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Mildly dissipative nonlinear Timoshenko systems — global
existence and exponential stability*

Jaime E. Munoz Rivera and Reinhard Racke

Abstract: We consider nonlinear systems of Timoshenko type in a one-dimensional bounded domain.
The system has a dissipative mechanism being present only in the equation for the rotation angle; it is a
damping effect through heat conduction. The global existence of small, smooth solutions as well as the

exponential stability are investigated.

1 Introduction

We consider a nonlinear Timoshenko type system

P19t — 0(@z, %)z = 0, (1.1)
PQ'lptt - b"pmm + k((Pac + ’lﬁ) + 7935 - 0, (1'2)
P30 — K05y + 1Py =0, (1.3)

where the functions ¢, and 6 depending on (t,z) € (0,00) x (0,L) model the transverse
displacement of a beam with reference configuration (0, L) C R, the rotation angle of a filament,
and the temperature difference, respectively.

By p1,p2,p3,b,k,7, k we are denoting positive constants, and ¢ will be assumed to satisfy

00,(0,0) = 04(0,0) =k (1.4)
and

Opps(0,0) = 04,4(0,0) = g4y (0,0) = 0. (1.5)

A simple example with essential nonlinearity in the first variable is given by
r

o(r,s) = ki\/l—{——rz + ks,

the nonlinear part corresponding to a vibrating string. The linearized system then consists of
(1.2), (1.3) and

prow — k(o + )z =0, (1.6)
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the usual linear Timoshenko part for ¢, cp. [3], [10].
Boundary conditions both for the linear and the nonlinear system will be given for ¢ > 0 by

(p(t,O) = (p(t,L) = %(t,o) = %(t,L) = g(ta O) = 0(15, L) =0, (17)

for the linear system we shall also consider

(P(ta()) = (P(taL) = ¢(t,0) = '(/J(t’L) = ew(ta 0) = am(taL) =0 (18)

or

<,03;(t,0) = (pa:(t,L) = w(ta O) = ’(ﬁ(t,L) = 9(t,0) = o(taL) =0. (19)

Additionally one has initial conditions

(P(O’ ) = $0, (pt(Oa ) = ¥1, w(Oa ) = o, th(oa ) =, 0(0’ ) =0p in (OaL) (110)

If v = 0 then (1.6), (1.2) build a purely hyperbolic system where the energy is conserved and

solutions, respectively the energy, does not decay at all, of course. Moreover, the system (1.1),

(1.2) is expected to develop singularities in finite time because of its typical nonlinear hyperbolic

character in the equation (1.1).

If the term 76, in (1.2) is replaced by a control function b(x)y;, b > 0, then Soufyane [10]

proved the exponential stability of the linearized system if and only if
pPL_ P2

e =5 (1.11)

holds, that is, if and only if the wave speeds associated to (1.6), (1.2), respectively, are equal.
A weaker type of dissipation, also being presented only in the equation (1.3) for 1, was considered

t
in [3] replacing y8, by a memory term [ g(t — s)944(s,z)ds. For exponential type kernels g the
0

exponential stability follows again if and only if (1.11) holds.

Here we consider a dissipation through a coupling to a heat equation. The coupling is direct only
for the rotation angle v in (1.3) while the coupling to ¢ is only given indirectly in (1.2). The
equations (1.2), (1.3) are for £ = 0 those of linear thermoelasticity, for which the exponential
stability for various boundary conditions has been proved, see [5]. The questions here will be
whether the dissipation is strong enough to stabilize the whole linear system exponentially under
various boundary conditions, and if there are small, smooth solutions to the nonlinear system
that decay exponentially. In other words: The a priori open problem if there is a control of
the Timoshenko system through a heat equation system in only one equation (for ), that
exponentially stabilizes, will be considered and solved. The positive answers to the questions
under condition (1.11) will be given in Sections 2 and 3 for the linearized system and different
boundary conditions, and in Section 5 for the nonlinear system, respectively. In Section 4 we
prove for the linearized case and for one of the boundary conditions that the condition is also
sufficient.

Energy methods and pertubation arguments will be used that will have to combine methods
previously used for pure thermoelastic systems [5], for Timoshenko systems as in [3], and for
nonlinear systems as described for Cauchy problems in [9]. For the proof of the necessity of



(1.11) for the exponential stability we use an approach from [4], which is simpler than that from
[7] used in [3] for a hyperbolic situation, while we consider a more complex hyperbolic-parabolic
system. Standard notations for function spaces are used.

We remark that it might be possible to use the decoupling technique from [2]. This would
require a careful analysis of domains of operators. We, instead, use the energy method, which in
addition yields the possibility to get estimates for the constants appearing, like the decay rates.

2 Linear exponential stability — o =4 =60, =

First we consider the linear system (1.6), (1.2), (1.3), (1.8), (1.10), i.e.

prow — k(pz +9)z =0 in (0,00) x (0, L), (2.1)
p2¢tt - bwzz + k(‘Pw + /(p) + 7033 =0 in (0’ OO) X (07 L)’ (22)
30 — KOy + Y =0 in (0,00) x (0, L) (2.3)

with positive constants p1, k, p2, b, v, p3, k together with initial conditions
©(0,-) = w0,  ¢1(0,-) =1, ¥(0,-) =0, u(0,-) =91, 6(0,-) =6 in(0,L) (2.4)
and boundary conditions
©(t,0) = (t, L) = ¥(t,0) = (t,L) = 0,(t,0) = 65(¢,0) =0 in (0,00). (2.5)

The well-posedness of (2.1)—(2.5) is standard, see also Section 5, hence we assume that the
solution will have the regularity we work with in this section. We look for the exponential decay

of the energy

L
1
B) = 5 [(o10} + pat? + b2 + Klps + 4 + pa6)(t,2)da,
0

= E(t ¢9,0),

mostly dropping (¢,z) in the sequel. The main idea is to construct a Lyapunov functional £
satisfying

PLE(t) < L(t) < B2E(t)
for £ > 0 and positive constants (1, 82, and

92 < ot

for some o > 0. A careful choice of multipliers and the sequence of estimates in the energy
method will give the desired result.
Multiplying (2.1) by ¢¢, (2.2) by 1, and (2.3) by 6, one easily concludes

L
d
—E(t)=— 2dz. 2.
o (t) 50/0$dx (2.6)
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Let w be defined as solution to
—Wep = Vg, w(0) = w(L) =0,
and let

I = /P2¢t¢ + prpwdz.
0

Then

L L L L L L
& [ovwds = o [tdz—b [ido ¥ [z~ [ ouwdoty [oupas
0 0 0 0 0 0
L
%/Pl%w dz = k/(% + ) gw d33+/)1/90twfdw
0 0

L L L
= —k / Ozdr + k / wdz + py / rwdz.
0 0 0
Hence
—11 pg/wtdm—b/qpxdz k/¢2+k/w2da:+’y/01¢da:

Observing
L L L
/wgdx < /¢2dx < C/’(/J?cd.’li, (2.7
0 0 0

with the Poincaré constant ¢ > 0, we conclude that there is a constant C' > 0, and for any 1 > 0
there is a positive constant C,, > 0 such that

d

%Il < ——/¢wdw+€1/<ptdx+051/wtd:c+0/92dx (2.8)

Let 6(t,z) := 0(t,z) — + [ 6o(z)dz. From (2.3) we conclude

o~

hence
L
/ 5 i, w
0

for all ¢ > 0, making the first Poincaré inequality for 8 applicable. On the other hand (¢,1,0)
satisfy the same differential equations (2.1)—(2.3) and boundary conditions (2.5) as (¢,1,0) —



only the initial condition 6(0, z) differs from 6(0,z) in general. In the sequel we shall look at
(o, zp,?) and the associated energy

E(t) = E(t, ¢,%,0).

rather than at (¢,1,0) with E(t), but for simplicity we keep the notation 6 instead of #, and E
instead of E until the end of this section.

Let

L x
p?,//etydwttw)

0

Then

d X X

aIQ = /p39tdyp2¢td$+//p39dyp27/1ttd$

0

8

xT
/ KOs — Yady priheda + / / p30 dy (Db + k(g + ) + 10,)da
0

Il |
Ch — T Tt

L L L =z L
(6, — yu)potnds — [ paOuds + ips [ Oz +pok [ [ 0dywds — [ yputds
0 0 0 0 0

which implies that for any €5 > 0 there exists a positive constant C,, such that

d

Sn< - /z/)td:v-l—eg/z/z dw+52/¢§dx+052/92dx (2.9)

From (2.8) and (2.9) we get for No > 0

L
d N.
S+ No) < - (ﬂ _ 051) /«/dem _ (— _ N2£2) /¢$dm
0
L
+(Ce, + C:,) /O?de —i—el/(p?d:c —I—Nzeg/gaidx. (2.10)
0 0 0

At the end we shall choose £; small enough, then Ny large enough and afterwards g5 small
enough.
Let, for N = N(e1,e2) > 0,

I3:=NFE + I + Ny,

then, from (2.6) and (2.10), it follows

L L
d
Gh <~k (Co+Co) [62s - (R - ) [wids
0 0

L

L L
b
— (5 — Ngeg) /’(ﬁzdﬂ? + &1 /(p?dx + N252/¢idx. (2.11)
0 0 0



On the other hand let us define

L L
I, = /ﬂz%(% + 1) dx + /P2¢z90td37-
0 0

Then we have (cp. Lemma 2.4 in [3])

Lemma 2.1 Assume (1.11), i.e.
P P2

k b’
Then there exists for any €3 > 0 a constant C., > 0 such that for t > 0:

d

L L
%I“( ) < [bhatpa]_, k/|<p$+¢| dx+53/<p2dm+53/¢§dx+p2/¢§dx+053/9§dx.
0 0

PROOF:

L L L

d

= [otntoa+ vz = b [ ualipn+ 9z — b [ lps + 920
0 0 0

L

L
+7/9m((ﬁz +¢)dz + pz/wt(% +9)dz

0

N / oz — b / 2o — k / 9 + [da

+’7/0x(<px + 9)dx +pz/¢t2dw ‘|‘P2/¢t90mtdﬂ7
0

z=L

b
= [b¢w§0w v=0 oL /%sottda:—k/\wﬁ?/fl dr

L

+7/0$((Pa: +9)dx +ﬂZ/¢t2d$+92/¢t<Pztd$
0

0

= el - k/|soz+¢| do

L

+’y/6$(<p$+¢)da:+p2/wt xz — —p2/¢$<ptda: (2.12)
0

0

where the last equality follows, using the assumption (1.11), from

L L I
d
P2/¢t90ztd$ = £P2/1/J<Pztd$ —P2/¢90xttd$
0

= ——Pz/¢z¢td$+02/¢z90ttd$



The assertion of the lemma now follows from (2.12).

Q.E.D.

In order to deal with the boundary terms appearing in Lemma 2.1, we prove (cp. Lemma 2.5
in [3])

Lemma 2.2 Let g € C*([0, L]) satisfy q(0) = —q(L) = 2, e.g. q(z) =2— Fz. Then there ezists
C1 > 0 and for any € > 0 a positive constant Cz such that for t > 0 we have

(i)

L L L
d i
a/mwmwxg %w%mmﬁmWMmWym/@m+a/ﬁm
0 0 0

L
+@/ﬁ+ﬁm
0
(ii)
L L
4 de < —k{loa(t, L)+ loat, 0} + C1 [ @2 + o2 + 424
di P1PtqPLaT = Pr Ty P\l 1 [vom (2 AT
0 0
PROOF:

L L L

d

" / prbigbeds = b / Vaaqibads — kb / (00 + ) qthpde
0 0 0

L L
b / By qibadas + pob / Drabpords
0 0

L L
b2 ez 1
= 3 2]~ — 3 zb%pdz — kb / (02 + %) qyppdz
0 0

L L
1
—vb / 02qzdx — §p2b / Gzprdz
0 0

which proves (i). The assertion (ii) follows from
L

L L L
d
7 / P1P1qpgdr = k / Pz Pzdr + K / qYpedx + p1 / 01qpzidx
0 0 0 0

L

L
1 _ 1
= 5ls[q<p§ =Ly k/qwxdw - §p1/qmwfd$-
0 0

Q.e.d.

Let, for § > 0

L L
Is:=I4+ N/pz¢tq7ﬁzd$ + 5/,01<Pt<Pmdﬁv-
0 0
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From Lemma 2.1 and Lemma 2.2 we conclude, observing

L

L L
k k
2 [lea+uPdo <=5 [ rdor0 [yiaa
0 0 0

for some constant C > 0, that for sufficiently small &, €3, § > 0, large N, we have for 0 < 7 < 1
and some C; > 0 and Cy > 0 that

L L L

d k

Eﬁg—iﬂ%+wﬂiw/ﬁm+@/ﬁ+#+%m. (2.13)
0 0 0

(Choose first § of order 7, then e3 small enough, then N large enough, finally & small enough.)
With

L L
Is .= —/letSDdiC - /P2¢t¢d$
0 0

it easily follows

L L L L

d

SI< —p [ Gido—pa [Widw vk [ lpo+vPdo+C [ 2+ 6o (2.14)
0 0 0 0

for some constant C' > 0.
The inequalities (2.13) and (2.14) imply, choosing 7 small enough,

I I
2
i{f5+ Cor 16} < —E/|<Pz+¢|2d$—027/<ﬂ§d$
dt P1 4 5 5

L
+a/ﬁ+ﬁ+%w. (2.15)
0

The Lyapunov functional £ is now defined by

20
L:=1I+p (15 + pQT 16> , (2.16)
1

for 41 > 0, and we obtain from (2.11) and (2.15), choosing u, €1, €2 sufficiently small, and No, N
sufficiently large (order: u, €1, No, €92, N),

L) < ~BoB()

for some By > 0. Moreover, there are positive constants (1, S2 > 0 such that for ¢ > 0
BLE(t) < L(1) < B2E(t) (2.17)

whence d
— < =2
g L(t) aLl(t)

for a := —2% follows. Using (2.17) again we have thus proved the main result of this section:

8



Theorem 2.3 Let the initial data satisfy

©0, 11)07 90,w € H(}((()?L))a L1, ¢1 € L2((07L))7

and assume for the coefficients the equality (1.11), i.e.

pL_p
kb’

Then the energy E of the solution (p,,0) to (2.1)-(2.5),

2

L L

1
/(pup? + p2ti + b2 + Kl + 9> + ps (9 -7 /90(y)dy> (t,z)dz,
0 0

E(t) =

N | =

decays exponentially, that is, there exist constants C > 0 and a > 0, being independent of the
initial data, such that for all t > 0:

E(t) < CE(0)e=2".

Remark: The expectation is that the condition (1.11) on the coefficients is also necessary for
exponential decay but this has not been proved yet, cp. Section 4 for the boundary condition

(1.7).
3 Linear exponential stability — o=, =0=0
The second set of boundary conditions will be

(P(t’ 0) = (P(t’ L) = "pw(ta 0) = "pz(taL) = 9(75,0) = e(taL) =0, t=>20 (3'1)

which consider for the linear system (2.1)—(2.4). These boundary conditions will be also consid-
ered for the corresponding nonlinear system in Section 5. In section 5 we shall benefit from the
linear exponential stability to be proved now. The proof first is simple after the previous sec-
tions, but we shall also introduce a semigroup formulation and estimates for higher derivatives
that we shall need in Section 5.

First, note that from (2.2) we conlude that

p2g” (t) + kg(t) =0,

where .
o(t) = [ s,
0
that is, if
L L
/ o) de = / b1 (x)dz = 0 (3.2)
0 0



holds, then g = 0 follows, hence

L
/¢(t,x)dw =0, t>0.
0

(3.3)

We shall assume (3.2) in the sequel and thus can exploit (3.3) in the usual Poincaré estimate

for 1.
Let the energy E be defined as in Section 2, i.e.

l\DIb—t

Then we have again as in (2.6)

p L
EE = —fﬁo/Gidav.

Using I; as in Section 2,
I = /P2¢t7/1 + prpyw dz,

where w satisfies
—Wgy = "pxa ’(U(O) = ’LU(L) =0,

we find again (cp. (2.8)) the estimate,

b L L L L
—11 —5/ dw—i—sl/(pfda:—i—cgl /¢§dx+0/9§dx,
0 0 0 0

where €1 > 0 and C,,,C > 0 are positive constants.
Instead of I from Section 2 we now define

fQ(t) = —p2p3/9(t,x)/¢t(t,y)dy dz
0

and obtain, using (3.3),

T

L L
d ~
_IZ = —p2p3/9t Qﬁtdydl‘—pQPZ’»/e/wttdyd'T
0 0 0 0
L

= —p /(,ﬁam - /qutdy dz — p3 /Le/mb«/)m — k(ps + 1)
0 0 0

0

L L x
= / KOutpy — YB2de — p3 / B(bnps — ko — k / W dy — ~0)dz
0 0 0

10
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which implies (cp. (2.9))

d

L L L L
Sh< -1 / D2dz + e / P2de + e / Wdz + C., / 62dz, (3.6)
0 0 0 0

where €2 > 0 and C,, > 0 is a constant.
Combining (3.4)-(3.6) we conclude for N = N(e1,e9) > 0, Ny > 0 and

Iy := NE+ I, + NoIy,

that

L L L
- N-
i < v (2 0) o (3 me) i
0 0 0

L L L
+(Ce, + Cs,) /nga:-i-el /(p%dx -I—Ngez/(pfgda:. (3.7
0 0 0
Lemma 2.1 holds again, now with
=L
[b"/JmSO:c] 2=0 =0,
hence we have, if (1.11) holds, i.e. if
pL_p2
k b’
then for
L L
Iy = /Pﬂﬁt(% +)dz + /Pz¢z¢td$
0 0
we have

L L L L L
d
SISk [[lpa+yPdates [@2do e [idatpo [G7dn +Co, [ 020,

0 0 0 0 0
where €3 > 0 and C,, > 0 is a constant, and choosing €3 small, we get

L L

d k -

%14 < 3 / |z + 1/1|2d:1: + Cq /(1#3 + 1ﬁt2 + Hg)dw. (3.8)
0 0

with a constant 6’1 > 0.
Letting

L L
Is = —/PMPHPdﬂ” —/Pz¢t¢d$
0 0

again, we obtain as in (2.14)

L L L L

d ~

ST < —p [ Gido—po [wida -tk [l + o+ Co [+ 0o (3.9)
0 0 0 0

11



for a constant Co > 0.
Now choosing as Lyapunov functional

L:=Izy+ p(ls+ I¢)

we conclude, choosing u, €1, €9 sufficiently small and Ny, N sufficiently large,
d -~

—L(t) < —
SE(t) < —aL(t)

for some a > 0, and we get as in Section 2.3 the exponential stability.

Theorem 3.1 Let the initial data satisfy

QOOa'(pO,zagO € H&((O’L))a <P1a¢1 S LZ((O,L))a

as well as (3.2), and assume for the coefficients the equality (1.11), i.e.

pL _ P2
k b’

Then the energy E of the solution (p,1,0) to (2.1)-(2.4), (3.1),

L
B(t) = 5 [ (pr + pat? + b2 + Ko + U1° + ps0%) (1, 2)da,
0

N | —

decays exponentially, that is, there exist constants C' > 0 and o > 0, being independent of the
initial data, such that for all t > 0:

E(t) < CE(0)e™2*,

We now present a semigroup formulation and estimates on higher derivatives which we shall
need for the discussion of the nonlinear problem in Section 5.
Let V := (p, pt,1,1,60)', then V formally satisfies

V,=AV, V{=0)=V (3.10)

where Vj := (o, ©1,%0,%1,00)" and A is the (formal) differential operator

0 1 0 0 0
k/p10; 0 k/p10y 0 0
A= 0 0 0 1 0 . (3.11)
~k/p20; 0 b/p207 —k/p2 0 ~/p20x
0 0 0 _7/p3a$ ’i/p3amc

Let
H := Hg((0,L)) x L*((0, L)) x H;((0,L)) x LF((0, L)) x L*((0, L))

be the Hilbert space with

L
HY(0,1) = {weH(O,L) [w@)ds=0},
P
LA(0,2)) = {weI*(0.L) [w()ds =0},
0

12



and norm given by

VIE = IV VoYl
= VillZe + prllV2IZ + BV + KIVE + VA2 + o2l VET2 + psl V0122

Then A, formally given in (3.11), with domain

D(A) = {VeH|Vie HY(0,L)), V?ec H}((0,L)), Ve H?((0,L)),
V2 € Hy((0,L)), V*e H((0,L)), V®e H*((0,L)) NHy((0,L))},

generates a contraction semigroup {e4};>o. We observe that for a solution (p,,8) to (2.1)-
(2.4), (3.1) and the corresponding V' the energy E(t) of (¢,,0) equals ||V (t)||%,, independent
of t. Theorem 3.1 now implies the exponential stability of the semigroup as usual:

Je1 >0 VE>0 YV eH: ||eVollu < cre®||[Vollx- (3.12)

For the nonlinear part we shall need estimates for higher derivatives of (p,,6) and V, respec-
tively.

Observe that if Vy € D(A) then we can estimate AV (¢) in the same way as V(t) is estimated in
(3.12), which in turn, using the structure of A in (3.11), implies that (V,}, V.2, V2, V.4 V3 ) can
be estimated in the || - ||3-norm, hence we may estimate ((¢z)z, (2¢)zs (¥z)z, (¥t)z, Oze)' in L2.

Let for s € N

Hy = (H® x H*™' x H® x H*~' x HX~Y)((0, L)).
with natural norms || - ||z for the components.
For Vi € D(A*~!), we thus can estimate
IV ()l < sl Vol e™®" (3.13)

with ¢; being a positive constant, independent of V{ and ¢.

4 Non-exponential decay if p;/k # py/b

For the system considered in the last section we shall now prove that the condition (1.11) is also
necessary for exponential stability, i.e. we shall prove

Theorem 4.1 If

P, P2
S (4.1)

then the system associated to the initial boundary value problem (2.1)-(2.4), (3.1) is not ezxpo-
nentially stable.

PROOF: We use the same approach as in [4]. Recalling from the previous section that V =

(Soa Pt» dja wta 0), satisfies
V; = AV, V(it=0)=VW

where Vi = (p0, ¢1,%0,%1,600)" and A is given as differential operator in (3.11), we notice that
A generates a contraction semigroup. By well-known results from semigroup theory (see e.g. [6,

13



Theorem 1.3.2]) it suffices to show the existence of sequences (A,), C R with lim,_, [A\n| = 00
and (Vy,)n C D(A), (Fy)n C H, such that (i, — A)V,, = F,, is bounded and

Jim [[Vp |9 = oo.

As F = F,, we choose
= (0, £%,0, £*,0)'

with
f2(z) := sin(6)z), f4(z) := cos(dAx)
where
— P2 il
§:= D A=A, 5L (n €N).

The solution V = (v!,v%,v3 v*,v5)" to (iA — A)V = F, which will be determined below, has to
satisfy

it —v? = 0, (4.2)
k k
izv? — Evlm - Evg = f? (4.3)
ix® —ovt = 0, (4.4)
b k k
ixvt — E'U:?E:u + Evi + pgv + ,ZZ 2 = f4 (4.5)
IS — %vix + %v;* _— (4.6)
(4.7)
Eliminating v%, v* we obtain for v!,v3, v®:
k k
Aol — 2ol — 23 = 2 4.8
P I f (4.8)
b k k ¥
A% — 3 4 —U + =¥+ LS = ft 4.9
02 Tz 02 92 02 z A ( )
it — Zp 4+ L3 = 0 (4.10)
ps **ps T T '
(4.11)

This can be solved by the ansatz
v(z) = Asin(0Az), v3(z) = Beos(dAz), v°(x) = Csin(dAz),

where A, B, C depend on A and will be determined explicitly in the sequel. We remark that this
choice is just compatible with the boundary conditions and the chosen right-hand sides f2, f*.

In order to satisfy (4.8)—(4.10) with this ansatz, it is necessary and sufficient that the coef-
ficients A, B, C satisfy

A+ Eevear Fap - 1, (4.12)
p1 P
2 b oy2 k k Y
~ANB+4+ —8XB+ —6AA+ —B+ -6MC =1, (4.13)
p2 p2 P2 p2
iAC + a2xe0 - Dsxep . (4.14)
p3 pP3
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The last identity gives

C=@:(\NB
where TR
. w9/ps
U= T o
satisfies

- iy
Aim @A) = -

Observing § = /p2/b we conclude from (4.13)

k
VP2y 4y kg VPG
pz\/_ p2 pQ\/_

implying
b1l _ v Vp2b 1

Combining (4.12) and (4.17) we obtain

EoX

b Vb |
- 1/p AB - 207 1(A),\ZB+O‘0 by K p oy,
2

k p
where o := % — 1. This implies
b agy agy/ p2b
Ay ———Q1(M)A)B=1—- ——"=—2)\
(2~ S /
or
5o L1y
AE - Qi
1
= —Q2(N).
)\Q2( )
Then @, satisfies
.Kkp2
1 =i—.
e, Q) =73

We conclude combining (4.17), (4.18) and (4.15)

A - b Q(N)  y@i(N)Q2N) \/_
N k

2 N2 kA

Qi) Q2())
C = %

1
z

As a consequence we get from
L L&% 5 . o
| okfdm = =5
0 2

the uniform (in \) boundedness of the H'-norm of v!, and also of the L2-norm of \v'.

gously we obtain the uniform boundedness of the H'-norm of v3,v®

of A3, Md.
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(4.20)

(4.21)
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Multiplying equation (4.5) by vl + v® and integrating we obtain

kb — L 1=
z/\/ (vl 4 v3)dz + — / vl, +v3)dz + —/ |vl + v3|%dx + l/ v5 (vl + v3)dx
p2 Jo P2 Jo

L
= / AL + v3)dz. (4.22)
0
Let
Lo b L
I:= z'/\/ vivldr + —/ v3(vl, + v3)dz. (4.23)
0 p2Jo
By equation (4.3) we get
. L 47 P1 P1 -5
I= M/ violdr — z)\ / $f2d$.
0 kaZ

Using the equations (4.2) and (4.4) we conclude
L L __
i)\/ vivlde = i)\/ viv2dz,
0 0

, bp1 /L 35 bpr (L 3=
I =41 - — vovidr — — v f2dzx. 4.24
( ka) | U ook Jo of (4.24)

A combination of (4.22)—(4.24) yields

hence

b L b Lo kL L
ix(1 — ﬂ)/ viv2dr = 2PL v3 f2dx — —/ [vl + v3|%dz — i)\/ vivdde
0 p2k Jo p2 Jo 0

L L
’y
_E/O 02 (vl + v3)dz -I—/O (vl +v3)dz. (4.25)

We shall now show that the assumption, that ||V||% remains bounded as A — oo, leads to
a contradiction. If ||V]|% remains bounded, then we conclude from (4.25), using the basic
assumption (4.1), that

L __
|)\/ v3v2dz| remains bounded as A — oco. (4.26)
0

On the other hand we have, using (4.2),

L __ L _ L
in [ idz = —ix [ BoXsin(ha) (X Asin($ha)dz = 0 “UNAB. (427
0 0
Observing
R A A RPN 10| APy S
Am(mg 4B = =5 <—\/,,2 A TN o, QUNIQ A lim Q2(Y)
9L
= —igpg (g4 Vi) (4.28)

a combination of (4.27) and (4.28) yields the contradiction to (4.26), and the proof is completed.
Q.E.D.
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5 Global stability for the nonlinear system

Now we return to the nonlinear system (1.1)—(1.3), (1.7), (1.10), i.e. we consider

prow — (@5, ¥)z =0, (5.1)
p2bu — Woe + k(oo + ) + 702 = 0, (5.2)
P30 — KOzy + Y = 0, (5.3)
with positive constants p1, po, b, k, 7, p3 and k, together with the boundary conditions
©(t,0) = p(t, L) = 9¥5(t,0) = ¥(t,L) = 6(t,0) =0(t,L) =0, t>0, (5.4)

and the initial conditions

©(0,) = w0, ©:(0,:) =1, (0,-) =10, ¥:(0,-) =1, 0(0,-) = b, in (0, L). (5.5)

We remark that we can also deal with other boundary conditions in the same way. The nonlinear
function ¢ is assumed to be smooth and to satisfy

5,(0,0) = 0(0,0) = & (5.6)
and
Oppps (0’ O) = lem'lﬁ(()’ 0) = Oyy (0’ 0) =0. (57)

The local well-posedness is standard by now and can be obtained as that for the system of
thermoelasticity, cp. [5].
Let form >2,5>1

om() = (O7'0)(0,),  $m() = (B"9)(0,), 0;() = (8]0)(0,")

be defined through the differential equations (5.1)—(5.3) and the initial conditions (5.5). For
s > 3 assume

¥Ym € Hsjm((OaL)) N H&((O’L))a 2<m<s—1, @415 € LQ((O’L))’ (5'8)
Ymaz € H ™ 1((0,0)) N Hy((0,L)), 2<m<s—1, 1€ L*(0,L)), (5.9)
0; € H*7((0,L)) N Hy((0,L)), 1<j<s—2, 65 1€ L*(0,L)). (5.10)

Theorem 5.1 Let s = 3 and assume the compatibility conditions (5.8)-(5.10). Then there is
T = T(H(<p0,<p1,zp0,¢1,90)“H ) > 0 such that (5.1)-(5.5) has a unique local solution (p,,6)
3

satisfying
3
(p,w) € () C*([0,71, B4 ((0, 1)),

k=0

0€ (1) Cj([O,T],HS’j((O,L))) n 02<[0,T]),L2((0,L))),
j=0

029, € 12(10, 7], L2((0, 1)),
and (p,1,0) satisfy the boundary conditions (5.4).
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As in Section 3 we rewrite everything as a first-order system for V' = (¢, ¢, 1, 14, 0) and obtain

as in (3.10)
Vi=AV 4+ F(V,V,), V(it=0)=VW
where A is defined in Section 3 and

F(V, Vm) = (0, Oy, (‘an ¢)<Pm — kgzz + Uw(‘Pmaw)"ﬁw — k¢, 0,0, O)
= (07 Oy, (Vz17 V3)Vx1x - kalm + a¢(Vz'17 VE")VS - ka, 0,0, O)
As in the linear part in Section 3 we observe that the condition

L L

[ wo@) = [ $r(@)dz =0

0 0

implies
L
Vt>0: /1/J(t,:v)dw =0,
0

and we shall assume (5.13) resp. (5.14) in the sequel. Moreover we observe for each ¢

L

L
[ FW V0002 = [0 =0,
0 0

hence F(V,V,)(t,-) will be in the space H included in Section 3.
The (local) solution satisfies

t
V() = eV + / A BV V) (r)dr-
0

(5.11)

(5.12)

(5.13)

(5.14)

(5.15)

The technique that we use is an adaption of one known suitable for Cauchy problems, see [9]. We

point out that the energy method, which could be applied also to the nonlinear thermoelastic

problem, see [5] seems not to work here because it seems to be not possible to exploit the

condition p;/k = po/b for a nonlinear system. Therefore the perturbation arguments of the

method used here are more appropriate.
Here we will assume that the solution is small in the H9 norm. That is

Vollw, <0

But it can be large in the H3 norm. That is, let us fix a number g > 1 such that

Vollas < .

By the continuity of the solution we have that there exist intervals [0, 7y] and [0, T} ], respectively,

for which we have

18



||V(t)||'Hz < 67 Vt € [OaTO]a
IV(Ellns <p,  VEE[0,T1].

Let us take d > 1 to be fixed later, and let the positive numbers 7}, and T, respectively, be
the maximal values for which we have that the local solution satisfies

V@), <2¢16,  Vte[0,Ty],

and, respectively,
IVl <dp,  VEE0, Ty,

where ¢; from (3.12) is such that
e Vollae < e1llV -
Under these conditions we have the following high energy estimate:

Lemma 5.2 There are constants ca,c3 > 0, neither depending on Vy nor on T, such that the
local solution given in Theorem 5.1 satisfies for t € [0,T}]:

%¢@fwwwﬁ

IV (#)iF, < el Voll,e dr.

PROOF: We rewrite (5.1) as

P16 — k(Pa +¥)s = b(02, %) Paz + (02, %)y (5.16)

with
5(‘;035,'1/]) =0, (90555 ¢) — Oy, (0’ 0)’ J(@:ﬂa"ﬁ) = qu((Pa:, ¢) - Jw(o, 0)' (5'17)
Multiplying (5.16), (5.2), (5.3) in L? by ¢, v, and 0, respectively, we obtain

Q‘|Q‘

L
. [ prit 4 o+ Hlou + 9 + bplda + / 02de
0

N | —

L

= /E Qowa Soww(Pt + J(¢wa¢)¢w¢td$dx
0
L

L L

= / Py Y)Yz prdzdr — / (0ub(0, %)) puiprdz — / b(0,Y) Prpurdr
0 0 0
I

1+1.2+1.3. (5.18)

Without loss of generality we neglect in the sequel lower order terms (Lo.t.) and write b(p,)
instead of b(pg,1); then b’ will denote the derivative with respect to the first variable.

1 -
12 < SI¥ (o) pualiie [ 2+ ghda
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IA

1/2 1/2
cwmwwmwf%+%

IN

|WWWWW/%+% (5.19)

where ¢ will denote a constant not depending on V° or on T.

1d | 17
I3 = ——— - 2
3 ~5% / pg)p2ds 2/ (¢2)) (5.20)
0 0
= 131+13.2.

The term 1.3.2 can be estimated in the same way as 1.2 in (5.19):
U32|<4WWUﬂWWU2/¢Am (521)

The term 1.3.1 can be incorporated into and be dominated by the left-hand side of inequality
(5.18) after an integration with respect to ¢ later on, since

/131

Summarizing (5.18)—(5.22) we have proved

MI»—A

L ;| E
/ 5/ oz (t = 0))@2(t = 0)dz. (5.22)
0 0

wmm<wmm+/wa%mewuﬁm- (5.23)

In order to get estimates for the higher-order derivatives of V' we differentiate the differential
equation (5.16) with respect to ¢ and obtain, again neglecting some l.o.t.:

P1Pttt — k(@wt + "/)t)w = BI(‘Pz)W:ﬂt‘wa + B(‘Pw)‘Ptzz- (5'24)

Differentiating also the differential equations (5.2), (5.3) with respect to ¢t and multiplying the
differentiated equations by ¢, ¥y and 6, respectively, in L? we get

N | —
Q.|Q.

L
/ 1<ptt + p2¢tt + klogt + ¢t|2 + bwwtdzv + K / Oztdac < (5.25)
0

L
/ Px Qot:v:v‘;attd.’ﬂ + / b QO;U gawtgom(pttdw + l.o.t. 1.4+ 1.5.+ lo.t. (5.26)
0

The term 1.4 can be treated like the term 1.2 + I1.3.

1/2 1/2
|mmnwﬂmw/%+%m (527
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Using the differential equations we obtain from (5.23), (5.26), (5.27)
1/2 1/2
|WW%§¢W%+/W’HWWW/WU%ﬂr (5.28)

Differentiating the differential equation (5.24) once more with respect to ¢ we get, neglecting
some Lo.t.,

Pttt — k(@xtt + 'lptt)z = gll((Pw)Soit(wa + EI((PE)WmttSoxx + 25’(901)903915(;0:5% + E(Ww)(Pttzz- (529)

Differentiating also the differential equations (5.2), (5.3) once more with respect to ¢ and mul-
tiplying the differentiated equations by @, 1 and 6y, respectively, in L? we obtain

N —
Q.|g.

L
/Pl(P?tt + oty + kl@at + PYul* + byp2udr + K / 02 dx
0 0

L

< / (e <Pwt<P:c:c<Ptttd$ + / V' (92) Patt ProPpurds
0

+2 / Y (¢2) PutPuatpreds + / Ou) Ptz PridT

= 16 + I7+18+109. (5.30)

The term 1.9 is again dealt with like 1.2 4 1.3.

1/2 12
umﬂm+M|<mwmwmmew//%+m+

(P%tt + @itt + (Piztdx' (5.31)

Hence we obtain from (5.28), (5.31),
1/2 1/2
nwmms¢wm+/¢vn/MKWWanw (5:32)
which yields our conclusion. Q.E.D.

Next we want to prove a weighted a priori estimate for ||V (¢)||%,. Using the representation
(5.15) and (3.13) — if p1/k = p2/b is satisfied! — we can estimate

t
VOl < e ol + [ 1AF W, Vo)1) iy
0
t
< ac Wl +r [ € WV, V) o (539
0
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We observe that F satisfies
F(V,Vz)(r) € D(A), r>0,

hence (3.13) can be applied for s = 2. By the assumptions (5.6), (5.7) on the nonlinearity o the
functions b and d defined in (5.17) we can estimate the nonlinearity as follows.

Lemma 5.3 There exists a positive constant ¢ such that for all W € Hs we have
1F (W, W)l < cllW 13, W 1345 -
PROOF: (cp. [9] in R?). Let ¢ := W' and 9 := W'. Then

F(Wa Wz) = (Oa I;((Pz)(Pmc + J(‘Pm)"ﬁza 0,0, O)I

and
16(¢2)uallmn < cllb(@e)Paellrz + 110 (0) 0o @ezlnz + [16(¢r)Prasll 2
< dllgallTllel m
< W g, W |45
Analogously,

d(ez)ballm < el W3, W I3, -

Q.E.D.

Using Lemma 5.3 we conclude from (5.33)

t
IV (©)llre < cre”([Volln, + 0/6*““*”IIV(T)II%IIV(T)IIHsdﬁ (5.34)
0

which is the starting point to prove the following weighted a priori estimate.

Lemma 5.4 For 0 <t < Tﬁz let

My(t) := sup (e |V (r)]las )

0<r<t
and let
pL_ P2
k b’

Then there are My > 0 and § > 0 such that if |Vol|lys < p and ||Volln, < § we have for all
0<t<Th:
Mg(t) < My <

My is independent of T' (and of V).

PROOF: From (5.34) and the energy estimate in Lemma 5.2 we conclude

! /@ [ IV 2dr
V)l < cil[Vollrse™ ™ + C/efa(tﬂ")||V(7“)||%12||V0||H36 0 :
0
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If |Volla, <6 (6 to be determined) we get for ¢ < min{T%, T} }

m»—m

t
ev/au [ IV@)lgdr |
V) la, < e10e™ +c6?pe 0 2 /e_a(t_r)HV(?”)H;’{/de

0
t

< cl(se—at +051/2u66\/@\/M2(t)M2(t)3/2/e—a(t—r)e—Sa'r/ZdT
0

which implies
¢
Ms(t) < 16 + célﬂuec\/‘m*/ M2() Mo (£)3/% sup eat/e_a(t_T)e_?’aT/QdT. (5.35)
0< t<oo
Since it easily follows that

t
sup eat/efa(tf’")ef?’wﬂdr < ¢ < oo,
0<t<o0

we obtain from (5.35)
My(t) < 16 + 62 My (t) eV v/ M) (5.36)
By standard arguments (cp. e.g. [9]), considering the function
F(@) := c16 4 c62a32eV® — g

it follows that Ms(t) is uniformly bounded by the first zero M of f if § and M5(0) are sufficiently
small, up to now for ¢ < min{7%,T}}. If T2, > T} holds, the claim of the lemma follows
immediately.
Finally, suppose that T < T,}. Note that for § small enough we have that My < 2¢;6. In
fact
f(2¢16) = 2cc1u53/266\/ 2edpd _ o5 < ()

for small values of §. This means that
NV (@)|l#, < My < 2¢16.

But this inequality contradicts to the maximality of 7.2, therefore we must have 70, > T}},, which
completes the proof.

Q.E.D.

Now we can formulate and prove the main theorem on global existence and exponential decay.

Theorem 5.5 Let s = 3 and assume the conditions (5.8)—(5.10) on the initial data as well as
L L

JYo(z)dz = [1(z)dz = 0. Let u > 1 be arbitrary but fized. If

0 0



and (5.6) hold, there is a 6 > 0 such that if |Vo|ln, < 6 and ||Volln, < p there ezists a unique
global solution (p,,0) to (5.1)-(5.5) satisfying

3
(%) € [ C*([0,00), B> *((0, L)),

k=0

0 ¢ (1] ¢(10,00), H7((0, L)) N €2 ([0, 00), L2((0, L))
j=0

and (p,,0) satisfy the boundary conditions (5.4).
Moreover, there is a constant Co(Vy) > 0 such that for t > 0:

IV (#)ll3, < Coe™,
with a from Theorem 3.1.

PROOF: From Lemma 5.2 and Lemma 5.4 we conclude for the local solution on [0, T}}]

t
ev/du [ |[V(r)la dr
0

V@lxs < cllVolluse
< ]| VotV e
< cel[Vollus,

where ¢ > 0 and where we have chosen ¢ small enough such that
é/duMy < 1.

Taking d := 2ce we conclude that T}, = T otherwise we arrive at a contradiction. Since c is
independent of ¢ or Vj, we conclude the global existence result by the usual continuation argu-
ment. The claim on exponential decay of ||V (t)||, now is a consequence of Lemma 5.4.

Q.E.D.
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