Calc. Var. (2022) 61:215

https://doi.org/10.1007/500526-022-02326-0 Calculus of Variations
()

Check for
updates

<o/ -quasiconvexity and partial regularity

Sergio Conti' - Franz Gmeineder?

Received: 12 February 2022 / Accepted: 21 September 2022 / Published online: 8 October 2022
© The Author(s) 2022

Abstract

We establish the first partial regularity result for local minima of strongly 7-quasiconvex
integrals in the case where the differential operator .7 possesses an elliptic potential A. As
the main ingredient, the proof works by reduction to the partial regularity for full gradient
functionals. Specialising to particular differential operators, the results in this paper thereby
equally yield novel partial regularity theorems in the cases of the trace-free symmetric gra-
dient, the exterior derivative or the div-curl-operator.

Mathematics Subject Classification 35J50 - 35J93 - 49750

1 Introduction

A variety of minimisation problems which help to model properties of solids or fluids, so e.g.
their elastic behaviour, can be stated in terms of non-convex energies. Such energies often
do not only depend on the gradients of the quantities of interest (so e.g. the deformations
of a material) but certain differential expressions; see [4, 16, 17, 20, 30-33, 52, 54] for
discussions, among others in elasticity and general relativity. Typical examples thereof are
given by the symmetric gradients & (u) :=%(Du +Du") or the trace-free symmetric gradients
eP(u):=e() — % div(u)1, for maps u: R" D @ — R”", and we refer the reader to Sect. 5
for more examples. In this paper we aim to give a unifying partial regularity theory for
variational problems involving elliptic differential operators, a theme that we describe now.
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Let V= RY, W = R/ and X = R™ be real vector spaces and consider for linear maps

Aj:V— W, je({l,..., n}, the vectorial differential operator
n
Au=>"Ajoju, uw:R'—>V. (1.1)
j=1

In addition, we assume that A has constant rank, meaning that the Fourier symbol of A has
rank independent of phase space variables & € R" \ {0}; cf. (1.7)ff. below for the requisite
background terminology. Given 1 < p < oo, let F € C(W) be an integrand which satisfies
for some constants cy, ¢z, ¢3 > 0 the standard coerciveness and growth bounds

clz|]P —cr < F(z) <c3(1+1z]P) forallze W. (1.2)

Given an open and bounded domain £ C R", we consider the multiple integral
Flu; a)]::/ F(Au)dx, w C 2, (1.3)
w

which is well-defined for maps u: Q2 — V satisfying Au € L?(Q2; W). As usual, we say
thatu € Lf (Q; V) is a local minimiser provided Au € LY (Q; W) and

Flu,w] < Flu+¢; 0]  forallw € Qand ¢ € CX°(w; V). (1.4)

Essentially! by the foundational work of FONSECA & MULLER [30], the requisite lower
semicontinuity for .# (that is, if u, uy,... € L]IOC(Q; V) satisfy Au;—Au in LP(Q; W),
then F[u; Q] < liminf; o %[u;; Q]) is equivalent to F being .&7-quasiconvex for an
annihilator .« of A. To describe the underlying terminology, a differential operator

AU = Z Ayd®u, u:R'—> W (1.5)
lo|=k

is called an annihilator for A given by (1.1) (and, conversely, A a potential for /) if and
only if for each & € R" \ {0} the associated Fourier symbol complex

Al§] (€]
—

V= W 4 (1.6)

is exact at W: ker(«&/[£]) = im(A[£]). Here,

AEL=) gA), o/lEl= ) &%  E=(G...E) R (17)

j=1 loe| =k

are the Fourier symbols of A and 7, respectively. In this situation, we say that A has constant
rank if

dim(im(A[&])) is independent of & € R" \ {0}, (1.8)

and this notion equally carries over to <7 . Instructive examples for (1.6) are givenby (A, &) =
(D, curl), leading to the usual gradient-curl complex or (A, &) = (e, curl curl), leading to
the Saint Venant or elasticity complex; see, e.g., [14].

! In [30] only first order annihilators are considered, but the higher order case can be approached similarly;
alternatively, this follows from the results of RAITA [53].
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Following [19, 30], given < of the form (1.5), we call an integrand F € C(W) «/-
quasiconvex provided

F(w) < / F(w + y)dx (1.9)
.1

holds for all w € W and ¢ € C*°(T"; W) with (/) ,1y» = 0 and &7y = 0, where T" is the
n-dimensional torus (to be tacitly identified with (0, 1)"). In the situation where the symbol
complex (1.6) is exact for each § € R \ {0}, it is not too difficult to show that, subject to &/
having constant rank, (1.9) is equivalent to the A-quasiconvexity

F(w) §f F(w + Ap)dx (1.10)
U

for all open sets U C R", w € W and ¢ € C(U; V) (cf. [53, Cor. 6, Lem. 8]). If </ has
constant rank, then by a recent result due to RAITA ([53, Thm. 1], also see Lemma 3.2 below),
there always exists a potential A (not necessarily of first order) for 7 and so (1.9) and (1.10)
are equivalent indeed. In the following, we will primarily work with condition (1.10), tacitly
keeping in mind its equivalence with (1.9) in the above sense.

The aforementioned result due to FONSECA & MULLER then easily implies the existence
of local minima (or, e.g., global minima subject to certain Dirichlet constraints and ellipticity
of A, see (1.11) below and Lemma 4.5) by virtue of the direct method. We may hereafter
inquire as to whether local minima share the by now well-known regularity features known
from the usual full gradient theory for quasiconvex variational problems; cf. [2, 11, 27,29, 34,
35, 37,47, 50, 51] and the references therein for a non-exhaustive list. In this sense, the main
focus of the present paper is on the regularity of local minima subject to the A-quasiconvexity
of F.

1.1 Partial regularity and main results

In general, since the minimisation of .%[—; Q] given by (1.3) is a genuinely vectorial problem,
a wealth of counterexamples even for the gradient A = D establishes that full Holder
regularity of minima cannot be expected; cf. [, 34, 50] for examples. A suitable substitute
: . 1, . . . .

is then given by (the C,; -)partial regularity, meaning that there exists an open set O C 2

with £ (2 \ 0) = 0 such that u € C};*(0; V) forall 0 < & < 1.

Based on the symbol complex (1.6), our first observation is that partial regularity of
minima can be expected if and only if the potential A is elliptic, a notion from the theory of
overdetermined systems (cf. HORMANDER [40] and SPENCER [55]). Namely, we say A given

by (1.1) is elliptic if for each £ € R" \ {0}
the symbol map A[&]: V — W is injective. (1.11)

Ellipticity of A is indeed equivalent to ker(A) C C* (cf. Corollary 4.3), which in turn is
required for the desired partial regularity.

We hereafter let A be an elliptic differential operator of the form (1.1) and .« an annihilator
thereof. Adapting conditions which are by now routine for the full gradient situation, we
hereafter suppose that the integrand F: W — R satisfies the following set of hypotheses for
some fixed 1 < p < oo:

(H1) F e CZ(W).
(H2) There exists ¢ > 0 such that |F(z)| < ¢(1 + |z|”) holds for all z € W.
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(H3) F is p-strongly A-quasiconvex, meaning that there exists £ > 0 such that
Wz F(2) — 0Vy(2):=F(z) — Z((l +lz - 1)
is A-quasiconvex in the sense of (1.10).
Subject to these assumptions, the main result of the present paper is the following theorem:

Theorem 1.1 (Partial regularity) Let 2 C R" be open and bounded and let A be a constant
rank differential operator of the form (1.1). Moreover, suppose that F: W — R satisfies
(H1)-(H3). Then the following are equivalent:

(a) A is elliptic in the sense of (1.11).
(b) Every local minimiser u of F in the sense of (1.4) is C

l,a

loc “Partially regular.

In establishing Theorem 1.1, modifications of usual partial regularity proofs are difficult to
implement. Indeed, such approaches usually rely on compactness arguments or tools that are
presently not available for general elliptic operators. For the underlying requisite compactness
or Poincaré-type inequalities, stronger assumptions on the operators A than ellipticity are
required, cf. [38, 42]. Such conditions as the C-ellipticity of A are for instance satisfied by
the symmetric gradient, but not so for general elliptic operators. In this respect, one of the
key aspects of the present paper is that the partial regularity statement of Theorem 1.1 can
be fully reduced to the corresponding full gradient theory.

In consequence, setting up a separate partial regularity proof is not required. Effectively,
Theorem 1.1 is a consequence of Korn-type inequalities for elliptic operators on suitable
Orlicz spaces; these allow to set up a one-to-one correspondence between functionals of
the form (1.1) and full gradient functionals. This, in turn, allows us to access the by now
well-understood regularity theory for the latter. Whereas the requisite Korn-type inequalities
are well-known in the regime 2 < p < oo by the classical Calderén-Zygmund theory [10],
they require some more machinery for if 1 < p < 2 which we access by extrapolation and
shifted N-functions.

The underlying reason for the reduction argument to work is that condition (H3) expresses
a certain coerciveness property for the associated full gradient functional, cf. Lemma 4.5,
which becomes accessible by Korn-type inequalities. As a metaprinciple, if A is elliptic, then
any regularity result available for local minima of signed strongly p-quasiconvex variational
integrals directly inherits to the local minima of the corresponding functionals .F given by
(1.3). In more technical terms, the corresponding full gradient partial regularity theory must
be available without growth bounds on the second derivatives. This, by now, is available in
most of the settings addressed here; also see Theorem 5.2 for a result involving growth bounds
on the second derivatives and p > 2. Also, in the special case where A is the symmetric
gradient operator, an easy case of Theorem 1.1 has already been observed by the second
author [36]; however, many of the arguments employed in [36] rely on background results
that are well-understood for the symmetric gradient but far from clear in the unifying setting
addressed here.

Theorem 1.1 thus displays a sample theorem. A discussion of other, more general scenarios
and partial regularity is provided in Sect. 5 and many more interesting generalisations such
as Orlicz growth or degenerate scenarios in the spirit of [24, 28] are conceivable. However,
to keep our exposition at a reasonable length, the respective generalisations stick to the
non-degenerate p-growth setting throughout.

Let us note that the above theorem rather adopts the potential (i.e., primarily working on
A rather than ) than the annihilator viewpoint, and in general the first order of A does
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not imply the first order of 7. Conversely, <7 need not have a first order potential, and so a
higher order variant of Theorem 1.1 is required; see Theorem 5.2 for a corresponding result.
Finally, let us mention that since Theorem 1.1 rather adopts the potential than the annihilator
viewpoint, it would equally be interesting to characterise those operators .<7 which admit an
elliptic potential A by purely algebraic means. This would allow to lift Theorem 1.1 to the
level of annihilators in terms of algebraic criteria.

1.2 Structure of the paper

In Sects. 2 and 3 we collect some background facts from harmonic analysis and establish
auxiliary results for the treatment of differential operators as required later on. Section 4,
along with Korn-type inequalities of independent interest, then is devoted to the proof of
Theorem 1.1; here we also briefly address the existence of minima, showing the naturality of
conditions (H1)—(H3). The final Sect. 5 discusses examples and extensions to more general
integrands.

2 Preliminary results
2.1 Basic notation

Throughout, 2 C R” is an open and bounded set, and for x € R” and » > 0 we denote
B(x,r):={y € R": |x —y| < r}. Also, given a subset U C R", we define co(U) to be
the convex hull of U. All finite dimensional vector spaces V are equipped with the usual
euclidean norm | - | and inner product (-, -) (taken for an arbitrary but fixed basis), and
we denote the unit sphere in V by Sy:={v € V: |v| = 1}; for ease of notation, we set
S"l:={x e R": |x| = 1}. Givenm € N, the V-valued, symmetric m-multilinear mappings
on R” are denoted ©™ (R"; V). As usual, for a measurable set 2 C R” with Z"(Q2) € (0, 00)
and f € LIIOC(R"; V), we set

1
(f)Q.:fodx.: e /Q fdx.

For f € LI(R"; V), we use the following normalisation for the Fourier transform of f:

FfE)=F(&):= fe ™8dy, £ eR"

n

2m)z Jre
Finally, we write a < b provided there exists a constant C > 0 such thata < Cbanda ~ b

ifa < band b < a; the underlying constants will be specified if required.

2.2 Harmonic analysis and Orlicz integrands

In this section we collect some auxiliary results from harmonic analysis which shall turn out

instrumental for the partial regularity proof below. Let | < ¢ < 0o. We say thatw € LllOC ®R™)

is an A,-Muckenhoupt weight (in formulas w € A,) if and only if > 0 .#"-a.e. in R" and
__L q-1
Ag(w):=sup ((f a)dx) (f w 7 dx) > < 00, 2.1)
0 Q Q
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the supremum ranging over all non-degenerate cubes Q C R". We refer to A, (w) as the
Ag-constant of w. Given w € A, we say that a constant ¢ = c(w) > 0 is A -consistent if
and only if it only depends on A, (w).

Let : R>o — Ry be differentiable. We say that v is an N-function provided ¥ (0) = 0
and its derivative ¥’ is right-continuous, non-decreasing together with

¥ (0)=0, ¥'(t)>0 fort >0 and tl_l)rgo ¥/ (t) = oo. (2.2)

Given an N-function ¥, we say that ¥ is of class A, if there exists K > 0 such that
Y(2t) < Ky (¢) for all + > 0, and define Ay(y) to be the infimum over all possible
such constants. Analogously, we say that ¥ is of class V; provided the Fenchel conjugate
Y (t):=sup,-o(st — ¥ (s)) is of class Ay, and we let Vo (y):=A2 (¢ ™). If  satisfies both
the Ap-and the V,-condition, we say that i is of class A» NV,. Each N-function i gives rise
to the Orlicz-Lebesgue space LY (R"; V), being defined as the linear space of all measurable
u: R" — V with

|ue]

Il o g, yy:=inf {2 > 0: / v <7> dx < 1} < 0.

Clearly, if ¥ (f) = |¢|?, then LY = L”. We next state a theorem of Mihlin-Hormander type
which substantially enters the proof of Theorem 1.1 below.

Lemma 2.1 (of Mihlin-H6érmander type) Let ® € C*°(R"\ {0}; -Z(W; V)) be homogeneous
of degree zero and let € Ay N Vi be an N-function. Then

To: COR; W) 3 u > FOEFu®)]x), xeR",

extends to a bounded linear operator Tg : LY (R"; W) — LY (R": V). The operator norm
IToll y_ v only depends on ®, Ay () and V(Yr), and we have the following modular
estimate:

/ Y (| Tou|)dx < c/ Y(lul)dx  forallu e LY (R"; W) 2.3)
Rn Rn

with a constant ¢ = c¢(©, Ay (¥), Va(¥)) > 0.

This lemma should be well-known to the experts, but we have been unable to trace it back to a
precise reference. To give a quick argument, we recall the following extrapolation result due
to CRUZ- URIBE et al. [18, Thm. 3.1] in the version given by DIENING et al. [25, Prop. 6.1]:

Lemma2.2 Let 1 < g < oo and suppose that F is a family of tuples (f, g) € LIIOC(R”) X
LllOc (R") such that for all w € Ay there holds

/ [ fl9wdx < K1/ lglYwdx  forall (f,g) € F
]Rn Rll

with an Ay-consistent constant Ky > 0. Then for all N-functions ¢ € Ay NV, there exists
a constant Ko = K>(q, Ax(¢), Va(e)) > 0 such that

Il fllLerny < K1 KallgllLe ®ny,

(2.4)
/ w(lfl)dfoz/ (K1 lgdx
R» R»

holds for all (f, g) € F.
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Proofof Lemma 2.1 We recall from [26, Chpt. 4.5, Thm. 4.3] that, if m € C®°(R" \ {0}; C)
is a function homogeneous of degree zero, then the multiplier operator . (R") > f —
T, f:=% ' (m f) can be represented as

Touf =TV f+ T2 fi=af + p.v.(ﬁE(‘:—l)) xf,  feSRY  (25)

forsomea € Cand & € C®°(S"~!) with zero average, where S"—1 is the (n — 1)-dimensional
unit sphere and p.v. denotes the Cauchy principal value. In the standard terminology of

harmonic analysis, T,flz) then is a Calder6n-Zygmund operator (cf. [26, Def. 5.11]). In con-
sequence, by the results of [41], there exists a constant ¢ = c¢(m) > 0 such that

| T ”Li(R”)aLi(R") < c(m)Az(w)

for all w € A,. Now let ¥ € A, N Vj. Since the (L?U — Li)—operator norm of T, thence
is Ap-consistent, there exists K1 = Kj(m) > 0 for which Lemma 2.2 (with ¢ = 2)
yields the existence of some Ko = K2(Az(¥), Va(¥)) > 0 such that ||Tmf||Lw(Rn) <
K1K2||f||LV/(Rn) and

/ w<|Tmf|>dxsK2/ (K1 | fdx
R» R»

forall f € LY (R").Identifying V = RY and W = R/, we may write ® = (0;;)1<i<n, 1<j<I
and u = (uy,...,u;). Then (Tou); = lezl tﬁ_][(aij'ukj] fori = 1,..., N. Applying the
above tom = ©;; and f = u;, we consequently obtain (2.3) because of ¥/ € Ay N V,. The
proof is complete. o

In the above proof, the requisite boundedness of 7}, also follows by [26, Thm. 7.11], but [41]
gives a particularly transparent tracking of the dependencies of the constants.

Now let ¥ € C([0, 00)) N C%((0, 00)) be an N-function of class A, N V, which sat-
isfies ¥/(t) >~ ry”(¢t) uniformly in # > 0. Following [22], we then define for a > 0 the
corresponding shifted N-function ¥,: R>9 — Rxq by

"Y'a+s)
— sds
0 a+s

We then record from [22, Lem. 23] and [24, Def. 2] (also see [23, Sec. B]) the following
background facts:

(F1) There exists ¢ = c(A>(¥), Vo (1)) > 0 such that

Ya(t):= ., t>0. (2.6)

1
—Ya(t) < V" (a+ 01> < cu(t) foralla,t> 0.
C
(F2) There holds ¥, € Ay NV, for all @ > 0 and we have
Ar(Yq) = Aa(¥) and  Va(¥a) = Va(¥)

uniformly in a. Thus, the family (v, )40 satisfies the A; - and V3 -conditions uniformly
ina > 0.

Finally, a comparison lemma; for this, we define the auxiliary map V), on R™ by
V,@:=(1+1z»% -1, zeR™ 2.7)
For this particular choice, (F1) and (F2) imply the following result that we record for future

referencing; also see [21, Lem. 2.4], [36, Sec. 6.2, (6.5)ff.]:
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Lemma23 Letl < p <ooandm € N.

(a) Define V,(z) for z € R™ by (2.7). Then there exists 0 < 6, < oo such that for all
z, w € R™ there holds

1 2 2\ 2212 /
9*(1 + 21"+ w7 wl” = Vpz+w) — V(@) — (V,(2), w)
» 2.8)

-2
<0,(1+ 121> + w7 |w|>.

(b) Let 1 < p < 2 and define ¥ : [0, 00) — [0, 00) by ¥ (t):=(1 + 1)P=212. Then there
exists a constant ¢ = c(p) > 0 such that for all a, t > 0 there holds

1 B
W@t < (+a+)T <V +),
‘ 1 (2.9)
—W ()t < W' (1) < eV (1)1
C

3 Vectorial differential operators

In the sequel, let A be a differential operator of the form (1.1). For future reference, we further
set with the operator norm | - | on £ (V; W)

n
A=) " 14;1. 3.1
j=1
We define the set ' (A) of pure A-tensors v @ & as the collection of elements

v@uE=AlEl =Y &Ajp, forveV, E=(E....5) R (32)
j=1

Then ¢ (A) C W, and we define Z(A) to be the linear hull of € (A). The space Z(A) is (up to
isomorphy) the smallest space in which Av(x) takes values when v ranges over C*(R"; V)
and x ranges over R”, see [9, Sec. 5]. Indeed, in the definition of A (cf. (1.1)) we might
replace W by any other W’ such that W < W', neither destroying the constant rank nor
ellipticity properties of A. For example, if

o Au=¢(u) = %(D + D7) is the symmetric gradient, we may take W = R"*" and in
this case, Z(A) = ngxrn", the symmetric (n x n)-matrices.

o Au =ePw) =e) — %div(u)]ln is the trace-free symmetric gradient, we may take
W = R"™" or W = R%*" and in this case, Z(A) = R*" ., the symmetric, trace-free

sym ° sym,tf?
(n X n)-matrices.

The benefit of passing to Z(A) is illustrated in Example 3.1 below. Working with general
finite dimensional vector spaces V and W has some advantages, letting us e.g. deal with
the exterior derivatives, cf. Sect. 5.1, Example (c). We now argue that we may assume
Z(A) = W C R¥*" and that F as in Theorem 1.1 can be tacitly supposed to be defined
on a subset of the real (N x n)-matrices. With our main results being established in this
situation, it is then a somewhat lenghty yet elementary identification procedure between
finite dimensional vector spaces to conclude Theorem 1.1 in the general case too; this is
explained carefully in the Appendix.
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Denote [Ty : W — Z(A) the orthogonal projection onto Z(A). As to variational integrals
(1.3) with F: W — R, we then have

F(Av(x)) = F(TTg(Av(x))) forallv e Cg(]R”; V), x e R". (3.3)

Recalling that V = RY, we note that
dim(Z(A)) < dim(V)n = Nn, (3.4
which follows from the fact that, if {vy, ..., vy} is a basis for V, then {v; ®4 ¢;: i =

1,...,N, j=1,...,n} (withe; being the j-th standard unit vector of R") spans Z(A). As
a main consequence of (3.4), we may now assume that

V=RN and W = Z(A) c RN*",

Similarly as in [39], we may thus write for v = (vq, ..., vy): R" — RN
Av(x):=mp(Dv)(x)

i Z;V=1 ai:{&;v, @) ... 2 Zyzl ai’,izai vj (%) (3.5)

n N i, n N i,j
Dimt 2j=1 Ay 0iv; () L Y Zj:l ay ,0ivj(x)

where the linear map 74 : RV*? — R¥*” is defined in the obvious manner; here, afj j\, eR
forall j,uefl,...,N}tandi,ve{l,...,n}.

Example 3.1 (Duplicating elliptic operators) Let A an elliptic differential operator of the form
(1.1) with V. = RN and W = Z(A) ¢ RV*", Then for any b # 0 and by, ..., b, € R the
% (A)"-valued operator B defined by

Bu = (b1Au, byAu, ..., byAu)

remains an elliptic first order differential operator. Still, Bu is completely determined by the
essential first component by Au, and this is precisely reflected by passing to the essential
range Z(A); note that dim(Z(B)) = dim(Z(A)).

We conclude this preliminary section with the following background result, linking the .7 -
free and the A-differential framework:

Lemma 3.2 (VAN SCHAFTINGEN [56, Prop. 4.2], RAITA [53, Thm. 1.1]) The following hold:

(a) Let A be an elliptic differential operator of the form (1.1). Then there exists k € N, a real,
finite dimensional vector space Z and a k-th order Z-valued constant-rank differential
operator </ of the form (1.5) such that (1.6) is exact at W for any § € R" \ {0}.

(b) Let o be a constant-rank differential operator of the form (1.5). Then there exists a real,
finite dimensional vector space V, | € N and a differential operator A = Zlalzl Ay 0%
with Ay € L (V; W) such that (1.6) is exact at W for any & € R" \ {0}

Note that even A might have first order, < might have higher order (which is e.g. the case
for A = ¢ and & = curl curl, called the SAINT- VENANT compatibility conditions).
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215 Page 10 of 25 S. Conti, F. Gmeineder

4 Elliptic potentials and the proof of Theorem 1.1
4.1 A family of Korn-type inequalities

Before we embark on the proof of Theorem 1.1, we establish a family of Korn-type inequal-
ities which enter our subsequent arguments in an instrumental way. Since it might be of
independent interest, we state the result in a slightly sharper and more general way than it is
actually required below:

Proposition 4.1 (of Korn-type) Let ¢ € A2NV; and suppose that A is a differential operator
of the form (1.1). Then the following are equivalent:

(a) A is elliptic.
(b) There exists a constant ¢ > 0 depending only on A, A(¥) and V() such that for all
u € C(R"; V) there holds

/quuDdxfc/ ¥ (|Aul)dx. @.1)
Rn R"

Proof Ad ’(a)=(b)’. The proof is a consequence of the Mihlin multiplier theorem in the
version as given in Lemma 2.1. By ellipticity of A, for each & € R" \ {0} the Fourier symbol
A[&]: V — W is injective and hence for each such &, A*[E]A[£]: V — V is bijective. For
j € {1, ..., n} define an operator for w € C°(R"; W) by

©;a(w)@) = F.L [6AYEIAIED AT E1Fw®)],  xeR.  (42)

Put G)j,A(S)::Sj(A*[&]A[&])’IA*[S] for £ € R" \ {0}. Clearly, the multiplier ®; 5 €
C®(R"\{0}; .£(W; V)) is homogeneous of degree zero, and with the notation of Lemma 2.1,
D;p= T@j_A' Hence, by Lemma 2.1 and ¥ € Ay N'V,, ®; 4 extends to a bounded linear
operator LY (R"; W) — LY (R"; V) which also satisfies the modular estimate (4.1) by virtue
of (2.3). Since ®; A (Au) = d;u everywhere for all u € C2°(R"; V), (4.1) follows at once.

Ad ’(b)=(a)’. The argument is based on the fact that non-elliptic operators cannot yield
full control on the functions themselves, and variants thereof in the framework of Sobolev
inequalities can be found e.g. in [56, Cor. 5.2]. We proceed to the details: Suppose that A is
not elliptic. Then there exists &’ € $"~! such that A[&']v = 0 for some v € V with |v| = 1.
We choose €, ...,e, € R" such that {£/, es, ..., e,} is an orthonormal basis for R"” and
define

Q:=co{+& +ery+...+e,}. 4.3)
Then Q C B(0, «/n), and we choose p € CX(R"; [0, 1]) with
1
1 <p<l1 , where R=2n|l+ —Mm—— 4.4
BOm = £ = TBOH f( Jmin{ i, 1}> @4

and, by our choice of R, |Dp| < min{m, 1}; here, ||A|l is given by (3.1). Let (h;) C
C2°((—1, 1)) be such that ||1p(|h,~|)||L1(R) — 0 and ||1//(|h;|)||L1(R) — oo asi — oo.
We define the plane waves u;(x):=p(x)h;({x, &"))v so that u; € CP(R"; V) and, since
AlE"v =0,

Au;(x) = hi((x, £")v @4 Dp(x), @.5)
Du;(x) = p(x)hi({(x,ENv @ & + hi ({x,§')v ® Dp. '
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In conclusion,

fRn ¥ (A dx X /R ¥ (i ((x, €'))v @4 Dpl)dx

IDpl<|| Al ,
< Y (lhi ({x, E))Ddx
B(0.R) (4.6)
] R
< / Y (hi((x, £')Ddx < QR)"™ / Y (|hi () de
RO —R
— 0,
having used a change of variables of the usual euclidean basis to {&’, ey, . . ., €, } and Fubini’s

theorem in the last inequality. Similarly, we obtain that

I (ki (- €"))v ® Do)l gny — O

On the other hand, with Q as above,

/Rn Y (lp()h;((x,§")v @ &'dx E/QW(IhQ((x,S’))I lv®&')dx

1
=1 L V(R (0)])dt — oo.

Because of (4.5;), we deduce by convexity and the A,-condition of v that necessarily
I (1 Du; Dl ®") > 00, creating a contradiction to (4.1). The proof is complete. O

Proposition 4.1 generalises Korn-type inequalities of the form (4.1) for specific operators
such as A being the (trace-free) symmetric gradient from earlier works (cf. [3, 7]) to the
largest class of operators A for which this is possible at all. Even though it is not required for
our main proof below, we believe that it is possible to strengthen the previous proposition for
N-functions v and differential operators A of the form (1.1) as follows. Namely, adapting
the approach to counterexamples to L!-estimates in [15] as pursued in [7] in the case of the
symmetric gradients, validity of (b) should be equivalent to

(a’) A is elliptic and at least one of the following holds: Either there exists a linear map
T € Z(W;V x R") such that Du = TAu forallu € C°(R*; V) or y € Ay N V,.

This would be in line with the results of KIRCHHEIM & KRISTENSEN [43] regarding the
trivialisation of L!-estimates within the framework of Orlicz functions; similarly, one might
strive for logarithmic losses a la CIANCHI et al. [8, 13] in non-A; N Vj-scenarios, and we
intend to pursue this question in the future. Let us, however, remark that the above proof
yields the following by-product:

Corollary4.2 Let 1 < g < oo and w € A,. If A is an elliptic differential operator of the
form (1.1), then there exists a constant ¢ = c(q, A, Ag(w)) > 0 such that

/ |Du|?wdx < c/ |[Aul?wdx  forallu € CC(R"; V).

n Rl’l

Indeed, since Calderén-Zygmund operators are bounded on LY, if v € Ay (cf. [26,
Thm. 7.11]), Corollary 4.2 follows from (4.2) and (2.5) ff-.

Standard elliptic regularity theory and the plane wave construction underlying Proposi-
tion 4.1 moreover imply the following
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Corollary 4.3 Let Q C R" be open and let A be a constant rank differential operator of the
form (1.1). If A is elliptic, then ker(A; ) N LIIOC(Q; V) € C*(Q; V). Conversely, if A is
not elliptic, then for any 1 < p < oo there exists u € ker(A; Q) N L]':)C(Q; V) such that
u ¢ C(w; V) for any open subset o C Q2.

Proof If u € 2'(Q2; V) solves Au = 0, then A*Au = 0, and so the C*°-regularity of u
follows from by now classical results for second order elliptic systems. For the second part,
take a direction & € R" \ {0} and a vector v € V \ {0} as in the proof of Proposition 4.1,
direction’(b)=(a)’, so that A[§"Jv = 0. Given 1 < p < o0, firstnote that forany 1 € Lf;c R)
the function u(x):=h({x, £'))v satisfies u € L{;C(Q; V') by Fubini’s theorem and Au = 0 in
2'(2; W). To see the latter, let i, € C*°(R) be such that 4, — h in LIIOC(R) as e N\ 0. We
have for all ¢ € C2°(Q2; W)

/Q (), A% (r))dx = fQ (h((x, €0 — he((x, ), Ap(x))dx
+ / (Alhe((x, £)v), g)dx = I, + L.
Q

As in the proof of Proposition 4.1, the term II, vanishes identically. With Q as in (4.3), we
may then choose R > 0 such that spt(¢) C RQ and then follow (4.6) to obtain

R

el < c(n, 1AL o], R)I@llyico g, / . |h(1) = he(n)|dt — 0, & 0.

Hence we have Au = 0in 2'(Q2; W).
Now let (¢;) be an enumeration of Q and put

o
1
h=7 Lgj-271.qj+2-H (D ———
=1 |t —qjl?

so that 4 € L”(R) and % is unbounded in any neighbourhood of each point 7y € R. By the
above, we have that u(x):=h({x, §'))v satisfies Au = 0 in 2'(2; W). Now let xy € Q be
arbitrary. Observing that i is constant in directions orthogonal to £’, considering elements x =
xo + t&' fort > 0 sufficiently small, we then find that « is unbounded in any neighbourhood
of xo. Especially, u cannot have a continuous representative on any open set @ C 2 and the
proof is complete. O

4.2 Proof of Theorem 1.1

We now come to the proof of Theorem 1.1. Let us note that it is only the direction (a)=(a)
which actually requires an argument: Namely, if A is not elliptic and u € Lﬁ)C(Q; V) with
Au € LY (; W) is a local minimiser for .% given by (1.3), we utilise Corollary 4.3 to find

loc
v E Lﬁ)c(ﬂ; V) with Av = 0in 2'(2; W) suchthatv ¢ C(w; W) forall open subsets w C .

If there is no Cll(;g—partially regular local minimiser, we are done. If, instead, there does exist

a C);o -partially regular minimiser, u + v is still a local minimiser, but not continuous on

l,a

every ball on which u is of class C,; .

Especially, # + v is a local minimiser which is not
c* partially regular.

loc
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Similarly as in [36, (3.1)ff.], we record that the p-strong A-quasiconvexity of F' as asserted
in (H3) is equivalent to the existence of a constant v > 0 such that

-2
v/ (1 + 22 + [AgP) 2 | Ap2dx s/ Fz+Ap) — F)dx  (47)
0,1 O, nH"

holds for all z € Z(A) and ¢ € Cg((O, 1)™; V). This is a consequence of Lemma 2.3 (a).
Toward the proof of Theorem 1.1, we recall from the full gradient regularity theory that
a continuous integrand H : RV*" — TR that satisfies

|H(z)| < L(1 4 |z|?)  forall z € RN*" (4.8)
for some L > 0 is called p-strongly quasiconvex if there exists £ > 0 such that H — £V, is
quasiconvex. Then, if p > 2, we have

PP =P P2 <A (4D TP 220427

for all + > 0. Thus, if p > 2, the p-strong quasiconvexity of H implies that

[L/ |Dp|? + |De|Pdx < / H(z + D) — H(z)dx 4.9)
0,n" O, H"
with © = ﬁ for all ¢ € Cg.((O, D™ RY), z € R¥*" and the constant 0, > 0 from

Lemma 2.3 (a). We then rely on the following background result by ACERBI & FUSCO [2]
and CAROzzZA, FUsCO & MINGIONE [11]:

Proposition 4.4 ( [2, Thm. IL.1], [11, Thm. 3.2]) Let | < p < oo and let 2 C R" be open.
Suppose that H € C?(RN*") satisfies (4.8) for all z € RN*" and,

(@) if p > 2, (4.9) holds for some . > 0, all z € RN*" and all ¢ € C2°((0, D RM),
(b) if1 < p <2, His p-strongly quasiconvex.

Lp
loc

Then any local minimiser u € W, ¥ (€; RN) of the integral functional

V> /H(Dv)dx

isCh

o
loc

-partially regular on Q2.
We now come to the

Proof (Proof of Theorem 1.1, Case 2 < p < 00) By (3.3) ff, we may assume that V = RV
and W = 2(A) C RV*", Adopting the terminology of (3.5), we put

G: RV 5 75 F(ra(2)) € R. (4.10)

Since F € C%(#(A)) by (HI) and the operator y: RN*" — RN*" is linear, G €
CZ(RN*m). Moreover, by (H2) we have |G(z)| < C(1 + |z|?) for all z € RVN*" and some
constant C > 0. By (4.7) and analogously to (4.9), p > 2 implies that

|Ap|* + |Ap|Pdx < / F(z + Ap) — F(z)dx 4.11)

20, J (0,1 ©,1y"

holds for all z € Z(A) and ¢ € Cg((O, ™ RM): here, 0, > 0 is the constant from
Lemma 2.3 (a). We apply Proposition 4.1 to the particular choice v (¢):=t> + ¢?, which
is easily seen to satisfy the assumptions of Proposition 4.1; note that in this case, the under-
lying Korn-type inequality is a direct consequence of the usual Calderén-Zygmund theory
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on L?-spaces. In the following, we hereafter denote ¢ > 0 the constant from (4.1) with this
particular choice of ¥, V = RN and W = 2(4A). Then we have for all ¢ € C2°((0, D) RM)
and z € RV>*7:

5 Prop. 4.1 5
/ Do + |DolPdx % c/ Agl? + [Ag|Pdx
0,1 O,

(H3), (4.11) 2¢ 0,
= 12

/ G(z + Do) — G(z)dx,
(O,])rl

/ F(mp(z) + Ag) — F(mra(2))dx
©.1"

_ 2c 0,
Ty

since wp (D) = Ay and 7y is linear. In conclusion, G satisfies the hypotheses of Proposi-

tion 4.4 (a) with . = %9,,' Hence all local minima of w — [ G(Dw)dx are Cllo’g-partially

regular. Since for any open @ € Q and all u € W'7(Q; R") there holds
Ylu; w]::[ G(Du)dx = / F(Au)dx = Flu; wl,
w [&]

any local minimiser of .% is a local minimiser for ¢ and so is Cllég -partially regular itself.

The proof is complete. o

Proof (Proof of Theorem 1.1, case 1 < p < 2) We proceed similarly as in the case
2 < p < oo and define G: R¥N*" — R by (4.10). We now have to take care of the
requisite quasiconvexity condition which here takes a slightly different form. Namely, by
Lemma 2.3 (a) we need to establish that there exists v > 0 such that

-2
/ G(z + Do) — G(z)dx > v/ (1 + |22 + Do} T | Dy|?dx 4.12)
O, o,

holds for all ¢ € CL((0, 1)"; RY) and z € RY*". Note that, by definition of G and the
p-strong A-quasiconvexity of F, (4.12) will follow once we establish the existence of some
© > 0 such that

-2
/ (1 + 212+ Dg») ' | Dy 2dx
.1 (4.13)
- 1 2 2, 22 2
<u (I + ma@)]” + [Ap|®) 7 [Ap|"dx
O, H"

holds for all ¢ € CL((0, 1)"; RV) and z € RV*". Let ¢ € C°((0, 1)"; RY) be arbitrary
but fixed. Since |4 (z)| < c|z| for some constant ¢ > 0, we utilise p < 2 to obtain for all
x € (0, )"

2 2,252 2

(I + 1zI” + [De(x)]7) 2" | Dp(x)] @.14)

~ p=2 ’
< +1ma@P + 1De()) T D).

Now define the auxiliary function W: [0, co) — [0, 00) given by

V(@)=(1+0P"2% >0
as in Lemma 2.3. Clearly, since p > 1, W is of class A, N V,. By Lemma 2.3(b), we may
invoke (F2) to obtain that the A,- and V;-constants of the shifted functions ¥, (see (2.6) for
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the definition) can be bounded independently of @ > 0. Hence, by Proposition 4.1 applied to
W, with a:=|m(z)| we obtain

[ Wmeipebar e [ oaphas “.15)
©O,H" O,
forall ¢ € C2°((0, 1)"; RM), where ¢ = ¢(A, Ay (¥), Va(¥)) > 0. Now, we have
F1 2.9 2

w2 W@+ R+ a4+ 252 (4.16)

for all # > 0, where the constants implicit in >’ do not depend on a. Therefore,
-2
/ (1 + [z + |Dgl}) T | Dy|?dx
O,

(4.14) _ P2
< cf (1 + |ma@)* + |De*) T | Do|*dx
(071)"

(4.16) ~

293 / Wi, o)1 Dy dx
.1y

4.15) ~

< C/ Yy, (0 (|Ag])dx
(0,1)"

@.16) =

2 2,252 2
< C (1 + |ma@I” + [Apl") 7 [Ap| dx,
(031)’1

where C > 0 still does not depend on z or ma(z), respectively. This is (4.13) and yields
that G: RV*" — R is p-strongly quasiconvex. As in the case p > 2, G € C>(R") and
obeys the growth bound |G (z)| < c¢(1 + |z|?) for all z € RV*" and some ¢ > 0. Now we
invoke Proposition 4.4 (b) to obtain that all local minima of w f G(Dw)dx are partially

Cll(;? -regular. As above in the case p > 2, this inherits to all local minima of .%, and the proof
is complete. o

From here and based on (3.4)ff, it is straightforward to conclude Theorem 1.1 for general
vector spaces V and W; the elementary reduction scheme is explained in the Appendix,
Sect. 1.

4.3 Coerciveness and existence of minima

Theorem 1.1 establishes the partial regularity of local minima of variational integrals (1.3);
we now briefly address their existence. For the sequel, denote following [38]
WAP(Q):={v € LP(Q; V): Av e LP(Q; W))

and define WOA”)(Q) as the closure of C2°(2; V) with respect to [|u|la, p:=llullLr + || AullLr.
We now have the following
Lemma4.5 Let A be an elliptic differential operator of the form (1.1). Moreover, let F €
C(W) be a variational integrand that satisfies (H2) and (H3) for some 1 < p < 0o. Then
for any open and bounded set 2 C R" and ug € WAP(Q) the variational principle

to minimise F|u; Q]::/ F(Au)dx overu € ug + W‘g’p(Q), 4.17)

Q

has a solution, and this solution is a local minimiser in the sense of (1.4).
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Proof By (H3) and the equivalence of (1.9) and (1.10) by virtue of Lemma 3.2, we deduce
that for all ¢ € C2°(£2; V) there holds

F(O).f”(Q)—l—Z/ V,(|Ag|)dx 5[ F(Ag)dx (4.18)
Q Q

with the function V), as in Lemma 2.3. Now, since F satisfies (H3), it is convex with respect
to directions contained in the A-rank-one cone ¢ (A) (cf. (3.2)), which in turn spans Z(A).
In combination with (H2), a straightforward adaptation of [34, Lem. 5.5] thus yields that
there exists a constant ¢ > 0 such that

|F(w) — F(2)] < c(1+ [wlP~" +]zP"Hjw — 2] (4.19)

for all w, z € Z(A). Note that ¢ > 0 only depends on the parameters implicit in (H2) and
(H3). By definition of WOA’p(Q) (which, by Proposition 4.1, coincides with W(l)’p(Q; V),
this inequality directly yields that (4.18) holds for ¢ € WOA’p (€2),too. Since |- [P =1 <V, (1),
forany ¢ € WOA")(Q) we have

Z/ [Ap|? — 1dx < K/ Vy(Ap)dx
Q Q
(4.18)
=< / F(Ag)dx — F(0).2"(2)
Q

< fQ |F(AGo + ¢)) — F(Ag)|dx

(4.20)
+/ F(A(uo + ¢))dx — F(0)£" ()
Q
(4.19) -1 ~1
< cf (1+[A@P™" + [Aug|”~")|Aug|dx
Q
+ (/ F(A(up + ¢))dx — F(O)X"(Q)) =:I+1L
Q
At this stage, we employ Young’s inequality to bound
1< 8/ IAgolpdx—}—c(s)/ [Aug| + [Aug|?dx 4.21)
Q Q

for ¢ > 0, and consequently choose and fix 0 < & < £ so that the first term on the right-hand
side of (4.21) can be absorbed into the very left-hand side of (4.20). As a consequence, there
exists ¢ > 0 (which only depends on .£"*(£2), A and the parameters underlying hypotheses
(H2) and (H3)) such that

/ |AuPdx < c(/ F(Au)dx+/ |Auo| + |Auo|Pdx + 1) (4.22)
Q Q Q

holds forall u € ug+Wj"” (). In conclusion, .Z[—; Q] is bounded below on ug+Wi'” ().
Since 2 is bounded, the usual Poincaré inequality and Proposition 4.1 imply

f|u|"dx5c<p)/ Iu—uolde+C(P)/ ol
Q Q Q

sccA,p,mf |A\(u—uo>|”+c(p>/ ol
Q Q
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Hence, letting (u;) C ug + WOA’p(Q) be a minimising sequence for .7 [—; 2], we utilise
1 < p < oo and hereafter reflexivity of WA-P(Q) to find that a suitable non-relabelled
subsequence converges weakly to some u € WAP(Q) in WA (2). Now, since uo—f-Wg’p (Q)
is a convex subset of the Banach space WA-P(Q) and, by definition of WOA'p (2), closed with
respect to the norm topology on W7 (), it is weakly closed. Therefore, u € ug —f—WOA P(Q).
Finally, since Au ;—Awu in L?(Q; W), (H1)—(H3) imply by virtue of a straightforward higher
order variant of [30, Thm. 3.7] that

Flu; Q] < liminf Flu;; Q] = inf F[—; Q.
Jj—oo uo+ WP (@)
Hence u is a minimiser for .%[—; 2], and the proof is complete. O

In the gradient case, a slight variant of (H3) is even equivalent to coerciveness, cf. CHEN &
KRISTENSEN [12]. We conclude this section with two remarks.

Remark 4.6 In the above proof, we worked with the Dirichlet classes ug + WOA’p Q) =

uo + W(l)’p (R2; V) forug € WA.P (£2). However, note that even in presence of ellipticity of
A, it might happen that ug € WAP(Q) \ WLP(Q; V). The reason for this is the deteriorated
boundary behaviour, in turn being reflected by the lack of a trace operator Tr: W7 (Q) —
LIIOC(BQ; V) even for domains €2 C R” with smooth boundary 92 (cf. [9, 38]). Such trace
operators are available for the so-called class of C-elliptic operators [9], but not so for merely
elliptic operators as assumed in Lemma 4.5. Hence it is not immediately possible to reduce
the weak closedness of the Dirichlet classes in the proof of Lemma 4.5 to the continuity
properties of a respective trace operator.

The fact that (u;) C ug + W(l)‘p(Q; RMN) ¢ WLP(Q; RY) is also the key reason why we
do not directly employ weak convergence in W17 (€2; V). Note that, however, if we assume
up € WhP(Q; V), then we may consider G as in (4.10) and then reduce the above proof to
the by now classical lower semicontinuity results (see e.g. [1]).

Remark 4.7 Both Theorem 1.1 and Lemma 4.5 exclude various constant rank operators .o/
which do not have elliptic potentials, soe.g. .7 = div (in which case A = curl). However, such
operators do not give rise to partial regularity in the classical sense and, by direction (b) = (a)
of Theorem 1.1, the best to be expected is a C*®-partial regularity result for Au. Since only
certain combinations of derivatives can potentially be proven to be partially C%*-regular,
this may be referred to a partial partial regularity result, and we shall pursue this elsewhere.

5 Examples and extensions
5.1 Examples

To underline the applications of Theorem 1.1, we explicitly address some examples of elliptic
operators that frequently occur in applications; Theorem 1.1 or Theorems 5.1 then provide
the corresponding partial regularity results for the respective minimisers.

(a) The symmetric gradient. Forn > 1,V =R", W = ]Rg’yan‘, we put as in the introduction

e(u)::%(Du +Dul). Setting a © b::%(a ®b+b®a)fora,b e R", the elementary
inequality
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1
V2
implies that ¢ is elliptic; also see [56, Prop. 6.4].

(b) The trace-free symmetric gradient. ForV =R", W = R:yxr;"tf::{z € R'Slyxn’f : tr(z) =0},
we put eP(u):=e(u) — %div(u)]ln with the (n x n)-unit matrix 1, € R"*". By [9,
Ex. 2.2(c)], €P is elliptic if and only if n > 2.

(¢) The exterior derivative. For £ € {l,...,n — 1} and V = /\‘Z R", W = /\£+1 R" x
/\571 R”, define A = (d, d*) as the first order differential operator whose symbol for
& e R" and v € V is given by

A[ETv:=(& A v, x(E A *V)).

By [56, Prop. 6.6], this operator is elliptic, and so Theorem 1.1 complements the theme
of partial regularity for differential forms as developed in [6].
(d) The div-curl-operator. For V = R3? and W = R*, we define

[l [§] < lvO&l=lel]v] forallv, & e R

Ouy + doun + d3u3
_(div) oruz — 03uUn
A= (CUI‘]) Pu= (U, u3) > o3u1 — o1u3
o upy — ouy

It is then easy to see that A[§]Jv = O for & € R3 \ {0} implies that v = 0 and so A is
elliptic.

Higher order elliptic operators, which Theorem 5.2 from below appeals to, can be canonically
obtained by composing lower order elliptic differential operators. An example of different
sort yet particular interest is given by

(e) The splitted Laplace-Beltrami operator. Letn > 2,0 € {1,...,n—1}and V = /\Z R",
W:=A"R" x \'R". The operator Au:=(dd*u, d*du) for u: R* — A'R" then is
a second order differential operator on R” from V to W, and is elliptic because of
A = dd* + d*d (also see [56, Prop. 6.11]).

5.2 Extensions

We conclude the paper by discussing extensions of Theorem 1.1, where we especially address
fully non-autonomous integrands or higher order differential operators, respectively. To
emphasize the essentials, we now focus on the power growth case with p > 2.

These generalisations further manifest the metaprinciple that any regularity result being
valid for p-strongly quasiconvex integrals also inherits to the situation of differential operators
subject to the relevant strong A-quasiconvexity condition.

5.2.1 Fully non-autonomous integrands

Let p > 2 and A be an elliptic differential operator of the form (1.1). Given an open and
bounded set @ C R", welet F: Q@ x V x Z(A) > (x,y,2) — F(x,y,z) € Rbea
continuous integrand which satisfies the following set of hypotheses:

(H1”) D2F € C(2 x V x Z(A)).
(H2”) There exists ¢ > 0 such that |F(x,y,z)| < c(1 + |z|?) holds for all (x,y,z) €
QxV xRZA).
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(H3”) There exist ¢ > 0,0 < o < 1 and a bounded, concave and increasing function
w: R>g — Rxg such that w(¢) < ¢ fort > 0 and

[F(x,y,2) — F(&X', ¥y, 2 < c(Q + |z (x — |7 + |y — y'I1P)

hold forall x,x" € Q,y,y € Vand z € Z(A).
(H4”) There exists £ > 0 such that for every (x,y,z) € Q x V x Z(A) and every ¢ €
CL((0, 1)"; V) there holds

ef iaePriaerans [ e+ Aem) - Py
.1y ©.1y"
(H5”) There exists F € C(Z(A)) with
)// |Agp|Pdx 5/ F(Ap) — F(0)dx  forall ¢ € CL((0, 1)"; V)
©O,nH" (0

for some constant y > 0 such that I?(z) < F(x,y,z) holds for all (x,y,z) €
QxV xRZA).

Theorem 5.1 Let F € C(Q2 x V x Z(A)) be a variational integrand satisfying (H1”)—(H5")

Jfrom above. Then there exists By € (0, 1) such that for every local minimiser u € Wll(;f(Q; V)
of

V= /F(x,v,Av)dx

L,Bo

loc

there exists an open set Qo C Q with £" (2 \ Qo) = 0 such that u is of class C on Q.

Proof We argue as in the proof of Theorem 1.1, case p > 2. Recalling that we may assume
that V = RN and W = Z(A) c RV*", we define an integrand G by

G: QxRY xRV 5 (x, y,2) > F(x,y, 74(2)).

Clearly, G is still a continuous integrand with D?ZG € C(QxRN xRN*"yand |G (x, y, 2)| <
c(1 + |z|?) holds for all (x, y,z) € 2 x RY x R¥*"_ Equally, we see that G satisfies the
corresponding analogues of (H3”’) and (H4”). On the other hand, put (Ni(z)::j; (a(z)). Then
G(z) < G(x,y,z2) forall (x,y,z) € @ x RY x R¥N*" and by the same argument as in the
proof of Theorem 1.1, case p > 2 (cf. (4.11) based on Proposition 4.1), G satisfies

v/ |De|Pdx 5/ G(Dy) — G(0)dx
.1y ©,1y"

forsome v > Qandall p € Cl, (0, " RN ). As a consequence, G satisfies the requirements
of [2, Thm. I1.2]. Hence there exists fo € (0, 1) such that for every local minimiser u €
Wi (@ RY) of w > [ G(x, w(x), Dw(x))dx there exists an open set Qp C Q with
LM\ ) = 0and u is of class Cll(;f % in a neighbourhood of any of the points in . This
inherits to the local minima of .%, and the proof is hereby complete. O

5.2.2 Higher order strong quasiconvexity
As alluded to in the introduction, if the annihilator < is given, then the potential A provided

by Lemma 3.2 does not need to have first order. We may, however, consider for m € N an
operator
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A= Z AydY, (5.1

le|=m

with A, € Z(V; W), such that the symbol complex (1.6) is exact at W for any & € R" \ {0}.
We then have the following higher order variant of Theorem 1.1; as in the first order case, A
is called elliptic provided for each & € R"\ {0}, A[§] = Z\a\:m £Y¥A,: V — Wisinjective.

Theorem 5.2 Let p > 2 and let A be a constant rank differential operator of the form (5.1)
of order m € N. Moreover, suppose that F: W — R satisfies (H1)—(H3) and, for some
constant ¢ > 0, the second derivative growth bound

IF'()] <c(1+ 12”72 forallze W. (5.2)
Then the following are equivalent:

(a) A is elliptic.
(b) Every local minimiser of the integral functional v + [ F(Av)dx is Cio.-partially
regular in the sense that there exists an open set 2, C Q with " (Q\ Q) = 0 such

that u is of class CJ,)* on @, for any 0 < « < 1.

Proof As in the proof of Theorem 1.1, ellipticity of A is easily seen to be necessary. On the
other hand, an analogous argument as in the proof of Proposition 4.1 yields for elliptic A of
the form (5.1) that

/ Y (|DMv])dx < c/ Y(JAv)dx  forall v e C°(R"; V).
Rn Rn
In fact, the previous inequality is derived completely analogously by replacing (4.2) with

Do a(w)(x) = Z; L [E* A [EIALED A [E1Fw(®)],  xeR” (5.3)

for o € Nfj with |e| = m. For our reduction procedure, we now note that in the higher order
case as considered here, (3.4) takes the form dim(Z(A)) < dim(®™(R"; RY)) whereby
we may assume that Z(A) C O™ (R"; RY). As is done for Theorem 1.1, we may hereafter
invoke the higher order partial regularity result due to KRONZ [48, Thm. 2]; namely, if
G € CHO™(R"; RN)) is p-strongly quasiconvex in the sense that there exists v > 0 such
that

V/ ID"? +|D"p|Pdx < / G(z+ D"¢) — G(2)dx
0.1)" Q

for all ¢ € C2°((0, D™; R™) and there exists A > 0 such that
IG" ()] <A(1 4 |z|P72)  forall z € @"(R"; RM),

then any local minimiser of the integral functional u +— [ G(D™u)dx is CJ,.*-partially

regular. Define s : ©" (R"; RY) — 0" (R"; RY) with the obvious modifications in (3.5).
To conclude the proof in analogy with that of Theorem 1.1, we note that G(z):=F (A (z))
moreover satisfies

o, P22 _
IG"(2)] < C(A)|(D. F)(ma(2)| < CAY(1 + |ma(2)|”H) = CAY + |z)P~?
for all z € ©™ (R"; RN). Then the proof evolves as above for Theorem 1.1. O

We conclude the paper with a remark on the dimension reduction for the singular set.
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Remark 5.3 (Partial regularity versus .7#*-bounds on the singular set) Whereas the partial
regularity of local minima within the framework of Theorems 1.1 and 5.1 can be approached
by reduction to the full gradient case, this is not so for Hausdorftf dimension bounds of the
singular set. By its nonlocality [44], quasiconvexity is substantially different from convexity.
Moreover, techniques as from the convex case [16, 34, 35, 45, 49-51] do not apply here
as they usually rely on the Euler-Lagrange system satisfied by the minimisers and positive
definiteness of the integrands’ second derivatives. To the best of our knowledge, in the
quasiconvex case the only available bounds on the Hausdorff dimension of the singular set of
local minima have been obtained by KRISTENSEN & MINGIONE [46] in the superquadratic
case subject to a local Lipschitz assumption on the local minima. Whereas this assumption
seems plausible in the full gradient case, in the situation of Theorem 1.1 it would be more
natural to suppose that Au € L% (2; W) for a given local minimiser u: & — V. Recalling
the operators ®; 4 from (4.2) (which can be realised as a local singular integral plus the
identity), we find that ®; 5 : L, — BMOj,. For minima of strongly quasiconvex integrals
which are not locally Lipschitz but merely locally in BMO, a dimension reduction for the
singular set seems unavailable yet.
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Appendix

To keep our main exposition simple and to elaborate on the essentials, up from (3.4) we
adopted the viewpoint that W = Z(A) C RV*". Here we give the elementary underlying
framework that rigorously justifies this framework; to connect this setup with the usual one,
we here adopt the viewpoint as in [11, 29] that the gradient of a map v: R* D> @ — RV is
RN *"_yalued.

By (3.4), there exists a linear injection «: Z(A) — Z(R"; V). We then define
l:=codim(x (Z(A))) to be the codimension of k (Z(A)) in Z(R"; V). Choose and fix an
isomorphism «’: R! — «(Z(A))*. Then

A D) BR 3 (2,7) > k() + k() € LR V)
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R(A) ——— Z(A) ® R!
\ |
= = (k,K) =N
v 1 v

KR(B) @ K,<.%’<A))i:$(w;v>% RN*7

Fig. 1 Identification procedure notation in the general case

is an isomorphism. We choose a particular orthonormal basis {vy, ..., vy} for V and denote
A: RN — V the corresponding coordinate map. Having fixed a particular basis for V, we now
take the canonical identification /: Z(R"; V) — RN*" Put ¢: Z(A) 5 z +— (z,0) €
Z(A) ® R!. Then consider the differential operator

n
Av=>(lototohjondv, v:R' >R, (5.4)
j=1
which is now a linear, homogeneous first order operator with constant coefficients on R”
from RY to RV*" We may thus write for v = (vy, ..., vy): R" — RV:

PP I ai:li Bivr(x) ... Y Y ai’,iaivk(x)
Av(x) = , (5.5)

21 Z/ivzl a?\}klai vk (x) L D 211:/:1 aix}lfnai vk (%)
in turn being RN*7_yalued, for suitable a L eR k,nwefl,...,Nyandi,v e {l,..., n}.

Now define a linear operator 7y : : RNxn s ,%’(A) by

Z Zk lal ]sz .- Zz 1 Zk lal nZlk (56)

doie Zk laNIZlk Zz IZk 1"1\/ nlik

Lemma 5.4 Given a differential operator A of the form (1.1), define A by (5.5). Then the

following hold:

(a) A is elliptic if and only lf& is.

(b) Let F € C(W) and let 2 C R”" be open. Then a map v € LIOC(Q; V) with Av €
Lloc(Q’ W) is a local minimiser for F[—; Q) if and only if \~'v is a local minimiser

for
Flw: o] = / Fproj; ot o () Moz (Dw)dx, wcCQ,
[4]
where proj, : Z(A) ® R! 3 (z,7') = z € Z(A) is the projection onto the first compo-
nent.

Proof Ad (a). The symbol of Ais given by A[E] Z, ((WototoAjor)Ejv, & € R and

v € RV, Suppose that A[S]v = Oforsome & € R"\{0}. By bijectivity of {’ o¢: Z(A)BR —
RV*" we deduce that;(Z?zl (§jAjo))(v)) = 0. This is only possible if27=1 §iAA(v) =
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0, and by ellipticity of A, (v) = 0. But A is an isomorphism, hence v = 0. The other direction
is similar. _

Ad (b). By (5.5) and (5.6), we have ﬂ&(D(}\._lv)) = A(x"'v) and so, by definition of
¢, and with w = A~ 1w,

proj; o o) o 5 (Dw)

n
= proj, 0! O(t/)71<Zt/olo§' oA; o)\(a,-w))

j=1
n
5.7
=Zprojlo§oAjok(3jw) (5.7)
j=1
n
=Y Ajor@;r"v) = Av.
j=1
Therefore, in particular,
v 0] = / F(Av)ydx  forw C £,
w
which then yields the equivalence claimed in (b). The proof is complete. O
Instead of (4.10), the proof of Theorem 1.1 is concluded by means of the integrand
G: RN 5 715 F(proj; ot o ()7 o 3 (2)). (5.8)
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