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Zusammenfassung

Tensorproduktzerlegung von Algebren ist bekanntermafsen in vielen F&l-
len nicht eindeutig. Wie hier gezeigt wird, hat aber eine additiv unzerleg-
bare, endlich-dimensionale C-Algebra A eine im wesentlichen eindeutige
Tensorfaktorisierung

A=41Q® - A,

in nicht-triviale, ®-unzerlegbare Faktoren A;. Damit ist der Halbring der
Isomorphieklassen endlich-dimensionaler C-Algebren ein polynomialer Halb-
ring N[X]. Der Korper C der komplexen Zahlen kann sogar durch einen
beliebigen Korper der Charakteristik Null ersetzt werden, wenn man sich
auf SCHURsche Algebren beschrénkt.

Abstract

Tensor product decomposition of algebras is known to be non-unique
in many cases. But, as will be shown here, an additively indecomposable,
finite-dimensional C-algebra A has an essentially unique tensor factoriza-
tion

A=41Q® - A,

into non-trivial, ®-indecomposable factors A;. Thus the semiring of iso-
morphism classes of finite-dimensional C-algebras is a polynomial semiring
N[X]. Moreover, the field C of complex numbers can be replaced by an
arbitrary field of characteristic zero if one restricts oneself to SCHURian
algebras.
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0 Einleitung

Eine natiirliche Zahl hat eine eindeutige Primfaktorzerlegung, wie wir alle wissen.
Auch gewisse Algebren haben eine eindeutige Zerlegung als Tensorprodukt von
nicht weiter zerlegbaren Algebren; dariiber berichten wir hier.

Bevor wir iiber Algebren sprechen, mochte ich eine &hnliche Geschichte iiber
Graphen erzihlen. Die Graphen, die wir betrachten, sind endliche, ungerichte-
te Graphen ohne Schlaufen und Mehrfachkanten. Tatsdchlich konnen Graphen
miteinander multipliziert werden: Dazu verwenden wir das kartesische Produkt
von Graphen 'y x T'y. Die Punktmenge des Produktgraphen ist das kartesische
Produkt der Punktmengen der Faktoren. Zwei Punkte darin, etwa (o, ) und
(61, B2), sind durch eine Kante verbunden genau, wenn entweder die zweiten Ko-
ordinaten gleich und die ersten Koordinaten in I'; verbunden sind (also ap = (o
und {ay, 61} € I'y) oder umgekehrt die ersten Koordinaten gleich und die zwei-
ten in I'y verbunden sind. Um das zu veranschaulichen, betrachten wir folgendes
Beispiel:

o—0—
coee o [ = 1]
o—— 00—

Zuerst zeichnen wir die neue Punktmenge und dann kopieren wir den ersten Fak-
tor in jede waagrechte Schicht und den zweiten Faktor in jede senkrechte Schicht.
Dieses Produkt ist nun (bis auf Isomorphie) assoziativ, kommutativ und es hat
ein neutrales Element: den trivialen Graphen, einen Punkt. Beziiglich dieses Pro-
duktes nennen wir einen Graphen X-unzerlegbar genau, wenn er nicht trivial ist
und (bis auf Isomorphie) keine echte Zerlegung besitzt. Mit anderen Worten: In
jeder Zerlegung eines x-unzerlegbaren Graphen in zwei Faktoren ist genau einer
trivial. SABIDUSSI (1960) hat gezeigt, daf tatséchlich jeder zusammenhéngen-
de Graph eine eindeutige Faktorisierung besitzt. (Mit Faktorisierung meinen wir
hier immer eine Produktzerlegung in unzerlegbare Faktoren. Eindeutige Fakto-
risierung bedeutet, daf die Faktoren einer solchen Zerlegung bis auf Reihenfolge
und Isomorphie eindeutig bestimmt sind.) IMRICH (1967) hat einen kurzen Be-
weis geliefert, den wir hier skizzieren. Wir beginnen mit einem Isomorphismus
zweier Produkte ['y x I'; und A; X Ay zusammenhidngender Graphen. Nun zeigt
sich, dak ein Teilgraph der Gestalt 'y X {as} auf einen Teilgraphen der Gestalt
A; x Ay abgebildet wird.

I x Iy — A x Ay
U U U
Iyox {ae} = Ay X Ay

Mit anderen Worten: Eine Schicht auf der linken Seite entspricht einem Rechteck
auf der rechten. Dazu beobachten wir zunéchst eine bemerkenswerte Eigenschaft
einer solchen Schicht: Ein Punkt auflerhalb der Schicht ist immer mit héchstens
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einem Punkt in der Schicht verbunden. Anders ausgedriickt: Wenn ein Punkt mit
zwei Punkten einer Schicht verbunden ist, so gehort er selbst dazu. Natiirlich ist
das genauso richtig fiir das Bild der Schicht auf der rechten Seite (also in A; x Ay).
Wir sammeln nun alle Spalten, die von diesem Bild getroffen werden, um A; zu
definieren, und alle Zeilen fiir Ay. Um zu zeigen, daf das Bild tatséchlich ein
Rechteck ist, miissen wir zeigen, dak jeder Punkt (A1, o) des Rechtecks Ay x A,
im Bild der Schicht liegt. Aber wir wissen zunéchst nur, daf ein Punkt in A; x{A\}
und ein Punkt in {\;} X Ay im Bild der Schicht liegen. Da I'; zusammenhéngend
ist, ist auch das Bild der Schicht zusammenhéngend. Wir kénnen also diese beiden
Punkte innerhalb des Bildes verbinden. Betrachten wir folgendes Beispiel:

(A1,A2)
e—o0 L.J/O\O
|
IV A =
N
N =
—_——
Ay

Darin bezeichnet das kleine Quadrat den Punkt (A1, Ay), mit dem wir anfangen,
die Punkte in der zugehorigen Spalte und Zeile sind durch einen doppelt gezeich-
neten Weg verbunden. Wir sehen zwei Punkte (als Kreise), die nicht selbst auf
dem Weg liegen, aber jeweils mit zwei seiner Punkte verbunden sind. Da der Weg
ganz zum Bild gehort, schlieflen wir mit Hilfe der obigen Schichteigenschaft, daf
diese zwei Punkte auch zum Bild der Schicht gehdéren. Aber jetzt ist der ausge-
suchte Punkt selbst mit diesen beiden Punkten verbunden. Darum liegt auch er in
der Schicht. Durch Induktion bekommt man mit dieser Idee die Rechteckaussage.

Nehmen wir nun zusétzlich an, daf alle Faktoren I'; und A; X-unzerlegbare
Graphen sind. Wir wollen zeigen, dafs die beiden Faktorisierungen tatséichlich
gleich sind (bis auf Reihenfolge und Isomorphie der Faktoren). Als Graph ist das
Bild der Schicht isomorph zu I';. Andererseits wissen wir, daf dieses ein Rechteck



ist, ein Produkt. Daher muf einer der beiden Faktoren trivial sein. Sagen wir,
A sei gerade der Einpunktgraph {f,}. Dann ist das Schichtbild enthalten in der
Schicht Ay x {#2}. Aber diese bildet — mutatis mutandis — auf der linken Seite
ein Rechteck. Weil auch A; x-unzerlegbar ist, ist dieses Rechteck in einer Schicht
enthalten. Aber es enthilt ja bereits die Schicht I'; x {as }. Das kann aber nur sein,
wenn Gleichheit vorliegt. Also ist A; gleich A;. Die Schicht I'; x {ay} links ist
damit isomorph zur Schicht A; x {f3;} rechts. Also gilt I'; ~ A;. Entsprechend
erhalten wir 'y, ~ A,. (Beachte, dak eine [';-Schicht jetzt nicht auf eine A;-
Schicht abgebildet werden kann, da eine waagrechte und eine senkrechte Schicht
sich in genau einem Punkt treffen.) Damit ist der betrachtete Fall erledigt. Der
allgemeine Fall von SABIDUSSIs Satz kann mit den gleichen Ideen gezeigt werden.
Soviel zu Graphen, wenden wir uns nun Algebren zu.

Alle hier betrachteten Algebren sind endlich-dimensionale, assoziative k-Al-
gebren mit Eins. Man denke zum Beispiel an volle Matrixalgebren, oder an
endlich-dimensionale Quotienten von Polynomalgebren. Nicht nur Graphen kann
man multiplizieren: Fiir Algebren verwenden wir das Tensorprodukt von Alge-
bren A; ® A,y. Das ist die folgendermafien erkliarte Algebra: Wir versehen das
Tensorprodukt der unterliegenden Vektorrdume mit dem Produkt, das zerfallen-
de Tensoren koordinatenweise multipliziert, | ® aj - a; ® as = dfa; ® abay. Die
Faktoren A; konnen wir stets als Unteralgebren von A; ® A, auffassen, etwa fiir
t = 1 vermoge a — a ® 1. Auch dieses Produkt von Algebren verhilt sich gut:
es ist (bis auf Isomorphie) assoziativ, kommutativ und es hat ein neutrales Ele-
ment: die triviale Algebra, welche einfach der Grundkdérper ist. Wir nennen eine
Algebra ®-unzerlegbar genau, wenn sie nicht trivial ist und (bis auf Isomorphie)
keine echte Zerlegung besitzt. Mit anderen Worten: In jeder Zerlegung einer ®-
unzerlegbaren Algebra in zwei Faktoren ist genau einer der beiden trivial. Fiir
volle Matrixalgebren driickt das Tensorprodukt die altbekannte Tatsache aus,
dak man pg-reihige Matrizen blockweise multiplizieren kann, indem man sie als
p-reihige Matrizen auffalit, deren Eintrige g-reihige Matrizen sind.

kpXP ® quq ~ kpqqu.

Ein anderes einfaches Beispiel ist folgendes: Wir tensorieren einen endlich-dimen-
sionalen Quotienten einer reellen Polynomalgebra mit dem Koérper der komplexen
Zahlen. Dann bekommen wir den entsprechenden Quotienten der komplexen Po-
lynomalgebra:

RTl/ () © C=CT]/(f)-

Daraus ergibt sich unmittelbar, daf wir keine eindeutige Faktorisierung fiir be-
liebige Algebren erwarten konnen: Setze f = T2 + 1. Dann ist die linke Seite
C ® C, wahrend die rechte nach dem Chinesischen Restsatz C @ C ist. Nochmal
umgeschrieben erhalten wir einen Isomorphismus zweier Tensorzerlegungen:

CeC~(RoR)®C.
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Alle Faktoren sind ®-unzerlegbar, weil ihre Vektorraumdimensionen alle 2 sind
(also prim). Nun ist C ein Korper, wiahrend R & R noch nicht einmal eine Di-
visionsalgebra ist. Also sind die beiden Zerlegungen wesentlich verschieden. Um
Schwierigkeiten dieser Art aus dem Wege zu gehen, setzen wir von nun an voraus,
daf der Grundkérper k£ der Korper C der komplexen Zahlen ist.

Natiirlich ist das Tensorprodukt nicht nur wegen seiner Allgegenwart in der Al-
gebra wichtig, sondern auch wegen seiner engen Beziehung zum direkten Produkt
geometrischer und topologischer Strukturen. Das ist besonders deutlich in der al-
gebraischen Geometrie beim Ubergang von einer affinen algebraischen Varietit zu
ihrem Koordinatenring. Natiirlich sind diese Algebren in der Regel nicht endlich-
dimensional. Ein anderes Beispiel kommt aus der Topologie, wenn man von topo-
logischen Rdumen mit endlich-dimensionalem, kommutativem Kohomologie-Ring
mit Korperkoeffizienten zu eben diesem Kohomologie-Ring iibergeht. Aber ande-
rerseits haben diese Algebren typischerweise zusitzliche Struktur wie Kommuta-
tivitdt oder eine Graduierung.

Auch durch eine topologische Frage angeregt, haben BODY & DOUGLAS
(1979) ein erstes Ergebnis iiber eindeutige Faktorisierung erhalten. Mit einer sehr
eleganten Methode haben sie eindeutige Faktorisierung fiir graduierte, lokale Al-
gebren gezeigt. Wir deuten die wesentlichen Schritte ihres Beweises an. Zunéchst
bemerken wir, dak die Automorphismengruppe einer endlich-dimensionalen Al-
gebra eine lineare algebraische Gruppe ist. In der Automorphismengruppe einer
graduierten Algebra B = P, B® finden wir wie folgt immer einen eindimensio-
nalen Untertorus. Zu A € C* definiert die Zuordnung > 0® = > A® einen
Automorphismus der Algebra B. Betrachten wir ein Tensorprodukt A von s gra-
duierten Algebren B;, so finden wir s unabhingige eindimensionale Tori, die zu-
sammen einen s-dimensionalen Untertorus der Automorphismengruppe von A
aufspannen. Nehmen wir an, wir haben zwei Tensorzerlegungen einer Algebra A,
deren Faktoren wir vermoge der natiirlichen Einbettungen als Unteralgebren von
A verstehen,

Bi®---®B, = C1®---®C,

S T

mit Tori S und 7 in der Automorphismengruppe von A. (Also, S ~ (C*)%,
T ~ (C*)'.) Es zeigt sich, da die beiden Zerlegungen genau dann iibereinstim-
men, wenn die Tori gleich sind. Sind alle Faktoren ®-unzerlegbar, dann geniigt
es sogar, dafs die Tori S und 7 vertauschen! Nun sagt ein klassisches Ergebnis
von BOREL, daf maximale Tori in einer linearen Gruppe konjugiert sind. Erwei-
tern wir also S und 7" zu maximalen Tori. Durch eine Konjugation kénnen wir
nun erreichen, da diese gleich sind. (Das bedeutet, daf wir eine der Zerlegun-
gen durch eine isomorphe ersetzen.) Aber jetzt sind die beiden Tori S und 7 in
diesem maximalen Torus enthalten. Da dieser eine kommutative Gruppe ist, ver-
tauschen die Tori, und die Zerlegungen sind gleich. Das beweist schon den Satz.



Wihrend diese Methode nicht auf endlich-dimensionale Algebren beschriankt ist,
ist es sehr wichtig, dak wir Graduierungen haben. Die Automorphismengruppe
einer beliebigen lokalen Algebren enthilt typischerweise iiberhaupt keinen nicht-
trivialen Untertorus.

Mit einer sehr viel elementareren Methode hat HORST (1987) eindeutige Fak-
torisierung fiir beliebige lokale Algebren gezeigt. Das Herzstiick ihres Beweises
ist eine Verfeinerungseigenschaft. Beginnen wir mit einem Isomorphismus zwei-
er Produkte B; ® By und C; ® Cs. Die Algebren C}; sind natiirlich in C; ® Cs
eingebettet. Aber wir haben auch Projektionen. Weil By eine lokale Algebra ist
und der Grundkorper C algebraisch abgeschlossen, ist der Quotient der Algebra
By nach ihrem maximalen Ideal gerade die triviale Algebra C. Das liefert uns
eine Projektion By — C, by — by. Tensorieren wir diese mit B;, so bekommen
wir eine Projektion B; ® By — By, die einen zerfallenden Tensor b; ® b, auf boby
abbildet. Wir haben also:

Cy
-~ e
Bl X B2 — 01 (34 02
e AN
Bl Cl

In B; kénnen wir nun die Bilder B;; von C; betrachten. Es ist leicht zu sehen,
dak diese Algebren Bj; und Bis zusammen Bj als Algebra erzeugen. (Natiirlich
erzeugen C und Cs ihr Tensorprodukt C; ® C5. Und die Projektion By @ By —
B; ist surjektiv. Also kann jedes Element von B; durch Elemente ausgedriickt
werden, die aus C; oder C5 stammen.) Das bedeutet, daf der Morphismus

- Bi1®Bi, — By,
bi1 ® big —— byy - byo,

surjektiv ist. Nicht so leicht zu sehen ist, daf er sogar ein Isomorphismus ist.
Mit anderen Worten: Die Zerlegung C; ® Cs induziert eine Zerlegung von Bj.
Entsprechend bekommen wir Zerlegungen der anderen Faktoren By, C; und Cs.
Nun sind beide Seiten in je vier Faktoren zerlegt: B;; links und Cj; rechts. Zu-
satzlich kann man B;; ~ C}; zeigen. Also haben wir tatsichlich eine gemeinsame
Verfeinerung der gegebenen Zerlegungen gefunden. Und daraus folgt natiirlich
eindeutige Faktorisierung.

Diese Methode 1aft mehr Spielraum fiir Verallgemeinerungen. Um den Multi-
plikationsmorphismus p zu formulieren, brauchen wir nur, daf By lokal ist. Wir
diirfen also hoffen, daft p sogar dann noch ein Isomorphismus ist, wenn die an-
deren Algebren nicht mehr lokal sind. Wenn wir nur @-unzerlegbare Algebren
betrachten, ist das tatsédchlich wahr.
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Proposition FEs sei By ® By «+ (] ® Cy ein Isomorphismus @-unzerlegbarer
Algebren und B, sei lokal. Dann ist der natiirliche Morphismus

1By ® Big — By

ein Isomorphismus.

Diese Erweiterung von HORSTs Satz ist ein Kernstiick des Beweises des folgenden
Ergebnisses.

Satz FEine @-unzerlegbare Algebra hat eine eindeutige Faktorisierung.

Die folgende strukturelle Version zeigt, warum nicht jede Algebra eine eindeutige
Faktorisierung hat, obwohl der Grundkoérper C ist. Betrachten wir den Halbring
U aller Isomorphieklassen von Algebren. Die Operationen sind induziert durch
direkte Summe und Tensorprodukt.

Korollar Der Halbring U ist ein Polynomhalbring N[X] iiber der Menge X der
Isomorphieklassen {®, ®}-unzerlegbarer Algebren.

Nach dem Satz von GAUSS ist Z[X] ein faktorieller Ring. Aber schon der Poly-
nomhalbring N[T] in einer Unbestimmten ist nicht mehr faktoriell. (Siehe Exam-
ple A.1.)

Zum Beweis des Satzes brauchen wir ein Werkzeug, um zu messen, wie nicht-
lokal eine Algebra ist. Der Graph A(A) einer Algebra A tut das. Er hat folgende
Eigenschaften:

e Zuerst charakterisiert er (fast) lokale Algebren: Die Algebra A ist (fast)
lokal genau dann, wenn ihr Graph A(A) trivial ist.

e Und die Algebra A ist @-unzerlegbar genau, wenn der Graph zusammen-
héngend ist.

e Der Graph verhilt sich gut im Zusammenhang mit dem Tensorprodukt:
A(Al X AQ) ~ A(Al) X A(AQ)
Das Produkt auf der rechten Seite ist das kartesische Produkt von Graphen.

e Zu jedem Teilgraphen A des Graphen A(A) kann man eine eingeschréinkte
Algebra A | A finden so, dafl ihr Graph A(A | A) bijektiv auf den Teil-
graphen A bezogen ist. Unter Mifachtung der Eins kann man die Algebra
A | A als Unteralgebra von A betrachten.

e Auch die Einschriankung vertrigt sich gut mit den Produkten:

(A1 ® Ag) J, (A1 X Ag) ~ (A1 J, Al) & (A2 \L AQ)



o Auflerdem gilt A | A(A) ~ A.

Mit Hilfe dieser Eigenschaften skizzieren wir nun den ersten Schritt im Beweis
des Satzes. Wir beginnen wieder mit einem Isomorphismus zweier Produkte von,
diesmal, @-unzerlegbaren Algebren B;, C; mit nicht-trivialen Graphen:

Bl®B2;)01®02

Der Einfachheit halber seien die Faktoren zusitzlich ®-unzerlegbar. An diesem
Punkt kénnen wir nicht ohne weiteres HORSTs Idee verwenden, die Zerlegung C',®
Cs nach B; zu projizieren, da Bs hier ganz bestimmt nicht lokal ist. Wenn wir aber
den Graphen berechnen, bekommen wir einen Isomorphismus von Graphen und
wie in IMRICHs Beweis konnen wir eine Schicht auf der linken Seite betrachten.

Die Graphen sind zusammenhingend, also bekommen wir rechts ein Rechteck
A1 X AQ.

A(B)) x A(By) —=— A(C)) x A(Cy)
U U U
A(By) x  {B} — A X Ay

Im Unterschied zu vorher konnen wir nicht annehmen, daf die Schicht ein x-un-
zerlegbarer Graph ist. (Jeder Graph ist namlich (bis auf Isomorphie) Graph einer
®-unzerlegbaren Algebra.) Wir miissen damit auskommen, daf B; ®-unzerlegbar
ist. Aber mit der Einschrénkung bekommen wir erneut einen Isomorphismus von
Algebren:

Bi® (B2l B2) —— (C1 L A1) ® (C2 L Ag).

Beachte, daf links die Algebra B; selbst erscheint! Fiir diese Gleichung konnen
wir nun viel eher die Proposition anwenden. Die Algebra By | (2 hat ndmlich den
trivialen Graphen {f,} und ist daher (fast) lokal.

Wenn nun der Satz schon bewiesen wire, wiirden wir bekommen, daf einer
der Faktoren auf der rechten Seite lokal ist: Zerlege alle auftretenden Algebren in
unzerlegbare Faktoren. Links finden wir genau einen nicht-lokalen Faktor, namlich
B;. Also muf er auch rechts genau einmal auftauchen. Mit anderen Worten: B ist
Faktor einer Algebra C; | A;. Die andere ist dann ein Produkt lokaler Algebren,
also lokal. Und der zugehorige Graph wire ein Punkt.

Nun betrachten wir zuerst den Fall, daf die Algebra Bs | (5 sogar trivial ist,
also der Grundkorper. Dann steht auf der linken Seite die ®-unzerlegbare Algebra
B, und auf der rechten ein Produkt. Also ist einer der Faktoren C; | A; trivial
und der zugehorige Graph A; ein Punkt. (Der Graph des Grundkorpers C ist ein
Punkt, weil C lokal ist.) Im Fall, dal B, | 3, lokal ist, wenden wir die Proposition
an: Die Projektion des Produktes rechts liefert eine Zerlegung von B; mit, ferner,
zugehoriger Graphzerlegung A; x Ay (jedenfalls was die Punktmengen betrifft).
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Aber B; hat keine echte Zerlegung. Daher ist einer der Faktoren trivial und der
entsprechende Graph A; ein Punkt. Der allgemeine Fall schlieflich kann mit Hilfe
der eindeutigen Primfaktorzerlegung natiirlicher Zahlen auf den vorigen zuriick-
gefithrt werden. In jedem Fall ist ein A; ein Punkt, sagen wir Ay = {7,}. Wie in
IMRICHS Beweis wiederholen wir die Argumentation von der anderen Seite, um
A; = A(C}) zu bekommen. Als Ergebnis sieht der eingeschriankte Algebreniso-
morphismus nun so aus:

B, ® (B | ) —— 01 ® (Ca | 7).

Wir haben jetzt auf beiden Seiten ein Produkt aus einer ®-unzerlegbaren, nicht-
lokalen Algebra und einer lokalen Algebra. Mit Hilfe der Proposition kann man
daraus B; ~ C] schlieflen.

Die Festlegung auf den Grundkoérper C ist tatsdchlich etwas zu drastisch.
Alle Beweise funktionieren auch fiir einen beliebigen Kérper der Charakteristik
Null, vorausgesetzt wir beschrinken uns auf sogenannte SCHURsche Algebren.
Nach dem Satz von WEDDERBURN ist der Quotient einer Algebra nach ihrem
Radikal eine Summe von Matrixalgebren iiber Divisionsalgebren. Eine Algebra
ist SCHURsch, genau wenn jede dieser Divisionsalgebren trivial ist:

A/rad A ~ @ Enixni

Sogar fiir Koérper endlicher Charakteristik erlaubt noch eine grofe Klasse von
Algebren eindeutige Faktorisierung. Dafiir ist es wichtig, HORSTs Methode und
die Proposition zu vermeiden, denn diese versagen definitiv in endlicher Charak-
teristik. (Siehe Example A.5.)

Zum Abschluf soll noch gesagt werden, dal der Satz einige seiner Vorgén-
ger einschliefit: Da ein Faktor einer lokalen Algebra wieder lokal ist, erhalten wir
HORSTs Satz iiber eindeutige Faktorisierung lokaler Algebren. Auch SABIDUSSIs
Satz iiber eindeutige Faktorisierung von Graphen kann man wieder zuriickbekom-
men. Wenn man noch bemerkt, daf eine volle Matrixalgebra C"*™ durch ihren
Rang n wiirdig vertreten wird, auch was Produkte angeht, dann bekommen wir
sogar die eindeutige Primfaktorzerlegung natiirlicher Zahlen wieder zuriick.



0 Introduction

A natural number has a unique prime factor decomposition, as we all know. Also
certain algebras can be written uniquely as a tensor product of indecomposable
factors; this is what we report here.

Before we start talking about algebras, I will tell you a similar story about
graphs. The graphs considered here are just finite, undirected graphs without
loops or multiple edges. In fact, graphs can be multiplied: We use the cartesian
product of graphs 'y x I'y. The vertex set of the product graph is the cartesian
product of the vertex sets of the factors. Two vertices, say (a1, @) and (81, 52),
then are joined by an edge iff either the second coordinates are equal and the
first coordinates are joined by an edge in I'; (ie. ap = 5 and {1, 1} € ['y) or,
vice versa, the first coordinates are equal and the second coordinates are joined
by an edge in I's. To illustrate this look at the following example:

o——o—©0
e = T
o—o—©

First, we draw the new vertex set. Then, we copy the first factor in each horizontal
slice and the second factor in each vertical slice. This is a nice product: It is (up to
isomorphism) associative, commutative and it has a neutral element: the trivial
graph, a point. With respect to this product, we call a graph x-indecomposable
iff it is not trivial and it has (up to isomorophism) no proper decomposition.
In other words: In each decomposition of a x-indecomposable graph into two
factors, exactly one of them is trivial. SABIDUSSI (1960) showed that a connected
graph indeed has a unique factorization. (By a factorization we always mean a
product decomposition into indecomposable factors. Unique factorization means
that the factors of such a decomposition are uniquely determined up to order and
isomorphism.) IMRICH (1967) provides us with a short proof that can be sketched
here. We start with an isomorphism of two products I'; x I'y and A; x Ay of
connected graphs. Now it turns out that a subgraph of the form I'; x {as} is
mapped to a subgraph of the form A; x Aj.

' x Iy ;) Al X AQ
U U U
I x {ow} —— A x Ay

In other words, a horizontal slice on the left corresponds to a rectangle on the
right. Therefore, we first observe a remarkable property of such a slice: A vertex
outside the slice always is joined to at most one vertex in the slice. In other
words, if a vertex is joined to two vertices of a slice, then it belongs itself to the
slice. Of course, this now is true as well for the image of the slice on the right (ie.
in Ay x Ay). We collect all columns that are hit by the image to define A; and
all hit rows to define Ay. In order to prove that the image is indeed a rectangle,
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/x/\/ /\ _ /

we have to show that any vertex (A1, A2) in the rectangle A; X A, is in the image
of the slice. But we only know that some vertex in A; x {2} and some vertex
in {A1} X Ay belong to the image. Now, since I'y is connected, so is the image
of the slice. Hence these two vertices can be connected by a path in the image.
Consider the following example:

(A1,A2)
N T o T~
]
1 W ]
BEEN
o oo~ o e
—_——
Ay

Herein, the small square indicates the vertex (A;, Ay) we start with, the vertices in
the row and the column are connected by a double line path. We see two vertices
(marked as circles) which are not on the path but which are each joined to two
of its vertices. Since the path belongs entirely to the image, we infer, using the
above slice property, that these two vertices are as well in the image of the slice.
But now the chosen vertex is joined to these two vertices. Hence it is also in the
slice. Using induction this idea proves the rectangle statement.

Now, suppose additionally that all the factors I'; and A; are x-indecompos-
able graphs. We want to show that the two factorizations are in fact the same
(up to order and isomorphism of the factors). As a graph the image of the slice
is isomorphic to I';. Thus it is a x-indecomposable graph. On the other hand,
we know that it is a rectangle, a product. Thus one of the factors A; must be
trivial. Say, Ao is just the point {32}. Thus the slice image is contained in the
slice Ay x {f2}. But this forms — mutatis mutandis — a rectangle on the left.
Since A; is also x-indecomposable, the rectangle is contained in a slice. But
it already contains the slice Iy x {as}. This is only possible if equality holds.
Thus A; is equal to A;. The slice I'; X {as} on the left is thus isomorphic to the
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slice Ay x {32} on the right. Hence we have I'; ~ A;. Analogously, we obtain
Iy ~ Ay. (Note that a ['y-slice cannot be mapped to a A;-slice anymore, since a
horizontal and a vertical slice intersect in exactly one point.) This completes the
considered case. The general case of SABIDUSSI’s theorem can be proved with
the same idea. Well, so much about graphs. Let us turn to algebras.

All algebras considered here are finite-dimensional, associative k-algebras with
a unit. For example, think of full matrix algebras £"*", or of finite-dimensional
quotients of polynomial algebras. Not only graphs can be multiplied: For alge-
bras we use the tensor product of algebras A; ® As. This is the algebra defined as
follows: Endow the tensor product of the underlying vector spaces with the prod-
uct that multiplies split tensors component-wise, a} @ ab, - a1 ® as = a1 ® ayas.
The factors A; can always be viewed as subalgebras of A; ® A,, for example in
case 1 = 1 via a — a ® 1. This product of algebras also behaves well: It is (up to
isomorphism) associative, commutative, and it has a neutral element: the trivial
algebra, which is just the ground field k. We call an algebra ®-indecomposable ift
it is not trivial and has (up to isomorphism) no proper decomposition. In other
words: In each decomposition of a ®-indecomposable algebra into two factors
exactly one of the factors is trivial. For matrix algebras the tensor product ex-
presses the well known fact that we can multiply pg X pg-matrices block-wise by
interpreting them as p X p-matrices whose entries are ¢ x g-matrices:

kPXP ® quq ~ kPqXPq.

Another simple example is as follows: We tensor a finite-dimensional quotient of a
real polynomial algebra with the field of complex numbers, both regarded as real
algebras. Then we obtain the corresponding quotient of the complex polynomial
algebra:

R[Tl/(f) © C=CT]/(f).

This immediately shows that we cannot expect tensor factorization to be unique
for arbitrary algebras: Take f = 7% + 1. Then the left hand side is C ® C while
the right-hand side is C @ C by the Chinese Remainder Theorem. Rewriting
again, we obtain isomorphism of two tensor decomposition:

CeC~RoR)®C

All the factors are ®-indecomposable, since their vector space dimensions are all
2 (hence prime). While C is a field, R @ R is not even a division algebra. Thus
the two factorization are essentially different. To circumvent difficulties of this
kind, from now on, we suppose that the ground field k is the field C of complex
numbers.

Of course, the tensor product is not only important due its omni presence in
algebra, but also because of its strong connection to the direct product of geo-
metric or topological structures. This is very clear in algebraic geometry, when
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we pass from an affine algebraic variety to its coordinate ring. Of course, these
algebras are usually not finite-dimensional. Another example comes from topol-
ogy, when passing from topological spaces with finite-dimensional, commutative
cohomology algebra with field coefficients to this cohomology algebra. But on the
other hand, these algebras typically have additional structure like commutativity
or a grading.

Also inspired by a topological question, a first result on unique factorization of
algebras was obtained by BODY & DOUGLAS (1979). By a very elegant method
they showed unique factorization for graded, local algebras. We indicate the
major steps of their proof. First, note that the automorphism group of a finite-
dimensional algebra is a linear algebraic group. Now, given a graded algebra B =
D, B we always find a one-dimensional subtorus in its automorphism group as
follows. For A € C*, the assignment Y b® s S~ A\b® defines an automorphism
of the algebra B. Considering a tensor product A of s graded algebras B;, we
find s independent one-dimensional subtori spanning an s-dimensional subtorus
S of the automorphism group of A. Suppose we have two tensor decompositions
of an algebra A, whose factors we consider as subalgebras of A by the natural
embeddings,

Bi®---®Bs = (1®---QC,

S T

with tori S and 7" in the automorphism group of A. (Thus, S ~ (C*)*, T ~
(C*)!) Tt turns out that the two decompositions coincide iff the tori are equal.
If all factors are ®-indecomposable, then it is even sufficient that the tori S and
T commute! Now, a classical result of BOREL states that mazimal tori in a
linear group are conjugate. So embed S and T in maximal tori. By applying a
conjugation we can then assume that these maximal tori are equal. (This means
that we replace one of the decompositions by an isomorphic one.) But now both
tori, S and 7', are contained in this maximal torus. Since this is a commutative
group, the tori commute, and the decompositions coincide. This already proves
the theorem. While this method is not restricted to finite-dimensional algebras,
it is very important that we have a grading. Arbitrary local algebras typically
admit no non-trivial torus at all in their automorphism group.

Using a much more elementary method HORST (1987) proved unique factor-
ization for arbitrary local algebras. The heart of her proof is a refinement prop-
erty. Suppose we have an isomorphism of two products B; ® B, and C; ® Cy. The
algebras C} are naturally embedded in C; ® C5. But we also have projections.
Since Bs is a local algebra and the ground field C is algebraically closed, the quo-
tient of By by its maximal ideal is the trivial algebra C. This gives us a projection
By, — C, by, — by. Tensoring this with B; yields a projection B; ® B, — B,
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mapping a split tensor b; ® by to boby. Thus we have:

Co
-~ e
Bi®@ By ~——— 1 ® (s
pd AN
B, C1

In B; we can now consider the images B;; of C;. It is easy to see that these
algebras Bj; and Bis together generate B; as an algebra. (Clearly, C; and Cs
generate their tensor product C; ® Cy. And the projection B; ® By — B is
surjective. Thus any element of B; can be expressed by elements stemming from
C; and C5.) This means that the morphism

- Bi1® B, — By,
bi1 ® big —— by - byo,

is surjective. It is not so easy to see, that it is even an isomorphism. In other
words: The decomposition C; ® C5 induces a decomposition of B;. Likewise, we
obtain decompositions of the other factors By, C; and C5. Now, both sides are
decomposed into four factors: B;; on the left and C}; on the right. Additionally,
it can be shown that B;; ~ Cj;. Thus we have indeed found a common refinement
of the given decompositions. And this implies of course unique factorization.

This method leaves more space for generalizations. In order to formulate the
multiplication morphism p, we only need that Bs is local. Thus we can hope
that p is still an isomorphism even if the other algebras are not local. If we only
consider @-indecomposable algebras, this is indeed true.

Proposition Suppose that B; ® By < C ® Cy is an isomorphism of &-inde-
composable algebras and Bs is local. Then the natural morphism

w: B ® Big — By

is an isomorphism.

This extension of HORST’s theorem is a main item in the proof of the following
result.

Theorem A @-indecomposable algebra has a unique factorization.

The following structural version shows why even with ground field C we do not
have unique factorization for arbitrary algebras. Consider the semiring U of all
isomorphism classes of algebras. Its operations are induced by direct sum and
tensor product of algebras.
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Corollary The semiring U is a polynomial semiring N[X| over the set X of
isomorphism classes of {®, ® }-indecomposable algebras.

By GAuss’s Theorem Z[X] is a factorial ring. But already the polynomial semi-
ring N[7'] in one variable is not. (See Example A.1.)

For the proof of the theorem, we need a tool to measure the ‘non-localness’
of an algebra. The graph A(A) of an algebra A does this. It has the following
properties:

e First, it (almost) characterizes local algebras: The algebra A is (almost)
local iff its graph A(A) is trivial.

e And the algebra A is @-indecomposable iff its graph A(A) is connected.
e The graph behaves well with respect to the tensor product:
A(A; ® Ag) ~ A(Ar) x A(A,).
The product on the right is the cartesian product of graphs.

e To each subgraph A of the graph A(A), one can associate a restricted
algebra A | A such that its graph A(A | A) is bijectively related to the
subgraph A. Up to the unit, the algebra A | A can be viewed as a subalgebra
of A.

e The restriction also behaves well with respect to the products:

(A1 ® Ag) | (A1 X Ag) =~ (A1 L A1) @ (A2 | Ag).

e Furthermore, A | A(A) ~ A.

Using these properties, we are going to sketch the first step of the proof of the
theorem. Again, we start with an isomorphism of two products of, this time, ©-
indecomposable algebras B;, C'; with non-trivial graphs:

Bi® By —— 1 ®C,

For simplicity, we additionally suppose that the factors are also ®-indecompos-
able. At this point, we cannot simply use HORST’s idea to project the decompo-
sition C7 ® Cy to By, since Bs is definitely not local here. But, calculating the
graph, we get an isomorphism of graphs and, as in IMRICH’s proof, we consider a
slice on the left. The graphs are connected, hence on the right this slice becomes
a rectangle A; x A,.

A(By) x A(By) —=— A(C)) x A(Cy)
U U U
A(By) x  {B} —— A X Ay
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Unlike above, we cannot assume here that the slice is a x-indecomposable graph.
(In fact, every graph occurs (up to isomorphism) as the graph of some ®-inde-
composable algebra.) So we must content ourselves with the fact that B; is ®-
indecomposable. Using the restriction we again obtain an isomorphism of alge-
bras:

~

B, ® (By | B2) —— (C1 L A1) ® (Cy | Ay).

Note that on the left the algebra Bj itself occurs! This equation now is much
more likely to be plugged into the Proposition. Observe that the algebra B, | (o
has the trivial graph {f2} and is thus (almost) local.

If the Theorem was already proved, we would find that one of the factors on
the right is local: Decompose all algebras appearing in the isomorphism into ®-
indecomposable factors. On the left, there is exactly one non-local (prime) factor,
namely B;. Thus it must appear exactly once on the right. In other words, B;
is a factor of one C; | A;. The other then is a product of local algebras and thus
local. And the corresponding graph would be a point.

Now, let us first consider the case that the algebra B, | s is even trivial, ie. it
coincides with the ground field. Then on the left we have the ®-indecomposable
algebra B; and on the right a product. Hence, one of the factors C; | A; is trivial
and the corresponding graph A; is indeed a point. (The graph of the ground field
C is a point, since C is local.) In case By | (3, is local, we apply the Proposition:
The projection of the product on the right yields a decomposition of B; with,
moreover, corresponding graph decomposition A; X As (concerning the vertices
only). But B; does not have a proper decomposition. Thus one of the factors
is trivial and, again, the corresponding graph A; is a point. Finally, the general
case is reduced to the latter with the help of the unique prime factorization of
natural numbers. In any case, one A; is a point, say, Ao = {72}. As in IMRICH’s
proof, we repeat the argument from the other side to see that Ay = A(C}). As a
result, the restricted algebra isomorphism now looks as follows:

Bi® (B | ) —— C1 ® (Cy L 7a).

On both sides, we have a product of a ®-indecomposable, non-local algebra and
a local algebra. The Proposition then allows to conclude B; ~ C}.

The restriction to the ground field C is indeed a bit too drastic. All proofs still
work for an arbitrary field of characteristic zero, provided we restrict ourselves to
so-called sCHURian algebras. Due to WEDDERBURN’s Theorem the quotient of
an algebra by its radical is a sum of matrix algebras over division algebras. An
algebra is SCHURIan iff each of these division algebras is trivial:

A/rad A~ @ k.
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For a field of finite characteristic, there is still a large class of algebras allowing
unique factorization. It is then important to avoid the use of HORST’s method and
the Proposition, since these definitely fail in finite characteristic. (See Example
A5)

Finally, we remark that the theorem contains several of its predecessors:
Noticing that a factor of a local algebra is again local, we can deduce HORST’s
unique factorization of local algebras. Also, SABIDUSSI’s unique factorization of
connected graphs can be obtained. Moreover, if we observe that the rank n of a
full matrix algebra C**™ is a worthy representative, also with respect to products,
then we even get back the unique prime factorization of natural numbers.

Contents of the sections

Preliminaries The appropriate class of algebras is described. We recall the
definitions of sum and product of algebras and introduce the universal semiring.
We summarize major properties of the JACOBSON radical, define the associated
graded algebra of an algebra and prove Surjectivity Criterion 1.2. A translation
into a functorial language will later enable us to argue locally.

Graphs The definition of the cartesian product of graphs and its most impor-
tant properties are given, as well as the precise description of the graph of an
algebra. The connectedness criterion Corollary 2.3(i) implies that the set M of
@-indecomposable algebras is a monoid with respect to the operation induced by
the (tensor) product. Furthermore, the multiplicity of an algebra and a trans-
formation for algebras are discussed. A special case of this transformation yields
MORITA equivalent algebras, but we also need the inner restriction. Graphs and
multiplicities allow us to characterize local algebras as those whose graph is a
point and whose multiplicity is 1.

Uniqueness for Local Algebras We reprove some results of HORST (1987)
concerning unique factorization of finite-dimensional, local algebras, thereby com-
pleting her proof of what we call Separation Lemma 3.1.

Loops As we have tried to illustrate above, local factors cause most harm in
our proof. The key result in this section, Proposition 4.1, allows us to prove
Corollary 4.2, Corollary 4.3, and Corollary 4.4 which are mainly concerned with
the separation of local and non-local factors. Only these three results alone are
needed in the sequel.

Uniqueness Here everything is merged in to prove the Unique Factorization
Theorem 5.4.
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Corollaries Some known results are derived from the Unique Factorization
Theorem 5.4. The main idea is to exhibit other monoids as ‘good’ submonoids
of the monoid of @-indecomposable algebras.

Frontiers Some limiting examples are listed here.

A Generalized Separation Lemma This section is devoted to not necessarily
finite-dimensional algebras. A slightly different formulation of Separation Lemma
3.1 is presented.

A Reduction This is V. STRASSEN’s reduction of the Unique Factorization
Theorem to the basic case.
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1 Preliminaries

All algebras considered in the main text are finite-dimensional, associative al-
gebras with unit element 1 over a field £ of characteristic zero; morphisms of
algebras map 1 to 1. All modules encountered are finite-dimensional.

As usual, the JACOBSON radical rad A of an algebra A is defined as the
intersection of all maximal left ideals. It is the largest nilpotent (left) ideal and
the smallest ideal with semi-simple residue algebra. Hence it is the unique two-
sided ideal that is nilpotent with semi-simple residue algebra.

Schurian Algebras and a Semiring

If k£ is algebraically closed, no further assumptions on algebras are necessary. For
a general field £ we restrict ourselves to SCHURian algebras. An algebra A is
called sCHURian iff, for some (n;),

Afrad A ~ @5 k.

By WEDDERBURN’s Theorem the residue algebra A := A/rad A always is sum
of matrix algebras over finite-dimensional division algebras. We require that these
division algebras coincide with the ground field. (The major raison d’étre of this
assumption is Graph Lemma 2.2(iii). See Frontier A.4.) Over an algebraically
closed field k, there is no finite-dimensional division algebra apart from k£ itself,
hence any algebra over an algebraically closed field is SCHURian.

SCHURian algebras can also be characterized by their modules: In general by
FITTING’s Lemma, the endomorphism algebra of an indecomposable projective P
is local, hence its residue algebra Endfff) (P) is a division algebra. Now, an algebra
is SCHURian iff for all its indecomposable projectives we have Endff) (P) = k.
(This follows from Theorem 3.5.2 with M = A and Proposition 3.3.11 in DROZD
& KIRICHENKO (1994).) Moreover, we have the following lemma.

1.1 Lemma Let A be a SCHURian algebra and P a projective A-module. Then
P is indecomposable iff Endff)(P) = k. O

For an algebraically closed field k£ this generalizes to all finite-dimensional mod-
ules. For other fields, however, it needs not.

Furthermore, the lemma implies that a local, SCHURian algebra A has the
residue algebra A©® = k, since A is the opposite endomorphism algebra of its
only indecomposable projective.

By the sum A; & Ay of two algebras we mean their direct product; by the
product A; ® Ay their tensor product, ie. the tensor product of the underlying
vector spaces (over k) with the multiplication induced by (¢} ® a}) - (a1 ® az) =
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ala; ® ahas.! With these two operations, the isomorphism classes of SCHURian

algebras over a fixed field k£ form a commutative semiring U. It is easy to extend
U to a ring. Our main objective is to prove that this ring is a polynomial ring
Z[X] with integer coefficients and that the semiring I/ is the positive cone N[X]
therein.

An algebra A is @-indecomposable iff in each direct decomposition A = A; &
Ay exactly one of the summands is trivial, ie. A; = 0. (Especially the trivial
algebra 0 is not considered to be @-indecomposable.) Similarly an algebra is ®-
indecomposable iff in each tensor product decomposition A = A; ® A, exactly
one of the factors is trivial, ie. A; = k.

Radicals

The radical of a tensor product of SCHURian algebras is easily determined; we
have

rad(A1 ® Ag) = (rad Al) & AQ + A1 X (rad Ag)

The right-hand side of this equation is a nilpotent ideal in A; ® Ay. The cor-
responding quotient algebra A;/rad A; ® As/rad A, is semi-simple due to the
definition of sCHURian. Together we infer that it is the radical of A; ® As.

The associated graded algebra A®) = @ A® is built from the spaces A®) =
rad® A/ rad“*? A. This is functorial for morphisms that map the radical into the
radical and commutes with taking tensor products,

(A ® A)® = AP @ 4D

as graded algebras via (a; ® ag)(e“%) a1 ® ay®). In particular, (4; ®
A3)® = A © AP and (4, © 4,)M) = (4 © A7) @ (4] ® A7)

A surjective morphism ¢ : A — A’ maps the radical rad A onto the radical
rad A’. This extends to the following surjectivity criterion.

1.2 Surjectivity Criterion Let ¢ : A — A’ be a morphism. Then the follow-
ing are equivalent:
(1) ¢ respects radicals, ie. p(rad A) C rad A’, and ¢(© and ¢") are surjective.
(2) o is surjective.

In categorial language this is a ‘commutative’ coproduct. In fact, the following universal
property characterizes the product: Take a pair of commuting algebra morphisms ¢; : 4; = C,
ie. p1(a1)pa(az) = @2(a2)p1(ar) for all a; € A;. Then there is a unique morphism ¢ : A;® Ay —
C satisfying ¢u; = @;. Here 1; : A; - A1 ® As denotes the canonical injections, for instance,
t1(a1) = a1 ® 1.
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Proof: Since the radical rad A’ is nilpotent, it suffices to show that for £ € N
the morphism
A5 A — A'Jradt A’

is surjective. For £ = 1 this is true, since ¢(®) is surjective. Suppose £ > 1 and
show that for a’ € A’ there is an a € A such that o' —(a) € rad® A’. By induction
hypothesis we can assume o' € rad*~! A’. Without loss of generality a’ = 7'’ with
rerad A, Y € rad®2 A" Using surjectivity of ¢ and induction hypothesis we
find 7,b € A with ' — ¢(r) € rad® A’ and b’ — @(b) € rad*™ A". Let a := rb. But
now a' — p(a) € rad® A’ as desired. O

In this context it should be mentioned that not only surjective maps respect
radicals but also the injections of a factor into a tensor product.

The radical Rada(V, V') is, for V and V' indecomposable, the set of all non-
isomorphisms V' — V'. This definition can be linearly extended to arbitrary
modules; then Rad 4(V, V') consists of all those module morphisms ¢ such that for
every inclusion ¢ of an indecomposable direct summand to V' and every projection
7 to an indecomposable direct factor of V' the composition 7¢ is no isomorphism.
For an indecomposable module V' we have Rad4(V, V') = rad End4(V), since the
elements of the left-hand side are the non-isomorphisms and the elements of the
right-hand side are the non-units (End4 (V') is local by FITTING’s Lemma).

The radical powers, we need, are only defined for projectives. They are given
by the recursion: Rad’ (P, P') = Homyu (P, P'), Rad} (P, P') = Rad,(P, P'), and
for £ > 2

Rad(P,P') = > Rad{"(R, P') o Rada(P, R)
R
=3 " {goh|g € Rad{ (R, P'),h € Rada(P, R)},
R

where sums range over the indecomposable projectives. Then for £ > 0 and P, P’
indecomposable, Rad’, (P, P') is the set of module morphisms P — P’ generated
linearly by compositions of at least ¢ non-isomorphisms between indecomposable
projectives.

We define the associated graded homomorphism functor Hom’,’ only for pro-
jectives P', P. Let Hom (P, P') := @,Hom{ (P, P"), where Hom{ (P, P") =
Rad’, (P, P')/ Rad* (P, P'). In fact, the associated graded homomorphism func-
tor is a refinement of the notion of the associated graded algebra: For idempotents
e,e € A, we have Homg) (Ae, Ae') ~ e'(A°P)Me.

(%)
A

1.3 Lemma Let P/, P; be projective A;-modules. Then:
(i) Homu, ga, (P @ Py, P{ ® Py) = Homy, (P1, P{) ® Homy, (Ps, Py).
(ii) If P,, P, are indecomposable, so is P, ® Ps.

(iii) Hom$y .. (P ® Py, P} ® Py) = Hom') (Py, P}) ® Hom®)(P,, Py).
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(iv) If P/, P; are indecomposable, then P, ® P, ~ P] ® P; as A; ® Ay-modules
implies P; ~ P! as A;-modules.

(v) HomY) , (PL® P,, Pl® P})=  Hom'))(Py, P}) ® Hom)) (P, P})
@ Hom{ (P, P}) ® Hom}) (P,, P}).

Proof:

(i) (V. STRASSEN) We show “C”. Suppose ¢ = > ¢1, ® 2, € Homg,ga,(P1 ®
P,, P{ ® Py) with linear maps ¢;, and the sum as short as possible. We are going
to show that the ;, are actually morphisms of A;-modules. Take ay € A,. Since
¢ commutes with 1 ® ag, we have Y 1, ® (a2p2,(v2) — pau(agvs)) = 0 for all
vy € P,. Since the ¢y, are linearly independent by the minimality of the sum,
aspa,(ve) — oy (agve) = 0 for all as and ve. Hence, the s, are As-morphisms.
The assertion now follows by symmetry.

(ii) By (i) Enda,ga,(P1 ® Po) = End4, (P1) ® End 4, (P,). Combine this equality,
Lemma 1.1 and k ® k = k.

(iii) For ¢; € Radﬁ'i (P;, P!) we wish to map (¢, ® @y)1+2) gogel) ® (pégz). This
induces a well defined isomorphism, since for / € N we have

Rad, g4,(PL® P, Pl @ P) = Y Rad} (P1, P{) ® Rad%, (P, P)).
l1+lx=¢

Indeed, that follows from the cases £ = 0 and ¢ = 1. The case £ = 0 is (i). So
suppose ¢ = 1. By linearity, we only need to deal with indecomposable P;, P,
Then by (ii) P/ ® Pj, P, ® P, are indecomposable, too. We can further assume
P, = P! for both i: if P; ¢ P/ for an i, there are no isomorphisms. This means
Rad(P;, P/) = Hom(P;, P/), and so we are back in the case £ = 0. The case
P; ~ P/ can be reduced to P; = P/. Thus we are in the following situation: Py,
P; are indecomposable projectives and we have to show

RadAl®A2(P1 X PQ,Pl ® PQ) = HOH]AI(Pl,Pl) (34 RadA2(P2,P2)
+RadA1(P1,P1) ®HOIHA2(P2,P2)

For the inclusion “D” simply note that ¢; ® ¢, is no isomorphism if one of the
¢; is no isomorphism. To prove “C”, take ¢ = > 11, ® 19, € Rada,ga,(P1 ®
Py, P, ® P,) with ¢, € Homy,(P,;, P;). Following Lemma 1.1, we can write
Vi, = ziylp + i with 2, € k so that ¢;, is no isomorphism. Expansion yields
© = (3" z1,220) Lp,gp, + 1 with 1) in the right-hand side of the asserted equation.
Especially, 1 is no isomorphism due to the proven inclusion. Since P ® P; is
indecomposable and ¢ is no isomorphism, Y 21,22, vanishes.

(iv) For indecomposable P!, P; we have P, ~ P/ iff Homg? (P, P)) # 0. For

7

completion of the proof apply (iii) in degree £ = 0.
(v) This is (iii) in degree ¢ = 1. O
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2 Graphs

In this paper, a graph T is always a finite, undirected graph without multiple edges
or loops. It is given by a finite vertex set V(I') and a set of edges E(I') consisting
of unordered pairs of vertices. In abuse of notation, we usually write v € I" or
A C T instead of v € V(T') or A C V(I'), respectively. An induced subgraph A
of I' consists of a subset of the vertex sets and all edges whose vertices are in A.
Putting two graphs I', ‘side by side’ yields the disjoint union I'y & ['s.

Morphisms of graphs are simply maps between the vertex sets that respect
edges. In other words: a morphism ¢ : I' — I” of graphs is given by a map
d: V(I') = V(I') such that for every edge e € E(I') its image d(e) is an edge in
[, Since all graph morphisms we encounter are injective, we do not need to worry
about the case that the vertices of an edge are identified by §. An isomorphism
of graphs is then a bijective map between the vertex sets which respects edges
and non-edges. Given one-point graphs I/, T, there is a unique (iso)morphism
' — I; in the sequel we denote it by & (possibly decorated with an index).

A Graph Product

The vertex set of the cartesian product I'y x I'y of graphs I'; is the cartesian
product of the vertex sets of the I';. Two vertices (71,72) and (v}, ~5) are joined
by an edge iff {y1,71} € E(T'1) and 7, = 75 or 71 = 7] and {7,715} € E(T).
In other words, to obtain the edge set, use a copy of the edge set of I'; for each
vertex of I's and vice versa. For example, the product of the one edge graph
© = ({1,2},{{1,2}}) with itself is a square: © x O has four vertices and four
edges.
[ ] oe—@©O
o—e x | = | |
[ ] oe—@©O
This product is associative and commutative (up to isomorphisms). A I'y-slice in
a product I'y x 'y is an induced subgraph I'y X v, with vertex set V' (I';) x {~o} for
some vy € ['s. By definition of the product, such a I';-slice is isomorphic to I';.
Similarly, we define I's-slices. In a product of several graphs, a slice is an induced
subgraph on all points with some prescribed coordinates. A I'; x I's-rectangle is
an induced subgraph A; x Ay of I'y X I'y, ie. an induced subgraph whose vertex
set is a product of subsets of the vertex sets of the I';.
A graph T is connected iff every pair of vertices 7',y € I’ can be connected by
a path, ie. there is a sequence (71, ...,7,) of vertices starting with -y, ending with
~', and such that 7, and v, are joined by an edge for all v. Note that 'y x I'y
is connected iff both I'; and I'y are connected.

2.1 Cartesian Product Lemma (IMRICH (1967)) Letd : 'y xT'y — Ajx A,
be an isomorphism of connected graphs. Then:

(i) Every I';-slice is mapped onto a A; x Ay-rectangle.
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(ii) If every T'y-slice is mapped into a A;-slice or into a Ag-slice then either all
I'1-slices are mapped into A;-slices or all I'{-slices are mapped into Aq-slices.

(iii) If every I'y-slice is mapped onto a A-slice then 6 = 6, X 05, where 6; : I'; —
A; are graph isomorphisms.

Proof:

(i) This is based on the fact that a vertex in one I';-slice is joined to at most one
vertex in another I';-slice. In other words, if a vertex is joined to two vertices in
a [';-slice then it belongs to that slice, too. For example consider an edge in each
A;, regarded as one edge subgraphs. Their product is a square in Ay x Ag. If three
corners of this square belong to the j-image of the I';-slice I'y X 5, then the fourth
corner does so, too. Induction on the length of paths joining vertices in 6(I'y X o)
yields the assertion. Indeed, take a path in the ‘slice’ §(I'; X 7;) of minimal
length connecting two given vertices. We show that this slice contains the entire
rectangle spanned be the vertices of the path, ie. it contains all vertices whose
first coordinate is a first coordinate of a path vertex and the second analogously,
but possibly for another path vertex. By induction hypothesis, the rectangle
spanned by all but the final vertex and the rectangle spanned by all but the first
vertex are in the slice. If the first and the last edge are parallel (ie. they are both
in I';-slices or both in I'y-slices), we are done. Otherwise the remaining corner is
joined to two vertices in the slice, and is thus contained therein.

(ii) Suppose this is wrong. Then there are adjacent vertices y,; € I' such that
I’y X y9; is mapped into a Aj-slice. Take two adjacent vertices v;; € I'y. Then for
some j the edge between 6(7y11,721) and 6(7y11, y22) is in the Aj-slice that contains
d(T'y X 725). Thus three of the four vertices (7y1;,725) of the square are in this
slice and so should be the fourth. It is not, however.

(iii) Two adjacent I';-slices are bijectively related by the joining edges. The set of
I';-slices is bijectively related to the set of A;-slices and each I'i-slice is mapped
bijectively to the corresponding A;-slice. Putting this together with the fact that
I'ys and A, are connected finishes the proof. O

This lemma is strong enough to prove a unique factorization theorem for
connected graphs. IMRICH (1967) does all this for set systems whose edges are
non-empty, non-singleton subsets of the vertex set.

Algebras and Graphs

The vertices of the graph A(A) of an algebra A are the isomorphism classes of
its indecomposable projective modules. A complete list of these vertices can be
obtained from any maximal direct A-module decomposition A = @ P,. Two

different vertices [P'] and [P] are joined by an edge iff Homfj) (P',P) # 0 or
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Homfj) (P, P") # 0.2 In fact, this graph is the GABRIEL quiver Q(A) of the algebra
without directions, multiplicities, and loops. The only algebra with an empty
graph is the trivial algebra 0. The graph A(A) of a local algebra A is a point.
An isomorphism ¢ : A — A’ induces an isomorphism A(p) : A(4) — A(A’) by
A(p)([P]) = [@P] = [P ] for indecomposable projectives P C A. Here P¢™")
denotes the scalar restriction of P through ¢!, it is isomorphic to P via ¢.
This construction is functorial for isomorphisms.

2.2 Graph Lemma

(i) A(p1 @ p2) = A1) W A(p2).

(iii) A(A; ® Ay) = A(A;) x A(Ay).
(iv) Ap1 ® p2) = Ap1) X A(gp2).
Proof:

(i) For an indecomposable projective A;-module P denote by P™ the scalar re-
striction through the canonical projection m; : A; & Ay — A;. Consider the
map

A(Al)&JA(AQ) — A(A1®A2)a
P] — [P7]

for [P] € A(A;). Decomposing A, = @@ P, shows A; & Ay = D P} & D Py
and the map’s surjectivity. Furthermore, Hom4(P]', P}) = Homy,(P;, Py)

and Hom,(P[', PJ) = 0 for 4 # j. Thus the map is injective and a graph

wrT g
isomorphism.

(i) Just check (o1 ® ©2)(P1 & Py) = o1 P & 03 Ps.
(iii) Consider the map
A(Al) X A(AQ) — A(Al (024 Ag),
(A [P]) — [PAQ R

By Lemma 1.3(ii) it is well defined. Choose decompositions 4; = @ n;, Py,
with pairwise non-isomorphic, indecomposable (projective) A;-modules P;,. Then
A1 ® Ay = @ nyynonP1,® Py is a decomposition into indecomposable (projective)
A; ® As-modules. By Lemma 1.3(iv) the modules P;, ® P,) are pairwise non-

isomorphic. Hence the map is bijective. And it is a graph isomorphism due to
Lemma 1.3(v).

(iv) Check (1 ® ©2)(P1 ® P2) = 01 P @ o Py. O

We now obtain the following Connectedness Criterion and the fact that the
class of @-indecomposable algebras is closed with respect to the tensor product.

2Given a maximal 1-decomposition 1 = )" e € A each vertex a of A(A) can be represented
by one of the idempotents e as a = [4e]. Two different vertices [Ae] and [Ae'] are joined by an
edge iff e AWe #£ 0 or eAVe’ #£0.



26 2 (GRAPHS

2.3 Corollary
(i) An algebra A is @-indecomposable iff its graph A(A) is connected.

(ii) The tensor product of two @-indecomposable algebras is again @-indecom-
posable.

Proof:

(i) By Graph Lemma 2.2(i), we only need to show that A is not @-indecomposable
if A(A) is disconnected. To this end, we assume A(A) = A; WA, with non-empty
A;. Write A = A; @ Ay as A-modules with A; C Y {P C A|[P] € A;}. Then
A ~ End’ A = @ Homy(A;, A;), thus it suffices to show Homy(A4;, A;) = 0
for ¢ # j. There are no isomorphisms between direct summands of A; and As,
hence Hom4(A;, A;) = Rada(A;, A;). The fact that there are no edges between
Ai and A] 1mphes RadA(Ai, A]) = Radi (Az, AJ) Now RadA(Ai, AJ) is a module
over A’ := End4 4; ® End A; with radical Rad’(A;, A;). Combining this with
NAKAYAMA’s Lemma yields Rad4(A;, A;) = 0 as desired.

(ii) Combine (i) and Graph Lemma 2.2(iii) with the fact that the cartesian prod-
uct of two connected graphs is again connected. U

Transforming Algebras

Suppose A(A) = {[P,]|v} with pairwise non-isomorphic indecomposable projec-
tives P,. For a projective A-module V = @ m,P,, its multiplicity mult(V) :
A(A) - N, [P)] — m,, is well defined by the KRULL-SCHMIDT Theorem.
Given an isomorphism ¢ : A — A', we obtain mult(P) = mult(pP) o A(yp)
for projectives P C mnA. In addition, we have a product for multiplicities:
for multiplicities m; : A; — N their product m; - my : A; X Ay — N is
defined by (my - mo)(71,72) = mi(n) - ma(r). If A = A ® A, we have
mult(A) = mult(A4;) - mult(Ay). (We could have observed this as early as in
the proof of Graph Lemma 2.2(iii).)

An algebra A is basic iff its multiplicity mult(A) is constantly 1. Now we can
completely characterize local algebras (in terms of graphs and multiplicities): An
algebra A is local iff it is basic and A(A) is a point.

To any multiplicity m : A(A) — N, we associate the transformed algebra
M(A,m). It is the opposite endomorphism algebra End}’ V of a projective V'
with multiplicity m. This transformed algebra is, of course, only determined up
to isomorphism. The support supp m of a multiplicity m is the induced subgraph
of A(A) whose vertices are those, where m is non-zero. The transformed algebra
M(A, m) is a MORITA transform of A iff m is strictly positive, ie. suppm = A(A).

Another special case is the inner restriction A | A: it is obtained from an
induced subgraph A of A(A) as the transform M(A, mult(A)|s) of A with the
multiplicity of A restricted to A.
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Before we present the main properties of this transformation, we need another
tool. Given an A-module V', we have the evaluation functor

. mody — modg,
v W +—— Homyu(V,W),

where B := End} V acts naturally on Hom4(V, W). Note that, as B-modules,
eyV = B. The category adds V generated by V consists of direct summands
of multiples of V. It is the smallest full subcategory of mod, containing V' that
is closed with respect to direct sums, direct summands, and isomorphism. The
category addp B generated by V’s image B in modp is exactly the category projg
of projective B-modules. It turns out that add4 V and addg B do not actually
differ.

2.4 Lemma The restricted functor ey : add4 V — addg B is an equivalence.

Proof: (This is YONEDA’s Lemma combined with the fact that V' is a generator
of add4 V.) We only need to deal with indecomposable modules because ey is a
linear functor. To prove that ey/V is full and faithful, suppose that V; is a direct
summand of V', ¢+ : Vi — V an embedding, and 7 : V' — V; a (split) projec-
tion with 7 = 1y,. Then the inverse of the linear map ey : Homy(Vy, V5) —
Homa(ey Vi, eyVa), ¢ = (¥ — ), is given by ® — ®(m)e. Since ey V = B, ey
is almost surjective. O

2.5 Transform Lemma Let V be a projective A-module with multiplicity
mult(V) =m.

(i) The map 9 : suppm — A(M(A,m)), [P] — [evP], is a bijective graph
morphism. If suppm = A(A) it is an isomorphism. Furthermore, the
multiplicity of a projective W in add 4 V' does not really change: mult(ey W )o
Y = mult(W).

(ii) Suppose that ¢ : A — A’ is an isomorphism. Let m' := m o A(p)~. Then
there is an isomorphism M (p, m) : M(A, m) — M(A', m') with A(M(p, m))o
9 =190 A(p).

(111) M(Al X AQ, myq - mg) = M(Al,ml) X M(Ag,mg).
(iv) M(A, mult(A)) = A.

Proof:

(i) Abbreviate B := M(A,m) = End} V. By Lemma 2.4, the functor ey =
Hom,(V, -) is an equivalence between add 4 V' and projgz. Hence a maximal direct
decomposition V- = @ m([P,])P, (with pairwise non-isomorphic projectives P,)
gives us a maximal direct decomposition B = @ m([P,])ey P,, which proves that
9 is well defined and bijective.
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In order to verify that 9 is a graph morphism, take P;, P, with [P,] €
S, let R, := eyP, = Homu(V,P,), and show that dimHom'} (R, R,) >
dimHom!{)(P,, P;). Clearly, ey : Rada(Py,P,) — Radp(Ri, Ry) is an iso-
morphism. Then dimRad%(R;, R;) < dimRad? (P, P;) because A has more
projectives than the transform B. [Rad%(Ry, Ry) = > rieacs) Radp(R, Rs) o
RadB(Rl, RI) ~ Z[P’]ES RadA(Pl, PQ) @) RadA(Pl, Pl) C Radi(Pl, PQ)]

If m is strictly positive, ¥ is an isomorphism of graphs, since A and B then
have an equal number of projectives (up to isomorphism).
(ii) This is evident if we use V' = V™) (and P’ = P ™).
(iii) Let V; = @ m;([Piw]) P, where A(4;) = {[P,]|v}. By Lemma 1.3(i), we
only need that Vi ® Vo = @ my([Pr])ma([Par]) P, ® Pas.
(iv) We have A ~ End’’ A = M(A, mult(A)) by mapping a to the right multipli-
cation p, with a. Il

Using (iii) we conclude (A; ® Ag) | (A1 X Ag) = (A1 } A1) ® (A | Ay).

2.6 Corollary Let A be an arbitrary algebra.

(i) If A is ®-indecomposable, then mult(A) is primitive (ie. its values do not
have a non-trivial common divisor), or A is a matrix algebra with prime
multiplicity.

(ii)) M(A, 1) is basic.
Proof:
(i) Suppose mult(A4) = p-m with p € N5y prime. By Transform Lemma 2.5(iii)

and (iv), A = M(k® A,p-m) = M(k,p) ® M(A, m). However, M(k,p) = kP*P
and M(A, m) are non-trivial, or A = kP*P.

(ii) mult(M(A,1))od =1, O

And now for something completely different:

2.7 Lemma Let m : A; x Ay — N be the product of m; : A; — N. If all values
of m = my - my are divisible by a fixed n € N, then there is a decomposition
n = ny - Ny such that all values of m; are divisible by n,.

Proof (Following an idea of W. GLAS.): In Z, the ideal I generated by the val-
ues of m is the product of the ideals I; generated by the values of m;. Write
I = (g), ie. g is the greatest common divisor of the values of m, and I; = (g;).
Then we have g = ¢; - go. Since n divides g, we can factor it as required. U
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3 Uniqueness for Local Algebras

For the sake of completeness, we reprove the results of HORST (1987), HORST
(1990) concerning finite-dimensional, local algebras; in particular her uniqueness
theorem for tensor decompositions of local algebras. Her main tool is (a variant
of) the following lemma, which allows to “separate” the tensor factors in the proof
of the refinement property of Theorem 3.2. HORST’s proof of the lemma seems
to be incomplete.

A morphism ¢ : A — B of local algebras is horizontal iff for every ¢ with
rad® A # 0 we have (p(rade A) ¢ rad“™ B or, equivalently, o £ 0 for every
such £. For example, sections are always horizontal. We call a morphism of local
algebras trivial iff it factors through k or, equivalently, iff it maps the radical to
zero. Recall char k£ = 0.

3.1 Separation Lemma Let ¢ : A — B; ® By be a morphism of local algebras
with w1 horizontal. Then my is trivial.

Proof (with V. STRASSEN): Otherwise choose a counter-example of minimal
dimension.

Let ¢ > 0 be maximal with 0 # myp(rad A) C rad® B,. Then rad“™* B, = 0.
Else we could take B) := B,/ rad‘! By instead of B,. We would still have
ker mo # rad A but the dimension of B} is smaller.?

Choose n minimal with rad®™ A = 0. Then rad®™ B; = 0. Otherwise we
could replace B; with B] := B;/ rad" ™! B, yielding a smaller counter-example:
7o does not change, and 7, remains horizontal, since rad”™ A = 0.

Now we show 7p(rad” A) = 0. For a € rad A we can write

pla)=b1+1®c+z
with b := m¢(a) € rad By, ¢ := mp(a) € rad® By, and z € rad B; ® rad B,. For

elements ay, . .., a, € rad A expansion of 0 = ¢(ag - - - a,,) yields
(*) 0=ZbO"'bi—1bi+1"'bn®Cz‘-
i=0

The other terms are zero: products with two or more ‘c’s are in By ® (rad® B,) =
0, products with one ‘¢’ and an ‘x’ are in B; ® (rade+1 B;) = 0, and products
without a ‘¢’ are in (rad"™ B;) ® B, = 0.

Fix ay € rad A with ¢y # 0. This is possible, since we are dealing with a
counter-example. Now we use backward induction on r to show

Yay,...,a, € rad A : bobri1 by, = 0.

3We even have dimrad® B, = 1. Otherwise take ¢ = map(a) # 0. Choose a 1-codimensional

subspace I C rad® Bs not containing c¢. Then [ is an ideal in Bs and thus we can replace Bs
by Bs/I and obtain a smaller counter-example.
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Take n > r > 0. From (x) letting a1 := ...a, := ap we get

n

0="bpbrg1-bn® (D _co)+ D by b biibisr b @i
=0

i=r+1

Due to characteristic zero (r + 1)cg # 0. By induction hypothesis we are done.
For » = 0 we see that any product of n elements in m¢(rad A) is zero, or,

in other words, m¢(rad® A) = 0 = rad"*' B;. However, this contradicts the

assumption that ¢ is horizontal. O

Given an isomorphism ¢ : B; ® By — C; ®C5, we use some associated objects:
we have the injections ¢; : B; — B; ® By and the projections m; : C1 ® Cy — Cj
provided the corresponding other factor of C; ® C5 is local. Patching these
together we obtain morphisms ¢;; = mpt; : B; — C;, which are usually no
isomorphisms. Thus the subalgebras C;; := im ¢;; of C; are proper in general.
Corresponding objects come with ¢ '; the image Bj; of (pj_il = (¢ )i is a
subalgebra of B;.

3.2 Theorem (HORST (1987), HORST (1990)) Let ¢ : B; @ By — C; ® Cy
be an isomorphism of local algebras. Then:

(i) We have Bj; ~ C;;. More precisely, the corresponding restrictions of ¢;; and

gojil are inverse isomorphisms between Bj; and Cj;.

(11) The natural IHOI'pbjSHl JV 011 X 012 — Cl, c11 ® ci1g — 11 - €19, is an
isomorphism.

Proof: We claim that any concatenation ;) := w;jlgojk or (pz_ﬂlc = gp,-jgoj_kl with
1 # k is a trivial morphism. We will prove this in in several steps. By symmetry
we only deal with @gq;.

The morphism 197, is trivial for large n. Indeed, choose n such that
im @75 = im¢7,,. Take the morphism ¢ : im T, C B; = C; ® Cy. Now
O 1o moth + im T, — im ¢y, is an isomorphism hence 71 is a section and
horizontal. By Separation Lemma 3.1, w1 is trivial. Since w9 = 9011|im¢7;21,
Y1197y, 1s trivial, too.

Similarly, the morphism 91197, is trivial for large n.

The morphism 7 = u(ph; ® ¢ly) : B1 ® By — Bi1 ® Bis — By is sur-
jective for every n € N. Indeed, by Surjectivity Criterion 1.2 we only need to
show that () is surjective. Write oM (b ®@ 1) = o (b)) ® 1 4+ 1 ®@ v+ (bM),
eW1@bW) = M) @1+ 16 (W), briefly: o) ~ [:I gi] Similarly

write (o )@ ~ [ ﬂ‘] Then i = [(aa®) (=v]. [AOBY @ 1) =

YT o
(1Pt ® ¢1s) (b ® 1))(1) = (‘P?n(b))(l) = (aa*)*(V)®1.] On the other hand,
12n = (a"at+ 879" = (a"a™)"n+ (B77T)"9 for some maps 7, 9, since

BMgp® —
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a ot and 77" = 1 — o a’ commute. Now 1 = i [7] shows that

BV B
g is surjective.

Together we obtain the above claim that 97 is trivial. Indeed, we already

know that ¢a11¢7,; and p911¢7,, are trivial provided n is large enough. Since [
is surjective, we have rad B; = ji(rad(B; ® B;)). Now calculate po1(rad By) =
Pa11p(pt11 ® ¢y )(rad By ® By + By @ rad B1) C a1ty (rad By) - By + By -
P21 (rad By) = 0.
(i) By symmetry we only show that @915 : Boy — Cia — By is the iden-
tity. Take any b = ¢y (c) € Bay, ¢ € Ci. Then we have @y9(b) — b =
05 1o (1amap 11 (¢) — o 111(c)). The term in parentheses is in the kernel of
7o, which is (rad By) ® By = (B; ® Bs) - t1(rad By). And this kernel is mapped
by @, T to By - 911 (rad By), which is zero, since y;; is trivial.

(ii) Since 7 is surjective, so is u. For the injectivity we show that

Cu u Cp . B - Cu
x: ® 507 @ 5 ® ®
Cio Cy B, E’ Chio

is surjective. Using Surjectivity Criterion 1.2, we only need that y{) is surjective.
By definition we have x;; = ¢i;; : C1; — Cui- By (i) x11 and X9 are isomorphic
while xi2 and x2; are trivial by the above. Thus x(!) is given by the matrix

@ o . . . . . . .
[Xz)l (1)], which describes an isomorphism, since both non-trivial entries do.
X22
This proves the theorem. Il

The refinement property in this theorem enables us to prove a corresponding
unique factorization property. First we provide the induction step.

3.3 Lemma Let y: Bi® B — (1 ® --- ® Cy be an isomorphism of local
algebras and suppose that By, Cy, ..., C; are ®-indecomposable. Then there
are an index j and isomorphisms

g01:B1—>Cj,
(pl:B’—)C,2201®"'®Cj_1®0j+1®"‘®cs.

Proof: We write B, C_; instead of B’, C', respectively. From an appropriately
permuted version of ¢ mapping By ® B — C; ® C-; we derive the morphisms
Py (p;ﬂll, and their images, the subalgebras C,, C Cy, B, , C B;.

First choose j with B;; = B;. This is possible, since we otherwise obtain a
contradiction: By Theorem 3.2(ii) By ; ® By-; — By is an isomorphism. Since
we assume B; ; # B; and B; is ®-indecomposable, the factor B, ; is trivial. On
the other hand, B;; ® --- ® By, — B is surjective (since C; ® --- ® C; — B,
is). Consequently, B is trivial. This is a contradiction.
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By Theorem 3.2(i), C;; ~ B j, hence non-trivial. Furthermore, C;1®C; 1 —
C; is an isomorphism and, since C; is ®-indecomposable, C;; = C;. This already
gives us an isomorphism By = B; ; — C;1 = C}, namely ¢;,. Moreover, B ; ~
Cj -1 is trivial, B ; ® By -; ~ By, and hence B-;; = B-;. Analogously
C.j-1=0C Thus ¢ 1:B1=B,_; =+ C,-1=C,is an isomorphism. [

Now we are able to prove a first unique factorization theorem.

3.4 Unique Factorization for Local Algebras (HORST) The set Moca Of
isomorphism classes of local algebras is a free commutative monoid over the set
Xlocal Of isomorphism classes of ®-indecomposable local algebras as a basis.

Proof: Clearly Myca is a commutative monoid with the multiplication that is
induced by the tensor product.

We prove by induction on r: If B1 ® ... ® B, ~ (, ® ... ® C, with local
®-indecomposable algebras, then there is a bijection o : {1,...,7} — {1,...,s}
such that B; ~ C,;.

There is nothing to do for » = 0, so suppose » > 0. By Lemma 3.3, there
are an index j and isomorphisms B; ~ Cj and B, ® --- @ B, ¥~ (1 ® -+ ®
Cj_1 ® Cj41 ® Cs. By induction hypothesis, we get a bijection o : {2,...,7} —
{1,...,7—1,7+1,...,s} with B; ~ C,; for all i > 1. Extending o by o(1) = j
completes the proof. O

Unlike some other types of algebras, the class of local algebras is not closed with
respect to direct sums.
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4 Loops

In this section, we always start with @&-indecomposable algebras.

In the previous section we have seen that unique factorization holds for local
algebras. In general, even algebras without local factors can lead to local factors
in some steps of the proofs in the following section. Our next aim is to obtain
some results that enable us to separate non-local and local factors.

The key result is a generalization of Theorem 3.2(ii).

4.1 Proposition Let ¢ : B; ® By — C; ® Cy be an isomorphism and let Cs
be local. Recall the definition of the subalgebras C1; and Ci5 of C;. Then the
natural morphism

Ci1®Ciy, — (f,
11 ® Cla > C11°C12,

is an isomorphism.

Before we prove this proposition, we discuss its further use.

The final question we are about to answer in this paper is: Is a tensor product
decomposition of a @-indecomposable algebra unique? Some partial answers are
given in the following corollaries. For example, we ask whether a ®-indecom-
posable algebra tensored with a local algebra can decompose into two non-local
factors. It cannot, of course, since the global question is answered positively.

4.2 Corollary Let ¢ : B1 ® By — C; ® Cy be an isomorphism and suppose that
B, is ®-indecomposable and B, is local. Then C; or Cy is local.

Proof: By Proposition 4.1 we have By;; ® By ~ B;, thus one of the factors is
trivial, say By, = k. Note that (7)) is injective, since B is local and therefore

7T§0) injective. Together we obtain that Cfo) is embedded in BS) = k, hence it is
k. Thus C] is local. O

Next we ask whether a decomposition into a local factor and a factor not
admitting any further non-trivial local (tensor) factor is unique. Again the answer
should be “yes”.

4.3 Corollary Let ¢ : B; ® By — C; ® Cy be an isomorphism and suppose that
By, C do not allow any non-trivial, local factor while By, Cy are local. Then
@11 : By — C) is an isomorphism and A(p) = A(py;) X €.*  Furthermore, By
and Cy are isomorphic.

4Recall that ¢ denotes the unique isomorphism between one-point graphs.
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Proof: By Proposition 4.1 we have an isomorphism Bi; ® B, — Bj. Since
By = 1505 is local, this factor must be trivial: By, = k. Similarly Cyo = k.
In other words, 11 : By — C; and gpl_ll : U1 — By are both surjective and thus
isomorphic.

Moreover, for [P] € A(B;) we have by definition A(p11)[P] = [¢11P] and
A(p)[P ® By] = [p(P ® By)]. Thus to show A(p) = A(p11) X €, we only need
©(P ® By) ~ 11 P ® Cy. The projection C; @ Co — C; maps p(P ® By) =
©o((B1®Bs)- (P®1)) =(C1®Cy) - o(P®1) to p11P. Now for some projective
R we have p(P ® By) ~ R ® (3. Dividing out the radicals of the Cy-modules
yields two isomorphic Cj-modules, namely ¢1; P and R.

Finally, we show that By and Cy are isomorphic: Take any § € A(B;) and set
v := A(p11)B. Then by Transform Lemma 2.5(iii) we get M(B; | 3,1) ® By ~
M(C | 7,1) ® Cy and M(B; | 3,1) ~ M(C; | v,1). Using Unique Factorization
for Local Algebras 3.4 we obtain By ~ Cs. O

Thirdly, we ask whether it is possible to cancel a common local factor.

4.4 Corollary Let ¢ : B; ® By — C; ® Cy be an isomorphism and suppose that
By, Cy are local and isomorphic. Then there is an isomorphism ¢, : By — C}
such that A(p) = A(py) X €.

Warning! It is possible that ¢;; is not an isomorphism: an automorphism ¢ :
B, ® By — B; ® By can swap a common local tensor factor of B; and Bs.

Proof: Write B; = B, ® B, and C; = C, ® Cy such that B,,, C,, do not allow
local factors and By, Cy are local. Applying Corollary 4.3 to ¢ : B, ® (B; ®
By) — C, ® (C, ® Cy), we obtain an isomorphism ¢, : B, — C, with A(p) =
A(ppn) X €. Then B; @ By and Cy ® Cy are also isomorphic. By Unique
Factorization for Local Algebras 3.4, there is an isomorphism ¢ : By, — C.
Hence ¢,, ® ¥ : B, = B, ® By — C, ® C;, = (] is an isomorphism. And
A(p) = A(@nn) X €2 = A(Pnn) X €0 X €9 = A(Pnn ® 1)) X €9, using Graph Lemma
2.2(iv) for the last equality. O

Idempotents

The proof of the proposition is formulated with primitive idempotents and not
with indecomposable projectives.

In general, a direct decomposition M = @ M, € mod, corresponds bi-
jectively to a 1l-decomposition 1 = Y e, € End} M. The idempotents are
the projections onto summands, the summands are the images of the idempo-
tents. Of course, maximal decompositions correspond to each other. A direct
decomposition is maximal iff all its summands are indecomposable, whereas a
1-decomposition is maximal iff all its idempotents are primitive. The right mul-
tiplication p : A — End} A, a — (z — za), is an isomorphism. (This can be
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regarded as a base or consequence of Lemma 2.4.) Thus, to an A-module decom-
position of the algebra A, we can associate a decomposition of its unit element
via p. In the following, an idempotent will always be an element of the algebra
itself rather than of its endomorphism algebra.

In accordance with the correspondence between idempotents and projectives,
we call two idempotents €', e isomorphic iff Ae’ ~ Ae. This holds iff there are
elements o', a € A such that e = a'a and €' = ad’.

Given two only slightly different 1-decompositions, we can identify them:

4.5 Point Correction Let 1 = > e,, 1 = > f, be 1-decompositions in an
algebra A with e, — f, € rad A for all v. Then there is a unit u € A such that

ku(e,) = [, for all v, where k, denotes the conjugation a — uau .

Proof: Since the (so-called) tops Ae,/rad Ae, and Af,/rad Af, are equal, the
projectives Ae, and Af, are isomorphic. (NAKAYAMA’s Lemma implies that any
lift of the identity to Ae, — Af, is an isomorphism.)

Thus we have an A-module automorphism ¢ of A satisfying po., = oy, ¢,
where g, denotes the right multiplication with b. Hence, the conjugation x, with
¢ is an automorphism of the (oppositional) endomorphism algebra End} A of A
mapping g., to o,. Since p : A — End%’ A is an isomorphism, we find a unit
u € A such that ¢ = g,-1. Now ¢~ 'k,0 = K, is an automorphism of the algebra
A mapping e, to f,. U

Proof of the Proposition

We have seen that Proposition 4.1 is a powerful tool that allows us to handle a
considerable amount of the interaction between local and non-local factors in a
tensor product decomposition. Hence it is not a surprise that its proof is tricky.
Nevertheless, the basic idea is quite easy: We construct the inverse of y in the
same way as C. HORST did in the local case. After tidying up a bit, we use a
PIERCE-decomposition A = € f'Af to break up the question into several local
ones; one for each pair f’, f of primitive idempotents. The case that Af’ and
Af are isomorphic turns out to be the most troublesome. At first, it seems that
Theorem 3.2(ii) does the job. At a closer look, we additionally need Rigidity
Lemma 4.6.

Proof (Proposition 4.1): Before we begin with the proof, we tidy up the situa-
tion: Choose maximal 1-decompositions 1 = > e;, € By and 1 = Z)\ eor € By
and set f1,x := m1p(e1,®eqy) for each pair (e, €2y). In the following we suppress
the indices v, A; it will always be clear which pair (eq, e2) is related to f;. We may
assume that ¢(e; @ es) = f1 ®1 for all eq, ey. If this is not already true, use Point
Correction 4.5 to choose a unit u € C; ® Cy with k,p(e; ® e2) = f1 ® 1, where
k. denotes the conjugation with u. Let ¢’ := n;ll(u)@fsugo. Then m¢' = 7 and
¢'(e1 ® e2) = f ® 1. (The first holds, since m Kk, = kr, ()7 for any unit v. And
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with Kz ) (f1) = En@me(er ® e2) = mKup(er ® e2) = m(fi ® 1) = f1 we get
(61 ® eg) = ”;11(u)®1(f1 ®1) = fi ® 1.) Thus we can replace ¢ by ¢' without
changing C4;, Ci9, or p.

Clearly u is a surjective morphism. To prove its injectivity, we will show that

Cn "}‘Cl . By > Cn
x: ® 507 8 X ® v ®
Ciz Cy B, » Chy

is surjective, where 1 = ¢1; ® @12. For later reference, we list the idempotents
obtained by moving the e; ® es with the morphisms that build y:

f11 f1 €1 ’ f11
® 5 fi mH @ R ¥ Q .
fi2 1 €2 > fi2

It is clear that the eq, e5, and f; are primitive idempotents. In fact, the fi; =
p11(€e1) and fio = @12(eq) are primitive in C; and Cig, respectively, but we will
not use this. Note that py = me: ph(by ® by) = me(bh @ 1) - me(1 ® by) =
m1p(b1 ® by). Using this verify p(fi1 ® fi2) = fi- Thus x maps the chosen
idempotents to themselves. For later use, observe ux = p. (ux = pbe ‘o =
it o = p.) So in the end we will know that x is the identity.

In order to show that y is surjective we apply the Surjectivity Criterion 1.2.
To this end, it suffices to show that x respects radicals and that x(® and ™
are surjective. Since any surjective morphism respects radicals and so does ¢,
x respects radicals. Surjectivity of ¢1(% implies that y(©) = (© (1), (©) ) jg
surjective. Therefore and since ¢; is even a section, it suffices to check that C'fo)
and (C; ® C'Q)(O) have the same dimension. This is clear, however, because C is
local.

It remains to verify that x) is surjective. Write (C1; ® C12)® =@ f/(C11 ®
Ci2)V f, where f' and f run over all fi;® fio. (We treat A®) and its homogeneous
parts as A-bimodules.) So we can deal with appropriate restrictions of Y. We
show: For any such pair f’, f, the restriction®

X(fl,)f : f’(C’H ® 012)(1)f — fI(CH ® 012)(1)f

of the map x) is surjective. We distinguish two cases: either f’' and f are
isomorphic, or they are not.

If f" and f are not isomorphic, then ngcl,} f1ICWf = (£ e1)(C1e0) V(A ®
1) is surjective. Indeed, its domain and target spaces are isomorphic because
Céo) =k and f{C’f)) fi = 0. (The latter are classes of Cj-module isomorphisms

5Keep in mind that x(f) = f. And be careful on the order: we never talk about (x;;)™).
In general, even eAMe # (eAe)(V).
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from C,f; to Cyf] modulo non-isomorphisms.) Since ¢; is a section, so is Ll;l,}.

Hence Xsfl,)f is a composition of surjective maps.

If f' and f are isomorphic, we show that s is isomorphic. Then, since
px = p and x(f) = f, we have pprxpr = ppy, and so xpy is the identity.
Consequently, chl,)f is the identity, too.® In fact, it is sufficient to deal with the
case f' = f.7

We still have to show that the morphism

Hrr - f11011f11 ® f12Ch2fia — f1C1f1,  c11 ® c1a — ciicig,

is isomorphic. Having seen the local case, we may hope to get this isomorphism
from an appropriately restricted version of ¢. This is only partially true, as we
will see immediately.

To the restriction @ : e;Bie; ® egBoes —> f1C1f1 ® Co of ¢, we can apply
Theorem 3.2(ii), since ¢ is an isomorphism and all these algebras are local because
the idempotents e, e, and f; are primitive. We obtain an isomorphism

f[iCufi ® fiCiafi — [1C1f1, cu @ cig — 11 - Cio,

since f1Ci,fi = im@q,. To close the gap between this isomorphism and pyy,
we apply the following Rigidity Lemma 4.6 to the restriction B; ® e;Bsey, —
f12C1 f12 ® Cy of . Indeed, e;Bse, is local and the maximal 1-decomposition
1 = > e; € B; is mapped properly: ¢(e; @ e3) = f; ® 1 for all e;. Now
7T1(p(1 ® 62B262) = f12012f12, while 7Tl(p(61 ® 623262) = f1C'12f1. Thus we get all
isomorphism

f12C12f12 — [1Ciaf1, ci2 — ficiafi.

By symmetry, we obtain another such isomorphism identifying f,;C4;f1; with
fiCi1f1. Use fi = fi1 - fi2 and the fact that elements of C1; and C5 commute
in order to verify fici1fi - ficiofi = c11 - ¢12. These three isomorphisms thus fit
together to jiyy. U

4.6 Rigidity Lemma Let ¢ : B; ® By — C; ® Cy be an isomorphism. Recall
that B, is @-indecomposable and suppose that By and Cy are local. Assume

6Take any y € f'(Cii ® Ci2)Vf, say y = (f'df)™". Then xV(y) = (x(f'df)" =

(r'an™) = y.
TOtherwise, since f' and f are isomorphic, so are f/, and fi, by Lemma 1.3(iv).
Say f{,, = alually; flu = alh,aly- Then fluclyfly — f]IJ/ClVf]J/J Cly — Q1yCiy, and

fiCifi = fiCif1, 1 ¥ ar1a12¢1, are linear isomorphisms. Moreover, ,U/f'f(allcll ® aj2¢12) =
a11a12,U/ff(C11 ® ¢12) because C11 and Ci2 commute in Cy. Hence pyr g is isomorphic if pyy is
isomorphic.
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further that 1 = ) e; € By and 1 = }_ f; € C, are maximal 1-decompositions
satisfying p(e; ® 1) = f1 ® 1. Then the map

mo(1® By) — mp(e; @ By), c19 — ficiafi,

is an isomorphism.

Proof: Again we can define a restriction ¢ : e; B1e1®By — f1C1 f1®C5 of . Now
T1@(1®By) = im 15, while m10(e1® By) = im @19 Since P12(bo) = m1p(e1®by) =
firme(1®by)-f1 = fi-p12(ba)- f1, we have ker @15 C ker ¢12 and obtain a surjective
morphism im @1y — im @15 mapping @12(by) to @12(be) = fip12(be) f1 as desired.
The injectivity follows from the other inclusion of the kernels which, in turn, is a
consequence of the following

Claim Take by, € B, two non-isomorphic primitive idempotents €', e € B; with
ple®1)=f®1, p(e®1) = f'®1, and £ € €' Be\rad’ B, or { € eBe'\rad” B;.
If now mp(e' ® be) # 0, then also m (¢ & by) # 0.

Indeed, assume by € ker @15 \ ker @19, or, explicitly, mp(e; ® by) = 0 but mp(1®
by) # 0. Since the graph of B is connected by Corollary 2.3(i) (B is @-in-
decomposable), we find idempotents €', e in the given 1-decomposition with
me(e' ® by) # 0 and mp(e ® be) = 0 such that the corresponding vertices in
A(B;) are adjacent. Note that ¢’ and e cannot be isomorphic.® Then ¢'B"e or
eBY¢ is non-trivial. (Note that /B¢ ~ Homgl)(Ble’, Bye).) In the first case,
choose any ¢ € €' Bye \ rad” B,. By the claim, m,¢0(¢ ® by) # 0. However, since
¢ = le, we have mp({®by) = mp(£®1)-mp(e®by) = 0. This is a contradiction.
The second case is analogous. Thus up to the claim we are done.

Now we prove the claim. Let ¢' : ¢'Bie' ® Bo — f'C1f' ® Cs be a restriction
of p, and define B}, := im go';il.

First we reduce our task to the case by € Bj;: Since the natural map Bj; ®
Bj, — B, is surjective, we can write by = bo1 -1+, b1 abog x With ba1, ba1 \ € Bl
and by, » € rad Bj, for all A. (Observe that B}, is local and Bb,'” = k by Lemma
1.1.) By Theorem 3.2, the map B}, — f'C, f'®Cy — Cy is a section and therefore
the map Bj, — f'Ci1f'® Cy — f'Cyf' is trivial by Separation Lemma 3.1. Hence
(€' @b, x) = 0. So (e ®bg) = m1p(e' @bor) and T (R bs) = Tp(Rbay).
Now the restricted case yields the assertion.

So assume by := by € Bb; in the following. Let v(by) be the natural number
such that by, € rad”®") B, \ rad?(®1)+1 Bs, and observe £ € rad' B; \ rad® B;. We
show

(p(f ® bgl) — [,17T1g0(£ X b21) € rad”(b21)+2(01 ® 02)

8Otherwise, €/ = aa’, e = a'a for some a',a € By and w1 p(e' ® by) = mp(a ® 1)mple ®
ba)mp(a’ ® 1) = 0.
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This finishes the proof: since £® by, ¢ rad”®>)*2(B; ® B,), ¢ is an isomorphism,
and any radical power contains zero, we obtain m1p(£ ® ba1) # 0.
We treat this difference in two steps:

di = 90(6I ® boy — €0_1L17Tl§0(€' ® b21)) p(l®1) € rady(bm)H(Cl ® Cs),
dy = umip(e @ ba) - (Pl @ 1) — ump(t ® 1)) € 1ad” VT2 (C) @ Co).

Then the above difference, which is equal to d; + ds, is in the desired radical
power.

For the first step, apply the following Distortion Lemma 4.7 to the isomor-
phism ¢' : ¢'Bie'! ® By — f'Cif' ® Cy. Since by € rad’®2!) B,, | the difference
ﬂ(bzl) — ’}/(bgl) = 6’ X b21 — go_lblﬁlgp(e' X b21) is in rad”(b21)+1(e’Ble' ® Bz) C
rad”®)+(B; ® B,), where (8 and +y are defined as in Distortion Lemma 4.7. And
@ of this difference is the first factor of dj.

For the second step, we only need p({®1) — ;1 0(f®1) € rad’(C, ®C,). But
this element is in the kernel of 7, and in f'C, f®Cy. Thus it is in f'C, f ®rad Cy,
which is a subset of rad®(C; ® Cs), for f'C1f C rad Cy, since f' and f are non-
isomorphic. Il

4.7 Distortion Lemma Let ¢ : B ® By — C; ®(Cy be an isomorphism of local
algebras. Then By, and ¢ 'C), are almost equally embedded in B := B; ® B,.
Precisely this means: Define the two embeddings

0B : By — B, b— 1Q®0b,
vy 321 ~ 012 — B, br— gDill/lQDlQ(b).

For v € N and an element b € rad” By, we then have 3(b) — v(b) € rad”™" B.

Proof: By Theorem 3.2(ii), we can write B = B; ® Bsy ® By and obtain the
projections 9, : B — B; ® By, and g, : B — By;. Clearly 0,8 = 1p,,. Even
007 = 1p,,. Indeed, g = w1 using the projection my; : By = Bay ® Ba; — Boy.
With Theorem 3.2(i), we calculate g2 (b) = m2105, ¢12(b) = ma1(b) = b for b €
Bgl.

We proceed by induction on v. First, for any b € By, we have 5(b) — v(b) €
ker g5, completing the case v = 0. If b € rad By, we have 9,6(b) = 0 and
017(b) = 0. For the latter use Separation Lemma 3.1 to see that g, is trivial.
Thus the difference 3(b) — v(b) is in the intersection of the kernels of p; and go,
which in turn is in the square of the radical. Thus the case v = 1 is proved as
well.

Now suppose v > 1 and take b € rad” By;. We may assume b = b'0" with
Y € rad By, and b’ € rad” ! By,. We obtain 8(b) — v(b) = (B(V') — v(v))B(b") +
() (B(") —~(b")) € rad”t! B, since by induction hypothesis the terms in paren-
theses are in a higher radical power than the corresponding element. O
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5 Uniqueness
As in the previous section, we always start with @-indecomposable algebras.

5.1 Lemma Let ¢ : B; ® By — (7 ® Cy be an isomorphism.

(i) Suppose that By is ®-indecomposable and A(Bi) is not a point. Then
either every A(Bj)-slice is mapped into a A(C)-slice or every A(By)-slice
is mapped into a A(Cy)-slice.

(ii) Assume that the first case of (i) applies and that C) is also ®-indecom-
posable. Then A(p) = 01 X 0y, where §; : A(B;) — A(C;). Moreover,
mult(B;) = mult(C;) o d;.

(iii) If A(p) = &1 X 0, where §; : A(B;) — A(C;), and mult(B;) = mult(C;) o §;,
then there are isomorphisms @; : B; — C; such that A(y;) = §; fori € {1,2}.

Proof:

(i) We obtain an isomorphism A(y) : A(By) x A(By) = A(C1) x A(Cy) using
Graph Lemma 2.2(iii). By Cartesian Product Lemma 2.1(i), the slice A(B;) x
(B2 is mapped onto a rectangle A; x Ay. We show that either A; or A, is
just a point. Applying Transform Lemma 2.5(iii), we get B; ® (By | (2) =~
(C1 4 A1) ® (Cy | Ag). Since A(Bj | (39) is a point, the value of mult(Bs | £2)
divides the values of mult(Cy | Ay) - mult(Csy | Ay). By Lemma 2.7, we can
write mult(Bs | 32) = ny - ny such that n; divides all values of mult(C; | A;).
Let m; := nijult(Cj 1 Aj). Using Transform Lemma 2.5(iii) and (iv), then
By @ M(By | (B2,1) ~ M(C; | A1,my) @ M(Cy | Az, my). Now Corollary 4.2 tells
us that one of the factors on the right is local, say M(Csy | Ag, m3). So its graph
is a point. Using Transform Lemma 2.5(i) twice, this graph is As. And so the
rectangle is contained in a slice. Consequently, each A(B;)-slice is mapped into
a A(C})-slice or into a A(Cy)-slice. Cartesian Product Lemma 2.1(ii) completes
the first part.

(ii) Since every A(Bj)-slice is mapped into a A(C})-slice, A(C}) cannot be a
point and thus, by the first part, all A(Cy)-slices are mapped into A(Bj)- or
A(Bs)-slices. The latter case cannot occur, since A(yp) is bijective and A(By) is
not a point. By Cartesian Product Lemma 2.1(iii), A(¢) is a product as stated.

By Corollary 2.6(i), mult(B;) and mult(C}) are primitive. Since A(p) =
d; X 09, we obtain mult(B;) - mult(Bs) = (mult(C})d;) - (mult(Cs)d2). Since the
left factors are primitive, the right ones coincide, and so do the left ones.

(iii) Choose any point (3, 52) € A(B1) x A(Bs) and set (71, 72) := (0101, 0252).
Restricting A(p) then yields graph isomorphisms

(51 X E: A(Bl) X ﬁg — A(Cl) X 7Y,
e X 62 : ﬂl X A(BQ) —r 7 X A(CQ)
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These are induced by algebra isomorphisms

Y1:Br@M(By | B, 1) — C1 @ M(Cy | 72, 1),
Yo : M(By | f1,1) ® By — M(C; | m,1) @ Cs.

Indeed, by Transform Lemma 2.5, the graph isomorphism d; X € is induced by
an isomorphism By ® (B | (2) = C1 ® (Cy | 72). By assumption, mult(By | (s)
and mult(Cy | 72) have the same value. Using Transform Lemma 2.5(iii) and (iv)
yields the desired isomorphism t; with A(y) = 0; X ¢ by Transform Lemma
2.5(i). Similarly we obtain .

By Corollary 4.3, ¢ gives us an isomorphism ¢; : B; — C; with A(p;) = 6;.
Since v1 = A(p1)B1, the first factors in 1, are isomorphic: M(B; | f,1) =~
M(Cy | v1,1). Hence we can apply Corollary 4.4 to obtain an isomorphism ¢, :
By — Cy with A(gpy) = ds. O

5.2 Lemma Let ¢: Bi® B' - C; ® --- ® C, be an isomorphism and suppose
that By, C4, ..., C, are ®-indecomposable and A(By) is not a point. Then there
are an index j and isomorphisms

gOliBl—)Cj,
ap':B’—)C’:201®---®C’j_1®0j+1®---®05,

such that
Alp) = A(Co (p1 ®¢)),

where C : Cj@C, — Cl®' . '®Cs is defined by C(Cj®61®' : '®Cj,1®0j+1®' . '®CS) =
1Q Qs

Proof: First we show that there exists an index j such that A(y) maps every
A(By)-slice into a A(C)-slice of A(Cy) x- - -x A(Cy). Otherwise, by Lemma 5.1(i)
the slice A(B;) x #' is mapped for any j into a slice A(Cy) x -+ - x A(Cj_1) x v; X
A(Cjq1) x -+ - x A(Cy). Therefore A(B;) x ' is mapped to the point (y1,...,7s)-
But A(¢p) is bijective, hence A(By) is a point, which contradicts the assumption.

We may assume that j = 1. (If necessary, replace ¢ by (7' o ¢.) Then we
have the following situation: ¢ : B; ® B’ — C; ® C' is an isomorphism, By, C}
are ®-indecomposable, and A(Bj) is not a point. Moreover, A(y) maps A(B)-
slices into A(C})-slices, hence by Lemma 5.1(ii) we have A(yp) = §; x §' with
01+ A(B1) — A(Cy) and ¢ : A(B') — A(C") and appropriate multiplicities.
Now Lemma 5.1(iii) gives isomorphisms ¢; : By — Cy and ¢' : B' — C' such
that A(p) =61 x 8 = A(p1) X A(¢') = A1 @ ¢'), using Graph Lemma 2.2(iv)
for the last equality. This is the assertion of the present lemma in case j = 1. [J

Using this and Lemma 3.3 inductively we obtain the following Theorem.
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5.3 Theorem Let By, ..., B, and C}, ..., Cs be ®-indecomposable algebras
and let ¢ : B1® ---® B, - C; ® -+ ® Cs be an isomorphism. Then there
are a bijection o : {1,...,r} — {1,...,s} and isomorphisms 1; : B; — Cy;.

Moreover, it can be assured that A(p) = A(Co (Y1 ®---®41,)), where the algebra
isomorphism  : C;1 ®---®@Cy — C1®---®C is defined by ((c1 @+ - QCpp) 1=
Ccy ® . ® Cs.

Proof: We prove this by induction on r. The case r = 0 being evident, we
suppose r > 0. For convenience, sort the B; by descending graph size and by
descending multiplicities, where the graphs are just points. We claim that for
some j there are isomorphisms ¢; : By = Cjand ¢’ : B®---®B, - (1 ®---®
Ci-1®Cj41 ®---® Cy such that A(p) = A o (¢ ® ¢')) with ¢; as in Lemma
5.2. If A(By) is not a point, this is the statement of Lemma 5.2. Otherwise all
graphs A(B;) are points; in particular, the statement about the graph maps is
trivial. If mult(B;) is not 1, then, by Corollary 2.6(i), By ~ kP*? for some prime
p. By Lemma 2.7, there is an index j such that mult(C}) is divisible by p. Using
Corollary 2.6(i) again, C; ~ kP*P too, and we therefore have an isomorphism
Yy : By — C;. But then we have ¢' : Bo®---® B, ¥ M(By,1)® B2 ®--- Q@ B, ~
Ci® -®Ci.1M(C},1)C1® - ®C; ~2C1Q®C;1®Cj11® - QC,.
In the remaining case all graphs and multiplicities are trivial; in other words, the
algebras are local. So Lemma 3.3 completes the claim.

By induction hypothesis, we get a bijection ¢’ : {2,...,7} = {1,...,7—1,7+
1,...,s}, isomorphisms v; : B; = Cy;, and a permuting morphism ¢’ such that
A(¢') = A(("o(12®- - -®@1,)). Extend o’ to a bijectiono : {1,...,7} = {1,...,s}
by setting o(1) = 7, and define ¢ := (; o (L¢, ® ¢'). This completes the proof. O

In particular, we obtain the following structural version of the unique factor-
ization property.

5.4 Unique Factorization Theorem The set M of isomorphism classes of
@-indecomposable algebras is a free commutative monoid over the set X of iso-
morphism classes of {@®, ® }-indecomposable algebras as a basis.

Proof: By Corollary 2.3(ii), the set M together with the multiplication induced
by the tensor product is a commutative monoid. By Theorem 5.3, we can define
an isomorphism from M to the free commutative monoid with basis X. O

5.5 Corollary The semiring U of isomorphism classes of algebras is the positive
cone N[X| of the polynomial ring Z[X].

Proof: Since the monoid M is free over X, it suffices to show that the additive
monoid of U is free over M. That is the additive decomposition of algebras
should be unique. But additive decomposition of an algebra A is equivalent to
decomposing it as an A°® ® A-module. Such a decomposition is unique by the
KRULL-SCHMIDT Theorem. 0
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Of course, Z[X] is a factorial ring by GAUSS’ theorem. This does not mean,
however, that its positive cone N[X| is factorial, see Example A.1.

It seems to be a difficult task to describe all {®, ® }-indecomposable algebras
in a constructive way. Yet we can list some of them.

To do so we use the GABRIEL quiver ()(A) of an algebra A and the algebra
kQ of a quiver (). (See p.46 for definitions and references.) In fact, the graph
A(A) is obtained from the quiver Q(A) by omitting directions, multiplicities, and
loops. In contrast to the graph, the quiver allows to identify a trivial algebra:
If the quiver Q(A) of an algebra A is a point and the multiplicity mult(A) is 1,
then A = k. This is due to the fact that for any SCHURian algebra A there is a
surjective morphism M(kQ(A), mult(A4)) — A.

Thus if A is a non-trivial algebra A whose quiver QQ(A) is connected and
x-indecomposable and whose multiplicity mult(A) is primitive, then [A] € X.
Similarly, [kP*P] € X for p prime. Moreover, [kQ)] € X for any non-trivial,
connected, cycle-free quiver @). (Note that k(Q; X Q2) — kQ1 ® kQs is usually
not injective, while the quivers of these two algebras are equal.)
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6 Corollaries

Knowing that the monoid M is free, we will now examine several submonoids for
freeness. Some remarks on commutative monoids will help us.

For the next few paragraphs let F denote a free commutative monoid. First,
note that ‘the’ free commutative monoid over a set B can be constructed as
the set F'(B) of all maps B — N with finite support endowed with point-wise
addition. Of course, not every submonoid of a free monoid is free, for example,
N\ {1} is a non-free submonoid of the free monoid (N, +). There is an easy way
to derive freeness.

6.1 Lemma Let F be a free commutative monoid and ¢ : £ — F a split monoid
embedding, ie. there is a retraction o : F — € with oo = lg. Then £ is free.

Proof: An element e in £ has a maximal decomposition in &, since the number
of factors is delimited by the number of factors of the maximal decomposition of
ein F.

Suppose e = [], i, is a maximal decomposition in & for ¢ € {1,2}. Decom-
pose i(ei) =[], fiyu maximally in F. Since e;, =[], o(fivy) is indecomposable,
o(fivu) # 1 for exactly one p. But in Hu,u fiow = Hu,u favu, the factors on the
left-hand side are just a permutation of the factors on the right-hand side. Hence
the decompositions of e coincide up to order. O

Unfortunately, the intersection of two free submonoids of a free monoid needs
not be a free monoid. Call a submonoid & C F saturated iff it is closed with
respect to taking factors: For all f; € F with f;f, € S, the factors f; are in S.
Equivalently, all indecomposable elements in & are still indecomposable in F. In
other words, § is a submonoid of F generated by part of a basis of F. Clearly,
a saturated submonoid has a retraction to the inclusion, and thus by Lemma 6.1
it is free. Even more is true: Suppose £ C F is a free submonoid, and & C F is
saturated. Then saturatedness is inherited when intersecting with £&: SNE C &
is saturated. Loosely speaking: if a property (represented by S) is stable with
respect to taking factors then we can add it without interfering with freeness.
Referring to the monoid M, commutativity is such a property, see below.

On Numbers

6.2 Fundamental Theorem of Arithmetics The monoid of positive natu-
rals with multiplication is free.

Proof: The map ¢ : N — M, n — [k"*"], is an injective monoid morphism.
The map 9: M — N, [A] = > mult(A), is a retraction to ¢. Hence N is free. [J

In fact, the naturals are even saturated in M. (Use graphs and multiplicities to
see that.)
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On Graphs

On the set of isomorphism classes of quivers we define a cartesian product anal-
ogous to the one for graphs. (A quiver is a directed graph possibly with loops
and multiplicities. It is connected if its underlying graph (omit directions) is con-
nected. And it is cycle-free if there is no directed path returning to its origin.)

Given a quiver @), we define the quiver algebra k(@) as follows: Consider the
set Qo of paths in @ (of length at least 0), and note that, for each vertex of
Q, there is a ‘lazy’ path using no edge at all. We endow the vector space k£Q)
over the basis ()>( with the multiplication induced by the composition of paths.
Specifically, for w',w € @>¢, let w' - w be the concatenation of w' and w if w'
starts where w ends, and otherwise let w' - w be 0. (Compare the definition of
K (D) on page 63 of DROZD & KIRICHENKO (1994).)

Conversely, we can define the GABRIEL quiver QQ(A) of an algebra A. (This
quiver is also known as the (ordinary) quiver or as the diagram of an algebra.)
To do so, take the set of vertices of Q(A) to be the set of isomorphism classes of
indecomposable projectives, ie. the vertex set of A(A), and put dim Homg) (P, P
arrows from [P] to [P']. Like the graph, the quiver behaves well with respect to
sum and product of algebras: sum corresponds to disjoint union, product to the
cartesian product. Furthermore, for any SCHURian algebra there is a surjection
kEQ(A) — M(A, 1) whose kernel is an admissible ideal in kQ(A), ie. it is generated
by combinations of paths of length at least 2, and it contains all paths of some
length N. Finally, Q(kQ/I) = @ provided I is an admissible ideal in £Q. (See
DrOZD & KIRICHENKO (1994), Theorem 3.6.6.)

6.3 Corollary The monoid of isomorphism classes of finite, connected, cycle-
free quivers is free.

Proof: By a square in a quiver () we mean a tuple of four arrows ¢; € ) such that
¢4y and /3¢, are paths with the same head and tail vertices. Given a cycle-free
quiver (), define

I(Q) = <{£1£2 — {3, | (Kz) is a square in Q}) C kQ,
A(Q) = kQ/I(Q).

Then the map @ — A(Q) induces a monoid embedding. Clearly Q' ~ @ implies
A(Q') ~ A(Q). If Q is a point without arrows, then A(Q) = k.

Now suppose @ = @1 X Q2. In order to show A(Q) ~ A(Q1) ® A(Q2), observe
that the left-hand side is the quotient of £Q by I(@) while the right-hand side is
isomorphic to the quotient of k@ by the preimage J of I(Q1) @ kQ2+kQ1 R I(Q2)
under the obvious map kQ — kQ; ® kQy. (Map a vertex (o, ) to a1 ® s,
an arrow (aq,¥fs) to a; ® ¢ and an arrow (¢1, ) to £; ® ag. Since the vertices
and the arrows generate k(@) as an algebra this defines a unique morphism.) The
kernel of this map is generated by the squares that are products of an arrow of
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each );. Thus J is generated by all those squares that are either in a @);-slice or
a product of an arrow of each factor. I(Q), on the other hand, is generated by
all squares in (). Thus it remains to see that any square in () is either in a (-
or in a (Qe-slice, or it is a product of two arrows, one from each factor. This is
easy to verify.

For every quiver @) the quiver of A(Q) is Q. (Observe that I(Q) C kQ>2 and
kQ>n = 0 for n = #@).) By Lemma 6.1 this proves the assertion. Il

This proof can be adapted to arbitrary connected quivers by enlarging the ideal
I(Q). Two arbitrary paths are equal modulo squares if it is possible to produce
the second from the first by exchanging subpaths ¢; £, with ¢3¢, from a square (4;).
We call a cycle ¢ in @) irreducible modulo squares if no path that is equal to ¢
modulo squares has a proper cyclic subpath. For each irreducible cycle ¢ in () add
¢ to I(Q) if ¢ is not a loop, otherwise add ¢?. This works because an irreducible
cycle in @ = @1 X ()2 always is in a slice. Since we want Q(A(Q)) = @, in case of
a loop we need to take ¢? instead of c. Moreover, any path whose length exceeds
the number of arrows is in the ideal. So we have:

6.4 Corollary (MARYLAND (1978), FEIGENBAUM (1986)) The monoid of
isomorphism classes of finite, connected quivers is free. O

Let’s turn back to one of our starting points. We have considered quivers, but
what about graphs? Not surprisingly we have:

6.5 Corollary (SABIDUSSI (1960)) The monoid of isomorphism classes of fi-
nite, connected, loop-free graphs is free.

To proof this map an undirected graph to the quiver that consists of a forth and
a back arrow for each edge in the graph. Then by Corollary 6.4 we get the result.

On Algebras

The next result is due to POWER (1990). To a partial pre-order’ R on the set
{1,...,n}, we associate the incidence algebra A(R): the elements of A(R) are all
n X n-matrices a over k with ag, # 0 only if SRa. If R is connected and anti-
symmetric, ie. a connected partial order, A(R) is called a (connected) triangular
matriz algebra. (The relation should be reflexive and transitive to assure that
A(R) is an algebra. Connectedness implies that A(R) is @-indecomposable. Due
to antisymmetry, A(R) is basic.)

6.6 Corollary (POWER (1990), Theorem 3.1) The monoid of isomorphism
classes of triangular matrix algebras (over k) is free.

9A partial pre-order is a reflexive and transitive binary relation
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Proof: Consider an algebra A := A(R) and for BRa let €’® € A denote the
matrix with 1 at (3, «) and 0 elsewhere. The quiver @) := Q(A) perfectly reflects
the relation R: We identify the vertex [Ae®*] of the quiver with « € {1,...,n}.
Two vertices in () are connected by a directed path iff they are in relation R. Thus,
from A(R) we can recover the relation. For an arbitrary algebra A, we define R(A)
by: BR(A)c iff there is a path from « to 3 in Q(A). Then A — R(A) — A(R(A))
induces a retraction to the natural inclusion. Indeed, we can define a product of
relations: (B1, B2)(R1 X Rs)(a1, ag) iff for both i we have §; R;o;. Now the maps
A~ R(A) and R — A(R) induce monoid morphisms. O

As we have just seen, the map R +— A(R) induces a split monoid embedding.
In fact, we do not need antisymmetry of R.

6.7 Corollary (CHANG, JONSSON & TARSKI (1964)) The monoid of isomor-
phism classes of partial pre-orders is free. O

For a certain class of graded algebras, we also have a split embedding. Call
an algebra naturally graded iff A ~ A™,

6.8 Corollary The monoid of isomorphism classes of naturally graded, &-
indecomposable, SCHURian algebras is free. U

Finally, we turn our attention to some ‘saturated’ properties of algebras: each
of the submonoids of isomorphism classes of SCHURian algebras with one or more
of the following properties is saturated in M. Thus each combination of them
leads to a new free monoid.

e Commutative,

e one-point (A(A) is a point),

e basic (mult(A4) = 1),

e cycle-free (Q(A) has no cycles),

e loop-free (Q(A) has no loops),

e cycle-resistant (Q)(A) has a point which is in no cycle),

e loop-resistant (QQ(A) has a point without a loop),

e local-free (A has no local tensor factor),

e local (one-point and basic) [HORST (1987)],

e ‘relational’ (basic and cycle-free).

We can also start with the monoids of Corollary 6.6 or Corollary 6.8, and add one
or several of these properties. You may notice that this list can be easily extended

by imposing other suitable conditions on the quiver Q(A) and the multiplicity
mult(A) or on the algebra itself.
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A Frontiers (Examples)

This section collects some limiting results and examples. We examine the neces-
sity of various conditions used before.

An @-indecomposable, SCHURian algebra has a unique factorization. How-
ever, an arbitrary SCHURian algebra may still have different decompositions.

A.1 Example N[X] is not factorial.

Proof: Simply examine (X + 1)(X? — X + 2)(X + 2) for X € X. This yields
(XP+X4+2)(X+2) =X"+2X3+ X2 4+4X +4 = (X +1)(X3 + X%+ 4).
The smallest algebra obtained this way has dimension 48 using X = [k[T]/T?].
NAKAYAMA & HASHIMOTO (1950) use X° + X%+ X3 + X2+ X +1 = (X +
1)(X?+ X +1)(X? — X + 1) for a similar purpose. O

The Unique Factorization Theorem 5.4 should not be misunderstood: it does
not mean that an @-indecomposable, SCHURian algebra has a unique factorization
in the class of all k-algebras.

A.2 Example Suppose that A is a finite-dimensional, central, simple k-algebra
and n = [[ p; is the prime factor decomposition of its dimension. Then we have

AP © A~ kn o~ (R kPP

To be specific, take the real quaternion algebra A = H with k =R and n = 2- 2.

In our reasoning, the condition ‘SCHURian’ guarantees that the tensor product
of two @-indecomposable algebras is again @-indecomposable (Corollary 2.3(ii)).
Yet this cannot be expected in general.

A.3 Example We have C C~Ca® C ~C® (R® R) as R-algebras.

Proof: Write C = R[T]/(T? + 1) for the second factor on the left to obtain
C®C=C[T]/{(T?+ 1) = C® C using the Chinese Remainder Theorem. O

The last example shows that we cannot completely omit ‘SCHURian’. (As an
R-algebra C is not SCHURian.) In fact, if we want our algebras to behave well in
connection with graphs and multiplicities, this condition is even necessary.

A.4 Frontier Suppose D is a finite-dimensional division algebra over a field k
such that D ® D is a division algebra, too. Then D = k.

Proof: Otherwise there is an x € D\ k. Now L := k[z] is a non-trivial subfield of
D. Since L ® L is contained in the division algebra D ® D, it is a field. Thus the
algebra morphism L ® L — L is injective. (It cannot be trivial, since 1® 1 + 1.)
Thus dimy L = 1, which contradicts L # k. 0
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Take an algebra A which behaves well in connection with graphs and multi-
plicities, ie. we have at least A(A® A) = A(A) x A(A) and mult(A ® A) =
mult(A) - mult(A). For an indecomposable projective P of A, P ® P now has to
be indecomposable. Thus its endomorphism algebra B is local, and the residue
algebra D is a division algebra. Furthermore, the residue algebra of P ® P’s
endomorphism algebra B® B is D ® D by Lemma 1.3(iii). Since P ® P is inde-
composable, B ® B is local, hence D ® D is a division algebra. But then D = k.
Thus A is SCHURian.

The presented proofs of Separation Lemma 3.1, Theorem 3.2, or Proposition
4.1 all use characteristic zero. This is inevitable:

A.5 Example Let k be any field of non-zero characteristic p. Take an element
v € k\{0,1}, let B; = C; = k[T]/T? fori € {1,2}, and denote by t the class of T'.
Then there is an isomorphism ¢ : Biy® B, — C1 ®Cs mappingt®1 — t®1+1®t
and 1®1t+—t®1+v®t. Now all ¢;; are isomorphisms, and so C;; = C;.

This shows that Theorem 3.2 and Proposition 4.1 do not hold in finite char-
acteristic. And Separation Lemma 3.1 fails, too: the morphism v := @i is a
morphism of local algebras with 719 = (1, being horizontal, even isomorphic,
but w1 = 91 is isomorphic, too, and is therefore not trivial.

Proof (Example A.5): Due to the characteristic ¢ is well defined. Indeed, since
the algebras are commutative, we only need to verify (t® 1+ vy ® )P =

To prove that ¢ is isomorphic, we show that it is surjective. By Surjectivity
Criterion 1.2, this follows from the surjectivity of o). Since v # 1, ) ((t ®
D) =t )W+ (16, and oW (@ 1Y) = @ )Y + 4(1 @ )M are
linearly independent. And (C; ® C5)®) is two-dimensional.

Since ;;(t) = t for (i,7) # (2,2) and @9o(t) = vt with v # 0, all ¢;; are
isomorphisms. Il

Dealing with C-algebras one might hope that it is possible to generalize the
unique factorization property to algebras of arbitrary dimension, maybe subject
to a delimiting condition like ‘NOETHERian’. Any trial to generalize Unique
Factorization Theorem 5.4 or Unique Factorization for Local Algebras 3.4 to
algebras of arbitrary dimension has to bypass the following frontier:

A.6 Example There are commutative, NOETHERIan, finitely generated, re-
duced C-algebras Ay, A1, Ay such that

Ay ®@ A ~ Ay ® As,
A #£ A,



o1

This statement is strongly connected with the ZARISKI cancellation problem. It
is known by examples of DANIELEWSKI (not published) and FIESELER (1994)
that for affine varieties X x Z ~ Y x Z does not imply X ~ Y. Generalizing
the examples of DANIELEWSKI, TOM DIECK (1992) constructs families of Q-
homology planes without the cancellation property.

Proof: Let a € Nso, £k € Nyq, and j € No,. The affine variety W(a, k) :=
Ves (2F2 + y@ — 1) is stable under the action H(j) of the cyclic group of order a
given by A - (2,9, 2) := (Mx, \y, \™7*2). The corresponding quotient W (a, k); is
again an affine variety due to the Finiteness Theorem of Invariant Theory (see for
example Section 3.2 in KRAFT (1984)). Using ToM DIECK (1992) we obtain:

e While jk = 1 (mod a), the isomorphism type of W(a,k); x C does not
depend on k or j.

e While 2/a+1/k < 1, even the homeomorphism type of W (a, k), is charac-
terized by (a, k, 7).

Now choose two varieties W (a, k); with same a falling in both cases and pass to
coordinate rings. O

The following easy example shows that Separation Lemma 3.1 (or Corollary
B.2) does not hold for local algebras of arbitrary dimension.

A.7 Example Let L be any non-trivial local k-algebra with residue algebra k.
Denote by LN the tensor product of countably many copies of L. There is an
obvious isomorphism

o: LN —INQ L.
Then my¢ is horizontal while Ty is surjective and hence not trivial.

That is cheated, you might say, since LY is so ‘big’. Clearly, the algebra LN is
not NOETHERian, not even for the smallest possible L, namely L = k[T]/T?. Yet
we could still hope to have a suitable generalization of Separation Lemma 3.1 to
NOETHERian algebras, for example as in Corollary B.2 without the assumption
that A is ARTINian. But even that is wrong:

A.8 Example Let By, By be local k-algebras with residue algebra k such that
rad’ B; # 0 forall? € N and By # k. Let A := B;® B, and consider the identical

morphism
@Y : A— B1 X BQ.

Then my¢ is horizontal while mo( is surjective and hence not trivial.

10There, Remark (3.6) has to be modified: the action (of H(j)) is trivial on the factor C iff
jk =1 (mod a).
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To be specific, take for B, the ring k[T] of formal power series or the local ring
k[T)ry and let By = k[T|/T?. Then all algebras are commutative NOETHERian.
If k = C, we can also take the ring k {T'} of convergent power series for B;. Then
the algebras are even local analytic.
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B A Generalized Separation Lemma

In this section, an algebra is an associative k-algebra with unit element. The
ground field £ can be an arbitrary field of characteristic zero.

B.1 Lemma Let ¢ : A — B; ® By be a morphism of local algebras with
residue algebra k. Recall chark = 0. Let N C rad A be a nilpotent set such that
mp(N) ¢ Nrad® By. If N**' =0, then mp(N™) C rad"* B;.

For commutative, NOETHERian algebras KRULL’s Intersection Theorem states
that the intersection of the radical powers is trivial. The radical of a finite-
dimensional algebra is nilpotent. The following Corollary B.2 can completely
replace Lemma 1.1.2 in HORST (1990) and Lemma 4 in HORST (1987). A mor-
phism ¢ : A — B of local algebras is trivial iff it maps the radical to zero. It
is horizontal iff, for every ¢ with rad® A # 0, we have gp(rade A) ¢ rad“*! B. For
example, sections are always horizontal.

B.2 Corollary (HORST (1987)) Let ¢: A — B; ® By be a morphism of local,
commutative, NOETHERian algebras with residue algebra k. Recall chark = 0.
Moreover, assume A ARTINian. Then, if w1 is horizontal, mop is trivial.

Proof: Suppose ¢ is a counter-example. Since A is ARTINian, the set N :=
rad A is nilpotent. According to KRULL’s Intersection Theorem, ﬂrade By = 0.
Especially mo@(N) = mop(rad A) ¢ 0 = (rad® By, since my¢ is not trivial. Take
n such that rad® A # 0, rad"** A = 0. Now Lemma B.1 yields mp(rad” A) C
rad™™! By, ie. 71¢ is not horizontal, which is a contradiction. O

Similarly, we obtain Separation Lemma 3.1. Indeed, rad By is even nilpotent
there, so we do not need KRULL’s Intersection Theorem and commutativity.

Proof (Lemma B.1, with V. STRASSEN): We have 0 # myp(rad A) C rad Bo,
since Béo) =k.

Choose ¢ > 0 maximal with my¢(N) C rad® By. There is such an £ < oo, since
mop(N) ¢ Nrad® By and m¢(N) C map(rad A) C rad Bs.

For a« € N write p(a) = b® 1+ 1® ¢+ = with b := mp(a) € rad By,
¢ := myp(a) € rad’ By, and z € rad B; @ rad B,. Indeed, we only need to verify
the statement on z: x € kerm; N ker 79 = rad B; ® rad Bs.

Let I := (rad"™ B,) ® B, + By ® (rad“"! By). For ay,...,a, € N expansion
of 0 = p(ag- - ay) yields

(*) OEZbO"'bi—lbi—}—l"'bn@Ci mod 1.
=0

All other terms vanish modulo I: terms with two ‘¢’s are in B; ® rad? B, =0,
terms with a ‘¢’ and an ‘@’ are in B; @ rad“*! By, and terms without a ‘¢’ are in
(rad”+1 B]_) X BQ.



54 B A GENERALIZED SEPARATION LEMMA

Fix ayp € N with ¢y = mp(ay) ¢ rad”™ By. Then, for r € {n,n —1,...,0},
we have

Vai,...,an, € N @ bibyi1---b, € rad"™! B;.

This we prove by backward induction on r: Take n > r > 0. Applying (*) with
a1 :=...a, := ap yields

bgbr—l—l"'bn@ZcO €l,
i=0

since, by induction hypothesis, the other summands are in (rad”Jrl B;)®B,. Since
(r +1)co ¢ rad*™' B, due to the characteristic of k, we obtain the assertion.
For r = 0 we see that m,o(N") C rad"*" B. O

Using the following Lemma B.3, more general corollaries can be derived. The
(lower) nilradical (or prime radical) nil A of an algebra A is the intersection of
all its prime ideals. Here an ideal P < A is prime iff, for all ideals Iy, I, < A with
I,-I, C P,we have I; C Por I, C P.

B.3 Lemma Let A be an algebra. Then:
(i) nil A = {P < A prime} C rad A.
(ii) nil A is nil, ie. all its elements are nilpotent, and contains all nilpotent ideals.

(iii) If A satisfies the ascending chain condition for two-sided ideals, then nil A
is nilpotent.

(iv) If A is commutative, then nil A is exactly the set of nilpotent elements.

For proofs of these statements see ROWEN (1988, §2.6). [For (i), use Remark 2.1.14
and Definition 2.5.1. For (ii), combine Proposition 2.6.15 and Definition 2.6.3.
Lemma 2.6.22 is (iii). And (iv) follows from (ii): the set N of nilpotent elements
is a nil ideal containing nil A, for an element a € N the ideal Aa is nilpotent
(since A is commutative) and hence contained in nil A.|
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C A Reduction

This is V. STRASSEN’s reduction of the Unique Factorization Theorem to the
basic case.

Endomorphisms

Let £ be an algebraically closed field of characteristic 0. By an algebra we always
mean a finite dimensional k-algebra. Let A be an algebra. We denote the set
of isomorphism classes of indecomposable projective A-modules by 7(A4). Thus
if A= PP &...0 P®, where A is considered as left A-module and the P
are indecomposable and pairwise nonisomorphic, then 7(A) = {[P1],...,[P]}.
When ¢ : A — A’ is an isomorphism of algebras, the map 7(p) : 7(A") — 7(A)
is defined by 7(¢)([Q]) := [Q¥], where Q¥ denotes the scalar restriction of the
A'-module @ via ¢. It is easy to see that 7(yp) is well defined and bijective. In
fact, if A’ = @ @, is a decomposition into indecomposable modules, then also
A= ¢ 'Q, is a decomposition into indecomposable modules and we have the
isomorphism of A-modules

(C.1) P Qu— QF.

Given a projective A-module V', we define its multiplicity u(V') : 7(4) — N by
w(V)([Pi]) :== m;, where w(A) = {[Py],-..,[P;]} with pairwise nonisomorphic P,
and V ~ P¥™ @ ... ® P®". (By Krull-Schmidt this makes sense.) Clearly
the map p (i.e. V +— u(V)) is constant on isomorphism classes and induces an
isomorphism of the additive monoid of classes of projective A-modules (addition
being induced by @) with the additive monoid N*™)_ Let ¢ : A — A’ be an
isomorphism and W € mod A’. Since scalar restriction commutes with direct
sum, we have

(C.2) p(W) = p(W¥#) o m(p).

Note that V' is a projective generator of mod A if and only if (V) is strictly
positive.

Given a strictly positive function m : 7(A) - N (i.e. m : 7(4) - N), we
define M (A, m) := End4 V, where V is a projective A-module with multiplicity
m. (The reader will notice that M(A,m)° is a typical Morita transform of
A.) We write M(A) for M(A,1). Thus M(A) = Enda(P1 & ... & P,), when
A= PP @... &P with pairwise non-isomorphic indecomposable P;. Clearly,
M (A, m) depends on the choice of V', but the isomorphism type of M (A, m) does
not. We call (A,m) and (A’, m’) isomorphic, (A, m) ~ (A’,m’), when there is an
isomorphism ¢ : A — A’ such that m’ = m o 7(¢). Recall that an algebra B is
basic when B/rad B is a direct sum ( = direct product) of copies of the ground
field k. Equivalently, B is basic when p(B) = 1.
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C.3 Proposition Take algebras A, A" and basic algebras B, B'. Then:

(i) M(A) is basic.

(ii)) M(M (B, m)) ~ B for any m.
(iii) M(M(A), m) ~ A for some m.
(iv) M(B,m) ~ M(B',m’) if and only if (B,m) ~ (B',m’).
Proof: (i): This is true by definition of a basic algebra, see DROZD & KIRICHENKO
(1994), Theorem 3.5.4, statement 3).
(ii): This follows from DROZD & KIRICHENKO (1994), Theorem 3.5.6, by taking
B, = B and By, = M (B, m). Then statement 2) of Theorem 3.5.6 is satisfied,
since m is strictly positive, and statement 1) is our assertion, since M(B) ~ B
for basic B.
(iii): This is the statement of DROZD & KIRICHENKO (1994), Corollary 3.5.7.
(The strict positivity of m is not explicitly mentioned, but follows from the proof
of Corollary 3.5.7.)

(iv): This is the content of DROZD & KIRICHENKO (1994), Exercise 3.16, state-
ment c). O

Tensor products
Let A;, As be algebras.
C.4 Lemma Let V;,W; € mod A;. Then
Homy, g4,(Vi ® Va2, W1 ® W) = Homy, (Vi, W) ® Homy, (Va, Wa).

Proof: We show “C”. Suppose ¢ = <p{ ® (,0% € Homa, g4, (V1 ® Vo, W @ Wy)
with linear maps ¢’ and the sum as short as possible. We are going to show that
the gpg are actually morphisms of A;-modules. Take as € Ay. Since ¢ commutes
with 1 ® ao, we have for all vy € V5

2901 a2€02 (v2) — gﬂé(agvz)) =0

Since the go{ are linearly independent (by the minimality of the sum),
a2 (v2) — Ph(azvy) = 0

for all ay and v,. Hence the go% are As-morphisms. The lemma now follows by
symmetry. U

C.5 Corollary Let V; be A;-modules. Then
End g, 04,(Vi ® V2) = Endy, (V1) ® End g, (V2)

as algebras.
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C.6 Corollary Let V; be indecomposable A;-modules. Then V; ® Vy is an
indecomposable A; ® Ay-module.

Proof: Use Fitting’s Lemma and Corollary C.5. O

C.7 Corollary Let V;, W, be indecomposable A;-modules, Vi ® Vo ~ W; @ W,y
as Ay ® Ay-modules. Then Vi ~ W, and Vo >~ W,

Proof: Take an 1somorph1sm 0=>, gol ® g02 Vi@ Ve — W1 @ Wy, where goZ are
A;-morphisms. Then > ¢~ (gpl ® }) is the unit element of End 4, g4, (Vi ® V).
By Corollary C.6 and Fittings Lemma ¢~ (gal ®<p2) is an automorphism for some
j. Then ¢! : V; = W; are isomorphisms of A;-modules. O

C.8 Corollary Let A;, A, be algebras. Then:

(i) 7(A; @ As) = m(A1) Un(As) (disjoint) via [P;] — [P?*], where [P;] € n(A;)
and ; is the projection A; & Ay — A;.

(i) T(A, ® Ay) = w(A,) x 7(As) via ([P, [Ps]) = [P @ ).

Proof: (i) being clear, we prove (ii). For each p; € m(A;) we choose a module
P; € p;. Suppose A; ~ @, cqa) Pﬁn”’i. Then A1 ® A2 ~ D, ,, PP g
P = @, ,, (P ® Py)®" ™ and by Corollary C.6 and Corollary C.7 the
P, ® P, are indecomposable and pairwise non-isomorphic. Hence the [P} ® P

bijectively represent m(A; @ As). O

C.9 Corollary Let Ay, Ay be algebras, m; : w(A;) — N. Then:
(i) M(A;,mq) & M(Ay,ms) ~ M(A; & Ay, m), where m(p;) := m;(p;) for p; €
W(AZ) C 7T(A1 D A2)
(ii)) M(A;,m1) @ M(Ag, my) ~ M(A; ® Ay, m), where m(p1,ps) := my(p1) -
ma(p2)-
Proof: (ii): For each p; € m(A;) we choose a module P; € p;. Then Corollary
C.5 and Corollary C.8 (ii) give M(A;,m;) ® M (Ay, my) = End 4, (B, P"*) ®

Endy, (D, PQmZ(p2)) End s g4, Dy, 5, (P1OP)™ (PO)m2(2) = End 4, g 4, D, . (P1®
PZ)m(phpz) = M(A1 X AQ, ) O

C.10 Corollary Let A, Ay be algebras. Then A, ® A, is indecomposable with
respect to @ if and only if both A; and A, are.

Proof: Given an algebra A, we turn 7(A) into a directed graph by drawing an
arrow from [P] to [@] when Hom, (P, Q) # 0. By Corollary C.8 (ii) and Lemma
C.4 the graph m(A4; ® Ay) is the direct product of the graphs m(A;) and 7(Asg).
Thus it suffices to prove that A is indecomposable with respect to & if and only
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if the graph m(A) is weakly connected (i.e. m(A) is connected as an undirected
graph). Now given a nontrivial decomposition A = B @ C, there is no nonzero
morphism of A-modules from B to C (since ¢(b) = ¢(15b) = 1pp(b) = 0) or from
C to B. Choose decompositions B = P P, and C = @ @) into indecomposable
A-modules. From the matrix description of morphisms of direct sums of modules
it is clear that Homa(P,, Q) = 0 and Homy(Qx, P,) = 0 for all ¢, k. Hence the
sets {[P,]}, and {[Qx]}« form a nontrivial disconnected partition of 7(A). The
argument is easily inverted. O

A Basic Reference

The following result is proved elsewhere by M. Niisken:

C.11 Proposition Let By,...,B; and By,... , Bl be basic algebras, indecom-
posable with respect to direct sum and tensor product of algebras, and for each
i let B; = @, P, be a decomposition into indecomposable submodules. Let
v: B ®...8 By - B ®...® Bl be an isomorphism. Then d = d' and
there are a permutation o € Sy and isomorphisms v; : B; — B.. such that
o(P, ® ...Q Py,) = (P, ® ...Q® Py,) for all (1;), where the algebra iso-
morphism ¢ : Bi ® ... ® By — B{ ® ... ® B), is defined by ¥(b; ® ... ® bg) :=
Ve-11b5-11 @ ... ® Yy—-14bs-14.

C.12 Corollary Let By,...,B; and Bi,..., B!, be basic algebras, indecom-
posable with respect to direct sum and tensor product of algebras and let ¢ :
B ®...9 By — B} ®...® B, be an isomorphism. Then d = d' and there are
a permutation o € Sy and isomorphisms 1); : B; — B!, such that w(p) = 7 (¢),
where the algebra isomorphism ¢ : By ® ... ® By — B} ® ... ® BY, is defined by
w(bl ®...Q bd) = Yy-11by-11 R ... @ YWy-14bs-14-

Multilinear Forms

Take a nonempty set Q and, for each w € €2, a nonempty finite set m(w). We
consider the polynomial ring Z[(X.p)weo per(w)]- A polynomial f is called positive

multilinear of degree n, when there are pairwise different wy,... ,ws € Q and a
function m : w(wy) X ... X m(wg) — N such that
(C.13) f= > m(p) Xuipy - -+ Xgpy-

peT(w1)X...Xxm(wy)

We allow d = 0, in which case f is a positive integer. In place of the cumbersome
equation (C.13) we will prefer to write

(C.14) fr~(w,... ,wg,m)
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and we will call (wq,...,wq,m) a parameter sequence of f. It is not uniquely
determined by f, but may be replaced by (w,-11, ... ,Ws-14,0m), where o is any
permutation of {1,... ,d} and om : m(w,-11) X ... , X7 (ws-14) — N is given by
(om)q := m(go1,--- ,q,4)- Moreover, in this way we get all possible parameter
sequences of f.

The set {w, ... ,wy} is called the support of f. Positive multilinear forms are

called disjoint, when their supports are disjoint. We denote the set of positive
multilinear forms of Z[(X,,)] by F. The set F'is closed neither under addition
nor under multiplication. However, the product of two disjoint elements of F
again belongs to F. Indeed, when f ~ (wq,... ,wq,m) and f' ~ (Wf,... ,wl,m')
and f, f’ have disjoint supports, then

(C.15) ff e~ (wiy. o we, Wy wy,m'),
where m" (p, p') = m(p)m(p').

C.16 Lemma Let f € F and f = fifs with fi, fo € Z[(X,yp)]. Then either
fi, fa € F or —f1,—fy € F. In the first case, f; and fy are disjoint.

Proof: Easy. U

Suppose that G is a group of automorphisms of Z[(X,,)] with the following
properties:

(1) G stabilizes F' and preserves degree and disjointness.

(2) Given fi,..., fm, [ € F, there is a g € G such that g(f) is disjoint from
Ji-oo s fme

(3) Given fi, ..., fm, f, f' € F such that fi,..., f, are disjoint from f, f’ and
such that f' = g(f) for some g € G, there is an h € G fixing all f; such

that f' = h(f).

We define a multiplication in the set S of G-orbits of F'in the following way:
The product of two orbits s; and sy is the orbit G f fo, where f; € s; and fo € s9
are chosen disjoint. By property (2) such a choice is possible. Moreover the
resulting orbit is independent of this choice. (Indeed, in order to show G f; fo =
Gf1f3, say, we first use properties (2) and (3) to find an h € G such that h(fs)
is disjoint from f1, f{, f5 and such that hAf; = f;. Then Gfifo = Gh(f1f2) =
G f1h(f2), so that we may assume that fs is disjoint from fi, f{, f5 to begin with.
By property (3) there is an h € G fixing fo and mapping f; to fi. Hence
Gfife = Gh(f1 f2) = Gf|fe, and by a similar argument G f{ fo = G f} f5.) Clearly,
the multiplication is associative and commutative with unit element 1 := G1 =

{1}.
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C.17 Proposition The commutative monoid S is factorial and 1 is its only unit
(invertible element). In other words: S is a free commutative monoid over its set
of irreducible elements.

Proof: By property (1) the degree function is defined on S. This implies that 1
is the only unit of S, and that every element of S different from 1 is a product
of irreducible elements. The uniqueness of such a factorization (up to order) is a
consequence of the following claim: When s; is irreducible and s;|s9s3, then sq|so
or s1|s3 (i.e. every irreducible element is prime). In order to prove this claim,
suppose s’ = $2s3. We may choose f1, f', f2, f3 from sq, s, s9, 83 respectively,
such that fi, f’ as well as f,, f3 are disjoint and that f;f' = fof3. (Note that all
elements of sys3 are products of disjoint elements of sy and s3, since being such
a product is preserved by G.) By Lemma C.16 the polynomial f; is irreducible
in Z[(X,p)]- Since Z[(X,p)] is a factorial ring, we have f; f" = f, (say) for some
" € Z[(X.p)]- Lemma C.16 tells us that f” € F and f; is disjoint from f”.
Hence s1|sy. This proves the claim. O

Proof of the Reduction

Let B be a set of representatives (a transversal) of the ‘set’ of all isomorphism
classes of basic algebras that are {®, ® }-indecomposable. Let 2 := {(B,v) : B €
B,v € N} and for w = (B,v) € Q let 7(w) := 7(B) be the set of isomorphism
classes of indecomposable projective B-modules.

If for every w = (B, v) € Q an automorphism ¢, of B is given, we may define
an automorphism g of Z[(X,,)] by

(C.18) g(pr) = me((p;l)p'

In particular, when f € F and f ~ (wy,... ,wq, m), the polynomial g(f) is again
in F' and

(C.19) 9(f) ~ (w1, ... ywg,mo (T(py) X ... X 7(Py,)))-

Varying (¢,), we get a group Gy of automorphisms of Z[(X,,)]-

If a permutation 7 of € is given with the property that for any (B, v) € 2 we
have 7(B,v) = (B, V') for some v/ € N (admissible permutation), we may define
an automorphism g of Z[(X,,)] by

(C.20) 9(Xup) = Xr(wp-
In particular, when f € F and f ~ (wy,... ,wq, m), the polynomial g(f) is again
in F' and

(C.21) g(f) ~ (twy, ... ,Twg, m).
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Varying 7, we get a group G, of automorphisms of Z[(X,,)]. We let G be the
group of automorphisms of Z[(X,,)] generated by Go U G1. Then G = Gy - Gy,
since G1 normalizes Gy. (Actually G is a wreath product, but this need not
concern us.)

G has the properties (1)—(3) above. Indeed, (1) is clear from (C.19) and
(C.21). Property (2) follows from (C.21) alone. In order to prove (3), we may
assume that g is either in Gy or in G;. (Write g = gog; with ¢g; € G; and note
that go does not change supports, so that g;(f) is disjoint from fi,..., fi,.) Let
[~ (wi,... ,wg,m) and f' ~ (wi,...,w),m). When g is in Gy, we define h by
(¢l,) with ¢}, = @, for i =1,... ,d and (¢],) = idp for w = (B, v) not in the
support of f. When ¢ is in G, we define A by any admissible permutation 7" of
) satisfying

P w) = T(w) when w € {wy,...,wq}
| w when w € {wy, ... ,wy, W, ... ,wh}.

Such a 7' exists, since (C.21) implies 7(w;) = wj.

Thus we have at our disposal the factorial monoid S of the last section. We
also have the commutative monoid M consisting of the isomorphism classes of
algebras that are @-indecomposable, under the multiplication induced by ®. (See
Corollary C.10.)

C.22 Proposition § ~ M

Proof: Define a map
j:S§—->M
in the following way: Given s € S, take f € s and let f ~ (w1,...,wq, m) with
w; = (Bi, v4). Since m(wy) X ... Xw(wg) =7(B1) X ... X7(By) =7(B1®...Q By)
by Corollary C.8 (ii), we may use the function m : 7(B; ® ... ® By) — N to
define
j(s) == [M(B; ®...® Bg,m)],

where [B] denotes the isomorphism class of the algebra B. (For d = 0 one has to
interpret B; ® ... ® By as k.)

First we show j(s) € M. Indeed, Corollary C.10 implies that B; ® ... ® By
is indecomposable with respect to @. Therefore, by Proposition C.3 (ii) and by
Corollary C.9 (i), the algebra M (B; ® ... ® By, m) is &-indecomposable, hence
j(s) € M.

Next we observe that j(s) is independent of the choice of parameter sequence
of f. According to Proposition C.3 (iv) we have to show (B; ® ... ® By, m) =~
(By-11® ... Q® By-15,0m). Now ¢ : B1 ® ...® By = By-1; ® ... ® B,-14 with
o1 ®...®by) :=by-11 ® ...® by-14 defines an isomorphism of algebras and by
our identifications and (C.1) we have (om)[@1®...® Q4] = M[Qr1 ® ... Qua| =

mle N (Q1®...08Q4)] =m[(Q1®...®Qy)?] = (Mmom(9))[Q1® ...RQ,], which
gives the required isomorphism of pairs.
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In order to show that j(s) is independent of the choice of f € s, replace f by
g(f) for some g € G. We may assume that g(f) is of the form (C.19) or (C.21). In
the last case M (B ®...® By, m) and hence j(s) do not change at all. In the first
case, by Proposition C.3 (iv) and (C.19), we have to show (B; ® ... ® By, m) ~
(B1®...®@Bg, m'), where m' := mo(m(py, ) X...X7(¢y,)). But ¢, ®...®p,, is an
automorphism of B1®...Q By and m(py, ) X...XT(Py,) = T(pw, Q. . .®p,,), since
our identifications and (C.1) give (7 (@u, ) X .. X7 (¢u,))[Q1®. . .QQq] = [¢,, @1 ®
.- -®90;ded] = [(me .. '®<Pwd)_1Q1®- - ®Qd] = W(Spwl .. -®§0wd)[Q1®- - ®Qd]
Thus ¢,, ®...® ¢, is an isomorphism of pairs and we have proved that j is well
defined.

Next we show that j is injective. Suppose j(s) = j(s') with f' € §', where f' ~
(Wi, ... ,wym') with w; = (Bj,v;). Then by Proposition C.3 (iv) we have (B; ®
...®By,m) ~ (B]®...® B),,m'), hence there is an isomorphism of algebras ¢ :
B®...QB; — B{®...®B!, such that m" = mon(p). By Corollary C.12 we have
d = d’ and we may assume that there are a permutation ¢ € Sy and isomorphisms
w; : B — B(’n- such that (p(bl ®...Q0 bd) = Pp-11b5-11 ® ... @ Qy-14b,-14. Note
that since B; and B!, are isomorphic they are actually equal. Hence by an
argument that we have used above (when showing the independence of j(s) of the
parameter sequence) we see that (B ®...Q@ B},m') ~ (B.,®...QB.,,07'm') =
(B1®...@Byg,m'om(x)) viax: B]®...B, - B/,®...9B., =B, ®...Q By,
where x(0} ® ... ® b)) == b, ® ... ® b ,. Thus, replacing the given parameter
sequence (wj,...,wl,m') of f' by the parameter sequence (w.,,...,w! 07 tm/')
and the isomorphism ¢ by x o ¢ , we may assume that w} = (B;,v}) and that

there are automorphisms ¢; of B; such that ¢ = 1 ® ... ® ¢, and therefore

m =mom(p1 ®...® @q) = mo (m(p1) X ... X w(pg)).- Replacing f by g(f),
where g is defined by (C.18) through

) @i when w=w;
Yo = idg when w = (B, v) is not in the support of f,

and keeping in mind (C.19), we may assume m = m'. Finally f' = ¢(f) (and
therefore s’ = s), when g is defined by (C.20) through any admissible 7 satisfying
7(w;) = wi. This proves that j is injective.

In order to show that j is surjective, suppose [A] € M and set B := M(A).
Since A is @-indecomposable and A = M (B, m') for some m' by Proposition
C.3 (iii), we deduce from Corollary C.9 (i) that B is @-indecomposable. Thus
B ~ B; ®...Q By for certain (not necessarily distinct) B; € A, and therefore
(B,m') ~ (B1®...Q Bg,m) for a suitable m : 7(By) x...x7(By) =71(B1®...®
B;) — N. Set w; := (By,i) and define f € F by f ~ (wi,...,wq,m). If s € S
denotes the orbit G'f, we have j(s) = [M(B; ®...® By, m)| = [M(B,m')] = [A].
Thus 7 is surjective.

It remains to prove that j is a monoid morphism. Take s,s’ € S and f € s,
f' € s' with disjoint supports. Let f ~ (wy,... ,wq,m) and f' ~ (w],...,wl,m')
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with w; = (B;, ;) and w} = (B}, v}). Then by (C.15) and Corollary C.9 (ii)
we have j(ss') = [M(B1® ... By® B ® ... B),m")] =  M(B1 ® ... ®
Byym) @ M(B] ®...® Bl,m')] = j(s)j(s'). Hence j is a monoid morphism and

the Proposition is proved. U

C.23 Corollary The set M of isomorphism classes of ®-indecomposable al-
gebras is a free commutative monoid over the set ) of isomorphism classes of
{®, ®}-indecomposable algebras.

Let Z[Y] be the polynomial ring over ) as set of indeterminates and let N[)/|
be the positive cone of polynomials with nonnegative coefficients in Z[Y)]. Let A
be the commutative semiring of isomorphism classes of algebras, where + and - are
induced by & and ®. The inclusion Y < A induces a morphism ¢ : NY| - A
of semirings.

C.24 Theorem @ is an isomorphism.

Proof: Since the set of monomials of Z[Y] may be identified with M, it suffices
to show that the additive monoid of A is a free commutative monoid in M. This
is well known. O

Thus we may identify A with the the positive cone of nonnegative polynomials
of Z[Y] via the canonical isomorphism ®. In this way Z[)] becomes the universal
ring (Grothendieck ring) of A. In other words: The universal ring of A is a
polynomial ring.



64

C A REDUCTION



Names and Symbols

Aa B,a Bia B’L];
Cla 0]7 C]Z
a,a,a;,b b, b,
be, ba1, ¢, dy, da,
l, x

A1 @ Ay

A1 ® Ay

AlS

A® AW

C

E(T)

e, e, e, f, ' fi
fi
HOHISK)(-, )
Hom%)(’)
i, J

k

kQ

£, 0y, £y
M

M(A, m)

m, m', my, ma
mi-mo
mult(A)

N

NI

n, ni, ng

P, P P,P,R
ple™)

Q

Q

QZn

Q(A)

R

Rada(-,-)
rad A

r, s

algebras

algebra elements

sum of the algebras A; and Ao

(tensor) product of the algebras A; and As

inner restriction of the algebra A to the subgraph S of A(A4),
see p.26

associated graded algebra of A and its ¢-th homogeneous part
of A, =rad? A/rad*! A

the field of complex numbers

edge set of the graph T’

idempotents in an algebra

associated graded homomorphism functor, see p.21

= Rad4 /Rad{!, see p.21

index (identifying a factor)

ground field

quiver algebra of the quiver ) over k

index (denoting a degree)

the monoid of isomorphism classes of @-indecomposable,
SCHURian algebras

transform of A with multiplicity m : A(A) — N | see p.26
multiplicity functions, see mult(A)

product of the multiplicities mq and mo
multiplicity of A, see p.26

the semiring of natural numbers (including 0)
the set of natural numbers without 0

natural numbers

indecomposable projectives

scalar restriction of P via the algebra morphism ¢~*
the field of rational numbers

quiver

set of all paths in @ of length at least n

GABRIEL quiver of an algebra A

the field of real numbers

(functor) radical of A, see p.21

JACOBSON radical of the algebra A

counts
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supp m
u

u

V()
V.V, W
v;

Z

Ziy

a, /B’ Y, 7,7 Yi
B,y

r, T, Aj
I'TwTIy
Fl X FQ
A(A)

5. 61, 6
€, E.

¢ G

C)

9, '

Ly

Ky

A, A

1

v, A

L

0

o, d

®, 90,’ ®1, <€27 1/%

’(/)17 '(/)27 (15’ ¢7 X

NAMES AND SYMBOLS

support of the multiplicity m

the semiring of isomorphims classes of SCHURian algebras
unit in an algebra

vertex set of the graph I

(projective) modules

elements of a projective

the ring of integers

field elements

vertices in a graph

morphisms in Distortion Lemma, 4.7

graphs

disjoint union of the graphs I'y and I'y

cartesian product of the graphs I'y and I'y

graph of the algebra A, see p.24

graph morphism

the only map (and iso) between two one point graphs
permutation morphisms of tensor products of algebras
the one edge graph

special graph maps in Transform Lemma 2.5

canonicle inclusion A4; — A1 ® As
conjugation with u: ky(a) = uau™
subgraphs

multiplication morphism C1; ® Ci12 — Cy

indices (for a list)

canonicle projection A; ® Ay — A; if A3_; is local
the canonicle isomorphism A — End’ A
permutation

algebra morphisms

1
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