N"0

w(t) dt) 2

+ o(I*n277),

Thus, using the definitions of [ and J, there exists a constant C' such that
Sy = AQCTL*ﬁ+O¢(17€) +o0 (n*ﬁ‘FOé(l*E)) ‘

By similar detailed calculations of E(S;) and Var(S;) we now show that S is
asymptotically negligible. At first, we consider

2A n—Il+1 /[i+l-1 A
BSI = a5 & (jz (£) = B [fuutts)])

. Hzl:l (H(t; = 5") = Hiou(t; — s*)>>

j=i

ZQJ n—I+14i+1—1 .
:O( T Z Z( (t; —s") Hlow(tj—s*)>>

12277
—0 <ﬁ> —0 <n—1+a(1 ) 27+a> = o(1).
ai(n—1+1)
Let U= [s* —n2™/ —1,s* + 1+ n27/] and

i+1—1

AH =Y (H(tj — ) — Hipult; — s*)> .

j=i
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Hence,
0 L i< st —n277 —1
AH; =< O(l) ,i€ st —n27) — 1, s* +1+n277]
O(n™") ,i>s"+1+n27/

Using this notation we derive

s*+14n2=7 i+1—1
4NA?

2 __ 7. .
VarSl—a?(n_l+1)2E > > (- 2)AH,

i=s*—n2~J -1 j=t

2
n—I+1 i+1—1

+ Z Z (§; — Z;) AH; | = Si1+ Si2 + Si3

i=s*+2+n2—J j=i

where )
AA2 s*+1+n277 i+i-1
Snp=————"7"77F (& —Z;) AH; |
-t |2, 26
SA2 s*+14n277 i+1-1 n—l+1  i+l-1
Sig = mE Z Z (& — Z;) AH; Z Z (& — Z;) AH;
A i=s*—n2—J—1 j=i i=s*+24n2-7 j=i
and )
4A2 n—I+1 i+1—-1
S1s A0 — 1 12E Z Z <§j_Zj)AHi
ai(n—1+1) i=s*4+24n2~7 j=i
It then yields
AA2 s*+1+n2=7 iti-1 ?
Sp=———-—"7—""/7—F (& — Z;) AH,;
O MR R R
AA2 s +1+n277 i+i-1 2
=—F——F . — Z;) AH;
at(n—1+41)? is*_zn;J_l ]z:; &%)
AA2 s*4+n277 41 i+l—1 2
a?(n - 1)2 is*—%']—l ; ’
AN2 s +14n277  s*4i4n277 i+l—1 i'+l—1

- T X Y BUE-Z)& - Z0) Y AH, Y Al

i'=s*—n2=J —li=s*—n2-J - J'=i

s*+l4n2=7  s*l4n2=7 i+l—1 i Hl—1
4AN?

~ TR > o= Z AH; Y~ AHj
Jj=1

i'=s*—n2~J —li=s*—n2—J | j'=i
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i+l—1 AN2 s +l4n2=7  s*4l4n277
. | —a
< max (ZAH> AT 2 >, -

i'=s*—n2=J —li=s*—n2—J ]

[*(n27)2 a_ =a)a o0
-0 (H—) = o ().

This is o(1) for all € > o 1+°‘ By similar calculations of S5 and Si3 one can see

that

Si3 =0 (n727%7%%) = 0(1), Ve > 0
and due to Holder’s inequality
S12 =0 (n_Ha_(l_%)ﬁ_me) =o(1), Ve > 0.
This concludes the proof. O

The following two lemmas compare the conditional expected values and condi-

tional variances of ¢} and (j,,,, under Hy.

Lemma 5.7. Suppose that the assumptions of lemma 5.2 hold. Let | = O(n'™°)
for some 0 < e < 1. Then

o

al—lEn (GK) = al (Cl low) + O < 51— e)—%w%(n)) )
Proof.
al_lEn (CT) - al_lEn (Cik,low) -5

with
n—I{+1i+1—1

S=— TL—l—F ; Zlghzgh

From lemma 5.3 we have

n—Il+1i+1—1 g N2/+i—

B(S) = ——p z S X Bl 1 € Dywntty) + Elnt,)

s=1i 7=0 k=—N+1
n—I+1i+1—1

_ n_H Z Z En 0( %(1—e>—w2n(n>>

and
E(ﬂ‘ﬁE (Z Z )

n—I+141+l—1n—I+1is+1—1

o L X L L VEREITERL = 0 (et o).

i1=1 s1=t1 12=1 so=ig

]
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Lemma 5.8. Suppose that the assumptions of lemma 5.2 hold. Let | = O(n!'~°)
for some 0 < e < 1. Then

2p (CF) — a;2En (ijow> + Op(af2l _ nq/gn,iwz,{(n)).

Proof.
1 n—I+1 fi+i-1 2
£2 _2En<*2>:— X,
0, =q G P ; Z
_2 *2
=4 E” (CI,low> - Sl + SQ
with
9 n—l+1 fit+l-1 1
S ] O’LU 3
- & (;(€]+g( o Zghgh )
1 —l4+1 fitil-1 2
S 1 .
2 a?(n—1+1) ; (Z Ghign(t )
Now
n—I+1i+l-1
E S < O(l -2 _w25(n)>
and
n—I+1i4+l-1
(S2> l—f- 1 aln —1+1)2 Z Z ghzgh =0 (lal_4n_1n_w n(n)) )
Furthermore,
2 n—I+1 i+l—1 2 1
|E ()] < aZ(n—1+1) ; E (; &+ g(t)) —gzow(tj)]> Z \/7
=0 <l2 a/2a n 2"" “(”))
and

n—I+1i+1—1 i+l—1

ES) = am n—l—i—l Z;Z\/E (& +9(ts) = Giou(t ZV i 1

=0 (al_4l2n_1n_%w "‘(”)> )
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Finally, we derive asymptotic expressions for the first two conditional moments
of ¢f under H;.

Lemma 5.9. Suppose that the assumptions of lemma 5.6 hold. Let | = O(n!'~°)
with 1 —2(2r + )~ < e < 1. Then

B (C1) = 0,(1)

and

() = )

Proof. We use the same notation as in the proof of lemma 5.6. Recall that

q N2/+i—1

ghzgh Z Z djk] ik € D )¢J/€( ) ( )7

J=0 k=—N+1

for k ¢ [N2/Hin=ti* — N, N27%n=1*] we have ;,(s*) = 0 and dj, € D; and also
for k € [N2/%ig* — N, N2/t s*] and t outside the interval [s* — 27+ g* 4 27(TH)],
one has 1, (t) = 0. Defining

U= {z* —n2~ — 1, i+ nQ*J} it then follows that

n—I+1i+1-1
CE(G) = ——— n_z+1 >N (& +9t) = Gow(ty) — Gnign(t))
=1 J=1
i+1—1 i+1—1
=TT L e T S o =S
i¢U  j=t €U j=i

For S; the result is as before (since U does not include jumps). For S, consider
first
g(ts) _glow(ts) ghzgh( ) Als +A25 +A3s +A4s

with
N27 -1 g N2/ti—1

As = Z (sgk — 8gk) Qun(ts), Ass = Z Z dipl {d;i, € D} ji(ts),
k=—N41 j=0 k=—N+1
g N2/ti-1 co N2/ti-1
Z Z ( ik — jk> I{djx € Dy} ji(ts), Ass= Z Z Akt (ts)
=0 k=—N+1 j=q+1 k=—N+1

If s € [i* —1,i" 4 1], then

N2J+a_1

Ars =gt = D Surardusan(ts) = O(1).

k=—N+1
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On the other hand, if s ¢ [i* —1,i* + 1], then A, = O(n~'). Furthermore
Ay = O(277). Finally, for a € {0,1,...,logyn— J}, and s between * —n2~ (/)

and i* + n27*% but not in the interval [i* — n27(FotD x4 p2=(TTetD] e

have
q N2/ti-1 A i
7=0 k=—N+1
= Z+ Z — O —12J+a)
J=0 Jj=a+1
and
a N2/+i—1 2
Var (As) = ES | S0 > B (die) = din| 1{die € Di}vlts) | p+O(n22204)
§=0 k=—N-+1
a N2J+i_1 2
Z Z ol k(ts) | (dsi € D, )| +0(n —292( J‘Hl)) -0 (n—a2a(J+a)) '
j=0 k=—N+1

Note that As ¢ is normally distributed so that also E (Aés) =0 (n*2a22a(‘]+“)).

For Sy we then obtain

i+l—1
zEU Jj=t
l s*4+n2—J
< E(As 1
ICETES) j:sféz_ﬁ Halr ot

l q
< 9—(J+a) _ po—(J+a+l) O(n=127%% — O(ala=n"") = o(1).
S a2 n ) O(n™'27+) = O(glay 'n™") = o(1)
Similarily one obtains

E (822) = 521 + SQQ + 0(1)

with
5 T i1 i+i-1
Sn = ——F—3F (& +Z;) Ay j
at(n —1+1)? _;; ! ];; !

=0 (l2af2n_a2_(2_a)J) =o(1),

1 -1 2
S22 = az(n—1+ 1)2E (Z Z A?’vj)

€U j=1

=0 (lalflnfa/227(1fa/2)t]) — 0<1)
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Thus, the result for a; ' E, (¢}) follows.

For the second moment we have

0% = a 2B, () = 20° + S5+ 0,(1)
l YT 0 —a)2—a) TP
with
1 itl—1 2
Sy = m ZEZU { ; €5+ 9(t5) = Gow(t;) — thgh(tj)]}
= m (531 + 532 + 333 + 534 + 535 + 536) + 0(1)
and
i+l—1 2 itl—1 itl—1 2
Sn=) (Z (§j+Zj)> LS =y (Z A3;> Ssg = (Z 0(2_‘])> ,
i€U \ j=i ieU \ j=i icU \ j=i
r /i1 itl—1
Ssu=2) (Z &+ Z; ) (Z A3]> :
€U L =1
r ziz 1 itl—1
o [Eess) (£
€U L =1
¢+zi1 itl—1
g [[E ) (Eor)]
€U j=i j=i

As you will soon discover, a detailed analysis of the six terms shows that they

are asymptotically negligible so that S3 = 0,(1). Thus,

(ZO > 012737y = o(1).

J=1

S0 = e T

€U

Due to lemma 5.4 we achieve

2 i+1—1 i+1—1
535:%2(%_”1);(; G2 ) (ZO >_O”< !

Due to lemma 2.2 (see e.g. lemma 3.2 of Lahiri 1993) we derive

s*—n27741  fitl—1

J 1 2
Sg1 =27 P12 > (Z (§j+Z]~)> = 0p(1).

i=s*—n2—J -] Jj=i

We now turn to the next term and derive

i+1—1 29
ES?,(; O(—Z +Z EAgj = 2W—) 0(1)

2(n—141) IGUH aj(n—1+1)
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Whereas,
2
O(l22 2] i+l—1
psy = 220 SN A,
l i€l j=1
122 2J i+l 1\/7 142 27, 2—ag—(2— )J)

< - E[A =o(1).
<l (2 Ve ) - AR )

The Holder’s inequality implies

i+l—1 i+l—1
FE = E A < - \/7
S = n—l—l—lZ (Z 3J> - n—l—i— ZeU(; E A3 )

1 g 2
— 9—(J+a+l) —a/29a(J+a)/2 _
ain—1+1) Zn (10(n )" =o(1)

and

1 itl—1 2\
2 Z Z
[ —
ESy < at(n —1+1)? ( Ag;)

ieU
i+l—1
l2 2—a9— (2—a)J )
> VE[Asy)] ) = o(1).
(zEU Jj=t l+ 1>
The rest of the proof is quite standard. Using the Holder’s inequality, we obtain
h
that 9 i+l—1 itl-1
ESa = a2(n —1+1) >_E [(Z (& + Z; > (Z A3J)
! icU j=i
9 itl—1 2 itl—1 2
< 21 +1) Z E (Z (5j+Zj)> E <Z Aa,j)
! €U Jj=t Jj=i
O(11-/2) i+l-1 O(11-/2) i+l-1 \/7
a (n—l—|—1Z ZA?” = n—l—i—lzz BlAs;]
€U j=1i
=0 (al’ n’o‘/2l2’(1’a/2)‘]) =o(1)
and

2

4 i+l—1 i+l—1
B85~ da T [Z<Z A ) (ZA“>

€U j=t
4
< E E
“af(n—14+1)? (ZEU J

2

)

(Fera) (5
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1/4

4 iHl—1 4 -1 4
< ey B Y E <Z (§j+ZJ)> E (]Zz As,j)

ieU j=i

1/4\ 2

. 4
O<l2_a) i+l—1
at(n —1+1)? ; ( ; 34

OlQa i+1—-1 A 1/4
n—l+1 ZZ EA?’]

U j=1

o(*>~) (J+a+1) ) /20a(J+a)/2 i
— l 2 a —Cv 2(1 a
a alin—1+1)? + 1)? Z " )

—O<l4 oy 4 n"99~ (2—a)J ):O(l)
O

The results of lemma 5.6 and 5.9 remain the same in the presence of any finite

number of isolated jumps.

Proof. (of theorem 5.1) The results follow directly from lemmas 5.4 to 5.6 and
definition (5.8). O

Proof. (of theorem 5.2) The results follow from theorem 5.1 in an analogous

manner as theorem 2.3 (see e.g. theorem 2.2 in Lahiri 1993). O

Proof. (of theorem 5.3) The theorem follows directly from lemmas 5.7 to 5.9 with
w = 2742 and the definitions (5.7), (5.8). O

Proof. (of theorem 5.4) This follows from theorem 5.3 in a similar way as theorem
5.2.
O



Chapter 6
Concluding remarks

Finally, we give some concluding remarks and mentioned a few open problems

regarding the two statistical problems that have been investigated in this thesis.

(1) In chapter 4, an approach to data adaptive wavelet estimation of trend func-
tions for long-memory time series models is proposed. The estimator can be
understood as a combination of two components, a smoothing component
consisting of a certain number of lower resolution levels where no thresh-
olding is applied, and a higher resolution component filtered by threshold-
ing. The first component leads to good performance for smooth functions
whereas the second component is useful for modeling discontinuities. An
open problem worth pursuing in future research is the question how much
more may be gained by further optimization with respect to fully flexible
thresholds ;. One can show that ¢; = 0 is indeed the best threshold for
some classes of functions. For instance, it can be shown that, if g € L?[0, 1]
and C < [¢" ()| < C27+%/2 (almost everywhere) for some finite constant
C, then §; = 0 is asymptotically optimal. This includes, for example, func-
tions that can be represented (or approximated in an appropriate sense) by

piecewise polynomials of order 7.

The asymptotic expressions for the tuning parameters are derived. These
can be used to develop an iterative data adaptive algorithm similar to Beran
and Feng (2002). However, this algorithm has not been developed yet. The
assumptions and techniques in Beran and Feng (2002) are quite different so
that the algorithm proposed there cannot be carried over to our situation. It

is more the general idea of a plug-in algorithm that can be used. However,
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(2)

this would need a detailed study and is beyond the scope of the present

thesis.

The test proposed in chapter 5 is fully nonparametric in the sense that the
tuning constants € and k can be chosen without knowledge of the underlying
process. The only unknown parameters that would need to be estimated
from the observed data are C, and a. These are needed for a correct
standardization In principle, these parameters can be estimated by applying
parametric or semiparametric methods to the estimated residuals X; (see
e.g. Fox and Taqqu 1986, Giraitis and Surgailis 1990, Beran 1993, 1995,
Geweke and Porter-Hudak 1983, Robinson 1995a,b, Hurvich et al. 1998,
Moulines and Soulier 1999). However, the optimal choice of the tuning

parameters J and ¢ for estimating g depends on o and C,.

We did not carry out a comparative study, because there is no other pro-
cedure in the literature that would be applicable to our situation. Most of
the methods discussed in the literature assume short memory (for instance
Ait-Sahalia and Jacod 2009). Only a few authors deal with the case of long
memory, but either consider situations that differ from ours (for instance
linear regression with stochastic regressors) or mainly derive results that
demonstrate failure of short- memory procedures. This appears to be the
first method for testing continuity of a general nonparametric trend function

with residuals exhibiting long memory.
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Appendix

Main S-PLUS-programs used for simulations in sections 4.3 and 5.3:

Ers e R B B R R B S e S s e R R s e R e S e R S S
### The function Cphi.Cpsi.Simulate calculates the

### constants Cy and Cy.

Hit#

### Input: parameters of the FARIMA model (AR,MA,d);

#it# name for wavelet basis
### Output: Cy and Oy
it

### Example: Cphi.Cpsi.Simulate(0,0,0.4,"d4")
HHHFH R HHH R HH S HH SRS T TS TS TS T ST

Cphi.Cpsi.Simulate <- function (AR, MA, d, basis){
module (wavelets) ;
n.FAR <- 2%x*10;
d.psi <- cQ;
d.phi <- cQ;
for(i in c(1:100))

{

# Simulate FARIMA(ar,d,ma)
x.FAR <- arima.fracdiff.sim(n=n.FAR,

model =list(d=d, ar=AR, ma=MA));

# Wavelet estimator

f.dwt <- dwt(x.FAR,wavelet=basis, n.levels=3);

153
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# choose level 3
d.psil[i] <- var(as.numeric(f.dwt[["d3"]]));
d.phi[i] <- var(as.numeric(f.dwt[["s3"]1]));

}

#support
info.wave <- summary(wavelet(basis));

N.Gross <- info.wave$support[2]-info.wave$support[1];

# Return Cy, Cy
return(c(mean(d.phi) *2%* (-2%3*d) ,mean (d.psi) *2*x (-2%3*d)) )

HHHHHHHH R R R R R R

#it#
#it#
#it#
Hit#
#it#
#it#
#it#
Hit#
#it#
#it#
#it#
Hit#
#it#
#it#
#it#
Hit#
#it#
#it#

The function Wavelet. Est.Simulate calculates the simulated and
theoretical values of log, MISFE;,,, for trend estimates

obtained by kernel smoothing, minimax soft threshold wavelet
estimation and data adaptive hard threshold wavelet estimation
obtained from theorem 4.3. The output, which is

saved in the file "WaveSimulate.txt", is based on "Simulation.Nr"
simulations of our model with the sharp trend function and
FARIMA(AR,d,MA) residuals.

INPUT: Simulation.Nr
d
AR
MA

Basis (wavelet basis)

QUTPUT: "WaveSimulate.txt"

EXAMPLE: Wavelet.Est(400,0,0,0.2,"d4")

HEFHHEFH R H A H R R R R R R R



APPENDIX 155

Wavelet.Est.Simulate <- function (Simulation.Nr,AR, MA, d, basis) {
module (wavelets)
cat(Simulation.Nr, "\n", file="WaveSimulate.txt",sep= "\t", append=T)
cat("d", "Length" , "MISE " ,"Minimax","Kern", "Theor", "\n",

file="waveOptJun.txt",sep="\t", append=T);

# Coef. Cpsi, Cphi
Cpsi <- Cphi.Cpsi.Simulate(AR, MA, d, basis) [2]
Cphi <- Cphi.Cpsi.Simulate(AR, MA, d, basis) [1]

#sim

for(n.FAR.number in c(7:13))

{

info.wave<-summary (wavelet(basis));

N.Gross <- info.wave$support[2]-info.wave$support[1];
n.FAR <- 2%xn.FAR.number

Int.SQ.Error <- c(1:Simulation.Nr)

Int.SQ.Error.MM <- c(1:Simulation.Nr)
Int.SQ.Error.Kern <- c(1:Simulation.Nr)

ERW.Trend <- O*c(1:n.FAR)

for(j in c(1:Simulation.Nr))

{

# Simulate FARIMA(0,d,0)
epsilon.FAR <- arima.fracdiff.sim(n.FAR, model =list(d=d, ar=AR,
ma=MA)) ;

#Trend

Trend <- 10*exp(c(1l:(n.FAR))/n.FAR)-10

Trend[c((n.FAR/2+1) :n.FAR)] <- 10x*exp(l1-c((n.FAR/2+1) :n.FAR)/n.FAR)
-10

# Addition Trend
x.FAR <- epsilon.FAR+Trend;
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# define my
info.wave <- summary(wavelet(basis));

mpsi <- as.numeric(info.wave$wfilter$stats[2])+1;

# int £°{(r)}"2
Int.Diff.2 <- c(100%exp(1/2)"2-100,100xexp(1/2)"2
-100,100%exp (1/2) ~2-100,100*exp(1/2) “2-100,100*exp(1/2) ~2-100) [mpsi]

# choose optimal decomposition level

p-Koeff <-floor(n.FAR.number*(2+mpsi/ (2*mpsi+(1-2%d)))
+(log(Cphix*(factorial (mpsi))**2

*Int.Diff.2**(-1)*Const.nu.r(basis)**(-2)* (2**(1-2*d)-1))/log(2))
/ (2xmpsi+(1-2xd)))

# Wavelet estimator

f.dwt <- dwt(x.FAR, wavelet=basis, n.levels=p.Koeff);

#hard Thresholding

for(k.Shift.moth in c(1:p.Koeff))

{

di <- paste("d",k.Shift.moth,sep="")

temp.f.dwt.di <- f.dwt[[di]]

f.dwt[[di]] <- temp.f.dwt.di*((temp.f.dwt.di)" 2
> 1*n.FAR.number*2x** (2xd* (k.Shift.moth)))

}

# wave Estimator
# MISE
Int.SQ.Error[j] <- mean((idwt(f.dwt)-Trend)**2)

# Minimax Rule
# Wavelet estimator

f.dwt <- dwt(x.FAR, wavelet=basis, n.levels=n.FAR.number);

#soft Thresholding
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for(k.Shift.moth in c(1:n.FAR.number))

{

di <- paste("d",k.Shift.moth,sep="")

temp.f.dwt.di <- f.dwt[[di]]

f.dwt[[di]] <- sign(temp.f.dwt.di)*(abs(temp.f.dwt.di)
-sqrt (2*n.FAR.number) ) *((temp.f.dwt.di) "2 > 2%n.FAR.number)

}

# MISE for Minimax
Int.SQ.Error .MM[j] <- mean((idwt(f.dwt)-Trend)**2)

#Kern estimator

nu <- 2%*(2%d)*gamma(1-2%d)*sin(pix*d)/(d*(2*xd+1))
C.f <- 1/2/pi

C.opt<-(9%(1-2*d) *nuxC.f/ (12800%pi~4) )~ (1/(5-2%d))
bandwidth.opt <- C.opt*(n.FAR) " ((2xd-1)/(5-2%d))

#bandwidth.opt<-0.02208316
Kern.smooth <- ksmooth((1:n.FAR)/n.FAR,x.FAR,
bandwidth=2*bandwidth.opt)$y

# MISE for Kern

Int.SQ.Error.Kern[j] <- mean((Kern.smooth - Trend)**2)
}

plot(f.dwt)

plot(idwt(f.dwt), type="1",col=2)

print (p.Koeff)

lines(Trend)

lines(Kern.smooth,col=3)

# Theor MISE

Theor .MISE <- (1/(1-2%*(-2*mpsi))+1/(1-2x*x(-1+2%d)))
* (Cphix* (1-2%* (-1+2%d) ) ) ** (2*xmpsi/ (2*mpsi+(1-2%d)))
x(factorial (mpsi)**(-2)*Const.nu.r(basis)**(2)

xInt.Diff.2(Trend,basis))**((1-2%d)/(2*mpsi+(1-2%d)))
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*(n.FAR) ** (- (2xmpsix* (1-2%d) )/ (2*mpsi+(1-2%d)))

#results

cat(d, n.FAR, mean(Int.SQ.Error),mean(Int.SQ.Error.MM),
mean (Int.SQ.Error.Kern),Theor .MISE, "\n",
file="WaveSimulate.txt", sep="", append=T)

} }

B s g s i s S s S s

### The function Simulations.Jump.Sharp calculates the empirical
### rejection frequencies based on 400 simulations of a

### FARIMA(AR, d, MA) process, and g equal a JumpSharp

### function with 0 =2. The wavelet basis s6 was used.

### The levels of significance are [ =0.1,0.05 and 0.025.

### For each simulation, the rejections regions are determined

### using a bootstrap sample of size 400.

H##

### INPUT: AR

Hit# MA

H## d

#it# n.FAR.number (= log,n)
Hit# k

Hit#

### OUTPUT: qo.9, Q0.95, 0.975

H##

### EXAMPLE: Simulations.Jump.Sharp(c(0.5),c(0.5),0.4,13,100)

B S s s s S s s S s s s s s s T

Simulations.Jump.Sharp <- function ( AR, MA, d, n.FAR.number, k)

{

module (wavelets)

basis <-"d6";

# Coef. Cpsi, Cphi
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Cpsi <- Cphi.Cpsi.Simulate(0, 0, d, basis) [2]
Cphi <- Cphi.Cpsi.Simulate(0, 0, d, basis) [1]

# support
info.wave<-summary (wavelet(basis));

N.Gross <- info.wave$support[2]-info.wave$support[1];

#Length

n.FAR <- 2*xn.FAR.number;
Chislo <- c();

Chislo.n.t <~ c();

sim.nr <- 400;

# fault number
Fault.number09<-0
Fault.number095<-0
Fault.number0975<-0

#Trend

Trend <- 10*exp(c(1l:(n.FAR))/n.FAR)-10

Trend[c((n.FAR/2+1) :n.FAR)] <- 10*exp(1-c((n.FAR/2+1):n.FAR)/n.FAR)
-10

Trend[c((5/16%n.FAR) : (n.FAR))]1<-Trend[c((5/16*n.FAR) : (n.FAR))]+2;

# define my
info.wave <- summary(wavelet(basis));

mpsi <- as.numeric(info.wave$wfilter$stats[2])+1;

# int £°{(r)}"2

Int.Diff.2 <- c(100%exp(1/2)"2-100,100xexp(1/2)"2
-100,100*exp(1/2) "2-100, 100*exp (1/2) “2-100,
100*exp(1/2) ~2-100) [mpsi]

# choose optimal decomposition level
p-Koeff <- floor(n.FAR.number*(2*mpsi/(2*mpsi+(1-2%d)))
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+(log(Cphix*(factorial (mpsi))**2xInt.Diff.2%*(-1)
*xConst.nu.r(basis)**(-2)*(2x*(1-2xd)-1))/log(2))/(2*mpsi+(1-2%d)))

# Block length
1 <- floor(n.FAR*x*x( 1.5/(2*mpsi+1-2%d)));

# number of blocks
Anzahl .Blocks <- n.FAR -1+1
Tkl<-c(1:(n.FAR -1))

# number of bootstrap

Sample.Calcule <- c(1:k)

# normalization coefficient

Norm.Koef <- kx*(-0.5)*1x*x(-1+(1-2xd)/2)
x(1/pi*gamma (1-2%d) *sin(pix*d))~(-1/2)

for(Koll in c(1:sim.nr))

{

# Simulate FARIMA(0,d,0) Noise
epsilon.FAR <- arima.fracdiff.sim(n.FAR, model =list(d=d, ar=AR,
ma=MA) ) ;

# Addition Trend
x.FAR <- epsilon.FAR+Trend;

# Wavelet estimator

f.dwt <- dwt(x.FAR, wavelet=basis, n.levels=p.Koeff);

# hard thresholded

for(k.Shift.moth in c(1:p.Koeff))

{

di <- paste("d",k.Shift.moth,sep="")
temp.f.dwt.di <- f.dwt[[di]]

f.dwt[[di]] <- temp.f.dwt.di*((temp.f.dwt.di) "2
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> 0.25*%n.FAR.number*2** (2*xd*(k.Shift.moth)))

}

#Residuals
Residuals.data <- x.FAR-idwt (f.dwt)

# block sums
for(i in c(1:Anzahl.Blocks))

{

Tk1l[i] <- sum(Residuals.datali: (i+1-1)1])

}

# distribution simulation

for(Kol in c(l:sim.nr))

{

# rundom pull
for(i in c(1:k))

{

Sample.Calcule[i] <- sum(sample(Tkl, k,replace = T))
}

Sample.Calcule <- Norm.Koef*Sample.Calcule
Chislo[Kol]<-sum(Sample.Calculex*2)/k;

}

q09<-quantile(Chislo, c(.90))

q095<-quantile(Chislo, c(.95))
q0975<-quantile(Chislo, c(.975))

# without hard Thresholding
for(k.Shift.moth in c(1:p.Koeff))

{

di <- paste("d",k.Shift.moth,sep="")
temp.f.dwt.di <- f.dwt[[di]]
f.dwt[[di]] <- Oxtemp.f.dwt.di
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# residuals

Residuals.data <- x.FAR-idwt(f.dwt)

# block sums
for(i in c(1:Anzahl.Blocks))

{

Tk1[i] <- sum(Residuals.datali:(i+1-1)])

}

# random pull
for(i in c(1:k))

{

Sample.Calcule[i] <- sum(sample(Tkl, k,replace = T))
}

Sample.Calcule <- Norm.Koef*Sample.Calcule

Test.Gr <- sum(Sample.Calculex**2)/k
Fault.number09<-Fault.number09+(Test.Gr > q09);
Fault.number095<-Fault.number095+(Test.Gr > q095);
Fault.number0975<-Fault.number0975+(Test.Gr > q0975);
}

print (Fault.number09/sim.nr)

print (Fault.number095/sim.nr)

print (Fault.number0975/sim.nr)

}
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