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Global existence and decay properties for solutions of the Cauchy
problem in one-dimensional thermoelasticity with second sound

AsranN Kasimov?  REINHARD RAcKE" & BELKACEM SAD-HouART

Abstract

We consider the one-dimensional Cauchy problem in nonlinear thermoelasticity with second sound,
where the heat conduction is modeled by Cattaneo’s law. After presenting decay estimates for solutions
to the linearized problem, including refined estimates for data in weighted Lebesgue-spaces, we prove
a global existence theorem for small data together with improved decay estimates, in particular for
derivatives of the solutions.

Keywords: Thermoelasticity; decay rate; Lyapunov functional; second sound.
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1 Introduction

We consider the following nonlinear initial-value problem in thermoelasticity:

uy = (0 (Ux)y + Bbx = 0,

0 + nqx + Ouge = 0,

Tq: + g+ k6, =0, xeR, t>0 (1.1)
u(x,0) = uo, ur (x,0) = uy,

0 (x,0) = 6y, q (x,0) = qo,

where o (1) is a smooth function of 7 such that o”’(n) > 0 and 0’ (0) = a > 0. The parameters 3, 7, 6, 7, and
k are positive constants. The system describes the propagation of nonlinear elastic waves in the presence of
thermoelastic effects. The evolution of the deformation, u, is coupled to the temperature field, 8, through the
dependence of the stress on the temperature, as seen in the first equation in (1.1): the stress is o — 86, where
B is the coefficient of thermal expansion. The second equation in (1.1) is the equation of heat conduction,
where 77 is the heat conduction coefficient, g is the heat flux, and the last term represents the thermal effects
of deformation. The third equation in (1.1) is a constitutive law for heat conduction. It is simply the Fourier
law, if the relaxation time vanishes: i.e., if 7 = 0. If 7 > 0, the equation (also called Cattaneo’s law [3]) is

*Division of Computer, Electrical, and Mathematical Sciences and Engineering, King Abdullah University of Science and
Technology (KAUST), Thuwal, KSA. E-mail: aslan.kasimov@Xkaust.edu.sa

"Department of Mathematics and Statistics, University of Konstanz, 78457 Konstanz, Germany Email: reinhard.racke @uni-
konstanz.de

*Division of Computer, Electrical, and Mathematical Sciences and Engineering, King Abdullah University of Science and
Technology (KAUST), Thuwal, KSA E-mail: belkacem.saidhouari @kaust.edu.sa



a model of hyperbolic heat conduction. Since Cattaneo’s law introduces the extra speed of propagation in
addition to the elastic wave speed, the model is called “thermoelasticity with second sound”. For reviews of
related work, see [4, 5, 13, 25].

In this work, we establish the global existence of small and smooth solutions of (1.1), i.e. solutions in
H*(R) with s > 2, by using weighted energy estimates. In addition, we obtain the following decay rates of
the solution:

05U @, < € Aolly + 10ollgs) (1 + )~ 4H2, (1.2)
where C is a positive constant, 0 < k < s — 1, and s > 3; see Theorems 4.5 and 4.8.

For the linearized version of (1.1), we first establish the following decay rates in Theorem 3.3:

05U @)]|, < € (1 + 742 Uglly + Ce! |0k Uy|,.  for 0 <k <,

(1.3)
[0AU @], < Ce 22 (1Uolly + |04+ Uo ) for 0<k<s-1,
where Ug = (u1, ux (0), 6o, qo) € HS(R) N L'(R).
The linear decay estimates above can be improved as follows (see Theorems 3.4 and 3.7):
[65U @, < € (1 + 7RG, + Cee |0k U], . for 0 <k <, 0

k0 @), < €t (Ul + | l,). for0skss—1,

if Uy € H*(R) N L'Y(R) with fR Up (x) dx = 0. These improvements can be extended further with additional
assumptions about the spatial decay of Uy (see Remark 3.6 below).

The one-dimensional nonlinear Cauchy problem of thermoelasticity with second sound, with more gen-
eral nonlinearities, has been analyzed by Racke and Wang [20]. They derived the following decay rate of
the solution:

1T @ll2 +18:U 0)ll2 < € (1Wolly + 1Wollz) (1 + 0712 (1.5)
With the method used in our paper, which is different from the one used in [20], it is possible to improve the
decay rate (1.5) as seen in (1.2); that is, we additionally obtain the decay rates of higher-order derivatives.

We should also note that a global existence result for small initial data for a system similar to that in [20]
has been established by Tarabek [26]. He considered the following one-dimensional system:

Uy —a (U, 0, @) Uyy + b Uy, 0,9) 0, = a1 (ux,6) qqx,
O + 8 (Ux,0,q) qx + d (uy, 0, q) usx a3 (uy, 0) qq;, (1.6)
T (uy, 0) g + q + k (uy, 0) 0 0,

in both bounded and unbounded domains. Although he showed that the solution tends to equilibrium as ¢
tends to infinity, he derived no decay rate.

Concerning the linearized system corresponding to (1.1), the Cauchy problem has been considered in [27]
where the authors derived the same decay rates as (1.3). However, our method here differs from the one used
in [27]. In addition, we obtain improved decay rates as seen in (1.4).

It is well known that smooth solutions of quasilinear hyperbolic systems may develop singularities in finite
time, even for very regular initial data (see for example [14]). System (4.1) includes a damping mechanism
that prevents the formation of singularities of solutions for initial data that are close to the equilibrium state
in appropriate Sobolev norms. For the Cauchy problem in classical thermoelasticity, Hrusa and Messaoudi
[8] have shown that if the initial data are large enough, then the solution will develop singularities in finite



time. (See also [6] for a similar result). It has been recently shown [9] that for the nonlinear systems
discussed here, a blow-up for large data is expected.

The plan of the remainder of this paper is as follows. In Section 2, we introduce the notation and, for
the convenience of the reader, we recall some useful results without proofs. In Section 3, we investigate the
linearized model and derive appropriate decay estimates. Section 4 is devoted to demonstrating the existence
of global solutions for small and smooth initial data to the nonlinear model. In addition, we provide proofs
of new decay estimates.

2 Notation and some useful lemmas

Before proceeding, we introduce the notation used in this paper. Throughout, ||.||; and ||.||5 stand for the
LI(RN)-norm (2 < g < co) and the H'(RY)-norm. We define the weighted function space, L'"Y(RY), N >
1,7 € [0, +00), as follows: u € L'Y(RY)iffu € L' (RV) and

lully, = / (1 + 12 le)ldx < +oo,
RN

By £, we denote the Fourier transform of f-

1
@emV

NGE /R ey, fx) = /R foeae.

The symbol [A, B] = AB — BA denotes the commutator. The constant C denotes a generic positive constant
that appears in various inequalities and may change its value in different occurrences.

We next recall several useful inequalities.

Lemma 2.1 ([16]) Let N > 1, 1 < p, q,r < oo, and let k be a positive integer. Then, for any integer j with
0 <j<k wehave

18ully < C [|oulf Ml @.1)
where | . - |
—=Lial--Z)va-a-
p N q N r

for a satisfying j/k < a < 1 and C is a positive constant. The following exceptional cases exist:

1. If j =0, gk < N and r = oo, then we make the additional assumption that either u(x) — 0 as |x| = oo
orue L7 for some 0 < ¢’ < co.

2. If 1 <r<ooandk— j— N/ris a nonnegative integer, then (2.1) holds only for jlk < a < 1.
Lemma 2.2 [7, Lemma 4.1]. Let 1 < p, q, r <ocoand 1/p =1/q+ 1/r. Then, we have

%)L, < Clull vl + IVl dtull,), &k >0 (22)

and
065, ulvill, < Cllull OV, + [vill loall,), k> 1. (2.3)



Lemma 2.3 [15, 22]. Let a > 0 and b > 0 be constants. Then,

t
/ A+t-9A+s)Pds<C1+n)"™@ if max(a, b) > 1, (2.4)
0
t .
/(1+t—s)‘“(1+s)_bds§C(1+t)_m‘“(“’b)ln(2+t), if max (a,b) = 1, (2.5)
0
t
/(1+t—s)‘“(1+s)_bdssC(1+t)1_”_b, if max (a,b) < 1. (2.6)
0

3 The linearized model

This section is devoted to establishing various decay rates for the linear problem in thermoelasticity with
second sound. Let us consider the following Cauchy problem:

Uy — auyy + B0, = 0,

0; + ngqx + Ous = 0,

Tqr +q + k0 = 0, xeR, 120, 3.1
u(x,0) = up, u; (x,0) = uy,

6 (x,0) = 6o, g (x,0) = qo,

with positive constants a, 3,1, 0, T, K.
Setting v = u; and z = u,, we get from (3.1) the following first-order system:

Vi — azy + B0x =0,

7 — vy =0,
0; + ngx + 6vy, =0, (3-2)
1
qf+_q+£0X:O,
T T
which, equivalently, takes the matrix form
U+ AU, + LU =0,
(3.3)
U (x,0) = Uy,

where U := (v, z, 0, q)T and the matrices A and L are

0 -a B O 000 0
-1 0 0 0 000 0
A=ls 0 o0 g4 L=10 00 o
0 0 «/t O 000 I/

Remark 3.1 By the change of variables, W = (v, vaz, \JB/66, \JTnB/(kd) ) system (3.3) can be sym-
metrized to take the form
W, + AW, + BW =0, (34)



where Ay is symmetric and B = \/tnB/(k6)L. For this new system, the Shizuta-Kawashima condition [23]
is satisfied. The result in Theorem 3.3 below can therefore be obtained directly from the general result of
[1]. We present a direct method of using estimates in Fourier space and obtain more general decay rates
in weighted spaces. More importantly, we also employ the technique used to derive the linear results in
obtaining the decay rates for the nonlinear system.

To proceed, we take the Fourier transform of (3.2) and obtain
D, — aié? + Bich = 0,

Z—ih =0,

b, + ifng + 6itH = 0, 3-5)
R U S
G +—-g+ —-ié6 =0.
T T
Let us now define the energy functional
1 . R R .
& (1) = 5(;«5 [0” + kda 22 + kBIOF + nBr 131 ). (3.6)

Multiplying the first equation in (3.5) by «69, the second equation by a2, the third equation by Kﬁg and
the fourth equation by 767 ¢, adding these equalities and taking the real part, it easily follows that

dé& (1)

— =Bl 3.7

The following crucial lemma will be proved directly with the help of an appropriate Lyapunov functional
in the Fourier space.

Lemma 3.2 Let U (¢,1) = (9,2,6,9) (&,1) be the solution of (3.5). Then, for any t > 0 and & € R, we have
the following pointwise estimate:

|0 & 0} < Ce @ |0 &,0), (3.8)

where p (€) = £ /(1 + &) and C and c are positive constants.

Proof. Our main tool to prove Lemma 3.2 is the energy method in the Fourier space. In the sequel, we
make repeated use of Young’s inequality:

lab| < ea® + C(e)b>.

Constants C(¢) here and in the sequel denote possibly different values in different places, but they are in
principle easy to determine.

First, by multiplying the second equation in (3.5) by —i&9, the first equation by i£Z , adding the resulting
equation and taking the real part, we get

{Re (i&f/)}t + & (alaP - 197) = Re (B£°0%) . (3.9)
Using Young’s inequality, the term on the right-hand side can be estimated as

[Re (8620%)| < e |2 + C (&) 2102, (3.10)
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Plugging (3.10) into (3.9), we obtain

{Re(ig20)} + & ((a - e 18 ~107) < C (&) £16P. (3.11)

Similarly, multiplying the third equation in (3.5) by —i&b and the first equation by ifé, adding the results
and taking the real part, we find that

{Re(if@fz)}l + E(019* - BIB) = —Re (£7G7) - Re (afzﬁé) . (3.12)
Then, Young’s inequality gives

< €17 27 + C (€1) E2101 + £ + C (e) €% 19 .

‘— Re (g—‘zr]cﬁ) —Re (afzﬁé)
Thus, (3.12) takes the form

[Re(i£hn)] + &6 - ) [0 < €122 + C (en 10 + C (9 £21P (3.13)

Next, multiplying the fourth equation in (3.5) by —ifé, the third equation by i£g, adding the results, and
taking the real part, we find that

{Re(igg0)| +& (§|@|2 . |g|2) - Re (%igé@) +Re (66%97). (3.14)

As above, Young’s inequality implies

1. =, AR A ~ ~
Re (;lféq) +Re (6£704)| < 07 + C (e, €2) (1 + &) 131" + ese”[9.

Consequently, taking into account this last estimate, we obtain from (3.14) that
A K A ~ ~
{Re(iggd)| +¢& (; - e) 0 < €719 + C (e, €2) (1 + &) 141 . (3.15)

Now, let @1 and a; be two positive constants (to be chosen later). Then, (3.11) + @1(3.13) + a»(3.15) gives

dF (1)
¢ dt

+ {a2 (g - e) —C(e)- an(e])}leé’lz (3.16)

< Cleeneaanm)(1+€),

+ & ((a—e) —era) B + (@1 (6 — €) — 1 — azer) E2)

where _ _ 3
Z (1) =Re (iza) + @ Re(i69) + as Re(igh). (3.17)

At this point, we fix our constants in (3.16) very carefully. First, we choose € small enough such that
€ < min(a, k/7,0) . Once € is fixed, we may pick a; large enough such that a@; (6 — €) /2 > 1. After that, we
select €] small enough such that €; < (a — €) /a;. Then, we may take a; large enough such that

az(f - e)—C(el)—an(e]) > 0.
T



Finally, we fix €, small enough such that €; < a1 (6 — €) /(2a7). Consequently, we deduce from (3.16) that
there exists a positive constant, A > 0, such that

dF (1)

£+ A8 (12 + P +10F) < C (e e, 2. an,0) (1+ 87) 14F (3.18)
Now, let us define the functional, .Z, as
ZL@)=MEQ®) + ¢ 255(t), (3.19)
1+&

where M is a large positive constant to be fixed later. Consequently, exploiting (3.7) and (3.18), we may
write

dL @) &€ o o oo 2
e e (127 + [ + BP) + (M = C (e, €1, 2.1, 22) ) g < 0. (3.20)
By choosing M large enough such that M > C (e, €1, €2, a1, @2), (3.20) takes the form
A
® +c# () <0, 3.21)
where )
W) = —— (12 + P +10P) + laP

1+ &2
and c is a positive constant.

On the other hand, and for large enough M, there exist three positive constants, 5, 5,, and 3, such that
for all r > 0, we have

BIEWD < LW <BE() and W (1) 2 Byp (&) E(1), (3.22)
where p (¢) = 52/ (1 + §2) . (See [21] for the proof of similar inequalities.)
Consequently, from (3.21) and (3.22) we can find > 0 such that

£ = [0 | < ePO&0).
Thus, inequality (3.8) is proved.

Dividing the domain of integration into the low-frequency region (|£] < 1) and into the high-frequency
region (J¢| > 1), we obtain the following theorem.

Theorem 3.3 Let s be a nonnegative integer and assume that Uy € H*(R) N L'(R). Then, the solution U of
problem (3.3) satisfies the following decay estimates:
05U 0|, < €A+ 742Ul + Ce |0k U], - (3.23)
for0<k<s.
Moreover, using the Fourier representation, we can improve the decay result obtained in Theorem 3.3 by

restricting the initial data to Uy € H* (R) N L' (R) with y € [0, 1]. For these data, we get faster decay
estimates than those given in Theorem 3.3. As in [18, 19], we obtain the following theorem.

Theorem 3.4 Let s be a nonnegative integer and assume that Uy € H(R) N LY (R), where v € [0,1]. Then
the solution U of problem (3.3) satisfies the following decay estimates:

[sU @], < Ca+n VYR NU|l, + Cem |0k U], + C (1 + 742

/Uo(x)dx, (3.24)
R

for0<k<s.



Remark 3.5 The estimate (3.24) shows that by taking the initial data Uy € H (R) N LY (R), v € [0,1],
such that fR Uo (x)dx = 0, the decay rates given in Theorem 3.3 can be improved by t™/2.

Remark 3.6 Fory € N and Uy € H*(R) N L'20*D(R) satisfying
/ X"Ug(x)dx=0, m=0,..,2y,
R

the following stronger decay estimates are obtained:
AU @], < €+ DR (U g0y + U0l 2y41 + 0500, )- (3.25)

where k is a non-negative integer satisfying k < s and C is a positive constant. This can be proved using
[11, Lemma 2.3] and the estimate (3.8).

Now, we are going to prove the decay rate of the L™ norm of the solution of (3.3).
Theorem 3.7 Let s be a nonnegative integer and y € [0, 1]. Then, we have the following decay estimates:

() If Uy € H'(R) N L' (R), then the solution U of problem (3.3) satisfies

1+k

|0AU], < c 5 (IUolly + |05 Uoll,).  k=0,1,2,.,s— 1. (3.26)

(ii) If Uy € H*(R) N L'Y(R), then the solution U of problem (3.3) satisfies

_1_k
17272

65U, < Cr 2 (1ol + (05 Uo,) + C‘/ Uo (x) dx ,k=0,1,2,.,5-1. (327
R

Proof. By using the Fourier transform, we have from (3.8) that

0 &,0| < Cem 279" |0 (£,0)].
Consequently,
x| =llaer o), < cliete o),
< C /R e 2P| O (&) dé. (3.28)

By splitting the integral on the right-hand side of (3.28) into the low-frequency part (¢ < 1) and the high-
frequency part (¢ > 1), and by using the same methods as in the proof of Theorem 3.3, we get the following
estimate:

&l < cruo / e e g + € / 61" e300 £, 0)] d
! és<1 =1
< CllUoly / el e g + Ce / €“ |0 ,0)| a¢ (3.29)
<1 1
" . R ) 1/2 1/2
< C||Uo||1fz+Ce—4f(/ 640 |0 . 0)| df) (/ Iél‘zdf)
[1>1 €1
< ClUll % +Ce 5|4+ Uy, -
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By using the inequality

N 1 1
A, < Al —+-=1 l<q<2, (3.30)
P 49
we have -
low].. < a’;w”1 :

and therefore, this last inequality together with the estimate (3.29) imply (3.26). Thus, (i) is proved.

To prove (ii), we have, as in (3.28),

#u|| <c / et &€ |0 (@] dé + C / e e 509 |0 £,0)] e (331)
! £<1 21
We can estimate |Uo| as follows [12]:

[60(@] < ¢, 7 1ol +| [ oy (3:32)

R
with C,, = K, + M,,. Consequently, inserting (3.32) in (3.31) yields
&), < civl, [ atrefagrc| [ v [ et e ag
! ¢<l1 R £<1

+C / ik e 279U (¢, 0)| dé. (3.33)
€1>1
This means, by using
1
/ €75 dg < C(1 + 1)~ @2, (3.34)
0
that
k+ c +
|| < Clwolly 3 + cei o5 Ul + € / Up (x)dx| 7"
R

Consequently, using the (3.30) once again yields (3.27). Thus, the proof of (ii) is finished as is the proof of
Theorem 3.7. W

Remark 3.8 The decay estimates (3.24), (3.26) and (3.27) are new, but the estimate (3.23) can also be
deduced from the work of Young and Wang [27]. However, our method of the proof here is different and can
be adapted to tackle the nonlinear problem as well.

4 The nonlinear problem

In this section, we extend the decay results obtained in section 3 to the nonlinear problem (1.1). The latter
can be written as the first-order system

{ U +FU),+LU =0,
@.1)

U (x,0) = Uy,

T
where U = (v,z,0, q)T and F(U) = (—o’ (z) + B6,v,ng + 6v, f0) . The linearized problem (3.1) can be
T

obtained by taking the Jacobian of F at U = 0 and setting o’ (0) = a.



Remark 4.1 Our system is a symmetrizable hyperbolic system as in [1, 2]. In contrast to [1, 2], however,
with our direct approach, we do not need assumptions on the existence of entropy functions satisfying certain
inequalities. Moreover, we have additionally obtained results on decay estimates for derivatives of the
solution.

Our goal in this section is to establish the global existence and asymptotic behavior of the solution of
(4.1), at least for small initial data.

The local existence result can be obtained by the standard method based on the successive approximation
sequence. We omit its details and only derive desired a priori estimates of solutions.

Remark 4.2 As we mentioned in the Introduction, Tarabek [26] obtained a global existence result similar
to the one in Theorem 4.5 below, by using the energy method from the work of Slemrod [24]. He used
a relation from the second law of thermodynamics to overcome the difficulty arising from the lack of the
Poincaré inequality (see inequality (2.16) in [26]). However, no decay rate of the solution has been given in
[26]. Here, we use a different method based on the weighted energy estimates to prove Theorem 4.5. This
method also allows us to find the decay rates of the solution in certain Sobolev spaces, as shown in Theorem
4.8. These decay rates extend the ones given in [20] to estimates for the derivatives.

Our main goal now is to prove the global existence Theorem 4.5 and Theorem 4.8, which establishes the
decay rates. We first need several lemmas and propositions. The aim of the computations that follow is to
establish the inequality (4.67) below. To this end, the following basic types of estimates will be used:

e estimates obtained directly from the derivative of the total energy of the system (4.9);
¢ inequalities obtained by using equations in (4.13) to express estimates of energy of higher order;

e interpolation inequalities.

This approach has successfully been applied to other problems, e.g. Timoshenko systems [18, 19].

In order to state our main result, we introduce the time-weighted energy norm, E(¢), and the corresponding
dissipation norm, D(t), as follows:

. T 2
B0 =3 sip (1+0) v, 4.2)
j=0 <[<t ’
) s—1 t ) - 5 K t . ) 5
po = 3 [avolfevel,  a ) [arolae], a @y
J=0 Jj=0

The following quantities are convenient in the computations below:

Mo = sup IU Ol
<¢<t

M@ = sup (140100 @l

M@ = Y sup 1+ olu @),
jzoosgsz
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Now, let T > 0 and consider solutions of (4.1) that are defined on the time interval [0, T] and satisfy
U e C([0,T]; H®) N C'([0, T]; H*~"). Thanks to the assumption s > N/2 + 1 = 3/2 (where N = 1 is the
space dimension), it follows from the Sobolev embedding theorem that

sup [IlU (Dl + sup [10xU (Dlleo < CIIU Dl - (4.4)
0<{<t 0<{<t

Thus, we derive the energy estimates under the a priori assumption

sup |lU (DIl < @, 4.5)

0<t<T

where @ is a fixed small number independent of 7.

Proposition 4.3 Let Uy € H'(R) N L'(R) with s > 3. Assume that T > 0 and let U be the local solution of
problem (4.1), such that
UeC(0,T];H)nC'([0,T]; H)

and

sup ||lU (DIl < @.
0<t<T

Then, the estimate
E®* + D(0)* < CllUolls + C (Mo () + M (1)) D* (£) (4.6)

holds true for all t € [0, T], where C is a positive constant independent of T.

Proof. In order to prove Proposition 4.3, it suffices to show that, for any ¢ € [0, T] and forany 0 < j < s—1,
the estimates

(1+2) (9§;U(§)||2 y /t(1 42y aZ;“U({)HZ dl+ /t(l + o) ag;q(g)| P
B o Heo 0 H 4.7)
< Cl|Uols + € (Mo (1) + M, (8)) D? (1)
and
(1+ 07 ||]sU |, + /O (1+ 0859 Q|2 d¢ < CNUGIE. + C (Mo () + My () D* () (4.8)
hold true.

First, let us rewrite (4.1) as:
Vi = 0 (2) +0x =0,
g~ Vx = 0’
4.9
0: + ngx + vy =0,
Tq;+ g+ «0, =0.
We proceed with the basic energy estimate by multiplying the first equation in (4.9) by «dv, the second

equation by x8(0(z) — 07(0)), the third equation by k56, and the fourth equation by 18g. Adding the resulting
equations, we obtain:

1
3 (/«5\/2 + kBO? + nBrg® + kOF (z))t

+ (kBOV + kBngh — (0 (2) — o () v), + nBg* = 0,

(4.10)

11



where

F(a)=2 / (o (5) - o (0)) ds.
0

Integrating equation (4.10) with respect to x over R, we find that

d
—E© 2-0
i () +nBllqll;

where
B ()= 5 (k101 + B 1013 + npr lgB) + 46 | F @y
R

To obtain the energy estimates on higher-order terms, we apply 6’; to (4.9) and get
v — 0" (@ @) + pokH10 = |05 07 ()] 2
oz, —okly =0,
%0, + nokt'q + 60Ky = 0,

10kg, + 05 q + k016 = 0.

where we used [ai,A]B = 6’; (AB) — A(')ch.

Now, we define the energy associated with system (4.13) as

EF (1) = (K(s||akv||2 g 0kally + npr 0hall) + o / F* () dx,

where
Fr(z) = —0' ") 2)°.

4.11)

4.12)

4.13)

4.14)

Next, we construct a Lyapunov functional with appropnate multipliers. Multiplying the first equation in
(4.13) by k60Xv, the second equation by k&(c”(2)0Xz), the third equation by 80X, the fourth equation by

nBd%q, and adding the resulting equations, we get

! (I«S(aﬁv)Z + KB@X0)* + npT(g)? + k60 ()(D42)?),
(Kﬁ&')kvaké + kBndkqdko — o’ (2) 6% () 'y ) + B0~ q)*
Ko

= ?o- (2); (8’;2)2 — k60"’ (2), (a’;z) 6’;\/ + Kéalfcv [6§, o’ (z)] Zx

Integrating (4.15) with respect to x, we obtain
d po ®
ZEY (@) +np|okll, = &Y.

where

Rgc) = /R {%o-’ (2); (aiz)z — k60" (2), (aﬁz) v + k6ot [ﬁi o’ (Z)] Zx} dx.

Using the assumption (4.5) and keeping in mind that z; = v,, we get

’Rg“)| < C/ Wl |05 + 122l 0] [0] + |8’;v||[8’;,cr’ @[ Iz
R

12

(4.15)

(4.16)



which implies, by using Lemma 2.2 (see [10], where a similar estimate has been proved for the Timoshenko
system), that
2
IRY| < Cllo.Ull [l 4.17)

On the other hand, recalling (4.5), we deduce that there exist two positive constants, 8; and (3,, such that

Billotu|} < EX ) < gy |kUs, k=0 (4.18)

Consequently, multiplying (4.11) by (1 + #)* and integrating with respect to ¢ and using (4.18) we get
t
(1+ ¥ U @Il3 +Tlﬁ/ (A + 2 llg DI d¢
0

t
< Ul + /0 (L+ U @I de. (4.19)

Similarly, for k£ > 1, the estimates (4.17), (4.18) together with (4.16) yield after multiplication by (1 + ¢)*
and integration with respect to ¢ over (0, ) the following:

1+ 07 05U |2+ s /0 1+ 20 |oha | de

t
< ||k v + /0 (1 + OF 165U () 12de (4.20)
e /O (1 + 0P 10,U Dl 15U (@) 13dL.

Adding the estimate (4.19) to (4.20) and taking the summation for 1 < k < s, we get the main estimate:

(1+ DM U @I, + 1B /0 (1 + M g I3 dg
< ClUI + 1 /O (1 + O MU Ol dg 4.21)

t
+C/0 (1 + 2 10xU (Dlloo 102U (D31 AL

To control the second term on the right-hand side of (4.21), we have to get a dissipative term of the form
Jo IU @l%, on the left-hand side of (4.21). Applying 6 to (4.9) and putting % (v,z,6,¢) = (7,%,8,3), we
get

17[ - aZx +ﬂ9x = aig (Z)x 5

Zl - ‘7)6 = 0,

. (4.22)

0 + ngx + 0V, =0,

7§, + § + k0, = 0,
where g (z) = 0 (z) — 0 (0) — o’ (0) z = O(Z?).
Multiplying the second equation in (4.22) by ¥, the first equation by —Z, and adding the resulting equa-
tions, we get
(V20 = () + 023 = 77 = fZy = ~Z:0hg (D)x-
Young’s inequality gives
A% < 22+ C(e)B,

13



and, for any € > 0,
(32 — (72), + (@ — &) 2 — 72 < —5,0'¢ (2), + C (&) . (4.23)

Similarly, multiplying the third equation in (4.22) by ¥,, the first equation by —6,, adding the two resulting
equations, we obtain

- o - ) ~
@) = @) + 673 = B, = ~1Vx — aZxbs = Bx9g (2)s.
Again, Young’s inequality implies that, for any &, ; > 0,
~_ ~ - " ~2 - ~
@) — (@) + (6 — )72 < e122+ C(e1) 8 + C () G2 - 0,08 (2), - (4.24)

Next, multiplying the fourth equation in (4.22) by %9)6, the third equation by —§,, and adding the results, we
get

N e P
(q@x)[ - (q@t) —0 + —g6; — 0V,gyx = 0,
T T
which gives, by Young’s inequality,

(a0, - (aB,)_+ (g - s) By < &2 + Ce.e2) (32 + 4°). (4.25)

Now, we let @; and @, be two positive constants (to be chosen later), take (4.23) + @;(4.24) + @»(4.25), and
integrate the result over R to obtain:

%y“(k) D)+ ((a - &) — 101} |05 + (@1 (6 — &) — 1 = ;ata} v
+ {az (g - a) —C(e)-aC (81)} 6%6.> (4.26)
< 62C (5,22,0) ([0, + okl + R,

where

FW0 (1) = / v zdx + @ /
R

00" vdx + @, / g+ 0dx (4.27)
R

and
R = - [ (fadhe, +ndode ) dr

We choose the constants €, €1, €, @1, and @, exactly as we have chosen €, €], €, @1, and @; in (3.16).
Then, we deduce that there exists A > 0, such that for any 0 < k < s — 1, the estimate (4.26) takes the form

w 0+ |zl + 5wl + 040,05} < 2 (e, [l + RO
This inequality can be rewritten as
d%ﬁ(’@ O+ 4 |0 U 0|2 < @C (882,00 |05q O] + R, 4.28)

for any 0 < k < s — 1 and for some 1; > 0.

On the other hand, there exists a constant ¢; > 0, such that

|Z® )| < c1ldhU (o)1 Vi = 0. (4.29)

H

14



We also have the following estimate, as in [10],

RY < Cllzlleolld 2113 + Cllzllooll0EH 112114 2l (4.30)
Now, multiplying (4.28) by (1 + £)¥, integrating with respect to ¢ and using (4.29) and (4.30), we arrive at
/O A+l U@ de < CloUIR, + QL+ IR (1R, + C /0 A+ 270k O, de
+C /0 A+ el (12113 + 1o ollall ok ) (4.31)
for all > 0 and for 0 < k < s — 1. Taking the summation in (4.31) over k with 0 < k < s — 1, we get
/0 t(l + O 10U (Ol dE < CliUollgys + C(1+ ¥ U 1)1 + C /0 t(l + O g (Ol dg

t
+C / (1 + 0P lelloo (102201 + 0Bl 10l ) L. (432)
0

Let w be a positive constant. Then taking (4.21)+w(4.32) and choosing w small enough, we arrive at the
following estimate:

t t
(1 + 0P U (DI + /0 (1+ P llg QIBy g+ w /0 (1 + 010U QIR dL

< CllUOI. + 1 / U+ U @I de
0 (4.33)

+Cw /0 (1 + 0P Nelles (10212 + 110560511 10,2l 1) d
t
+C /0 (1+ 0P 10:U Qlle 102U Q1,1 d2.

Our goal now is to prove (4.7), which will be done by induction on j. Indeed, we deduce from (4.49) that
(4.7) holds for j = 0. Now, we let 0 < [ < s — 1 and suppose that (4.7) holds true for j = [. Then, we will
show the validity of (4.7) for j = [+ 1. Taking u = [ + 1 in (4.20) and adding over k with [+ 1 < k < s, we
obtain

t
(1 + 0" 0 U @[ + /0 (1 + 0|65 g @[} dE
< CUllfs +C / A+ U @) IF,midl (4.34)
0

+C /0 U+ O™ 10U Ol 101U 1L,

2 2
Hs -1 S ”UO”HA

By the same method, taking 4 =/ + 1 in (4.31) and adding over k with [+ 1 < k < s — 1, we have

where we have used the fact that |6 Up|

2

e2dl < CllUollgs + C(L+ 0105 U (@) llggs-ioa

/O 1 +0" 020 @)

e /0 1+ [0 g (| de (4.35)

t
+C / (1 + 0 oo (1052202, 0-1c2 + 105200 g2 1105 2 g2 ) L.
0
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As above, for & small enough, we have by taking (4.34) + @(4.35),

(1 + t)l+] “al+l U (t)|

AT / A+ O 0 g @I di + / 1+ 0 o2u

Hs 12

< ClUoliz +C / A+ 0N U D I,ide (4.36)
+C / A+ 00U DNl 105 U () 12,-1-1 L

+C / (1+ 0" izl (165223102 + 18520l g2 10 2l i) AL,
0

where C is a positive constant depending on Q.

The second term on the right-hand side of (4.36) is estimated by the induction hypothesis (4.7) with j =/
as

/ A+ DN U D IF,1dl < CllUolGs + C (Mo (8) + My (1)) D* (). 4.37)
On the other hand, we have
/ (1 + 00U Ol 105 U O I2,,0dl < CM (1) / A+ N U DI, dl

<CM,;()D?* ().

(4.38)

Also,

IA

t
/ 1+ 0" NellollO 2l 2dl < CMo (1) / 1+ N0 1 dd
0

CMy () D*(1). (4.39)

IA

The last term on the right-hand side of (4.36) can be estimated as follows:

t
/ (1 + O™ NzlloollL 26l s 12110522l 512

1/2
CMo(l‘)( / (1 + )Mo, d ) ( / (1 + " MNI0 22, 1 4)
< CMy()D* (). (4.40)

1/2

IA

A

Inserting the estimates (4.37), (4.38), (4.39), and (4.40) into (4.36), we get

(1+ o U @

Hs-l-1 d

2 ! I+1 [| ql+1 2
o1 + /O A+ o g )

(4.41)

t
2
v / 1+ 0" 0520 @
0
< CllUsllys + € (Mo (1) + My (1) D* (1),
which shows that (4.7) holds true for j = [+ 1. Thus, by induction, we have proved (4.7) forall0 < j < s—1.
Now, we are going to prove the estimate (4.8). Indeed, taking u = k = s in (4.20), we arrive at

(1+0* 05U |2 +nB / 1+ |Bq @I d¢ < C|asuo|fs + s / 1+ 03U ) IBdC
4.42)

C /0 (140 10:U Dl 185U (O 1242,
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From (4.7), we have for j = s — 1
/0 (14 0 10U O IR < CHUNR, + € (Mo (1) + My (0) D2 0. (4.43)
On the other hand, the last term on the right hand side of (4.42) is estimated as follows:
/Ot A+ 010U Dl 103U (D l3de < CMy (1) D (0). (4.44)

Inserting the estimates (4.43) and (4.44) into (4.42) yields (4.8). Consequently, the proof of Proposition 4.3
is finished. W

Proposition 4.4 Assume that Uy € H*(R) where s > 2 is an integer. Let U(x,t) be the local solution

of problem (4.1) on the interval [0,T]. Then, there exists a small positive constant @, independent of T,
such that, if supg,<7 1U (t, ©llys < @, then the solution satisfies the following uniform energy estimate for
tel0,T]:

U @Il + /0 t llg (Ol dE + /0 t 10U (DI3,-1 dZ < Cl1UollZys - (4.45)
Proof. Let us take ¢ = 0 in (4.33). Then, we obtain
U Ol + /0 t llg (DI d¢ + w /0 t 10:U (DI, dC
< C Ul + Cw /O el (1022 () 12,1 + 1020 ) 111032 () g1 ) d (4.46)

C /0 102U Ol 10U QIR,.., d.

Let & be a small positive constant independent of 7" such that sup,,.7 [|U (¢, x)||gs < @, which implies, by
(4.4) and s > 2, that

sup [|0,U (Dlle < @.
0<i<T

The last term on the right-hand side of (4.46) is estimated as

t t
/O 105U (Dlloo 102U (DI, dL < @ /0 10U D17, dL. (4.47)

Similarly, we have

t
/O lells (182 @151 + 11956 () o1 1022 () st ) AL

IA

a /0 (105211 + 18 D g1 10,2 () ll gt ) d (4.48)

IA

26 /O 10U QIR,.., d.

Plugging (4.47) and (4.48) into (4.46), we get
t t
U @)l + / llg OlIF d + /O llo,U (é’)llip_l d¢
0

t
< CllUol. + Ca / 10U IR, de.
0
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This last inequality implies (4.45) provided that @ is sufficiently small. This completes the proof of Propo-
sition4.4. W

Theorem 4.5 Assume that Uy € H*(R) where s > 2 is an integer. Then, there exists a small positive constant
0o such that, if ||Upllgs < o, then (4.1) has a unique global solution U(x,t) such that

U € C([0,00); H) N C([0, 00) ; H*.

Moreover, the solution satisfies the uniform energy estimate:
t t
U 0l + / llg (Il dZ + / 105U DI7,,1 A4 < ClUolls - (4.49)
0 0

Proof. By using Proposition 4.4, the proof of Theorem 4.5 is straightforward. Indeed, using the a priori
estimate (4.45), we can apply the continuity argument and get a global solution to problem (4.1) as long as
||U0||%1S is suitably small, i.e., ||U0||?13 < 8p. The solution thus obtained satisfies the estimate (4.45) for all
t > 0. The proof of Theorem 4.5 is therefore finished. W

Lemma 4.6 Suppose that Uy € H*(R) N L'(R) with s > 3. Then we have
M@t) < CE;+CM(1)* + CMo (1) E (1), (4.50)

forallt € [0,T], where C is a positive constant independent of T and E; = ||Uo||ys + ||Uol|L1-

Proof. In order to prove (4.50), it suffices to establish the estimate

8lU (t)||2 < CE;(1+ 0712 4 € (M@ + Mo E(0)) (1 + )7 14312, (4.51)

forallte [0,T]and 0 < j<s—1.

By the Duhamel principle, the solution of (4.1) can be written as
t
U@ =e®Uy + / %G (U), () de, (4.52)
0

where

(e"ba)) (x)=F"! [e@(if)&) (f)] (x)
with ® (i)=—{A+ L)and G (U) = (g(2),0,0,0). Therefore, estimate (3.23) can be rewritten as

[0k V||, < € (1 + 742Ul + Cem |0k Uy, - (4.53)

Let j be a nonnegative integer and apply @, to (4.52) to obtain

t
6{ce’®UOH +/‘
2 Jo

= L1 +D. (4.54)

s,

IA

oG (U))| ag

Since ¢’®U is the solution of the linear problem, then from (3.23), we get

I, <CE;(1+ 1) V/42, (4.55)
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To estimate I, split it into two parts:

t/2 )
| ot orcw e ac+ |

/2

t

163

M0 W @), de
= J1+Jo

Using Lemma 2.2, recalling that g(z) = O(z®), and applying (3.23), we obtain

Ji

IA

t/ .
a6 W )|, a¢
0

t/2 2
c[Tasi-oGU @I de e [ e
0

t/2 ) t/2
C / (L+1- 2 U @R de + C / e 0
0 0

IA

a6 W )|, a

IA

t/2 t/2 .
CM (1)? / A+1=0 21+ o7 2 az+© / 0ol 6w @, 4. @56
0 0

The first term on the right-hand side of (4.56) can be estimated as
t/2 ) )
CM (t)* / L+t =72 A+ ™2 de <M @ (1 + 1) 402 (4.57)
0

where we used (2.6).
On the other hand,

G|, <l

j+1
O U“z’
and, for j+ 1 < s, we obtain

U1l

a§;+1UH2 < Mo (1)

» o
||, < Mo E@®Q TR,

Consequently, the last term on the right-hand side of (4.56) can be estimated as

C /0 o H'GWw W) = cMyOE® /O P 0 14 g1in g
< CMy()E(t)(1 +1n)71202 (4.58)
Using (4.57) and (4.58), we deduce that
I <C(M® + My E (1)) (1+ 74072 (4.59)

Next, J; is estimated by applying (4.53) with j = 1 and using 6£G (U) instead of Uy, to obtain

t
/.

t
Cl (1+t-¢)3
t/2
= Jo +Jn.

J>

0:' %06 (WU )|, d¢

t

G W )| dz+c / ee=0

t/2

IA

a6 W )|, a¢

On the other hand, we have (see [10, page 1021]):

IA

AW = clumlplyl,

CM?>(H)(1 + 1)~ V/2i2

IA
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for j < s — 1. Thus,

CM*>() | Q+t=0*Q+0) " %ar

Jp <
t/2
< CM*()(1+1) V%02, (4.60)
Since
alew)|, = ci ool
< Mool
< CMy(E@t)(1+n71/22,
we get
Jn < CMyME®) }“HM+0”*W@
‘
< CMy()E (D) (1/+ =12z, 4.61)
From (4.60) and (4.61), it follows that
Jy <CMy(t)E (1) (1 + )~ 1*0/2, (4.62)
Therefore, (4.55), (4.59), and (4.62) lead to
olu (z)”2 < CE(1+ 07492 4 (M0 + Mo ) E (0) (1 + 1) 14712 (4.63)

forall 0 < j < s — 1. Estimate (4.51) is now proved, which concludes the proof of Lemma 4.6. l

Lemma 4.7 Let Uy € H*(R) N LY (R) with s > 3 and put Es = ||Uollys + 1Uolly. Let T > 0 and let U(x, t) be
the solution of (3.3), satisfying

UeC(0,TI;H)NCY0,T]; H).

Then, we have the a priori estimates:

EXT)+DXT) < CE2, (4.64)
M(T) < CE (4.65)
where C is a positive constant independent of T and Ej.
Proof. By using the following interpolation inequality:
10l < V211U, 10:U1,%, (4.66)

we can see that
My() <CM (),

provided that s > 2. Similarly, applying (4.66), with U, instead of U, we get for s — 1 > 2 (i.e., for s > 3)

M () <CM(1).
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For s > 3, by using (4.6) and (4.50), we therefore get,
(E@+D@)+M@®))?><CE>+C(E({)+D()+M(©)>. (4.67)
By standard arguments (cf. [17]), we conclude that for sufficiently small Ej,
E@®)+D@®O+M@) <C. (4.68)
Indeed, let x = (E (f) + D () + M (1))* and h(x) = C (E§ + x3/2) — x. Then, (4.67) implies 4 (0) = CE? and
f(x) = 0. On the other hand, we have

3 1
H(x)==Cx'?-1<—=
(x) 5 Cx <-5

for small enough x,say 0 < x < 1/ (9C2) . From the identity f (x) = f(0)+ fot f’ (x)dx, we deduce that f (x)

changes its sign in 0 < x < 2CE2. Let C be the first zero of the function 4. Then, we deduce that (4.68)
holds. This proves Lemma 4.7. W

Theorem 4.8 Let Uy € H*(R) N L'(R) and E; = ||Upllys + |Uollz1, where s > 3 . Then, there exists a

positive constant, 61 > 0, such that, if E; < 01, then the global solution obtained in Theorem 4.5 satisfies
the weighted energy estimate:
E*(t) + D*(1) < CE2, (4.69)

and the decay estimate:
65U @), < CEs (1 + 01442, (4.70)

where C is a positive constant and 0 < k < s — 1.

Proof. The proof of Theorem 4.8 is a direct consequence of Lemma 4.7 and can be given from a chain of
estimates of the energy type. l
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