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EXPONENTIAL STABILITY FOR A COUPLED SYSTEM OF
DAMPED-UNDAMPED PLATE EQUATIONS

ROBERT DENK AND FELIX KAMMERLANDER

ABSTRACT. We consider the transmission problem for a coupled system of
undamped and structurally damped plate equations in two sufficiently smooth
and bounded subdomains. It is shown that, independently of the size of the
damped part, the damping is strong enough to produce uniform exponential
decay of the energy of the coupled system.

1. INTRODUCTION

In this paper, we investigate a coupled system of linear plate equations where an
undamped plate and a structurally damped plate are coupled through transmission
conditions. From the point of view of applications, there is a connection to the
suppression of vibration of elastic structures which is a main topic in material
science. The undamped plate equation can be seen as a linear model for vibrating
stiff objects where the potential energy is related to curvature-like terms, resulting
in the bi-Laplacian operator as the main elastic operator, see, e.g., [12], Chapter 12.
For the purely undamped plate, we have no energy dissipation, and the governing
semigroup is unitary. The model of structural damping is widely used to describe
smoothing effects and loss of energy (cf. [20] for a discussion of the model). Here,
we consider the damping term which has order two in the spatial variables, so it is
of half order of the leading elastic term, see also [8] and [9] for the analysis of the
structurally damped plate equation.

From a theoretical point of view, the resulting system can be seen as a trans-
mission problem of mixed type: While the structurally damped plate equation is
of parabolic nature, the undamped part is of dissipative nature. Below we will see
that the damping is strong enough (independent of the size of the damped part) to
obtain exponential stability for the semigroup of the coupled system. The analog
result for a coupled system of thermoelastic / elastic plates was obtained in [16].
The question of analyticity of the semigroup for a coupled thermoelastic plate /
plate system is discussed in [10]. In [14], a plate / plate transmission problem with
damping only on a part of the boundary with resulting polynomial decay was stud-
ied, see also [4] for the proof of exponential stability for a boundary stabilized plate
/ plate transmission problem. Transmission problems of plate / plate type can also
be seen as an equation with coefficients having jumps, cf. [13].

In the system we consider the damping effect acting only through the transmis-
sion interface. Closely related is the question of boundary damping, see, e.g., [17]
or [22]. In the literature, there are many results on coupled systems of plate / wave
type (cf. [3] and the references therein). In particular, in [6] and [7], the exponen-
tial stability for an abstract wave equation coupled with a plate-like equation on
the boundary is studied. To our knowledge, the undamped / structurally damped
plate system has not yet been studied in literature.

Date: February 2, 2017.
2010 Mathematics Subject Classification. T4K20; 74H40; 35B40; 35Q74.
Key words and phrases. Plate equation, transmission problem, exponential stability.

1



2 ROBERT DENK AND FELIX KAMMERLANDER

Let Q C R™ be a bounded domain with boundary I'y := 99, and let 25 C 2 be a
non-empty bounded domain satisfying Qs C Q. We set T' := 982 and ©; := Q\ Q.
Then, T is the common interface (transmission interface) between ; and s, and
0 = IQUT (see Figure 1 for the geometrical situation). All domains are assumed
to be of class C*. For technical reasons, we assume n < 4, including the physically
most relevant cases n = 1 and n = 2. Let v denote the outer unit normal on I';.
On I', we choose v to be the outer unit normal with respect to 5. Thus, v is the
inner unit normal vector on I" with respect to (21, see Figure 1. Note that, apart
from the smoothness, we do not impose a geometrical condition on the domains.

FIGURE 1. The set Q = Q; UT U Qs.

We consider a transmission problem for thin plates where the plate in € is
undamped and the material in €2 is structurally damped. More precisely, we are
looking for solutions wu;: £2; — C of the system

O2uy + A%uy — pAdyu; =0 in (0,00) x O, (1-1)
D2ug 4+ Aug =0 in (0,00) x Qy (1-2)
with clamped boundary conditions
up =0,u1 =0 only (1-3)
Here, p € (0, 00) is the damping factor. The transmission conditions on I are given
by
U] = Ug, (1-4)
Oyuy = Oyua, (1-5)
Auy = Aug, (1-6)
—p0,0pu1 + 0, Auy = 0, Aus. (1-7)
The problem is completed by the initial conditions

u(0,) =u?d, Qu(0,-) =uj in Q, (1-8)
up(0,) =uf, Brun(0,-) =uy in Q. (1-9)
The energy of the system (1-1)-(1-9) is defined as
1 1
E(t) = f/ O |2 + | A |2 dar + 7/ Oyus? + | Aus|? da. (1-10)
2 Jo, 2 Ja,
If (u1,us) is a solution, integration by parts yields the estimate
d
B(1) = Vo [agay,) <0, (1-11)

Note that u; = d,u; = 0 on I'; implies dyu; = 9,0;u; = 0 on I'; for ¢ = 1,2. The
estimate shows that the energy of the transmission problem is decreasing in time
and the dissipation is caused by the damped part u;.
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Our main result, Theorem 4.5 below, states that the damping in §; is strong
enough to achieve exponential decrease of the energy, i.e. there exist constants
C, k > 0 such that

E(t) < CE(0)e™ "

holds for all ¢ > 0. To prove this, we first study the resolvent and the spectrum of
the first-order system related to (1-1)—(1-7) in Section 2. In the proof of exponential
stability, we also need an a priori estimate on the damped part which is obtained in
Section 3 with the help of the interpolation-extrapolation scales of Banach spaces.
Finally, the results from Section 2 and 3 are used to prove the main result on
exponential stability in Section 4.

2. THE SPECTRUM OF THE FIRST-ORDER SYSTEM

Setting U := (uy,uz,v1,v9) ! with v; = Opuj, we rewrite the transmission prob-
lem (1-1)-(1-9) as

U@t)—AU(t) =0(t>0), U(0)=U, (2-1)
where the operator A acts in form of the matrix
0 0 1 0
0 0 0 1
AD) := —A? 0 pA 0
0 A2 0 0

As the basic space for the first two components (uq, ug

~

, we will choose
X(Q):= {(Ul,UQ) € HQ(Ql) X HZ(QQ) :up = 0yu; =0 on I'y,
u1 = ug on I', d,uq; = d,us on F}.
Remark 2.1. a) Let (u1,us) € H*(Q1) x H*(Q2). Then the conditions u; = us,
d,u1 = O, us on I are equivalent to u := yq,u1 + xa,uz € H?(£2), where X, stands

for the characteristic function of €, i.e. xq,(z) =1 for z € Q; and xq,(z) =0
else. Therefore, we have

X(Q) = {(ula,, ula,) : w € HF(Q)}.

In the following, we will several times use the identification of (uj,us) and u.
b) The norm in X () is defined as

1/2
I, )@y = (180130, + 18wl Eaqa,y)
Note that this norm is equivalent to the standard norm (||uy ”?{2(91)"_”“2 ||§{2(Q2))1/2.
In fact, due to the invertibility of the Dirichlet Laplacian in €2, the norms || Au|z2(q)
and ||ul| g2(q) are equivalent on the space H?(Q) N Hy(Q). As Hi(S2) is a closed
subspace of H?(Q) N H}(Q), these norms are also equivalent on HZ(f2), and now
the assertion follows from part a) (see also [11], Proposition 2.1 and Proposition
2.2).

We say that the transmission conditions (1-6) and (1-7) are weakly satisfied if
(A%uy — pAv1, 1) r2(0,) + (A%u2, @2) r2(0,)
= (Auy, Ap1)r2(q,) + (Aug, Apa) r2(0,) + p(VV1, V1) 12(0p) (2-2)
holds for all (1, ¢2) € X (). Let
H = X (Q) x L?() x L?(s).
Then we define the operator A: H D D(A) — H by
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D(A) := {(ul,uQ,vl,vg) € X () x X(Q): A%uy € L3(Qy), A%uy € L(Qy),
(1-6) and (1-7) are weakly satisfied }

and AU := A(D)U (U € D(A)).
We will see in Lemma 2.4 below that the functions in D(A) are sufficiently
smooth and the transmission conditions hold in the sense of traces.

Theorem 2.2. The operator A is the generator of a Cy-semigroup of contractions
on the Hilbert space H. Therefore, for all Uy € D(A) the Cauchy problem (2-1) has
a unique classical solution U € C*([0,00), H) with U(t) € D(A) for all t > 0.

Proof. By the definition of D(.A) and the weak transmission conditions (2-2), it is
immediately seen that

Re (AU, Ul = —pl|Vorlaa,) (U € D(A)).

Hence, A is dissipative. We want to show that 1 — A is surjective. For this, let
F = (f1,f2,91,92) " € H. We have to find U = (uy,uz,v1,v2) " € D(A) satisfying

up — vy = fi,

uy — vg = fo,

v1 + A2uy — pAv; = g1,
vy + A%uy = go.

Plugging in v; = u; — f; for ¢ = 1,2 in the third and fourth equation yields that we
have to solve

up + A%uy — pAuy = gy + f1 — pAfi, (2-3)
uy + A%uy = g2 + fo (2-4)
as equalities in L2(2;) and L?(Q3), respectively.
We define the continuous sesquilinear form B: X (Q2) x X (2) — C by
B(u, ) = (u1,01)12(0,) + (Aur, Ap1) 12(0,) + p(Vur, Vo) r2(q))
+ (U2, 2) 12(0,) + (Auz, Apa) 12(0y)
for u = (ug,u2), v = (p1,92) € X(Q). Since
Re B(u,u) > |[(ur,u2) |3y (u€ X(Q)),
B is coercive. Obviously, the mapping A: X () — C defined by
A(p) == (g1 + f1,01)2(0,) + PV f1,V1)1200,) + (92 + f2, 02) 12(00)

for ¢ = (¢1,p2) € X(Q) is linear and continuous. By the theorem of Lax-Milgram,
there exists a unique u = (u1,u2) € X(Q) such that B(u,p) = A(p) holds for all
¢ € X(9). In particular, choosing (1, p2) € C§°(21) x C§°(Q2) C X(Q), we see
that (2-3) and (2-4) hold in the sense of distributions in ©; and s, respectively.
As the right-hand side of (2-3) belongs to L?(€1), the same holds for the left-hand
side. Due to u; € H?(Qy), this yields A%u; € L?(Q). In the same way, we see
that (2-4) holds as equality in L?(Q5) and that A%uy € L?(Qy).

Set v1 :=wuy — f1 and ve 1= ug — fo. By (2-3)—(2-4), we have

APuy — pAvy = —uy + g1 + fi,
APuy = —uy + g2 + fo.
Let ¢ = (¢1,92) € X(92). Then, because of (2-5) and B(u, ) = A(p), we get

(2-5)

(A%uy — pAvy, 1) 1200, + (A%us, p2)12(0,)
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= (—u1 4+ g1 + f1,01)2(0,) + (—u2 + 92 + f2, 02) 12(0)

= (Aur, Ap1)r2(qy) + (Aug, Apa) 12(0,) + p(Vv1, Vi) r2,)-
Therefore, the weak transmission conditions (2-2) are satisfied. Altogether, we have
seen that U := (uj,u2,v1,v2) belongs to D(A). Because of (2-3)—(2-4) and the
definition of vy, v, we also have (1 —A)U = F. Therefore, 1 — A is surjective which
implies that A4 is densely defined (see [18], Theorem 4.6). An application of the
Lumer-Phillips theorem now yields the statement of the theorem. O

Remark 2.3. In the same way as in the previous proof, one can show that the
operator A is continuously invertible, i.e. 0 belongs to the resolvent set p(A). To
show this, we now have to consider

Auy = g1 — pAfi, (2-6)
Auy = go (2-7)

instead of (2-3)—(2-4). The sesquilinear form B and the functional A are now
defined by B(u, ) = (u, ¢) x (o) and

A(p) == (91, 1) 2 (1) + PV 1, V1) 12(01) + (92, 92) £2(02s)
for u = (u1,u2), ¢ = (p1,92) € X(Q).

As before, we see that there exists a unique solution u = (u1,u2) € X(Q)
satisfying B(u, ) = A(p) for all ¢ € X(Q). Moreover, setting v; := —f;, the
vector U := (uy,uz,v1,v2) ! belongs to D(A) and satisfies —AU = F.

On the other hand, if U € D(A) solves —AU = F, then B(i, ) = A(¢p) holds for
all ¢ € X(2) due to the definition of D(A) and the weak transmission conditions.
Therefore, U = U, and A: D(A) — H is a bijection. Since A is the generator of a

Cy-semigroup, A is closed and the continuity of A~1': H — H follows. Therefore,
0 € p(A).

Lemma 2.4. a) The domain of A is given by
D(A) = {(ul,u2,vl,v2) c (H4(Ql) X H4(Qg)) ﬂX(Q) X X(Q) :

(2-8)
Auy = Aug on Iy, —pd,v1 + 9, Auy = 0,Aus on F}.

Here, the equalities on T' can be understood as equalities in the trace spaces H3/? )
and H'/?(I'), respectively.
b) The operator A has compact resolvent and, consequently, discrete spectrum.

Proof. a) Let U e D(A) and F = (f1, f2,91,92)" = —AU € H. To show the
statement, we construct a strong solution U of —AU = F belonging to the right-
hand side of (2-8) and show that U = U. So we consider

Aluy = g1 — pAf, (2-9)

A?uy = go (2-10)
in L?(Q) x L%() with boundary conditions

uy = 0,ur =0 on I'y (2-11)

and transmission conditions
up — ug =0, ( )
dyur — Oyus = 0, (2-13)
0%uy — 0%uy = 0, (2-14)
(2-15)

D3uy — Puy = —pd, fi.
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Concerning the higher-order transmission conditions (2-14) and (2-15), note that for
all (ug,uz) € H*(Qy) x H*(£)) satisfying (2-12) and (2-13) all tangential derivatives
of u; —us and 9,u; —0,us along I' disappear. Therefore, for such u the transmission
conditions (2-14)—(2-15) are equivalent to the conditions

Aul — AUQ = 0,
0y Auy — 0, Aus = —p0d, f1.

Define the operator B: L%(Q) D D(B) — L*(Q) by D(B) := H*(Q) N HZ(Q)
and Bw := A?w. Then, B is a selfadjoint operator with 0 € p(B). To construct
a strong solution of the transmission problem (2-9)—(2-15), we first eliminate the
inhomogeneity on the right-hand side of (2-15). By [21], Section 4.7.1, p. 330, the
mapping

-
Zh = (hloa,, Ouhloa,, Ozhloq, , Ophlaq,)
is a retraction from H*(Q;) onto H?:o H*=1/273(99);). Therefore, there exists a
function h € H*(€);) such that
Zh = (0,0,0, —xrpd, f1) "
Here again yr stands for the characteristic function of I'. We define w := B~1G €
H*() N H3(Q), where
G = xa, (91 — pPAf1 = A%h) + Xa,92 € L*(Q).
Finally, we set u; := w|g, + h and uz := w|q,. Then, u = (ur,u2) € H* () x
H*(Qy) satisfies the strong transmission problem (2-9)—(2-15). Therefore, U :=
(u1,u2,v1,v2) " with v; := —f; belongs to the right-hand side of (2-8) and solves
—AD)U = F.

On the other hand, using integration by parts and the fact that u solves the
strong transmission problem, we see that U satisfies the weak transmission condi-
tions (2-2). Therefore, U belongs to D(A) and solves —AU = F. By Remark 2.3,

this solution is unique which implies U = U.
b) Due to a), we have

D(A) C (H* () x H*(92)) N X (Q) x X(Q).

By the Rellich-Kondrachov theorem, the space on the right-hand side is compactly
embedded into H. Therefore, A~! is compact, and the spectrum of A is discrete.
O

We already know that the spectrum of A is discrete and that 0 is no eigenvalue.
In fact, there are no purely imaginary eigenvalues of A, as the next result shows.

Theorem 2.5. The imaginary axis is a subset of the resolvent set of A, i.e. iR C
p(A).

Proof. Assume that U = (uy,us,v1,v2)! € D(A) satisfies (—i\ + A)U = 0 with
A€ R\ {0}. Then v; =i\u; for j = 1,2, and (uq,us) satisfies

—A%uy +idpAuy + N2up =0 in Q, (2-16)
—A%uy +Nuy =0 in Qy (2-17)
with boundary conditions u; = d,u; = 0 on I'1 and transmission conditions
Uy = uz,
Oyuy = Oy ug,
Auy = Aus,
—iApd,u1 + 0, Auy = 0, Aug
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on the common interface I'.
We will show that (uj,us) = 0. We multiply (2-16) and (2-17) with w7 and wg,
respectively. Summing up and performing an integration by parts yields

_HAul”%?(Ql) - D\PHVWHQL%QI) + )‘QHUIH%?(QQ
—HAU2H2Lz(QQ) + )\2HU2||%2(92) =0.
Here we have used the boundary conditions as well as the transmission conditions

on I'. Considering only the imaginary part we get || Vui| z2(q,) = 0. Together with
u1|r, = 0 we obtain u; = 0. Therefore, us satisfies the boundary value problem

—A%uy 4+ Nuy =0 in Qy, (2-18)
Uy = Opug = Aug = 0,Aus =0 on ' = 90,. (2-19)

Because of (2-19), the trivial extension %y by zero to R™ belongs to H*(R") and
satisfies A%y = AUy in R”. As A? in L%(R™) has no eigenvalues, this implies
uo = 0 and therefore us = 0. Altogether we have seen U = 0. [l

The last results already implies strong stability of the semigroup (7 (¢));>0 gen-
erated by A, i.e., for any Uy € H we have |[T(t)Upllx — 0 (¢ — o) (see [5],
Theorem 2.4). We will see in Section 4 that T is even exponentially stable.

3. A PRIORI ESTIMATES FOR THE DAMPED PLATE EQUATION

For the proof of exponential stability of the coupled damped—undamped plate
equation, we need some a priori estimates for the damped part. For this, we
will apply the theory of interpolation-extrapolation scales due to Amann (see [2],
Chapter V).

Throughout this section, let U € R™ be a bounded C*-domain. We define the
operator A in the space H3(U) x L*(U) by

D(A) := (H'(U) N H3(U)) x H(U),

= (3 A) .
- P

It was shown in [8], Proposition 3.1 (see also [9], Theorem 5.1) that A generates an
analytic exponentially stable Cy-semigroup in HZ(U) x L?(U). To extrapolate this
result to spaces of negative regularity, we need to determine the adjoint operator A’
considered in the dual spaces. In the following, (-, ) x/x x denotes the dual pairing
in a Banach space X. We begin with a small observation on the bi-Laplacian
operator.

Remark 3.1. Under the above assumptions on U, the operator A%: HZ(U) —
H~2(U) is an isomorphism. In fact, we have the coercive estimate

<A2uau>H*2(U)><H§(U) = ||Au||2L2(U) 2 C”u”?'{?(U) (u € Hg(U))-

Here the last inequality holds by elliptic regularity and invertibility of the Dirichlet
Laplacian Ap: H2(U)N H(U) — L?(U). Now an application of the Lax-Milgram
theorem yields the invertibility of A%: HZ(U) — H2(U).

Lemma 3.2. The adjoint operator A’ of A is given by
A H2(U) x L*(U) D D(A") := L*(U) x H3(U) — H*(U) x L*(U),

;{0 —AZ
v (0.
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Proof. We define E := H2(U) x L*(U) and D := L2(U) x H2(U) C E’, where
E'= H=2(U) x L?>(U). Then, for all v = (v1,v2) € D and

u = (u1,u2) € D(A) = (H*(U) N H(U)) x H3(U),
integration by parts and the definition of distributional derivatives yield
v(Au) = (v1,u2) L2y + (v2, —=A%u1) L2y + (va, pAuz) 21
= (v1,u2) 2y + (—Ava, Auy) r2() + (pPAvz, u2) 201
= <_A2U27u1>H—2(U)><H§(U) + (1, u2) L2 () + (PAv2, u2) L2(v)
= wi(uy) + wa(uz),

with w1 := —A%vy € H=2(U) and wq := v1 + pAvy € L?(U). Therefore, we set

~ 0 —A?
i (02
with D(A) := D. With this definition, we have v(Au) = (Av)(u) for all u € D(A)

and all v € D. Moreover, for all v € D the mapping [u — v(Au)]: D(A) = C is
continuous with respect to || - || z. Hence, we have A C A’.

Let w € D(A) and v € E’. Then
v(Au) = (v1,ug) g2y x 2y + (2, =A%) 20y + (v2, pPAU2) L2y (3-2)

Now, let v € D(A’). Then, the mapping [u — v(Au)]: D(A) — C can be extended
to a linear, continuous mapping from F to C. In particular, considering

(w2, A%ur) 2| = [0(A(u1,0)] < Cll(ur, 0) |5 = Clluall 2w
for uy € HY(U) N H(U), it holds that

o: HU)NHZU) = C, up+— o(uy) := (v, A*ur) 21 (3-3)
is continuous with respect to || - || g2(1). By Remark 3.1,
A% H3(U) — H(U) (3-4)

is an isomorphism. Therefore, (3-3) and (3-4) imply that
[ﬂl — @ ((A2)*1ﬂ1) = <UQ,E1>L2(U)] : Lz(U) —C

is continuous considered as a mapping from (L*(U), ||- || g-2(;y) to C. By the density
of L?(U) C H=2(U), there exists a unique continuous extension

~ _ !/
pe(H2(U)) =HU)
of this mapping. Together with
(@, 1) 2y H-2(U) = (V2 W) H2(U)x H-2(U)
for 1y € L*(U), we deduce vo = $ € HZ(U).
The fact that vo € H3(U) implies that the last term in (3-2),
[u2 = (v2, pAu2) 21y = <U2apAu2>H§(U)xH*2(U)} : Hy(U) — C,

is continuous on L?(U). Since (3-2) needs to be continuous, by setting u; = 0 it
follows that also the first term

|:U2 — <’U17U'2>H*2(U)><H§(U)} : H02(U) — C

can be extended continuously to L*(U), which means v; € L*(U).
We have shown that v € D(A’) implies vy € HZ(U) and v; € L?(U), i.e. v € D.
Hence, we obtain D = D(A’) and therefore A = A'. O
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In the following,
Yo ={z € C\ {0} : Jarg(2)] < ¢}
denotes the open sector in C.
Theorem 3.3. There exists a constant Cy > 0 such that for any A € p(4) D
Y2 \{0} and any F € H§(U) x L*(U) the unique solution u = (u1,v1) € D(A) of
(A\—Ayu=F € HX(U) x L*(U) (3-5)
satisfies the estimate

lull 2oy x o () < CollFll ey m-2+e @y (0 € 10,2]). (3-6)
In particular, for v = (u1,v1) € D(A) solving

(A= Ayu— (Sﬂ)

with f € L*>(U) we obtain the estimate
]l 2oy < Collfllg—240wy (0 € 10,2]). (3-7)
Proof. By [8], Proposition 3.1, A is the generator of an analytic, exponentially sta-
ble, strongly continuous semigroup on Hg(U) x L?(U). Therefore, (3-5) is uniquely
solvable, and we have the uniform resolvent estimate
lull g2y m2 0y < CLIF | 20y x L2 (0) (3-8)
with some constant C; > 0 independent of F' and A.
Let A" := A’ be the adjoint operator of A and set
Eo := HZ(U) x L*(U),
Ey = D(A) = (H*(U)n H(U)) x H(U),
EY = E, = H2(U) x L*(U),
E? .= D(A").
Obviously, Ej is reflexive and F; is dense in Ey. Since A is the generator of an
analytic Cp-semigroup on Ey with domain Ey, in symbols A € H(E4, Ey), by [2],
p. 13, Proposition 1.2.3, the same holds true for A% on Eg with domain E?, ie.
At e H(E! EY).
Hence, we can define the interpolation-extrapolation scales {(Aq, Ey) : a € R} and
its dual scale {(Af,E%) : @ € R}. Then, Theorem 1.5.12 in [2] states that E, is
reflexive and we have
(E,) = E*, and (A,) = A%
for all @ € R. Moreover, by [1], Theorem 6.1 and [2], Theorem 2.1.3 it holds that A,
and Af, are generators of analytic Cy-semigroups in E, with domain E,; and E,
with domain Eiﬂ for all a € R, respectively. Again, we write A, € H(Eqt1, Eo)
and AL € H(E!, |, EL).
In particular, A_; is the generator of an analytic Cy-semigroup on E_; with domain
Ey. By [2], Theorem 2.1.3, A— A_; is an isomorphism from Ej to F_; and we have

(= A1) Moes.m0) < Cll(n—A) e,z < C

for all u € p(A) with a constant C’ independent of . By Lemma 3.2, the space
E_1 equals
/

By = (B-)" = (BY) = (D) = (L) x HY(U))' = LA(U) x H(U),
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Therefore, there exists a constant Cs > 0 such that

lull g2y x 2wy < CollFll 2@y xm-2(v)- (3-9)
Now the inequality (3-6) follows by (real) interpolation between (3-8) and (3-9)
with Cy := max{C1, Ca}.
Considering the particular case F' = (?) and only the first component of u, we
obtain (3-7). O
4. EXPONENTIAL STABILITY

In this section, we continue the analysis of the coupled system (1-1)—(1-2). We
will estimates the resolvent (A —i\)~! of the corresponding first-order system on
the imaginary axis for A € R with || large. By a result due to Priiss ([19], Corollary
4), uniform boundedness of the resolvent on the imaginary axis implies exponential
stability of the semigrroup.

We start with some identities which will be useful for our estimates. In the
following, we will shortly write x for the identity function x — x. For vectors
y,z € C" weset y-z:= Z;.Lzl y;2; (note that this is not the scalar product in C™).

Lemma 4.1. Let U C R" be a C*-domain, let w € H*(U), and let v: OU — R"
be the outer unit normal vector. Then,

2Re/ (z - V) A?wdx = (4 — n)HAwH%z(U) +/ (z - v)|Aw|*dS
U ouU
+2Re / [(z V), Aw — Awd, (z - V) |dS.
oU

Proof. This follows by straightforward calculation from the divergence theorem,
applied to the vector field

V= |Aw]?z 4 2(z - V&) VAw — 2AwV (x - V).
Note that
divV = n|Aw* + z - V|Aw|* + 2(z - Vo) A%w — 2AwA(z - V)

and Re(divV) = 2Re(z - Vw)A%w + (n — 4)|Aw[?. A more general variant of the
statement is also known as Rellich’s identity, see, e.g., [15], Proposition 2.2, or [14],
p. 238. O

Lemma 4.2. Let U C R" be a C*-domain, and let w € H*(U) be a solution of
—A?w + Nw =z with A € R and z € L*(U). Then we have

nA?|wl|L2 ) + (4 = n) | Aw|[Ls ) + /aU(x V)| Awl*dS
:fZRe/(:vVE)zder)\z/ (z - v)|w|*dS
U U
fQRe/ {(x~VE)8yAwaw8V(a:~V@) ds.
oU

Proof. Applying the divergence theorem to the vector field |w|?z and taking the
real part, we obtain

2Re/ (x - V)wdx = —n||w\|%2(U) +/ (z - v)|w|*dS.
U ou
From this and A%w = \?w — z we get

2Re/ (z- V) A?wdr = —2 Re/ (z-Vw)zdr — n/\2||w||%2(U)
U U
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+)\2/ (2 - v)[w|2dS.
ou

Plugging this into the statement of Lemma 4.1, the assertion follows. O
The following result can be found, e.g., in [14], Proof of Theorem 2.2.

Lemma 4.3. Let U C R" be a C3-domain, and let S C OU be a nontrivial part
of the boundary. Then, for every w € H3(U) with w = d,w = 0 on S we have
Oy(x-Vw) = (z-v)Aw on S.

In the next step, we consider the resolvent equation (—iA+.4)U = F for a partic-
ular right-hand side F' = (0,0,0, g2) T with inhomogeneous transmission conditions.
More precisely, we consider

—idu; +v1 =0 in Qq, (4-1)

~A%uy + pAvy —idv; =0 in Q, (4-2)
—idug +v9 =0 in Qo, (4-3)

—A%uy —idvy = g in Oy (4-4)

with transmission conditions

Aul = AUQ, r 45
—iApdyuy + O, Auy = 9, Auy +1Apayw1} ot (4-5)

The following a priori estimate will be the crucial step for the proof of exponential

stability.

Proposition 4.4. Let w; € H*(Q) and go € L*(Qs) be given. Then, there exists
Ao > 0 and a constant C > 0 (only depending on n,p,d0 and Xo) such that for
any solution U = (uy,uz,v1,v2) | € X () x X(Q) with u; € H*(;) fori=1,2 of
(4-1)—(4-5) the estimate

1Tl < C (llg2llL2(0) + AI0pwillzz@)) (X € Ry Al > Ao)
holds.

In the following proof, we will use a generic constant C' independent of A, U, and
F. Moreover, an estimate of the form || - || < ¢l - |l1 + C¢|| - |2 has to be understood
in the sense that for every small € > 0 there exists a constant C. > 0 such that
the inequality holds. Again C. denotes a generic constant. Note that all constants
may depend on p.

Proof. We have to estimate

/
10l = (IAun a0y, + 18U Zagqn) + Io1 32y + I023acan))
The proof is done in several steps.

(i) Estimate of vi. Let A € R with |[A\| > 1 and U = (uy,uz,v1,v2) € X(Q) x
X () be a solution of (4-1)—(4-5). Hence, (u1,uz) is a solution of

—A2%u; +iXpAu; + Ny =0, (4-6)
—A%uy + N2uy = go (4-7)

in £ x € satisfying the transmission conditions (4-5). By the definition of X (),
we have u; = d,u; = 0 on I'y. In order to show the assertion of the theorem, we
need to establish an estimate of the form

101, < elU13 + Ce (o2l + NPI0vwn ey )
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Similar to the proof of the dissipativity of A in Theorem 2.2, we obtain
Re(F,U)y = Re(AU,U)y = —p||Vv1||%z(Ql) — Re/ iApv10,w1 dS.
r
Therefore, Poincaré and Young’s inequality yield
vl @) < € (Ig2llz200) 1Tl + IM00will L2y o1l 21))
<< (101, + llorlis oy ) + Ce (loalizan + ARIOw1 ey )
that is
[o1 71 0y < ellUF + C- <||92||2L2(92) + |/\\2||3uw1||2L2(r)) : (4-8)
Together with (4-1) this implies
lali3i @y < AU + Ce (N2 lg2llfea) + 100w ly) - (4-9)
(ii) Estimate of Auy and Aug. We multiply (4-6) by —uy and (4-7) by —uz.
Integration by parts and summing up yields

HAU1||2L2(91) + HAU2H2L2(QQ) + i)\P”VUlH%Z’(QQ)

=3 (Il + sl ) = (920 02) 1200 + 09 | w001 d5
r
where we have used the transmission conditions (4-5) and u; = 9,u; = 0 on T'y.
Taking the real part and observing v; = ilu;, we see that
||AU1H%2(91) + ”AUQH%Z(QQ) < |>‘|2(HU1H%2(QI) + ||U2||2L2(92))
+ 1192l 20 U2l L2(0,) + [Alplluall L2y 10y wil 2 (ry
= ([lv1l1720y) + lv2ll72(qa))
+ 1192l L2(0) luzll2(0,) + pllvrllzay Ovwr L2y (4-10)
Assuming |A| > 1, we get with the trace theorem and Young’s inequality
921l z2 0 U2l 22 (0) < 311921172000y + 31v201F2(04)s
PHUI||L2(F)||3uw1||L2(F) < §||Ul||§11(91) + %\\auw1||i2(r>-
Inserting this into (4-10) yields
A7 20,y + [AuzllTeiq,) < 1+ §)llvillin e, + lv2llZ2(,)
+ ”92”%2(91) + 5”31/1”1”%2(1‘)
< ellU)13, + Cllvalliz(q,)
+ Ce(llg2ll72(m) + M 10v w172 ry)- (4-11)
Here, in the last step we estimated [|vy| g1 (q,) due to (4-8).
(iii) Estimate of vo. We apply Lemma 4.2 in U = Qg with w = up and z = g9
and obtain, noting iAugs = va,
el = ~(4=m)llAwlta, = [ (@ 0)|AuPas
- 2Re/ (x - Vug)ge dz + )\2/(36 ) |ug)?dS
Qo r

—2Re / [(x V)8, ATz — Aund, (z - Vi) | dS. (4-12)
I

In the same way, we apply Lemma 4.2 in U = y with w = u; and z = —pAwv;.
Here we remark that —A%u; + A?u; = —pAwv; by (4-1) and (4-2). Moreover, the
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normal vector v is the outer normal at the part I'y of the boundary 02, but v is
the inner normal at the part I' of 92;. We obtain

mmﬁmm=—u—meﬁmm—Acwwmum

1

+/(w-y)|Au1|2dx+2Re/ (z - Vaur)pAvy dx
r Q

1

+)\2/ (2 )|ua2dS — )\2/(3:~u)|u1\2d5

I T

— 2Re/ [(l‘ - V)0, Aty — Auy 0, (x - VuT)] dsS
ry

+2Re / [(x V)8, ATT — Ay, (- Vm)} ds. (4-13)
I

Due to the condition (u1,u2) € X(€) and the transmission conditions (4-5), we
have
Up = ug, Vul = VUQ, A’U,l = AUQ7 8yAu2 = 8yAu1 — z)\pal,(ul + U)l) on I'.
(4-14)
Let Uy € H*(Q) be a regular extension of uy to €2, and define ¢ := u; — Us|n, €
H*(Q4). Then ¢ = d,¢ = 0 on I', and an application of Lemma 4.3 yields
O(x-Vo)=(z -v)Ap = (x-v)(Auy —Auz) =0 on T

which gives

Oy(x-Vuy) =0,(x-Vug) onT. (4-15)
Moreover, with Lemma 4.3 again we get
up =0, Vu; =0, 9y(z-Vuy) = (x-v)Au; on I'y. (4-16)
Adding (4-12) and (4-13) and taking into account (4-14)—(4-16), we obtain
n([lvil1 320y + lv2llizi,)) = —(4 = n)(1AulZ2(q,) + |AuzlZ2(q,))
+2Re [i)\p/Q (x - Vur)Auy dm} —2Re [/Q (z - Vuz)ga dm}
1 2

+2Re [i)\p/(x -Vuy)0, (ug + ’U)l)dS} + / (z - v)|Auq|*dS.
T I

Therefore,
021720y < C{W w0 lAut || 2,y + IVuzllz (@) llg2ll L2 (2)
+ (Al F oy + A [l oy 180w ] 2y + Hu1||?12(r1)}- (4-17)

We estimate the first four terms on the right-hand side of (4-17) while the last term
will be treated in part (iv) of this proof.

The first term in (4-17) can be estimated by (4-8), [|Aui|z2(,) < ||U|% and
Young’s inequality. We obtain

A el s @ 18w 20y < (U1 + Ce(llg2ll 2y + AL 19001 | 229) ) 10T

2
< ellUl3 + Ce(llg2llzcon) + N 10vwillz2ry)” (4-18)

For the second term in (4-17), we apply Green’s formula, using u; = us and
O,u1 = O,us on I to see that

A

[Vus| 720, < lluall 2o | Auzll L2 (,) + wall L2 [ Ve || L2y

IN

%HUQH%Z(QQ) + %HAMQH%Q(QQ) + C||U1||%{2(Ql)
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< Cllhullrz o, + llu2llzrzo,) < CIUIE:

For the last inequality, we have applied Remark 2.1 b). Therefore, the second term
in (4-17) can be estimated by

Vs L2 1921l 120y < elUN3 + Cellgzll7zq,)-
For the third term in (4-17) we use interpolation to see that
Ml oy < CIMNualiFaz g,y < CIM uallm@ollusllaz )
< ellUl3 + Ce(llgzllZzan) + I 10vwrllZar)- (4-19)
Similarly, for the fourth term in (4-17) we write
Al oy 1 8vwnll 2y < 5llunllz oy + 3IAPIO w22 r)-

As we have |A| > 1, this again can be estimated by the right-hand side of (4-19).
Altogether, we obtain

lv2lZ2 (0, < elUIR, + Ce(llg2llZ2 ) + NP 10swil1Za (1)) + Cllualizpar,- (4-20)

(iv) Estimate of u; on I'1. The only term still left is [Ju1||z2(r,). We introduce

a cut-off function y € C*(Q;),0 < x < 1, satisfying x = 1 in a neighbourhood of
I'; and x = 0 in a neighbourhood of the transmission interface I'. Now, set
21 = XU1, 29 :=1\z1, Z2:= (Zl,Zg)T.

Then, since u; is a solution of (4-6), z satisfies

0
—iAN+A)z= (~> ,
( ) 7
where A is defined as in (3-1) and

f=(=A2)u1 — 2(VAY) - Vg — AxAug — 2A(Vy - Vug)
— AxAu; —2Vx - VAu; +idp ((Ax)uy +2Vx - Vug) € L3(Qy)
= Bs(D, x)ur +iAp ((Ax)ur +2Vx - Vuy)

with a A-independent differential operator Bs(D, x) of order 3 with coefficients only
consisting of derivatives of the C'*°-function . Hence,

Bs(D,x) € L(H*?(Qy), H3/2(Q)).
From Theorem 3.3 with 6 = %, we obtain
lullz2ryy = llzallzz oy < Cllzallzszgan < CllFlla-sr204)
< C(IBs(D, X)uall gr-sr2 00y + [Mluall 1))
< C (luallgarziayy + M lluallar@y))
< C(INY ]l rsrzany + lvilla )
Now, (4-8) and (4-19) yield
Hulufﬁ(rl) < EHU”?H + CE(HQQH%?(QZ) + \)\|2 ||3uw1||%2(r))~ (4-21)

The assertion of the Proposition now follows from (4-8), (4-11), (4-20), and
(4-21). O
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Theorem 4.5. There ezists a constant C = C(p) > 0 such that
I(=ix+A) gy <C (A€ R\ {0} Al > Xo)

for some Ao > 0. Consequently, the Co-semigroup (T (t))i>o0 generated by A is
exponentially stable, i.e. there exist constants M > 0 and k > 0 such that

[TVl < Me™™|[U°]|3 (¢ = 0)
holds for all U° € H.

Proof. Let A € R with |[A\| > 1 and let F = (f1, f2,91,92) € H. Furthermore, let
U = (u1, u2,v1,v2) € D(A) be the unique solution of

(—iN+ AU =F,
i.e. U satisfies
—iAu; +v; = f1 in Qq,
—A%uy + pAv; —idvy = fo in Qq,
—idug +v9 = ¢ in Qo
—A%uy —idvy = go in Q.

In order to show the assertion, we will subtract the solution W of a structurally
damped plate equation with clamped boundary conditions on the whole domain
Q from U. For this difference we will be able to use the a-priori estimate from
Proposition 4.4, whereas for W an appropriate estimate is known.

Recall the definition of the operator A from (3-1) and define

W = (w,z) € D(A) = (H(Q) N H3(Q)) x H3(Q)
by
W= (=i + A4)7! (lel + X2f2) :
X191 + X292
where ; is the characteristic function on Q; for i = 1, 2. Since x1 f1 +x2f2 € HZ(2)
and Y191 + X292 € L*(Q) due to the definition of H, by Theorem 3.3, W is well-
defined. In the following, we denote the restrictions of the components of W by
w; := w|g, and z; := z|q, for i = 1,2. Finally, we set
W .= (’Lthg,Zl,ZQ) S X(Q) X X(Q)
Note that u; € H*(Q;) for i = 1,2. With this definitions, we obtain that the
difference U — W satisfies

(—iA+ A)(U = W) = F — (—ix + AW = (0,0,0,5)" (4-22)

with go = pAzy € L?(Qs), subject to the transmission conditions
A(u1 — U)l) = A(UQ — wg),
—iAp0, (u1 — wy) + O, A(u1 — wy) = Oy A(ug — we) + iApd,ws.
Thanks to Proposition 4.4, we have
1U =Wl < C (132l L2(02) + [MIOvwil L2(ry) - (4-23)
An application of Theorem 3.3 with U = Q and 6 = 2 gives

192l 22(20) = PlIAZ2]|L2(0y) < Cllz2llm2(00) < CIIW | H1(0)x H2(2)

< CH (lel + X2 /2

< C||F||%.
X191 + X292> HH2(Q)><L2(Q) 113
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Since A is the generator of a bounded, analytic Co-semigroup on HZ(Q) x L*(Q)
by Theorem 3.3, we see that

IMNOvwil[z2ry < CIA[[will g2,y < Ol F |-

Therefore, (4-23) yields

U =Wl < Cl[F |3

Invoking Theorem 3.3 again, we deduce

Ul < U = Wllag + [IWli3 < Ol Flln

with a constant C'= C(p) > 0. This proves the theorem. O
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