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AN ELLIPTIC BOUNDARY PROBLEM ACTING ON
GENERALIZED SOBOLEV SPACES

R. DENK AND M.FAIERMAN

ABSTRACT. We consider an elliptic boundary problem over a bounded region
Q in R™ and acting on the generalized Sobolev space WZ?’X(Q) for 1 < p < oco.
We note that similar problems for €2 either a bounded region in R™ or a closed
manifold acting on WQO 'X(Q), called Hérmander space, have been the subject
of investigation by various authors. Then in this paper we will, under the
assumption of parameter-ellipticity, establish results pertaining to the exis-
tence and uniqueness of solutions of the boundary problem. Furthermore,
under the further assumption that the boundary conditions are null, we will
establish results pertaining to the spectral properties of the Banach space op-
erator induced by the boundary problem, and in particular, to the angular and
asymptotic distribution of its eigenvalues.

1. INTRODUCTION

In the latter half of the last century Hormander [I3] Chapter II] introduced a
class of weight functions defined on R™, which he denoted by K (see Definition
2.1 below), and a Banach space By i,k € K,1 < p < oo, composed of tempered
distributions w such that .Zu is a measurable function on R™ and k% u € L,(R"),
where .% denotes the Fourier transformation in R™. He then investigated various
properties of this space as well as the regularity properties of solutions of partial
differential equations acting on B, . We might mention at this point that the space
Ba,1, called Hormander space, is of particular importance as it gives us a significant
generalization of the classical Sobolev space based on La(R™).

The work of Hormander did stimulate significant interest and research at that
time, but unlike Sobolev spaces, the Hérmander spaces were not widely applied to
elliptic boundary problems and to elliptic operators acting over closed manifolds.
However since the beginning of this century significant investigations have been
devoted to these aforementioned problems (see for example [16], [17], and [8] as
well as the book [I8]). Indeed, in the references just cited the authors restrict
themselves to the case p = 2 and to a certain subset of weight functions called
interpolation parameters which ensures that every Hormander space based on an
interpolation parameter is actually an interpolation space obtained by interpolating
between two Sobolev spaces. Thus in this way that authors obtain important results
pertaining to elliptic boundary problems and to elliptic operators acting on such
Hormander spaces defined on closed manifolds.

Shortly after the appearance of the book [I3] there appeared the paper of Vole-
vich and Paneyakh [21] presenting, by means of an Hérmander type weight function,
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a generalization of Bessel-potential spaces for 1 < p < co and then described vari-
ous properties of this space. This space, which they denote by H}, is precisely the
space of tempered distributions u such that .# ! . Zu € L,(R") for all u belonging
to a certain subset, denoted by Ky, of non-vanishing functions in C°°(R™) which,
together with their inverses, belong to the Hormander class of weight functions
K and which are multipliers on the Schwartz space (R™), that is, as operators
of multiplication, they map .(R™) into itself. By defining pu(¢) = u(p ) for
u € Ko, ¢ € L(R™) and u € ' (R"), the members of Ky also become multipliers
on the space ./(R™). Lastly, let us mention that the spaces obtained by restricting
of the members of H/)' to subsets of R" are also discussed in [21].

We have mentioned above that Bs j gives us a generalization of Sobolev spaces
based on Lo (R™). Motivated by the works cited above, our aim in this paper is to
remove the restriction p = 2, and by fixing our attention upon a certain class of
weight functions in K, introduce our generalization of classical Sobolev space based
on L,(R™), 1 < p < oo, as well as on L,(G) for certain subsets G of R™. Then we
will establish various results pertaining to the operator acting on our generalized
Sobolev space induced by a parameter-elliptic boundary problem.

Accordingly, we will be concerned here with the boundary problem

(1.1) Az, D)u(z) — Au(z) = f(z) for x € Q.
(1.2) Bj(z,D)u(z) = gj(z) forx e T',j=1,...,m,

where Q is a bounded region in R™, n > 2, with boundary T, A(z,D) =
ngm ao(z)D® is a linear partial differential operator defined on Q of order
2m, and for j =1,...,m, Bj(x,D) = 3|, |<m, bj.a(x)D* is a linear partial differ-
ential operator defined on I' of order m; < 2m, while A € £, where £ is a closed
sector in the complex plane with vertex at the origin. Our assumptions concerning
the boundary problem (1)), (I2) will be made precise in Section Bl

In Section 2l we make precise our definition of the generalized Sobolev space over
R™ and over certain subsets of R™. This is achieved by firstly defining the subsets
Ko and K; of the Hormander class of weight functions K which will be used in this
paper to define the generalized Sobolev spaces with which we will be concerned.
Then for x € Ko UK; we introduce the space H¥ (R™), which is a generalization of
L,(R™), and describe various properties of this space. And it is by means of H)(R")
that we are able to introduce the generalized Sobolev spaces WX (R™), W} (€)

for k e NU{0}, and Wfﬁl/p’x(l") for k € N (see Definitions 2.1] 2.3 2.8 [Z1T] and

In Section [3] we make precise our assumptions concerning the boundary prob-
lem ([T), (T2) and then use the results of Section 2] to establish our main result
concerning the existence and uniqueness of solutions of this boundary problem (see
Theorem B.10 below).

Finally in Section [] we let A’ém denote the Banach space operator, with domain
W2m™X(Q), induced by the boundary problem (LI, (L2) under null boundary
conditions. We then prove that A}g_’p has compact resolvent and various results are
established concerning the completeness of its principal vectors in WZ?’X(Q) as well
as the angular and asymptotic behaviour of its eigenvalues (see Theorems [L.4HL.0)).
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2. GENERALIZED SOBOLEV SPACE

In this section we are going to introduce our generalization of the classical
Sobolev space and discuss some of its properties. To this end we need the fol-
lowing terminology.

Accordingly, we let * = (z1,...,2,) = (2, 2,) denote a generic point in R"™
and use the notation D; = —id/0z;,D = (D1,...,D,),D* = D{"--- D¢» =
D' Do and €% = £ ... €9 for € = (&1,...,6n) = (£,€,) € R, where
a=(aq,...,0pn) = (¢/,ap) is a multi-index whose length Z?:l o is denoted by

|a|. Differentiation with respect to another variable, say y € R"™, instead of x
will be indicated by replacing D and D® by D, and Dy, respectively. We also
let .(R™) denote the Schwartz space of rapidly decreasing functions on R™ and
let #’(R™) denote its dual, where in this paper it will always be supposed that
' (R™) is equipped with its weak-*-topology. In addition we let (£) = (1 + [£]?)!/?
and (¢') = (14 |&|>)Y/2 for € = (¢/,&,) € R™, while for 1 < p < 00, 0 < 5 < 00,
and G an open set in R", we let W, (G) denote the Sobolev space of order s related
to L,(G) and denote the norm in this space by || - ||sp.¢ (see [20, p.169, p.310,
and Theorem 2.3.3, p.177]). Furthermore, we will use norms depending upon the
parameter A € C\ {0}, namely for k € No = NU {0} with k& < 2m, we let

lullkp.c = llullepe + A" llopc for u e W (G).

We refer to [12] for details concerning parameter-dependent norms.

Assume for the moment that when G # R™ the boundary 8 G is of class C?™.
Then for £ € N with £ < 2m the vectors u € W;(G) have boundary values
v=u }BG and we denote the space of these boundary values by Wf‘”p(a G) and
by || - lk=1/p.p.oc the norm in this space, where ||v|lz—1/ppoc = inf | u|rp.c
for v € W;H/p(a G) and the infimum is taken over those u € WF(G) for which
U | 5o = v- In addition we will use norms depending upon the parameter A €
C \ {0}, namely

lolle—1/ppoc =10 lk-1/ppac + NEYP/2M [l 06 for v e WETYP(0G),

where || [|o,p,0 ¢ denotes the norm in L,(9 G). Finally, welet Ry = {t € R|t =2 0}.
We are now going to define the generalized Sobolev spaces which will be consid-
ered in this paper. To this end we require the following definition.

Definition 2.1. Let I denote the class of real-valued measurable functions defined
on R™ with values in (0, 00) such that for each member x € K there exist positive
constants C’;f( and K;f( for which the inequality

x(€+n) < C;L (1+ |§|)ej< x(n) holds for every pair £,n € R™.
Note that
(CH™x(0) (1+ €)™ < x(&) < Cix(0) (1 + [¢) and also that x ™! € K.

The class K is precisely the class of weight functions mentioned in Section [
which was introduced by Hormander in [I3] and used there to define the Banach
space Bp . As mentioned in Section [I, Volevich and Paneyakh [2I] defined the
more restrictive class of weight functions Ky as the set of all smooth functions in K
which are multipliers in . (R™) and whose inverses belong to K, too. Our aim now
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is to use K in order to define for the case p < 2 a less restrictive generalized Bessel-
potential space than that considered in [2I]. However for future considerations we
will have to restrict ourselves to the subset K7 where

= {x € K| x € C?"" (R"),|DX(€)| < Cy (&) for € € R" and |a| < 207 },

where C, and ¢, denote positive constants and for ¢t > 0,¢* = [t/2] + 1, and [t/2]
denotes the 1nteger part of ¢/2.

Remark 2.2. In order to avoid a proliferation of notation, we will also suppose that
for x € Ko, |Dgx(€)] < Cy (&) for |af < 2n*.

We refer to [13} p.35] and [21] for examples of function in Ky and K. Note that
the following functions indicated there: (1) x(&) = (&)t € R, (2) x(&) = P(¢) =
1/2 t

(Sjaio IDEPER) ", where P is a polynomial, and (3) x(¢) = (14 2, &) |

where ¢ € R and the ¢; € R, all belong to Ky and K;. Note also that if y € K
(resp. Ko), then so does x L.

Definition 2.3. For 1 < p < 2 we henceforth suppose that xy € Ky and let
HY(R") ={ue.s (R™)| Zu is a measurable function on R", x.Zu € .#'(R™) and
F'xFu € L,(R") },
while for 2 < p < oo it will always be supposed that x € gy, and in this case we let
HYX(R") = {ue ' (R")|.F'xFu e L,(R") }.

We then equip HY(R™) with the norm [[ul[g, pn = | F 'xFullopgrn for u €
Hx (R™).

We henceforth suppose that 1 < p < co and let @& = Zu for u € . (R").
Proposition 2.4. HX(R") is a Banach space.

Proof. Since the proposition is proved in [21] for the case p > 2, we need only prove
the proposition for the case p < 2. Accordingly let {uj }j>1 denote a Cauchy
sequence in HX(R™)and put v; = #'xa; for j > 1. Then {v; };>1 is a Cauchy
sequence in L,(R™), and hence converges in L,(R™) to some vector v. It now
follows from the Hausdorff-Young theorem [9] p.6] that x@; — v in L, (R™), where
p’ =p/(p— 1), and hence also in .#/(R™), as j — oco. Thus for ¢ € .7(R"),

(5 —x7"0) (&)] = ‘/R (8 = x~'9) @ da| < |lxit; = o

as j — oo.
Thus we have shown that 4; — x~'9 in .%/(R") as j — oo, and hence u; —
Z x4 in ' (R") as j — oo, which completes the proof of the proposition. [

Proposition 2.5. [t is the case that ' (R") C HY(R") C #'(R") in both the
algebraic and topological sense. Furthermore, #(R™) is dense in HX (R™).

0.0 R [IX ¢||0,p,]Rn —0

Proof. Since the proposition is proved in [2I] for the case p > 2, we need only
prove the proposition for the case p < 2. Accordingly, it follows from the proof of
Proposition 2.4] that HX(R™) C .’/(R™). Turning now to (R™), we have for ¢ €
SR, Flxd = F 1 (€)(€)" (&) Ftn" ). Hence it follows from Mikhlin’s
multiplier theorem [20, p.166] that || 9\_1)(95”0@,11&" < Cypll 9‘1<§>€X+"+$Ho,p,u@,
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where C , denotes a positive constant. But since (-y&+n" is a multiplier on .7 (R™),
we conclude that .Z~1(¢)x" ¢ € .(R"), and hence | Fx¢|lo.prn < 00. Thus
we conclude that .(R™) is a subspace of H)Y(R").

Finally let f belong to the dual space of HX(R™). Then |f(u)| < C||.Z ~xilloprn
for every u € HY(R"), where C' denotes a positive constant, Hence by the Hahn-
Banach theorem there exists a v € Ly (R™) such that f(u) = [p. v.7 ' xadx for
u € HX(R™). This implies that if /(R") is not dense in H)(R"), then there is a
v # 0 in Ly (R™) such that

(2.1) / v.Z " xddx = 0 for every ¢ € .7 (R™).

In order to make use of (2] to prove our assertion concerning density, we require
some further information. To this end let us show that .# ~!y.% maps Wgﬁ (R™)
continuously into L,(R™), where £ = max{ /¢y, +n*, -+ +nT }. Indeed for u €
W2 (), we have | F7IX Fullopzn = | F7() 2 F (1 A u) foer,
where A denotes the Laplacian on R"™, and hence the required result follows from
Mikhlin’s multiplier theorem.

Let us also show that Wﬁﬁ (R") C ranF 'y .7 (Wpﬂ+ (R")) , where ran denotes

range. Indeed if w € W];M+ (R™) and we let u = F " 'x"L.Z w, then || ul|gp+ prn =
| F- ") 2 F ((1 - A)2é+w> llo,p.en, and the required result follows from

Mikhlin’s multiplier theorem and the fact that .# 'y .%u = w (it is important
to note that both 4 and @ are in L, (R™)).
Next let w € W;lﬁ (R™) and let u € szz+ (R™) such that .Z 1y . Zu = w. Also

let {4; },>1 denote a sequence in .(R™) such that 1); — w in szﬁ (R™). Then
for 7 > 1, we have

/vwdx:/ m‘*lx@dﬁ/ 0 Z ()2 F (1 = A (u— 4y da,

and hence in light of [21) and Mikhlin’s multiplier theorem we have

| vwdel < Cllullograe =5l 0
n

where the constant C' does not depend upon j. Thus we conclude that fR" vwdx =0

for every w € W;Lﬁ (R™). But since v € W]DTM+ (R™), the dual space of W;}é+ (R™)
(see [20, Theorem 2.6, p.198]), we must have v = 0, which is a contradiction, and
this completes the proof of the proposition. O

Proposition 2.6. HYX(R") is separable.

Proof. In light of what was shown above, we see that the embeddings .7 (R"™) C

Hﬁ"Jr"+ (R™) < HY(R") hold, where H£X+n+ (R™) denotes the Bessel-potential

space of order ¢, + n™ based on L,(R™) (see |20, p.177]). Since Hﬁxﬁﬁ (R™) is

separable, the assertion of the proposition is an immediate consequence of Propo-

sition 2.4 O
Under a further assumption on y we also have the following result.
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Proposition 2.7. Suppose that u € HX(R™) and ¢ € C5°(R™). Suppose in addition
yﬁo‘Dg‘ (X(E+nx©) )| < ex(n)* for n € R™ and |o| < n*, where ¢, and ky
denote positive constants. Then ¢u € HX(R™) and || ully , gn < Cpx,ollull ,zns
where the constant Cp .4 does not depend upon A and w.

Proof. For p > 2 the proposition is proved in [2I], and hence we restrict ourselves
to the case p < 2. Accordingly, it is clear that ¢u € ./, and hence Fopu € 7.
We therefore have to show firstly that .# ¢ u is a measurable function on R™. Now
observe that if we put f(z) = f(—x), then

Fomedu = (2m)" T, b = (2m)" T, 6% T,

r—r

=@n™ | o(& —m)a(n) dy = (2m) ™" . o(& —m)x(n) " x(n)a(n) dn.

If we make use of the fact that x & € L,/ (R") and appeal to Definition 2.1} then
it follows that F,_,cpu € Lé"c(R”), and hence is measurable on R™. Furthermore,
because of density, we need only complete the remainder of the proof under the
assumption that v € #(R™). Accordingly, it follows from Fubini’s theorem and
Minkowski’s inequality that

| FaX () Fy—ed ulloprn
< (27T)7”/ (XSO Z3 ()P x(n + E)x ()" x(m)it]lop.n dE,
EER

and hence the assertion of the proposition is an immediate consequence of Mikhlin’s
multiplier theorem. ([

We now turn to the definitions of the generalized Sobolev spaces which will be
used in this paper, namely WX (R™), WFX(Q) for k € Ny, and Wf_l/p’X(I‘), keN,
with k& < 2m in all cases.

k
Definition 2.8. For k € No let WAX(R") = H}'' X(R"), and denote by || - [[¥, ¢»
the ordinary norm in this space (see Definition 2.3) and by ||- [l , gn = Il - [[§ , zn +
|\[F/2m | 5.z its parameter-dependent norm.

Note that (- )y belongs to K; if p < 2 and to Ky otherwise.

Remark 2.9. In the sequel it will always be supposed that all function spaces under
consideration are equipped with their parameter-dependent norms unless otherwise
stated. Furthermore, it is to be understood that when not stated explicitly, an
isomorphism between any two such spaces is bounded in norm by a constant not
dependent upon .

In the following proposition and in the proof of Proposition 2.12] below we sup-
pose that for k € Ny, sz (Q) is equipped with its Bessel-potential space norm.

Proposition 2.10. Let k € Ny with k < 2m. Then the operator F 'x.F maps
WEX(R™) isometrically and isomorphically onto W}F(R™), and its norm as well as
that of its inverse are bounded by a constant not dependent upon .

Proof. Let u € WFX(R™) and let v = .Z 'xa. Then ||.Z ()" Zvloprr =
| .Z~1(- ) xillo,prn, and hence v € WE(R™) (see [20, p. 177]).

Conversely, let v € WF(R™) and let w = .Z ~*x'0. Then [|.Z (- )*q
= || F1(-)*6]loprn, and hence u € WX (R™).

0,p,R™
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In light of these results and the definitions of the parameter-dependent norms
concerned, the proof of the proposition is complete. O

Let us now turn to the definitions of WX (Q) and W~ YPX(T) for those value
of k cited above. Accordingly, let 2'(Q2) denote the space of distributions over (.

Definition 2.11. Let WX(Q) = {u € 2'(Q) such that u = 7|, for some T €
WEX(R™) } and equip WX (Q) with the norm lully ;.0 = inf [@lly , g, Where the
infimum is taken over all w € W}"X(R") such that u = E‘Q.

Note that if we let Ty ) denote the operator restricting the mem-

R?) WX
bers of WX(R") to Q and N),?)p gen(ote its kernel, then this operator induces a
decomposition of Wf’X(R") into equivalent classes whereby any two distinct mem-
bers of W)X(R™), say u' and u” are said to be equivalent if 7' —u* € N,i?p. Hence if
we denote the induced quotient space by W;“’X(]R") /N ,?)p and equip it with its quo-
tient space norm, then it is clear that we can identify W]f’X(Q) with Wf’X(R")/ngp
(in the sense that they are isometrically isomorphic to each other). We mention at
this point that if N is a subspace of a linear vector space Y and X = Y/N denotes
the corresponding quotient space, then in the sequel we will use the notation [u] to
denote the member of X containing v € Y and || - | x to denote the quotient space
norm in X.

Next let N,ﬁ?p = {7 € WF(R") such that v = F~'x.77 for u € N,gp} and
define the space W) (R™)/N, ,gp in an analogous fashion to the way we defined the
space Wf*X(R”)/N,?p.

Proposition 2.12. [t is the case that Wi’X(Q) 18 1sometrically isomorphic to
WEQ).

Proof. Since W}(9) is isometrically isomorphic to W} (R") /./\/,gp (equipped with
its quotient space norm), the proposition will be proved if we can show that
WX (R™) /N, is isometrically isomorphic to W} (R™) /N, Accordingly, let [u]
W;“’X(R")/ngp and let {7, }$° be a sequence in W»X(R") such that u — 1, € N,g%p
and limy o0 [Tl , 5 = (7] |||‘W;,X(R”)/ng. Hence if we let 7 = % 'y Z @ and
Ty = F 1\ .Z Uy, then it follows from Proposition 210 that ||[u] "ka,x(Rn)

P

limys o0 |Te)lk,p.rm > || [T] |||W; (RP)/NE, - Since similar arguments show that

ING»
@l WX (Rn) /NS <|I[@] |||WI£c (Re)/Ng, > the proof of the proposition is complete. [

Next for k € N, k < 2m, let ”y;; » (resp. 72 p) denote the trace operator mapping
WE(Q) (resp.W}(R™)) onto W,?_l/p(F) and let Ay, (resp. N,p) denote its ker-
nel. Then this operator induces a decomposition of WF(€) (resp. W (R™)) into
equivalent classes whereby any two distinct members of W} (Q) (resp. WJF(R™)),
say u! and u? (resp. @' and @?) are said to be equivalent if u! — u? € N}, (resp.
u' —u” € Np). Note that if we denote the induced quotient space by W, (Q)/Np
(resp. W; (R™)/Nk ) and equip it with its quotient space norm, then it follows
from [5, Propositions 2.2, 2.3] that W} () /Nyp (resp WF(R™)/N,) is isomorphic
to Wi—H/7(T0).
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We now denote by V., (resp. V) the operator mapping W) () (resp. W) (R™))
isometrically and isomorphically onto WX() (resp. W/X(R")) which is as-
serted in Proposition (resp. Proposition 2Z10) and put Ny, = Vi pNip (resp.
Nip =VipNkp). Then the decomposition of W} () (resp. W}F(R™)) into equiv-
alent classes induces a decomposition of WX(Q) (resp. W»X(R™)) into equivalent
classes whereby any two distinct members of WFX(Q) (resp. WEX(R™)) , say
u' and u? (resp. W' and T* are said to be equivalent if u' — u? € Nip (vesp.
u' —u? € Nyp). We denote the induced equivalent space by WX (Q)/Ny,, (resp.
WEX(R™)/N},) and equip it with its quotient space norm.

Proposition 2.13. It is the case that the spaces W)X () /Nip, WX (R™) /N p,

and W,?_l/p(F) are isomorphic to each other.

Proof. In light of what was shown above, it is clear that in order to prove the propo-
sition we need only prove that WX(€2) /Ny, (resp. WFX(R™)/Ny ) is isomorphic
to Wy (Q)/Nip (resp.W}F(R™)/Ny.p). But for this, we can argue as we did in the
proof of Proposition [2.12] O

Definition 2.14. We let W;il/p’x(l") = W}X() /Ny, and denote the norm in

this space by || - || where for [u] € Wﬁil/p’X(I‘),

X
k—1/p.p,T’
Nl = Wl

Finally, in the sequel we denote by Wfép the trace operator mapping Wf’X(Q)

onto WE—1/Px(T) = WEX(€Q) /Ny, p. We shall also use the symbol 74, to denote
the trace operator mapping W} () onto W (Q) /Ny .

3. THE BOUNDARY PROBLEM ([[L1), (I2)

In this section we are going to use the results of Section2lin order to establish our
main results concerning the existence and uniqueness of solutions of the boundary
problem (1)), (IZ). To this end we require some further information.

Assumption 3.1. It will henceforth be supposed that

(1) the boundary T'is of class C2(m+(n=DT+n")+1

(2) aq € C2mH(n=DT4nH1(Q) for |a| < 2m, and

(3) bj.a € C2(mf+("_l)++"+)+1(1") for o] < mj, j = 1,...,m where mj’E =m —
m;/2 if m; is even and mf = (2m — m;)* otherwise.

Remark 3.2. It follows from a standard extension procedure that there is no loss of

generality in supposing henceforth that for each o and j, ao € C2(mFn=1"+n")+1(Rn),

bj.a € CQ(mf"’("_lﬁJ“"ﬂH(R") and have compact support.

In the sequel we let A(a:, D) (resp., éj (z, D)) denote the principal part of A(z, D)
(vesp., Bj(z,D), j=1,...,m).

Definition 3.3. Let £ be a closed sector in the complex plane with vertex at the

origin. Then we say that the boundary problem (L1l), (2] is parameter-elliptic in
L if the following two conditions are satisfied:

(1) A(z,€) = A#0for z € Q, £ € R”, and X € L if |¢] + |A| # 0;
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(2) let 2° be an arbitrary point in I'. Assume that the boundary problem (L)),
([2) is rewritten in a local coordinate system associated with 20 wherein 2% — 0
and v — e,, where v denotes the interior normal to I' at 20 and (e, ...,e,)
denotes the standard basis in R™. Then the boundary problem on the half-line

A(0,€, Dy)u(t) — Av(t) =0 for t =z, >0,
Bj(0,&,Dp)o(t) =0 fort=0,j=1,...,m,
v(t) >0 ast— oo

has only the trivial solution for & € R*~! and A € L if |¢'| + |A| # 0.

We denote by E the strong (2(m + (n — 1)* + n™) + 1)-extension operator
mapping Wp2(m+(n71ﬁ+n+)+l(§2) into Wp2(m+(n71)++n+)+l(R") (see [T, p. 83] for
details) and for v, € W2™(2) let us put vy, = Evay, and ug,, = F~'x " LZvg,,.
In the following proposition we denote transpose by .

Proposition 3.4. Suppose that the boundary problem (L), [L2)) is parameter-
elliptic in L. Suppose also that X\ € L with [X| > Xo > 0, u € W2™X(Q), and

that f and g = (g1,...,9m)' are defined by (LI) and [L2), respectively. Then
m—m;—+
fewlx(Q), ngW; PN for j=1,...,m, and

m
W+ D N30y s pr < Ol
=1

where the constant C' does not depend upon uw and .

Remark 3.5. Proposition B.4] requires some clarifications since we have not yet de-
fined what we mean by A(z, D)u and Bj(z, D)u for u € W2™X(Q). Accordingly,
in this paper we consider A(z, D) (resp. Bj(z,D), j =1,...,m) as a pseudodiffer-
ential operator defined on R™ with a non-standard symbol >, <5,, aa(2)§* (resp.
2 laj<m, bia(@)€* j = 1,...,m). Then for u € W2mX(R™) we can appeal to
Proposition 210 to show that A(x, D) (resp. Bj(z, D), j =1,...,m) can be repre-
sented as a pseudodifferential operator defined on R™ acting on v = .Z~1xy.ZFuF.
Thus it is by means of these pseudodifferential operators acting on classical Sobolev
spaces and the results of Section [2] that enable us in the proof of the proposition
to give meaning to the expressions A(z, D)u = A(z, D)u®|q (resp. Bj(z, D)u =
Bj(x, D)uF|q).

Proof of Proposition[3.4 In light of what was said in Section [2] we have u =
Uz € WF™X(Q) and we have to show firstly that f = (A(x, D) — ANugm, €
WX(Q), Bj(x, D)ugm € szm_mj’X(Q), j =1,...,m, and then obtain estimates
for [(A(z. D) — Motz I 0 anel for 1B ., DI, s,

Accordingly, let us firstly fix our attention upon the operator A(x,D) =
Z‘a|<2m aq(x)D® for z € R™, and for a particular « obtain an estimate for

|76 X () Fy e aa(y) Dy g o p. -

To this end (see Remark [3.5]) we consider the operator a,(y)Dj; as a pseudodif-
ferential operator defined on R™ with symbol o,(y,&) = an(y)€*. Then for our
purposes we need to put o4 (y, ) in z-form (see [II, p. 141]). To this end we can



10 R. DENK AND M.FAIERMAN

appeal to [I1 p. 144] to show that in z-form o,(y,§) is given (as an oscillatory

integral) by
oo (z, (2m)~ /n /n (x — 2z,& — {)d=d(,

and hence by arguing as in [19, proof of Theorem 3.1, pp. 23-25] we have 7, (x, &) =
Ao (7)€ + (€)™ Lol (2, &), where

ol &)=Y / / =2 C (1 = Ay D ()02 (€, ) ddC,
2 Joo o

. 1
PREQ) = g [ (7 gl D6 — )

and where - denotes the scalar product, A denotes the Laplacian over R, D, , =

’az ,and Dg g = ’ag Thus we see that
'jgamX(f) y—>£aa( )Dau2m - Il (JJ) + 12(;6),
where (@) = aa(@D"E, (@), 1) = FobwFpcul), wly) =

oL, Lz, n”zEmv and vl = Z xFul . It now follows that || I} (x) (|0 prn <
Cil|vg, |l jal,p,rn» while it follows from a variant of Mikhlin’s multiplier theorem (see
[12, Theorem 1.6]) that ||I2(z)||o prn < C2||vE, ||2m—1,p.r", Where the constants C;
do not depend upon ua,.

We conclude from these results that
I(A(z, D) = Nuamll§, o = I(A(z, D) = Nud, |15, 0 < (A2, D) = Nub, I, 5

< Callvdylloprn < Callvamllzm.p.o = Calluzmll3,, .o

where the constants C; do not depend upon us2,, and A. This proves the assertion
concerning f.

Suppose next that 1 < j < m and fix our attention upon the operator B;(z, D) =
> laj<m, bia(z)D%.  Then we are now going to show that Bj(z, Dk €

Wp2m7mj X(R") and obtain an estimate for its norm. To this end let us fix our
attention upon the operator b; o(x)D® for a particular o. Then by arguing with
bj.o(x)D® as we did with a(z)D* above, we can show that

Tt X Fysebialy) DSul, = I} (2) + 12, (@),
where [o(7) = bja(@)D%m(@), o) = Fe i O™} (2,6 Fysew(y),

w( ) n—>y< > tgzzﬂnUzEma

= —i(x—2z)- m#+(n—-1)"+nt
(=3 [ [ e AT D () i,
k=1
and

7

260 = G

It now follows that

1
) / ()2 H =T ) ey =i D (¢ — 1¢) dt
t=0

175, o @) ll2m—m, pre < Csllvgmllzm—m;+1al.prn

122 o (@) l2m—m; prr < CollvP l2m—1,pn,
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and hence that

15, DYy 13—, pn < Crllvzmllzmp,re < Cslluzmll3,, 0
where the constants C; do not depend upon usz,, and A\. On the other hand, we
know from Section 2 and [5, Proposition 2.2] that [|[B;(x, D)uan]|l3, my—1/ppT <
Co||B;(z, D)u& |15, m, s Where the constant Co does not depend upon u and
A. In light of these results, the proof of the proposition is complete. O

A sort of converse to Proposition B4 is given by the following proposition.
Proposition 3.6. Suppose that the boundary problem (L), [L2)) is parameter-
elliptic in L. Suppose also that u € szm’X(Q) and that f and g = (g1,...,9m) " are

defined by (LI) and ([L2), respectively. Then f € W)X(K), g; € szm_mj_l/p’X(F)
for j =1,...,m, and there exists a constant \° = \°(p) > 0 such that for A € L
with |\| > \°, the a priori estimate

(3.1) Vil 2 < C (I + Z 09581/ )

holds, where the constant C' does not depend upon u and .

Proof. To begin with we assume that A\ € £ with || > AT for some AT > 0. Then
turning to the proof of Proposition B4 we know from that proof that we have
U= gy € WI™X(Q), f = (A(z, D)= Nugym € WSX(Q), and g; = [B;(x, D)ugnm] €

W™ /X1 Tt was also shown there that with va,, = Vi plizm (see the text
preceding Proposition 2.13) we have

«/g%x(ﬁ) Zy—¢B; (yaD Yz, = Bg( D) om (@) +ijzm(:v) forj =1...,m,

where

Q = ‘gzg—l)mal(xaf)‘gzyﬂfév QJ ‘/£—>m g( @jy%ééga

Ul(xug) = Z Ué(l’,f), QUQW = yn—ﬂl< >2m lsz—>nE’U2m7
jal<2m

and 0]1(‘@75) = Z U},a(xug)v @jv2m = tg~17__];»y< >mj_1yz—)nE’U2m-
la|<my;

In addition, it follows from the proof of Proposition B4 and [5] Proposition 2.2]
that

m
1Qvamllo,p.rn + Z 1Q;vamll2m—m; prn < Cillvamllam—1.p.0
j=1
< Co AT C™ oll2m .0,

where the constants C; do not depend upon us,, and A.
Next, let us put ug = (A(z, D)= A)uam, [U2m-—m;] = [Bj(x, D)uzm],j =1,...,m,
and denote by vy (resp. [V2;—m;]) the image of ug (resp. [u2m—m;]) under the

2m— m]X( )

isomorphic mapping of W, (22) onto W ,(Q) (resp. W) /Noym—m;,p onto
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W™ " () /Nam—m, p)- Let us also denote by P(x, D) — A the operator mapping
W2 (Q) into WO(Q) x Ty W™ ™™ (Q) /Nam—m, » defined by

(P(z,D) = Nv = {(A(x, D) — N)v, Yam—my pB1(x, D)v, ..., Yom—mp,.pBm (2, D)v}
for v € W2™(Q). Then writing P for the operator P(z, D) we have

(32) (P + ﬁ - A)1)2771 = (P - A)1)2771 + ﬁv2m = {’007 [v2m7m1]; ceey [v2m7mm]}7
where
ﬁv2m - {QQU2m7 FYmeml,p(Ql,Q'L@m)y cee 7”)/2m7mm,p(Qm,Qv2m)};

Qauvam = Qv2m|Q, and Q. oVam = ijgm|ﬂ, 7 =1,...,m. It is important to ob-
serve from what was shown in the previous paragraphs and in the proof of Propo-
sition [3.4] that

P2l 2m—m;

—1/(2m)
W2m ()= WO ()<, W, J (Q)/Nmemj » < CS|)‘| |||U2m |||2m7P7Q7

where the constant C3 does not depend upon us,, and A. Furthermore, we know
from [B, Theorem 2.1] that there exists a constant Ag = Ag(p) > 0 such that the
set {\ € L[|A] > Ao} belongs to the resolvent set of P. Hence if we suppose that A
belongs to this set and let R(A) denote the resolvent of P, then the equation (3:2))
can be written as

(33) (I + ,ﬁR(A)) (P - )\)U2m = {’007 [v2m7m1]a AR [’U2m7mm]}-
On the other hand we know from [5, Theorem 2.1] that
RO L, () w271 (@) /N sy e W™ () N} W2 () < Ot

where the constant C4 does not depend upon . Hence if we choose A’ > AT large
enough so that |A|7Y/@m™C3C, < 1 for A € £ with [A] > A%, then for A in this set

(I+PR())) is a bounded invertible operator on L, (€2)x | Wy () /Nam—m; p
and the norm of its inverse (I +PR()))~! is bounded by a constant not depending
upon A. Thus we can write the equation ([B.3]) in the form

(34) (P - A)1)2771 = (I + ,ﬁR()\))il{’UO; ['U2m7m1]7 R [’U2m7mm]}a
and hence it follows from (34) and [5, Theorem 2.1] that for A\ € £ with [A] > \°

we have

m
(35 loamlempa < Cs(luollopa + D Mezmm,lzmm,1/p0r):

Jj=1

where the constant C5 does not depend upon us,, and A. The assertion of the
proposition is an immediate consequence of this last result and the results of Sec-
tion O

We now turn to the question of necessity:

Proposition 3.7. Suppose that for A € L with |\| > \° the a priori estimate (3.1))
holds for every u € W3™X(Q), where f = (A(z,D) — Nu, g; = [B;(z, D)u] for
7 =1,...,m, and the constant C does not depend upon u and A. Then the boundary
problem (L)), (L2) s parameter-elliptic in L.
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It is clear from the proofs of Proposition [3.4] and that Proposition 3.7 will be
proved if we can show that the following proposition holds.

Proposition 3.8. Suppose that for A\ € L with |\| > A0 the a priori estimate (3.5)
holds for every vo, € ng(Q), where vg = (A(x, D) — X + Qa)vam, Vam—m; =
Yom—m;p(Bj(x, D) + Qja)vam for j = 1,...,m, and the constant Cs does not
depend upon voy, and X. Then the boundary problem (1)), [L2) is parameter-
elliptic in L.

In order to proof Proposition [3.8] we need the following lemma.

Lemma 3.9. Let the hypotheses of Proposition hold. Then:
(1) For each point x° € Q there is a neighbourhood U C Q of 2° and a number
A1 > 0 such that for every vo, € ng(Q) with support contained in U the estimate

vz llzm.p. < cill(A=®, D) = Nvamlop.0

holds for \ € L with |\| > A1, where the constant ¢y does not depend upon v, and
A

(2) For each point 2° € T there is a neighbourhood U C R™ of 2° and a number
Ao > 0 such that for every va,, € ng(Q) with support contained in U the estimate

lo2mllzm.p.0 <

m
0,p,Q 1+ Z |||72m—mj ,ij (5507 D)U2m |||2m*mj*1/P1P1F)
j=1

¢ (H(A(:co, D) — Nvam|

holds for A\ € L with |A| > Ay, where the constant co does not depend upon
Vom and A and Yam-—m, p denotes the trace operator mapping ng_mj (Q) onto

szmfmjfl/P(l—\) (see Proposition [213).

Proof. We know from the proofs of Proposition [3.4] and that for A € £ with
IA| > A% and for 2° € Q we have ||Qavamllop.a < calA 7Y™ lvgm llam.p.0, while
for 2° € T' we have
m
HQQ’U27TL||O,]J,Q + Z |||:\7¥2m—mj ,ij,Q’U2m|"2m7mj71/p,p,F < C3|)\|71/(2m) |||U2m |||2m,p,97
j=1

where the constant c3 does not depend upon vs,,, and A. Furthermore, for the same
values of A we can argue as in [T, proof of Lemma 4.2] and appeal to [5, Proposition
2.2] to show that for 20 € Q

(3.6) I(A(z, D) — A(z°, D))vamllope < ¢/d+ ca| A7 ™ [[0ll2m .0,
while for z° € T’ we can likewise show that

” (A(‘Tv D) - A(‘Tov D))U2m”07;ﬂ79
+ Z |||:Y/2m*mj,;D(Bj ({E, D) - Bj (IO, D))UQm |||2m—mj—1/p,p,f‘
j=1

is bounded by the expression on the right side of ([B.6]), where d denotes the diameter
of U and the constants ¢/ and ¢4 do not depend upon A°, vy,, and A\. Hence by
choosing d sufficiently small and A sufficiently large, the assertion of the lemma
follows immediately. O
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Proof of Proposition[7.8. By appealing to Lemma and [B) Proposition 2.2] we
can argue as in [7,, proof of Theorem 4.2] to establish the validity of the proposition.
O

We now come to the main result of this section.

Theorem 3.10. Suppose that the boundary problem ([LI), (L2) is parameter-
elliptic in L. Then there exists a constant \° = \°(p) > 0 such that for X € L with
|Al > X° the boundary problem (1), (L2) has a unique solution u € W2™X () for
every f € WPX(Q) and g = (g1,...,9m)" with g; € ng_mj_l/p’X(F), and the a
priori estimate

lall, 2 < (|||f|||X,p,Q+Z|||gj|||2m 1)

holds, where the constant C' does not depend upon f, the g;, and \.

Proof. We set ug := f, and we know from Section [ that g; € [u2m—m,;] €
W™ () /Ny — m,,p for some gy, m] e W,"X(Q), j = 1,...,m. Then
referring to the proof of Proposition [3.6] for the terminology, let us now seek a
solution of the equation

(3.7) (P — Nuzm = {uo, [W2m—mi]s-- s [U2m—m,.]} for ugm, € szm’X(Q)

and for A € £ with [A\] > A\° where \Y is the constant of Proposition Ac-
cordingly, let va,, (resp. vg) denote the image of wugy, (resp. wg) under the iso-
morphism mapping W2>"X(€2) onto W2 (Q) (resp. WX(2) onto W)(Q)) (see
Proposition [Z12) and let [V2m—m,] denote the image of [uzm m;] under the isomor-
phism mapping W™ "™ X(Q )/Nam—m,,p onto W™ (Q )/Nom—m; p- Then we
can argue as we did in the proof of Proposition [B.6] to show that the equation (3.7)
has a solution us,, if and only if the equation

(3.8) (P = Nvam = (I + PRA) o, 2mem, s+ s W2m—mn ]}

has a solution v, € W2™ (), where all terms are defined in the proof of Proposi-
tion Then again we can argue as we did in that proof to show indeed that the
equation ([B3.8) has a unique solution v, such that the a priori estimate

m
oamlzm pi2 < € (Joollog.0 + 3 Nosmm,Wam-m,-1/ppr)
j=1
holds, where the constant C' does not depend upon vg, the [’Ugm_mj], and \. All
the assertions of the theorem follow immediately from these results and those of
Section 21 O

4. SPECTRAL THEORY

In this section, we fix our attention upon the boundary problem (1)), (T2
under the assumption that in ([.2)) the g; are all zero, but with one exceptional
case in Proposition @Il below. Then with A’]g,’p denoting the Banach space operator
induced by this boundary problem, with domain D(A% ) C C Wrmx(Q), we are
going to use the results of Sections 2] and B] to show that AX has a compact
resolvent and then derive various results pertaining to its spectral properties.
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Accordingly, let PX — X denote the operator mapping W2"X(£2) into WX (£2) x
[T, W™ "X () /Naym—m, . defined by

(PX = Nu = {(A(z, D) = N, ¥3p, _pn, pB1(2, D)ty .73, Bp(z, D)u}

for u € Wp2m>X(Q). Also referring to the proof of Proposition for terminology,
let P (resp. P+ P) denote the operator that acts like P(z, D) (resp. P(z, D) +P)
with domain W™ (Q) and range in L,(Q) x []}~, Wymm () /Nam—m; p- Then
we have shown in the proofs of Proposition and Theorem that the set
{xe E} |A] > A%} is contained in the resolvent set of each of the operators PX, P,

and P 4+ P. Now turning for the moment to the general boundary problem (L),
(T2), that is, without the assumption that the g; are all zero, we have the following
result.

Proposition 4.1. Let {f,g1,...,9m} € Ly(Q)<[]}~, Wymm (V)/Nom—m, p, and
for X € L with |\ > X° let v (resp. v*) denote the unique vector in W2 (Q) for
which (P = Aot = {f,91,--..gm} (resp. (P +P —Xv? = {f,91,..,9m}. Then
vt = v?l2mp0 < CIA"YE™ |02 |l2m p.0, where the constant C does not depend
upon f, the g;, and \.

Proof. We have (P — \)(v! —v?) = —{Qqv?, [Q1.0v%, ..., [Qm.ov?]}, and hence it
follows from the proof of Proposition (see also [B, Theorem 2.1]) that
v = v?l2mp.a < CIA Y™ 02 |lam.p.0, Where the constant C' is described above.
This completes the proof of the Proposition. O

Next let A}gﬁp denote the operator acting on W£>X(Q) induced by the restriction
of the operator PX to the set {u € W2™X(Q) | [Bju] =0 for j =1,...,m}. Also let
Ap p (resp. gBm) denote the operator acting on L, () induced by the restriction
of the operator P (resp. P + P) to the set {v € W2m(Q) | [Bjv] =0, =1,...,m}
(resp. {v € W2™(Q) | [(B;+Qj,0)v] =0 for j =1,...,m}). Then we know from the
proofs of Proposition B.6] and Theorem B.I0 that the set {A € £|[A] > A°} belongs
to the resolvent set of each of the operators A’]g,’p, Ap,p, and /ng_,p. Let RX(M),
R,(\), and R,(\) denote the resolvents of Ag , App, and Ap.,, respectively.
Then we also know from the above proofs that for A € £ with |\ > \°
(4.1) B
FRY O oty sz oy + IRp Oy @i o) + 1N,y sawao oy < C,
where C' denotes a positive constant.

Proposition 4.2. It is the case that A} ,, Ap,,, and KBJ) have compact resolvents.
Furthermore, u is an eigenvalue of A}g_p of algebraic multiplicity k if and only if p

is an eigenvalue of EB)Z, of algebraic multiplicity k.

Proof. Suppose that A € £ with |A] > A%, Then it follows from (@), the fact
that the embedding of W2™(2) into L, () is compact (see [T, p. 144]), and from
the resolvent equation (see [I4l, p. 36]) that the first assertion of the proposition is
true for Ap, and EB,,,. That this is also true for the operator A%  follows from

the fact that RX(A) = Vamp o ]Ai;p(/\) o Vofpl, where we refer to the text preceding
Proposition 213 for terminology.
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Next we note that if A\g belongs to the resolvent set of /ngﬁp, Ty = (/ngﬁp — o)},
and p is an eigenvalue of Ap,, then (u — Ag)~! is an eigenvalue of the compact
operator T, and the principal subspace of Ap, corresponding to the eigenvalue
4 has the same multiplicity as the principal subspace of T}, corresponding to the
eigenvalue (11 — A\g)~!. Thus the non-zero eigenvalues of Ap , have finite algebraic
multiplicities, and a similar remark holds for A% .

Let Ty, € D(A} ), where D(:) denotes the domain, and for A € C let (A} , —
Nlom = Uy € WS’X(Q). Then we know that Ta,, = sznlﬁpﬂgm € D(/ngﬁp) and
(EB,,, — N)U2m = Tg = Vofplﬂo. Hence if {uj}ﬁ;(l) is a chain of length ¢ consisting
of the eigenvector ug and the associated vectors u;, 1 < j < £ — 1, corresponding
to the eigenvalue p of A%, that is, (A%, — puo = 0, (Af , — p)u; = ujy for
j>1,and (A’é)p — )fup—1 = 0, then it follows that {v; ﬁ;(l) is a chain of length ¢
consisting of the eigenvector vy and associated vectors v;, 1 < j < ¢, corresponding
to the eigenvalue p of Ap p, where vy = VQ;nlypuo and v; = szllﬁpuj for j > 1. Since
a similar result holds if we interchange the roles of A% , and Ap p, all the assertions
of the proposition follow. O

As a consequence of Proposition[4.2] we are now able to present the main results
of this section.

Theorem 4.3. The eigenvalues as well as the principal vectors of A% » correspond-
ing to each such eigenvalue are the same for allp, 1 < p < 0.

Proof. We know from [2] that the assertion is true when A%} » is replaced bygB,p.
That the assertion is also true for A% , follows from Proposition [£.2 O

Theorem 4.4. Let {Lx}t_, denote a family of distinct rays in the complex A-plane
which emanate from the origin and which divide the A-plane into ¢ sectors. Suppose
in addition that the boundary problem ([L1l), (I2) is parameter-elliptic along each
of the rays Ly, and that the angle between any two adjacent rays is less than 2mm /n.
Then Aép has an infinite number of eigenvalues and the corresponding principal

vectors are complete in WX(Q), 1 < p < oc.

Proof. Since D(Ap ;) is dense in L,(2), it follows from (B.5) and Proposition A1l
that the same is true for D(AB,;D)- Hence we can argue as in [2] Proof of Theo-
rem 3.2] to show that the theorem is true when A%  is replaced by EB,,,. That the
assertion is true for Aé,p follows from Propositions and O

In the following theorem we let £(#) denote the ray in the complex A-plane
emanating from the origin and making an angle 6 with the positive real axis.

Theorem 4.5. Suppose the boundary problem ([L2), (L2) is parameter-elliptic
along each of the rays L£(61) and L(02), where 0 < 02 — 61 < min{2mn/n, 27}, but
not parameter-elliptic along the ray L£(0y), where 81 < 6y < 2. Then the sector
L7 determined by the inequalities 01 < arg X < 0y contains an infinite number of
eigenvalues of A}g_’p.

Proof. In light of Proposition.2land Theorem 4.3 we need only prove the theorem
for Ap, in place of A’ém and for p = 2. Accordingly, we know from [2] that the

assertion is certainly true for Ap 2 in place of 12[312. On the other hand if we suppose
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that the assertion is false for 2372, then we also know from [2] that there exist
positive constants C# and A\# such that the set £ = {\ € £# |IAl > A#} belongs
to the resolvent set of Ap o and for A € £¥ the inequality | )| ||§2(}\)||L2(gl)‘>[‘2(£2) <
C# holds. But since it follows from [5, Proposition 2.3] and Proposition that
the boundary problem (1)), (L2) is parameter-elliptic in £#, we conclude from [5]
Theorem 2.1] that there is a constant Ao > 0 such that the set {\ € L# ’ Al > Ao}
belongs to the resolvent set of Ap o which is a contradiction. This completes the
proof of the proposition. O

Let us now turn to the asymptotic behaviour of the eigenvalues of A} B Ac
cordingly for 0 < 6 < « let L denote the closed sector in the complex plane with
vertex at the origin determined by the inequalities § < |arg A|] < w. Then guided
by future considerations we shall henceforth suppose that the sector £ defined in
the text following (L2)) coincides with £y and that R_ belongs to the resolvent set
of Aé,p- We note that there is no loss of generality incurred by these assumptions
since they can always be achieved by means of a rotation and a shift in the spectral
parameter. Note also from Theorem that there are at most a finite number
of eigenvalues of A% B,p contained in Lg. Furthermore, we denote the eigenvalues
of Ai% 5 by {Aj};j>1, where each eigenvalue is counted according to its algebraic
multiplicity and arranged so that the {|\;|};>1 form a non-decreasing sequence in
Ry. We note of course that the A; are the eigenvalues of A’fip and /ngﬁp for all p,
1<p<oo.

For ¢ > 0 let N(t) denote the number of eigenvalues {\;};>1 of A} for which
A < 2.

Theorem 4.6. Let the boundary problem (L)), (L2) be parameter-elliptic along
every ray emanating from the origin in the complex plane except along Ry. Then

1
N(t) = dt™/ ™) 4 o(t"/ ™)) 45 t — oo, where d = —/ da:/ de.
(2m)" A,6)<1

Before turning to the proof of Theorem [£.6] let us make the following observa-
tions. Firstly, under our assumptions we know that A(:C, &) # 0 for £ # 0. Secondly,
it follows from Theorem 5] that A , has an infinite number of eigenvalues. Fur-
thermore, it follows from Propos1t10n- [.2l and Theorem [£.3] that we need only prove
the theorem with Aép replaced by AB)Q. And in order to achieve this end we
turn to the von Neumann-Schatten class of compact operators on Lo(€2) (see [12
Chapters IT and II1]).

Let T be a compact operator on Lo (€2). Then the non-zero eigenvalues {s;(T')};>1
of the non-negative operator (T*T)'/?, arranged so that s1(T) > so(T) > ..., with
each eigenvalue repeated according to its multiplicity, are called the singular values
of T'. For 0 < ¢ < oo, we denote by ., the class of compact operators T for which
>y 5e(T)? < 00, and for ¢ > 1 and T € .7, we let |T|, = (3,5, 5¢(T)9)/9. Note
that | - | is a norm on ., and with respect to this norm, .7 is a Banach space.
Note also that if ¢1 < g2, then 7, C 7,. The class .5 are the Hilbert-Schmidt
operators, that is the class of compact operators T' which can be represented as an
integral operator:

(42) 0= [ K@iy o f e (@),
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where K € Ly(2 x ). The operators from .#; are the trace class operators, that
is, they have the trace

trT =Y MN(T) forT e,

Jj=1

where {);(T")};>1 denote the non-zero eigenvalues of T, with each eigenvalue re-
peated according to its algebraic multiplicity and arranged so that their moduli
form a non-increasing sequence in Ry, and where the series converges absolutely.
Furthermore, for T' € %1, we have

[tr T < |T),

and T is an integral operator, with the kernel K(z,y) in (£2) being continuous
in Q x Q, and we also have trT = [, K(z,z)dz. Note that if in Theorem
we suppose that A € £ with |A\| > A% then it follows from that theorem and [5]
Subsection 4.2] that for any € > 0 and ¢ € N we have

(4.3) Ro(N) € Sgireyy@m) and Re(N)' € Zn140/@mo)-

Proposition 4.7. If 2m > n, then put k = 1, while if 2m < n let q denote
the smallest even integer greater than n/(2m) and put k = q/2. Then for \ €
Lo with [N > A\, Ro(\)* is a Hilbert-Schmidt operator such that in its integral

representation its kernel K (z,y,\) forx € Q, X € Lg, the map x +— K(z,-,\), Q —
L2(Q) is continuous for each A € Ly and

-~ 1/2 n
(4.4) (] 1R Gy IPdy) < Cla,

where the constant Cy does not depend upon x and \.

Proof. To begin with, let us mention that the proposition has been proved in [3]
Lemma 2.1, Theorem 5.1, and equation (7.7)] for the case 2m > n and in [5]
Section 5] otherwise. However since we wish to refer to the proof of this proposition
in the sequel, we shall give a brief outline of the proof given in [5]. Accordingly, we
note from (@3) that for A € Ly with |A| > A%, Ry(A)* is a Hilbert-Schmidt operator
on Ly(€) and its kernel is denoted by K (,y, ). We suppose henceforth that A € Ly
with [A] > A% Then in order to prove the cited assertions, the following facts will
be used: (1) if 2 < p < oo, then Ry(A) = Ro(A)|z, (). and (2) if 1 < p < p1,
seN,and 0 <7 < Z(p~! —p;’") < 1, then the embedding W5 () — Ly, () is
continuous and for u € W, () we have the estimate ||ul[o,, 0 < C'0||u||’s'7p7QHuH(1);TQ,
where the constant Cy does not depend upon u. With these facts in mind, let us
choose the numbers {pj}é?:l so that 2 = p; < pa < ... < pg, where p > 5 and
0<7j=5%(2 Ly<iforj=1,....k—1.

3wl ~ moms

Then we can write Ry()), considered as a mapping from Lo(Q) into W2™ (),
as a product of operators S;R,;(A), j = 1,...,k — 1, where S; is the embedding
operator cited above mapping W2™ () into Ly, (Q):

S2Rp, (N)

S1Rpy (A
L (0) T

Lpl(Q)
Sk—1Rp,_, (V) R, (A
s Ly () T () T pem ),

Pk
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It follows immediately from the embedding estimate cited above and (@1I]) that
HE2()‘)HL2(Q)%WI§M(Q) < C|)\|#—k7

where the constant C' does not depend upon A, and hence we can argue as in [3]
Lemma 2.1] to establish all the assertions of the proposition. (Il

Proposition 4.8. For A € Ly with |\| > X°, Ry(\)? is an operator of trace class
and

| tr Ra(N)7] < C|A|77 79,

where the constant C' does not depend upon \.

Proof. If we observe that Ry(A\)? = Ry(A\)*Ry(\)F, then the assertion of the propo-
sition is a immediate consequence of Proposition 7] and [4, Theorems 2.12, 2.18,
and 2.19]. O

We now present a sharpening of Proposition [£.8
Proposition 4.9. It is the case that
tr Ry(A\)? = cq(=N)2m T+ o(|A\[27 ) uniformly in Lo as |\ — oo,

where cq = [ cq(x)dz, co(x) = 2m)7" [Gn (71%’ and where we assign to

arg(—A) its value in [-m + 0,7 — 0].

Proof. Supposing henceforth that A € Ly with |[A\| > \°, we know from (@1 and [5],
Section 5] that Ro(\)* is also a Hilbert-Schmidt operator, and if we let K (,y, \)
denote its associated kernel, then all the assertions of Proposition 4.1 hold in full
force with Ry(A\)* and K(z,y, ) replaced by Ry(A\)* and K (x,y, ), respectively.
Consequently Proposition holds in full force with Eg()\) replaced by Ra(A).

We are now going to obtain an estimate for tr(R(\)? — Ra(A)9). To this end let
us observe that with ¢1, g2 € Ny,

B =R = (Y RN (FaN) = RaN) Ra(N)® ) RV
q1+q2=k—1

RN DD R (BaN) — Ra() Ra(N)%).

q1+q2=k—1

Hence if we fix our attention upon a fixed pair g1, g2 and appeal to Proposition 1]
and [5, Section 5], then we can argue as we did in the proof of Proposition [4.7] to
show that Ry(A)? (Ra(\) — Ra(A))Ra(M) is a Hilbert-Schmidt operator, and if we
let K(x,y,\) denote its associated kernel, then all the assertions of Proposition &.7]
with Ro(N), K(z,y,\), and Ci|A| 2w —* replaced by Ry (A)% (Ra(X)— Ra (X)) Ra(A)42,
Kt(x,y,\), and Cy|X\| =1/ @m) | \|7/(4m)=k " respectively. In light of this fact we can
appeal to [Bl Section 5] and argue as we did in the proof of Proposition L8] to show
that

tr (Ra(\)? — Ro(A\)7) < C|A|~2m [A|zm 9,
where the constant C does not depend upon A. Since tr Ry(A\)? = tr(Ra(N\)7) +

tr(Rz(\)? — Ry(\)?), the assertion of the proposition is an immediate consequence
of the forgoing results and [5, Theorem 5.1]. O
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Remark 4.10. Referring to Proposition [ we note from [6] and [I9, pp. 110-111]
that ¢, can also be written in the form

1 o n
Cg=——ban, /daj/ A(x,m)” 2 dn,
T n(2m)n g Inl=1

as well as in the form

where b n , =
2m?

et [,
Cq = b dx d€,
T @2mn T g Afz,8)<1

5=B(5%=,q — 5%) and B(-,-) denotes the Beta function.

2m

Proof of Theorem[].6, As stated above we need only prove the theorem with A’é’p

replaced by A B,2. But the proof for A B,2 follows immediately from Proposition [4.9]
Remark [£10] and the arguments used in the proof of [5, Theorem 6.3]. O
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