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Abstract. We show how to utilize the cactus representation of all min-
imum cuts of a graph to visualize the minimum cuts of a planar graph
in a planar drawing. In a first approach the cactus is transformed into a
hierarchical clustering of the graph that contains complete information
on all the minimum cuts. We present an algorithm for c-planar orthogo-
nal drawings of hierarchically clustered planar graphs with rectangularly
shaped cluster boundaries and the minimum number of bends. This ap-
proach is then extended to drawings in which the two vertex subsets of
every minimum cut are separated by a simple closed curve.

1 Introduction

The edge connectivity is a fundamental structural property of a graph. Dinitz et
al. [1] discovered that the set of all minimum cuts of a connected graph G with
positive edge weights has a tree-like structure. It can be represented by a cactus,
i.e. by a connected graph in which every edge is contained in at most one cycle.
Although the number of minimum cuts in a graph is in O(n?), the size of the
cactus is linear in the number n of vertices of G. From the cactus representation,
the bipartitions of the vertex sets can easily be extracted, but it contains almost
no information about the edges in G. We want to visualize a graph G together
with the cactus representation of its minimum cuts in one drawing.

A simple closed curve divides the plane into two connected components. A
minimum cut divides the set of vertices of a graph into two connected subsets.
Thus, it is natural to visualize a minimum cut in a drawing of a graph by a
simple closed curve separating the two subsets.

Feng et al. [4] introduced the model of hierarchically clustered graphs. In
a drawing of a hierarchically clustered graph, a set of vertices of a graph is
represented by a region that is bounded by a simple closed curve. The set of
subsets of the vertex set that is represented simultaneously in this way has to
have tree structure. In terms of cuts, this means that we can represent a set
of pairwise non-crossing cuts as a hierarchically clustered graph. Graphs having
no crossing minimum cuts are, for example, maximal planar graphs and chordal
graphs.

If there are crossing cuts, the structure of the set of minimum cuts im-
plies that they are represented at least implicitly in a drawing of the pairwise
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non-crossing cuts. We show, however, that the model of hierarchically clustered
graphs can be extended to cactus-clustered graphs such that the goal of visual-
izing every minimum cut by a simple closed curve is achieved. This extension is
mainly based on the fact that for two crossing minimum cuts, the four corner
cuts are also minimum.

The contribution of this paper is as follows. In Sect. 2 and 3, we provide some
background on the cactus representation and on hierarchically clustered graphs,
respectively. In Sect. 4, we show how to construct a hierarchically clustered graph
from a cactus representation and prove an interesting property of crossing cuts
in planar graphs that enables us to represent all minimum cuts by closed curves.
Finally, our two methods for drawing planar graphs that are clustered according
to their minimum cuts are presented in Sect. 5.

2 The Cactus of the Set of Minimum Cuts

Let G be an undirected connected graph. With E(G) we denote the set of edges
of G and with V(G) the set of vertices of G. A graph G together with a positive
weight function w : E(G) — IR" is a weighted graph. For two subsets S and T
of V(G), let E(S,T) := {{v,w};v € S and w € T'} be the set of edges between
S and T, and let w(S,T) := ZeeE(&T) w(e) be the sum of weights of the edges
between the two subsets.

A cut is an unordered pair {S,S} where  C S C V(G) and S :=V(G) \ S.
A set S induces the cut {S,S}. The weight of this cut is w(S,S). With A :=
mingcscv(q) w(S,S) we denote the minimum of all these weights and a cut
{S,S} of G satisfying w(S,S) = X is called a minimum cut. With C(G) we
denote the set of minimum cuts of G. By G(S) we denote the subgraph of G
induced by a set S.

A cycle ¢ : wvy,...,v; is a sequence of k > 3 distinct vertices, such that
E(c) .= {{v1,v2}, ..., {vg—1, vk}, {vk,v1}} C E(G). For a subset E' C E(G), we
denote by G — E' the graph (V(G), E(G) \ E').

Definition 1. A representation for a set C of cuts of a graph G is a pair (G, p)
such that G is a weighted graph and ¢ : V(G) — V(G) is a mapping such
that C = ¢~ 1(C(G)) = {{¢71(S),¢1(5)}; {S,S} € C(G)}. A node v € V(G) is
called empty if p=1(v) = 0.

Definition 2. Two cuts {S,5} and {T,T} are crossing, if none of the corner
sets SNT, SNT, SNT, and SNT is empty. A cut induced by a corner set is
a corner cut and the cut induced by SAT := S\TUT \ S is the diagonal cut.

A cut is a crossing cut of a family C of cuts, if it crosses any cut in C. If C(G) con-
tains no crossing cuts, the set of minimum cuts of G can be represented by a tree.
Dinitz et al. [1] showed that the set of minimum cuts of an arbitrary weighted
connected graph can be represented by a cactus where cycles correspond to sets
of crossing cuts. More precisely:



Definition 3 (Cactus). A cactus is a connected graph in which every edge
belongs to at most one cycle. An edge that belongs to no cycle is called a tree
edge. An edge that belongs to one cycle is called a cycle edge.

In what follows, we assume that a weighted cactus is uniform, i.e. that all cycle
edges have the same weight and that every tree edge has twice the weight of a
cycle edge.

Theorem 1 ([1]). The set C(G) of all minimum cuts of a weighted connected
graph G has a representation (G, ) such that G is a uniform cactus with O(n)
nodes.

Figure 1 shows an example of a weighted graph and its cactus. Dinitz and Nutov

a)

Fig. 1. a) A weighted connected graph and b) the cactus representation of its minimum
cuts. In a), solid edges have weight 2 and dashed edges have weight 1. In b), ¢ is
represented by the labels of the nodes.

[2] characterized all sets of cuts that can be represented by a cactus.

Theorem 2. A set C of cuts can be represented by a cactus if and only if for
any two crossing cuts in C

— the four corner cuts are in C and
— the diagonal cut is not in C.

In this case, there is always a cactus representation with O(n) nodes.

In what follows, we denote by G the cactus representation of all minimum cuts
of GG. Note that there is a bijection between the set of minimum cuts of G and
the set of tree edges and pairs of cycle edges belonging to the same cycle. Thus,
we can also say that a cut in G is represented by a tree edge or a pair of cycle
edges of G. An important property of a cactus representation that we will use
later is, that “edges in G do not cross a cycle of G”. More precisely:

Lemma 1. Foracyclec:vy,...,vp inGletV;,i =1,...,k be the set of vertices
in the connected component of G— E(c) that contains v; and V; :== o~ (V;). Then

w(V;, Vi) =0 if i—j # £1 mod k.



Fleischer [5] showed that the cactus of all minimum cuts of a weighted graph

can be constructed in O(mn log "HZ) time. For an unweighted graph, it can be
computed in O(An?) time [12]. Using the linear-time shortest-path algorithm of
Henzinger et al. [7] for max-flow computations, the cactus of a weighted planar
graph can be obtained in O(n?) time with the construction described in [5].

3 Hierarchically Clustered Graphs

Feng et al. [4] introduced the hierarchically clustered graph model and charac-
terized graphs that have a planar drawing with respect to the clustering. In this
section, we summarize definitions and results of [4] and [3] that we will use later.

A hierarchically clustered graph (G,T) consists of a graph G = (V, E) and a
rooted tree T such that the set of leaves of T is exactly V. Vertices of T are called
nodes. Each node v of T represents the cluster V(v) of leaves in the subtree of
T rooted at v. T is called the inclusion tree of (G,T). An edge e of G is said to
be incident to a cluster V(v), if eNnV(v)| = 1.

A hierarchically clustered graph (G,T) is connected, if each cluster induces
a connected subgraph of G.

A drawing D of a hierarchically clustered graph (G,T) includes the drawing
of the underlying graph G and of the inclusion tree 7" in the plane. Each vertex
v of G is represented as a point D(v) and each edge e = {v,w} as a simple curve
D(e) between D(v) and D(w). Each non-leaf node v of T is drawn as a simple
closed region D(v) bounded by a simple closed curve 0D(v) such that

— D(u) C D(v) for all descendents p of v.

— D(p) N D(v) = ¢ if p is neither a descendent nor an ancestor of v.
— D(e) C D(v) for all edges e of G with e C V(v).

— 0D(e) N 0D(v) is a single point if [eNV(v)| = 1.

Roughly speaking, T' is drawn in the inclusion representation and edges of G
may only cross cluster boundaries if necessary.

The drawings of an edge e and a cluster v have an edge-cluster-crossing, if
eNV(v) = ¢ but D(e)ND(v) # ¢. A drawing of a hierarchically clustered graph
is e-planar, if there are no crossing edges and no edge-cluster-crossings. A graph
is c-planar if it has a c-planar drawing,.

~~

Theorem 3 (Characterization of c-Planar Graphs [4]). A connected hi-
erarchically clustered graph C = (G, T) is c-planar if and only if there exists a
planar drawing of G, such that for each node v of T all vertices of V —V (v) are
in the outer face of the drawing of G(v).

In an OGRC (orthogonal grid rectangular cluster) drawing of a hierarchi-
cally clustered graph (G, T), curve D(e) is a sequence of horizontal and vertical
segments for every edge e of G and D(v) is an axis-parallel rectangle for every
non-leaf node v of T'.

Theorem 4 ([3]). For a c-planar connected clustered graph with n vertices of
degree at most 4, a c-planar OGRC' drawing with O(n?) area and with at most
3 bends per edge can be constructed in O(n) time.



4 From the Cactus Representation to a Hierarchically
Clustered Graph

Both, the cactus representation of the minimum cuts of a graph and the inclusion
tree of a hierarchically clustered graph, represent structural information of a
graph. We show how to transform the cactus representation into an inclusion tree
such that all minimum cuts can be recognized in a drawing of the corresponding
hierarchically clustered graph.

Let (G, ) be the cactus structure of the minimum cuts of a weighted con-
nected planar graph G with n vertices.

1. Forevery cyclec: vy,...,v in G, delete all edges in ¢ and add a new (empty)
node v, and edges {v;,v.}, i =1,...,k.

2. Replace every empty node of degree 2 and its incident edges by a single edge.

3. For every vertex v of G, add a new node v, and an edge {¢(v),vy}.

4. Find a suitable root.

We call the thus constructed rooted tree 7(G). Note that (G, 7T (G)) is now a
hierarchically clustered graph. The number of nodes in 7(G) is in O(n): By
Theorem 1, we have |[V(G)| € O(n). In Step 1, we add a new node for every
cycle in G and in Step 3, we add n new nodes. Thus |V (7 (G))| remains in O(n).

Figure 2 shows the inclusion tree 7 (G) of the graph G from Fig. 1. There are

Fig. 2. a) White nodes in the inclusion tree 7 (G) of the graph G in Fig. 1 represent
the nodes that were added for a cycle in G. b) The corresponding cluster boundaries
are drawn as dashed grey rectangles in the c-planar OGRC drawing of (G, T(G)).

several options for choosing a root. We have chosen the root such that |V (v)| <
|V (v)| for every inner node v of T(G). This has the advantage that the most
balanced minimum cut {S, S}, i.e. the cut such that ||S| — |S|| is minimal, is
seen on the top level. Another possibility is to take the center of the tree, i.e. to
minimize the height. In both cases, the root can be computed in linear time.

To visualize the minimum cuts in G we want to construct a c-planar drawing
of the hierarchically clustered graph (G, T (G)). The next lemma guarantees that
we can fix an arbitrary embedding of G and add cluster boundaries.




Lemma 2. FEvery planar embedding of a weighted connected planar graph G can
be extended to a c-planar drawing of the hierarchically clustered graph (G, T (Q)).

Proof. To see this, recall the following facts about minimum cuts.

Remark 1. Let {S,S} be a minimum cut in a weighted connected graph. Then

both G(S) and G(S) are connected.

Remark 2. Let {S, S} be a minimum cut in a weighted connected planar graph
G. In any embedding of G, the dual of the graph induced by E(S,S) is a cycle.

These two facts guarantee that for every embedding of the weighted connected
planar graph G the hierarchically clustered graph (G, 7 (G)) fulfills the precon-
ditions of Theorem 3 and thus has a c-planar drawing. O

In Step 1, we replace each cycle of the cactus by a star. Thus, the information
about the cyclic order of the edges in a cycle of G is not preserved in T(G).
However, this order can be reconstructed from a c-planar drawing of (G, T (G))
as follows.

Let c:vq,...,v; be acyclein G and let V; and V; be defined as in Lemma, 1.
Consider the dual of the graph induced by E(V;, V;). Since {V;,V;} is a minimum
cut, its dual is a cycle, denoted by d;. Note that the cycles d; correspond to
cluster boundaries in a c-planar drawing of (G, T(G)). For each edge e in G let
w(e*) = w(e). An immediate consequence of Lemma, 1 is

Lemma 3. Z w(e*) =0 if i —j# £1 mod k.
e*€E(d})NE(d})

Lemma 4. The set of edges E(d}) N E(dy,,) is consecutive in d; and dj, .

Proof. Suppose not. Let e}, ..., e be the sequence of edges
in a path in dj such that ef,ej € E(df,,), e3,...,e[_; ¢
E(d; ). Let e* € E(d;) \ (E(dj,,) U {e3,...,e;_,}) be
another edge in df and let e = {v,w} with w ¢ V;. For
Jj =t,i+ 1let p; be a path from e; N V; to g NV; in
the graph induced by Vj. Let ¢’ be the cycle in G that is
induced by edge e, path p;, edge e; and path p;;1. Without
loss of generality we can assume that edges e3,..., e/ ; are inside cycle ¢’. Let
V' € V(@) be the set of vertices that are incident to e, . .., e;—1 and that are not
in V;. Then, by Lemma 1, w € V;_; and V' C V;_;. Thus, V;_1 is not connected,

contradicting Remark 1. O
k
Lemma 5. ﬂ Vdi)| =2
i=1

Proof. Let di : fi,..., fi, fix1,-., fr and d5 = fi,..., fi, fi;1,---, fi be such
that fir1 # f,, and f. # fi. From Lemma 3 we conclude that E(d3) N E(d3) =
E(d3)\ E(d}) and with Lemma 4 we get N2_, V(d}) = {f1, fi}. It follows induc-
tively that N5_ V(d¥) = {f1, fi}- O



Thus, we can choose one face f where all the cycles in °
G* that correspond to the cuts of a cycle ¢ in G intersect.

The cyclic order in f displays the cyclic order of ¢. More- °
over, every cut that is represented by two edges of ¢ can be .
reconstructed from a c-planar drawing of (G, 7 (G)) in the n ,

. . f fi o
following way. Divide every cluster boundary correspond-
ing to a cycle d} into two paths between f; and f;. This W .
results in £ disjoint paths. The cycle consisting of any two
of these paths is the dual of a cut represented by two edges *

of ¢ and every cut that is represented by a two-cut of ¢ is
of this form. .

5 Two Models for Drawing Cuts

5.1 C-Planar Drawings of Hierarchically Clustered Graphs

As mentioned in Sect. 3, Eades et al. [3] introduced a method for drawing hierar-
chically clustered planar graphs orthogonally with rectangularly shaped cluster
boundaries. To do this, they made the undirected graph directed and allowed
edges to cross the cluster boundary only at the top or bottom of the rectan-
gle. This might introduce unnecessary bends into the drawing. We introduce a
different way of drawing a connected c-planar graph (G,T). We add edges and
vertices to G such that the newly constructed graph G' remains planar and each
cluster boundary corresponds to a cycle in G'. Now any embedding preserving
algorithm can be applied to draw graph G' and thus to obtain a c-planar draw-
ing of (G,T). In case G has maximum degree 4, using the model of Tamassia
[13] with some additional constraints on the flow, this leads to a c-planar OGRC
drawing with the minimum number of bends.!

Let (G, T) be a hierarchically clustered c-planar graph with an embedding in
the plane that fulfills the conditions of Theorem 3. Recall, that for T' = T (G),
by Lemma 2, every embedding of a planar graph is suitable.

For every cluster, we add a cycle of new edges and new vertices to GG in the
following way:

Proceeding from the leaves to the root of T, for every |

non-leaf node v of T let ey, ..., e be the edges incident to
cluster V(v) in their cyclic order around V' (v). Let ex41 = —
e; and e; = {v;,w;},i =1,...,k+ 1. Fori = 1,...,k, we
split edge e;, i.e. we add a vertex v, to V(G) and replace
edge e; by edges {v;,ve,} and {w;,ve, }. Finally, we add —
edges {ve,,ve,,, }- These k edges are called boundary edges
of V(v). They form a cycle, called the boundary cycle of
V(v), that model the cluster boundary of V (v).

! While implementing the extension of Tamassia’s model to hierarchically clustered
graphs we learned that it was independently described in [9] and is now part of the
AGD library [11].



A special case occurs, if there are only one or two edges incident to a cluster.
In that case, two or one additional vertices are inserted in this cycle to avoid
loops and multiple edges. The resulting edges are also called boundary edges.
Let the resulting graph be G'. Let n = |V(G)| and h(T') be the height of the
inclusion tree T'.

Lemma 6. |V(G")| € O(n - h(T))

Proof. Let e = {u,v} € E(G) and let k be the number of vertices on the path
in T between u and v. Then k — 3 < 2-h(T') vertices are inserted into e. Thus,
V(G| <n+2/E(Q)|-h(T) € O(n-h(T)). 0

Note that in case T = T(G) and w(e) > 1 for every edge e € E(G) it is also
true, that |[V(G")| € O(X - n): Every cluster is incident to at most A edges and
the number of clusters is in O(n). For unweighted planar graphs we have A <5
and this implies [V(G")| € O(n).

Lemma 7. G’ can be constructed in O(|V(G")|) time.

Proof. Proceeding for each edge {u,v} € E(G) along the path in T between
u and v, splitting the edges can be done in O(|E(G)| + |added vertices|) =
o(vV(aHD.

From the leave to the root of 7', add the boundary edges along the outer
face of each cluster. Doing this, every edge can be touched at most twice.Thus,
inserting the boundary edges is in O(|E(G")|) = O(|V(G"))). O

In the flow network for an orthogonal [13] or quasi-orthogonal drawing [14, 8] of
G', we restrict the flow over a boundary edge to be zero, if it goes from outside
the corresponding boundary cycle into it. This guarantees that the boundary
cycles are rectangularly shaped in any resulting orthogonal drawing. This re-
striction is necessary. Even in the case of unweighted graphs with the root cho-
sen in such a way, that |V (v)| < |V (v)|, there are examples of planar graphs
G such that the bend minimum solution without restriction of the clustered
graph (G, T (G)) have non-rectangularly shaped cluster boundaries. See for ex-
ample Fig. 3. Theorem 4 guarantees that there is a feasible flow for the restricted
flow network. The resulting drawing is a bend minimum c-planar OGRC draw-
ing. Moreover, all inserted vertices have degree 4 and split edges alternate with
boundary edges. Thus, the corresponding original edges in G have no bends at
cluster boundaries.

Lemma 8. The area requirement of the constructed bend—minimum c—planar

OGRC drawing of (G,T) is in O(n?).

Proof. There are O(n) clusters and each cluster boundary requires two horizontal
and two vertical lines.

Those edges in G’ that are not boundary edges correspond to O(n) original
edges in G. As the constructed drawing is bend—-minimum, by Theorem 4, there
are at most 3 - |[E(G)| bends on those edges. Thus, the non-boundary edges
require at most 4 - |E(G)| € O(n) horizontal and vertical lines. O
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Fig. 3. Drawings of the non-trivial minimum cuts of a) a weighted and b) an unweighted
graph without rectangularity restriction on the cluster shape. Grey edges are boundary
edges, thin edges have weight 1 and thick edges have weight 6.

The running time of our algorithm is as follows:

— Constructing the cactus G of a planar connected weighted graph G is in
O(n?).

— Constructing the inclusion tree 7 (G) from the cactus is in O(n).

Constructing G’ from (G, T) is in O(n - h(T)).

— Constructing the orthogonal drawing of G’ with N := |V (G")| vertices is in

O(N7/*\/log N) [6].

We can finally summarize that the running time is dominated by the construction
of the cactus and the orthogonal drawing and is in O(n? + N7/%y/log N) time.
Figure 2 shows an OGRC drawing of the hierarchically clustered graph (G, T(G))
where G is the graph in Fig. 1.

5.2 Planar Cactus-Clustered Drawings

The information about the cyclic order of the edges in a cycle of G is preserved in
a c-planar drawing of (G, T (G)). However, crossing cuts are given only implicitly
and have to be reconstructed from the others as mentioned at the end of Sect. 4.
In this subsection we show how we can modify the c-planar drawing in such a
way that on one hand, for every minimum cut {S, S} there is a cycle ¢ added to
G separating S from S and, on the other hand, for every cycle ¢ added to G the
cut defined by the inside and the outside of ¢ is a minimum cut. We achieve this,
roughly speaking, by merging the cluster boundaries corresponding to pairs of
incident nodes on a cycle in the cactus.

Let T(G) be defined as in Sect. 4, except that we do not replace nodes of
degree 2. Let again ¢ : vy,...,v, be a cycle in G and let V; and V; be defined as
in Lemma 1. Let v, be the node added for ¢ in T(G). Note that V; = V(v,) and



V(v;) ¢ {V;,V;} if v; is the predecessor of v.. In this case, node v, represents
cut {V},V;} and in the following, we substitute v; by v. in c¢. Now, every node
in 7(G) is associated with at most one cycle in G.

By Lemma 4, we already know that duals of the edges between V; and V1
are consecutive on the cycles corresponding to their cluster boundaries. We now
show that those vertices that were inserted into an edge of G for a drawing of
these duals are adjacent.

Lemma 9. Let e € E(V;,Viy1) and let v; and viy1 be the vertices that were
inserted into e for the cluster corresponding to v; and v;y1, respectively. Then
{Ui,Ui+1} S E(G')

Proof. Let p be the root of the smallest subtree of 7(G) containing v; and v;11.
If v. = p, the vertices corresponding to the two descendents v; and v;41 of u are
inserted consecutively in e. If not, one of the two nodes, say v; 1, was the node
that was substituted by v.. The vertices corresponding to v; and v, are inserted
consecutively in e. ad

Thus, we can merge vertices that were inserted into the same edge for clusters
corresponding to nodes of the same cycle. Finally, for each cycle ¢, we add a
vertex in both of the faces f; and f; identified in Lemma 5 and we split each
edge that is incident to one of the faces and is a boundary edge of a cluster
corresponding to ¢ at the added vertex. This results in k& paths between f;
and fi.

Let the constructed graph be G"'. As the number of cycles in G is in O(n), we
add O(n) vertices to G'. Thus, |V(G")| € O(|V(G")|) and G" can be constructed
in O(|V(G")| time.

As in the previous subsection, we can now apply any embedding preserving
algorithm to draw graph G' and thus to visualize all minimum cuts in G. We
call the resulting drawing a planar cactus-clustered drawing.? An example using
the quasi-orthogonal drawing method is shown in Fig. 4. The advantage of this
drawing is obviously that every minimum cut is represented by a simple closed
curve. Moreover, parallel boundary edges are avoided.

% In analogy to c-planar drawings of hierarchically clustered graphs, we define a planar
cactus-clustered drawing D of a planar graph G with a cactus representation of a set
C of cuts as follows. Again, each vertex of G is represented as a distinct point and
each edge {v,w} as a simple curve between D(v) and D(w) such that no two edges
cross. Each cut C = {S, g} € C is represented by a simple closed curve such that
(1) D(S) and D(S) are in different connected components of IR*> \ D(C) and such
that (2) for every simple closed curve ¢ in (Jg o D(C) there is a cut {T, T} € C such
that (a) D(T) and D(T) are contained in different connected components of IR* \ ¢
and (b) for an edge e € E we have |D(e) Nc| =1, if e is incident to both, a vertex
in T and a vertex in T and D(e) N D(C) = @, if not.

Moreover, for two cuts C,C’ € C it shall hold that |D(C) N D(C")| # 1.



Fig. 4. A cactus-clustered drawing of the graph in Fig. 1.

6 Conclusion

We outlined two methods for representing the minimum cuts of a weighted planar
graph in a planar drawing of the graph. Utilizing the cactus representation, all
minimum cuts can be shown in a c-planar drawing of a hierarchical clustering of
the graph. This approach was then extended to cactus-clustered drawings that
visualize all minimum cuts by simple closed curves. Both approaches have been
demonstrated to work for bend-minimum orthogonal drawings, but can be used
with any drawing algorithm that preserves the embedding of cluster boundaries.

Moreover, our methods can be extended to any set C of, not necessarily
minimum, cuts of a planar graph G that has a cactus representation (G, ¢) and
the following additional properties:

1. For each cut {S,S} € C, the graphs G(S) and G(S) are connected.
2. No edge of G crosses a cycle of G.

If 7(G) is the inclusion tree constructed from G as described in Sect. 4, it holds
that (G, G, ) has a planar cactus-clustered drawing if and only if (G, T (G)) is
c-planar.

Acknowledgments. We thank Christian Fief for providing part of the imple-
mentation used to compute the cactus, determine a clustering, and draw the
clustered graphs. Our implementation uses LEDA [10] and an older version of
the AGD library [11].
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