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Abstract

In this thesis we consider the optimal input design of inverse problems using partial differ-
ential equation (PDE)-constrained optimization. While the analysis and numerical solution
of inverse problems has made extensive progress in the last decades, some of these prob-
lems might depend on the model input or control. The field of optimal input/experiment
design is an established framework for generating experiments or input functions in order
to satisfy certain theoretical conditions. In our case we aim to optimize the observability
of the parameters, i.e. their impact the model output. We analyze two classes of inverse
problems, one driven by a general linear parabolic system and the other by a nonlinearly
coupled elliptic-parabolic system. Then, we consider an optimal input design algorithm,
whose purpose is to improve the parameter estimation process. Numerical experiments of
the design algorithm conclude this work, and deliver satisfying results to both the mathe-
matical problem and the industrial application.

We use, in particular, the reduced basis (RB) approximation in the framework of model or-
der reduction (MOR) to define fast-computable approximated PDE-solutions. To solve the
finite-dimensions inverse problem, we consider a trust-region optimization method, which
requires RB error estimates in order to be properly defined and to guarantee its conver-
gence. While the study and optimization of general linear parabolic systems is already
well-studied, the nonlinear model lacks efficient and certified error estimates. Hence, one
of the novelties of this dissertation is the approximation of hierarchical error estimates and
especially their use in the optimization algorithm.

For the optimal input design we describe a standard algorithm and propose a variation
for an industrial application. The standard formulation relies on an adaptive argument,
where one finds a sequence of input functions that maximize the overall observability
of the parameters, and therefore makes the convergence to the true parameters easier.
Even though the input design problem lacks a theoretical framework, we observe a general
success in its purpose, namely gaining trust in the estimated parameter. Furthermore, the
algorithm is independent of the model and can be applied to general inverse problems.

Finally, we apply the input design algorithm to the industrial problem of estimating pa-
rameters for Lithium-ion battery cell systems. Since these systems are very complex and
depend on many parameters, the estimation process is usually long and resource-expensive.
Hence, the input design finds a shorter optimal input function, in this case the battery cur-
rent profile. We apply two variations of the optimal input design algorithm previously
defined in order to solve this problem.
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Zusammenfassung

In dieser Arbeit befassen wir uns mit dem Design von optimalen Inputs für inverse Op-
timierungsprobleme mit partiellen Differentialgleichungen (PDE) als Nebenbedin-
gung. Während die Analyse und numerische Lösung von inversen Problemen in den let-
zten Jahrzehnten große Fortschritte gemacht hat, können einige dieser Probleme von der
Input- oder Kontroll-Funktionen. Das Gebiet des optimalen Input-/Experiment-Designs
ist eine etablierte Methodik zur Generierung von Experimenten oder Input-Funktionen,
um bestimmte theoretische Bedingungen zu erfüllen. In unserem Fall zielen wir darauf
ab, die Beobachtbarkeit der Parameter, d.h. ihren Effekt auf den Output des Modells, zu
optimieren. Wir betrachten dafür zwei Klassen inverser Probleme, eine bestimmt durch ein
allgemeines lineares parabolisches System und die andere durch ein nichtlinear gekoppeltes
elliptisch-parabolisches System. Anschließend betrachten wir einen Algorithmus für das
optimale Input-Design, der das Ziel hat, den Parameterschätzungsprozess zu verbessern.
Numerische Experimente des Algorithmus schließen diese Arbeit ab und liefern zufrieden-
stellende Ergebnisse sowohl für das mathematische Problem als auch für die industrielle
Anwendung.

Zur effizienten Berechnung approximativer Lösungen der PDEs verwenden wir insbeson-
dere den Ansatz der Reduzierten Basen (RB) im Rahmen der Modellreduktion (MOR). Um
die eindlichdimensionalen inversen Probleme zu lösen, betrachten wir ein Trust-Region-
Verfahren, welches eine genaue Definition und die Garantie der Konvergenz von RB-
Fehlerschätzern voraussetzt. Während die Analyse und Optimierung allgemeiner linearer
parabolischer Systeme bereits weitgehend erforscht ist, fehlt es im Fall des nichtlinearen
Modells an effizienten und zertifizierten Fehlerschätzern. Daher ist die Approximation
hierarchischer Fehlerschätzern und insbesondere deren Verwendung im Optimierungsalgo-
rithmus eine der Neuheiten dieser Dissertation.

Für das Problem des optimalen Input-Designs wird ein Standardalgorithmus erörtert und
eine Variation für eine industrielle Anwendung vorgeschlagen. Die Standardformulierung
stützt sich dabei auf ein adaptives Argument, mit dem eine Folge von Input-funktionen
gefunden wird, welche die allgemeine Beobachtbarkeit der Parameter maximiert und somit
die Konvergenz zu den wahren Parametern erleichtert. Obwohl dem Problem des Input-
Designs eine theoretische Grundlage fehlt, beobachten wir, dass es im Allgemeinen seinen
Zweck erfüllt, Vertrauen in den geschätzten Parameter zu gewinnen. Zudem ist der Al-
gorithmus unabhängig vom Modell und kann auf weitere, allgemeine inverse Probleme
angewendet werden.
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vi CHAPTER 0. ZUSAMMENFASSUNG

Schließlich wenden wir den Input-Design-Algorithmus auf das industrielle Problem der
Parameterschätzung für Lithium-Ionen-Batteriezellensysteme an. Da diese Systeme sehr
komplex sind und von vielen Parametern abhängen, ist der Schätzungsprozess in der Regel
langwierig und ressourcenaufwendig. Daher findet das Input-Design eine kürzere Input-
Funktion, in diesem Fall das Batteriestromprofil. Zur Lösung dieses Problems wenden wir
zwei Varianten des zuvor definierten Algorithmus zum optimalen Input-Design an.
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Chapter 1

Introduction

The topic of lithium-ion batteries has been of interest in the recent past in many electronic
applications, for example electric mobility. Many companies and research institutes are
therefore focusing on their mathematical modeling and testing, often involving great effort
and cost in time and computational resources. The derivation of mathematical models that
are both reliable and computationally cheap is now one of the biggest challenges in this
field.

The most common mathematical models for lithium-ion batteries come from the study of
the electrochemical processes, and consist of several coupled nonlinear equations describing
the transport of lithium ions and the electrical potential in the so-called solid phases and
electrolyte, in the different section of the battery, like the electrodes (i.e., the cathode and
the anode) and the separators. Some more sophisticated models assume further conditions,
for example external and thermal effects. In the last fifty years different approaches for
the modelization have been proposed. A macro-homogeneous approach is developed in the
pioneering work [42] and forms the basis for further investigations; cf. [17, 23, 24, 56, 62],
for instance.

For more recent work about the modeling and discretization of lithium-ion battery cells,
see, e.g., [47, 38, 39, 63, 20]. Well-posedness is studied, e.g., in [68, 61]. A lot of the interest
is of course in approximating or estimating hidden parameters or states; cf., e.g., [60, 21,
57].

Our estimation process is based on a fitting argument. Chosen a certain input current, we
observe the output voltage of the battery cell. The parameter estimation is then an opti-
mization problem based on minimizing the discrepancy between the mathematical model
and the real experimental response of the battery, by tweaking the parameters in the math-
ematical model. In this framework the input current is arbitrarily chosen, and, as observed
in many works (e.g. [41]), the current impacts strongly on the identification of some of the
parameters.

Therefore, in the context of optimal design of experiments – or in this case optimal design
of inputs – we find an input or a collection of inputs that minimizes the uncertainty of the
parameters, or that maximizes their observability, in order to estimate them better. For

1



2 CHAPTER 1. INTRODUCTION

more information about classic design of experiment, see [25, 44, 54, 50, 3, 49]. For the
design of inputs applied to parameter identification in batteries see, e.g., [48].

In our work we will further use model order reduction techniques to speed up evaluations
of our mathematical model. In particular, the reduced basis (RB) scheme is used; see, e.g.,
[30, 53] and [37, 40, 43, 67] for battery models. In this framework, we apply an adaptive
trust-region method that does not need any a-priori computation of an RB subspace on an
offline phase, but builds the RB approximation online based on computable a-posteriori
error estimates; see [69, 51, 33, 45, 6, 5]. Furthermore, we would like to refer to earlier
work on methods based on TR proper orthogonal decomposition (TR-POD); see [2, 59,
58].

1.1 Outline
This work is based on three previously published works: in the first one, [45], we consider
a parameter-dependent evolution problem, where the parameters are unknown. A bi-
level optimization input design algorithm is taken into consideration, where in the inner
optimization problem the parameter vector is optimized in order to minimize a cost function
measuring the discrepancy from some given data. In the outer cycle a new input is found in
order to maximize some observability measure, evaluated through the Fisher information
matrix. The new contribution of this paper was the use of the trust-region RB algorithm
mentioned above (together with some novel ideas) in the context of parabolic equation.

In the second work, [4], a more complex mathematical model is taken into consideration,
in order to slightly resemble a battery model. There we deal with a coupled nonlinear
parabolic-elliptic system, where the nonlinear coupling function is given as an exponential
function motivated by the Butler Volmer equation. While the finite element approximation
and RB scheme follow standard arguments, we need fast-evaluable a-posteriori RB error
estimates, usually not available for such nonlinear models. We develop approximated hier-
archical error bounds, and show the good performances in terms of accuracy and efficiency
of such estimate. Such approximated estimates also give satisfying results when used in
the trust-region framework.

In the third work, available on [46], we do not study any mathematical models or develop
any model order reduction techniques. Instead, with the support of our project partners
we use a standard adaptive input design algorithm to develop a current profile in order
to better estimate 9 parameters in a real battery model. The model is the one described
and used in [57], with some of the parameters blocked at a reasonable “middle” value. We
use such model as a black-box: we assume we can only control the battery parameters
and current data as inputs, and observe the battery voltage as output. We show then the
numerical results for two separate cases; in the first case we build a collection of inputs to
maximize the observation in different situations (namely, in different battery “states”, such
as full and low battery charge); in the second case, on the other hand, we build a single
long input current by stacking optimal pieces – where “optimal” here stands as maximizing
the information. The reason for this is that resetting batteries to the initial configuration
after each run takes some time, as a long resting interval is usually needed. With the
one-long-input case, we wanted to avoid the resting pause and just develop a single run
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experiment that could optimize the overall experiment time and still provide the necessary
resting periods.

The thesis is developed as follows:

• In the rest of the Chapter 1, we introduce notation and preliminary concepts, such
as finite element (FE) discretization, reduced order (RO) approximation and the
discrete empirical interpolation method (DEIM).

• In Chapter 2 we introduce the linear parameter-dependent evolution problem like the
one in [45]. This chapter will serve mostly as an introduction to the next one, and we
show how the concepts of FE discretization, RO approximation, and the trust-region
optimization algorithm are applied in this case.

• In Chapter 3 we study the nonlinear coupled parabolic-elliptic system as done in
[4], where well-posedness is fully analyzed and better discussed. Then we consider
the optimization problem and discretize it. In the RO approximation we overcome
the difficulties deriving from the nonlinearity and finally we define the hierarchical
approximated error estimates and their use in the trust region optimization algorithm.

• In Chapter 4 we talk about the input design algorithm and its application to the
coupled model and the industrial model. We finally show numerical results for both
cases and for a variation of the input design derived from the industrial needs.

• In Chapter 5 we conclude this dissertation with final remarks and discuss the outlooks
in the different fields that this work touches.

1.2 Notation and preliminary concepts
In this section, we introduce the notation used in this thesis, as well as some concepts well
discussed in other works; the introduction of basic concepts of functional analysis might
be overlooked.

In general, we use lowercase italic for scalar, such as i, k,N , and functions, such as y, q, v,
and lowercase roman for vectors, i.e. y, q, v. Matrices are indicated by roman uppercase
letters, i.e. M, A, F. Two exceptions are the identity matrix in RN×N , denoted by IN , and
the parameter vector µ ∈ Rd = (µi)

d
i=1.

Overall, we append further information in the superscript and in the subscript of some
quantities. In the superscript we might append the letters h or ` to specify the finite
element and reduced order approximation, respectively. In the superscript will also appear
the time step taken into consideration, usually indexed with the letter k. In the subscript
we might instead append the parameter vector µ or the letter y, q, p to explicit that a
certain quantity refers to a state variable such as y or q, or to an adjoint variable such as
p.

Starting from R the set of real numbers, the d-dimensional Euclidean space, the inner
product, and the Euclidean norm are denoted by Rd, ⟨·, ·⟩Rd , and ∥ · ∥Rd , respectively. For
a symmetric, positive definite matrix M ∈ Rd×d we define ⟨x, y⟩M := ⟨Mx, y⟩Rd for any
x, y ∈ Rd. The induced norm is then defined as ∥ · ∥M := ⟨·, ·⟩M.
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Basic functional analysis Let Ω ⊂ R denote an open and bounded interval and let ∂Ω
denote its boundary. Many ideas in this section are well established for higher dimensions,
but since we are going to be working with intervals we keep the notation relevant to our
thesis. The Lebesgue spaces Lp(Ω) for 1 ≤ p <∞ are defined as

Lp(Ω) =

{
ϕ : Ω→ R

∣∣∣∣ ϕ is measurable and
∫
Ω
|ϕ(x)|pdx <∞

}
,

with endowed norm

∥ϕ∥Lp(Ω) :=

(∫
Ω
|ϕ(x)|pdx

)1/p

for ϕ ∈ Lp(Ω),

while setting p =∞ we have

L∞(Ω) =

{
ϕ : Ω→ R

∣∣∣∣ ϕ is measurable and ess sup
x∈Ω

|ϕ(x)|
}
,

with endowed norm
∥ϕ∥L∞(Ω) := ess sup

x∈Ω
|ϕ(x)|.

For 1 ≤ p ≤ ∞, Lp(Ω) is a Banach space, while in particular only L2(Ω) (also denoted by
H0(Ω)) is a Hilbert space with inner product

⟨ϕ,ψ⟩L2(Ω) :=

∫
Ω
ϕ(x)ψ(x)dx.

For 1 ≤ p <∞, the Sobolev spaces are defined as

W 1,p(Ω) =

{
ϕ ∈ Lp(Ω)

∣∣∣∣ ∫
Ω
|ϕ′(x)|pdx <∞

}
,

and in particular for p = 2 we define the Hilbert space H1(Ω) := W 1,2(Ω) with inner
product

⟨ϕ,ψ⟩H1(Ω) :=

∫
Ω
ϕ(x)ψ(x)dx+

∫
Ω
ϕ′(x)ψ′(x)dx for ϕ,ψ ∈ H1(Ω).

As they are fundamental in the study of parabolic equation, we define for the rest of this
work H := L2(Ω) and V := H1(Ω). The sequence of continuous and dense embeddings
V ↪→ H ∼= H∗ ↪→ V ∗ is then called Gelfand triple (see, e.g., [31]).

1.2.1 Finite element discretization
Let us consider the linear evolution problem

d

dt
⟨y(t), ϕ⟩H + a(y(t), ϕ) = ⟨f, ϕ⟩H for all ϕ ∈ V, f.a.a. t ∈ [0, T ],

y(0) = y◦ in H,
(1.1)
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for a bilinear form a and a function f ∈ H. Assuming existence and uniqueness conditions
for y ∈ W (0, T ;V ;V ∗), let us introduce the discretization that we are going to use in
the following chapters. We consider a finite-dimensional but potentially high-dimensional
space V h ⊂ V , with basis {ϕ1, . . . , ϕN}, endowed with the same topology of V , and we
introduce the Galerkin ansatz

yh(t) =
N∑
j=1

yhj (t)ϕj f.a.a. t ∈ [0, T ], (1.2)

where the vector yh(t) ∈ RN is called coordinate vector (in the basis {ϕ1, . . . , ϕN}). In
particular, we choose one-dimensional linear Lagrangian finite elements (see, e.g., [52]) as
basis set. Then, yh(t) is the solution of

d

dt
⟨yh(t), ϕj⟩H + a(yh(t), ϕj) = ⟨f, ϕj⟩H , for j = 1, . . . , N f.a.a. t ∈ [0, T ],

⟨yh(0)− yh◦ , ϕj⟩H = 0 for j = 1, . . . , N,
(1.3)

where yh◦ = Py◦, and P is the projection operator onto V h defined as

Py◦ = argmin
{
∥y◦ − ϕ∥H

∣∣ ϕ ∈ V h
}
. (1.4)

Inserting (1.2) into (1.3) we get the finite element (FE) problem

Mẏh(t) + Ayh(t) = f f.a.a. t ∈ [0, T ],

Myh(0) = yh◦ ,
(1.5)

where M = ((⟨ϕj , ϕi⟩H)) ∈ RN×N , A = ((a(ϕj , ϕi))) ∈ RN×N , f = (⟨f, ϕi⟩H) ∈ RN , and
yh◦ = (⟨y◦, ϕi⟩H) ∈ RN .

In order to discretize in time – namely, fully discretize – system (1.5), we first define a
uniform time grid tk = kδ, for k = 0, . . . ,K and δ = T/K. Then, we use a θ-scheme [52,
Section 5.1], where a generic dynamical system

d

dt
⟨u(t), v⟩H +A(u(t), v) = F(t, v) ∀v ∈ V, f.a.a. t ∈ (0, T ],

u(0) = u◦,

is discretized for k = 1, . . . ,K and θ ∈ [0, 1] as

1

δ
⟨uk − uk−1, v⟩H +A(θuk + (1− θ)uk−1, v) = θF(tk, v) + (1− θ)F(tk−1, v)

and u0 = u◦. Among θ-methods, we use implicit Euler (IE) by choosing θ = 1. Thus, (1.5)
is discretized as finding yh,0, . . . , yh,K ∈ RN solutions of

(M + δA)yh,k = Myh,k−1 + δf, k = 1, . . . ,K,

Myh,0 = yh◦ .
(1.6)
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We call system (1.6) full order (FO) model for (1.1). Then, yh,k ∈ RN is the coefficient
vector of yh,k ∈ V h, i.e.

yh,k =
N∑
j=1

yh,kj ϕj ∈ V h for k = 0, . . . ,K,

and the FO solution yh,k is an approximation of the FE solution y(tk) ∈ V solution of (1.1),
and therefore we use FO solution and FO approximation interchangeably. We furthermore
assume that the FE model is sufficiently accurate and sufficiently close to the exact solution
with a reasonable tolerance, i.e. ∥yh − y∥L2(0,T ;V ) < εFE.

1.2.2 Newton’s method
In Chapter 3 we deal with a nonlinear problem, whose full discretization is not a linear
system as in (1.6). On the opposite, let us assume a semi-discretized system of the form

Mẏh(t) + Ayh(t) = Mf(yh(t)) f.a.a. t ∈ [0, T ],

Myh(0) = yh◦ ∈ RN ,
(1.7)

where f is scalar nonlinear function applied component-wise, namely

f(yh(t)) = [f(yh1 (t)), . . . , f(y
h
N (t))]

⊤ ∈ RN .

After discretization (Implicit Euler) in time, the time stepping of (1.7) becomes, for k =
1, . . . ,K

(M + δA)yh,k = δMf(yh,k) +Myh,k−1, (1.8)
or, written as an implicit problem,

Fk(yh,k) = 0. (1.9)

To solve (1.9) we use Newton’s method described in Algorithm 1, which finds the root
using the Jacobian information.

Algorithm 1: Newton’s method
Input: Initial point x0 ∈ Rn, function f : Rn → Rn, Jacobian matrix Jf : Rn → Rn×n ;

1 Set k = 0;
2 while ∥f(xk)∥2 > τNewton do
3 Find d ∈ Rn solution of Jf(xk)d = −f(xk);
4 Generate new point xk+1 := xk + d;
5 Set k = k + 1;

Let us also use a globalization strategy for Newton’s method, namely the damped Newton
method, which is essentially a combination of the standard Newton method and the Armijo
rule, a line search technique, in order to guarantee monotonicity in the residual decrease.
While the globalization strategy is a good safeguard, its use slows the performance, al-
though not significantly. We omit the algorithm and the discussion for simplicity; more
details are available in [15].
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1.2.3 Reduced Order Modeling
In order to make calculations faster, we construct a reduced order (RO) space V ℓ of di-
mension L ≪ N and a basis {ψ1, . . . , ψL} ⊂ V ℓ ⊂ V h, whose construction will be ex-
plained later. We define the coefficient matrix Ψ ∈ RN×L satisfying ψj =

∑N
i=1Ψijϕi for

j = 1, . . . , L. The RO model for (1.6) is given by the Galerkin projection and it reads as
follows: find {ŷ1, . . . , ŷK} ⊂ RL such that

(Mℓ + δAℓ)ŷk = Mℓŷk−1 + δf, k = 1, . . . ,K,

Mℓŷ0 = yℓ◦,
(1.10)

where the RO arrays Mℓ ∈ RL×L, Aℓ ∈ RL×L, fℓ ∈ RL and yℓ◦ ∈ RL are defined as

Mℓ := Ψ⊤MΨ, Aℓ := Ψ⊤AΨ,

fℓ := Ψ⊤f for k = 1, . . . ,K, yℓ◦ := Ψ⊤yh◦ .

The solution {ŷk}Kk=0 of (1.10) exists uniquely (see [35]) and it is interpreted as a reduced
order approximation for {yk}Kk=0:

yk ≈ yℓ,k := Ψŷk ∈ RN .

For 0 ≤ k ≤ K we will also use the additional notation

yℓ,k :=
L∑
i=1

ŷki ψi =
N∑
i=1

yℓ,ki ϕi ∈ V ℓ.

1.2.4 Proper Orthogonal Decomposition (POD)
To select an RO space we use the method of proper orthogonal decomposition (POD), that
uses the state variable snapshots {yh,0, . . . , yh,K} ⊂ RN , or equivalently {yh,0, . . . , yh,K} ⊂
V h, to define the RO bases {ψj}Lj=1 satisfying the problem

min
ψ1,...,ψL∈V

∫ T

0

∥∥∥yh(t)− L∑
i=1

⟨yh(t), ψj⟩V ψj

∥∥∥2
V

subject to ⟨ψi, ψj⟩V = δij ∀ 1 ≤ i, j ≤ L.

or, rather, its discretized version

min
ψ1,...,ψL∈V

K∑
k=0

αk

∥∥∥yh,k − L∑
i=1

⟨yh,k, ψj⟩V ψj

∥∥∥2
V

subject to ⟨ψi, ψj⟩V = δij ∀ 1 ≤ i, j ≤ L,

(1.11)

where α0, . . . , αK are the trapezoidal weights used to approximate the integral, i.e. α0 =
αK = δ/2 and αk = δ for k = 1, . . . ,K − 1.

We will discuss the discretized version of the POD only; all the details regarding the
continuous version can be found, e.g., in [27]. A solution to (1.11) is given by evaluating
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the eigenvectors corresponding to the L biggest eigenvalues of the matrix R = YDY⊤W,
where

Y = [yh,0, . . . , yh,K ] ∈ RN×(K+1)

is the matrix of snapshots, D is the diagonal matrix of the trapezoidal weights, namely

D =

 α0

. . .
αK

 ,

and W = ((⟨ϕj , ϕi⟩V )) ∈ RN×N .

As discussed in [36], there are numerous ways of finding the bases, and consequently Ψ.
Assuming K < N , we discuss the two main approaches, one being more accurate and the
other faster in computation time. We start by defining

Ȳ := W1/2YD1/2 ∈ RN×(K+1).

The square root of W is well-defined since it is symmetric and positive definite, while
the square root of diagonal matrices are merely the diagonal matrices with element-wise
square roots. In particular, it is possible to decompose W using a diagonal matrix Λ and
an orthogonal matrix Q as W = QΛQ⊤, and in this case we can write W1/2 := QΛ1/2Q⊤.

The matrix Ȳ will appear in both ways, but only in one of them it will be necessary to
actually evaluate W1/2.

The method of snapshots In this case we define the symmetric (K + 1) × (K + 1)
matrix

R̄ := Ȳ⊤Ȳ.

Then, the RO basis is given by solving the eigenvalue problem

R̄vi = λivi, 1 ≤ i ≤ L,
s.t. ⟨vi, vj⟩RN = δij , 1 ≤ i, j ≤ L,

and then defining the vectors

Ψi :=
1√
λi

YD1/2vi ∈ RN .

These will be the coordinate vectors of the new basis w.r.t. the old one, or equivalently the
columns of Ψ. Let us observe that the evaluation of R̄ = D1/2Y⊤WYD1/2 only involves the
cheap evaluation of square roots of diagonal matrices. This method is faster, but it can be
inaccurate when evaluating, e.g., the smallest eigenvalues of R̄, and it can be subject to
numerical errors.
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The SVD method In this case we compute the singular value decomposition for Ȳ, i.e.

U⊤ȲV =


σ1

. . . 0
σd

0 0

 ,

for the orthogonal matrix U = [u1, . . . , uN ], then set Ψi := W−1/2ui and λi := σ2i for
1 ≤ i ≤ L. Observe that this means solving L linear problems, i.e. W1/2Ψi = ui, and
hence it will be slower, but it holds in general a better accuracy. In this work we have
preferred this method: the slowdown is not prohibitive and we prefer keeping the better
numerical results.

On the quality of the reduced basis we have the following error formula (cf., e.g., [35]):

K∑
k=0

αk

∥∥∥yh,k − L∑
i=1

⟨yh,k, ψi⟩V ψi

∥∥∥2
V
=

K∑
j=L+1

λi. (1.12)

As discussed in [35] and more recently in [18], we also modify the set of snapshots to
improve the RO approximation of the time derivative of the state variable. Let us define
the finite differences

∂̄yh,k :=
yh,k − yh,k−1

δ
k = 1, . . . ,K,

and let us consider the problem

min
{ψj}Lj=1

K∑
k=0

αk

∥∥∥yh,k − L∑
i=1

⟨yh,k, ψi⟩V ψi

∥∥∥2
V
+

K∑
k=0

δ
∥∥∥∂̄yh,k − L∑

i=1

⟨∂̄yh,k, ψi⟩V ψi

∥∥∥2
V

s.t.⟨ψi, ψj⟩V = δij ∀ 1 ≤ i, j ≤ L.

(1.13)

Problem (1.13) is solved using the eigenvalues and eigenvectors of the matrix R = ZD̃Z⊤W,
where now the snapshot matrix is

Z := [y0, . . . , yK , ∂̄y1, . . . , ∂̄yK ] ∈ RN×(2K+1), (1.14)

we set

D̃ :=


α0

. . .
αK

δIK

 ∈ R(2K−1)×(2K−1) (1.15)

and ∂̄yh,k := (yh,k − yh,k−1)/δ. Similarly to (1.12), in this setting we get

K∑
k=0

αk

∥∥∥yh,k − L∑
i=1

⟨yh,k, ψi⟩V ψi

∥∥∥2
V
+

K∑
k=0

δ
∥∥∥∂̄yh,k − L∑

i=1

⟨∂̄yh,k, ψi⟩V ψi

∥∥∥2
V
=

K∑
j=L+1

λi.
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1.2.5 Discrete empirical interpolation method
The discrete empirical interpolation method (DEIM) is a dimension reduction method
introduced in [12] that approximates the nonlinearity in a reduced dimension subspace. It
was formulated as a modification of the empirical interpolation method (EIM), (for more
details, see [8]). In the following, we review the main steps of the algorithm; for more
details, see [12, 11].

Let us go back to our N -dimensional nonlinear time-stepping equation (1.8). Let us assume
we have found a suitable L-dimensional RO basis associated with a matrix Ψ ∈ RN×L.
Then, by standard Galerkin projection, we have for k = 1, . . . ,K

(Mℓ + δAℓ)yh,k = δΨ⊤Mf(Ψyh,k) +Mℓyh,k. (1.16)

Equation (1.16) relies on the RO dimension L, but it also depends on N , hence making
the evaluation of yh,k not online efficient.

The DEIM projects the vector fk := f(Ψyh,k) ∈ RN onto a smaller space of dimension
M . Assuming this space is spanned by the basis {u1, . . . , uM}, and defining the matrix
U ∈ RN×M of the coordinate vectors of such basis, the approximation is then

fk ≈ Uck, (1.17)

where ck ∈ RM . Pre-evaluating and storing the matrix Mℓ
f := Ψ⊤MU ∈ RL×M , if we can

evaluate ck in a cheap way, then we can also cheaply compute

(Mℓ + δAℓ)yh,k = δMℓ
fc
k +Mℓyh,k,

and the evaluation becomes fully online efficient. Let us start with some notation. The
i-th Euclidean basis element in RN is denoted by the vector ei = [0, . . . , 0, 1, 0, . . . , 0]⊤ ∈
RN , which is also necessarily the i-th column of the identity matrix IN . Moreover, let
I = [i1, . . . , iM ] be a list of M indices, and v ∈ RN be a vector. We define vI as the vector
given by extracting the indices corresponding to I, i.e.

vI := [vi1 , . . . , viM ]⊤ ∈ RM .

If we introduce the matrix I = II ∈ RN×M associated with list I as

I = [ei1 . . . eiM ] for I = [i1, . . . , iM ],

then it holds vI = I⊤v. By assuming the equation (1.17) correct on M distinct rows, and
indexing such rows as I = [i1, . . . , iM ], we can write

I⊤fk = (I⊤U)ck.

Assuming, furthermore, that I⊤U is invertible, we can then find ck as

ck = (I⊤U)−1I⊤fk. (1.18)

Inserting (1.18) into (1.17) we get

fk ≈ U(I⊤U)−1I⊤fk. (1.19)
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Let us observe that since the linearity is component-wise, then

I⊤fk = I⊤f(Ψyh,k) = f(I⊤Ψyh,k).

Hence, by pre-evaluating and storing the matrices M̂ℓ
f := Mℓ

f (I
⊤U)−1 = Ψ⊤MU(I⊤U)−1 ∈

RL×M and Ψ̂ := I⊤Ψ ∈ RM×L, we can cheaply solve the online-efficient equation

(Mℓ + δAℓ)yh,k = δM̂ℓ
ff(Ψ̂yh,k) +Mℓyh,k.

In Algorithm 2 we transcribe the algorithm from [12] to evaluate the index matrix I and
the matrix U.

Algorithm 2: Algorithm for DEIM
Input: Snapshots f1, . . . , fK ∈ RN ;

1 Evaluate M linearly independent vectors u1, . . . uM ∈ RN using POD;
2 i1 = argmaxj=1,...,N |(u1)j |;
3 U = [u1];
4 I = [ei1 ];
5 for k = 2 to m do
6 Solve (I⊤U) c = I⊤uk for c;
7 r = uk −Uc;
8 ik = argmaxj=1,...,N |rj |;
9 U = [U, uk];

10 I = [I, eik ];





Chapter 2

Linear single-state model

Let us start from a simplified model that can be studied in detail mathematically. This
chapter serves as an introduction to the next, since many of the ideas discussed here will
be expanded and applied to a more complex model.

In the introduction we have mentioned different battery models studied over the decades;
they all stem from physical modeling, where some assumptions and simplifications can be
made in order to change the system of equations. For example, electrodes can be assumed
to have a certain shape, or some physical quantities (e.g. diffusion coefficients) can be
modeled constant. One of the most common assumptions is the approximation of the
electrodes as homogeneously distributed spherical particles, which causes the dynamics to
become decoupled one-dimensional equations, as in the renowned DFN model (see [17]).
For this reason, we are also going to consider evolution problems in the one-dimensional
domain Ω := (0, L).

Let T > 0 be the (finite) time horizon, and QT := (0, T )× (0, L). Battery cell models are
equations describing the movements of electrons and the balancing of potential energies,
and can be over-simplified, e.g., as a linear scalar reaction-diffusion system

yt(t, x) = Dyxx(t, x) +Ry(t, x),

yx(t, 0) = 0, Dyx(t, L) = u(t),

y(0, x) = y◦(x),

(2.1)

where D,R > 0 are positive constant (called, respectively, diffusion constant and reaction
constant), u : [0, T ]→ R is an arbitrary control and y◦ : Ω→ R is the initial condition. It
is well known that this system models the change in space and time of the concentration of
some physical substance and can be found in several problems, e.g. in chemistry, biology
and geology.

We can generalize this system to a class of linear abstract parabolic evolution problem in
one dimension in space. Furthermore, let us assume that all d scalar parameters are stacked
in a parameter vector µ ∈ Rd, and that the latter belongs to the nonempty, compact and
convex admissible parameter set

Pad := {µ = (µ1, . . . , µd) ∈ P : µa ≤ µ ≤ µb in P} ⊂ P := Rd,

13
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where µa = (µa,i)1≤i≤2 and µb = (µb,i)1≤i≤2 are given parameter bounds satisfying 0 <
µa ≤ µb.

The state variable y satisfies the abstract parabolic evolution problem in weak form

⟨yt(t), ϕ⟩V ∗,V + aµ(y(t), ϕ) = ⟨fµ(t;u), ϕ⟩V ∗,V

y(0) = y◦ in H
(2.2)

for all ϕ ∈ V and f.a.a. t ∈ (0, T ], where y◦ ∈ H and V , H are separable Hilbert spaces
with V ↪→ H ↪→ V ∗ (Gelfand triple). The input, or control, function u belongs to a convex,
bounded, closed subset Uad of a Hilbert space U. Further, for any µ ∈ Pad the bilinear
form aµ : V × V → R is

• symmetric:

aµ(ϕ, φ) = aµ(φ, ϕ) for all ϕ, φ ∈ V ;

• continuous: there exists a constant γµ > 0 satisfying

|aµ(ϕ, φ)| ≤ γµ ∥ϕ∥V ∥φ∥V for all ϕ, φ ∈ V ;

• coercive: there is αµ > 0 such that

aµ(ϕ,ϕ) ≥ αµ ∥ϕ∥
2
V for all ϕ ∈ V. (2.3)

Moreover, fµ(· ;u) ∈ L2(0;T ;V ∗) holds for any (µ, u) ∈ Xad = Pad × Uad. It follows that
(2.2) admits a unique solution y = yµ ∈ Y = W (0, T ;V, V ∗) = L2(0, T ;V ) ∩H1(0, T ;V ∗)
for any µ ∈ Pad; cf., e.g., [31, 64]. Furthermore, we assume that aµ and fµ depend affinely
on the parameters:

aµ =

ma∑
l=1

ϑal (µ)âl, fµ(t;u) =

mf∑
l=1

ϑfl (µ)f̂l(t;u) (2.4)

for any (µ, u) ∈ Xad and t ∈ [0, T ]. Otherwise, we apply the empirical interpolation method
to get approximations satisfying (2.4); cf., e.g., [8, 12, 11, 30]. Moreover, we assume that ϑal
and ϑfl are continuous and continuously differentiable for l = 1, . . . ,ma and l = 1, . . . ,mf ,
respectively, to ensure that the maps µ→ aµ and µ→ fµ are continuous and differentiable.
Lastly, we also assume the bilinear forms âl to be continuous for all l = 1, . . . ,ma and all
linear operators f̂l(t;u) to be continuous for all l = 1, . . . ,mf , t ∈ [0, T ] a.e. and all u ∈ Uad.

Remark 2.1. The model (2.2) comprehends the reaction-diffusion equation (2.1), with

aµ(y(t), ϕ) = D⟨yx(t), ϕx⟩H −R⟨y(t), ϕ⟩H ,

with parameters µ = (D,R) ∈ Pad, and

⟨fµ(t;u), ϕ⟩V ∗,V = u(t)ϕ(L).

♢
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This chapter is organized as follows: in Section 2.1 we introduce the PDE-constrained op-
timization, define the cost function and the adjoint equation. The finite element discretiza-
tion is done in Section 2.2, and in Section 2.3 we define the reduced order approximation.
In Section 2.4, finally, we briefly describe the trust region optimization problem used in
this work.

2.1 PDE-constrained optimization problem
In the context of data-driven parameter estimation, we assume that the model parameters
µ are unknown and consider the optimization problem

min J(y,µ) subject to (s.t.) (y,µ) ∈ Y× Pad satisfying (2.2), (P1)

where J is a cost function quantifying the discrepancy between the state variable y and
some data w ∈ L2(0, T ;H) (the data will depend on the input u, namely w = w(u)):

J(y,µ) =
αJ
2

∫ T

0
∥y − w∥2H dt+

βJ
2
∥µ− µ̂∥22, (2.5)

where ∥ · ∥2 stands for the Euclidean norm, βJ is a non-negative weight and µ̂ ∈ Rd is a
reference parameter.

As (2.2) is uniquely solvable, we can define the reduced cost

Ĵ(µ) = J(yµ,µ) =
αJ
2

∫ T

0
∥yµ − w∥2H dt+

βJ
2
∥µ− µ̂∥22, (2.6)

where yµ solves (2.2). Then, (P1) is equivalent to

min Ĵ(µ) subject to (s.t.) µ ∈ Pad. (P̂1)

Existence of an optimal solution µ̄ is proven in Section A.1 of the appendix, but – due
to non-convexity – there are possibly many local solutions; cf., e.g., [31]. To characterize
the local optimal solutions of (P̂1), we use first-order necessary optimality conditions, from
which we derive the adjoint variable p̄ = pµ̄ ∈ Y associated with the optimal parameter µ̄
and state ȳ = yµ̄. The adjoint variable solves the adjoint equation in weak form

⟨pt(t), ϕ⟩V ∗,V + aµ(p(t), ϕ) = ⟨w(t)− yµ(t), ϕ⟩H
p(T ) = 0, in H.

for all ϕ ∈ V and f.a.a. t ∈ [0, T ). We skip the details regarding the derivation of the
adjoint equation, but they can be found, e.g., in [64, Chapter 3]. Then, following the
adjoint approach in [31, Section 1.6.2], the gradient of the cost functional at µ̄ is given as

∇Ĵ(µ̄) = βJ(µ̄−µ̂)+
∫ T

0

ma∑
l=1

∇ϑal (µ̄)âl (ȳ(t), p̄(t)) dt−
∫ T

0

mf∑
l=1

∇ϑfl (µ̄)⟨f̂l(t;u), p̄(t)⟩V ∗,V dt.
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2.2 Finite element discretization
In this section we introduce a high-dimensional approximation, called full-order (FO) ap-
proximation, based on the finite element (FE) theory, which we assume to be accurate
enough, but however expensive to solve. To reduce significantly the computational cost
a further approximation is later applied, the reduced order approximation, faster to solve
but less accurate.

The FO discretization is overview in Section 1.2.1. We can go ahead and define the FO
system, where we find yh,0µ , . . . , yh,Kµ ∈ RN solutions of

(M + δAµ)yh,kµ = Myh,k−1
µ + δfh,kµ , k = 1, . . . ,K,

Myh,0µ = yh◦ ,
(2.7)

where, using the FE space V h and basis {ϕ1, . . . , ϕN} we have used

M ∈ RN×N , (M)i,j := ⟨ϕj , ϕi⟩H ,
Aµ ∈ RN×N , (Aµ)i,j := aµ(ϕj , ϕi),

fh,kµ ∈ RN , (fh,kµ )j := ⟨fµ(tk;u), ϕj⟩V ∗,V ,

yh◦ ∈ RN , (yh◦ )j := ⟨y◦, ϕj⟩H .

Then, for k = 0, . . . ,K, yh,kµ ∈ RN is the coefficient vector of yh,kµ ∈ V h, i.e.,

yh,kµ =
N∑
j=1

yh,kµi ϕi ∈ V
h for k = 0, . . . ,K, (2.8)

and yh,kµ is an approximation of yhµ(tk) ∈ V .

Remark 2.2. Due to (2.4), both Aµ and fµ satisfy

Aµ =

ma∑
l=1

ϑal (µ)Â
h
l , fh,kµ =

mf∑
l=1

ϑfl (µ)f̂
h,k
l

for the FE arrays Âhl := ((âl(ϕj , ϕi))) and f̂h,kl := (⟨f̂l(tk;u), ϕi⟩V ∗;V ), which do not depend
on µ. ♢

Example 2.3. Let Ω = (0, 4) and T = 1. We use linear Lagrangian elements on 401 nodes
and 201 time steps, so that δ = 0.005. Let us further choose

aµ(y(t), ϕ) := µ1⟨yx(t), ϕ′⟩H +
1

2
⟨y(t), ϕ⟩H

and
⟨f(t;u), ϕ⟩V ∗,V := µ2u(t)ϕ(L),

so that we are solving the parabolic problem

yt(t, x)− µ1yxx(t, x) +
1

2
y(t, x) = 0,

yx(t, 0) = 0, µ1yx(t, L) = µ2u(t),

y(0, x) = y◦(x),
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Finally, we set u(t) := 1
2 cos(10t) and y◦(x) := 5+e−10|x−0.5|2 . In Figure 2.1 it possible to see

the FO approximations for different parameters, namely µ1 = (0.3, 10) and µ2 = (8, 0.2).
We observe that some behaviors change (although not drastically), such as the response to
the input function u on the border x = 4, much stronger in the first case.
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Figure 2.1: Plots of FO state variables corresponding to different parameters.

The parameter optimization will fit the approximation of the state, yhµ, to the available
data, w. In order to get a FO approximation of the reduced cost, we first consider

w0 =
2

δ

∫ t0+δ/2

t0

w(s)ds, wK =
2

δ

∫ tK

tK−δ/2
w(s)ds,

wk =
1

δ

∫ tk+δ/2

tk−δ/2
w(s)ds for k = 1, . . . ,K − 1

(2.9)

and then we use the projection operator onto V h defined in (1.4):

wh,k = Phwk, 0 ≤ k ≤ K. (2.10)

Consider, furthermore, the coefficient vector wh,k of wh,k, the FO approximation of the
reduced cost (2.6) is given as

Ĵh(µ) =
αJ
2

K∑
k=0

αk∥yh,kµ − wh,k∥2
M
+
βJ
2
∥µ− µ̂∥22, (2.11)

where αk are the trapezoidal weights, i.e. α0 = αK = δ/2 and αk = δ for k = 1, . . . ,K − 1.

Skipping the details, a discrete approximation of the adjoint variable finds ph,0µ , . . . , ph,Kµ ∈
RN by solving

(M + δAµ)p
h,k
µ = Mph,k+1

µ + δM(wh,k − yh,kµ ), k = 0, . . . ,K − 1,

ph,Kµ = 0.
(2.12)

Finally, the gradient of the cost function is approximated as

∇Ĵh(µ) = βJ(µ− µ̂) +

K∑
k=0

αk

ma∑
l=1

∇ϑal (µ)yh,k⊤µ Âhl p
h,k
µ −

K∑
k=0

αk

mf∑
l=1

∇ϑfl (µ)f̂
h,k⊤
l ph,kµ .
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2.3 Reduced order discretization
As explained in Section 1.2.3, we construct a reduced order (RO) space V ℓ = span {ψ1, . . . ,
ψL} such that V ℓ ⊂ V h of dimension L≪ N to built a computationally cheap model. The
RO model for (2.7) reads as follows: find {ŷ1µ, . . . , ŷKµ } ⊂ RL such that

(Mℓ + δAℓµ)ŷ
k
µ = Mℓŷk−1

µ + δfℓ,kµ , k = 1, . . . ,K,

Mℓŷ0µ = yℓ◦,
(2.13)

where, using the coefficient matrix Ψy ∈ RN×L, we have defined

Mℓ := Ψ⊤
y MΨy, Aℓµ := Ψ⊤

y AµΨy,

fℓ,kµ := Ψ⊤
y f

h,k
µ for k = 1, . . . ,K, yℓ◦ := Ψ⊤

y y
h
◦ .

Remark 2.4. As in Remark 2.2, due to (2.4),

Aℓµ =

ma∑
l=1

ϑal (µ)Â
ℓ
l , fℓ,kµ =

mf∑
l=1

ϑfl (µ)f̂
ℓ,k
l

holds true for the RO arrays Âℓl := Ψ⊤
y Â

h
l Ψy ∈ RL×L and f̂ℓ,kl := Ψ⊤

y f̂
h,k
l ∈ RL. Hence,

once the arrays {Âℓl}
ma
l=1 and {f̂ℓ,kl }

mf

l=1 are evaluated and stored, the evaluation of Aℓµ and
fℓ,kµ for different parameters µ does not depend on the FO dimension N . ♢

We reiterate that the solution {ŷkµ}Kk=0 of (2.13) is interpreted as an RO approximation for
{yh,kµ }Kk=0:

yh,kµ ≈ yℓ,kµ := Ψyŷ
k
µ ∈ RN ,

and for 0 ≤ k ≤ K we also use

yℓ,kµ :=

L∑
i=1

ŷkµiψi =

N∑
i=1

yℓ,kµi ϕi ∈ V
ℓ. (2.14)

Similarly, we construct a RO space for the adjoint state, V ℓp ⊂ V h, of dimension Lp
and a basis {ψp1 , . . . , ψ

p
Lp
} associated with coefficient matrix Ψp. The RO adjoint variable

{p̂kµ}Kk=0 are then found as

(Mℓp + δA
ℓp
µ )p̂kµ = Mℓp p̂k+1

µ + δf
ℓp,k
p , k = 0, . . . ,K − 1

p̂Kµ = 0.
(2.15)

where, in this case, the RO arrays Mℓp ∈ RLp×Lp , Aℓpµ ∈ RLp×Lp and f
ℓp,k
p ∈ RLp are defined

as

Mℓp := Ψ⊤
p MΨp, A

ℓp
µ := Ψ⊤

p AµΨp,

f
ℓp,k
p := Ψ⊤

p M(wh,k − yℓ,kµ ) = Ψ⊤
p Mwh,k −Mℓp,ℓŷkµ,
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and Mℓp,ℓ := Ψ⊤
p MΨy ∈ RLp×L. As in the state variable case, the solution {p̂kµ}Kk=0 ⊂ RLp

of (2.15) exists uniquely and it is interpreted as a RO approximation for {ph,kµ }Kk=0, i.e.

ph,kµ ≈ p
ℓp,k
µ := Ψpp̂

k
µ ∈ RN ,

and for 0 ≤ k ≤ K we define

p
ℓp,k
µ :=

Lp∑
i=1

p̂kµiψ
p
i =

N∑
i=1

p
ℓp,k
µi ϕi ∈ V

ℓp .

Finally, the reduced cost (2.6) is approximated as

Ĵ ℓ(µ) :=
αJ
2

K∑
k=0

αk∥yℓ,kµ − wh,k∥2
M
+
βJ
2
∥µ− µ̂∥22, (2.16)

and the gradient is given as

∇Ĵ ℓ,ℓp(µ) = βJ(µ̄− µ̂)+αJ

K∑
k=0

αk

ma∑
l=1

∇ϑal (µ)ŷk⊤µ Â
ℓ,ℓp
l p̂kµ−αJ

K∑
k=0

αk

mf∑
l=1

∇ϑfl (µ)f̂
ℓp,k⊤
l p̂kµ,

where

Â
ℓ,ℓp
l = Ψ⊤

y Â
h
l Ψp ∈ RL×Lp l = 1, . . . ,ma,

f̂
ℓp,k
l = Ψ⊤

p f̂
h,k
l ∈ RLp l = 1, . . . ,mf .

Remark 2.5. Observe that the evaluation of the RO reduced cost (2.16) is online-efficient,
i.e. it does not depend on the FO dimension N . Indeed,

∥yℓ,kµ − wh,k∥2
M

= yℓ,k⊤µ Myℓ,kµ − 2wh,k⊤Myℓ,kµ +wh,k⊤Mwh,k

= ŷk⊤µ Mℓykµ − J⊤1 ŷ
k
µ + J2,

where J1 = 2Ψ⊤Mwh,k ∈ Rℓ and J2 = wh,k⊤Mwh,k ∈ R do not depend on µ and can be
pre-evaluated and stored. ♢

2.3.1 Proper orthogonal decomposition
To select an RO space we use the method of POD (see Section 1.2.4) using the state variable
snapshots {yh,kµ }Kk=0 ⊂ RN and the finite differences {∂̄yh,kµ }Kk=1 ⊂ RN , or equivalently
{yh,kµ }Kk=0 ⊂ V h and {∂̄yh,kµ }Kk=1 ⊂ V h.

Regarding the adjoint RO space V ℓp , we have two possibilities: we either use the state RO
space, i.e. V ℓp = V ℓ, or we create and use a different one, i.e. V ℓp ̸= V ℓ. In the following,
we try both approaches and observe the differences.
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V ℓp = V ℓ: In this case, since the RO approximation needs to be accurate for both state
and adjoint, we include the snapshots of both variables together with their finite differences
in time, i.e.

Ẑ = [y0µ, . . . , y
K
µ , ∂̄y

1
µ, . . . , ∂̄y

K
µ , p

0
µ, . . . , p

K
µ , ∂̄p

1
µ, . . . , ∂̄p

K
µ ] ∈ RN×(4K+2).

Then, defining

D̂ =



α0

. . .
αK

δIK
α0

. . .
αK

δIK


∈ R(4K−2)×(4K−2),

we find the eigenvectors corresponding to the L big eigenvalues λ1, . . . , λL of R̂ = ẐD̂Ẑ⊤W.
Then, defining the bases ψ1, . . . , ψL as described previously, the error formula now gives

K∑
k=0

αk

∥∥∥yh,kµ −
L∑
i=1

⟨yh,kµ , ψi⟩V ψi

∥∥∥2
V
+

K∑
k=1

δ
∥∥∥∂̄yh,k − L∑

i=1

⟨∂̄yh,k, ψi⟩V ψi

∥∥∥2
V

+
K∑
k=0

αk

∥∥∥ph,kµ −
L∑
i=1

⟨ph,kµ , ψi⟩V ψi

∥∥∥2
V
+

K∑
k=1

δ
∥∥∥∂̄ph,k − L∑

i=1

⟨∂̄ph,k, ψi⟩V ψi

∥∥∥2
V
=

K∑
j=L+1

λi.

Hence, Ψy = Ψp, i.e. the coefficient matrices for the state variable and the adjoint variables
are the same (because the RO space is the same).

V ℓp ̸= V ℓ: In this case we simply use the POD algorithm on the set of adjoint snapshots

Ẑ = [p0µ, . . . , p
K
µ , ∂̄p

1
µ, . . . , ∂̄p

K
µ ] ∈ RN×(2K+1)

and use D̃ as defined in (1.15). Then, extracting eigenvalues and eigenvectors of R̂ :=
ẐD̃Ẑ⊤W we find the Lp-dimensional basis ψp1 , . . . , ψ

p
Lp

and from that the coefficient matrix
Ψp ∈ RN×Lp .

One of the most evident consequence of choosing V ℓp = V ℓ is the memory saving: in this
case Mℓ = Mℓp = Mℓp,ℓ and Aℓµ = A

ℓp
µ . Another positive side to this approach is that the

POD algorithm is done only once (but using a bigger snapshots matrix). On the other
side, using two separate spaces improves the accuracy of both the state and the adjoint
FO approximation. We have favored the second option, as we prefer keeping the accuracy
high, and the memory taken by these matrices is not excessive.

2.3.2 A-posteriori error estimate
In the next section we discuss the optimization algorithm in the trust-region framework,
where the surrogate model is the RO approximation. In this framework, error estimates
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are essential to measure the accuracy of the surrogate RO model without evaluating the
FO model, to save computational time and memory. In particular, we find a-posteriori
error estimate

∥yhµ − yℓµ∥ ≤ ∆ℓ
y(µ) = ∆ℓ

y(µ, y
ℓ
µ),

i.e. computable without evaluating the FO state but only (eventually) the RO state.

Let us define the µ-dependent space-time energy norm (cf. [28, 26]) for the sequence
{yh,kµ }Kk=0 ⊂ V h up to time step κ as

∥yh,κµ ∥µ :=

(
∥yh,κµ ∥2H + δ

κ∑
k=1

aµ(y
h,k
µ , yh,kµ )

)1/2

for κ = 1, . . . ,K, while ∥yh,0µ ∥µ := ∥yh,0µ ∥H . Furthermore, let us remind that αµ > 0 is the
µ-dependent coercitivity constant of the bilinear form aµ. Then we can define the error
estimate for the state variable in the following proposition.

Proposition 2.6. Let {yh,kµ }Kk=0 and {yℓ,kµ }Kk=0 be given as (2.8) and (2.14), respectively.
Let eℓ,kµ := yh,kµ − yℓ,kµ ∈ V h for k = 0, . . . ,K. For ϕ ∈ V h we define the residual

⟨Rkµ, ϕ⟩V ∗,V
:=

1

δ
⟨yℓ,k−1

µ − yℓ,kµ , ϕ⟩
H
− aµ(yℓ,kµ , ϕ) + ⟨fµ(tk;u), ϕ⟩V ∗,V

and its norm εkµ := ∥Rkµ∥V ∗. Then

∥eℓ,κµ ∥µ ≤ ∆ℓ,κ
y (µ) for κ = 0, . . . ,K, (2.17)

where

∆ℓ,κ
y (µ) :=

(
∥eℓ,0µ ∥2H +

δ

αµ

κ∑
k=1

∣∣∣εkµ∣∣∣2
)1/2

. (2.18)

Proof. It is easy to check that for k = 2, . . . ,K the error eℓ,kµ solves the equation

⟨eℓ,kµ , ϕ⟩
H
+ δaµ(e

ℓ,k
µ , ϕ)− ⟨eℓ,k−1

µ , ϕ⟩
H

= δRkµ(ϕ) ∀ϕ ∈ V h.

Choosing ϕ = eℓ,kµ ∈ V h, we get

⟨eℓ,kµ , eℓ,kµ ⟩H + δaµ(e
ℓ,k
µ , eℓ,kµ ) = ⟨eℓ,k−1

µ , eℓ,kµ ⟩H + δRkµ(eℓ,kµ ). (2.19)

Then, using the Cauchy-Schwarz and Young inequalities and (2.3), we estimate

⟨eℓ,k−1
µ , eℓ,kµ ⟩H ≤ ⟨e

ℓ,k−1
µ , eℓ,k−1

µ ⟩1/2
H
⟨eℓ,kµ , eℓ,kµ ⟩

1/2

H
≤ 1

2
∥eℓ,k−1

µ ∥2H +
1

2
∥eℓ,kµ ∥2H , (2.20)

and

Rkµ(eℓ,kµ ) ≤ εkµ∥eℓ,kµ ∥V ≤
1

2αµ

|εkµ|2 +
αµ

2
∥eℓ,kµ ∥2V ≤

1

2αµ

|εkµ|2 +
1

2
aµ(e

ℓ,k
µ , eℓ,kµ ). (2.21)
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Hence, inserting (2.20) and (2.21) in (2.19), we get

1

2
∥eℓ,kµ ∥2H −

1

2
∥eℓ,k−1

µ ∥2H +
δ

2
aµ(e

ℓ,k
µ , eℓ,kµ ) ≤ δ

2αµ

|εkµ|2.

Now, summing for k = 1, . . . , κ and multiplying by two, we get

∥eℓ,κµ ∥2H − ∥eℓ,0µ ∥2H + δ

κ∑
k=1

aµ(e
ℓ,k
µ , eℓ,kµ ) ≤ δ

αµ

κ∑
k=1

∣∣∣εkµ∣∣∣2 .
Hence, rearranging we get (2.17).

Remark 2.7. We show now how to evaluate the squared residual norm
∣∣εkµ∣∣2 = ∥Rkµ∥2V ∗

for every k = 1, . . . ,K, using the Riesz representation theorem

⟨Rkµ, ϕ⟩V = ⟨Rkµ, ϕ⟩V ∗,V
∀ϕ ∈ V h,

where Rkµ ∈ V h is the Riesz representant of Rkµ. To compute it efficiently, we solve a-priori
the following problems to evaluate r1,k, r2i , r3i ∈ V h for k = 0, . . . ,K and i = 1, . . . , L

⟨r1,k, ϕ⟩V = ⟨fµ(tk), ϕ⟩V ∗,V ∀ϕ ∈ V h,

⟨r2i , ϕ⟩V = −aµ(ψi, ϕ) ∀ϕ ∈ V h,

⟨r3i , ϕ⟩V =
1

δ
⟨ψi, ϕ⟩H ∀ϕ ∈ V h.

Then, using (2.14), we can write

⟨Rkµ, ϕ⟩V = ⟨Rkµ, ϕ⟩V ∗,V
= ⟨fµ(tk), ϕ⟩V ∗,V − aµ(y

ℓ,k
µ , ϕ) +

1

δ
⟨yℓ,k−1

µ − yℓ,kµ , ϕ⟩
H

= ⟨fµ(tk), ϕ⟩V ∗,V − aµ

(
L∑
i=1

ŷkµiψi, ϕ

)
+

1

δ

〈
L∑
i=1

(ŷk−1
µi − ŷkµi)ψi, ϕ

〉
H

=

〈
r1,k +

L∑
i=1

ŷkµir
2
i +

L∑
i=1

(ŷk−1
µi − ŷkµi)r

3
i , ϕ

〉
V

,

and therefore

Rkµ = r1,k +
L∑
i=1

ŷkµir
2
i +

L∑
i=1

(ŷk−1
µi − ŷkµi)r

3
i ∈ V h.

In particular, using the coordinate vectors (e.g. r1,k ∈ RN for r1,k ∈ V h), we now illustrate
how to evaluate the i-th coordinate. We first observe that

(Wr1,k)j = ⟨r1,k, ϕj⟩V = fh,kµj ,

(Wr2i )j = ⟨r2i , ϕj⟩V = −aµ(ψi, ϕj) = −aµ

(
N∑
l=1

(Ψy)l,iϕl, ϕj

)
= −(Ψ⊤

y Aµ)i,j ,

(Wr3j )i = ⟨r3i , ϕj⟩V =
1

δ
⟨ψi, ϕj⟩H =

1

δ

〈
N∑
l=1

(Ψy)l,iϕl, ϕj

〉
H

=
1

δ
(Ψ⊤

y M)
i,j
.
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Hence, the coordinate vector Rk
µ ∈ RN of Rkµ ∈ V h can be evaluated by the equation

WRk
µ = (fh,kµ −AµΨyŷ

k
µ +

1

δ
MΨy(ŷ

k−1
µ − ŷkµ) = fh,kµ −Aµy

ℓ,k
µ +

1

δ
M(yℓ,k−1

µ − yℓ,kµ ).

♢

In the next proposition we define an error estimate for the RO reduced cost.

Proposition 2.8. Let {yh,kµ }Kk=0 and {yℓ,kµ }Kk=0 be given as (2.8) and (2.14), respectively,
the reduced cost functions Ĵh(µ) and Ĵ ℓ(µ) be given as (2.11) and (2.16), respectively,
the estimator ∆ℓ,k

y (µ) be defined by (2.18), and the cost error be defined by EℓJ(µ) :=

Ĵh(µ)− Ĵ ℓ(µ). Then, the following inequality holds:

|EℓJ(µ)| ≤ ∆ℓ
J(µ),

where

∆ℓ
J(µ) :=

αJ
2

K∑
k=0

αk

(
∆ℓ,k

y (µ)2 + 2∆ℓ,k
y (µ) ∥yℓ,kµ − wh,k∥H

)
, (2.22)

which, again, does not require the evaluation of the full-order solution {ykµ}Kk=0.

Proof. First, we can write

∥wh,k − yh,kµ ∥
2

H
− ∥wh,k − yℓ,kµ ∥

2

H

= ⟨wh,k − yh,kµ , wh,k − yh,kµ ⟩H − ⟨w
h,k − yℓ,kµ , wh,k − yℓ,kµ ⟩H

= ⟨wh,k − yh,kµ , yℓ,kµ − yh,kµ ⟩H − ⟨y
h,k
µ − yℓ,kµ , wh,k − yℓ,kµ ⟩H

= ⟨eℓ,kµ , yh,kµ + yℓ,kµ − 2wh,k⟩
H

= ⟨eℓ,kµ , eℓ,kµ + 2yℓ,kµ − 2wh,k⟩
H

= ∥eℓ,kµ ∥
2

H
+ 2 ⟨eℓ,kµ , yℓ,kµ − wh,k⟩H . (2.23)

Moreover, using the Cauchy-Schwarz inequality∣∣∣⟨eℓ,kµ , yℓ,kµ − wh,k⟩H
∣∣∣ ≤ ∥eℓ,kµ ∥H∥yℓ,kµ − wh,k∥H (2.24)

Then, using (2.23) and (2.24) we get

∣∣∣EℓJ(µ)∣∣∣ ≤ αJ
2

K∑
k=0

αk

∣∣∣∥wh,k − yh,kµ ∥2H − ∥wh,k − yℓ,kµ ∥2H
∣∣∣

≤ αJ
2

K∑
k=0

αk

(
∥eℓ,kµ ∥

2

H
+ 2 ∥eℓ,kµ ∥H∥y

ℓ,k
µ − wh,k∥H

)
≤ αJ

2

K∑
k=0

αk

(
∆ℓ,k

y (µ)2 + 2∆ℓ,k
y (µ) ∥yℓ,kµ − wh,k∥H

)
.
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Example 2.9. Let us take in consideration the same system from Example 2.3, and observe
the performance of estimators (2.19) and (2.22). We set µ = (1.82, 5.055), and using POD
we consider all the RO approximations with number of bases L going from 1 to 20. We
observe the real errors

Eℓy(µ) := ∥yh,Kµ − yℓ,Kµ ∥µ and EℓJ(µ) := |Ĵh(µ)− Ĵ ℓ(µ)|,

the estimates ∆ℓ,K
y (µ) and ∆ℓ

J(µ), and the efficiencies

ηy(µ) :=
∆ℓ,K

y (µ)

Eℓy(µ)
and ηJ(µ) :=

∆ℓ
J(µ)

EℓJ(µ)
.

As we see in Figure 2.2, the errors and estimates generally decrease with the growing of
the RB space, but the efficiency does not; for the state variable it stays around two, while
for the state it grows, meaning that the estimate decrease with a slower rate than the real
error. This does not alarm us, because the error is nonetheless decreasing and it will not
impact the result of trust region algorithm in a perceptible way.
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Figure 2.2: Efficiency analysis of estimators (2.19) and (2.22) for an arbitrary µ.

2.4 MOR-based optimization
To solve the optimization problem (P̂1) we want to apply a gradient-based optimization
method using the RO model to accelerate evaluations of the reduced cost and its gradient.
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We then have two possible strategies in order to do this: the offline-online strategy and
the adaptive strategy.

In the offline-online strategy, as the name suggests, we have two separate phases: in the
offline phase we build a global reduced basis, i.e. accurate for every parameter µ ∈ Pad.
Then, in the online phase, the RO model is evaluated in a fast and efficient manner. We
will use several time the term online-efficient, meaning evaluations that are independent of
the full dimension N and instead rely on the reduced dimension L (and eventually Lp). The
adaptive strategy, on the other hand, comes from the fact that the optimization method
does not need the RO model to be accurate in every parameter in the admissible parameter
set, but only for some. In this case the RO basis is built adaptively during the optimization
and the RO model will be accurate for the parameter along the optimization path, but we
have no guarantee of accuracy for the other parameters.

We will see both strategies in details, together with some final numerical examples.

2.4.1 Offline-online strategy

Our offline phase is based on the weak greedy algorithm described in [26, 28], which builds
a RO space by discretizing the admissible parameter space and adding elements to the
RO basis until the RO model is accurate for all parameters in the discretized admissible
parameter set. The procedure is shown in Algorithm 3. This algorithm shows how to
compute a RO space V ℓ for the state variable. For the adjoint variable, we can repeat the
same algorithm and use the RO state in V ℓ to build V ℓp .

Algorithm 3: Weak greedy algorithm for the single-state linear model
Input: Error tolerance τ > 0, initial parameter µ̂ ∈ Pad, discretized parameter set

Pdiscr ⊂ Pad, maximum RO dimension Lmax > 0;
1 Create RO space at µ̂;
2 while ∆̂ := maxµ∈Pdiscr

∆ℓ,K
y (µ) > τ do

3 Set µ̂ := argmaxµ∈Pdiscr
∆ℓ,K

y (µ);
4 Enrich the RO space at µ̂;

Create the first RO space: The first RO space is created through the POD method at
µ̂, meaning using information from the initial parameter µ̂. In particular, we use the
POD method to build the matrix Ψy of dimension L, where L is the smallest integer
such that the condition ∆ℓ,K

y (µ̂) ≤ τ is satisfied. In this way, it is guaranteed that
the greedy algorithm will not pick the starting parameter µ̂ again.

The exit criterion: The term weak expresses the use of the error estimate as a stopping
criterion. The standard (strong) algorithm relies on the error ∥yh,Kµ −yℓ,Kµ ∥µ to check
the accuracy of the RB space. The weak version has both positive and negative
consequences: firstly, the estimate ∆ℓ,K

y (µ) is faster to evaluate and the condition
∆ℓ,K

y (µ) ≤ τ implies ∥yh,Kµ − yℓ,Kµ ∥µ ≤ τ . On the other side, however, if the estimate
is too loose, we might need a much higher RO dimension to reach the exit criterion.
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Since in this case the error estimate is tight enough, we choose to use the weak
algorithm.

Enrich the RO space: The enrichment of a RO space means adding new elements to
the RO basis set. To enrich a space in µ̂ means that the new RO basis elements will
be evaluated using the POD method on the snapshots derived by the parameter µ̂.
In particular, if Z is the snapshot matrix (as in (1.14)) evaluated using the parameter
µ̂, then we first orthogonalize the snapshots with respect to V ℓ, i.e. we evaluate

Z̃ := Z−
L∑
i=1

⟨Z,Ψyi⟩W Ψyi.

Then, we use the POD method on Z̃ and evaluate the new L+ eigenvectors as the
columns of the new coefficient matrix Ψ+ ∈ RN×L+ . This matrix, merged together
with the old coefficient matrix Ψy ∈ RN×L gives the new coefficient matrix, i.e.
we now set Ψy := [Ψy|Ψ+] ∈ RN×(L+L+), thus substituting the RO space V ℓ with
a bigger one: V ℓ := span{ψ1, . . . , ψL, ψ

+
1 , . . . , ψ

+
L+}. Note that the matrices Ψy

and Ψ+ are already W-orthogonal, namely ⟨ψi, ψ+
j ⟩V = Ψ⊤

yiWΨ+
j = 0 holds for all

i = 1, . . . , L and j = 1, . . . , L+, but it can be enforced numerically during the merging
through, e.g., the Gram-Schmidt algorithm. Furthermore, L+ is chosen as the smaller
integer such that the error estimator after enrichment is smaller than the tolerance,
i.e. ∆ℓ,K

y (µ̂) ≤ τ holds true after the enrichment.

2.4.2 Adaptive strategy

In the context of optimization, the offline computation might not be very suitable, because
during the optimization method only parameters from a small (but a-priorily unknown)
subset of Pad are required. In [51, 33, 6] the RB space (for an elliptic problem) is built
during a trust region (TR) optimization process, where – following the optimization path
– the RB space is enriched if it is necessary. We will utilize these ideas in the context of
parabolic problems. The full algorithm is presented in Algorithm 4, and we refer to [6] for
further information.

Trust region framework The TR optimization method computes iteratively a first-
order critical point of (P̂1). At each iteration n ≥ 0 of the optimization algorithm,
we generate a parameter µ(n), and the sequence of parameters converges to a local
optimum. At iteration n we consider a cheaply computable model m(n) (approxima-
tion of the reduced cost) that can be trusted to accurately represent the function Ĵh
in a neighborhood T (ρ(n)) of µ(n) depending on the parameter ρ(n), which quantifies
our trust in the accuracy of the cheap model. The set T (ρ(n)) and the number ρ(n)
take the name, respectively, of trust region and trust region radius. The TR method
finds µ(n+1) by solving the problem

min
s∈Rd

m(n)(s) s.t. ∥s∥2 ≤ ρ(n), µ(n) + s ∈ Pad



2.4. MOR-BASED OPTIMIZATION 27

Algorithm 4: Adaptive TR-RB optimization
Input: Initial parameter µ(0) ∈ Pad, tolerance τ > 0, initial TR radius ρ0 > 0,

maximum number of iterations Nmaxit, minimum TR radius ρmin;

1 Initialize the RO space at µ(0). Set n = 0, ρ(0) = ρ0, Loop_flag = True;
2 while Loop_flag and ρ(n) > ρmin do
3 Find µ̃ solution of the TR sub-problem;
4 Set ρ(n+1) = ρ(n);
5 if Ĵ ℓ,(n)(µ̃) + ∆

ℓ,(n)

Ĵ
(µ̃) < Ĵ ℓ,(n)(µ

(n)
AGC) then

6 Accept parameter µ(n+1) = µ̃;
7 if gh(µ(n+1)) ≤ τ then
8 Set Loop_flag = False;
9 else

10 if γ(n) ≥ γ̄ then Enlarge the TR radius ρ(n+1) = 2ρ(n);
11 if not Skip_enrichment_flag(n) then Enrich RO space at µ(n+1);

12 else if Ĵ ℓ,(n)(µ̃)−∆
ℓ,(n)

Ĵ
(µ̃) > Ĵ ℓ,(n)(µ

(n)
AGC) then

13 Reject parameter µ̃;
14 if ρ(n)/2 ≤ ρmin or Skip_enrichment_flag(n− 1) then
15 Enrich RO space at µ̃;
16 else
17 Shrink the TR radius ρ(n+1) = ρ(n)/2;
18 else
19 if gh(µ̃) ≤ τ then
20 Accept final parameter µ(n+1) = µ̃ and set Loop_flag = False;
21 else
22 if Skip_enrichment_flag(n) and γ(n) ≥ γ̄ then
23 Accept parameter µ(n+1) = µ̃ and set ρ(n+1) = 2ρ(n);
24 else if Ĵh(µ(n+1)) ≤ Ĵ ℓ,(n)(µ(n)

ACG) then
25 Accept parameter µ(n+1) = µ̃ and enrich RO space at µ(n+1);
26 if γ(n) ≥ γ̄ then Set ρ(n+1) = 2ρ(n);
27 else
28 Reject parameter µ̃;
29 if ρ(n)/2 ≤ ρmin or Skip_enrichment_flag(n− 1) then
30 Enrich RO space at µ̃;
31 else
32 Shrink the TR radius ρ(n+1) = ρ(n)/2;

33 Set n = n+ 1;
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Setting µ̃ = µ(n) + s we define our TR approximation of (P̂1) at iteration n as

min
µ̃∈Pad

Ĵ ℓ,(n)(µ̃) s.t. ζ(n)(µ̃) :=
∆
ℓ,(n)

Ĵ
(µ̃)

Ĵ ℓ,(n)(µ̃)
≤ ρ(n). (2.25)

Here and whenever some quantity depends on the iteration n, we show it in the
superscript, like the RB cost Ĵ ℓ,(n) (i.e., the RO cost at the n-th iteration of the TR
optimization method). The term ζ(n) quantifies the accuracy of the RB and we use
it to define our TR optimization function.

How the RO model behaves during the optimization gives us information about the
accuracy of the surrogate model, and we can decide to enrich the basis, reduce the
TR radius (in case the model is not accurate enough), enlarge the TR radius (in case
the model is already accurate enough), or even skip the enrichment process, in case
the model is already accurate enough in the trust region. The overall algorithm stops
when the approximated first-order optimality condition for the parameter optimiza-
tion, namely when

gh(µ(n+1)) := ∥µ(n+1) − PPad
(µ(n+1) −∇Ĵh(µ(n+1)))∥2 ≤ τ,

is satisfied.

Create the first RO space: As in the greedy algorithm, the initialization of the RO
space is done through the POD method at µ(0). As before, we choose the eigenvectors
corresponding to the biggest L eigenvalues, where L is the smallest integer such that
∆ℓ,K

y (µ) ≤ τy, where τy = 10−4.

Enrich the RO space: Also the enrichment follows the strategy described previously,
and again, we add L+ new basis elements such that ∆ℓ,K

y (µ̂) ≤ τy holds. However,
enriching at each iteration can be counterproductive if the RO dimensions grows too
much. For this reason, following [6] we define a Boolean flag that checks the accuracy
of the RO model and decide when it is time to enrich the RO space. This flag at
iteration n is True when all three these conditions are satisfied:

ζ(n)(µ(n+1)) ≤ νρ(n+1) (2.26a)
|gh(µ(n+1))− gℓ,(n)(µ(n+1))|

gℓ,(n)(µ(n+1))
≤ τg (2.26b)

∥∇Ĵh(µ(n+1))−∇Ĵ ℓ,(n)(µ(n+1))∥2
∥∇Ĵh(µ(n+1))∥2

≤ min
{
τgrad, νρ

(n+1)
}

(2.26c)

with ν ∈ (0, 1) and gℓ,(n)(µ) = ∥µ − PPad
(µ − ∇Ĵ ℓ,(n)(µ))∥2. Inequality (2.26a)

indicates that our parameter is well inside the trust region, inequality (2.26b) checks
the accuracy of the convergence criterion in the RO model, and inequality (2.26c)
checks the RB accuracy of the cost gradient (which gives the descent direction).

TR sub-problem: In each iteration n of the TR optimization, we consider the problem
(2.25), called the TR sub-problem. A proposed parameter µ̃, solution of (2.25), is
evaluated but not necessarily accepted, and in later parts of the algorithm it is
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decided whether to finally accept this parameter as the next iteration or to reject
it and modify the RO approximation.

In [33] the problem (2.25) is solved by considering the projected Armijo-BFGS al-
gorithm (we refer to [34] for the details), but we apply a more black-box approach,
namely plugging the optimization function Ĵ ℓ,(n)(µ), its gradient Ĵ ℓ,(n)(µ), and the
nonlinear constraint ζ(n)(µ) ≤ ρ(n) into the function minimize of the library scipy.optimize.

Accept or reject the parameter: The acceptance or rejection of the candidate param-
eter is based on the error-aware sufficient decrease condition (EASDC), introduced
in [51], which reads

Ĵ ℓ,(n+1)(µ(n+1)) ≤ Ĵ ℓ,(n)(µ(n)
AGC), (2.27)

where µ
(n)
AGC is the approximate generalized Cauchy point, namely any point satis-

fying the sufficient decrease condition for the RO model in a descent direction. In
particular, this is evaluated by

µ
(n)
AGC = PPad

(
µ(n) − αAGC∇Ĵ ℓ,(n)(µ(n))

)
,

where the projection PPad
onto Pad is defined as

PPad
(µ)i =


µai if µi < µai
µbi if µi > µbi
µi otherwise

i = 1, . . . , d

and αAGC := (1/2)jAGC , where jAGC is the biggest integer such that the following
Armijo sufficient decrease condition

Ĵ ℓ,(n)(µ
(n)
AGC)− Ĵ

ℓ,(n)(µ(n)) ≤ − αarm

αAGC

∥∥∥µ(k)AGC − µ
(k)
∥∥∥2
2
,

with αarm = 10−4, is satisfied.

We highlight that the term Ĵ ℓ,(n) refers to the reduced model at iteration n, while
Ĵ ℓ,(n+1) refers instead to the model after the (n + 1)-th (eventual) enrichment. It
is clear that this condition is not straightforward to verify, and we would like to
avoid the enrichment if not needed, since it involves evaluating the FO solution. To
ensure that (2.27) is satisfied for the proposed parameter µ̃, a sufficient condition is
analyzed:

Ĵ ℓ,(n)(µ̃) + ∆
ℓ,(n)

Ĵ
(µ̃) < Ĵ ℓ,(n)(µ

(n)
AGC). (2.28)

If (2.28) is satisfied, then the candidate is accepted, i.e. µ(n+1) := µ̃. On the other
hand, if it is not satisfied, we check a necessary condition for (2.27):

Ĵ ℓ,(n)(µ̃)−∆
ℓ,(n)

Ĵ
(µ̃) < Ĵ ℓ,(n)(µ

(n)
AGC)

If this also fails, it means that the point µ̃ probably needs an enhancement too
big to satisfy the error-aware sufficient decrease condition (2.27). Then it must be
rejected, and the RO space must be enriched. If, on the other hand, the sufficient
condition fails and the necessary condition holds, we check the value of terms like the
Skip_enrichment_flag and the real reduction Ĵh(µ̃)− Ĵ ℓ,(n)(µ(k)

AGC) to decide whether
to accept the point or not.
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Modification of the trust region: During the acceptance or rejection of the candidate
parameter, we might realize that the candidate is on the border of the trust region;
since the model is not accurate there, we could shrink the TR radius and find a
new candidate or just enrich RO space. On the other hand, if the RO model keeps
being accurate along the optimization path, we can enlarge the TR radius in order
to hasten the converge.

In general, a measure of accuracy is given by the predicted sufficient reduction:

γ(n) =
Ĵh(µ(n))− Ĵh(µ(n+1))

Ĵ ℓ,(n)(µ(n))− Ĵ ℓ,(n)(µ(n+1))
≥ γ̄, (2.29)

where γ̄ ∈ [3/4, 1). This condition is called sufficient predicted reduction, because it
confronts the reduction of cost Ĵh in the new parameter with the reduction of the
RO model Ĵ ℓ,(n).

Convergence of the algorithm: The convergence of the algorithm to a first-order crit-
ical point of Ĵh is showed in [33] and [6], Theorem 3.8, for the elliptic case. In our
case the algorithm is the same, so we just have to make sure that the assumptions
required for the convergence are satisfied. First of all, Assumption I of parameter
separability of aµ and fµ is satisfied in (2.4). Then, we can assume aµ, fµ and J
to be twice continuously Fréchet differentiable w.r.t. µ, as in Assumption II, which
requires all the continuous functions ϑal and ϑfl to be regular enough for l = 1, . . . ,ma

and l = 1, . . . ,mf , respectively. Assumption III simply requires the FE discretization
to be accurate enough so that we can neglect its error given by the FO approxima-
tion. Assumption IV requires the cost functional J(y,µ) to be strictly positive for
all y ∈ Y and µ ∈ Pad, which we can guaranteed by adding 1 in the cost formula,
namely defining

Ĵ(µ) := 1 +
αJ
2

∫ T

0
∥yµ − w∥2H dt+

βJ
2
∥µ− µ̂∥22, (2.30)

and defining the FO and RO approximations accordingly. Assumption V is a techni-
cal safeguard that assumes that there exists a radius bigger than machine precision
such that there exists a candidate µ̃ solution of (2.25) satisfying (2.27). The min-
imum radius δmin is introduced to avoid that the radius reaches machine precision.
Assumption VI requires the RO gradient to be uniformly Lipschitz-continuous and
its second derivatives to be locally Lipschitz-continuous, guaranteed in our case by
the quadratic form (2.16). We also assume the function ζ(n) to be uniformly contin-
uous in Pad uniformly in k as in Assumption VII, which is in our case satisfied by
the continuity of ζ(n) and the compactness of Pad.

Finally, let us make a comment on Lemma 3.4 of [6]. In the elliptic case, every time
the RO space is enriched the following conditions are satisfied

ζ(n+1)(µ(n+1)) = 0 and
∣∣gℓ,(n+1)(µ(n+1))− gh(µ(n+1))

∣∣
gℓ,(n)(µ(n+1))

= 0,

but in our case this is not the case. For us it is sufficient, though, to require

ζ(n+1)(µ(n+1)) ≤ νρ(n+1)
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and ∣∣gℓ,(n+1)(µ(n+1))− gh(µ(n+1))
∣∣

gℓ,(n)(µ(n+1))
≤ τg

every time the model is enriched (i.e. we enforce (2.26a) and (2.26b)) to satisfy
Lemma 3.4.

We will now show an application of this optimization method to a problem of the type (2.2).
Let us consider, in particular, the same problem and setting in Example 2.3. Furthermore,
we define the cost function parameters αJ := 1, βJ := 10−13, and the initial and reference
parameter µ(0) = µ̂ := (4, 5). As data we use a noisy virtual measurement of the state
variable corresponding to the hidden parameter µ∗ := (1, 2), namely

wh,kj := yh,kµ∗j + εkj , where εkj ∼ N (0, σ2d) for any j = 1, . . . , N, k = 0, . . . ,K, (2.31)

where σd := 10−3 is the simulated measurement standard deviation. The algorithm pa-
rameters defined in this section are given as

Algorithm tolerance τ := 10−4,

Initial TR radius ρ0 := 0.1,

Maximum number of TR iterations Nmaxit := 30

Minimum admissible TR radius ρmin := 0.1,

State tolerance for the creation and enrichment τy := 10−4,

Parameter in (2.26a) ν := 0.5,

Parameter in (2.26b) τg := 10−2,

Parameter in (2.26c) τgrad := 10−2,

Parameter in (2.29) γ̄ := 0.75.

We compare the performance of the trust region optimization algorithm with the re-
sults of the FO optimization problem solved with the function fmin_l_bfgs_b from the
scipy.optimize library (cf., e.g., [10]). The results are shown in Table 2.1, indicating
CPU time, number of iterations, number of FO evaluations and error from the true pa-
rameter. In particular, these are the norms of the absolute and relative error between
the true hidden parameter and the solution of the parameter optimization algorithm, i.e.
eabsµ := ∥µ∗ − µopt∥2 and erelµ := ∥µ∗ − µopt∥2/∥µ∗∥2.

Time Iterations FO evaluations eabsµ erelµ

FO optimization 9.9 s 34 89 0.0002 0.00009
TR-RB 3.9 s 20 2 0.00039 0.00018

Table 2.1: Comparison between the trust region and the FO optimization.

We observe that the speedup of the TR optimization algorithm in the overall CPU time
is about 2.5, factor given by the lower number of iterations and FO evaluations. This
will certainly bring a bigger advantage in those cases where the FO evaluation gets too
computationally expensive. Since in this case we are dealing with a fast solver for a rather
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simple model, we do not notice such big improvement; on the other hand, the speedup will
be more evident in the numerical results of the next chapter.

Regarding the accuracy of the optimization, in both cases the algorithm stops sufficiently
close to the true parameter. To show the accuracy of the RB approximation, in Figure 2.3
the error between the FO and RO states approximations corresponding to the hidden
parameter µ∗ is plotted.
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Figure 2.3: Errors between FO and RO approximations.



Chapter 3

Nonlinear coupled model

In this chapter we introduce a new model, more similar to a battery cell system and there-
fore with a more complex structure. In particular, we want to emulate the dynamics of
the concentration of some material in a one-dimensional domain pushed in one direction
or the other by some potential energy, which is excited by a control function acting on its
boundary. This system can be seen as a drastic over-simplification of an electro-chemical
system modeling the concentration of Lithium ions and the electric potential excited by
some current density applied to the boundary. For the coupling term we use an expo-
nential nonlinear mapping that is inspired by the renowned Butler-Volmer equation in
electrochemistry (see, e.g., [17]).

Battery systems can be modeled in different ways. For example, in [48], a simplified system
is driven by a system of ODEs, while elliptic-parabolic systems appear, e.g. in [68, 36, 37,
61]. In these works three states are usually considered, the lithium-ion concentration, the
electric potential in the solid phase and the electric potential in the electrolyte phase. We,
on the other hand, will only use one state for the electric potential (as in, e.g., [67, 43]),
and will not divide the interval Ω in the three battery domain (cathode, separator, anode).
This can be done in a later step.

We have worked with this – still simplified – battery system for two reason: on the mathe-
matical side, our aim was to develop online-efficient a-posteriori error estimates, especially
hard to evaluate in this case, so that we could use the trust region algorithm. On the
other hand, we want to use this model in the input design problem, which is independent
of the model used. Hence a different, more complex model can be used in the input design
framework that we discuss in the next chapter.

The approximated a-posteriori estimates that we evaluate in [4] are based on the bounds
for the elliptic problem in [29]. In this way, we are only able to evaluate approximated
estimates, but the trust region algorithm allows for the TR constraint to be inexact; cf.,
e.g., the so-called relaxed trust region method in [32].

This chapter is organized as follows: in Section 3.1 we study the well-posedness and local
existence in time of the elliptic-parabolic system and discuss the optimization problem.
The full and reduced order approximations are defined in Section 3.2 and Section 3.3,

33
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respectively. The approximated hierarchical a-posteriori error estimator is derived and
tested numerically in Section 3.4. The modification of the trust region algorithm is then
considered in Section 3.5, where also numerical experiments are presented.

3.1 State equations and optimization problem
As previously, let T > 0 be the (finite) time horizon, Ω := (0, L) ⊂ R be a space interval and
let QT := (0, T )× (0, L). We consider the following parameter-dependent parabolic-elliptic
coupled system for the two state variables y, q : QT → R

yt(t, x)− µ1
(
κ1(x)yx(t, x)

)
x
− µ2f(y(t, x), q(t, x)) = 0 f.a.a. (t, x) ∈ QT , (3.1a)

−µ3(κ2(x)qx(t, x))x + µ4f(y(t, x), q(t, x)) = 0 f.a.a. (t, x) ∈ QT (3.1b)

with homogeneous Neumann boundary conditions

yx(t, 0) = yx(t, L) = 0 f.a.a. t ∈ (0, T ), (3.1c)

inhomogeneous Dirichlet-Neumann mixed boundary conditions

q(t, 0) = 0 f.a.a. t ∈ (0, T ), µ3κ2(L)qx(t, L) = u(t) f.a.a. t ∈ (0, T ) (3.1d)

and initial conditions
y(0, x) = y◦(x) f.a.a. x ∈ Ω. (3.1e)

In the following, we will fix some assumptions for (3.1) that are necessary for our existence
results.

Assumption 1.

(1) For given parameter bounds µa = (µa,i)1≤i≤4 and µb = (µb,i)1≤i≤4 satisfying 0 <
µa ≤ µb in P = R4 an admissible parameter vector µ = (µi)1≤i≤4 lies in the
nonempty, compact and convex set Pad = {µ ∈ P : µa ≤ µ ≤ µb in P} ⊂ P.
Here, ‘≤’ is understood component-wise.

(2) The initial condition y◦ belongs to H1(Ω) and is positive on Ω, namely y◦(x) ≥ ya
for all x ∈ Ω and a positive constant ya.

(3) For U := L2(0, T ) the set of admissible inputs is Uad := {u ∈ U : ua(t) ≤ u(t) ≤
ub(t) f.a.a. t ∈ [0, T ]} with ua, ub ∈ L∞(0, T ) satisfying ua ≤ ub a.e. in [0, T ]. In
particular, Uad ⊂ L∞(0, T ) holds, and we have ∥u∥L∞(0,T ) ≤ cU for all u ∈ U with
cU = max{∥ua∥L∞(0,T ), ∥ub∥L∞(0,T )}.

(4) The functions κ1, κ2 belong to C0,1(Ω) with κ1(x) ≥ κa and κ2(x) ≥ κa for all x ∈ Ω
and a positive constant κa.

(5) The nonlinearity is defined as f(y, q) :=
√
y sinh(q) for y ∈ R≥ := {s ∈ R | s ≥ 0}

and q ∈ R.

Remark 3.1.

1) Recall that H1(Ω) ↪→ C(Ω) holds (cf. [19]). Thus, Assumption 1-(2) implies y◦ ∈
C(Ω).
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2) Note that f is not differentiable at y = 0. In our application, the state y stands for
the concentration of lithium-ions in a battery cell. Thus, the situation y = y(t, x) ≤ 0
does not have any physical meaning. This non-negativity of y is needed to evaluate
f(y, q). ♢

3.1.1 Weak formulation
As before, let H := L2(Ω) and V := H1(Ω), endowed with the L2(Ω) and H1(Ω) inner
products, respectively. We further define the Hilbert space

V◦ := {ϕ ∈ V |ϕ(0) = 0}

supplied with the inner product

⟨ϕ, φ⟩V◦ :=

∫
Ω
ϕ′(x)φ′(x) dx for ϕ, φ ∈ V◦.

Furthermore, let C◦(Ω) = {ϕ ∈ C(Ω) : ϕ(0) = 0} supplied with the C(Ω)-norm, i.e.,
∥ϕ∥C(Ω) = maxx∈Ω |ϕ(x)|. Since V ↪→ C(Ω) holds, there exists an embedding constant
ce > 0 (only dependent on the interval Ω) satisfying

∥ϕ∥C(Ω) ≤ ce ∥ϕ∥V for all ϕ ∈ V (3.2)

with ∥ϕ∥C(Ω) = maxx∈Ω |ϕ(x)|. Furthermore, Poincaré’s inequality holds on the space V◦
(see [19, Theorem 3, Page 279]): there exists a constant cP > 0 such that

∥ϕ∥H ≤ cP ∥ϕ∥V◦ for all ϕ ∈ V◦. (3.3)

From (3.2) and (3.3) we infer that

∥ϕ∥2C(Ω) ≤ c
2
e ∥ϕ∥

2
V = c2e

(
∥ϕ∥2H + ∥ϕ∥2V◦

)
≤ c2e

(
c2P + 1

)
∥ϕ∥2V◦ .

Hence, for ceP = ce(c
2
P + 1)1/2 > 0 it holds that

∥ϕ∥C(Ω) ≤ ceP ∥ϕ∥V◦ for all ϕ ∈ V◦. (3.4)

Next, we define the solution spaces

YT :=W (0, T ;V, V ∗) ∩ C(QT ) and QT := L∞(0, T ;V◦)

endowed by their product topology, where W (0, T ;X,Y ) := L2(0, T ;X)∩H1(0, T ;Y ); see,
e.g., [14] for more details.

Now, the weak formulation of (3.1) is as follows: for µ ∈ Pad and u ∈ Uad find a solution
pair (y, q) ∈ YT × QT such that

d

dt
⟨y(t), ϕy⟩H + ayµ(y(t), ϕ

y) + ⟨gyµ[y(t), q(t)], ϕy⟩V ∗,V
= 0, (3.5a)

y(0) = y◦ in H, (3.5b)
aqµ(q(t), ϕ

q) + ⟨gqµ[y(t), q(t)], ϕq⟩V ∗
◦ ,V◦

= ⟨b(t), ϕq⟩V ∗
◦ ,V◦

, (3.5c)
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for all ϕy ∈ V , ϕq ∈ V◦ and f.a.a. t ∈ (0, T ], where the bilinear forms are defined as

ayµ(ϕ, φ) := µ1

∫
Ω
κ1(x)ϕ

′(x)φ′(x) dx =: µ1 â
y(ϕ, φ) for ϕ, φ ∈ V, (3.6a)

aqµ(ϕ, φ) := µ3

∫
Ω
κ2(x)ϕ

′(x)φ′(x) dx =: µ3 â
q(ϕ, φ) for ϕ, φ ∈ V◦, (3.6b)

the nonlinear operators are given by

⟨gyµ[y(t), q(t)], ϕ⟩V ∗,V
:= µ2

∫
Ω
(−f(y(t, x), q(t, x)))ϕ(x) dx for ϕ ∈ V, (3.7a)

⟨gqµ[y(t), q(t)], ϕ⟩V ∗
◦ ,V◦

:= µ4

∫
Ω
f(y(t, x), q(t, x))ϕ(x) dx for ϕ ∈ V◦, (3.7b)

Finally, the Neumann boundary condition appears in the linear operator as

⟨b(t), ϕ⟩V ∗
◦ ,V◦

:= u(t)ϕ(L) for ϕ ∈ V◦ and t ∈ (0, T ] a.e.

We further define ĝy and ĝq as

⟨ĝy[ϕy, ϕq], ϕ⟩V ∗,V :=

∫
Ω
(−f(ϕy(x), ϕq(x)))ϕ(x) dx for ϕy ∈ V, ϕq ∈ V◦, ϕ ∈ V,

⟨ĝq[ϕy, ϕq], ϕ⟩V ∗
◦ ,V◦

:=

∫
Ω
f(ϕy(x), ϕq(x))ϕ(x) dx for ϕy ∈ V, ϕq ∈ V◦, ϕ ∈ V◦,

and then we can rewrite (3.7) as

⟨gyµ[y(t), q(t)], ϕ⟩V ∗,V
= µ2⟨ĝy[y(t), q(t)], ϕ⟩V ∗,V for ϕ ∈ V,

⟨gqµ[y(t), q(t)], ϕ⟩V ∗
◦ ,V◦

:= µ4⟨ĝq[y(t), q(t)], ϕ⟩V ∗
◦ ,V◦

for ϕ ∈ V◦.

3.1.2 Well-posedness
We discuss briefly the well-posedness of the problem, analyzed thoroughly in [4]. The
well-posedness of the two different state variables is proved using the Schauder and the
Leray-Schauder fixed point theorems (cf., e.g. [22, p. 189]). These theorems consider the
solution operator of the decoupled, linear, weak systems, and find a solution through a fixed
point argument. We summarized the main assumptions and existence theorem, together
with some stability estimates.

Suppose, initially, that y ∈ YT with y > 0 in QT is given. For every u ∈ Uad and f.a.a.
t ∈ [0, T ] we consider the nonlinear elliptic problem

−µ3 (κ2qx(t))x+µ4f(y(t), q(t)) = 0 a.e. in Ω, q(t, 0) = 0, µ3κ2(L)qx(t, L) = u(t). (E)

A weak solution of (E) satisfies f.a.a. t ∈ [0, T ]

µ3

∫
Ω
κ2(x)qx(t, x)ϕ

′(x) dx+ µ4

∫
Ω
f(y(t, x), q(t, x))ϕ(x)dx = u(t)ϕ(L) ∀ϕ ∈ V◦. (Ew)

In order to define the fixed point problem, the following hypothesis is needed.
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Assumption 2. For a given M > 1 let y belong to the non-empty, closed, bounded, convex
set YTM defined as

YTM :=

{
y ∈ C(QT ) :

1

M
≤ y(t, x) ≤M for all (t, x) ∈ QT

}
. (3.8)

Then, by using the properties of the solution operator of the de-coupled elliptic equation
and the solution space, it is possible to prove the following theorem ([4, Theorem 2.2]):

Theorem 3.2. Let Assumptions 1 and 2 hold. Then, for every u ∈ Uad there exists a
unique solution q ∈ QT of (Ew) and a constant c(M) > 0 (independent of q or u but
dependent on M) such that

∥q(t)∥C(Ω) ≤ ceP ∥q(t)∥V◦ ≤ c(M)|u(t)| ≤ c(M)cU for t ∈ [0, T ] a.e., (3.9)

where the constant ceP has already been introduced in (3.4), and cU in Assumption 1.

Existence of the weak solution for the coupled system (3.1) is proved in the theorem ([4,
Theorem 2.3]), by using the properties of the solution operator of the de-coupled parabolic
equation.

Theorem 3.3. Let Assumptions 1 and 2 hold and the constant M in Assumption 2 be
chosen as

M = 2 ∥y◦∥C(Ω) +
2

ya
. (3.10)

Then, there exists a finite time T◦ = T◦(M) ∈ (0, T ] such that (3.1) admits a unique
solution pair (y, q) ∈ YT◦M × QT◦.

Remark 3.4. Note that, due to (3.10) we can see that y◦ ≤M/2 and y◦ ≥ ya ≥ 2/M for
all x ∈ Ω. ♢

3.1.3 PDE-constrained optimization problem
As in the previous chapter, we introduce the nonlinear PDE-constrained parameter opti-
mization problem

min J(y, q,µ) s.t. (y, q) ∈ Y× Q is a weak solution of (3.1) and µ ∈ Pad. (P2)

Problem (3.5) is uniquely solvable only locally in time. For that reason, we make use of
the following hypothesis.

Assumption 3. For given final time T > 0 there exists a unique solution pair (y, q) ∈ Y×Q
to (3.5) for any µ ∈ Pad which is denoted as (yµ, qµ).

Choosing a general cost function, this will be the L2(0, T ;H) norm of the error between
some observable z ∈ L2(0, T ;H) depending (eventually) on the state variables and the
parameter, i.e. z = z(y, q,µ), and a given data function w ∈ L2(0, T ;H) that depends on
µ∗ ∈ Pad, the underlying parameter, plus a regularization term. Then,

J(y, q,µ) := 1 +
αJ
2
∥z(y, q,µ)− w∥2L2(0,T ;H) +

βJ
2
∥µ− µ̂∥22 for µ ∈ Pad, (3.11)
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where αJ > 0, βJ > 0 hold, µ̂ ∈ Pad is a reference parameter, and the 1 is added to
be compatible with (2.30) and the trust region optimization algorithm. Then, setting
ẑµ := z(yµ, qµ,µ), we define the reduced cost function as

Ĵ(µ) := 1 +
αJ
2
∥ẑµ − w∥2L2(0,T ;H) +

βJ
2
∥µ− µ̂∥22. (3.12)

In many applications we only have limited information and the observable function cannot
be chosen arbitrarily. For example, in battery systems there is no possibility of measuring
the concentration of Lithium ions in a certain electrode, and one of the few measurable
quantities is the electric potential difference, measuring the energy change between two
points. We will try mimicking this reduced information setting, by assuming that we can
only observe and measure the q-state, i.e. ẑµ := qµ. In the last section of the chapter, we
see a case where we can observe an even more limited information. Finally, we rewrite the
optimization problem in reduced form as

min Ĵ(µ) s.t. µ ∈ Pad. (P̂2)

The adjoint variables py = py,µ ∈ Y and pq = pq,µ ∈ Q satisfy the linear system in weak
form

− d

dt
⟨py(t), ϕy⟩H + ⟨gpyµ [yµ(t), qµ(t), py(t), pq(t)], ϕ

y⟩
V ∗,V

= 0, (3.13a)

⟨py(T ), ϕT ⟩H = 0, (3.13b)
⟨gpqµ [yµ(t), qµ(t), py(t), pq(t)], ϕ

q⟩
V ∗
◦ ,V◦

= ⟨bpµ(t), ϕq⟩V ∗
◦ ,V◦

, (3.13c)

for all ϕy ∈ V , ϕq ∈ V◦, ϕT ∈ H and f.a.a. t ∈ (0, T ], where

⟨gpyµ [yµ(t), qµ(t), py(t), pq(t)], ϕ
y⟩
V ∗,V

:= µ1â
y(p1(t), ϕ

y)

− µ2⟨∂yf(yµ(t), qµ(t))py(t), ϕy⟩H + µ4⟨∂yf(yµ(t), qµ(t))pq(t), ϕy⟩H ,
⟨gpqµ [yµ(t), qµ(t), py(t), pq(t)], ϕ

q⟩
V ∗
◦ ,V◦

:= µ3â
q(pq(t), ϕ

q)

− µ2⟨∂qf(yµ(t), qµ(t))py(t), ϕq⟩H + µ4⟨∂qf(yµ(t), qµ(t))p2(t), ϕq⟩H ,
⟨bpµ(t), ϕq⟩V ∗

◦ ,V
:= αJ⟨w(t)− qµ(t)), ϕq⟩H ,

with ∂yf and ∂qf being the Fréchet derivative of f with respect to y and q.

Once we evaluate the adjoint variables, the gradient of the cost function (3.12) can be
evaluated following the adjoint approach (cf., e.g., [31]) as

∇Ĵ(µ) =



∫ T
0 ây(yµ(t), py,µ(t))dt

−
∫ T
0 ⟨f(yµ(t), qµ(t)), py,µ(t)⟩Hdt∫ T

0 âq(qµ(t), pq,µ(t))dt∫ T
0 ⟨f(yµ(t), qµ(t)), pq,µ(t)⟩Hdt


+ βJ(µ− µ̂). (3.14)
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3.2 Finite element discretization
Following the steps in Section 1.2.1 and Section 2.2, we discretize problem (3.5) in order to
evaluate its numerical solution. Let us discuss discretization keeping µ fixed in order not
to burden the notation; we will later reintroduce the dependence on the parameter when
defining the RO error estimates. First, we will introduce a standard Galerkin approxima-
tion, which leads to a high-dimensional nonlinear system of ordinary differential equations.
Then, we will formulate the reduced order discretization.

Assume that {ϕi}Ni=0 ⊂ V are linearly independent and that {ϕi}Ni=1 ⊂ V◦ holds. We
furthermore define the finite dimensional subspaces V h = span {ϕ0, . . . , ϕN} ⊂ V and
V h
◦ = span {ϕ1, . . . , ϕN}. Then, by Galerkin projection of equations (3.5) onto V h and V h

◦ ,
our goal is to find (yh, qh) ∈ H1(0, T ;V h)× L∞(0, T ;V h

◦ ) solving
d

dt
⟨yh(t), ϕy⟩H + ay(yh(t), ϕy) + ⟨gy[yh(t), qh(t)], ϕy⟩V ∗,V = 0, (3.15a)

⟨yh(0)− yh◦ , ϕy⟩H = 0, (3.15b)
aq(qh(t), ϕq) + ⟨gq[yh(t), qh(t)], ϕq⟩V ∗

◦ ,V◦
= ⟨b(t), ϕq⟩V ∗

◦ ,V◦
(3.15c)

for all ϕy ∈ V h, ϕq ∈ V h
◦ , f.a.a. t ∈ (0, T ], where yh◦ is a projection of y◦ on V h given as

yh◦ = argmin
{
∥y◦ − ϕh∥H |ϕ

h ∈ V h
}
.

Note that

yh(t) =
N∑
i=0

yhi (t)ϕi, qh(t) =
N∑
i=1

qhi (t)ϕi for t ∈ [0, T ]

so that (3.15) reduces into finding the coefficient vectors yh(t) = (yh(t))0≤i≤N and qh(t) =
(qh(t))1≤i≤N solving the differential algebraic system

Myẏ
h(t) + µ1Ayy

h(t)− µ2Myf
h
y (y

h(t), qh(t)) = 0 t ∈ (0, T ] a.e., (3.16a)
Myy

h(0) = yh◦ , (3.16b)
µ3Aqq

h(t) + µ4Mqf
h
q (y

h(t), qh(t)) + bh(t) = 0 t ∈ [0, T ] a.e. (3.16c)

for

My = ((⟨ϕj , ϕi⟩H)), Ay = ((ây(ϕj , ϕi))) for i, j = 0, . . . , N

yh◦ = (⟨y◦, ϕi⟩H) for i = 0, . . . , N,

Mq = ((⟨ϕj , ϕi⟩H)), Aq = ((âq(ϕj , ϕi))) for i, j = 1, . . . , N,

bh(t) = (⟨b(t), ϕi⟩V◦′,V◦) for i = 1, . . . , N.

Moreover, fhy (y
h(t), qh(t)) ∈ RN+1 (resp. fhq (y

h(t), qh(t)) ∈ RN ) is the coefficient vector
satisfying

f(yh(t, x), qh(t, x)) ≈



N∑
j=0

fhy,j(y
h(t), qh(t))ϕj(x) in (3.16a),

N∑
j=1

fhq,j(y
h(t), qh(t))ϕj(x) in (3.16c),

for x ∈ Ω and t ∈ [0, T ] a.e.
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Note that none of the matrices and vectors depend on µ due to the affine dependence of
the parameters as in (3.6) and (3.7).

For solving (3.16) we apply the implicit Euler method for the time integration (cf., e.g.,
[52]) on an equidistant time grid tk = kδ, k = 0, . . . ,K and δ = T/K. Then, the problem
is to find {yh,k}Kk=0 ⊂ RN+1 and {qh,k}Kk=0 ⊂ RN solving

My(y
h,k − yh,k−1) + µ1δAyy

h,k − µ2δMyf
h
y (y

h,k, qh,k) = 0 for k = 1, . . . ,K,

Myy
h,0 = yh◦ ,

µ3Aqq
h,k + µ4Mqf

h
q (y

h,k, qh,k) + bh,k = 0 for k = 0, . . . ,K,

(3.17)

where bh,k = bh(tk). The solutions of this system, called FO solutions or approximations,
are approximations of the FE solutions of (3.15) at each time step, namely

yh(tk) ≈
N∑
i=0

yki ϕi and qh(tk) ≈
N∑
i=1

qki ϕi for k = 0, . . . ,K.

Remark 3.5. Note that we can evaluate the vectors fhy (yh,k, qh,k) ∈ RN+1 and fhq (y
h,k, qh,k)

∈ RN at the same time, since they are obtained by applying f component-wise, i.e.

fhy (y
h,k, qh,k) =


f(yh,k0 , 0)

f(yh,k1 , qh,k1 )
...

f(yh,kN , qh,kN )

 , fhq (y
h,k, qh,k) =

 f(yh,k1 , qh,k1 )
...

f(yh,kN , qh,kN )

 .
♢

To solve the nonlinear system (3.17), we use Newton’s method described in Algorithm 1

at each time step k = 1, . . . ,K. In particular, for k fixed we want to find xk :=

(
yh,k

qh,k

)
root of Fk = 0, with Fk : R2N+1 → R2N+1 defined as

Fk(xk) :=

(
Fky(xk)

Fkq(xk)

)
∈ R2N+1,

and

Fky(xk) := (My + µ1δAy)y
h,k −Myy

h,k−1 − µ2δMyf
h
y (y

h,k, qh,k) ∈ RN+1,

Fkq(xk) := µ3Aqq
h,k + µ4Mqf

h
q (y

h,k, qh,k) + bh,k ∈ RN .

As initial point for Newton’s method we choose the previous iterate
(

yh,k−1

qh,k−1

)
, and for

k = 0 we have, in particular,

F0
y(x0) := Myy

h,0 − yh◦ ∈ RN+1, (3.18)

F0
q(x0) := µ3Aqq

h,0 + µ4Mqf
h
q (y

h,0, qh,0) + bh,0 ∈ RN . (3.19)
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We will now derive the Jacobian dFk(yh,k, qh,k) ∈ R(2N+1)×(2N+1) of Fk, with the notation

dFk :=

(
dyF

k
y dqF

k
y

dyF
k
q dqF

k
q

)
,

where

dyF
k
y :=

d

dyh,k
Fky(y

h,k, qh,k) = My + µ1δAy − µ2δ
d

dyh,k
Myf

h
y (y

h,k, qh,k), (3.20a)

dqF
k
y :=

d

dqh,k
Fky(y

h,k, qh,k) = −µ2δ
d

dqh,k
Myf

h
y (y

h,k, qh,k), (3.20b)

dyF
k
q :=

d

dyh,k
Fkq(y

h,k, qh,k) = µ4
d

dyh,k
Mqf

h
q (y

h,k, qh,k), (3.20c)

dqF
k
q :=

d

dqh,k
Fkq(y

h,k, qh,k) = µ3Aq + µ4
d

dqh,k
Mqf

h
q (y

h,k, qh,k). (3.20d)

First, using the point-wise partial derivative ∂yf(y, q) = sinh(q)
2
√
y of f it holds that

( d

dyh,k
Myf

h
y (y

h,k, qh,k)
)
i,j

=
d

dyh,kj

∫
Ω
f(yh,k(x), qh,k(x))ϕyi (x)dx

=

∫
Ω
∂yf(y

h,k(x), qh,k(x))ϕyi (x)
d

dyh,kj
yh,k(x)dx

=

∫
Ω
∂yf(y

h,k(x), qh,k(x))ϕi(x)ϕj(x)dx (3.21a)

and, defining ∂qf(y, q) =
√
y cosh(q), we similarly get

( d

dqh,k
Myf

h
y (y

h,k, qh,k)
)
i,j

=

∫
Ω
∂qf(y

h,k(x), qh,k(x))ϕi(x)ϕj(x)dx, (3.21b)( d

dyh,k
Mqf

h
q (y

h,k, qh,k)
)
i,j

=

∫
Ω
∂yf(y

h,k(x), qh,k(x))ϕi(x)ϕj(x)dx, (3.21c)( d

dqh,k
Mqf

h
q (y

h,k, qh,k)
)
i,j

=

∫
Ω
∂qf(y

h,k(x), qh,k(x))ϕi(x)ϕj(x)dx. (3.21d)

Let ∂yf, ∂qf : RN+1 × RN+1 → RN+1 be the functions evaluating the partial derivatives
component-wise, i.e.

∂yf(y
h,k, qh,k)i =

sinh(qh,ki )

2

√
yh,ki

and ∂qf(y
h,k, qh,k)i =

√
yh,ki cosh(qh,ki ),

with qh,k0 = 0 representing the homogeneous Dirichlet condition for the component vector.
Let us further define Θl for l = 0, . . . , N as Θl

i,j :=
∫
Ω ϕl(x)ϕi(x)ϕj(x)dx. Hence, (3.21)
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becomes

d

dyh,k
Myf

h
y (y

h,k, qh,k) =

N∑
l=0

∂yf(y
h,k, qh,k)lΘ

l, (3.22a)

d

dqh,k
Myf

h
y (y

h,k, qh,k) =
N∑
l=0

∂qf(y
h,k, qh,k)lΘ

l, (3.22b)

d

dyh,k
Mqf

h
q (y

h,k, qh,k) =

N∑
l=0

∂yf(y
h,k, qh,k)lΘ

l, (3.22c)

d

dqh,k
Mqf

h
q (y

h,k, qh,k) =
N∑
l=0

∂qf(y
h,k, qh,k)lΘ

l. (3.22d)

Then, using (3.22) into (3.20) we get

dyF
k
y =

d

dyh,k
Fky(y

h,k, qh,k) = My + µ1δAy − µ2δ
N∑
l=0

∂yf(y
h,k, qh,k)lΘ

l, (3.23a)

dqF
k
y =

d

dqh,k
Fky(y

h,k, qh,k) = −µ2δ
N∑
l=0

∂qf(y
h,k, qh,k)lΘ

l, (3.23b)

dyF
k
q =

d

dyh,k
Fkq(y

h,k, qh,k) = µ4

N∑
l=0

∂yf(y
h,k, qh,k)lΘ

l, (3.23c)

dqF
k
q =

d

dqh,k
Fkq(y

h,k, qh,k) = µ3Aq + µ4

N∑
l=0

∂qf(y
h,k, qh,k)lΘ

l. (3.23d)

♢

Remark 3.6. We comment on the fact that we have not defined the dimension of Θl

and that, in fact, this matrix changes dimension depending on the equation where it is
used. For example, dyF

k
y ∈ R(N+1)×(N+1), and hence we need Θl to be of dimension

(N + 1) × (N + 1). On the other hand, dqFky ∈ R(N+1)×N , and in this case Θl will be of
dimension (N + 1) × N . In practice, we can just save one (N + 1) × (N + 1) matrix Θl,
and depending on the situation we extract the right sub-matrix. For example, in (3.23b)
we only use the following highlighted sub-matrix:

Θl =


Θl

0,0 Θl
0,1 . . . Θl

0,N

Θl
1,0 Θl

1,1 . . . Θl
1,N

...
... . . . ...

Θl
N,0 Θl

N,1 . . . Θl
N,N


♢

Finally, the algorithm to evaluate the FO state variables yh,k, qh,k for k = 0, . . . ,K given
parameter µ is as follows:
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• Evaluate yh,0 by projecting the initial value y◦, namely by solving the linear problem
(3.18).

• Get a consistent initial condition for the state qh, namely compute qh,0 solving the
decoupled equation (3.19).

• For k = 1, . . . ,K, find the root of the nonlinear equation Fk(yh,k, qh,k) = 0 by using
Newton’s method (Algorithm 1).

Example 3.7. To give an idea of what the state variables look like, let us introduce an
example in Ω = (0, 1) and with T = 1. We use linear Lagrangian elements on 200 nodes
and 201 time steps. The diffusion functions are chosen as κ1(x) ≡ κ2(x) ≡ 1, and the
initial value as y◦(x) ≡ 6. We show in Figure 3.1 approximated FO state variables for the
input function u(t) = 0.5 · cos(10t) + 0.4 · sin(20t). ♢
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Figure 3.1: State variables for µ1 = (1, 5, 1, 5) and µ2 = (5, 3, 4, 2).

The FO discretization of the reduced cost function (3.12) is straight-forward, once we define
the discretized data wh,k as explained in (2.9) and (2.10), with associated coordinate vector
wh,k ∈ RN . Applying the time discretization, we get to the following approximation:

Ĵh(µ) := 1 +
αJ
2

K∑
k=0

αk ∥qh,kµ − wh,k∥2
H
+
βJ
2
∥µ− µ̂∥22. (3.24)

Using FO matrices, we can also write

Ĵh(µ) = 1 +
αJ
2

K∑
k=0

αk∥qh,kµ − wh,k∥2
Mq

+
βJ
2
∥µ− µ̂∥22. (3.25)
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The FO discretization of the adjoint variables follows the same steps of the one of the
state variables. The only difference is the time stepping, which is backwards. Given
{yh,k, qh,k}Kk=0, then {ph,ky }Kk=0 ⊂ RN+1 and {ph,kq }Kk=0 ⊂ RN are the solutions of

−My(p
h,k+1
y − ph,ky ) + µ1δAyp

h,k
y − µ2δGk

yyp
h,k
y + µ4δG

k
yqp

h,k
q = 0 for k = K − 1, . . . , 0,

ph,Ky = 0,

µ3Aqp
h,k
q − µ2Gk

qyp
h,k
y + µ4G

k
qqp

h,k
q − bp,h,k = 0 for k = K, . . . , 0,

(3.26)
where, for any k = 0, . . . ,K,

Gk
yy =

N∑
l=0

∂yf(y
h,k, qh,k)lΘ

l ∈ R(N+1)×(N+1), Gk
yq =

N∑
l=0

∂yf(y
h,k, qh,k)lΘ

l ∈ R(N+1)×N ,

Gk
qy =

N∑
l=0

∂qf(y
h,k, qh,k)lΘ

l ∈ RN×(N+1), Gk
qq =

N∑
l=0

∂qf(y
h,k, qh,k)lΘ

l ∈ RN×N ,

(3.27)
and bp,h,k = αJMq(w

h,k − qh,k).

Remark 3.8. System (2.12) is linearly coupled. To solve this system we first project the
final condition for the variable py, namely ph,ky = 0, while the final condition for pq is given
by solving a linear problem, namely

(µ3Aq + µ4G
K
qq)p

h,K
q = bp,h,K .

Then, for each time step k = K − 1, . . . , 0 we can transform the coupled equations into a
single vectorial equation. Indeed, defined M̃ ∈ R(2N+1)×(2N+1) and b̃ ∈ R2N+1 as

M̃ =

[
My + µ1δAy − µ2δGk

yy µ4δG
k
yq

−µ2Gk
qy µ3Aq + µ4G

k
qq

]
and b̃ =

[
Myp

h,k+1
y

αJMq(w
h,k − qh,k)

]
,

then ph,ky and ph,kq solve

M̃

(
ph,ky

ph,kq

)
= b̃.

♢

Finally, the gradient of the reduced cost function is approximated as

∇Ĵh(µ) =



K∑
k=0

αk ⟨yh,kµ , ph,kyµ ⟩Ay

−
K∑
k=0

αk ⟨fhy (yh,kµ , qh,kµ ), ph,kyµ ⟩My

K∑
k=0

αk ⟨qh,kµ , ph,kqµ ⟩Aq

K∑
k=0

αk ⟨fhq (yh,kµ , qh,kµ ), ph,kqµ ⟩Mq


+ βJ(µ− µ̂). (3.28)
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3.3 Reduced order discretization
We construct reduced order spaces V ℓ ⊂ V h and V ℓ

◦ ⊂ V h
◦ , of dimensions respectively Ly ≪

N and Lq ≪ N , and a set of basis for each space, {ψy1 , . . . , ψ
y
Ly
} ⊂ V ℓ and {ψq1, . . . , ψ

q
Lq
} ⊂

V ℓ
◦ . Furthermore, let us define the coefficient matrices Ψy ∈ R(N+1)×Ly and Ψq ∈ RN×Lq

of the basis {ψyi }
Ly

i=1 with respect to the basis {ϕi}Ni=0 of V h and of the basis {ψqi }
Lq

i=1 with
respect to the basis {ϕi}Ni=1 of V h

◦ , namely,

ψyj =
N∑
i=0

(Ψy)ij ϕi for j = 1, . . . , Ly and ψqj =
N∑
i=1

(Ψq)ij ϕi for j = 1, . . . , Lq.

As a first step we project all matrices on the reduced spaces so that a reduced order
approximation of (3.17) reads as follows: find {ŷk}Kk=0 ⊂ RLy and {q̂k}Kk=0 ⊂ RLq such
that

(Mℓ
y + µ1δA

ℓ
y)ŷ

k −Mℓ
yŷ
k−1 − µ2δΨ⊤

y Myf
h
y (Ψyŷ

k,Ψqq̂
k) = 0 for k = 1, . . . ,K,

Mℓ
yŷ

0 = yℓ◦,

µ3A
ℓ
qq̂
k + µ4Ψ

⊤
q Mqf

h
q (Ψyŷ

k,Ψqq̂
k) + bℓ,k = 0 for k = 0, . . . ,K

(3.29)

with Mℓ
y = Ψ⊤

y MyΨy, Aℓy = Ψ⊤
y AyΨy, Aℓq = Ψ⊤

q AqΨq, bℓ,k = Ψ⊤
q b

h,k for k = 0, . . . ,K, and
yℓ◦ = Ψ⊤

y y
h
◦ .

System (3.29) still depends on dimension N through the evaluation of the nonlinearities
fhy and fhq . We use the discrete empirical interpolation method (DEIM) described in Sec-
tion 1.2.5 to make the evaluation of the system independent of N .

To avoid the confusion with the notation, we reiterate over the main steps. In a nutshell, the
vectors fh,ky := fy(Ψyŷ

k,Ψqq̂
k) and fh,kq := fq(Ψyŷ

k,Ψqq̂
k) for k = 0, . . . ,K are projected

onto a smaller space of dimension Lf ≪ N . For the q-system this is done by finding
matrices Ψf ∈ RN×Lf , and I ∈ RN×Lf such that

fk ≈ Ψf(I
⊤Ψf)

−1I⊤fk,

where the matrix Ψf is given by the POD method using the snapshots fk for k = 0, . . . ,K,
and the matrix I is composed only by zeros and ones such that I⊤v ∈ Rℓf contains only
selected rows of v ∈ RN .

Remark 3.9. For the y-system (of dimension N + 1) we set

Ψ̃f :=

[
0
Ψf

]
∈ R(N+1)×ℓf , Ĩ :=

[
0
I

]
∈ R(N+1)×ℓf ,

and get f̃k ≈ Ψ̃f (̃I
⊤Ψ̃f)

−1Ĩ⊤ f̃k ∈ RN+1. ♢

Since the evaluation of fk is done component-wise, we can write

I⊤fk = I⊤f(Ψyŷ
k,Ψqq̂

k) = f(̃I⊤Ψyŷ
k, I⊤Ψqq̂

k) =: f(Ψ̂yŷ
k, Ψ̂qq̂

k)
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for Ψ̂y = Ĩ⊤Ψy ∈ Rℓf×Ly and Ψ̂q = I⊤Ψq ∈ Rℓf×Lq . Then, for

Gy = Ψ⊤
y MyΨ̃f (̃I

⊤Ψ̃f)
−1 ∈ RLy×ℓf and Gq = Ψ⊤

q MqΨf(I
⊤Ψf)

−1 ∈ RLq×ℓf

system (3.29) is approximated by

(Mℓ
y + µ1δA

ℓ
y)ŷ

k −Mℓ
yŷ
k−1 − µ2δGyf(Ψ̂yŷ

k, Ψ̂qq̂
k) = 0 for k = 1, . . . ,K,

Mℓ
yŷ

1 = yℓ◦,

µ3A
ℓ
qq̂
k + µ4Gqf(Ψ̂yŷ

k, Ψ̂qq̂
k) + bℓ,k = 0 for k = 0, . . . ,K,

(3.30)

which is finally independent of N . In the following, we call system (3.30) reduced order
(RO) model. The RO solutions {ŷk}Kk=0 ⊂ RLy and {q̂k}Kk=0 ⊂ RLq are interpreted as a
reduced order approximations for {yk}Kk=0 ⊂ RN+1 and {qk}Kk=0 ⊂ RN , namely

yh,k ≈ yℓ,k := Ψyŷ
k and qh,k ≈ qℓ,k := Ψqq̂

k.

Let us from now on add the dependence on the parameter µ on the subscript. Namely,
{ykµ}Kk=0 and {qkµ}Kk=0 for the FO solutions (solving (3.17)), and {ŷkµ}Kk=0 and {q̂kµ}Kk=0 for
the ROM solutions (solving (3.30)) with parameter µ ∈ Pad. The RO approximation of
the cost (3.25) will then be

Ĵ ℓ(µ) = 1 +
αJ
2

K∑
k=0

αk ∥qℓ,kµ − wh,k∥2
Mq

+
βJ
2
∥µ− µ̂∥22. (3.31)

Remark 3.10. The evaluation of Ĵ ℓ is online efficient, since by pre-evaluating

rk1 = Ψ⊤
q Mqw

h,k ∈ RLq and rk2 = wh,k⊤Mqw
h,k ∈ R for k = 0, . . . ,K,

then we can write

∥qℓ,kµ − wh,k∥2
Mq

= (Ψqq̂
k
µ − wh,k)⊤Mq(Ψqq̂

k
µ − wh,k)

= q̂k⊤µ Mℓ
qq̂
k
µ − 2q̂k⊤µ rk1 + rk2.

♢

Once we have approximated the state variables, it is also time to approximate the adjoint
variables {p̂ky, p̂kq}Kk=0 (later denoted also by the parameter, e.g. p̂ky = p̂ky,µ). Once we build
RO spaces V ℓp = span{ψpy1 , . . . , ψ

py
Lpy
} and V

ℓp
◦ = span{ψpq1 , . . . , ψ

pq
Lpq
} with RO coefficient

matrices respectively Ψpy ∈ RN×Lpy and Ψpq ∈ RN×Lpq , system (3.26) gets projected into

−Mℓp
y (p̂k+1

y − p̂ky) + µ1δA
ℓp
y p̂ky − µ2δG

ℓp,k
yy p̂ky + µ4δG

ℓp,k
yq p̂kq = 0 for k = K − 1, . . . , 0,

p̂Ky = 0,

µ3A
ℓp
q p̂kq − µ2G

ℓp,k
qy p̂ky + µ4G

ℓp,k
qq p̂kq − bp,ℓp,k = 0 for k = K, . . . , 0,

(3.32)
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where

M
ℓp
y := Ψ⊤

pyMΨpy, A
ℓp
y := Ψ⊤

pyAΨpy,

G
ℓp,k
yy := Ψ⊤

pyG
k
yyΨpy, G

ℓp,k
yq := Ψ⊤

pyG
k
yqΨpq,

G
ℓp,k
qy := Ψ⊤

pqG
k
qyΨpy, G

ℓp,k
qq := Ψ⊤

pqG
k
qqΨpq,

A
ℓp
q := Ψ⊤

pqAΨpq, bp,ℓp,k := Ψ⊤
pqb

p,h,k for k = 0, . . . ,K.

Once we find the solutions p̂ky, p̂
k
q for k = 0, . . . ,K, we furthermore define

pℓ,ky := Ψpyp̂
k
y ∈ RN and pℓ,kq := Ψpqp̂

k
q ∈ RN

and

pℓ,ky :=

Lpy∑
i=1

p̂kyiψ
py
i =

N∑
i=1

pℓ,kyi ϕi ∈ V
h and pℓ,kq :=

Lpq∑
i=1

p̂kqiψ
pq
i =

N∑
i=1

pℓ,kqi ϕi ∈ V
h
◦

Remark 3.11. We observe that we do not actually need to evaluate 4(K + 1) different
matrices Gℓp,k

yy ,G
ℓp,k
yq ,G

ℓp,k
qy ,G

ℓp,k
qq every time we change µ. Indeed, pre-evaluating just once

the products

Θl
pyy := ΨpyΘ

lΨpy,

Θl
pyq := ΨpyΘ

lΨpq,

Θl
pyy := ΨpqΘ

lΨpy,

Θl
pyy := ΨpqΘ

lΨpq

for l = 0, . . . , N , we can then evaluate, e.g.,

Gℓ,k
yy =

N∑
l=0

∂yf(y
h,k, qh,k)lΘ

l
pyy ∈ RLy×Ly

much faster. Note that the matrix Θl is sparse and evaluating the products like Θl
pyy is

not so expensive.

Remark 3.12. As in Remark 3.8, we can compute system (3.32) pretty fast since it is
linear. Once we evaluate the first final condition p̂Ky = 0, the second one is given as[

µ3A
ℓp
q + µ4G

ℓp,k
qq

]
p̂kq = αJΨ

⊤
pqMq(w

h,k − qh,k).

Then, for k = K − 1, . . . ,K, we define

M̃ℓ :=

[
Mℓ

y + µ1δAy − µ2δG
ℓp,k
yy µ4δG

ℓ,k
yq

−µ2G
ℓp,k
qy µ3Aq + µ4G

ℓp,k
qq

]
and

b̃ℓ :=

[
M
ℓp
y p̂k+1

y

αJΨ
⊤
pqMq(w

h,k − qh,k)

]
.
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Then, p̂ky and p̂kq solve

M̃ℓ

(
p̂ky
p̂kq

)
= b̃ℓ.

♢

Finally, the RO gradient, approximation of(3.28) is

∇Ĵ ℓ(µ) :=



K∑
k=0

αk ⟨yℓ,kµ , pℓ,ky,µ⟩Ay

−
K∑
k=0

αk ⟨fhy (yℓ,kµ , qℓ,kµ ), pℓ,ky,µ⟩My

K∑
k=0

αk ⟨qℓ,kµ , pℓ,kq,µ⟩Aq

K∑
k=0

αk ⟨fhq (yℓ,kµ , qℓ,kµ ), pℓ,kq,µ⟩Mq


+ βJ(µ− µ̂). (3.33)

Remark 3.13. We point out again the fact that all the evaluations in (3.33) can be made
online-efficient, i.e. independent of dimension N . For example, the product

⟨yℓ,kµ , pℓ,ky,µ⟩Ay
= ŷk⊤µ Ψ⊤

y AyΨpyp̂
k
y,µ

can be sped up by pre-evaluating and store the matrix (independent of µ) Ψ⊤
y AyΨpy. ♢

3.4 Hierarchical a-posteriori error estimates
We want to use the trust region algorithm presented in Section 2.4.2, but we need a-
posteriori error estimates. While we can still evaluate projection-based error bounds, these
will be not online efficient since the nonlinearity depends on the full dimension N . In this
section we will define approximated hierarchical error estimates, extending the approach
found in [29].

The hierarchical estimators are well-known, e.g., for adaptive finite elements; cf. [7, 13, 16],
for instance. The idea is to use the difference between two approximations with different
orders to estimate the RB error. Given RB spaces V ℓ and V ℓ

◦ , with respective reduced
bases associated with the matrices Ψℓ

y and Ψℓ
q, the RB errors are defined as as

Eℓy(µ) :=

(
K∑
k=0

αk ∥yh,kµ − yℓ,kµ ∥
2

Wy

)1/2

and

Eℓq(µ) :=

(
K∑
k=0

αk ∥qh,kµ − qℓ,kµ ∥
2

Wq

)1/2

,

where Wy = ((⟨ϕj , ϕi⟩V ))0≤i,j≤n and Wq = ((⟨ϕj , ϕi⟩V◦))1≤i,j≤n are positive definite, sym-
metric weighting matrices. These errors approximate the errors yh − yℓ and qh − qℓ in the
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L2(0, T ;V )- and L2(0, T ;V◦)-norms, respectively. If we had another couple of RB spaces,
V m and V m

◦ of dimensions respectivelyMy andMq, with Ly < My ≪ N and Lq < Mq ≪ N
such that Emy (µ) ≤ ε and Emq (µ) ≤ ε, then we have

Eℓy(µ)
2 =

K∑
k=0

αk ∥yh,kµ − yℓ,kµ ∥
2

Wy

≤ 2
K∑
k=0

αk ∥yh,kµ − ym,kµ ∥2
Wy

+ 2
K∑
k=0

αk ∥ym,kµ − yℓ,kµ ∥
2

Wy

≤ 2ε2 + 2∆ℓ,m
y (µ)2

with

∆ℓ,m
y (µ) :=

(
K∑
k=0

αk ∥ym,kµ − yℓ,kµ ∥
2

Wy

)1/2

,

and, similarly, Eℓq(µ)2 ≤ 2ε2 + 2∆ℓ,m
q (µ)2 with

∆ℓ,m
q (µ) :=

(
K∑
k=0

αk ∥qm,kµ − qℓ,kµ ∥
2

Wq

)1/2

.

We point out that these estimates are online-efficient (i.e., their evaluation does not depend
on the FE dimension N), since

∥ym,kµ − yℓ,kµ ∥
2

Wy
=
(
ŷm,k⊤µ Wm,m

y ŷm,kµ − 2ŷm,k⊤µ Wm,ℓ
y ŷℓ,kµ + yℓ,k⊤µ Wℓ,ℓ

y ŷℓ,kµ

)
,

and
∥qm,kµ − qℓ,kµ ∥

2

Wq
=
(
q̂m,k⊤µ Wm,m

q q̂m,kµ − 2q̂k,m⊤
µ Wm,ℓ

q q̂ℓ,kµ + qℓ,k⊤µ Wℓ,ℓ
q q̂ℓ,kµ

)
,

where {ŷℓ,kµ , q̂ℓ,kµ }Kk=0 (resp. {ŷm,kµ , q̂m,kµ }Kk=0) are the solution of (3.30) in dimensions Ly

and Lq (resp. My and Mq), and parameter µ, and

Wm,m
y := Ψm⊤

y WyΨ
m
y ∈ RMy×My , Wm,m

q := Ψm⊤
q WqΨ

m
q ∈ RMq×Mq ,

Wm,ℓ
y := Ψm⊤

y WyΨ
ℓ
y ∈ RMy×Ly , Wm,ℓ

q := Ψm⊤
q WqΨ

m
y ∈ RMq×Mq ,

Wℓ,ℓ
y := Ψℓ⊤

y WyΨ
ℓ
y ∈ RLy×Ly , Wℓ,ℓ

q := Ψℓ⊤
q WqΨ

ℓ
q ∈ RLq×Lq .

To analyze the hierarchical error estimates it is useful to set V ℓ ⊂ V m and V ℓ
◦ ⊂ V m

◦ and
to assume the following saturation property on the bigger RB spaces V m and V m

◦ : there
exist σy, σq ∈ (0, 1) such that

Emy (µ) ≤ σyEℓy(µ) and Emq (µ) ≤ σqEℓq(µ) for all µ ∈ Pad. (3.34)

While it is obvious, for example, that if V ℓ ⊂ V m then Emy (µ) ≤ Eℓy(µ), we do need the
factors σy and σq to later define the error estimates. This is a natural assumption since
one expects the RB error to decrease with the increase of the RB dimension, but from the
theoretical point of view it is indeed possible to find a µ ∈ Pad such that Emy (µ) = Eℓy(µ).
This condition enforces the idea that for all parameters in the admissible parameter space
the bigger space is a better-approximating RB space. Hence, since it is not necessarily
satisfied, it will be enforced during the construction of the spaces V m and V m

◦ .
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Proposition 3.14. If (3.34) holds, then for all µ ∈ Pad

∆ℓ,m
y (µ)

1 + σy
≤ Eℓy(µ) ≤

∆ℓ,m
y (µ)

1− σy
, (3.35a)

∆ℓ,m
q (µ)

1 + σq
≤ Eℓq(µ) ≤

∆ℓ,m
q (µ)

1− σq
. (3.35b)

Proof. We only prove (3.35a), since the proof of (3.35b) is similar. If Eℓy(µ) = 0, then
∆ℓ,m

y (µ) = 0 holds necessarily, and the inequalities (3.35a) follow. In the other case, we
prove the following inequalities, that are equivalent to (3.35a):

1− σy ≤
∆ℓ,m

y (µ)

Eℓy(µ)
≤ 1 + σy. (3.36)

For k = 0, . . . ,K, it holds

∥yℓ,kµ − ym,kµ ∥2
Wy

= ∥yh,kµ − yℓ,kµ ∥
2

Wy
+ ∥yh,kµ − ym,kµ ∥2

Wy
− 2⟨yh,kµ − yℓ,kµ , yh,kµ − ym,kµ ⟩

Wy
,

(3.37)
and, furthermore, using the Cauchy-Schwarz and Young inequalities we can write∣∣∣⟨yh,kµ − yℓ,kµ , yh,kµ − ym,kµ ⟩

Wy

∣∣∣ ≤ β

2
∥yh,kµ − yℓ,kµ ∥

2

Wy
+

1

2β
∥yh,kµ − ym,kµ ∥2

Wy
(3.38)

for any β > 0. Let us now consider

∆ℓ,m
y (µ)2

Eℓy(µ)
2

=

∑K
k=0 αk ∥y

ℓ,k
µ − ym,kµ ∥

2

Wy∑K
k=0 αk ∥y

h,k
µ − yℓ,kµ ∥

2

Wy

.

By using (3.37) and (3.38), and by choosing the same β for all k = 0, . . . ,K, we get

∆ℓ,m
y (µ)2

Eℓy(µ)
2
≤

∑K
k=0 αk

[
(1 + β)∥yh,kµ − yℓ,kµ ∥

2

Wy
+ (1 + 1/β)∥yh,kµ − ym,kµ ∥

2

Wy

]
∑K

k=0 αk ∥y
h,k
µ − yℓ,kµ ∥

2

Wy

≤ (1 + β) + (1 + 1/β)σ2y.

Since this holds for all choices of β > 0, it also holds for the minimum value

∆ℓ,m
y (µ)2

Eℓy(µ)
2
≤ min

β>0
(1 + β) + (1 + 1/β)σ2y = (1 + σy)

2.

On the other hand, using (3.37) and (3.38), we get

∆ℓ,m
y (µ)2

Eℓy(µ)
2
≥

∑K
k=0 αk

[
(1− β)∥yh,kµ − yℓ,kµ ∥

2

Wy
+ (1− 1/β)∥yh,kµ − ym,kµ ∥

2

Wy

]
∑K

k=0 αk ∥y
h,k
µ − yℓ,kµ ∥

2

Wy

≤ (1− β) + (1− 1/β)σ2y,
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and, by choosing the maximum value over all β > 0, we obtain

∆ℓ,m
y (µ)2

Eℓy(µ)
2
≥ max

β>0
(1− β) + (1− 1/β)σ2y = (1− σy)2,

which proves (3.36).

Therefore, we define the hierarchical error estimators in µ ∈ Pad as

∆ℓ
y(µ) = ∆ℓ

y(µ;m,σy) =
∆ℓ,m

y (µ)

1− σy
and ∆ℓ

q(µ) = ∆ℓ
q(µ;m,σq) =

∆ℓ,m
q (µ)

1− σq
. (3.39)

Remark 3.15. The effectivities of the estimates in the parameter µ ∈ Pad are denoted
again as

ηy(µ) :=
∆ℓ

y(µ)

Eℓy(µ)
and ηq(µ) :=

∆ℓ
q(µ)

Eℓq(µ)
. (3.40)

Then, we infer from (3.40), (3.35) and (3.39) that

1 ≤ ηy(µ) ≤ η̃y :=
1 + σy
1− σy

and 1 ≤ ηq(µ) ≤ η̃q :=
1 + σq
1− σq

for all µ ∈ Pad. (3.41)

Hence we observe that the closer σy (respectively σq) is to 0, the more accurate the estimate
∆ℓ

y(µ) (resp. ∆ℓ
q(µ)) is for any µ ∈ Pad. ♢

There are two important choices to be made: the first is how to compute σy and σq, and
the second is how to choose the RB spaces V m and V m

◦ . For the first issue, we compute
approximations σ̃y and σ̃q on a training set, namely

σy ≈ σ̃y := max
µ∈Pdiscr

Emy (µ)

Eℓy(µ)
and σq ≈ σ̃q := max

µ∈Pdiscr

Emq (µ)

Eℓq(µ)
. (3.42)

This is where the hierarchical error estimate is approximated, since it is unfortunately not
possible to evaluate σy and σq on the full parameter space. The inequality σ̃y ≤ σy (resp.
σ̃q ≤ σq) holds, and σ̃y ↗ σy (resp. σ̃q ↗ σq) with |Pdiscr| → ∞, namely by enlarging
the training set we can improve the accuracy of the estimates. Let us mention that the
computation of (3.42) can be done efficiently by parallelization.

Next, the second question is answered by defining V m (resp. V m
◦ ) as an expansion of V ℓ

(resp. V ℓ
◦ ), namely V ℓ ⊂ V m and V ℓ

◦ ⊂ V m
◦ . In particular, given V ℓ and V ℓ

◦ , we will find
Ṽ m ⊥ V ℓ and Ṽ m

◦ ⊥ V ℓ
◦ and then define

V m = V ℓ ⊕ Ṽ m and V m
◦ = V ℓ

◦ ⊕ Ṽ m
◦ , (3.43)

where ⊕ is the direct sum (cf., e.g., [7]). A greedy algorithm for the evaluation of global
RB spaces is shown in Algorithm 5. The inputs of the algorithm are the tolerance τ > 0,
an initial parameter µ = (µi)1≤i≤4 ∈ Pad, a training set Pdiscr and the maximum RB
cardinality Lmax > 0. The maximum number of bases elements is a safeguard in case the
maximum error does not go under tolerance.



52 CHAPTER 3. NONLINEAR COUPLED MODEL

Algorithm 5: Weak Greedy algorithm for coupled nonlinear model
Input: τ > 0, µ̂ ∈ Pad, Pdiscr ⊂ Pad, Lmax > 0;

1 Create RB spaces V ℓ, V ℓ
◦ , Ṽ m and Ṽ m

◦ in µ̂ ;
2 V m ← V ℓ ⊕ Ṽ m and V m

◦ ← V ℓ
◦ ⊕ Ṽ m

◦ as in (3.43) ;
3 Evaluate σ̃y and σ̃q as in (3.42) ;
4 while σ̃y ≥ 1 or σ̃q ≥ 1 do
5 Enrich Ṽ m and/or Ṽ m

◦ ;
6 Set V m ← V ℓ ⊕ Ṽ m and V m

◦ ← V ℓ
◦ ⊕ Ṽ m

◦ ;
7 Evaluate σ̃y and σ̃q as in (3.42) ;
8 Evaluate µ̂ = argmaxµ∈Pdiscr

eℓ(µ) := (∆ℓ
y(µ) + ∆ℓ

q(µ))/2 and ê = e(µ̂) ;
9 while ê > τ and Ly + Lq < Lmax do

10 if ∆ℓ
y(µ̂) > τ then Enrich V ℓ in µ̂ ;

11 if ∆ℓ
q(µ̂) > τ then Enrich V ℓ

◦ in µ̂ ;
12 Set V m ← V ℓ ⊕ Ṽ m and V m

◦ ← V ℓ
◦ ⊕ Ṽ m

◦ ;
13 while σ̃y ≥ 1 or σ̃q ≥ 1 do
14 Enrich Ṽ m and Ṽ m

◦ ;
15 Set V m ← V ℓ ⊕ Ṽ m and V m

◦ ← V ℓ
◦ ⊕ Ṽ m

◦ ;
16 Evaluate σ̃y and σ̃q as in (3.42) ;
17 Evaluate µ̂ = argmaxµ∈Pdiscr

eℓ(µ) := (∆ℓ
y(µ) + ∆ℓ

q(µ))/2 and ê = e(µ̂) ;

In line 2 the computation of the initial RB spaces is described. As a first step, we cre-
ate RB spaces V ℓ and V ℓ

◦ using POD with the state variables’ snapshots {yh,kµ }Kk=0 and
{qh,kµ }Kk=0. Then, to define Ṽ m and Ṽ m

◦ we use the sensitivity variables (as suggested in
[29]). In Section A.2 we include details on the FO discretization of sensitivity equations
and variables. After evaluating the sensitivity vectors {sy,h,kj,µ , sq,h,kj,µ }Kk=0 for j = 1, . . . , 4, i.e.
the FO sensitivities, we orthogonalize the vectors {yh,kµ , sy,h,ki,µ }Kk=0 (resp. {qh,kµ , sq,h,ki,µ }Kk=0)
for i = 1, . . . , 4 w.r.t. V ℓ (resp. V ℓ

◦ ). Finally, we use POD on the two sets of vectors to
evaluate Ṽ m and Ṽ m

◦ . Then, line 6 uses (3.43) to define the spaces V m and V m
◦ . We observe

that by construction V ℓ ⊥ Ṽ m and V ℓ
◦ ⊥ Ṽ m

◦ , though it is possible to enforce this condition
numerically. Furthermore, we add that at first we choose My = Ly + 2 and Mq = Lq + 2,
namely we construct the initial Ṽ m and Ṽ m

◦ of dimension 2. This choice has initially been
instinctive and arbitrary; it proved to be a good idea in view of the satisfactory results
obtained: the m-spaces are bigger enough than the `-spaces to improve the approximation,
but not too big to waste computational resources.

Lines 7 and 16 evaluates σ̃y and σ̃q. If σ̃y ≥ 1 or σ̃q ≥ 1 (as in line 4), it means that
the saturation property is violated. This has so far not happened to us, confirming the
expectation that a bigger RB space is a better approximation of the FE space for any
µ ∈ Pad. But in case this condition is violated, our algorithm enriches the spaces Ṽ m and
Ṽ m
◦ in the parameters where such condition was violated. Enriching here means evaluating

FO vectors, orthogonalizing w.r.t. V m or V m
◦ , and then using POD to add some new bases

to them. This procedure is then applied as long as the saturation property is violated.
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Lines 8 and 17 evaluate the error measure we want to lower. If this error is higher than
a certain tolerance, it means that either ∆ℓ

y(µ̂) > τ or ∆ℓ
q(µ̂) > τ (or, eventually, both).

Then the enrichment is done by evaluating the states’ snapshots, orthogonalizing them
w.r.t. the bases we already have and then using POD to get new elements. We can then
add as many elements as needed in order to guarantee ∆ℓ

y(µ̂) ≤ τ and ∆ℓ
q(µ̂) ≤ τ .

We then check σ̃y and σ̃q again. Since V ℓ and V ℓ
◦ could have been enriched, we need to

orthogonalize Ṽ m and Ṽ m
◦ with respect to them. It still holds that V ℓ ⊂ V m and V ℓ

◦ ⊂ V m
◦ ,

but if the saturation property fails, we enforce it by enriching Ṽ m or Ṽ m
◦ .

Example 3.16. Let us take into consideration the problem and discretization introduced
in Example 3.7, and let us see the performance of the greedy algorithm on this model
case. Parameter bounds are chosen as µa,i = 1 and µb,i = 5 for i = 1, . . . , 4. The set
Pdiscr is chosen as a uniform grid 5 × 5 × 5 × 5 on Pad, such that Pdiscr = {µ ∈ R4 |µi ∈
{1, 2, 3, 4, 5} for i = 1, 2, 3, 4}. Furthermore, we choose as greedy parameters τ = 10−4 and
Lmax = 50. We analyze the results of the greedy algorithm and the generated RB spaces
using three different input functions chosen arbitrarily, namely

u1(t) := 1,

u2(t) := −1[0,0.75)(t) + 1[0.75,1](t),

u3(t) := 0.5 · cos(10t) + 0.4 · sin(20t),

for t ∈ [0, T ], where 1I(t) is the indicator function of interval I. We will compare the
overall execution time of the Algorithm 5, the number of bases generated in all spaces, the
approximated values σ̃y and σ̃q and the respective approximated efficiency, η̃y and η̃q given
as (3.41); cf. Table 3.1. Furthermore, given a set Pdiscr of 100 randomly chosen parameters
in Pad, we evaluate the average times of evaluating FO and RB states, maximum test errors

Êℓy = max
µ∈Pdiscr

Eℓy(µ) and Êℓq = max
µ∈Pdiscr

Eℓq(µ)

and maximum test efficiencies

η̂y = max
µ∈Pdiscr

ηy(µ) and η̂q = max
µ∈Pdiscr

ηq(µ),

where ηy(µ) and ηq(µ) are defined in (3.40).

u1 u2 u3
Time greedy 5201 s 5311 s 5796 s
Dimensions Ly, Lq 8, 4 8, 4 7, 4
Dimensions my, mq 10, 6 10, 6 9, 6
Approximated σ’s: σ̃y, σ̃q 0.37, 0.32 0.38, 0.16 0.18, 0.71
Approx. max. efficiencies η̃y, η̃q 1.23, 2.16 2.21, 1.37 1.43, 6.07
Avg. time FO 2.38 s 2.42 s 2.56 s
Avg. time RB 0.10 s 0.10 s 0.15 s
Max. test errors: Êℓ

y, Êℓ
q 7.89e-06, 1.27e-05 7.11e-06, 2.20e-05 7.91e-06, 2.19e-05

Max. test efficiencies: η̂y, η̂q 1.61, 1.46 1.75, 1.19 1.22, 3.53

Table 3.1: Comparison of the test runs for three different control inputs u.
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Figure 3.2: Visual comparison of the Greedy results for the three different control inputs.
In both rows, the current greedy iteration is indicated on the x-axis: in the first
row we can see how the convergence of the RB error estimators under tolerance
is reached in three iterations, while in the second row we see the growing of
the dimensions of the RB spaces.

In Figure 3.2 we also plot visual results of the greedy algorithm in the three cases, showing
the real and approximated error, and the RO dimensions. The overall algorithm time
does not change significantly for our different inputs. The evaluation of ê in lines 8 and
17 does not take much CPU time; on the contrary, the evaluation of (3.42) is necessarily
more expensive, because the evaluation of σ̃y and σ̃q uses the FO solutions, while the
evaluation of eℓ(µ) does not. We can see that the bigger spaces V m and V m

◦ are in fact of
dimensions My = Ly + 2 and Mq = Lq + 2, meaning that once Ṽ m and Ṽ m

◦ are created
at the beginning they are not enriched anymore, namely no more bases are added to them
since the conditions on lines 4 and 13 of Algorithm 5 are never true. The value of σ̃y and
σ̃q change significantly in the different tests, but in the end we see that they hold good
approximated max efficiencies η̃y and η̃q, which we can read as “efficiency estimators” for
the test efficiencies η̂y and η̂q. ♢

We conclude the discussion on the state variable estimates with a comment on the hier-
archical estimators. Even if, as we have stressed, these are just approximations of the
estimators, they seem tight even with a relatively small effort; indeed, if the time of eval-
uation of an RB solution amounts to about 5% of the time evaluating an FO solution, we
can expect the time to evaluate the estimator to total about 10% of the time evaluating the
true error, since the error estimator consists in evaluating two RB solutions. Once defined
the estimates for the state errors Eℓy(µ) and Eℓq(µ), we will now turn our attention to the
cost function, and we will define an estimator for the error of the RO cost (3.31), i.e. for

EℓJ(µ) = Ĵh(µ)− Ĵ ℓ(µ).
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The approximated a-posteriori error estimator for the cost is defined in the next proposi-
tion.

Proposition 3.17. For all µ ∈ Pad, the following estimate on the RB error of the cost
functional holds: ∣∣∣EℓJ(µ)∣∣∣ ≤ ∆ℓ

J(µ), (3.44)

where
∆ℓ
J(µ) :=

αJL
4

2π4
∆ℓ

q(µ)
2 +

αJL
2

π2
∆ℓ

q(µ)

√
J̃ ℓ(µ) (3.45)

and J̃ ℓ(µ) :=
∑K

k=0 αk ∥q
ℓ,k
µ − wh,k∥

2

Mq
.

Proof. As a first step, the following equality holds

EℓJ(µ) =
αJ
2

K∑
k=0

αk

(
⟨qh,kµ − wh,k, qh,kµ − wh,k⟩Mq − ⟨qℓ,kµ − wh,k, qℓ,kµ − wh,k⟩Mq

)
. (3.46)

Then, adding and subtracting the term ⟨qh,kµ − wh,k, qℓ,kµ − wh,k⟩Mq to each element in the
sum in (3.46) we can write

⟨qh,kµ − wh,k, qh,kµ − wh,k⟩Mq − ⟨qℓ,kµ − wh,k, qℓ,kµ − wh,k⟩Mq

= ⟨qh,kµ − wh,k, qh,kµ − qℓ,kµ ⟩Mq + ⟨qh,kµ − qℓ,kµ , qℓ,kµ − wh,k⟩Mq

= ⟨qh,kµ − qℓ,kµ , qh,kµ + qℓ,kµ − 2wh,k⟩Mq

= ⟨qh,kµ − qℓ,kµ , qh,kµ − qℓ,kµ ⟩Mq + 2⟨qh,kµ − qℓ,kµ , qℓ,kµ − wh,k⟩Mq .

Hence,

|EℓJ(µ)| ≤
αJ
2

K∑
k=0

αk ∥qh,kµ − qℓ,kµ ∥
2

Mq
+ αJ

K∑
k=0

αk

∣∣∣⟨qh,kµ − qℓ,kµ , qℓ,kµ − wh,k⟩
Mq

∣∣∣ . (3.47)

Using (3.3), (3.35b) and (3.39) we can estimate
K∑
k=0

αk ∥qh,kµ − qℓ,kµ ∥
2

Mq
≤ c2PEℓq(µ)2 ≤ c2P∆ℓ

q(µ)
2. (3.48)

On the other hand, using the Cauchy-Schwarz inequality and (3.48) we get
K∑
k=0

αk

∣∣∣⟨qh,kµ − qℓ,kµ , qℓ,kµ − wh,k⟩
Mq

∣∣∣
≤

(
K∑
k=0

αk ∥qh,kµ − qℓ,kµ ∥
2

Mq

)1/2( K∑
k=0

αk ∥qℓ,kµ − wh,k∥2
Mq

)1/2

≤ cP∆ℓ
q(µ)

√
J̃ ℓ(µ).

(3.49)
Inserting (3.48) and (3.49) into (3.47) we get

|Ĵh(µ)− Ĵ ℓ(µ)| ≤
αJc

2
P

2
∆ℓ

q(µ)
2 + αJcP∆

ℓ
q(µ)

√
J̃ ℓ(µ).

Using cP = (L/π)2 the optimal Poincaré constant in [0, L], we finally get (3.45).
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3.5 MOR-based parameter optimization
We solve the optimization problem (P̂2) in a trust-region (TR) framework using the al-
gorithm discussed in the previous chapter. The only difference now is that we are using
non-certified error estimates, since as we discussed σy and σq are approximated. In par-
ticular, they might change at each trust-region iteration n, since we define σy := σ

(n)
y :=

Emy (µ(n))/Eℓy(µ
(n)) and σq := σ

(n)
q := Emq (µ(n))/Eℓq(µ

(n)) at each iteration. Hence, while
σ
(n)
q is exact in µ(n), we expect the estimate (3.44) to hold in a neighborhood of such

parameter.

Another difference with the algorithm previously discussed is that we do not build RO
spaces progressively, by adding spaces at each step. On the opposite, we build completely
new RO spaces of fixed dimension Lpy = Lpq = 60 that overwrite the previous RO spaces.
As discussed in [6], in each step of the trust region algorithm we are obliged to evaluate
some of the FO quantities, for example the adjoint variable (in order to evaluate the FO
gradient and the exit criterion gh(µ) ≤ τ). Hence, we make best use of the FO variables
and for a little more effort (the application of the POD method), we evaluate new RO
adjoint spaces and matrices.

Some of the modification – such as the approximated error estimate or the use of the
inexact RO gradient – might break the convergence of the algorithm. However, we have
always noticed to local optima and the FO exit condition gh(µ) ≤ τ is satisfied on exit.

We will now show the accuracy and the speedup of the TR optimization algorithm using
the hierarchical error estimation. Let Ω = (0, 1), T = 1, κ1(x) ≡ κ2(x) ≡ 1, y◦(x) ≡ 6
and Pad defined as in Example 3.16. Furthermore, let αJ = 106, βJ = 10−7, µ(0) = µ̂ =
(3, 3, 3, 3) (i.e. the middle point of Pad) and let u(t) = −3 · 1[0,0.75)(t) + 3 · 1[0.75,1](t). As
discretization dimensions we choose N = 201 (linear Lagrangian elements on 200 spatial
nodes) and K = 201, and as data we use a noisy virtual measurement of the q state variable
corresponding to the hidden parameter µ∗ = (2, 3, 4, 5) similarly to (2.31), namely

wh,kj = qh,kµ∗j + εkj , where εkj ∼ N (0, σ2d) for any j = 1, . . . , N, k = 0, . . . ,K,

where σd = 10−3 is the simulated measurement standard deviation.

As in the previous chapter, we compare the performance of the trust region optimization
algorithm with the results of the FO optimization problem. The results are shown in
Table 3.2. The speedup of the TR optimization algorithm in the overall CPU time is about
12, and we can see how the number of iterations and FO evaluations are much smaller.
In the last two columns we can see the norms of the absolute and relative error between
the true hidden parameter and the solution of the parameter optimization algorithm, i.e.
eabsµ := ∥µ∗ − µopt∥2 and erelµ := ∥µ∗ − µopt∥2/∥µ∗∥2. As shown, both optimization results
are accurate enough. To show the accuracy of the RB approximation, in Figure 3.3 the
errors between the FO and RO approximations corresponding to the underlying hidden
parameter µ∗ are plotted.

The speedup given by the TR optimization, shown in Table 3.2 can be even higher when
the advantage given by the evaluation of the RB solution in comparison with the FO
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Time Iterations FO evaluations eabsµ erelµ

FO optimization 290 s 36 51 0.074 0.010
TR-RB 23 s 26 3 0.0706 0.0096

Table 3.2: Results for µ∗ = (2, 3, 4, 5) and u(t) = −3 ·1[0,0.75)(t)+3 ·1[0.75,1](t) using linear
Lagrangian elements.
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Figure 3.3: Errors between FO and RO solutions for µ∗ = (2, 3, 4, 5) and u(t) = −3 ·
1[0,0.75)(t)+3 ·1[0.75,1](t) using linear Lagrangian elements. We observe a shock
(i.e., a sudden change) in the error, deriving from the sudden change in the
input function at t = 0.75. However, the overall errors stay under the threshold
∆ℓ

y,∆
ℓ
q ≤ τy,q := 10−4 (enforced at each RB enrichment).

solution is higher. For example, using quadratic Lagrangian elements (so that N = 401)
the computational time for evaluating a FO solution is a bit higher (3 seconds) and the
optimization algorithm takes longer. The results are shown in Table 3.3. Therefore in this
case the speedup of the overall optimization with respect to the CPU time is about 18, and
it is reasonable to believe that it can get even higher for more accurate discretizations, i.e.
when the FO approximation are more expensive.

Time Iterations FO evaluations eabsµ erelµ

FO optimization 993 s 36 44 0.055 0.007
TR-RB 55 s 25 3 0.048 0.007

Table 3.3: Results for µ∗ = (2, 3, 4, 5) and u(t) = −3 · 1[0,0.75)(t) + 3 · 1[0.75,1](t) using
quadratic Lagrangian elements.

As a further example, we simply change the hidden parameter to µ∗ = (4, 4, 2, 1.5) and
use linear Lagrangian elements. As we can see in Table 3.4, the results do not change
significantly with respect to results seen in Table 3.2, both in the overall time and in
number of iterations.

On the other hand, if we change the input u to, say, u(t) = 0.5 · cos(10t) + 0.4 · sin(20t),
then the hidden parameter (in this example again µ∗ = (2, 3, 4, 5)) is not well approximated
both for the FO and the RO approximations; cf. Table 3.5.

This failed optimization is what motivates the input design problem. If we are not careful,
using an input could lead to convergence to a local optimum that is not the true hidden
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Time Iterations FO evaluations eabsµ erelµ

FO optimization 338 s 40 46 0.034 0.0054
TR-RB 51 s 33 5 0.034 0.0054

Table 3.4: Results for µ∗ = (4, 4, 2, 1.5) and u(t) = −3 · 1[0,0.75)(t) + 3 · 1[0.75,1](t) using
linear Lagrangian elements.

Time Iterations FO evaluations eabsµ erelµ

FO optimization 90 s 14 15 1.0150 0.1381
TR-RB 46 s 15 7 1.0180 0.1385

Table 3.5: Results for µ∗ = (2, 3, 4, 5) and u(t) = 0.5 · cos(10t) + 0.4 · sin(20t) using linear
Lagrangian elements.

parameter. Noticing how strong the impact of the input is on the parameter estimation,
the next chapter will address exactly this: even if we start from a “bad” input, i.e. one
that gives such bad results in the parameter optimization, how can we retrieve a “good”
one, i.e. one whose parameter optimization converges to the true hidden parameter?



Chapter 4

Optimal input design

In the dealing of non-convex optimization problems, it is possible to converge to a local
minimum, failing to approximate the true hidden parameter. As observed out in the last
example of Section 3.5 and summarized in Table 3.5, the result of the parameter estimation
can depend strongly on the chosen control, even leading to convergence to the true or wrong
results. In order to gain confidence in the accuracy of the optimized parameter, we want to
find (or design) an “optimal” control (or input), with the purpose of minimizing, at least
qualitatively, the uncertainty of the estimated parameter.

A concept that we are going to use and better define later is the observability of a parameter,
which quantifies how much information we can gather of a parameter given the current
settings – or, as in this case, given a certain input function. For example, some of the
parameters are more sensitive to extreme states of charge (namely, when the battery charge
is almost full or empty), or on the other hand some parameters are more sensitive to fast
changes of applied current (the so-called high frequency dynamics).

Designing the optimal input revolves around maximizing the observability of the true
battery parameters in order to make its estimation easier. However, since we assume
them to be unknown, we can only increase the observability of arbitrary given parameters.
Following standard ideas of experimental design ([25, 50, 3]), we use an adaptive algorithm
that, starting from some initial guesses for the parameter µ0 and sequentially generate new
inputs u[n] at each iteration n > 0. Each of these inputs is designed in order to maximize
the observability of the current parameter, and with it we generate data and optimize
the parameter µn; the inputs are specifically chosen in order to improve or facilitate the
parameter optimization and the convergence to the true, hidden parameter µ∗. Hence, the
result of the input design algorithm is not intended to be a single optimal input, but rather
a collection of inputs that collects the most information.

In industrial applications the standard applied currents are many hours long, in order to
observe the battery as long as possible as collect enough information to infer the tens of
parameters. We are going to try to create input current profiles much shorter than these,
lasting just a few minutes. One reason to consider the result of the design as an optimal
collection of inputs is that in such a complex setting we cannot expect to maximize the
observability of all the parameters using just a small amount of data; on the opposite, we
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try to capture different pieces of information with different settings – or inputs.

In this chapter we introduce the input design algorithm and its motivation, to then apply
this algorithm to the nonlinear coupled model previously defined and afterwards to an
industrial application. We present the input design framework following the notation from
Chapter 3: to each input u[n] is associated a collection of objects depending on the index n,
indicated by the superscript [n]: for example y

[n],h,k
µ ∈ Rn+1 and q

[n],h,k
µ ∈ Rn are the state

variable FO vectors (marked by the superscript h) at OID iteration n and at time step
k = 1, . . . ,K. The FO data discrepancy corresponding only to OID iteration n is given as

J̃ [n],h(µ) :=
K∑
k=0

αk∥q
[n],h,k
µ − w[n],h,k∥

2

H ,

and as a cost function for the parameter optimization problem we should “sum” all infor-
mation and optimize the discrepancy between observable and data relative to each input,
namely

Ĵh(µ) := 1 +
αJ
2Ne

Ne∑
n=1

Ĵ [n],h(µ) +
βJ
2
∥µ− µ̂∥22, (4.1)

where Ne is the number of inputs. We then define the gradient of Ĵ [n],h(µ) as

∇Ĵ [n],h(µ) =



K∑
k=0

αk ⟨y
[n],h,k
µ , p

[n],h,k
yµ ⟩Ay

−
K∑
k=0

αk ⟨fhy (y
[n],h,k
µ , q

[n],h,k
µ ), p

[n],h,k
yµ ⟩

My

K∑
k=0

αk ⟨q
[n],h,k
µ , p

[n],h,k
qµ ⟩Aq

K∑
k=0

αk ⟨fhq (y
[n],h,k
µ , q

[n],h,k
µ ), p

[n],h,k
qµ ⟩

Mq


,

where the FE matrices Ay,My,Aq,Mq are given in Section 3.2, and finally

∇Ĵh(µ) = αJ
Ne

Ne∑
n=1

∇Ĵ [n],h(µ) + βJ(µ̄− µ̂).

This chapter is developed as follows. In Section 4.1 we will talk about measuring informa-
tion and define the Fisher information matrix, or observability matrix, and its use in order
to define the collected information. Then, in Section 4.2 we discuss the OID algorithm in
details and in Section 4.3 we show numerical results on the coupled model defined in the
previous chapter. In the last section, Section 4.4, we discuss the industrial application and
show the results of the application of our OID algorithm to a real-world problem.
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4.1 Measuring information
In this section we define the Fisher information matrix (FIM), a common statistical object
used to quantify observability of a parameter in relation to a system, by observing the
so-called sensitivities, namely the variations of the system outputs with respect to varia-
tions of the parameters. Using this matrix we are then able to approximate a measure of
information that we will maximize.

4.1.1 Fisher’s information matrix: motivation
Let us suppose that our data vector ŵ ∈ Rm is a random variable in some arbitrary
dimension m > 0, realization of the nonlinear model

ŵ = F(µ∗) + ν, (4.2)

where ν ∼ N (0, σ2d Im) is an m-dimensional Gaussian random variable, F : Rd → Rm is a
nonlinear function, and µ∗ ∈ Rd is an unknown parameter vector (also called parameter
for simplicity).

To quantify the information of the unknown parameter µ∗ carried by the random variable
ŵ, the Fisher information matrix (FIM) is often used, and it is defined as the variance of
the score. The score is defined as the partial derivative with respect to µ∗ of the natural
logarithm of the likelihood function p. Since ŵ|µ∗ ∼ N (F(µ∗), σ2d Im), we can write

p(ŵ|µ∗) = ((2π)mσ2d)
−1/2

exp

(
− 1

2σ2d
∥ŵ −F(µ∗)∥22

)
,

and
log p(ŵ|µ∗) = −1

2
log((2π)mσ2d)−

1

2σ2d
∥ŵ −F(µ∗)∥22.

Then, the score is
∂ log p(ŵ|µ)

∂µ

∣∣∣∣
µ∗

=
1

σ2d
(ŵ −F(µ∗))⊤J(µ∗),

where
J(µ∗) =

∂F(µ)
∂µ

∣∣∣∣
µ∗
∈ Rm×d.

Hence, the FIM in the parameter µ∗ is

IFµ∗ := Eŵ|µ∗

( ∂ log p(ŵ|µ)
∂µ

∣∣∣∣
µ∗

)⊤(
∂ log p(ŵ|µ)

∂µ

∣∣∣∣
µ∗

)
=

1

σ4d

∂F(µ)
∂µ

∣∣∣∣⊤
µ∗

Eŵ|µ∗

[
∥ŵ −F(µ∗)∥22

] ∂F(µ)
∂µ

∣∣∣∣
µ∗

=
1

σ2d
J(µ∗)⊤J(µ∗).
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Let us consider the data ŵ := wh,k at an arbitrary time step k. Then, the nonlinear model
is approximated by the FO observable (in this case the state q) evaluated at µ∗ at time k,
i.e.

Fk(µ∗) ≈ qh,kµ∗ ∈ RN . (4.3)
The derivative of the nonlinear map with respect to µ evaluated in µ∗ is a vector in Rm, and
in this case its j-th component can be approximated using the j-th (namely, with respect
to the j-th parameter) sensitivity variable sq,h,kj,µ of the state q, defined and discretized in
Section A.2.

Therefore, from (4.3), we deduce that the derivative of the nonlinear map with respect to
µ evaluated in µ∗ is approximated by the FO sensitivity, i.e. the j-th column of Jk(µ∗) is
approximated as

Jk(µ∗)j :=
∂Fk(µ)
∂µj

∣∣∣∣
µ∗
≈ sq,h,kj,µ∗ ∈ RN ,

and hence we can write(
Jk(µ∗)⊤Jk(µ∗)

)
j1,j2
≈ sq,h,k⊤j1,µ∗ sq,h,kj2,µ∗ for j1, j2 = 1, . . . , d.

In order to get a model of the form (4.2), we stack all observables into a single vector,
obtaining

F(µ∗) =

 F0(µ∗)
...

FK(µ∗)

 ≈
 qh,0µ∗

...
qh,Kµ∗


and hence (

J(µ∗)⊤J(µ∗)
)
j1,j2
≈

K∑
k=0

sq,h,k⊤j1,µ∗ sq,h,kj2,µ∗ for j1, j2 = 1, . . . , d. (4.4)

We now make two modifications to (4.4): as a first step, we apply a weighting on the sum,
in order to resemble a time integral approximation:(

J(µ∗)⊤J(µ∗)
)
j1,j2
≈

K∑
k=0

αk s
y,h,k⊤
j1,µ∗ sq,h,kj2,µ∗ for j1, j2 = 1, . . . , d.

Secondly, we also apply a weighting for the product ⟨sq,h,kj1,µ∗ , s
q,h,k
j2,µ∗⟩RN , in order to obtain a

discretized V -product, and consider instead ⟨sq,h,kj1,µ∗ , s
q,h,k
j2,µ∗⟩Wq = sy,h,k⊤j1,µ∗ Wq s

q,h,k
j2,µ∗ .

Hence, we consider the following discretized information matrix I, seen as an approximation
of an L2(0, T ;V ) inner product:

(Iµ∗)j1,j2 :=
1

σ2d

K∑
k=0

αk s
q,h,k⊤
j1,µ∗ Wq s

q,h,k
j2,µ∗ ≈

1

σ2d
⟨sqj1,µ∗ , s

q
j2,µ∗⟩

L2(0,T ;V )
. (4.5)

Again, we stress the purpose of this matrix. It quantifies the influence of the unknown
parameter on the model observable. We observe that if this matrix has rank less than d, it
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means that one or more parameter do not influence the output at all, hence making them
not observable. Therefore, our purpose will be making this matrix as well-conditioned as
possible.

Let us comment on another aspect mentioned, among others, in [65, Section 2.5]: we can
interpret the FIM as the Hessian of the least-squares problem given by the cost function
(2.11). Hence, improving the well-conditioning of the approximated information matrix
can also help in making the cost function more convex around the unknown parameter –
especially useful given the general non-convexity of the estimation problem.

4.1.2 Approximating the information function
Let us now make some observations: firstly, we have assumed that we do not have a-priori
knowledge of the underlying true parameter µ∗, hence we cannot evaluate formula (4.5).
For this reason the information matrix is usually evaluated for other parameters we have
access to. This means both an arbitrary parameter, but also one chosen carefully along
the optimization path. The idea is to add as much information as we can, hoping that this
will help in the next parameter optimization. Hence, even adding information related to
an other parameter might serve this purpose.

Another motivation driving this choice regards the convexity of the problem. Even if the
parameter optimization falls into a local minimum far from the true parameter, improving
the convexity of the least squares problem might push the parameter out of the basin
of attraction. Hence, we will use the information matrix Iµ ∈ Rd×d dependent on the
parameter µ:

(Iµ)j1,j2 :=
1

σ2d

K∑
k=0

αk s
q,h,k⊤
j1,µ

Wq s
q,h,k
j2,µ

, 1 ≤ j1, j2 ≤ d.

As a second observation we notice how the sensitivities, as well as the states, depend
implicitly on the input u. Hence, we might want to find the u that gives us a relevant
information matrix; in this fundamental idea lies the core of the input design algorithm.
Let us write Iuµ to explicit the dependence on the input u, and let I[n]µ be, in particular, the
information matrix corresponding to the input u[n]:

(
I
[n]
µ

)
j1,j2

:=
1

σ2d

K∑
k=0

αk s
q,[n],h,k⊤
j1,µ

Wq s
q,[n],h,k
j2,µ

, 1 ≤ j1, j2 ≤ d. (4.6)

In order to define the input design optimization problem, we define a function that, given an
information matrix, quantifies the uncertainty – in this case seen as a lack of information.
We later refer to such object as the uncertainty function. In particular we take the D-
criterion from the literature (see, e.g., [25, 3]), where the uncertainty function is given
as

φ(u) := − log10
(
det
(
Iuµ
))
. (4.7)

We can also define the uncertainty function by using the eigenvalues of I – especially
convenient when the dimension d is high and evaluating the determinant gets expensive.



64 CHAPTER 4. OPTIMAL INPUT DESIGN

Indeed, if Λ := {λ1, . . . , λd} is the set of eigenvalues of I, then

φ(u) = log10

∏
λj∈Λ

1

λj


and the D-criterion is equivalent to minimizing the generalized variance of the parameters
(as discussed in [3]). Let us observe that we can also interpret this criterion as minimization
of the volume of the confidence ellipsoid for the parameters.

Example 4.1. Using the problem and discretization as in Section 3.5, let us compare the
uncertainty measure for the two different input functions u1(t) = −3·1[0,4/3)(t)+3·1[4/3,2](t)
and u2(t) = 0.5 · cos(10t) + 0.4 · sin(20t). We get

φ(u1) = 16.08613, φ(u2) = 28.57648.

This uncertainty quantities corresponds to the ideas discussed in this chapter: in the
example of convergence to a local optimum, the information is lower. Hence minimizing
the uncertainty function can indeed improve the parameter convergence.

Remark 4.2. We can even assume the noise variance to be unknown. For example, we
can evaluate the information matrix Ĩµ := σ2dIµ without knowing σ2d. As a matter of fact,

(
Ĩµ

)
j1,j2

=
K∑
k=0

αk s
q,h,k⊤
j1,µ

Wq s
q,h,k
j2,µ

1 ≤ j1, j2 ≤ d

for any parameter µ and input u. Under these assumptions, its determinant does not
get too big and problematic when σ2d is very small and the parameter dimension grows.
Observe that

φ(u) = − log10 (det (Iµ)) = −d log10
(

1

σ2d

)
− log10

(
det
(
Ĩµ

))
.

Hence, optimizing φ̃(u) := log10

(
det
(
Ĩµ

))
is equivalent to optimizing φ(u) and more

convenient on the numerical point of view.

4.2 Optimal input design algorithm
The adaptive algorithm we use starts from arbitrary parameter µ0. Then, for n ≥ 1 (called
OID iteration), the algorithm iterates on three phases:

• In the first phase we generate a new input u[n].

• In the second phase we read and store a data vector w[n] coming from the control
u[n] and the true parameter µ∗.

• The last phase is the parameter optimization/estimation, from which we obtain the
parameter µn, approximation of µ∗.
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There are different stop criteria. One possible way is to terminate the algorithm as soon
as the last generated input is too close to one of the inputs already in our collection, i.e.
using as a stop criterion

min
u∈{u[1],...u[n−1]}

∥u[n] − u∥ < τu. (4.8)

However, a known limitation is that we have no guarantees of convergence and this can
potentially generate an infinite number of inputs; when we use this criterion, we also set a
maximum number of iterations as a safeguard.

An alternative termination is to force our algorithm to generate a fixed number of inputs
and forcing these inputs to be sufficiently far from each other, by meaning of penalization
of closeness. We will describe this “forced” generation of inputs in the section relative to
the industrial application.

First phase
As discussed in Section 4.1, the measure of information to maximize – or better, the measure
of uncertainty to minimize – is given by (4.7), evaluated in the available parameter µn−1.
However, we want to maximize the total information, even considering the previous inputs
and data. This can be done simply by summing the information matrices, thus at iteration
n we define the uncertainty function

φ(u) := − log10

(
det

(
n−1∑
m=1

I
[m]
µn−1 + Iuµn−1

))
. (4.9)

To discretize this optimization problem we consider as input only step functions, to each
input u is associated the vector of jumps u = (u1, . . . , unu) ∈ Rnu . In particular, if τ :=
(T/nu),

u(t) :=


u1 0 ≤ t < τ,
...
unu τ(nu − 1) ≤ t ≤ T.

The discretized optimization function is then defined as
Φ(u) := φ(u) + γ∥u∥2Rnu , (4.10)

where φ is defined in (4.9) and γ := 10−4 accompanies a regularization term.

Hence, to find a new input we solve
min
u∈Rnu

Φ(u) such that umin ≤ ui ≤ umax (4.11)

using the routine fmin_l_bfgs_b from scipy [66].

Second phase
As data we use a virtual noisy measurement of the q state variable corresponding to the
hidden parameter µ∗ analogous to (4.2), i.e.

w
[n],h,k
i = q

[n],h,k
µ∗i + εki , where εki ∼ N (0, σ2d) for k = 1, . . . ,K, i = 1, . . . , N. (4.12)

Furthermore, as standard deviation of the noise we use σd := 10−3.
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Third phase
For the parameter optimization we use the trust region algorithm described in Section 3.5.
At each OID iteration, the new input might change the dynamics completely, hence we
cannot rely on the reduced order model of the previous iteration.

At iteration n we need to well approximate the variables of iterations 1, . . . , n− 1 as well,
since they appear in the cost function. Thus, it would seem meaningful to keep all the
basis elements from previous iterations. However, we have decided to build a new basis
organically, defining a different ROM at each OID iteration; rather than dividing the basis
elements on the ground of relevance with the dynamics and “forgetting” the ones that do
not fit, we have decided in favor of a total basis reset.

4.3 Numerical results
Once again, we work in the same setting and optimization parameters of Section 3.5. For
parameters only relevant to the input design algorithm, we fix the input boundaries to
−3 ≤ u(t) ≤ 3 for t ∈ [0, T ], τu := 10−5 in (4.8), impose a maximum of 5 OID iterations,
and nu := 5 for the discretization of the input function.

The inputs generated from this algorithm and numerical results are shown in Table 4.1.
In this table we include a plot of the new input, time of the different phases, iterations,
uncertainty functions φ before and after input optimization, cost function in the optimal
parameter (as in (4.1)) and the norm of the difference between such parameter and the
hidden parameter (as defined in Section 3.5). In particular, we notice that the uncer-
tainty decreases monotonously, unlike the cost error. Rather, what decreases (almost)
monotonously is the distance from the hidden parameter, as shown in Figure 4.1. So, our
input collection seems to really improve the estimation of the parameter.

1 2 3 4 5

15.5

16

16.5

17
φ(u[n])

1 2 3 4 5

1.03

Ĵh(µn)

Ĵh(µ∗)

1 2 3 4 5
6.5

7

7.5

·10−4

erelµn

Figure 4.1: Left: uncertainty functions at each iteration. Center: plot of the FO cost eval-
uated in the optimal parameter and in the hidden parameter. Right: relative
norm of the distance between the optimal parameter in each iteration and the
true parameter. For all these plots, on the x-axis we find the OID iteration n.

Let us observe that in this particular case we could chose a maximum of 5 OID iterations
because there exist some input that maximize the observability of all the parameters at
the same time. However, we have already mentioned that it is also common that different
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OID iteration New input Phase 1 Phase 2+3

n = 1

0 0.5 1
−3

0

3 Time: 185 s Time: 26 s
Iterations: 4 Iterations: 24
φ(0): ∞ FOM evaluations: 3

φ(uopt): 17.18 Ĵh(µn): 1.3318
eabsµn : 0.01375
erelµn : 0.00187

n = 2

0 0.5 1
−3

0

3 Time: 309 s Time: 34 s
Iterations: 6 Iterations: 6
φ(0): 18.84 FOM evaluations: 3
φ(uopt): 17.08 Ĵh(µn): 1.33113

eabsµn : 0.00958
erelµn : 0.00130

n = 3

0 0.5 1
−3

0

3 Time: 354 s Time: 45 s
Iterations: 5 Iterations: 2
φ(0): 16.90 FOM evaluations: 3
φ(uopt): 16.30 Ĵh(µn): 1.33115

eabsµn : 0.00958
erelµn : 0.00130

n = 4

0 0.5 1
−3

0

3 Time: 317 s Time: 70 s
Iterations: 6 Iterations: 2
φ(0): 16.12 FOM evaluations: 3
φ(uopt): 15.80 Ĵh(µn): 1.33126

eabsµn : 0.00957
erelµn : 0.00130

n = 5

0 0.5 1
−3

0

3 Time: 470 s Time: 92 s
Iterations: 5 Iterations: 2
φ(0): 15.62 FOM evaluations: 3
φ(uopt): 15.47 Ĵh(µn): 1.33149

eabsµn : 0.00955
erelµn : 0.00130

Table 4.1: Results of the input design algorithm applied to the nonlinear coupled model.

parameters are more sensitive to different inputs, hence in general it is not possible to
improve the estimation accuracy with a small number of inputs. This will be more evident
in the industrial application discussed in the next section: the model parameters are 9,
and it is not possible to find short inputs such that all of the model parameters are well-
observable, and we should expect a higher number of inputs to maximize the observability
of all of them.

In order to carefully analyze the results of the input design, we may argue that the inputs
generated are only useful for the specific starting parameter µ0. To show how the input
design is effective for any starting point, we run a qualitative statistical analysis of the
results of 100 parameter optimizations before and after the input design. For the “before”
we use a low-observability input defined before, u◦(t) = 0.5 · cos(10t) + 0.4 · sin(20t). In
each of these optimization we randomize the starting parameter µ0 and the virtual noise.
We can see the results in Figure 4.2.
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Figure 4.2: Qualitative statistical study for the input design of the nonlinear coupled
model. In blue: the results of 100 parameter estimations without optimal
input design. In orange: the results after. The red crosses mark the hidden
parameters.

We observe that while using u◦ we can well-approximate the parameters µ3, µ4, for the
other two parameters the situation is not that easy. This is probably due to the fact that
the parameters µ3, µ4 appear in the state equation for the state q, namely the observable,
and hence they can influence it in a stronger way. Using the collection of inputs generated
by our algorithm, we can see how the parameter estimation closes in on the real values of
µ1 and µ2. So, at least in a qualitative way, we can conclude that the input design does
aid effectively the parameter estimation, improving the convergence.

4.4 An industrial application
Let us now turn our attention to an industrial application. Here we have worked with
an industrial battery approximation model [57] in collaboration with our project partner
Virtual Vehicle GmbH. We use this model in a black-box style: we can provide the program
with an array of battery physical parameters, an array of time steps, an array of current
inputs corresponding to the time steps, and the initial voltage of the battery. As output,
we receive the array of voltages corresponding to the same time steps we have used. Details
about the numerical model are available in [46].

As already mentioned before, the parameter estimation for such problems is usually ex-
tremely time consuming. One needs very long input currents and optimization time; for
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example, in [57], in order to approximate 44 battery parameters an input current longer
than 200,000 seconds (approximately 55 hours) is used, and even the optimization method
lasts for several hours. On the other hand, we work with much fewer parameters and shorter
time intervals: 9 parameters and 60 seconds. We cannot expect to optimize all parameters
in such short time, hence the input design come into play. This will produce a collection
of input variables, whose overall information will help the parameter optimization.

The parameters taken into consideration are described in Table 4.2, together with their
chosen boundaries.

Parameter Meaning Lower bound Upper bound
DC Cathode diffusion coefficient 0.0001 0.01
DA Anode diffusion coefficient 0.0001 0.01
ξA Anode initial state of charge 0.007 0.2
RI Inner resistance 0.003 0.07
mC Cathode active mass 0.01 0.052
mA Anode active mass 0.006 0.034
k̃C Cathode reaction rate -20 -1
k̃A Anode reaction rate -23 10
U0 Cathode 0th RK parameter 3 4

Table 4.2: Unscaled parameter names and bounds

Given the different orders of magnitude, we apply the following scaling.

µ1 := log10

(
DC

DL
C

)
, µ2 := log10

(
DA

DL
A

)
, µ3 :=

ξA

(ξLA + ξUA)/2
,

µ4 :=
RI

(RLI +RUI )/2
, µ5 :=

mC

(mL
C +mU

C)/2
, µ6 :=

mA

(mL
A +mU

A)/2
,

µ7 := kC − (kLC + kUA)/2, µ8 := kA − kC , µ9 :=
U0

(UL0 + UU0 )/2
.

Hence, the parameter bounds µL and µU are given in Table 4.3.

µL µU

0 2
0 2

0.0676328502415459 1.93236714975845
0.0821917808219178 1.91780821917808
0.32258064516129 1.67741935483871

0.3 1.7
-9.5 9.5
-3 11

0.857142857142857 1.14285714285714

Table 4.3: Bounds for the unscaled and scaled parameters

Next, we will explain how we have adapted and used the input design algorithm in this
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case: we discuss in particular the time discretization, the parameter optimization and the
approximation of the uncertainty function.

The discretization
We fix the time step to δ = 0.1, so that we have K = 600 time steps in a 60-seconds
interval. Let us define the time array t := [t0, . . . , tK ], where tk := kδ for k = 0, . . . ,K.
Similarly to what done previously, we discretize all current profiles as step functions, so
that all input information is compressed into the the input array (or, more simply, input):
the array

u := [u1, . . . , unu , v0] ∈ Rnu+1 (4.13)

corresponds to the current function

iu(t) :=


u1 0 ≤ t < τ,
u2 τ ≤ t < 2τ,
...
unu (nu − 1)τ ≤ t ≤ nuτ := T,

and the last component, v0, is the initial voltage of the battery (which is, again, required).
The current array iu ∈ RK is then given by the discretization of iu, evaluated on the fixed
time array t. Finally, with vµ,u ∈ RK we indicate the output voltage given the parameter
µ and input u (hence given current iu) evaluated on the time vector t.

Input design problem
In order to approximate the uncertainty function, we need to define the sensitivities, and
consequently the information matrix. However, not having access to the state equations, we
approximate sensitivities using finite differences: the i-th sensitivity si ∈ RK is evaluated
as

siµ,u =
vµ+νei,u − vµ,u

ν
∈ RK ,

where ei is the i-th Euclidean basis element, and ν = 10−3.

The information matrix Iuµ ∈ R9×9 dependent on parameter µ and input array u is then
defined using si = siµ,u as

(
Iuµ
)
i,j

:=
K−1∑
k=0

siks
j
k + sik+1s

j
k+1

2
(tk+1 − tk), 1 ≤ i, j ≤ 9, (4.14)

which is an approximation of the product ⟨si, sj⟩L2(0,T ;RK). We mention that this could be
optimized by using other (and more accurate) methods to evaluate the partial derivatives,
such as automatic differentiation (see, e.g., [55]).

As for the input boundaries uL and uU we choose the following:

− 8.8 =: uLk ≤ uk ≤ uUk := 8.8, k = 1, . . . , nu,

3.3 =: vL0 ≤ v0 ≤ vU0 := 4.1.
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As before, we optimize the discretized OID objective function Φ(u) constrained in uL ≤
u ≤ uU using the D-criterion. Wanting the algorithm to generate as much information as
possible, we force it to produce 10 experiments in total. Since there is no information gain
when the input generated is equal to one we already have, we modify the OID optimization
function again, in order to penalize the distance from other inputs. The new optimization
function is then

min Φ̂(u) such that uL ≤ u ≤ uU ,

where
Φ̂(u) := Φ(u) +

∑
uk previous

controls

1

1 + 100 · ∥u− uk∥L∞
, (4.15)

The penalizing function, as well as the scalar 100 have been chosen in an intuitive way in
order to guarantee that we stop our algorithm provided our current control is sufficiently
far from the already computed controls, but also not to modify the initial optimization
problem too strongly.

Parameter Estimation
Assuming now that u (hence the current i) is fixed, we want to optimize the parameter
vector µ by minimizing the discrepancy with some data. Let us assume that the data is
given by the voltage evaluated on some unknown parameter µ∗ without any measurement
error or noise, i.e. wu := vµ∗,u ∈ RK . For the numerical optimization we use a least squares
method (from scipy.optimize, see [9]) to fit vµ,u to wu. In particular, we fit the relative
error

eu(µ) := (vµ,u − wu)/wu

(where the division is intended component-wise) to 0. In particular, we solve

min
µ∈Pad

J(µ) :=
1

2

∥∥∥∥vµ,u − wu

wu

∥∥∥∥2
2

,

where Pad ⊂ Rd is the closed, convex set of admissible parameters – in our case the box-
constrained set defined by µL ≤ µ ≤ µU in Table 4.3.

In the framework of multiple data, we can simply merge information by stacking them into
a single vector. In particular, given u[1], . . . , u[n] control vectors generated by the algorithm
and w[1], . . . ,w[n] data vectors (with w[n] := wu[n] = vµ∗,u[n]), then we want to fit vµ,u[1] to
w[1] and so on. We concatenate all vectors of relative error into [eu[1](µ), . . . , eu[n](µ)] ∈ RnK
and we fit it to zero (in dimension nK). The parameter generated at OID iteration n is
then the optimizer µn. Lastly, in order to optimize computing time, we evaluate voltage
vectors in a parallel way for all different current inputs.

4.4.1 Numerical results
We have applied the input design algorithm with piecewise constant inputs consisting of 24
jumps, therefore each continuous sub-interval is 2.5 seconds long and the input dimension
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is 25. We furthermore fix the maximum number of inputs to 10 and decide to speed up
the first input generation by fixing it arbitrarily as

u[1] := [−1,+1,−1,+1, . . . ,−1,+1, 3.7] ∈ R25. (4.16)

This corresponds to a rather “jumpy” – or bang-bang – input applied to a roughly mid-
charge battery. We have chosen to do so in order to evaluate a parameter with an un-
informative input and effectively see that such input estimates the parameter too poorly;
the effect that an uninformative input has on the parameter estimation is shown later in
Figure 4.5.

The algorithm takes around 4042 seconds to execute 9 iterations. In each iteration, the
input design takes between 118 seconds and 1082 seconds, with an average of 413 seconds
per iteration, while the parameter estimation takes between 134 seconds (with longer time
especially at the first iterations) and 1.33 seconds (especially in the last iterations, where
the parameter is already well approximated and it does not find better points), with an
average of 34 seconds per iteration.

Various results of the 9 iterations of the input design algorithm, such as the variation of
uncertainty, cost function and distance from the hidden parameter (analogously to Fig-
ure 4.1), are plotted in Figure 4.3, and in Figure 4.4 the generated inputs are shown.
Although some of the inputs look very similar, the penalization function introduced in
(4.15) guarantees that we do not use the exactly same input array.

The uncertainty does not decrease monotonously; the OID algorithm take some preliminary
steps before converging to the true parameter, in particular reaching the neighborhood of
µ∗ in the fourth iteration. We can interpret these steps as somehow a preparation stage,
in which the algorithm tries to convexify the cost function in order to fall into the basin of
attraction of the hidden parameter more easily in the next iterations.

Similarly to what we did for the nonlinear coupled model, we want to test the accuracy
of the input design for randomly chosen initial parameters. We will therefore plot the
result of 100 parameter optimizations before the input design, namely using the arbitrarily

1 2 3 4 5 6 7 8 9 10

5

10

15

Φ̂(u[n])

1 2 3 4 5 6 7 8 9 10

10−20

10−10

Ĵh(µn)

1 2 3 4 5 6 7 8 9 10
10−10

10−4

102

‖µ∗ − µn‖R9

Figure 4.3: Left: uncertainty functions at each iteration. Center: plot of the FO cost eval-
uated in the optimal parameter. Right: Euclidean norm of the error between
the optimal parameter in each iteration and the true parameter. For all these
plots, on the x-axis we find the OID iteration n.
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Figure 4.4: Input functions generated by the OID algorithm.

chosen input defined in (4.16), and after it, using all ten of them. The results are plotted
in Figure 4.5. As in the case of the nonlinear coupled model, the input design improves
the parameter estimation significantly. While a non-informative input the parameter esti-
mation fails almost every time (shown in blue bars), an optimal collection of inputs results
into the accumulation of the optimization results around the hidden parameters.

Another positive outcome is the optimization time: on average, an optimal parameter
is found in 85 seconds. This is of course a rather fast convergence time, but in a very
restricted scenario, such as the low dimension of the parameter and the noiseless framework.
Nonetheless, although this convergence is not certain (i.e. it does not happen always), we
can still see a degree of bias coming out of these plots – namely, we can deduce the
hidden parameter in a easier way. Thus, we can see the point and the effectiveness of such
input design. However, this framework might find some unexpected counter-effects in its
applicability, how we discuss in the next session.
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Figure 4.5: Qualitative statistical study for the input design of the battery model. In blue:
the results of 100 parameter estimations using only the input given by u[1]. In
orange: the results using the optimal collection of inputs. The red crosses mark
the hidden parameters.

4.4.2 A different design
Generating ten different short inputs sounds like a good idea if we want to look at the
behavior of a battery cell in varied states of charge (SOCs): starting from disparate initial
voltages serves exactly this purpose. But there might be a problem in the actual use of
these different current profiles, since we cannot evaluate all inputs at the same time in a
parallel way (as we do in the numerical model). On the contrary, before and after every
input we need a phase of preparation to bring the battery cell at the right initial voltage,
and a long phase of rest to let the internal electrochemical dynamics to stabilize. For this
reason, even if the ten inputs together sum up to 600 seconds, actually setting up and
running the experiment can take more than 60,000 seconds, namely 100 times more.

Hence, we have developed a modification of the OID algorithm and the design structure
that would avoid this problem. The idea is to generate a sequence of new input intervals to
concatenate one after the other, rather then to use them as totally different current profiles.
As a consequence, we should not choose the initial voltage of each interval, because this
will be given by the ending voltage of the previous interval. We can only choose the first
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initial voltage, namely the starting voltage of the first interval; this is chosen as 3.9 V ,
equivalent to about 75% state of charge.

We also realize that we need a resting interval in order to capture the long-term dynamics.
Hence, our input is translated into six jumps of a 120 seconds high-frequency time interval
followed by a 600 seconds resting phase. As the time discretization keeps the step δ = 0.1,
we have 7200 time steps for each concatenated interval. An example of the first input with
arbitrary jumps is plotted in Figure 4.6. This time we are not fixing arbitrarily the first
input u[1] = (u

[1]
1 , . . . , u

[1]
6 ), but it is found in the first step of the OID algorithm.
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Figure 4.6: Visual explanation of the concatenated-inputs setting. Above: Example of the
first input, showing the jumps and rest phase. Below: concatenation of the
first two inputs u[1] and u[2] (in this plot chosen arbitrarily).

In the following iterations, we find input array u[n] by optimizing the uncertainty of the
full-concatenated current input, i.e. we add the new input to the old one and hence consider
only one longer input. See Figure 4.6 for a visual explanation.

In this setting, we generate 9 inputs: therefore, concatenating the respective jumps and rest
phases together we reach an “optimal” input lasting 6480 seconds, i.e. 108 minutes. This
optimal input is plotted in Figure 4.7 together with the corresponding data wu = vµ∗,u,
i.e. the voltage function produced by the optimal input and the hidden parameter µ∗.
The overall design takes 3458 seconds: the input design phases last between 100 and 833
seconds per iteration, with an average of 282 seconds, while the time for the parameter
optimization varies between 9 and 486 seconds, with an average of 102 seconds per iteration.
In comparison with the previous design (the “collection of inputs”), the input design phases
is faster while, on the other hand, the parameter estimation takes longer. We can argue
that this is expected, since the amount of data to optimize rises at each iteration and makes
the least squares method more and more expensive to solve. Further information for each
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OID iteration are plotted in Figure 4.8.
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Figure 4.7: Optimal input generated by the algorithm in the concatenated setting.

As done previously, we plot the result of 100 parameter optimizations in order to show the
estimation error for randomized initial parameters. This is shown in Figure 4.9, without
showing a contrast before/after, but only the results corresponding to the optimal input.
We observe an even better consistence and accuracy in the convergence to the true param-
eter; and considering the fact that we have, in fact, reduced the overall experiment time
by a factor of 4, we regard this as a great improvement of the input design presented in
the previous section.

4.4.3 Real battery data
While we have evaluated these optimal inputs using virtual data wu = vµ∗,u in the al-
gorithm, we want to check how beneficial they are in a real-world parameter estimation
problem. To this end, with the support of our partner Virtual Vehicle GmbH, we have run
experiments on a real battery cell and collected the measurement data. We want to use
these real-world data to measure the effect of the input design in a similar way to what
we did for the nonlinear coupled model. Let us mention that clearly we do not randomize
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Figure 4.8: Information corresponding to each OID iteration n. Left: uncertainty func-
tions. Center: FO cost. Right: Euclidean norm of the error.
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Figure 4.9: Qualitative statistical study for the input design in the concatenated setting.
In orange: the results using the concatenated optimal input. The red crosses
mark the true underlying parameters.

data since it would be expensive to collect a lot of data from real battery cells; instead, we
only randomize the starting parameters.

This data includes also preparation steps at the beginning and the resting phase at the
beginning, and depending on the test we will use information coming from the extra phases
or not. Furthermore, the time stepping was chosen depending on the situation, varying
between a minimum of 0.0002 (used in high-frequency dynamics) and a maximum of 1.0
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(used in the resting phases). We consider four different situations, depending on two
different factors: whether we use the collection of inputs derived in Section 4.4.1 or the
concatenated input derived in Section 4.4.2, and whether we consider the additional data
provided by the preparation and resting phases, or not. These choices are schematized in
Table 4.4. Furthermore, additional plots of the inputs and data used are in Section A.3.

Cut data: Full data:
only impulses impulses + rest phases

Collection of inputs Test 1 Test 2
Concatenated input Test 3 Test 4

Table 4.4: Considered tests for the analysis of real data.

TESTS
1 2 3 4

Experiment time (s) 600 63,362 6,480 14,199
Data points 20,350 83,160 216,002 223,727

Optimization time (s) 800 154 550 450

Table 4.5: First line: total input time tf ; second line: number of data points; third line:
average time for the parameter optimization.

In each of these situations we run 100 parameter optimizations in order to infer the battery
cell parameters; if we notice a trend or an accumulation point, we select a proposed optimal
parameter vector. Since we do not know this true parameter, we will lastly do some
qualitative error analysis on the model output of the proposed optimal parameters given
in each test.

In particular, we will propose three parameters µopt,2, µopt,3 and µopt,4 inferred from test
2, 3 and 4, respectively. For each of these parameters we plot the output voltage produced
by the numerical model vµ,u(t), as well as the relative error given by the discrepancy with
the real battery data w(t), namely

e
rel,[n]

µopt,k(t) := (w[n](t)− vµopt,k,u[n](t))/w[n](t) for n = 2, 3, 4 and k = 2, 3, 4.

The results are shown in the upcoming figures.

TEST 1

With 10 intervals of 60 seconds and 2035 time steps each, this test amounts to a total
of 20,350 data points. The parameter optimization takes in average 800 seconds, with
observed minimums around 80 and maximums over 2800. The histograms of the results
of the estimation are plotted in Figure 4.10. Although we can guess some of the true
parameters, we have to admit that these results do not look as good as in Figure 4.5, even
though we are using essentially the same input collection. In this case we can unfortunately
conclude that the input design is not successful, as we derive no information about where
the hidden parameters might be.



4.4. AN INDUSTRIAL APPLICATION 79

0 0.5 1 1.5 2
0

50

100

µ1

0 0.5 1 1.5 2
0

50

100

µ2

0.5 1 1.5
0

50

100

µ3

0.2 0.4 0.6 0.8
0

50

100

µ4

0.5 1 1.5
0

50

100

µ5

0.5 1 1.5
0

50

100

µ6

−5 0 5
0

50

100

µ7

0 5 10
0

50

100

µ8

0.9 1 1.1
0

50

100

µ9

Figure 4.10: Results for Test 1. Bar plots of qualitative analysis of 100 parameter estima-
tions starting from randomized initial guess.

TEST 2

Since the production of the data necessary for TEST 1 produces, by default, the data
used in TEST 2, we might think that test is somehow more informative and hence the
estimation of the true parameter is more successful. As showed in Figure 4.11, this holds
true. Although the experiment duration and data amount are significantly higher, i.e.
63,362 seconds for 83,160 points, the parameter optimization is in average much faster,
with 154 seconds per iteration. This might be a symptom of a generally more convex
objective function and seemingly a success for the optimal input design. Let us define
µopt,2 the most common optimizer, indicated with the blue mark.

The analysis of the model error given by the proposed parameter confirms the quality of
such parameter: for the inputs u[2] and u[3] the relative error oscillates in the order of
10−3, while for the input u[4] the order of the relative error is 10−2. The numerical model
tuned with such parameter is therefore an accurate simulator of the battery cell taken into
consideration.

TEST 3

Trying to reduce the experiment duration, we end up with a time period of 6480 seconds
(108 minutes) and 216,002 time steps. The parameter optimization takes between 450 and
650 seconds, and in Figure 4.12 we can observe that the optimization results gravitate
around different local minima. With µopt,3 we have indicated the most common optimizer,
shown in Figure 4.12 with the blue mark.

This parameter produces accurate results for the data w[3], but accumulates a too high
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Figure 4.11: Results for Test 2. Top: bar plots of qualitative analysis of 100 parameter
estimations starting from randomized initial guess; the blue cross finds the
proposed parameter µopt,2; bottom: data, output and error generated by the
proposed parameter.

error in the higher voltage changes occurring in data observations w[2] and w[4], hence not
capturing very well the full range of battery cell dynamics.
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Figure 4.12: Results for Test 3. Top: bar plots of qualitative analysis of 100 parameter
estimations starting from randomized initial guess; the blue cross finds the
proposed parameter µopt,3; bottom: data, output and error generated by the
proposed parameter.

TEST 4

Including the experiment and data set of TEST 3, this test lasts for 14,199 seconds and
collects 223,727 time steps. Similarly to TEST 3, the optimization algorithm takes between
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300 and 600 seconds to converge. The results look definitely more certain and focus around
a single parameter vector µopt,4, marked in Figure 4.13 in blue.
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Figure 4.13: Results for Test 4. Top: bar plots of qualitative analysis of 100 parameter
estimations starting from randomized initial guess; the blue cross finds the
proposed parameter µopt,4; bottom: data, output and error generated by the
proposed parameter.



4.4. AN INDUSTRIAL APPLICATION 83

Comments on the accuracy of the optimizers
At a first glance, it seems that we cannot find a parameter to perfectly replicate the data.
This might depend on different factors; the most obvious consideration comes from the fact
that we are running simulations with a simplified numerical model with a reduced number
of active, unknown parameters, while the data is measured from real battery cells. It is
possible that adjusting a number of parameters which now are fixed (for example, the RK
parameters) we can generate outputs that resemble the data more closely.

On the bright side, we can make discuss the merits of the input design; it has in fact
helped the parameter estimation, because it has made it harder, or rarer, to fall in other
local optima. While it is possible that a better fitting parameter is hiding in another local
optimum, it is now highly unlikely.

It looks like the parameter inferred from Test 2, i.e., the longest experiment, is the one
better approximating the data. Test 4, which is over 4 times shorter also produces a
parameter that approximates well the real data dynamics. As usual, using more expensive
experiments produces data of better quality, while using shorter experiments might save
time by sacrificing some of the accuracy. We believe the main advantage of using the
input design algorithm is the enforcement of the well-posedness of the Hessian matrix
corresponding to the parameter optimization problem. The short optimization times might
be the best experimental benefit, as many optimization methods work very well with convex
problems.

The input design should be applied to more complex numerical models, able to accurately
represent the battery cell in all conditions: it can indeed happen that our single particle
model fails in settings chosen by the input design (for example, very high or very low state
of charge) where valuable information lies.

We can, of course, also argue that the parameter estimations has failed because the input
design was badly set up. We have selected inputs with very restricted shapes and lengths in
an arbitrary and intuitive way. For example, with longer current jumps, or longer pauses,
or in general longer experiment, the input design could have found the truly optimal
parameter. Of course, the possibilities of generalization are endless, and we encourage
future works to pursue better results.





Chapter 5

Conclusions and outlook

In this thesis, we have worked on two fronts. On the one side, we have further developed
and used reduced basis methods in the framework of trust region optimization algorithm.
Here we have worked at first with an abstract linear parabolic problem, and then with a
nonlinear parabolic-elliptic coupled system, where the complexity of the model has required
us to develop approximated hierarchical a-posteriori error estimates for the state variables
and the cost function. With these error bounds we have applied a trust region optimiza-
tion algorithm already studied and discussed in previous publications. We have, however,
showed qualitatively the effectivity of our approximated estimates and the positive impact
on the optimization results.

On the other hand, we have built a framework for the input design problem, motivated the
use of such field, and applied a pretty standard adaptive algorithm. Then, we have used
this algorithm on an actual industrial problem, and when we did so we realized that changes
in the design had to be made, hence exploring another design philosophy. The results of
the input design algorithm showed indeed the wanted results: by choosing a specific input,
or collection of inputs, we were able to better infer the underlying parameters.

Of course, the possibilities for extensions, generalizations, or steps forward are plentiful.
One theoretical achievement would be to exactly quantify the approximation error of the
hierarchical error estimation in order to obtain certified estimates.

Regarding the input design, one fundamental change would be to consider the Bayesian
design of experiment (see, e.g., [25, 3, 1] for Bayesian design of experiment for linear and
nonlinear problems). Although the nonlinearity complicates the theoretical framework of
Bayesian inference, it would be of interest to change the prospective into improving robustly
the statistical properties of the parameter distribution.

Moreover, we could certainly make progress on the industrial application. The main sim-
plification was the complexity of the approximated battery cell system and the number
of parameters. Generalizing the battery model, and enlarging the complexity dimension
would be beneficial for the estimation and optimization of real batteries, even though an
optimal input could result in a more complex experiment, with a much longer current
profile and of course a higher resource cost.
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The field of input/experimental design is a field that offers a valuable point of view in
the manage of resources. In a world where the ethic aspect of science appears more and
more important, a way of reducing the effort derived, for example, from time waste and
energy consumptions, is welcome. As such, we see the potential value of using the design
techniques in all the field that require the use of industrial and experimental setups.



Appendix A

Additional proofs

A.1 Existence of a minimizer for (P1) and optimality condi-
tions

In this section we will discuss existence of a minimizer for (2.2), and define the necessary
first-order optimality conditions. Following [31, Section 1.5.2], we consider the nonlinear
problem

min
(y,µ)∈Y×P

J(y,µ) subject to e(y,µ) = 0, µ ∈ Pad. (A.1)

We suppose

Assumption 4.

1. Pad ⊂ P is convex, bounded and closed, such that (A.1) has a feasible point.
2. J : Y×P→ R and e : Y×P→ Z∗ are continuously Fréchet differentiable and P,Y,Z

are Banach spaces.
3. For all µ ∈ V in a neighborhood V ⊂ P of Pad, the state equation e(y,µ) = 0 has a

unique solution y = yµ ∈ Y.
4. ey(yµ,µ) ∈ L(Y,Z∗) (namely the partial derivative of e w.r.t. y) has a bounded

inverse for all µ ∈ V ⊃ Pad.

Existence of the optimal solution (ȳ, µ̄) is given in [31, Theorem 1.45] as soon as Assump-
tion 4 is satisfied. In the rest of this section we will show how this assumption is satisfied
for the type of problem introduced in Chapter 2. We will not include the study for the
nonlinear system of Chapter 3, but it is similar. Let us furthermore mention that As-
sumption 4 is also used in [31, Corollary 1.3] to define necessary the first-order optimality
conditions and the adjoint equation that we have defined in this work.

Let us start by introducing an equivalent form (cf. [31, (1.66)]) for the abstract parabolic
evolution problem (2.2):∫ T

0
⟨yt(t), ϕ(t)⟩V ∗,V dt+

∫ T

0
aµ(y(t), ϕ(t)) dt =

∫ T

0
⟨fµ(t;u), ϕ(t)⟩V ∗,V dt

y(0) = y◦ in H
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for all ϕ ∈ L2(0, T ;V ). Let us also define the spaces Z := Z1×Z2 := L2(0, T ;V )×H, with
Z∗ ∼= L2(0, T ;V ∗) ×H =: Z∗

1 × Z∗
2, and the constraint operator e := (e1, e2) : X → Z∗ be

defined for every (y,µ) ∈ X as

⟨e(y,µ), (ϕ,ψ)⟩Z∗,Z = ⟨e1(y,µ), ϕ⟩Z∗
1,Z1

+ ⟨e2(y,µ), ψ⟩H

⟨e1(y,µ), ϕ⟩Z∗
1,Z1

=

∫ T

0

[
⟨yt(t), ϕ(t)⟩V ∗,V + aµ(y(t), ϕ(t))− ⟨fµ(t;u), ϕ(t)⟩V ∗,V

]
dt

⟨e2(y,µ), ψ
〉
H

= ⟨y(0)− y◦, ψ⟩H ⇐⇒ e2(y,µ) = y(0)− y◦ ∈ H.

The next propositions prove the Fréchet differentiability of e (which implies also continuity)
and the continuous invertibility of ey, hence falling in Assumption 4.

Proposition A.1. The operator e : X→ Z∗ is Fréchet differentiable.

Proof. Let xδ = (yδ,µδ) ∈ X be a given direction, and τ > 0. For every x = (y,µ) ∈ X,
(ϕ,ψ) ∈ Z and t ∈ [0, T ] f.a.a. we find:

1

τ

(
aµ+τµδ(y(t) + τyδ(t), ϕ(t))− aµ(y(t), ϕ(t))

)
=

1

τ

(
ma∑
l=1

ϑal (µ+ τµδ)âl(y(t) + τyδ(t), ϕ(t))−
ma∑
l=1

ϑal (µ)âl(y(t), ϕ(t))

)
=

ma∑
l=1

ϑal (µ+ τµδ)− ϑal (µ)
τ

âl(y(t), ϕ(t)) +
ma∑
l=1

ϑal (µ+ τµδ)âl(y
δ(t), ϕ(t))

τ→0−−−→
ma∑
l=1

∇µδϑal (µ)âl(y(t), ϕ(t)) +
ma∑
l=1

ϑal (µ)âl(y
δ(t), ϕ(t))

= ∇µδaµ(y(t), ϕ(t)) + aµ(y
δ(t), ϕ(t)), (A.2)

where ∇vf(x) = v · ∇f(x) is the directional derivative, and
1

τ

(
⟨fµ+τµδ(t;u), ϕ(t)⟩

V ∗,V
− ⟨fµ(t;u), ϕ(t)⟩V ∗,V

)
= ⟨

mf∑
l=1

ϑfl (µ+ τµδ)f̂l(t;u), ϕ(t)⟩V ∗,V − ⟨
mf∑
l=1

ϑfl (µ)f̂l(t;u), ϕ(t)⟩V ∗,V

=
mf∑
l=1

ϑfl (µ+ τµδ)− ϑfl (µ)
τ

⟨f̂l(t;u), ϕ(t)⟩V ∗,V

τ→0−−−→
mf∑
l=1

∇µδϑ
f
l (µ)⟨f̂l(t;u), ϕ(t)⟩V ∗,V = ⟨∇µδfµ(t;u), ϕ(t)⟩V ∗,V

. (A.3)

Hence, using (A.2) and (A.3) we get〈
1

τ

[
e(x+ τxδ)− e(x)

]
, (ϕ,ψ)

〉
Z∗,Z

τ→0−−−→
∫ T

0

[
⟨yδt (t), ϕ(t)⟩V ∗,V +∇µδaµ(y(t), ϕ(t)) + aµ(y

δ(t), ϕ(t))

− ⟨∇µδfµ(t;u), ϕ(t)⟩V ∗,V

]
dt+ ⟨yδ(0), ψ⟩H .
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Let us hence define e∗ := (e∗1, e
∗
2) : X→ Z∗ as

⟨e∗(x)xδ, (ϕ,ψ)⟩Z∗,Z := ⟨e∗1(x)xδ, ϕ⟩Z∗
1 ,Z1

+ ⟨e∗2(x)xδ, ψ⟩H

:=

∫ T

0

[
⟨yδt (t), ϕ(t)⟩V ∗,V +∇µδaµ(y(t), ϕ(t)) + aµ(y

δ(t), ϕ(t))

− ⟨∇µδfµ(t;u), ϕ(t)⟩V ∗,V

]
dt+ ⟨yδ(0), ψ⟩H .

for (ϕ,ψ) ∈ Z, x = (y,µ) ∈ Xad and xδ = (yδ,µδ). To prove that e∗ is the Fréchet
derivative of e, we consider:

⟨e(x+ xδ)− e(x)− e∗(x)xδ, (ϕ,ψ)⟩Z∗,Z

=

∫ T

0

[
aµ+µδ(y(t) + yδ(t), ϕ(t))− aµ(y(t), ϕ(t))−∇µδaµ(y(t), ϕ(t))− aµ(yδ(t), ϕ(t))

− ⟨fµ+µδ(t;u), ϕ(t)⟩
V ∗,V

+ ⟨fµ(t;u), ϕ(t)⟩V ∗,V + ⟨∇µδfµ(t;u), ϕ(t)⟩V ∗,V

]
dt

=

∫ T

0

[
ma∑
l=1

(
ϑal (µ+ µδ)− ϑal (µ)

)
âl(y

δ(t), ϕ(t))

+
ma∑
l=1

(
ϑal (µ+ µδ)− ϑal (µ)−∇µδϑal (µ)

)
âl(y(t), ϕ(t))

−
mf∑
l=1

(
ϑfl (µ+ µδ)− ϑfl (µ)−∇µδϑ

f
l (µ)

)
⟨f̂l(t;u), ϕ(t)⟩V ∗,V

]
dt.

(A.4)

Then, since the functions ϑal and ϑfl are continuously differentiable, the norms ∥∇ϑal ∥2 and
∥∇ϑfl ∥2 are bounded for any l, and there exist function hal and hfl with

lim
µδ→0

hal (µ+ µδ) = 0 and lim
µδ→0

hfl (µ+ µδ) = 0,

such that

ϑal (µ+ µδ)− ϑal (µ) = ∇µδϑal (µ) + hal (µ+ µδ)∥µδ∥2, for l = 1, . . . ,ma (A.5)

and

ϑfl (µ+ µδ)− ϑfl (µ) = ∇µδϑ
f
l (µ) + hfl (µ+ µδ)∥µδ∥2, for l = 1, . . . ,mf . (A.6)

Furthermore, we can write∣∣∇µδϑal (µ)
∣∣ ≤ ∥∇ϑal (µ)∥2∥µδ∥2 and

∣∣∣∇µδϑ
f
l (µ)

∣∣∣ ≤ ∥∇ϑfl (µ)∥2∥µδ∥2. (A.7)

From the continuity of âl for all l = 1, . . . ,ma we also get∫ T

0
|âl(yδ(t), ϕ(t))|dt ≤ ca

∫ T

0
∥yδ(t)∥V ∥ϕ(t)∥V dt ≤ ca∥y

δ∥Y∥ϕ∥L2(0,T ;V ) (A.8)

for all l = 1, . . . ,ma, yδ ∈ Y and ϕ ∈ Z1, where ca only depends on the continuity constants.
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Hence, using (A.5), (A.7) and (A.8) we get

1

∥xδ∥X
sup

∥(φ,ψ)∥Z=1

∣∣∣∣∫ T

0

[
ma∑
l=1

(
ϑal (µ+ µδ)− ϑal (µ)

)
âl(y

δ(t), ϕ(t))

]
dt

∣∣∣∣
≤ ca
∥xδ∥X

ma∑
l=1

(
∥∇ϑal (µ)∥2 + |h

a
l (µ+ µδ)|

)
∥µδ∥2 sup

∥(φ,ψ)∥Z=1
∥yδ∥Y ∥ϕ∥Z1

≤ ca
∥xδ∥X

ma∑
l=1

(
∥∇ϑal (µ)∥2 + |h

a
l (µ+ µδ)|

)
∥µδ∥2∥y

δ∥Y

≤ ca
∥xδ∥X

ma∑
l=1

(
∥∇ϑal (µ)∥2 + |h

a
l (µ+ µδ)|

) 1

2

(
∥µδ∥22 + ∥y

δ(t)∥2Y
)

≤ ca
∥xδ∥X

ma∑
l=1

(
∥∇ϑal (µ)∥2 + |h

a
l (µ+ µδ)|

) 1

2
∥xδ∥2X → 0 for ∥xδ∥X → 0. (A.9)

Here we have used the fact that the assumption on the differentiability of ϑal for all l =
1, . . . ,ma implies that ∥∇ϑal (µ)∥2 is bounded, that 1 = ∥(ϕ,ψ)∥Z =

√
∥ϕ∥2Z1

+ ∥ψ∥2H
implies ∥ϕ∥Z1

≤ 1 and that the limit ∥xδ∥X → 0 implies µδ → 0 and thus |hal (µ+ bmuδ)| →
0.

Similarly, we get

1

∥xδ∥X
sup

∥(φ,ψ)∥Z=1

∣∣∣∣∫ T

0

[
ma∑
l=1

(
ϑal (µ+ µδ)− ϑal (µ)−∇µδϑal (µ)

)
âl(y(t), ϕ(t))

]
dt

∣∣∣∣
≤ ca
∥xδ∥X

ma∑
l=1

(
|hal (µ+ µδ)|

)
∥µδ∥2 sup

∥(φ,ψ)∥Z=1
∥y∥Y ∥ϕ∥Z1

≤ ca
∥xδ∥X

ma∑
l=1

(
|hal (µ+ µδ)|

)
∥µδ∥2∥y∥Y → 0 for ∥xδ∥X → 0, (A.10)

since in the limit ∥xδ∥X → 0 we have ∥µδ∥2/∥xδ∥X → 1 and |hal (µ + µδ)| → 0. For the
same reason and using the continuity of f̂l(t;u) for l = 1, . . . ,mf and f.a.a. t ∈ [0, T ], we
have

1

∥xδ∥X
sup

∥(φ,ψ)∥Z=1

∣∣∣∣∫ T

0

[mf∑
l=1

(
ϑfl (µ+ µδ)− ϑfl (µ)−∇µδϑ

f
l (µ)

)
⟨f̂l(t;u), ϕ(t)⟩V ∗,V

]
dt

∣∣∣∣
→ 0 for ∥xδ∥X → 0.

(A.11)

Finally, using (A.4), (A.9), (A.10) and (A.11) we have

∥e(x+ xδ)− e(x)− e∗(x)xδ∥Z∗

∥xδ∥X
= sup

∥(φ,ψ)∥Z=1

⟨e(x+ xδ)− e(x)− e∗(x)xδ, (ϕ,ψ)⟩Z∗,Z

∥xδ∥X
→ 0

for ∥xδ∥X → 0, i.e. e is Fréchet-differentiable and its Fréchet derivative coincides with the
directional derivative derived above.
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Proposition A.2. Let x = (y,µ) ∈ Xad be a given point. Then, the operator ey(x) : Y→
Z∗ is continuously invertible.

Proof. For a given F ∈ Z∗ (that is, F := (F1, F2) ∈ L2(0, T ;V ∗) × H) the equation
ey(x)y

δ = F in Z∗ is equivalent to the variational formulation:
⟨yδt (t), ϕ⟩V ∗,V + aµ(y

δ(t), ϕ) = ⟨F1(t), ϕ⟩V ∗,V ∀ϕ ∈ V, a.e. in [0, T ], (A.12a)
yδ(0) = F2, in H. (A.12b)

As mentioned in Chapter 2, due to the properties of the bilinear form aµ, we can state that
(A.12) has a unique solution yδ ∈ Y for every µ ∈ Pad. Then, the energy estimate gives

∥yδ∥Y ≤ C∥F∥Z∗

for a constant C > 0. Since yδ = ey(x)
−1F ∈ Y holds, we can write:

∥ey(x)−1F∥Y ≤ C∥F∥Z∗ for any F ∈ Z∗,

which shows that the operator ey(x)−1 is bounded.

A.2 Sensitivity equations for the coupled model
Both in Section 3.4 and in Section 4.1.2 we make use of the sensitivity variables (called
sensitivities for simplicity), that quantify how state variables are impacted by the singular
model parameters. In particular, they are found as solutions of weak sensitivity equations,
obtained by deriving the state equations with respect to the parameters. In this section we
define and discretize the sensitivity equations for the nonlinear coupled model of Chapter 3.

For all 1 ≤ j ≤ d, the j-th sensitivities syj,µ ∈ Y and sqj,µ ∈ Q, respectively of y and q,
are the solution of the j-th weak sensitivity equations, obtained by differentiating the weak
state equations (3.5) with respect to µj :

d

dt
⟨syj,µ(t), ϕ

y⟩
H
+ ⟨gsy,jµ [yµ(t), qµ(t), s

y
j,µ(t), s

q
j,µ(t)], ϕ

y⟩
V ∗,V

= 0,

syj,µ(0) = 0 in H,

⟨gsq,jµ [yµ(t), qµ(t), s
y
j,µ(t), s

q
j,µ(t)], ϕ

q⟩
V ∗
◦ ,V◦

= 0,

for all ϕy ∈ V , ϕq ∈ V◦ and f.a.a. t ∈ (0, T ], where
⟨gsy,jµ [yµ(t), qµ(t), s

y
j,µ(t), s

q
j,µ(t)], ϕ

y⟩
V ∗,V

:= a1µ(s
y
j,µ(t), ϕ

y) +
∂

∂µj
a1µ(yµ(t), ϕ

y) + ⟨ ∂
∂µj

g1µ[yµ(t), qµ(t)], ϕ
y⟩V ∗,V

− µ2⟨g∂j [yµ(t), qµ(t), s
y
j,µ(t), s

q
j,µ(t)], ϕ

y⟩
H

and
⟨gsq,jµ [yµ(t), qµ(t), s

y
j,µ(t), s

q
j,µ(t)], ϕ

q⟩
V ∗
◦ ,V◦

:= a2µ(s
q
j,µ(t), ϕ

q) +
∂

∂µj
a2µ(qµ(t), ϕ

q) + ⟨ ∂
∂µj

g2µ[yµ(t), qµ(t)], ϕ
q⟩V ∗

◦ ,V◦

+ µ4⟨g∂j [yµ(t), qµ(t), s
y
j,µ(t), s

q
j,µ(t)], ϕ

q⟩
H
.
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The term g∂j is given as

⟨g∂j [yµ(t), qµ(t), s
y
j,µ(t), s

q
j,µ(t)], ϕ⟩H

:= ⟨∂yf(yµ(t), qµ(t))syj,µ(t), ϕ⟩H + ⟨∂qf(yµ(t), qµ(t))sqj,µ(t), ϕ⟩H ,

where ∂yf and ∂qf are the partial derivatives of f . The sensitivity equations are given
explicitly in Section A.2, where we also define the FE approximations sy,h,kj,µ and sq,h,kj,µ for
j = 1, . . . , 4 and k = 0, . . . ,K.

We now include the sensitivity equations for the coupled model, for j = 1, . . . , 4. For
simplicity, we hide the subscript µ for all variables.

d

dt
⟨sy1(t), ϕ

y⟩H + µ1â
1(sy1(t), ϕ

y) + â1(y(t), ϕy)

−µ2⟨∂yf(y(t), q(t))sy1(t), ϕ
y⟩H − µ2⟨∂qf(y(t), q(t))s

q
1(t), ϕ

y⟩H = 0,

sy1(0) = 0,

µ3â
2(sq1(t), ϕ

q) + µ4⟨∂yf(y(t), q(t))sy1(t), ϕ
q⟩H + µ4⟨∂qf(y(t), q(t))sq1(t), ϕ

q⟩H = 0.

d

dt
⟨sy2(t), ϕ

y⟩H + µ1â
1(sy2(t), ϕ

y)− ⟨ĝ[y(t), q(t)], ϕy⟩H
−µ2⟨∂yf(y(t), q(t))sy2(t), ϕ

y⟩H − µ2⟨∂qf(y(t), q(t))s
q
2(t), ϕ⟩H = 0,

sy2(0) = 0,

µ3â
2(sq2(t), ϕ

q) + µ4⟨∂yf(y(t), q(t))sy2(t), ϕ
q⟩H + µ4⟨∂qf(y(t), q(t))sq2(t), ϕ

q⟩H = 0.

d

dt
⟨sy3(t), ϕ

y⟩H + µ1â
1(sy3(t), ϕ

y)

−µ2⟨∂yf(y(t), q(t))sy3(t), ϕ
y⟩H − µ2⟨∂qf(y(t), q(t))s

q
3(t), ϕ

y⟩H = 0,

sy3(0) = 0,

µ3â
2(sq3, ϕ

q) + â2(y(t), ϕq)

+µ4⟨∂yf(y(t), q(t))sy3(t), ϕ
q⟩H + µ4⟨∂qf(y(t), q(t))sq3(t), ϕ

q⟩H = 0.

d

dt
⟨sy4(t), ϕ

y⟩H + µ1â
1(sy4(t), ϕ

y)

−µ2⟨∂yf(yµ(t), qµ(t))sy4(t), ϕ⟩H − µ2⟨∂qf(yµ(t), qµ(t))s
q
4(t), ϕ⟩H = 0,

sy4(0) = 0,

µ3â
2(sq4, ϕ

q) + ⟨ĝ[yµ(t), qµ(t)], ϕq⟩H
+µ4⟨∂yf(y(t), q(t))sy4(t), ϕ

q⟩H + µ4⟨∂qf(y(t), q(t))sq4(t), ϕ
q⟩H = 0,

where ⟨ĝ[yµ(t), qµ(t)], ϕ⟩H := ⟨f(yµ(t), qµ(t)), ϕ⟩H =
∫
Ω f(yµ(t, x), qµ(t, x))ϕ(x)dx.

The discretization is done following Section 3.2 on the FE spaces V h and V h
◦ and using

the implicit Euler scheme in time. Skipping the details, for j = 1, 2, 3, 4 we find coefficient
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vectors {sy,h,kj,µ }Kk=0 ⊂ RN+1 and {sq,h,kj,µ }Kk=0 ⊂ RN , solutions of

My

(
sy,h,kj,µ − sy,h,k−1

j,µ

)
+ µ1δAys

y,h,k
j,µ − µ2δGk

yys
y,h,k
j,µ

− µ2δGk
yqs

q,h,k
j,µ − δ cy,h,kj,µ = 0, k = 1, . . . ,K

sy,h,0j,µ = 0,

µ3Aqs
q,h,k
j,µ + µ4G

k
qy sy,h,kj,µ + µ4G

k
qq sq,h,kj,µ − cq,h,kj,µ , k = 0, . . . ,K,

where the matrices Gk are defined in (3.27), and

cy,h,k1,µ = −Ayy
h,k
µ , cq,h,k1,µ = 0,

cy,h,k2,µ = Myf
h
y (y

h,k
µ , qh,kµ ), cq,h,k2,µ = 0,

cy,h,k3,µ = 0, cq,h,k3,µ = −Aqq
h,k
µ ,

cy,h,k4,µ = 0, cq,h,k4,µ = −Mqf
h
q (y

h,k
µ , qh,kµ ).

Remark A.3. While for k = 0 and j = 1, 2, 3, 4 we just need to solve the linear system(
µ3Aq + µ4G

k
qq

)
sq,h,0j,µ = cq,h,0j,µ ,

for k = 1, . . . ,K and j = 1, 2, 3, 4, we can define and solve the (2N+1)-dimensional coupled
linear system M̃k

µz
k
j,µ = b̃kj,µ, where zkj,µ := (sy,h,k⊤j,µ , sq,h,k⊤j,µ )⊤,

M̃k
µ :=

[
My + µ1δAy − µ2δGk

yy −µ2δGk
yq

µ4G
k
qy µ3Aq + µ4G

k
qq

]
, and b̃kj,µ :=

[
Mys

y,h,k−1
j,µ + δcy,h,kj,µ

cq,h,kj,µ

]
.

♢

A.3 Real data plots
TEST 1
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Figure A.1: Input i (in Ampere) and data w (in Volt) for TEST 1.
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Figure A.1: Input i (in Ampere) and data w (in Volt) for TEST 1.
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Figure A.1: Input i (in Ampere) and data w (in Volt) for TEST 1.
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Figure A.2: Input i (in Ampere) and data w (in Volt) for TEST 2.
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