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Abstract

‘We establish that the Dirichlet problem for linear growth functionals on BD, the
functions of bounded deformation, gives rise to the same unconditional Sobolev and
partial C'-*-regularity theory as presently available for the full gradient Dirichlet
problem on BV. Functions of bounded deformation play an important role in,
for example plasticity, however, by ORNSTEIN’s non-inequality, contain BV as a
proper subspace. Thus, techniques to establish regularity by full gradient methods
for variational problems on BV do not apply here. In particular, applying to all
generalised minima (that is, minima of a suitably relaxed problem) despite their
non-uniqueness and reaching the ellipticity ranges known from the BV-case, this
paper extends previous Sobolev regularity results by GMEINEDER and KRISTENSEN
(in J Calc Var 58:56, 2019) in an optimal way.
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1. Introduction

A variety of physically relevant variational problems that describe the displace-
ments of bodies subject to external forces are posed in the space BD of functions of
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bounded deformation, see [9,40,52,53,77,79,80] for overviews and applications
in plasticity. For a given open set  C R”, this space consists of all u € L!(Q; R")
such that the distributional symmetric gradient &(u) := %(Du + Du') is a finite,
matrix-valued Radon measure on 2. By ORNSTEIN’s Non-Inequality [24,50,51,65],
there exists no constant ¢ > Osuch that [ De||; 1 (Q:Rmxny < clle(@) (Q:Rn*m) holds
for all ¢ € C°(Q2; R"). In consequence, BD(£2) is in fact larger than BV(€2; R"),
and the full distributional gradients of BD-maps in general do not need to exist as
(locally) finite R”*"-valued Radon measures. However, by the coerciveness con-
siderations outlined below, this space displays the natural function space setup for
a vast class of variational integrals. For minima of such functionals, the present
paper aims to develop a regularity theory which—from a Sobolev regularity and
partial Holder continuity perspective—essentially yields the same results which are
presently known for the Dirichlet problem on BV.

This task can be viewed as a borderline case of a theory having emerged over
the past decades. Namely, considering variational integrals

vl—)/g(Vv)dx, v: Q@ —> RV, (1.1)
Q

over suitable Dirichlet classes, an abundance of criteria for improved regularity
of minima is available subject to convexity, smoothness and the growth behaviour
of g: R¥N*" — R. It is only possible to give an incomplete list of the wealth of
contributions, and instead we refer to MINGIONE [62,63] and the references therein
for more detail. When linear growth functionals are considered—thatis, c|z| —y <
(@) < (1 + |z]) for some c¢j, ¢,y > Oand all 7 € RN*"__then compactness
considerations lead to the study of minima of a suitably relaxed problem on BV, cf.
[14,18,19,42]. In both linear and superlinear growth regimes, these contributions
crucially utilise at various steps that the full gradients of minimising sequences
are uniformly bounded in some L”-space, p = 1. When (1.1) is modified to act
on the symmetric gradients exclusively, convexity and 1 < p < oco-growth of g
still allow one to work on W!-? by KORN’s inequality. Also, in the borderline case
of L log L-growth integrands as considered in the seminal works by Fuchs and
SEREGIN [39,40], one may essentially still work on whl (cf. Section 2.2.2). In the
linear growth, symmetric gradient situation, however, ORNSTEIN’s Non-Inequality
neither allows to a priori consider W'~ or BV-regular minima nor to employ the
usual full-gradient techniques. A key question in this setting thus is to which extent
the results from corresponding full gradient theory on BV continue to hold for the
Dirichlet problem on BD, too.

1.1. Aim and Scope

Toward a unifying regularity theory for the Dirichlet problem on BD, we begin
by giving the underlying setup first. Let 2 C R” be open and bounded with Lips-
chitz boundary 9$2. We consider (generalised) minima of variational principles

to minimise F[v] := / f(e(v))dx overv € Z,, (1.2)
Q
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where %, is a suitable Dirichlet class. As a key feature, we suppose that the convex
integrand f: ]ngxnf — R is of linear growth, by which we understand that there
exist constants ¢y, ¢z, ¥ > 0 such that there holds

alzl =y = f@ =l +z) forall z € RGGH (LG)

sym *
In this situation, we put LD() := {v € L'(Q; R"): &(v) € L'(Q; REI} to be
endowed with the canonical norm ||[vllLp) = I[vllL1q.rn) + le @)Lt @:ryy»
and define LDy (2) as the closure of C2°(€2; R") with respect to || - [|Lp(g). With
this terminology, we pick ug € LD(R2) and set Z,, := uo + LDo(2). Subject
to (LG), F is bounded below on Z,, and minimising sequences are bounded in
LD(£2); note that this is not necessarily the case in wll (2; R™). By non-reflexivity
of LD(£2) and possible concentration effects, minimising sequences do not need to
be weakly relatively compact in LD(2) but can be shown to be weak*-relatively
compact in BD(€2) (cf. Section 2 for the requisite background terminology). As a
routine consequence, for F' to be defined for BD-maps, it must be suitably relaxed.
For u, v € BDjo¢(€2) and an open Lipschitz subset w C 2 we put

dE*
" >d|ESu|

fv[u;a)]Z/f(gu)dgn"i_/foo(dmful

(1.3)
+ / F(Tryn (v — 1) © vy,)ds" L.
w

Following the by now classical works [42,49], fuo [u] = fuo [u; €2] then coincides
with the weak*-relaxation (or weak*-Lebesgue—Serrin extension) of F' to BD(£2)
subject to the Dirichlet constraint u|yq = ug. Here, for u € BD(€2) we denote the
Lebesgue—Radon—Nikodym decomposition Eu = E%u 4+ E*'u = &u.l" + E'u
of Eu' into its absolutely continuous and singular parts for .#”. Moreover,
f(2) = limp~ o tf(z/1) denotes the recession function of f, capturing the inte-
grand’s behaviour at infinity. Consequently, we callamap u € BD(R2) a generalised
minimiser if F,[u] < F,,[v] forall v € BD(R). Similarly, we call u € BDjoc(£2)
a local generalised minimiser if F,lu; o] < 7,, [v; w] for all open subsets w € 2
with Lipschitz boundary dw and all v € BDj,c(£2). Subject to the Dirichlet datum
uo, the set of all generalised minima is denoted GM(F'; 1) and, similarly, the set
of all local generalised minima is denoted GMjc(F). As a consequence of [46,
Section 5], generalised minimisers always exist in this framework. For future refer-
ence, we remark that even if f is strictly convex, generalised minima are not unique
in general; see Section 4.1 for more detail.

In view of the main theme of the paper, we shall focus on higher Sobolev and
partial regularity for generalised minima of the variational principle (1.2), even
leading to novel results in the radially symmetric case f = f(|-]). The correspond-
ing results crucially rely on the degenerate elliptic behaviour of the integrands f,
being roughly depicted in Figure 1, and let us retrieve what is unconditionally

I From now, if the symmetric gradient of an integrable map is a measure, we write Eu
instead of e(u).
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Partial Regularity, Thm. 1.2
3p>1: GMC W7, Thm. 1.1
35 >1: GMcC W7, Cor. 45

GM C Wyl cf. [47, Thm. 1.2] ———

Fig. 1. Theregularity theory for the Dirichlet problem on BD in the framework of a-ellipticity
[cf. (1.4)], contextualising the results obtained in this paper with previous work. The arrows
indicate "up to, not including’

known for the Dirichlet problem on BV. As such, we particularly obtain criteria for
the full gradients of generalised minima to exist as locally finite Radon measures.
To explain why the results given below are close to optimal, we briefly pause to
introduce the relevant ellipticity scale.

1.2. Wllm1 -Regularity of Minima

As it is customary in the linear growth context and motivated by BERN-
STEIN’s genre [16,42,75] and the conditions considered by LADYZHENSKAYA and
URAL’CEVA [57], a natural scale of C2-integrands is given by those f : Rg’yﬁ’ —-R
that satisfy forsomea > 1and 0 < A £ A < 00

HE HE
(1+ 123 (14222

For such integrands, (1.4) precisely describes the degeneration of the ellipticity
ratio of f”. From a more systematic viewpoint, this scale has been studied by
BILDHAUER, FucHs and MINGIONE [17-19,38] in the (p, ¢)-growth or BV-context,
respectively, under the name of p-ellipticity, where y = a in our terminology; also
see [42]. Note that a = 1 is excluded here as then the corresponding integrands
are not of linear growth. Even though convex integrands f with (LG) have the
same growth behaviour from above and below, this is not the case on the level
of second derivatives. To some extent, such problems thus have some resemblance
with (p, g)-growth type problems. Higher integrability of the minimisers’ gradients
can only be expected when p and ¢ are not too far apart or additional hypotheses
are imposed, see the seminal work [34] by EsposiTo, LEONETTI and MINGIONE
(also cf. [62, Theorem 6.2] and CAR0OZZA, KRISTENSEN and PASSARELLI DI NAPOLI
[22]). More precisely, for suitably regular, convex (p, q)-type problems the critical

exponent ratio to yield Wllo’g -regular minima was determined in [34] as

S (f"(2)€, &) S A forall z, € e R™¥". (1.4)

sym *

q 2
= <14 -, (1.5)
p n

a threshold ratio getting in line with others identified earlier in a slightly differ-
ent context by MARCELLINI [59,60]. Beyond this threshold, one usually imposes
additional hypotheses—such as local boundedness, cf. [22]—on minima in order
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to obtain regularity results, and such conditions in fact can be justified for a vari-
ety of situations, so for instance by maximum principles or, in the radial situation,
Moser-type L°°-bounds.

This distinction of ellipticity regimes also enters in the BV-theory for full gra-
dient functionals. In fact, it is known from [14,18] thatif 1 <a < 1 + %, then
generalised minima of the corresponding full gradient functionals belong to some
Wll(;é7 with p > 1 whereas in the regime 1 + % < a < 3, the only W' !-regularity
results [14, 18] are subject to the additional L}, -hypothesis on the generalised min-
ima. For variational principles of the form (1.2) subject to (1.4), a first result has
been given by KRISTENSEN and the author [46] by passing to fractional estimates.
While striving for the optimal ellipticity | <a < 1 + %, the method as employed

therein only yields the Wll(;cl—regularity forl <a <1+ %, revealing a crucial
ellipticity gap of size % The first main result of this paper precisely closes this gap:

Theorem 1.1. (Universal Wll(;g -regularity estimates) Let ug € LD(R2) and suppose
that f € CEZ(R™X") satisfies (LG) and (1.4) with 1 <a < 1 + % If

sym

(@n = 2, then every generalised minimiser u € GM(F;ug) is of class

LD(2) N Wll(;g(Q; R™) for any 1 < q < oo. More precisely, u has locally

exponentially integrable gradients in the following sense: there exists ¢ =

c(a,ci1,c2, v, A, A) > 0 such that for any xo € Qand 0 < r < 1 with
B(xo, 5r) C Q it holds that

1
7—a 1
Vil 2 < c((l +][ |Eu|)2 n —][ |u|dx).
expL3=a (B(xg,r):R"*") B (x0.5r) ' JB(xo.r)
(1.6)

(b)yn = 3, then every generalised minimiser u € GM(F;ug) is of class
LD(Q2) N Wll(;g(Q; R") for g = ﬁ_Tgn More precisely, there exists ¢ =
c(n,a,ci,c2, ¥y, A, A) > 0 such that for any xo € Q and 0 < r < 1 with
B(xg, 5r) C Q it holds that

1
7 —a 1
(f |Vu|‘1dx)q < c((l +][ |Eu|)2 n —][ |u|dx).
B(xq,r) B(xq.5r) T JB(xo,r)

(1.7)

Theorem 1.1 thus gives exactly the same Sobolev regularity in the BD-situation as
is presently known for the autonomous Dirichlet problem on BV. As mentioned

above, for the autonomous Dirichlet problem on BV it is possible to establish
2

WIIOCL log L-regularity of locally bounded generalised minima for the wider ellip-

ticity range 1 + % < a < 3;note that for a > 3, no W !-regularity results are

available at present®> While, in principle, the strategy underlying Theorem 1.1 can

2 The only systematic wl 1-regularity theory for a > 3 is available for Neumann-type
problems on BV, cf. BEcK, BULICEK and the author [13], being conceptually different from
the Dirichlet problem.
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be modified to work in the Lf’o"c—constrained case, too, no method is known to us that
would provide locally bounded generalised minima at all. In fact, whereas maxi-
mum principles and Moser-type L{¥’ -bounds can be employed in the full gradient
setting subject to specific structural conditions on the integrands (cf. [14, Theo-
rem 1.11, Theorem D.1-3]), the symmetric gradient seems to destroy the impact
of any such good structural hypotheses (so for example radial dependence on the
arguments). In order not to produce a possibly vacuous result, we thus stick to the
ellipticity range | <a < 1 + % for which the additional local boundedness is not
required. Deferring the precise discussion to Section 4, let us now briefly outline
the underlying chief obstructions that make Theorem 1.1 considerably harder to
obtain than its BV-analogue.

To establish the regularity assertions of Theorem 1.1, one might consider a van-
ishing viscosity sequence and then derive uniform second order estimates. Essen-
tially inspired by the foundational works of SEREGIN [71-74], in the BV-case a
difference quotient approach yields the requisite estimates as a consequence of
the fact that the full gradients of the single viscosity approximations are uniformly
bounded in L' (€2; R"*"); cf. [18,19]. Within the framework of Theorem 1.1, how-
ever, the latter boundedness cannot be assumed and L'-estimates on the full gra-
dients must be avoided throughout. On the other hand, generalised minima are in
general non-unique—despite strict convexity of the integrands f. Hence, even if it
were applicable, the vanishing viscosity approach would only apply to one partic-
ular generalised minimiser. The claimed universal regularity estimates (that is, for
all generalised minima) thus require another argument.

Directly working on the primal problem, we modify and extend the EKELAND
viscosity approximation scheme as introduced by BEcK and SCHMIDT [14] in the
BV-context and generalised to the BD-situation by KRISTENSEN and the author
[46]; see [1,58] for the first applications of the EKELAND variational principle in
the regularity context. Here, on the one hand, the EKELAND-type approximations
must be strong enough for the (perturbed) Euler-Lagrange equations to permit a
splitting strategy, thereby implying the requisite second order estimates for the
corresponding almost-minima. Simultaneously, they must be weak enough to be
treatable by the a priori information on the minimising sequences. By our argu-
ments below—and contrary to the W~!-perturbations in the BV-context [14]—
the correct perturbation space now turns out to be W=2! (see Section 2.2.3 for
the definition). Without the aforementioned splitting strategy, in turn inspired by
SEREGIN et al. [39,74], we would be bound to argue as in [46], and then the desired
ellipticity range 1 <a < 1 + % would not be reached. By the degenerate elliptic
behaviour of the integrands, non-uniqueness of generalised minima and the over-
all lack of Korn’s inequality, the proof of Theorem 1.1 requires to overcome both
technical and conceptual difficulties and is given in Section 4 below.

Once the presence of the singular parts E*u is ruled out for all u € GM(F'; uy),
the boundary integrals in (1.3) are identified as the only source of non-uniqueness.
This admits to apply more general principles (to be established in the Appendix,
Section 8, with emphasis on the two-dimensional case) to draw conclusions on the
structure of GM(F’; ug), cf. Section 4.6.
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1.3. Partial C"-*-Regularity of Minima

The second part of this paper is devoted to the partial (H6lder) regularity of
generalised minima of F. We note that, essentially because the minimisation of
F constitutes a vectorial problem, full Holder continuity in general is not to be
expected; see [41,43,63,64] and the references therein. To streamline terminology,
in this paper we say thata map v € LIIOC(Q; R™) is partially regular if there exists
a relatively open subset €2, C 2 such that v is of class C1* in a neighbourhood of
any of the elements of 2, forany 0 < o < 1.

There is an extensive literature on the topic of partial regularity and proof
strategies, most notably the (indirect) blow-up method with roots in DE GIORGI’s
work [27] and the .A-harmonic approximation method with roots in ALMGREN’s
and ALLARD’s work in geometric measure theory [4,5]. These proof strategies have
been adapted to the setting of functionals of the type (1.2) with e replaced by the
full gradient, see [1,2,29,30,35,62] for an incomplete list. For instance, even in
the convex full-gradient linear growth case, indirect methods such as blow-up are
difficult to implement by the relatively weak compactness properties of BV as long
as no additional Sobolev regularity is available. Appealing to Theorem 1.1, this is
for example the case in the very degenerate regime a = 1 + % On the other hand,
should an integrand degenerate completely for large values of the argument, one
might still aim for a local-in-phase-space regularity result (in the terminology of
ScaMmiIDT [70]).

To establish such a regularity theorem, and in turn being able to cover all
degenerate ellipticities, we make use of a direct strategy using mollifications as
comparison maps. Since, by Jensen’s inequality, mollifications can be suitably
controlled by convex functions, this method is particularly designed for convex
problems. Originally employed by ANZELLOTTI and GIAQUINTA [10] in the full
gradient context (also see the related result by SCHMIDT [69] for the model inte-

grandsm, (-) = (1+[-|?) %, p # 2), functionals (1.3) require a different treatment.
First, now the decay of the comparison maps must appear as a consequence of a
careful linearisation and hereafter KORN’s inequality in L. More importantly, the
comparison argument forces us to control V-function type distances from a given
generalised minimiser to its mollifications by the symmetric gradients only. While
this is a consequence of the fundamental theorem of calculus in the BV-context,
the requisite estimates now must be accessed without appealing to the full gradi-
ents. This motivates the derivation of a novel family of convolution-type Poincaré
inequalities in Section 5, which might be of independent interest. Lastly, the esti-
mates of Section 5 necessitate a refined construction of good annuli in the partial
regularity proof, where the key parts of the comparison are performed. A combina-
tion of these tools in Section 6 then yields an e-regularity result (cf. Corollary 6.7),
and implies the following second main result of the paper:

Theorem 1.2. (Local-in-phase-space regularity) Let f € C> (Rg’yfr’f) be convex and

satisfy (LG). Given ugy € LD(S2), let u € GM(F; ug). If (xg, z9) € 2 x R;‘yﬁ‘ is
such that



1106 F. GMEINEDER

| ESu| (B (xo, R))} —0 (1.8)

lim ][ |Eu — zoldx + — 0 22
RNO [ B(xo,R) Z"(B(xo, R))

and f"(zo) is positive definite, then there holds u € C“*(U;R") for a suitable
open neighbourhood U of xo for all 0 < a < 1. As a consequence, if " is
positive definite everywhere on R’;yan‘, then the singular set X, of points in whose
neighourhood u is not of class CH% for any 0 < a < 1 satisfies L™ (£,) = 0, is
relatively closed and is given by

Y. = 1x0 € Q: there exists no 7o € Rg'yxn'l' with (1.8)}. (1.9)
Similarly as to BV-theory, the importance of the previous theorem is manifested
by its minimal assumptions regarding locality and (degenerate) ellipicity; in fact,
no global uniform strong convexity needs to be imposed on f in order to yield the
corresponding partial C!-%-regularity result. Recalling the a-ellipticity scale (1.4),
Theorem 1.2 thus particularly complements Theorem 1.1 in the very degenerate
ellipticity regime 1 + % < a < oo, cf. Figure 1. As a routine matter, however,
strengthening the ellipticity to 1 < a < %5, Theorem 1.1 can be invoked to
yield bounds on dim (X, )—cf. Corollary 4.6. We moreover note that the previ-
ous theorem equally proves interesting for radially symmetric integrands. Indeed,
techniques to arrive at full C'*-regularity results in the full gradient setting (cf.
UHLENBECK [81], URAL’CEVA [82] or BEck and ScHMIDT [15] in the BV-context)
are hard to be implemented: The symmetric gradient seems to destroy the beneficial
structure of the corresponding Euler—Lagrange equations. As such, Theorem 1.2
seems hard to be generalised to the model integrands m, (revealing p-Laplacean
type behaviour at the origin) for p # 2, cf. Section 3 for a discussion. Finally,
recalling the aim of a regularity result in the very degenerate ellipticity regime, The-
orem 1.2 proves independent of the recent companion theorem [45] for strongly
symmetric quasiconvex integrals by the author. Whereas the main difficulties in
[45] stem from the weakened convexity notion, its application to convex integrands
only yields a partial regularity theorem for a-elliptic integrands, 1 < a < 3. A
discussion of these matters, together with possible generalisations of Theorems 1.1
and 1.2 is given in Section 7.

1.4. Organisation of the Paper

In Section 2 we fix notation, record basic definitions and auxiliary estimates.
After a discussion of sample integrands in Section 3, we provide the proof of
Theorem 1.1 and selected implications in Section 4. Section 5 provides convolution-
type Poincaré inequalities to crucially enter the proof of Theorem 1.2 in Section 6.
Section 7 discusses generalisations of the results of the paper, and the appendices,
Sections 8 and 9, comprise selected uniqueness assertions and proofs of auxiliary
results.
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2. Preliminaries

2.1. General Notation and Background

We briefly comment on the notation used throughout. By ngxn’f or Riy0 we
denote the symmetric or skew-symmetric (n X n)-matrices with real entries. All
finite dimensional vector spaces are equipped with the euclidean (or, in the matrix
case, Frobenius) norm ||, and the inner product on such spaces is denoted (-, -).
Givena, b € R”", the symmetric tensor product is given by a © b := %(abT +ba").
Given xg € R" and r > 0, the open ball of radius r > 0 centered at xo € R” is
denoted B(xp,r) := {x € R": |x —xg| <r}.For0 <t < s < o0, we denote
A(xo; t, 5) := B(xp, s)\ B(xp, r) the annulus centered at x¢ having outer and inner
radii s and ¢, respectively. To distinguish from balls in matrix space, we write
B(z,r):={y € R’S’yan’: ly —z| <r}forz e R’S’yﬁ and r > 0. Cubes Q in R" are
tacitly assumed to be non-degenerate, and we denote by £(Q) their sidelengths. The
n-dimensional Lebesgue and (n — 1)-dimensional Hausdorff measure are denoted
" and #"~!, respectively. Accordingly, the Hausdorff dimension of a Borel set
A € B(R") is denoted dim - (A). Foru € LllOC (R™; R™) and an open set U C R"
with £"(U) < oo, we use the shorthand (u)y := f;, udx := K2t Jy udx
whereas, if U = B(x, r) is ball, we abbreviate (u). , := (4)B(x,r). Moreover, for
a given finite dimensional real vector space V, we denote .#(joc)(S2; V) the V-
valued (locally) finite Radon measures on (the open set) Q. For u € . (2; V), its
Lebesgue—Radon—Nikodym decomposition is given by u = u¢ + % |’ |, where
nt K L and pf LL".

By ¢, C > 0 we denote generic constants whose value might change from line
to line, and shall only be specified if their precise value is required.

2.2. Function Spaces and Integral Operators

In this section we give an overview of the requisite function spaces on which
the main part is based. This comprises functions of bounded deformation, to be
discussed in Section 2.2.1, as well as Orlicz and negative Sobolev spaces to be
introduced and discussed in Sections 2.2.2 and 2.2.3.

2.2.1. Functions of Bounded Deformation Let 2 C R” be open and bounded.
We then define BD(£2) as the space of all u € L'(Q; R") for which the total
deformation

|[Eu|(2) := sup { /Q(u, div(p))dx: ¢ € CL(Q; Reym) ||(p||L00(Q;ng>:III1) < 1}
(2.1

is finite; note that by writing Eu we indicate that the symmetric distributional gradi-
ent of u is a measure whereas by € (u) we tacitly understand that it is representable by
an L'-map. This space has been introduced in [26,79] and studied from various per-
spectives in [6,9,11,52,53,77]; unless stated otherwise, all of the following can be
traced back to these references. Given u € BD(2), the Lebesgue—Radon—Nikodym
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decomposition of Eu reads as Eu = E*u +E‘u = £Su "L Q+ dd| EEZ‘ | ESu|. Here,
& u takes the role of the symmetric part of the approximate gradient (cf. [7] for this

terminology).
Let u,uy,us,... € BD(2). We say that uy X u if and only if uy — u
in L'(Q; R") and Euy X Euin (2 REXTY I Xouas just defined and

sym
|Eui|(2) — |Eu|(€2), then we say that (uy) converges (symmetric) strictly to u.

If, moreover, /1 4+ | Bux|2(Q) — /1 + | Eu|?(2) with
J1+ Ev2(Q) :=/ J1+ 1 €vPdx + [Ev|(Q), v eBD(Q),
Q

then we say that (ux) converges (symmetric) area-strictly to u. These notions are
usually reserved for the BV-context, but as we deal with the BD-situation exclu-
sively we shall often omit the supplementary symmetric and simply speak of strict
and area-strict convergence.

Now let €2 have Lipschitz boundary 2. Both LD (£2) and BD(£2) then have trace
space L1(8§2; R™); however, note that the trace operator onto Ll(aﬁ; R™) is not
continuous with respect to weak*-convergence on BD(£2). In this case, continuity
can only be achieved when BD(£2) is equipped with strict convergence. Moreover,
as €2 has Lipschitz boundary, any u € BD(£2) can be extended by zero to the entire
R”" so that the trivial extension # again belongs to BD(R") and we have

Ei = Bul Q + Tryo(u) © vyo " 'L 3,

where vy, is the outward unit normal to 9 2. Also, we have the Gauf3-Green formula

/((p,Eu)—l-/(div((p),u)dx:/ (¢, Traa(u) © vyo)d.#" ! (2.2)
Q Q 02

for all u € BD(RQ) and all ¢ € C'(Q; ngxrg); here, div denotes the row-wise
divergence. For latter applications, the following approximation result will turn out

to be particularly useful:

Lemma 2.1. Ler 2 C R” be an open and bounded Lipschitz domain. Then for any
u € BD(R2) and any ug € LD(Q) there exists a sequence (ur) C ug+ C2°(2; R")
such that uy — u in LY(Q; R") and

V14 Bug|2() — 1+ |Eu|*(Q)

+/ | Tryo (o — u) © vyold ™! ask — oo.
Q2

2.2.2. Korn- and Poincaré Inequalities in Lebesgue and Orlicz Spaces To
transfer integrability from e(u) to the full gradients in a flexible space scale, we
recall here Korn-type inequalities in Orlicz spaces; our notation is mainly taken
from the recent work of CiancHI [23], cf. ACERBI and MINGIONE [3] and BREIT
and DIENING [20] for related results.
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Let A: [0,00) — [0, 00) be a Young function; by this we understand that
AQ) = fot a(tr)dr fort = 0, where a: [0, c0) — [0, o] is non-decreasing, left-
continuous and being neither identical to 0 nor co. We then denote LA(Q; R™) the
linear space of all measurable maps u: 2 — R™ such that the Luxembourg norm

|ua]

”u“LA(Q']R’") = inf {)\. >0: / A(—)dx § 1}
; Q Y

is finite. We then define E'A(2) as the space of all u € LA(€2:; R") such that
the distributional symmetric gradient belongs to LA (£2; R’;y’;?). As examples, if
A(r) = |t|, then ETAR") = LD(R"), if A(t) = |t|P for 1 < p < oo, then
E'ARY) = WLP(R”; R"). It is worth noting that the Young function A(r) :=
tlog(1 + 1) displays a borderline case: For @ = 0, the general conclusion

e()log®(1 + |e(v)]) € LIIOC(R"; R';;;’f) = Dv € LIIOC(R”; R™™M) (2.3)
persists if and only if o = 1; hence, briefly recalling the L log L-setup mentioned
in the introduction, variational problems with symmetric gradients belonging to
Llog L are essentially dealt with in W!-!. Namely, by the SMITH representation
[76] to be used in a different context later on, u = (u', ..., u") € C2°(R™; R™)
can be retrieved from e(u) = (g;; (”))?,j:1 via

k 2
u =— Z Sjk(u)*giKij_Sij(u)*8kKij +5ki>x<8jK,-j 2.4)
noy,
1Si<j<n

forall k € {1,...,n}, where K;;(x) := x;x;/|x|" for x € R"\{0}. The convo-
lutions here are understood in the Cauchy principal value sense, and so the map
®: e(u) — Vu displays a singular integral of convolution type satisfying the usual
Hormander condition. Then (2.3) follows from the theory of singular integrals on
Orlicz spaces, cf. [23]. For the what follows, let us remind the reader of the space
of rigid deformations

RQ) = {u: Q- R": u(x) = Ax+b, AR beR"}, 2.5)

skew?

which, for open and connected 2, is precisely the nullspace of ¢. Since elements
of Z(K2) are polynomials, we shall often identify % (2) with Z(R").

Lemma 2.2. ([23, Theorem 3.3, Corollary 3.4, Example 3.11]) Let 2 C R" be an
open, bounded and connected Lipschitz domain. Then the following holds:

(a) For each 1 < p < oo there exists ¢ = c(p, n, ) > 0 such that

inf Viv—m raxny < c|le(v AXN orallvewl»PQ;Rn_
TR (Q) IV ( )”LP(Q,R ) = lle( )“LP(Q’RSym) f ( )

Moreover, for all v e WP (Q: R") there holds

190 = (V)allrgmen < clle®) = 0Dl qryg)-
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(b) For each B > 0 there exists c = c(B, n, Q) > 0 such that

inf [Vw—-—m)| s
TeX(RQ) exp L A+T (Q;Rnxn)

< clle@llexprsrny  forallv e ElexpL? (),

where exp LA(Q) is the Orlicz space corresponding to A(t) := exp(ﬂ3 ).

In the sequel, we gather some instrumental results on certain projection opera-
tors and augment (2.4) by a decomposition result due to RESHETNYAK [67]. Note
that, since Z(B(0, 1)) is a finite dimensional vector space, all norms are equivalent
on Z(B(0, 1)). Thus, by scaling, we find that for each 1 < g < oo there exists a
constant ¢(n, g) > 0 such that for all xo € R"” and r > 0 it holds that

1

1 1
(][ |n|qu)" n r<][ |Vn|qc1x)" <, q) I7ldx  (2.6)
B(xo.7) B(xo.7) B(xo.7)

for all 1 € Z(B(xp, r)). The same inequality holds true with the obvious mod-
ifications for if ¢ = oo on the left-hand side. Moreover, there exists a bounded
linear projection operator Iy, /) : Ll(B(xo, rRY > u > 1, € ZB(xo, 1))
satisfying

1 1

(][ mB(xo,r)quxY§c(n,q)(f ufdx)’ @)
B(xg,r) B

for all u € LY(B(xq, r); R") and each 1 < g < oo; see the appendix, Section 9.1,
for an elementary proof. A similar result holds for cubes Q instead of balls, and
we shall refer to this property as L?-stability of Ty, ry or I1g, respectively. In a
routine manner, the foregoing now yields the next lemma which should be well-
known, but is hard to be found in the following form:

(x0,7)

Lemma 2.3. (Projections in Poincaré- and Korn-type inequalities) Let 1 < p < oo,
x0 € R" and r > 0. For each 1 < q < p there exists a constant ¢ = c(n, q) > 0
such that for all u € WP (B(xo, r); R") there exists , € % B(xo, r)) such that

][ lu — m,|7dx < crq][ le(u)|?dx.
B(xo,r) B(xo,r)

In particular, the map Ilg(y,, - u — 7, is independent of q. The same holds true
if we set ¢ = 1 and replace W1 (B(xg, r); R") by LD(B(xg, r)). Moreover, if
1 < g £ p, then there exists a constant ¢ = c(n,q) > 0 such that for all
u € WP (B(xg, r); R") it holds that (with the same 7, as above)

][ |ID(u — m,)|9dx < c][ le(u)|9dx.
B(xq,r) B(x0.r)

Moreover, the map TIg(x,.r): u > 7, is L-stable for each 1 < q < p in the above
sense.
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Clearly, a similar version holds for cubes. The former lemma is a consequence
of the following result due to RESHETNYAK [67] which we shall need independently.
As we will exclusively use it for cubes, we directly state it in the following form:

Lemma 2.4. (RESHETNYAK, [67]) For any open, non-empty cube Q C R", there
exists a projection Tlg: C®(Q;R") N LD(Q) — Z(Q) and an operator
To: (Co"ﬂLl)(Q; R;’yxn:’) — Ll(Q; R™) such that for any v € LD(Q) there
holds

v(x) = (ﬁQv)(x) + Tole)(x) forall x € Q. (2.8)

Moreover, the operator Ty is of the form
Tole()](x) = /Q Ro(x, y)e(v)(y)dy, 29)

where Rp: Q x Q — LRI R") satisfies |[Rg(x, y)| < ¢/|x — v for all

sym >
x,y € Qwithc =c(n) > 0.

2.2.3. Negative Sobolev Spaces The viscosity approximation strategy to be set
up in Section 4 shall require certain negative Sobolev spaces in a crucial manner.
As shall become clear later, we have to go beyond the space W~ 1! as introduced
in [14]. Given k € N, we define the space Wkl (22; R™) as follows:
wkl(Q: R") = {T € P ( QR T=Y 8T, T, € L'(Q:R" forall |a] < k}.
aeNj

loe| Sk

The linear space W%1(2; R") is canonically endowed with the norm

”T”W"“I(Q;R") := inf Z ”Tot ”L'(Q;Rn)a (2.10)
lo| =k
the infimum ranging over all representations 7 = Zlalék 0°T, with T, €

L'($2:; R"). Similar as for W~ 1(Q; R") as discussed in [14], W—%! is not
approachable by duality. We collect its most important properties in the follow-
ing lemma:

Lemma 2.5. Let Q C R” be openand letk € N be given. Then the following holds:

(@) (W 5LQ; R, || - ||W—k,1(Q;R,1)) is a Banach space.
(b) For every u € LY(Q2; R") and every B € NG with |B| < k it holds that

17 ull k1 ey S Nltllyisi—-.1 (g e -
Proof. In view of (a), we closely follow [14] and consider the mapping
®: LY@ RDY 5 (T i<k = Ljaj<k °Tw € WEIH(QRY), where N =

#{a € Nj: |a| < k}. By definition of W51(Q; R"), ® is a bounded linear opera-
tor and thus ker(®) is a Banach space in itself. By definition of the quotient norm, the
canonical quotient map W: L'(Q; R")N /ker(®) — W51(Q; R") is surjective
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and isometric. Thus, as ker(®) is Banach, so is L' (§2; R”)N/ ker(®) and eventu-
ally, as the isometric image of a Banach space, (W‘k’l(Q; R™), || - ||w7k.1(Q;Rn)).
For (b), let & > 0 and choose (7)o € L'(2; R")" such that u = Z\alﬁk—\ﬂ\ 0%Ty
and h

> Tl @ S lullyip-c gupm + &-
| Sk—|B]

On the other hand, 8fu = Zlalék—lﬁl 9etBT, = Zlylék avS,, where S, = T,
if y = a + B for some « with || < k — |B] and S, = 0 otherwise. Therefore,

”a’BM“W—k,l(Q;Rn) § Z ”SV”LI(Q;R")
lyISk

s Z 1 Tallpt@rny = luliwio-c1 g gey + &,
la| Sk—|B]

and we then send ¢ N\ O to conclude the proof. O

Next, a lower semicontinuity result in the spirit of [46, Lemma 3.2], [14,
Lemma 2.6]:

Lemma 2.6. Let 1| < g < oo, k € N be given and let Q be open and bounded

with Lipschitz boundary 9<2. Suppose that §: Rg’yﬁ’ — R is a convex function that
satisfies ¢~ Vz|9 —d < f(z) £ c(1 + |z|9) for some ¢, d > 0 and all 7 € R"X"

sym *
Then, for every ug € W4 (2; R"), the functional

el / fe)dx  ifu € Dy = uo + Wyl (2 RY),
ul .= Q
+00 ifu e WR1(Q; R\ 2,

F

is lower semicontinuous for the norm topology on W—%1(Q; R").

Proof. Let g, g1, g2,... € W 51(Q; R") be such that g,, — g with respect to
the norm topology on W5 1(Q; R™). If lim inf,,_, o F[gm] = +00, there is noth-
ing to prove. Hence assume without loss of generality that lim ;o Flgm(j)] =
liminf,, .0 F[gn] < oo. Then necessarily g, () € %, for all sufficiently
large indices j and, since c Nzl —dad < f(z) for all z € ngfr{’, we obtain
that (¢(gm(;))) is bounded in LY(€2; REG). Since gm(j) € Zu, and ¢ > 1,
KorN’s inequality in W(l)’q(Q; R") implies that (g,,(;)) is uniformly bounded in
W4 (Q; R"). Since 1 < ¢ < oo, there exists a subsequence &m(jiy) C &m))
which converges weakly in W4 (Q; R") to some g € Dy, (note that Z,, is
weakly closed in wWha(Q; R)). By the RELLICH-KONDRACHOV theorem, we
can moreover assume that g, ;i) — & strongly in L7(€2; R"). Then, since
L1(Q; R") — W 51(Q; R") by Lemma 2.5(b),
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g — g”w*k.l(g;]}{n) Sllg— gm(j(i))”wfk,l(Q;Rn)

+ 18 — gmiianllLiq.rny > 0, i — o0,

and thus g = g. By standard results on lower semicontinuity of convex variational
integrals of superlinear growth (or, alternatively, RESHETNYAK’s lower semiconti-

nuity theorem, Theorem 2.9 below) (g (ji)))-Z" A e(g)L" asi — oo thus
yields

Flg] < liminf Flgu(juy] = liminf F[gy].
1—00 m— 00

The proof is complete. O

2.3. The Ekeland Variational Principle

In this section we recall a variant of the EKELAND variational principle [33] that
is suitable for our purposes. The version which we state here is a merger of [43,
Theorem 5.6, Remark 5.5].

Proposition 2.7. Let (V, d) be a complete metric space and let F: V — R U {oo}
be a lower semicontinuous function (for the metric topology) which is bounded
from below and takes a finite value at some point. Suppose that, for some u € V
and some ¢ > 0, there holds Flu] < inf F[V] + ¢. Then there exists v € V such
that

(@) d(u,v) = Ve,
(b) Flv] = Flul,
(¢) for all w € V there holds F[v] < Flw] + /ed (v, w).

2.4. Functions of Measures and Convolutions

In this section we collect background facts on linear growth integrands and
functionals of the form (1.2). We begin with
Lemma 2.8. Suppose that f € C>(R™") is convex and satisfies (LG) with

sym

c1, ¢,y > 0. Then f is Lipschitz with Lip(f) < c3.

The proof of the preceding lemma evolves in the same way as [43, Lemma 5.2];
the reader might notice that for the conclusion of Lemma 2.8 it is sufficient that
f is symmetric rank-one convex—so convex with respect to directions a © b,
a,b € R"—and satisfies (LG). As to (lower semi)continuity, we shall mostly
rely on the following theorem due to RESHETNYAK [66] (see [7,8,66] for more
information on functions of measures):

Theorem 2.9. (RESHETNYAK (lower semi-)continuity) Let V be a finite dimen-
sional real vector space and let (v;) be a sequence in ./ (2; V) that converges in
the weak*-sense to some v € M (2; V). Moreover, assume that all of v, vy, va, . ..
take values in some closed convex cone K C V. Then the following holds:
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(@) Ifg: K — R>qU{+4o00} is lower semicontinuous, convex and 1-homogeneous,
then it holds that

/ (d(T |)d|”| <hfggéf/ (ddﬁj}) Vil

®Ifg: K — RZO U {+oo} is continuous, 1-homogeneous and if (v;) converges

strictly to v (in the sense that v; Xy and [vi[(2) — |v[(2)), then it holds

that
/ (dd|v|>d|”|_,lin§o (dd| j|>d|”f|

Given a lower semicontinuous, convex function i : RI<" — R>(, we put V :=

sym
R x R¢) and introduce the linear perspective integrand h*: R>p x Ry —
RU {+oo} by
(%), 10, ¢ e Ry,
Wt £) = { ‘ > 0.5 € Rym @2.11)
heE) =0, £ e R,

where h°°(¢§) = lim\o th(%) so that 4 is positively 1-homogeneous. Also, if &
has linear growth, then 1* < co. We put K := R>q x R For Q C R" open and

sym

w e A QR weput v = (L", u) € .4 (2; K) and define for A € A(RQ)

sym

e :/Ah(“) :/Ah#(cn Jav '_/A (iﬁ ;\m v
d d s
(e

In particular, if u, u1, uz, ... € BD() are such that u; — u symmetric area-
strictly in BD(2) and f: ]Rg’yxnf — Rgo satisfies (LG), then f[Eu;](2) —
SEu](€2).

For ju € ./ (2 RiG) and &y € R, we use the convention

w—& = p—&L".

As for Llloc—maps, we define the average of u € .#(Q; ]R;‘yxnf) over B(xg,r) C Q
by
u(B(xo, 1))
() xo. :=][ n=—-—"" (2.12)
O Jewory LM (B(xo, 1))

By the Lebesgue differentiation theorem for Radon measures, .Z"-almost every-
where xo € R” is a Lebesgue point for x in the sense that there exists &y € R:‘yﬁ’
such that

li — =0. 2.1
rl{r(l)(lu §0Dxo.r =0 (2.13)
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The Jensen inequality here takes the following form, cf. [69, Lemma 4.12]: If

h: R — R is convex, then

h((Wxo,r) = (I1]),, - (2.14)

For future applications in Section 5 and 6, we call a compactly supported, radial
function p: R" — [0, 1] a standard mollifier provided ”p”L](R”) =1, spt(p) C
B(0, 1) and p is of class C* in B(0, 1). Given ¢ > 0, we then define the &-

rescaled variant by pg(x) := &7" p(’é). As a consequence of (2.14), whenever
w € Moc(R"; RZan’f) and ¢ > 0,

h((pe % ) < (p # ) inR".

Below, we shall particularly work with the following two choices p(, p®: R" —
R:

_ 1
pM = (Z"(B(0, 1)) 'pe.1) and p® =y, Ip(.1)exp ( - m)

where y, is adjusted in a way such that lp® Lt ey = 1. Given u € LIIOC(Q; R™)
and € Moc(2; R, we put

sym

Ug ‘= pél) * U and ug . = ,08(2) * Uy,

e = (o # )L and pue = (08 * ) L"

(2.15)
for ¢ > 0. Upon straightforward modification, the proof of [10, Lemma 5.2] then
implies

Lemma 2.10. Let 1 € Moc(2; Rg’yﬁ’) and let xg € 2, R > 0 be such that
B(x0, R) € Q. Moreover, let ¢ > 0 satisfy ¢ < g. Then for any convex integrand
f e C2(Rx1, R;o) with (LG) the following holds:

sym *

(@) If0 < t; <ty < R — 2¢, then there exists t € (t1, t) such that

4

flieelB(xo, 1) — flul(B(xo, 1) = _Etl Slu](B(xo, R)).

5]

(b)IfR/2 <t) <th < R—2¢and0 < r < R/4, then there exist r' € (r, 2r) and
t' € (11, ty) such that, adopting the annulus notation of Section 2.1,

1 1
Fliteel(Axo, ', 1) = flul(Alxo, ', 1)) < 4de (ﬁ + ;) flul(B(xo, R)).
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2.5. Estimates on V -Functions and Shifted Integrands

We now collect estimates on auxiliary V-functions to be dealt with later. To
this end, we define for z € R™ the auxiliary reference integrand

V) =v1+]z>=1, zeR™

The functions V will help to define our excess quantity later on, and we record

Lemma 2.11. For everym € N, all z, 7/ € R™ and t = 0 the following holds:

(a) V(tz) < 4max{t, 12}V (2),

b)) V(iz+7)=2(V() + V(@)

(©) (v2 = Dymin{|z], |z|*} £ V(z) < min{|z], |z|*},

(d) and for every £ > 0 there exists a constant ¢ = c¢(£) > 0 such that if |z| < ¢,
then

2P S V@) S el
All assertions (b)—(d) are contained in [47, Section 2.4, Equation (2.4)], [10,
Proposition 2.5], easily implying (a). We conclude this preliminary section with
estimates on shifted integrands. To this end, let f € C? (R:?yxn’f) be an integrand
satisfying (LG). Given a € R’;yfr’f, we define the shifted or linearised integrands
w: RIXT — R by

sym

fa&) := fla+8) = fa) = (f(a), &), &eRy . (2.16)
We state the next lemma in a form that is directly applicable to our future objectives:

Lemma 2.12. Let f € C?(R%XX": R>() be convex and satisfy (LG). Moreover, let

sym >

& e R and 0 < gg, < 1 be such that

sym
Méy, e, *= Min{A(z) smallest eigenvalue of (@) z € B, 0g)} > 0. (2.17)

Then for all matrices a € R with B(a, %) < B(&, 0g,) the following holds:

sym

(@) fa is convex with f,(0) = 0 and f)(0) = 0. Moreover, f, = 0.
(b) For all ¢ € RY" we have, with c(g%) > 0 as in Lemma 2.11(d)

sym

2 16 Li
mepory (2) V) < fu®) < (%) sup 1)+ P

— V().
2 B(£0,0z,) 2 - I)QSO)

The elementary proof of the preceding lemma is deferred to the appendix,
Section 9.2.
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3. Examples of Integrands and Limitations

In this quick intermediate section we present and discuss several sample inte-
grands that underline the applicability and limitations of the main results of the
present paper. Here, a scale of integrands (®,)| <4< 1S given by

(&) /'S/s A
= —das, .
¢ 0o Jo (1+2)3 ym

Then, essentially by [19, Example 3.9 and 4.17], &, is a-elliptic and not b-elliptic
for any 1 < b < a. Such integrands are covered by Theorem 1.1 forif 1 < a <
1+ %, and by Theorem 1.2 for all 1 < a < oo. The latter theorem particularly

includes the example of the area integrand E(£) := /1 + |£|2, being 3-elliptic;
recall that we dispense with 3-elliptic integrands in the framework of Theorem 1.1
as we do not have justification of generalised minima belonging to Lf>. for such
integrands—a condition which is usually required for Sobolev regularity in the full
gradient situation, too.

An intermediate class of integrands is given by (M) <, _o, defined by

M, &) = (14 1+ |s|2)§)%, £ e R

These integrands are a = 3-elliptic forif p = 1,anda = p+1-elliptic forif p > 1,
cf. [14, Section 3.1]. However, integrands that indeed fall outside the scope of the

paper are the linear growth integrands (mp)1<p<co givenbym, (§) := (1+1& |1’)%
unless p = 2; cf. ScHmIDT [69], [70, p. 7] for the proof. In fact, if | < p < 2, then
m’I; (z) blowsupas |z] N\ Oandif2 < p < oo, then m;; (0) = 0. In these situations,
Theorem 1.2 applies only if u € GM(F; ug) satisfies infg |e(u)| > 0. Namely,
if [z] ¢ 0, then m, exhibits the behaviour of the p-Dirichlet energies and, as to
partial regularity, forces to employ a p-harmonic comparison strategy. Whereas this
does work well in the full gradient case [69] following the works of DuzZAAR and
MINGIONE [31,32], the requisite comparison estimates in the symmetric gradient
context seem to be not available at present.

4. Local W' 1-Regularity and the Proof of Theorem 1.1

In this section we establish the Wll(;cl —regularity result asserted by Theorem 1.1.
Here we employ a refined version of a vanishing viscosity approach, to be set up in
Section 4.2, with the ultimate objective to obtain suitable second order estimates
in Section 4.4. In Section 4.5 we then establish Theorem 1.1 and collect selected
implications in Section 4.6, thereby completing the lower three regularity assertions
gathered in Figure 1.

4.1. Strategy and Obstructions

We start by clarifying the underlying obstructions first, thereby motivating the
particular setup of the proof. For f is convex, the higher Sobolev regularity of
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Theorem 1.1 is usually accessed through the Euler—Lagrange system satisfied by
u € GM(F'; ugp). On the other hand, as Eu is a finite Rg’;;:’-valued Radon measure,
the relevant Euler—Lagrange system needs to be understood in the sense of ANZEL-
LOTTI [8], containing the gradient of the positively homogeneous recession function
f°°. Note that f*° essentially ignores the specific ellipticity of f (for example, with
the integrands m,, from the previous section, m;" = |-|forall 1 £ p < 00), and
hence it is difficult to extract the relevant higher integrability as long as the presence
of E*u is not ruled out per se. Equally, this also explains why directly working on
the minima is in fact a useful device for the partial regularity to be addressed in
Section 6; we here essentially restrict ourselves to neighbourhoods of points where
E*u is assumed to vanish, cf. Theorem 1.2.

To overcome this issue in view of higher Sobolev regularity, one is led to
consider good minimising sequences, usually obtained by a vanishing viscosity
approach, and derive the requisite compactness estimates. As it is common in the
case of degenerate p-growth functionals with 1 < p < 2, the original function-
als are stabilised by adding quadratic Dirichlet energies %ll Vv ||i2. The minima v
of the correspondingly perturbed functionals then are proven to converge (up to a
subsequence) to a minimiser v of the original functional, and uniform regularity
restimates on the v;’s carry over to v. When the p-growth integrand f (for p > 1)
is strongly convex, hence strictly convex, minima are unique and so this method
in particular leads to the requisite regularity estimates for a// minima. In the linear
growth setting, cf. (LG), the recession function f*° is positively 1-homogeneous
and thus never strictly convex despite possible a-ellipticity (and hereafter strict
convexity) of f. Since, by the representation (1.3) of the weak*-relaxed functional
fuo [—; €2], the recession function acts on the singular part ESu of u € GM(F’; ug)
exclusively, even strict convexity of f does not imply uniqueness of generalised
minima—which cannot be expected in general anyway, compare the counterex-
amples in the more classical BV-case [37,68]. A vanishing viscosity approach as
outlined above thus is only able to yield Sobolev regularity for at most one gener-
alised minimiser as long as generalised minima are not known to belong to LD o).

In particular, based on this approach, we cannot rule out the existence of other,
more irregular generalised minima. A similar issue has been encountered by BECK
and ScHMIDT [14] in the BV-setting and by KRISTENSEN and the author [46].
To circumvent this issue, we adapt and extend the modified vanishing viscosity
approaches outlined in [14,46]. Effectively, we start from an arbitrary given gen-
eralised minimiser u € GM(F; up) and construct a suitable minimising sequence
(v;) that converges to u in the weak*-sense in BD(£2). To do so, we consider an
extension of a perturbed version of F to a suitable negative Sobolev space for whose
topology the perturbed functional turns out lower semicontinuous. Then EKELAND’S
variational principle provides us with an *almost minimiser’ of the perturbed func-
tional, cf. Section 4.2. Such almost minimisers satisfy Euler—Lagrange differential
inequalities which make elliptic estimates available. Finally, these almost minimis-
ers are shown to converge in the weak*-sense to the given generalised minimiser,
and uniform regularity estimates will eventually inherit to the latter.

In the setting of functionals on BV as considered in [14], perturbations in W~
are sufficient. This is due to the fact that the full gradients of generalised minima are
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a priori known to exist as finite Radon measures. As discussed at length in [44,46],
the implementation of the underlying difference quotient approach in the setup of
functionals (1.2) leads to terms of the form

Agpujl?
T:/pzijlldx, 4.1)
(1+e)?):?

where p: Q — [0, 1] is a localisation function and, given v: R” — R", h # 0
ands € {1,...,n},

As pv(x) == %(v(x + heg) —v(x))

denotes the difference quotient of v. Here, (u ) is a suitable minimising sequence
converging to u in the weak*-sense. In the BV-setting (in which case the sym-
metric gradients in the definition of T are replaced by the full ones), the term T
can be controlled by [|Vuj|l; 1. As T is a priori not controllable by ORNSTEIN’s
Non-Inequality in the BD-situation, KRISTENSEN and the author [46] employ frac-
tional estimates in order to avoid the appearance of 7', simultaneously perturbing
in the space (W(l)’oo)*(Q; R™). The latter method, being based on the embedding
BD(Q) «— WS/ @=1+9(Q-R") for 0 < s < 1 then yields weighted Nikolskif
estimates (and thus W* !-estimates for some suitable 0 < o < 1) for the symmet-
ric gradients of generalised minima. However, this only yields the smaller range
of ellipticities 1 < a < 1 + }l Still, since f € Cz(Rg‘an’f), generalised minima
should be expected to satisfy a differentiable Euler—Lagrange equation and hence
the use of fractional methods does not give the expected optimal ellipticity range
l<a<l1+ % In order to obtain the latter, it seems that we are bound to obtain uni-
Sformweighted second order estimates in the spirit of BILDHAUER [19, Lemma 4.19]
or BEck and ScHMIDT [14, Lemma 5.2]. Unlike the full gradient case, the requisite
second estimates do not come out by a plain difference quotient approach but a fine
analysis of the identities provided by suitably weakly perturbed Euler—Lagrange
systems, see Theorem 4.3 below. In view of this aim, it turns out that the suitable
perturbation space is w21 (2; R™) (cf. Section 2.2.3), and we can now turn to the
precise implementation of the approximation argument.

4.2. Viscosity Approximations

‘We now set up the Ekeland-type viscosity approximation scheme, and hereafter
suppose that f € C(RZ*") is convex with (LG) and ug € LD(S2). For ease of

sym
notation, we write F := F,,[—; Q] in the sequel. Let u € GM(F’; ug) be arbitrary.
By smooth approximation in the (symmetric) area-strict topology, Lemma 2.1, we
find a sequence (u;) C P, := up + LDo(£2) such that

uj — u in L'(Q;R"),

1+ 1B 2@ — VI BP@) + [ [ Triato -0 © valde" ™.
aQ

4.2)
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By Theorem 2.9 ff. and hereafter continuity of w +— f[Ew](£2) for the symmetric
area-strict metric, (#;) is a minimising sequence for F, and we have F[u il =
Flu;] — F[u] = min F[BD(Q)]. Passing to a non-relabeled subsequence, we
may thus assume

min F[BD(Q)] £ Flu;] < min F[BD(Q)] + 8—12 forall j e N.  (4.3)
' J

Since the trace operator Tr: LD(R"\Q) — L'(9: R") is surjective, we find a
compactly supported extension ug € LD(R") of up. After a routine mollification
of up, we obtain ujm e Wh2(Q: R") such that

1
02
i _MOHLDQ §.—.7
J @ =8 Lip(f),?

where Lip(f) is the Lipschitz constant of f (cf. Lemma 2.8). We then put Z; :=
uﬁﬂ + WA R") € Wh2(Q; R?). Since uj — ug € LDo(R), we find &; € 7;
such that

4.4)

l[u

luj —uo — @ — u?Hlip@) £ s
/ 7 P = R n () 2

from which it follows that

aQ

~ ~ 29
li; —ujliip@ < lluj —uo — @ —ui)lLp) + lluo — ui lupe) =

~ 4Lip(f)j*
4.5)

Since W, #(€2; R") C LDy(€2), we find for arbitrary ¢ € W% (2; R") that
inf F[Zu,] < Fluo + ¢]
= Fluo + ¢] — F[u}? + o]+ F[u}® + ¢]
< Lip(f)lle o — ul) 1 qpu) + Flul? + ¢]
e 8;—,2 + Flul® + ¢].

At this stage, we infimise the previous overall inequality over all ¢ € W(l)’z(Q; R™)
to obtain

1
82
Then, since min F[BD(R2)] = inf F [P, ], we deduce that

Fluj] = Flu;] — Flu;1+ Flu,]
< Lip(f)le(Gi)) — el g, + Fluj]

inf F[Zy,] = o +inf F[Z;]. (4.6)

4.5 @3 3 47
< @+F[u,-] < 81—,2+1an[%0] “4.7)
4.6)

.
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We consequently introduce the quantities A; and the integrands f; : ngxrﬁl —- R
via

1
A ;_1+/<1+|s<u,>| e and (5 1= F6)+ 371+ 49

for & € Rg'yan'. In order to employ the Ekeland variational principle with respect to
sufficiently weak perturbations, we extend the integral functionals corresponding
to f; to W=21(Q; R") by

/ fiew)dx ifwe Z;,
Q

Fi[w] :=
+00 if we W21(Q; R\ 2;.

4.9)

For each j € N, the functional F; is not identically +o0 on W~21(Q; R"). The
latter space is Banach by Lemma 2.5 (a) and, by Lemma 2.6 with f = f;,q =2
and k = 2, F; is lower semicontinuous with respect to the norm topology on
W—21(Q: R"). Moreover, we record

1 @D 1

Filij] = Flujl+ 5 = — +inf F[Z;] =

: + inf F;[W™21(Q; R")],
2j2 J? j? !

having used the very definition of F; in the ultimate step. Therefore, Ekeland’s
variational principle, Proposition 2.7, provides us with v; € W=21(Q; R") such
that

1

lvj = llw- 2.1(Q; R”) =

Jj’
1 -2,1 n
Fj[vj] g Fj[w] + —,||Uj - w”W*Z»I(Q'R") forallw € W™= (22; R").
j ;
(4.10)
We extract from (4.10) some routine information by testing with w = u:
@10, ~
Filv;1 = Fjlu;1+ ;ij — uj“W—Z,l(Q;Rn)
(4.20)1 _ 1 - 1
= F[uj]+—2Ajj2 /Q(1+|8(uj)| )d)c+j—2 (4.11)
@.7)

2
§ inf F[@uo] + R
J

The latter quantity is finite and so, by the very definition of F;, v; € ¥; C
W!12(Q; R"). Moreover, as vj — u?Q € W(l)’z(Q; R"™) € LDy(2),
inf F[Z,0] < Fluo+ (v; — u 9 — Flv;] + Flvj]

< Lip(f)lluo — ui?“nw(m + F[u;]

@44 @1h 3
= +F[v,] s j—2+1an[%0]-

4.12)
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For latter purposes, we record the perturbed Euler—Lagrange equation

1 1,2 n
—_||§0||w72,1(Q;Rn) for all ¢ € W 7(2; R").

‘ [ tr5te. etonas| <
Q J

4.13)

This inequality can be obtained by testing (4.102) with w = v; 4= ¢ for 6 > 0,
Qe Wé’z(Q; R™), dividing the resulting inequalities by 6 and then sending 6 \ 0.
Moreover, by the linear growth hypothesis (LG) and % = min{%, c1}, we infer from
(4.11) that

1 . " 2
/Q le(v;)ldx + W /Q(l + Ie(vj)|2)dx < c<1nf Fl Dyl +yvZL"(Q2) + 1_2)
(4.14)

holds for all j € N. Finally, we note that due to Poincaré’s inequality on LD (€2)
we obtain

sup/ lvjldx < sup[/ lvj —u?9|dx+/ |u?9|dx]
jeNJQ jeNb+JQ Q

4.4), 4.14)
< Csup [/ le(vj)]dx + ||u?.9||LD(Q)] < o0,
jeN Q

(4.15)

where C > 0 is the constant appearing in the requisite Poincaré inequality. We
finally record

Lemma 4.1. The sequence (v;) as constructed in (4.10) possesses a subsequence
(vj@y) C (vj) such that

Vi) Suoin BD(R2) as | — oo,

where u € GM(F'; ug) is the generalised minimiser fixed in the beginning of the
section.

Proof. By (4.14) and (4.15) we conclude that (v;) is uniformly bounded in BD(£2),

and thus possesses a subsequence (v;)) C (v;) such that v X vin BD(Q2)
as [ — oo for some v € BD(R). Since LI(Q; R") — W~ >1(Q;R") by
Lemma 2.5(b), vj¢) — v in W=21(Q; R"). On the other hand, (4.2), (4.5) and
(4.10) imply that v;¢y — u in W_Z'I(SZ; R™). Hence u = v, and the proof is
complete. O

4.3. Preliminary Regularity Estimates

To justify the manipulations on the perturbed Euler—Lagrange equations satis-
fied by the v;’s, we now derive non-uniform regularity estimates. Since (4.13) do
not display elliptic differential equations (but differential inequalities), the corre-
sponding higher differentiability assertions need to be approached slightly more
carefully than for plain viscosity methods.
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Lemma 4.2. Let f € C2(R™") satisfy (LG) and, for some A € (0, 00), the bound

sym
2
€] nxn

- forallz,§ € Rsym.
(1 +1z1%2

Define v; for j € N by (4.10). Then it holds that v; € W2’2(Q; R™).

loc

0<(f"(x)5. &) S A (4.16)

Proof. Let xo € Qand 0 < r < R < dist(xg, d2). Also, let s € {1,...,n},
0 < h < %(dist(xo,BQ) — R) and pick p € C°(;[0, 1]) be such that
1B(xo.r) S P S 1B(x.r)- We test the perturbed Euler-Lagrange equation (4.13)
with ¢ 1= As (p2As,h vj) € wi’z(sz; R™). In consequence, integration by parts
for difference quotients yields

1
‘ / (AsnfjeW)), e(p> Agpvj))dx| < 7||As,_h(p2As,hv,~)||sz.1(Q;Rn).
Q
“4.17)
We define for £ -almost everywhere x € B(xg, R) bilinear forms % s , (x): ngxnf
Riym — Rby

1
Bjsn(x)n, E] = / (fj (e (x) + thA; e ())n, &)de, 1, & € R
0
Then we note that, because of (4.16) and the definition of f;,

GPANTEP £ B san0EE1 S (A + (GPA)THIEP? = CjlE* (4.18)

forall £ € ]Rg'ym , independently from s, & and x. Thus each Z; ; j, (x) is an elliptic
bilinear form itself and a suitable version of Young’s inequality is available. With
this notation, we infer from (4.17) by expanding the terms on the left and regrouping

I:= /Q Bjsn()pe(As nvj), pe(Aspvj)ldy = /Q%j,s,h (O)[pe(As,1),2Vp © Ay pvjldx
+ 180 Aty -21 @ine
< % /Q%‘j.s,h(X)[pe(As,hvj), pe(Agpvj)ldx
+ % /Q Bjsh(X)2Vp O Agpvj, 2Vp O Agpvjldx
+ ;I\As,_h(pzAS,hv,)|\W72,.(Q;Rn) = I+ II+1V.

Absorbing term II into I, we obtain

1 5 (428) 1 -
ZJTAJ'/QmS(AS’hUj)l dx = §I=I—II:III+IV 4.19)

and thus need to give bounds on III and IV. As a consequence of (4.18), we
immediately obtain

I < 4C; sup|Vp? | Agnvj1*dx < 4C; (sup Vo) 10511512 g
Q B(xq,R) Q ’

X
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which is finite due to v; € WLZ(Q: R"). As to term IV, we use Lemma 2.5(b) to
find by LY(Q2; R") — W-21(Q: R") for some 1 < q <2

c(2,q) < <(8,q,n)
| AYS f”a (,0 A hUJ)HL‘I(Q Ry = f”s(pzAs,hUj)”Lll(Q R
c(€2,q,n) c(§2,q,n
< 7va O Agpvj ”LtI(Q RIS + 7”/0 e(Ay, hv])”Lq(Q R
c(£2,q,n) . i
< S Gw VDIVl Rn)+( 7 | 1B Pdx +e@on. )’
jloJQ
c(2,q,n) .
< *Tq (sup [VPDIV; L2 @ire) + j2/ |pe (M) Pdx + (., j.q),
j Q

(4.20)

where ¢(2,n, j,q) = 1 and ¢(€2,g) > 0 are constants. Here we used Korn’s
inequality in W(l)’q(Q; R") in the second and Young’s inequality in the penul-
timate step. The second term on the very right hand side of inequality (4.20)
consequently is absorbed into the very left hand side of (4.19), and then we
obtain SUP| 1, < L (dist(x0.92)—R) I < oo. Thus, (A e(vj))y is uniformly bounded

in L2(B(xg, r); ngxn{‘) and hence 9dse(v;) exists in L2(B(xg, r): R’;yﬁ) for each
s € {1,...,n}. As a consequence, d;v; € Wl’z(B(xo, r); R™) by Korn’s inequal-
ity. By arbitrariness of s € {1,...,n}, xop € Q2 and R > 0 sufficiently small, we

thus obtain v; € le(;f(Q; R™). The proof is complete. O

4.4. Uniform Second Order Estimates

We now turn to uniform estimates (in j € N) for the viscosity approximating
sequence (v;). The following result is a key ingredient in the proof of Theorem 1.1,
and we single it out as a theorem on its own right:

Theorem 4.3. Let f € C? Ry ) satisfy (LG). Moreover, suppose that for some
A > 0 there holds

2
< (f"(2)€, &) < AL, forall z, &€ € RIX, 4.21)

1+ [z[2)2 o

Moreover, let (v}) be the viscosity approximation sequence constructed in the pre-
vious subsection. Then there exists a constant ¢ = c¢(A, c1, ¢2, ¥, n) > 0 such that
forevery xg € 2,0 < r < 1 with B(xg,2r) € Q and all j € N there holds

n

c
> / (] (e))dke(v;), de(v)))dx < — le(vj)ldx
k=1 B(xg,r) r B(xp,2r)
c 2 c /. 2
— (1 + o)) )dx + — (inf F[Zu] + 72" () + — )
Aj]2r3 /]3(x0,2r) ! ]r< 1 ]2>

(4.22)
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In what follows, it is customary to introduce the shorthand notation
oj = fi(e(v))) and A;[vig. nl = (FfWE ), v.§neRLD

We begin by collecting the properties of o:

Lemma 4.4. Let the integrand f € C2(R™") satisfy (LG) and (4.21) and define

sym

v; by (4.10). Then forall £ € {1, ... ,n} and ¢ € Wg’z(Q; R™) we have

1
;||<p||w71,1(Q;Rn). (4.23)

=

‘/ (0e0j, e(p))dx
Q

Proof. By Lemma4.2,v; € Wi2(2; R"). We note that 8,0 = £l (e@))dee()),
and since SUP, e |fj{/(z)| < 00,0 € Wf{;f(gz; Ry Let ¢ € C(Q; R™).

sym

Then d¢¢ is an admissible competitor in (4.13) and so, since o; € Wll(;g(Q; R’;;fr’f s

= ‘/ (o), &(dee))dx
Q

4.13)

1
= ;||3£<P||W*2’1(§2;R") = ;”g"”W*“(Q;R”)'

'/ (0¢0j, e(p))dx
Q

Here, the last estimate is valid by Lemma 2.5 (b). Then the case of general
Wé’z (£2; R™)-maps ¢ follows by routine smooth approximation and W2 RY) —
w-h@; R, O

‘We now come to the

Proof of Theorem 4.3. We divide the proofinto three steps, and fix j € N through-
out.

Step 1. Modified perturbed Euler—Lagrange equations. To establish (4.22), we
shall use the weak Euler—Lagrange equation (4.23) from Lemma 4.4 satisfied by
oj.Letk € {1,...,n}and letxo € 2, 0 <r < 1be such that B(xo, 2r) € 2. We
choose a cut-off function p € C°(; [0, 1]) such that 1g(,r) < p < LB(x,2r)

and |V p| < (%)k for k € {1, 2, 3}. Without loss of generality, the interior B’ of
spt(p) is a ball, too.

Then, since v; € w22

1oc (€2; R") by Lemma 4.2, we obtain that ¢ := 020 (v; —
aj) =: 02w ; belongs to Wg.’z(Q; R™) and hence qualifies as a competitor map
in (4.23). Here, a; € Z () is arigid deformation to be specified later on, and w;
is defined in the obvious manner. We write A = (A’ ”‘)l’.’,m:1 for an (n x n)—matrix

A and denote the /-th component of a vector u € R” by u®. Then applying (4.23)
to £ = k and summing over k € {1, ..., n} yields by virtue of Lemma 2.5 (b)
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o 1 <
> [ @ o < < Y Pyl

k.im k=1
| — 5
< 72 19k (0> w;) = 2(00%k LYW llyy—1.1 ey
k=1
c(n)
< j_r”wj||L1(B’;R”)7
(4.24)
where the left-hand sumis taken over all indices k, i, m € {1, ..., n}. Towards (4.22),

we note that

n

Z/B( )(f}’(e(vj))ake(vj),8k8(vj)>dx < Z/QA,-[e(v,-);p8k8(vj),p3k8(vj)]dx
X0,7 k=1

k=1

= Z /(aka;’")p28k8im(vj)dx,
Q

k,i,m

(4.25)

whereby it suffices to estimate the right hand side in view of (4.24). From (4.24)
we deduce

2 [ @ s

k,i,m

<= 3 [ oo+ GupP i
kiym 7 <2
)
Jjr
== ¥ | @ @pdn” + s (426)

k,i,m

+3 /Q (30" (@i 0" w | + (B 07w ) dx

k,i,m

||w] ”LI(B/;RH)

= 3 [ @l @) + @050
k,i,m 2 l
c(n) _ c(n)
+ j_r lwjll g gey = T+ 1T+ 1T+ j_r”wj L By -
Step 2. Estimating the terms 1, II and III. Ad I and III. Let us note that, since
the indices i, m run over all numbers 1,...,n and 0;(x) € Rg;;{’ for Z"-almost
everywhere x € 2, we have I = III. Moreover, we note that the artificial terms
leading to the appearance of II are just introduced to have the symmetric gradi-
ent appearing, that is, terms which are conveniently controllable. In consequence,

defining ;O := (;OI™)!, | and ;6 := (;O{™)! | with

O = @npPe™ (w)),
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JO =23, p)e*(w)),  k,i,me{l,..., n),

we find by 0 (x) € R for 2" -almost everywhere x € Q2 and the definition of
the Frobenius inner product on R"*"

I+ I0| <20 < 4| /(aka”")(amp )&k (w;)dx

k,i,m

(o, ;O™ dx| =: IV.

We now employ the definition of o; and A4;[e(v;); -, -]. Then we obtain, applying
the Cauchy—Schwarz inequality to the bilinear forms A;[s(v;); -, -]:

l n
V<2 Z/QA,-[swj); pdke(v)), pdee(v;)]dx
+8Z/ Ajle(v)); ;O ;6™ 1dx = TV
Appealing to (4.21) and recalling |Vp| < %, we then further estimate

! 1 -
=5 ,; /Q Ajle)): pdee(v)), pke (v))ldx

128 An? 128n? 5 (4.27)
+ 5 le(uj)ldx + > le(vj)|"dx
r B(x0.2r) r=A;jJj* JB(x.2r)
=V +V,+4+ Vs,
Ad II. By symmetry of o, that is, o}m(x) = a]’-"i (x) for all i,m € {1,...,n},

J € N and for .Z"-almost everywhere x € €2, and a permutation of indices, it
suffices to estimate the term

2VI =2 / (O™ (@ %) (O w(k))dx (4.28)

k,i,m

with an obvious definition of VI. Integrating by parts twice yields

VI = Z/ O™ (3 p2) By Pdx = — Z/ M (3 P20 w)dx

k,i,m k,i,m
=-2 / o™ (@ik ") dmw'” + (3 ) diw ' )dx
k,i,m

- Z/a (@™ p? )’ + B, (017 0; p?) dw P dx

k,i,m
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. o )
=2 /(ama]’.’")(aikp%w; " M Bt pPw P dx
Q

k,i,m
. . _ .
+ 2 [ @uom @t + ol @i
k,i,m
= VI + -+ VL4, 429)
where VI, ..., VI4 are defined in the obvious manner. Note that, by the le(;f_

regularity of v; and the W]I(;cz-regularity of o}, this is a valid computation. The
crucial point in this calculation is that the only derivatives that apply to w; appear
in the form d; w ®) (and are decoupled from the (i, m)—components), and summation
overk € {1, ..., n} corresponds to taking the divergence of w;. We define v/;  :=
( j(l,)( = ((E)Z-k,oz)wﬁk))iz1 € Wé‘z(Q; R™). Then, with div(c;) denoting the
row-wise divergence, we obtain

VI

Z/Qmiv(aj), ¥ x)dx
k

n

. ‘ k
Z/ dlv(o;'))(aik,oz)w; Ddx| =
ki 7€
)1
3 D Ijly-21gupm)
k=1

n 4.13
> [ g eti0ds
k=1
c(n)

< (4.30)
n 2 .2 < —- VII
;” IVop |wj||Ll(Q;Rn) = F'lw“'Ll(B’;R”) =: VIL.

A

Here we used Lemma 2.5(b) in the penultimate inequality. The term VI3 is
treated similarly, now defining ¥ := ((Bipz)akw;k))?zl € Wl’z(Q; R"™) as
2,2

w; € Wi 2 (2; R") by Lemma 4.2. Then we estimate analogously

Z/Q(div(oj), Vjx)dx
k

1 & k
=2 €@ ) Ahw N w21 g
k=1

IVI3| =

A

A

1 ¢ '
= D 1@p3w Iy g
k,i=1

1 n
== > 1@ pHw™) — GupPw ly-21(q)-
k,i=1

At this stage, note that by repeated use of Lemma 2.5(b),

k k
13k (@ 07wy = Gutp w21 g1

k k
1@ pHw N gy + 1@ w1 -
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Hence, we obtain (by possibly enlarging the constant c(n) > 0 from the estimation
of |VI])

(n)
IVI3] = — — 7 Wil gy = VIL 4.31)

We turn to the estimation of VI, and VI4. We recall that we still have the freedom to
choose the rigid deformations a as they appear in the definition of w ;. As spt(p) =
B’ is a ball®, we find a constant C(B’) > 0 such that for every v € WH2(B'; R")
there exists a € Z(R") such that

/ lv — aldx §cnr/ le(v)|dx and / lv — al?dx §cnr2/ le(v)|*dx.
’ B/ B/ B/

(4.32)

It is important that for each such v we can choose one rigid deformation a to make
both inequalities work, and by Lemma 2.3, this is in fact possible. Accordingly, we
choose for each j € N some a; € Z(R") such that inequality (4.32) holds with v
being replaced by v; and with a being replaced by a;. Turning to VI, we go back
to the definition of o; and thereby obtain by virtue of Young’s inequality and the
above Poincaré inequalities (4.32) that

VL] <3 /(|f(s(vj>>|+ 1712 1@ ) ] dx

k,i,m
c( ) L (f)/ wjldx + >-— / w,| 2dx+/ Is(wj)|2dx
0<r<1 ¢(n) max{Lip(f), 1} 1+r2
< - p ( / le(vj)ldx + ——— 24, /, |£(vj)|2dx).
(4.33)

As to VI, we note that since (¢(v;)) is uniformly bounded in L(Q; Rxm) by

sym
(4.14), so is (div(v;)) in L'(Q). We then estimate, using the pointwise bound
|div(w;)| < [e(v))| and (4.14),

VL < %/ﬁw | div(w;)|dx (4.34)
c(n) max{Lip(f), 1} 1
< = (/B le(v)] + W|s(vj)|2dx>.4 (4.35)

By our choice of a; and (4.14), VII can now be estimated by

c(n) cn) . 2
I < / mon S— f F|9, (Q — ). 4.
VILS =5 gy < (inf FI%0] + 7 2"( >+j2) (4.36)

3 Inview of Poincaré’s inequality, it would be sufficient to assume that spt(p) is a connected
Lipschitz domain.

4 Note that rigid deformations have zero divergence.
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Step 3. Conclusion. We now gather estimates and start from (4.25) to find

n 4.25) ( )
Z/QAj[e(vj);paks(vj),paks(vj)]dx S LTI+ == gy
4.27), (4.29) c(n)
< (Vi+Vo+V3)+ VI +---+ VI + —IIS(w])IIL (B':R")

whence we absorb V into the left side of the previous inequality. We then succe-
sively combine (4.27), (4.30)—(4.36) with (4.14) to obtain via0 < r < 1

n

C
E Ajle(); poke(v)), pore(v)]dx = — le(v)ldx + ———= X%
— /Q N ! ! r2 Bao2r) Ajjir3

2
x/ (1 + le@pPdx + - (inf F[Z] +7.27(@) + =),
B(x0,2r) Jr J

where we track constants to find that c = c(Lip(f), A, n, y, c¢1) > 0. Since Lip(f)
only depends on ¢, y by Lemma 2.8, this immediately gives (4.22) by (4.25), and
the proof is hereby complete. O

4.5. Proof of Theorem 1.1

Based on Theorem 4.3, we can proceed to the proof of Theorem 1.1. It needs
to be noted that the second order estimate given in (4.22) is the decisive ingredient
which we lacked in [46], and in the following we demonstrate how (4.22) leads to a
Sobolev regularity improvement. Here, we are led by the ideas exposed in [14,18]
for the gradient case.

Proof of Theorem 1.1. Letu € GM(F’; up) be given and let B(xg, 5r) C Q2 be an
open ball. In this situation, u is a local generalised minimiser, which in particular
implies that F, [u; B(xq, 5r)] < F,[v; B(xo, 5r)] for all v € BD(B(xq, 5r)). We
now denote (v;) the specific Ekeland viscosity approximation sequence as con-
structed in (4.10)ff., with 2 being replaced by B(xg, 5r) and u( being replaced by
U|B(xy,5r)- Lemma 4.1 then implies that there exists a subsequence (v;q)) C (v})
such that v, — u in BD(B(xo. 5r)) as | — o0.

We begin with n = 3. Since in particular | < a < 2 in the present situation,
we introduce the aux111ary convex function V,(¢) := (1 + |§| ) € € Rg'yf{l'
Recalling (vj@)) C Wloc (B(xg, 5r); R") from Lemma 4.2 and differentiating
Va(e(vjy)), we obtain for all k € {1, ..., n} that

2 —a\2 2
3 Vale @) < (T57) 18kewja) P ey + lewjan ) T

|31<8(vj(1))|2
(1 +le(ja)l?)?

[IA
o
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Therefore, we find by the previous inequality, the lower bound in (1.4) and Theo-
rem 4.3:

. 2 < . 2
Vo@Dl 2, < e (I9VaC@0 R
1
b [ WaewonPar)
= JB(xo,r)

. 2
< c(n,a)(/ _IVE@oIP
Bao.n (1+1e@jn)P)?

1 1
+ 72/3( )(1 n |8(vj(1))|2)2dx>
X0.7

@. 22) “.14) .

le(vj@y)ldx
r2 B(xg,2r !

c

+ x/ (1 + le(vjy)|Hdx
Aj(l)J(l)2r3 B(x0,2r) /o

., 2
ton = (Fulus Bexo, 511 4+ 7. 2 (Bxo, 57)) + (1)2)
+cr"” =II]+---+IV1,

4.37)

wherec = c¢(n, a, A, A, y, c1, c2) > 0. Here, the first estimate is valid by the scaled
Sobolev inequality, whereas we have used /1 + 2 < 1 + ¢ for the ultimate one.
As a consequence of the definition of V,,, we find

1212 < V,(z) forall 7 € R, (4.38)

sym *
This yields local uniform boundedness of (e(v;(;))) in LY (B(xo, r); R:’yﬁ) for q =
2 :=5n, and the latter number satisfies ¢ > 1 if and only if 1 < a < 1 +

Wthh is the standing assumption of Theorem 1.1. Let us note in advance that
(4.12) implies that lim;_, o, II; = 0, whereas lim;_, o, III; = 0 holds trivially. Now
consider the function W, (¢) := [t|? for ¢ > 1. Then lIJ(‘;O(t) = oo forif [t| > 0.

Since €(vj))-Z" L B(xo,7) X Eul B(xo, r), we obtain as a consequence of
RESHETNYAK’s theorem, Lemma 2.9, and the notation adopted in (2.11) afterwards
with v = (£, Eu),

dE* dv
/ W, (Eu)dx +/ \IJ;O( " )d|E“u| =/ \If#( >d|v|
B(x0,7) B(x0,7) d|ESu| B(x0,r) djv|

< hmmf/ ‘pj(l,g(vj(l)))dx
B(xo,7)

[—o0

(427) C( |Eu|(B(xg, 57)) n r"_2> Tz

72

(4.39)

Since the very right hand side is finite, we conclude that E*u vanishes on
B(xo, r). By arbitrariness of B(xg, ), we moreover infer that E'u = 0 in Q
and so u € LD(S2) together with ¢(#) = &u. Moreover, by Korn’s inequality,
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Vu € L1(B(xp, r); R"*™). To obtain the precise form of (1.7), we choose a rigid
deformation 7, € Z(B(xg, r)) such that

IViliLs @ o, ryimerny S 1V @ = 7 Lt @ xo,ryserny + 1V Tulls @, rimreny
2.6 -

g C(Hg(u)”L"(B(xom);RZ)ﬁ,'{) +ra 7[ |7Tu|dx>
' ) JB(x0,r)

Q2.7 .\
n_j
P (COT T ——_; ]i( Juldx)
X0,

“.39) Eul(B(x0. 5 L 0
< C((I u|(B(xo, r))+r,,_2)H +r6‘1][ |u|dx>.
B(xo,r)

72

n=2 .
2-a . we obtain

1 = 1
(][ |Vu|qu)q < c(<1 +][ |Eu|>2 + —][ |u|dx).
B(x0.7) B(xo.5) r JBeo.n

This is (1.7) and the proof is complete for if n = 3. Now let n = 2. As above,
(Va(e(vjy))) is locally uniformly bounded in W!-2(B(xo, 5r); R") and thus, using
TRUDINGER’S embedding whr(Q) — exp = (R2), (4.37) equally yields

<V - 41V,

Dividing the previous inequality by ri=r

Wale@;joDl oy 71 g

Working with W(¢) = exp(tnnjz%u) = exp(t*~?) instead of W, from above, we
similarly conclude that u € E!exp L2 (B(xg, r)). We then employ CIANCHI’S
inequality from Lemma 2.2(b) with § = 2 — a(> 0) and hereafter % = %%Z In
consequence,

Vull SV —m)l

+ IVl

2—a 2—a
expL3—a (B(xo,r)) expL3=a (B(xg,r);R"*")

1
cllle(u —a pnxny o — u dx)
(” ( )”expL2 (B(x0,7):Reym ) r fB(xo,r) | |

= 1
c((l +][ |Eu|)2 + 7][ |u|dx>,
B(xo,5r)  JB(xg,r)

and the proof is complete. O

2—a
expL3=a (B(xo,r))

IIN

IIA

4.6. Selected Implications

We now collect some consequences of the results established above and partic-
ularly improve the results from [46]. We begin by strengthening [46, Corollary 3.8],
justifying the second arrow from below in Figure 1.

Corollary 4.5. (Existence of second derivatives) Let n = 2 and suppose that f €
C2(R™x1) satisfies (LG) and (1.4) for some 1 < a < 5. Then there holds

sym I
GMoc(F) C le(;g(Q; R™ forany 1 < q < 2ifn =2andforanyl < g < nrzl%z
ifn = 3.



Regularity on BD 1133

Proof. Letu € GMq.(F)andletB(xo, r) € 2be anopen ball. Since .= < 1+%,

by Theorem 1.1 we have GMjo(F) C Wll(;f(Q; R") forany 1 < p < ooifn =2
andany 1 < p < Z%gn if n 2 3. Let (v;) be the Ekeland viscosity approximation
sequence constructed in (4.10) with Q being replaced by B(xo, r) and uo being
replaced by u|g(x,)- Then we record, using Young’s inequality with exponents %I
and ﬁ for some 1 £ ¢ < 2,

v N2
/ Ve(u))9dx < 2/ _IVe@pl” .
B(x0,r) 2 JBxor) (14 |e(u))|?)?

2—gq . 44 2
+224 (1+ e ¥ =i dx.
2 JBxor

The first term is uniformly controlled by Theorem 4.3. If n = 2, then the
second term is uniformly bounded in j € N regardless of I < ¢ < 2 as
SUP jen ||‘9(vj)”LP(B(xo,r);Rg’yf{}) < ooforalll < p < oo. If n 2 3, the second
term is uniformly bounded in j € N if

2— 2—
W <279 thatis, ¢ <n""% = Fn). (4.40)
2—q n-2 n—a

Note that g(n) > 1 if and only if 1 < a < -"5. Hence, (v;) is locally uniformly
bounded in W4 for 1 < g < % From here the result follows in the same

way as in the proof of Theorem 1.1, again using Korn’s inequality. O

Compared with [46], we have now established that for the ellipticity regime 1 <

a < ﬁ, all generalised minima possess second derivatives in some Lﬁ) »q > 1

By standard results on Lebesgue points of Sobolev functions, we then have
Corollary 4.6. (Singular set bounds) Let f € C? (R’;yfr’f) satisfy (LG) and (1.4) for
somel <a <1+ % For a given map v € BDjc(2), put

¥, i=1x e Q: limsup[][ |&v —z|dL" +
B(x,R)

|E*v|(B(x, R))]
R\0

» Rl‘lxll .
Z"B(x. R) > 0 forall 7 € }

sym

Ifn 22and 1 < a < 5, then any u € GMioc(F) satisfies dim y(Z,) = n%
We conclude this section by describing the structure of GM(F; u¢) and begin
with

Corollary 4.7. (Uniqueness modulo elements of Z(2)) Let 2 C R" be an open,
bounded and connected set with Lipschitz boundary and uog € LD(R2). In the situ-
ation of Theorem 1.1, generalised minimisers are unique up to rigid deformations,
that is,

u, v € GM(F; ug) = In €e Z(Q): u=v + .
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Proof. By Theorem 1.1, GM(F;ug) C LD(£2). Now suppose that u,v €
GM(F; ug) are two generalised minima such that e(u) # e(v) £"-almost every-
where. Then, by strict convexity of f and convexity of f°,

— r1tu+v 1 1 _
Ful5]< X 5 /Q flewdx + 3 /d ST — w) © vag)d A"

we{u,v}

For u, v € GM(F’; up), the right-hand side equals min fuo [BD(£2)] which conse-
quently yields a contradiction. Hence, (1 — v) = 0 Z"-almost everywhere, and
since 2 is connected, this implies that u = v + 7 for some 7 € Z(R). 0O

As in the BV-case, Corollary 4.7 cannot be improved to yield full uniqueness.
To this end, it is important to require a suitable variant of strict convexity on the
recession function f°°; note that f° is positively 1-homogeneous and hence not
strictly convex. In this respect, the relevant concept is as follows (also see [70,
Section 4.5]): We say that a function g: Rfyxn’f — R has strictly convex sublevel
sets provided for each t € R the set I';(g) = {z € Rg‘y’;’f . g(2) < t}is bounded,

convex and if z1, zo € a4+ (g), then Az + (1 — X)zp ¢ 9l (g) forany 0 < A < 1.

Corollary 4.8. (Uniqueness and structure of GM(F; ug)) Let 2 C R” be an open,
bounded, connected set with Lipschitz boundary such that for any fixed a € R there
holds

A" N(x€edQ: xi=a)) =0 forallie{l,...,n).

In the situation of Corollary 4.7, suppose that the map f°: R" 3 z +— f®(z0Ov)
has strictly convex sublevel sets for all v € R"\{0}. Then there exists a generalised
minimiser u € GM(F; ug) and a rigid deformation w € Z(2) such that

GM(F;ug) = {u+am: xe[—1,1]}. (4.41)

Finally, if there exists a generalised minimiser u which attains the boundary values
Tryq(ug) " -almost everywhere on 32, then GM(F; ug) = {u}.

The condition on f;’° to have strictly convex sublevel sets is satisfied if, for
example, f is spherically symmetric, ruling out that ( £°°)~!({1}) contains any line
segments of positive length. Corollary 4.8 follows from Corollary 4.7 similarly as
in the BV-case, cf. [14, Theorem 1.16], but is technically more demanding; for the
reader’s convenience, the appendix A, Section 8, includes the precise reasoning
with emphasis on the two-dimensional case.

5. A Family of Convolution-Type Poincaré Inequalities

Approaching Theorem 1.2, we pause to provide a family of convolution inequal-
ities to instrumentally enter the partial regularity proof below. We believe that the
result might be of independent interest, and thus state selected versions thereof in
the end of the section.
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Proposition 5.1. Let . > 1andlet V(z) := /1 + |z|?>—1 be the auxiliary reference
integrand as usual. Then there exists a constant ¢ = c(n,X) > 0 such that the
Sfollowing holds: For every open and bounded Lipschitz domain @ C R", u €
BDioc (R") and numbers e, L > 0 it holds that

/ V(L@ — pe % u))dx < emax{(Le), (Le)?} V(Ew), (&)
Q Q+B(0,A /)

where p: R" — R is an arbitrary standard mollifier in the sense of Section 2.4.

Before passing to the proof of the preceding proposition, let us remark that (5.1)
cannot be established as in the full gradient case, cf. [10, Lemma 5.3]. Namely, if
we wish to obtain (5.1) for u € BV(R"; RV) with the symmetric gradient on
the right-hand side being replaced by the full gradient, it suffices to invoke the
fundamental theorem of calculus in conjunction with Jensen’s inequality. In view
of (5.1), OrRNSTEIN’s Non-Inequality forces us to avoid the appearance of the full
gradient on the right-hand side. Upon localisation, a slightly weaker result can
be readily obtained by invoking the SMITH representation formula (2.4) and then
arguing as in the full gradient case, so that we may conclude that forany 0 < 8 < 1
(but not for g = 1) there exists C = C(8, diam(£2)) > 0 with

IV (L@~ pe))llp ) < € min{LeP, L2}V (Ew)|(Q+B©O,¢)  (5.2)

forallu € BD(2) and L > 0*. However, this is neither optimal nor good enough for
deriving the requisite decay estimate in Section 6; see the proof of Proposition 6.4
and Remark 6.6 afterwards.

Proof of Proposition 5.1. The proof consists in four main steps. After giving the
geometric setup in a first step, we establish a preliminary Poincaré-type inequality
involving the reference integrand V in the second step. Then we globalise by a
covering argument with respect to cubes having edgepoints contained in a certain
lattice, depending on the parameters ¢ and A. Lastly, we smoothly approximate to
conclude the full claim. O

Step 1. Preliminaries. Let A > 1 be given. Let 2 be as in the proposition and
denote, fort > 0, N,(R2) := {x € R": dist(x, Q) < t} the -neighbourhood of 2.
We put £ := fﬁ} + 1 € N so that ﬁ < ¢, and define &), := 7.

We now consider the lattice Iy, := ¢, Z" and denote Q;, the collection of all
open cubes of sidelength ¢, and edge points contained in I';,. Given Q € Q,,
we denote é the cube which has the same center as Q and sides parallel to those
of QO but sidelength (2¢ 4 1)¢,. Then O has all its edge points equally contained
inIy,, No(Q) = Q+B(0,¢) C é, and can be written as the union of .4 =
A (x,n) € N cubes from O, ; for notational convenience, we denote these cubes

4 Namely, express the difference u — pg * u by the convolution integrals emerging from
(2.4) and then use the embedding of BD(R") into ngcl (R"; R™) or WS- (n=148) (R R
for0 < s < 1 (cf. [47]). Since suitable fractional potentials of W%: 1 -maps can be controlled
conveniently, this allows to arrive at the claimed estimate for all 0 < g < 1.
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Q(l) Q(2) Q(3)
’ N:(Q)
Q .
.
RS (25 + 1)6)\
~ . €
Q
Fex = e\ —
EX
Fig. 2. Neighbouring cube notation
Q(i), i =1,...,./, and arrange that for all Q € Q,,, the relative positioning

of 0® to Q is the same—see Figure 2 for this setup. Moreover, if Q € e,
satisfies Q N Q2 #~ @, then we have Q C N;. yne(§2). In fact, in this case there exists

xo € QN and thus forany z € Q we have dist(z, £2) < |xo —z|. By the geometry
of Q (see Figure 2), it is clear that |xg — z| does not exceed

ey + Ve = Ve ( +1) < 1/e

and hence dist(z, Q) < Ay/ne so that z € Nkﬁs (€2). Summarising, for every

0 € Q,, with Q N2 # ¢, we have 0 = (U2, 0V € N, ().

Step 2. A Poincaré-type inequality for the reference integrand V. In a second
step, we claim that there exists a constant ¢ = c¢(n) > 0 such that for every open
cube Q C R", every L > 0 and every u € C*°(R"; R") there holds

/ V(L(u — Tou))dx < Cmax{L{(Q), (LK(Q))Z}/ V(ew)dx. (5.3)
0 0

Here, T1 ou denotes the rigid deformation determined by Proposition 2.4. Itis crucial
for this inequality to be available in this very form, and so we provide the details.
Thus let u € C*°(R"; R") and employ the representation from Lemma 2.4: There
exists ﬁQu € Z(Q) such that for all x € Q it holds that

u(x) = Hou(x) + Tole)l(x) = Mou(x) + /Q Ro(x, y)e(u)(y)dy,

where |Rp(x,y)| £ Cgrlx — y|'=" for all x,y € Q, x # vy, with a constant
CR = CR(n) > 0.
Let x € Q. We define a measure u,: #(Q) — R>( by putting u,(A) :=

fA Crlx — y|'™"dy for A € B(Q). Since |x — y| < /nl(Q) forall x,y € Q,

dy CR
. =C 2 £(Q).
14:(Q) R/Q Ty (Q)
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We also need a remark on the upper bound. Namely, if x € Q, then Q C
B(x, «/nf(Q)) independently of x. Thus, with w, = .Z"(B(0, 1)),

dy d
px(Q) = CR/ I CR/ ny T = < Cropna/nt(Q).
B(x,ymt(0)) 1X — ¥l B(0,/me(0)) 1Yl

In conclusion, there exists ¢ = ¢(n) > 0 such that

1
-tQ) S ux(Q) = cl(Q) (5.4)

for all cubes Q and x € Q. Now, iy /by (D) is a probability measure on £(Q) for
every x € Q. In consequence, as |u — [Tgu| < |Tple(u)]| pointwisely in Q and
Vi R>g — R is monotone, we estimate by Jensen’s inequality

/ V(L(u— ﬁQu))dx < / % (L/ Ro(x, y)s(u)(y)dy) dx
0 0 0

le)(y)| dy )
LCRruy d
/Q ( RI (Q)/| YT e 0))

Lemma?2.1 l(a), (5.4)
= cmax{(LL(Q)). (LE(Q))*}x

o / v(/ Is(u)(y)il1 CRd)’>dx
Jo \Jo lx=yI"" ux(Q)

Jensen 5 m(y)
S emax{(LL(Q)), (LL(Q)) }>< V(S(u)(y)) (0 dx

S.4 14
S emax{(LUQ)). (LUDY) 7o /Q /Q |x(8_(b;)|iyf)l)dydx

1
éCmaX{(Lf(Q)),(LZ(Q))z}@/QV(s(u)(y))uy(Q)dy

5.4
< cmax{(Lf(Q)),(LK(Q))z}/QV(E(u)(y))dy.

Tracking the dependencies of constants, ¢ = c¢(n) > 0, thereby establishing (5.3).

Step 3. Inequality (5.1) for C®°-maps. As a main feature of the symmetric
gradient operator, let us note that as first order polynomials, all elements 7 € Z(R")
of its nullspace are harmonic. Thus they satisfy the mean value property and, as
a consequence, convolution with standard mollifiers locally turns out to be the
identity on the rigid deformations, cf. [36, Chapter 2.2.3, Theorem 6]. For any
0 € Q, we recall the definition of the cube Q from step 1. Then (5.3) holds
true with Q and l'IQu being replaced by 0 and 1 U respectively. We then obtain,
using Lemma 2.11(i) in the third step, that

/ V(L@ — pe xw))dx £ ) / V(L(u — p, % u))dx
0€Q;,
ONQAD

< > V(L(u — T gu) — pe * L(u — T zu))dx
0€Q;,
ONQAD
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S)\\/ﬂe

/\\/ﬁf/ : : : ; 7 I EN

NSV —
€

I'.

Fig. 3. Not-to-scale construction in the proof of Proposition 5.1. In step 1, the lattice param-
eter ¢, must be adjusted in a way such that forany Q € Qg,, Q C Nkﬁs () = QU Sxﬁa-

Note that the correcting rigid deformations required for the nonlinear Poincaré inequality of
step 2 are taken over the enlarged cubes Q

Lemma2.11(b) o o
< 2 Z V(L(u — Tguw) + V(pe * L(u — Mzu))dx.
9]

0€Qs,
ONQ#AY

See Fig. 3 for the geometric setup. At this stage, we use Jensen’s and Young’s
inequalities to conclude that for any Q € Q,, there holds

/ V(ps * L(u — ﬁéu))dx < / e * V(lu— ﬁéu|)dx
0 0

< [ vOLw- fignr

Ne(Q)
N:(Q)cO ~

= /~ V(IL(u — T zu)dx

0
5.3) N -
s cmax{L{(Q), (LE(Q))Z}/~ V(e (u))dx
0
UO)=2He

N
< cmax{Le, (Ls)Z}Z/ V(e(u))dx,
= Q(j)

(5.5)
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where ¢ = c(A,n) (note that £ only depends on X). Notq that, fqr any fixed
jefl,.... A andall Q,Q € Qg with 0 # 0/, 0V N Q'Y = ¢. On
the other hand, by step 1, for any fixed j € {1,...,n}, UQGQSA, 0nQLs oV ¢

UQEQSA, 0NQA 0cC N, /e (). Therefore,

> / V(s(u))dx§/ V(e(u))dx. (5.6)
0<Q,, 797 Ny e ()
ONQAD

Consequently, we obtain by Q C QO and (5.5) in the first step that

3 /V(L(u—ﬁéu)) +( X /QV(pE*L(u—ﬁé))dx)

QEQE)L e QEQE/\
ONQ£D ONQ£D
(5.5 N
< cmax{(Le), (Le)?} » Z/ V(e(u)dx
0<Q,, j=1"2V
0NQ#AD
N
= cmax{(Le). (Le)’} Y > /»V(s(u))dx
=1 geq,, 72
0NQ#AD
5.6)
< cmax{(Le), (Lg)?} V(e(u))dx.
N, e ()

Since A = A (A, n), ¢ = c(A,n) in the previous estimation, and (5.1) follows
for u € C®°(R"; R™).

Step 4. Passage to the general case. Let u € BDjoc(R"). By localisation, it is
no loss of generality to assume ¥ € BD(R"). Let n € C2°(B(0, 1); [0, 1]) be a
standard mollifier. We put ug := 11,k * u, so that, by passing to a non-relabeled
subsequence, uy — u £ -almost everywhere in R”. This yields by Fatou’s lemma
for all ¢ > O that

/ V(L(u — pe *u))dx < lim inf/ V(L(up — pe * ug))dx
Q k—oo Jq

< cmax{(Le), (L&)} lim inf/ V (e(ug))dy
k—o00 NA\/ﬁs(Q)

< cmax{(Lé), (L&)} lim inf / V (Eu)
k—o00 NA\/Eer% (Q)

< cmax{(Le), (L&)?} V (Eu),

Nk IIE(Q)
where we used inequality (5.1) for smooth maps in the second and Jensen’s inequal-
ity in the third step. This is the inequality claimed in the proposition and the proof
of (5.1) for u € BDjoc(R") is hereby complete. 0O
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For consistency, let us note that if the right hand side of (5.1) is zero, then u
must coincide with a rigid deformation on each of the connected components of
U + B(0, A /n¢) and so on those of U; in consequence, it must coincide with its
mollification on each of these connected components and hence the left hand side
is zero indeed.

Corollary 5.2. Let A > 1 and let V() := /1 + |z|> — 1 be the auxiliary reference
integrand as usual. Then there exists a constant ¢ = c(n, A) > 0 such that the
following holds: For every open and bounded Lipschitz domain Q C R", u €
BDjoc (R") and numbers e, L > 0 there holds

/ V(L(u — ne * (pe # u)))dx < emax{(Le), (L&)} V (Euw),
Q Q+B(0,21/ne)
5.7

where p, n: R" — R arearbitrary standard mollifiers in the sense of Section 2.4.

Proof. Denote the left-hand side of (5.7) by I. We use Lemma 2.11(b) and Jensen’s
inequality to obtain

I 2/ V(L(u — (pe *u)))dx + 2/ V(L(pg * u — ne * (0 % u)))dx
Q Q

Proposition 5.1

< emax((Le), (L)) / V(Eu) + / V(E(p: 1))
Q+B(0,1/ne) Q+B(0,1/n¢)
r/n>1

< cmax{(Le), (Le)*} V(Eu),
Q+B(0,21/n¢e)

where again ¢ = c(A, n). The proof is complete. O

We conclude this section by discussing a particular borderline case in the spirit
of (5.1), for simplicity stated on the entire R":

Corollary 5.3. (Sobolev—Poincaré inequality in convolution form) For any 1 <
p = ;75 there exists a constant ¢ = c(n, p) > 0 with the following property: For
every u € BD(R") and & > 0 there holds

l n
(/ lt — pe *u|de) r < ce‘*’”ﬁ/ |Eu|, (5.8)
n Rn

where p: R" — R is an arbitrary standard mollifier in the sense of Section 2.4.
Proof. Letu € LD(R"). By the STRAUSS inequality [78] and Poincaré’s Inequality,
LemmaZ 3 there existsaconstantc = c(n, p) > Osuchthat [u—IToullLrg.rry =

CZ(Q) ||s(u)||L1(Q RIX) for all u € LD(R") and cubes Q C R". We argue

as in the proof of~Propos1tlon 5.1, but now work with the lattice Iy = ¢Z" and, for
Q € Q,, define Q to be the cube with the same center as Q but (2n + 1)-times its
sidelength. This yields

N (n)

/ lu — pg xu|Pdx < ¢ Z Z 110 p"”(/gm |8(M)|dx)p

j=1 QeQ.
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Z](Zn),_)zp(zn) /V(VL)

< ceP—pntn Z ( Z / _ |g(u)|dx)p
i=1 0<0, oW

< cerrmin( /]R e@ldr)’”,

and from here the conclusion follows by smooth approximation as above. O

Following the scheme of proof, other inequalities can equally be obtained, so,
for example, by replacing the L”-norm on the left-hand side of (5.8) by Sobolev—
Slobodeckiii (use BD(R") <> W*i=17s (R"; R"), 0 < s < 1, cf. [46]) or Triebel—
Lizorkin seminorms.

6. Partial C1“-Regularity and the Proof of Theorem 1.2

In this section we provide the proof of the second main result of this paper,
Theorem 1.2, allowing for possibly very degenerate ellipticities.

6.1. Outline of the Proof and Setup

In order to reach the full degenerate elliptic regime which Theorem 1.2 applies
to, we employ a direct comparison strategy that uses mollifications of generalised
minima as comparison maps. A direct strategy here is suggested by both the very
weak compactness properties of BD and the general lack of higher integrability
of generalised minima in the very degenerate ellipticity regime (for example, if
1+ % < a < 00). Comparison methods of this type, originally employed in [10]
for the full gradient case, consequently require to control V -function-type distances
of generalised minima to their mollifications. This is where the convolution-type
Poincaré inequalities of the previous section enter crucially. More precisely, we
proceed as follows:

(1) Section 6.2.1: Estimates for comparison maps. By linearisation, Proposi-
tion 6.1 establishes that if a C-%-Holder continuous function satisfies a certain
smallness condition and has symmetric gradient close to some carefully cho-
sen reference point, then it almost enjoys the typical decay for linear systems.
For the linearised integrands, full gradient estimates are available by KORN’s
inequality in L2.

(i1) Section 6.2.2: Smoothing and selection of good radii. To construct the requisite
C!-*-comparison maps for step (i), we carefully mollify the given generalised
minimiser and demonstrate that, under suitable smallness assumptions, the
mollification parameters can be chosen such that the comparison estimates
from (i) become available, cf. Lemma 6.2 and Corollary 6.3.

(iii) Section 6.2.3: Comparison estimates and decay. Here we give the aforemen-
tioned comparison argument and employ minimality to deduce a preliminary
decay estimate for generalised minima, cf. Proposition 6.4. To control the
emerging terms, the comparison will be essentially reduced to good annuli
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where the relevant differences can be dealt with conveniently. The construc-
tion of such annuli hinges on Lemma 2.10, giving control over the symmetric
gradients, whereas Corollary 5.2 allows to suitably bound lower order terms.

These steps lead to an e-regularity result, Corollary 6.7, finally implying The-
orem 1.2; cf. Section 6.3. We now introduce the requisite terminology for the
proof below: Given xp € €2 and R > 0 such that B(xg, R) € €2, we define for
u € BDjoc(£2) two excess quantities by

®(u: x0, R) / V(Eu — (Buyyr) and & xo, R) = —oii X0: )
u; xo, = u— (Eu)x, r) an u; xo, =
B(x0.R) " Z"(B(xo, R))

6.1)

where the mean values in the definition of ®, & are taken with respect to £,
cf. (2.12).

6.2. Preliminary Decay Estimates

After the preparations of the previous section, we now carry out the steps (i),
(i1) and (iii) as outlined in Section 6.1 above.

6.2.1. Estimates for Comparison Maps Let f € C2(R"X") satisfy (LG) and let

sym

0 < a < 1. Throughout this paragraph, we fix § € R{', a radius 0 < g5, < 1
and assume that f € Cz(Rg;fr’f) satisfies
MEP S (" (%0)E, E) S AlE] forall & € RY (6.2)

for some 0 < A £ A < 0o. Moreover, we suppose that there exists a bounded and
non-decreasing function wg, o, : R>g — R3¢ with lim\ o wg), g, (1) = 0 such
that ; B

Lf7(E) = f"E0)| = wg,06, (16 —&0l)  forall§ € B(o. 0g))- (6.3)

Finally, for 0 < r < R and xg €  with B(xo, R) € Qand v € C1¥(B(xo, r); R")
we put

devy (v; x0, 1) :=/

B(xo,r)

to g (v; X0, 1) := sup [e(v) — &ol +2°r*[e(W)]cow By mimy)
B(xo.7)

LaR(yn ) RN
f(e(v))dx — inf {/ Flew))dx:" € C¥(B(xp,r); R )}’

Bxo.r) " w=vondB(xp,r)

The deviation dev,, captures how far v is away from minimising F on C1% (B (xo, r);
R™) for its own boundary values. Conversely, ty g, will prove instrumental to find
the mentioned smallness condition which is necessary to infer the decay estimate
of the Holder continuous comparison maps. We have
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Proposition 6.1. Let f, o, &, 0g,, A, A and Wey, 05, be as above. Then there exists
1 < Ccomp = Ceomp(, A, A) < 00 such that the following holds: If v €
CY*(B(xo, R/2); R") satisfies to.g,(v; X0, R/2) < 0gy/Ccomps then there exists
a bounded, non-decreasing function v : Ry — Rx( with limy\ o 9 (¢) = 0, only
depending onn, A, A and Wy, 05, and a constant ¢ = c(n, A, A) > 0 such that for
all0 <r < R/2 we have

n+2
[ e = eomrPar () [ e = e uaPds
B(x0.7) B(x0.R/2)

+ O (ty.g, (v; X0, R/2)) le(v) — &o|*dx
B(x0.R/2)

+ devy (v; xg, R/Z)).
(6.4)

The preceding proposition essentially follows by reduction to the full gradient
case as a consequence of KORN’s inequality. For the reader’s convenience, it is
established in the Appendix, Section 9.3, together with the requisite estimates for
linear systems.

6.2.2. Smoothing and Selection of Good Radii In this section we concentrate
on step (ii) and establish the required adjusting of the smoothing parameters. The
following lemma and its corollary closely follow [10, Lemma 4.2] but with a slight
change in the relevant constants. Here and in all of what follows, we choose and
fix a constant Acon, > 1 for latter application of the convolution inequality from
Proposition 5.1; for instance, A¢on 1= 1 + ﬁ will do.

Lemma 6.2. Letu € BDjoc (R™), x¢ € R", r > Oandput & := (Eu)y,,,. Moreover,
suppose that D (u; xo, ) < 1, where @ is defined by (6.1). Then foreach) < o < 1
there exists ¢ = c(n, «) > 0 such that if

1 ~ 1
P ®(u; xq, r)nmaa 6.5
48 Jeon (5 %0, 7) )

then the mollification u. . of u [cf. (2.15)] satisfies
oy (te,e5 X0, 5) < c(n, o) ®(u; xo, r) (6.6)

Proof. First observe that, as a consequence of elementary estimates for convolu-
tions, we obtain with a constant ¢ = ¢(n) > 0

toso (et v0. 5) S (14 (5)7) swp lew) =&l 67)

B(xo,5+€)

In fact, for x € B(xo, §) we have |e(uz ) (x) — &ol = |08 * (e(ue) — &)(x)] and
thus

sup  [e(uee)(x) — ol = sup le(ue)(x) — &ol. (6.8)
xeB(xq,r/2) xeB(xq,r/2+¢)
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On the other hand, for any radially symmetric standard mollifier n: B(0,1) —
[0, 1] there exists a constant ¢, > 0 such that for all g € LI(R", Rg’yxnf) and § > 0
there holds

C
(15 * gleoeFr—Tr.pmny = —  sup  |g —&| forall & e R (6.9)
o Blor/DRE) = Ga p S sym

which can be established by straightforward computation. Therefore, with ¢ =
c(n) > 0,

r\o
r e (ite.5) ] o e < c<-) sup  |e(ue) — &l (6.10)
£,&J1C%% (B(x0,r/2); Rgym ) s Bror/2406) e

In consequence, adding (6.8) and (6.10) yields (6.7), and in order to arrive at the
claimed estimate, we must give an estimate for supgy ,/2.4¢) [€(e) — &ol. As € is
adjusted by (6.5) and thus B(x, ¢) C B(xg, r) for all x € B(xo, % + ¢), we obtain
by Jensen’s inequality

V(e(ue)(x) — &) = ][ V(Eu — &)
B(x.e) (6.11)

r\"n ~ ~e~ 4o ~
< () s xo, ) < s xo, r)ivte <7
&

for all such x, where ¢ = (48/nhcon)". Here, the ultimate estimate is due to our
assumption 5(14; x0,7) < 1. By Lemma 2.11(d) with £ = «/ [ + 20 and using
(6.11), we obtain for all x € B(xo, % + &) with a constant c¢(n) > 0 (as our choice
of £ only depends on n)

() (x) — ol < eV (ee) (x) — &) < cm)B(us xo, r)ite . (6.12)
Now, by (6.7), the specific choice of € by (6.5), (6.12) and since CT>(u; x0,7) < 1,
taty 1.3 30, 7/2) < e, @) (14 (Bws x0, 1) 7 ) B xo, )75

< c(n, a)®(u; xo, r)da.
This is (6.6), and the proof is complete. O

Working from (6.6), Jensen’s inequality in conjunction with Lemma 2.11(d)
then yields

Corollary 6.3. In the situation and adopting the terminology of Lemma 6.2, we
have

/ le(ue.e) — Eol>dx < c(n, @)®(u; xo,7), and
Blxo.r/2) (6.13)

/ le(e,e) — (£ (e,e))xg.r/2lPdx < c(n, @) (u; xo, 7).
B(x0,7/2)
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6.2.3. Comparison Estimates and Decay In this section, we letu € GM(F’; ug)
be a generalised minimiser, where f satisfies the requirements of Theorem 1.2.
Throughout, let xo € 2 and R > 0 with B(xp, R) € 2 be given. We put &y :=
(Eu)yy,r and let gg, > 0. For a € B(%o, 05,) we recall from (2.16) the shifted
integrand f,: R2" — R defined by

sym
fa&) = fla+8&) — fla) = (f(a), &), &R
Given amap w: B(xg, R) — R", we then define w,: B(xg, R) — R”" by
Wa(x) = w(x) — Ay (x) := w(x) — a(x — xp). (6.14)

Proposition 6.4. (Preliminary decay estimate) Ler f € C>(R™X") be a convex

sym
Sfunction with (LG). Also, suppose that & € R'S’yf{l’, 0 < 0g, < 1 are such that the
following hold:

(a) There exists a bounded and non-decreasing function wg,, g, : R>g — Rx>q
with

lim o, 4, (1) = O,

1f7&) = [ &) = w05 (16 — E0l) forall § € B(&o, os,)-

(6.15)

(b) mgy o, := min{A(z) smallest eigenvalue of f"(@): z € B, 0g)} > 0.

Then there exist constants © = ©(gg,, n, o) € (0, 1) and

¢ = c(n, Acon, 0% mEO»Qéo’LiP(f)’ B(SUP : Il >0
0,0&)

such that
(Bu)yy.r = &0 and ®(u; xp, R) < O (6.16)

imply that

R n+1 - .
@ (u; x0,7) = C(Cb(v; X0, 2r) + (1 + (—) )(Cb(u; X0, R)) 248« @ (u; xo, R))
r
(6.17)
holds for all 0 < r < R/4. Here we have set v := ug ¢ [cf. (2.15)] where

1

T 18 Jieon
Proof. The comparison argument underlying the proof consists of three ingredi-
ents: Lemma 2.10 and Proposition 5.1, both expressing properties of (the symmetric
gradients of) generic BDjo.-maps, and generalised local minimality of u.

Step 1. Preliminaries. Let 0 < r < R/4 and put a := (¢(v))y,,. By (6.18)
and since ¢ > ty g, (v; X0, 1) is non-decreasing, we have by Lemma 6.2 and &y =
(Eu)xg, R

R®u: xo, R)7% . (6.18)

ta g (0 X0, ) < tog (v X0, B) < c(n, ) B (u; xg, R)774,
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where we can assume without loss of generality that c(n, «) > 1. From here we
deduce

& —a] < ][ le(v) — Eoldx < g (v: X0, 1) < c(n, @)D (u; x0, R) 7% ,
B(xo,r)

(6.19)

and put, with c¢(n, @) > 0 as in the preceding inequality,

144 2(n+4a)
n 1
®= (2% — . (6.20)
4c(n, a) 10

With this choice of ©, ®(u;x9,R) < © implies [§p — a| < 0g/2 by
virtue of (6.19). Hence B(a, Qﬁ) C B(&o, 0g,), and so (6.152) continues to
hold in B(a, Q%). Lemma 2.12(b) moreover implies that there exists ¢y =
co(60, 0% My 05, Lip(f), SUP g, 0¢ ) | 1)) > 1 such that

aVE S fa®) SV () forall § € Ry (6.21)
Step 2. Selection of good radii. For this proof, we put for w € BDjoc(£2) with slight
abuse of notation

Falw; 0] := / fa(Bw)

whenever @ € Q2 has Lipschitz boundary dw. By Lemma 2.12(a), f, = 0 and so
F, 2 0. To employ the comparison argument in step 3 from below, we require
a suitable bound on the difference F,[V,; A] — F4[i4; Al in terms of the excess
CT)(u; x0, R), A C B(xg, R) denoting an annulus. This task can, in general, only be
achieved on certain annuli A, and we proceed by constructing the latter. We define
an exit index as

L 125 J
Ni=| — — |. (6.22)
&(P(u; xp, R)) 2n+8«

Then, by (6.16) and (6.20), N = 15/(5(14; X0, R))Zni&x. We then put, for k €
{1,...,8N},

5 R ~ 1
= —R+k—(P(u; x9, R)) 2n+8« | 6.23
K= g + 500( (u; x0, R)) 2+ (6.23)

so that k; € [%R, %R]. By our choice (6.18) of ¢, we have R — 2¢ > %R. Also,
by Lemma 2.12(b), f, € CZ(R’;yXH’f) is of linear growth. Since moreover r < %,

Lemma 2.10(b) is applicable and yields that for any & € {1,..., N} there exist
tr € (kgk—1, kgk) and ry € (r, 2r) with
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- N Lemma?2.10 1 1 N
/ Ja(Bvg) — fu(Eug) é 4‘9(— + _) / Ja(Buy)
Ax0; 7%, 1) K8k — K8k—1 r B(xo,R)

(6.23), (6.18)

< 50
- Acon/1

~ 1 /R ~
+ @ R () [ e,

r B(x0,R)

(6.24)

(@ xo, Ry

Now, recalling the choice (6.18) of ¢, for k = 1, ..., N the annuli

~ 1
A = A(x0: ik — 2heonV/NE, sk + 2hconv/NE), Sk =tk + 505 (P(u; X0, R)) 7%
(6.25)

are pairwise disjoint and contained in B(xg, R). Let us address this point in detail:
By our choice of ¢, disjointness of A and Ax4 is equivalent to

6.25
A1 N Ay =0 & lk41 — 2heonv/nE > s + 2Aconv/ne

R ~ R ~
625,618, 4 - <o (B 0. R)) i 4 =@ x, R)) it

(6.26)

. ~ 1
Now note that by construction, fx41 —tx > kgk+7 —Kgk = % R(®(u; xg, R))2+8a

and so the last inequality of (6.26) is certainly satisfied provided % >

(5(u; x0, R)) ﬁ, which in turn follows from (6.20). Now, succesively employing
(6.25), ty < kgy < LR, (6.18) and (6.20), we similarly arrive at sy + 24 con/76 <
R. Thus, A; C B(xg, R) forallk € {1,..., N}.

By pairwise disjointness of the A’s and A;x C B(xg, R), we can therefore
conclude that there exists k¥’ € {1, ..., N} such that

N fa(Eﬁa)g/ fa<Eﬁa>+--~+/ fa<Eﬁa)§/ fulEil).
.Ak/ .A] AN B(xo,R)

To extract information from this estimate, we employ the lower bound on N, cf.
(6.22)ff., to obtain

/ fa(Eig) = i(5(%%0, R))m/ Ja(Eiig), (6.27)
Ay 15 B

(x0,R)

For future purposes, let us particularly remark that

: 500 R@(: xo. R)™a 620 1 11

S — <1
Sk — R(%(u’ X0, R))m 48)Lcon\/ﬁ - )\.COH\/’Tl 10

because of /n = +/2 and hence

2
max {( £ ) , ( ¢ ) ] < 10(P (u; xo, R)) 7% (6.28)
Sy — My Sk — ty
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Step 3. Comparison estimates. Let now ry, ty, s be defined as in step 2 so that
r<rpy < g <t < sp < R. We define a Lipschitz function p: B(xg, R) —
[0, 1] by

p(x) == (%l =) L, <1< sp /20X F x> (s /2) (X)) (6.29)

S — My

for x € B(xp, R). Then we have ¢ := U, + p (i, — V,) € BD(B(xg, R)) and, in
particular, ¥ [§B xo.s,) = UaloB(xo.5,)- Since thus u|sB(xg.5,) = (¥ + Axg)aBxg.5.)
"~ 1_almost everywhere on 3B (xo, si'), generalised local minimality of u for F
implies by virtue of the integration by parts formula (2.2)

/ fa(Blig) = / f(Eu) — f(a) — (f'(a), Biig)
B(x0,s,/) B(x0,5,/)

= / FEW + Ay)) = f(a) = (f'(a), EY) = / Ja(EY).
B(xo,8,7) B

(x0,57)
Splitting B(x¢, sz’) according to the definition of p, we consequently arrive at
Faliia; B(xo, )] + Falifa: B(xo. 1)\ B(xo, )] + Falifa: B(xo. s1)\ B(xo, )]
< FalVa: B(xo, 73] + FalVa: B(xo, 1)\ B(x0, 70)]
+ fa[(?)la + p (g — Va)); B(xo, sp)\ B(xo, tx)].
Regrouping terms and employing (6.30), we consequently arrive at
1 i= Falita: Bxo, 7)) = [ Falfias Bro, 7o)l
+ (Falfis Bxo, )\ Bro, 7)) = Falita: Blxo, 1)\ Bxo, 7))
+ (Ful@a + p(@ia — T)): Blxo, 5\ B(xo, 1] = Falifa: B(xo, 5\ B(xo, )|
=1+ I+ 1IV.
Ad 1. By Jensen’s inequality and Lemma 2.11(b) in the first and (6.21), r < rp in

the second step, we find

(s x0, 1) < 4 / V(Bu — a) < deoFalii; Bxo, )] = deol.  (6.30)
B(xq,r)

Ad II. In a similar vein as in the estimation of (6.30), we recall a = (g(v))y,,, to
obtain

II = / fa(e(v) —a)dx < co @ (v; xq, 2r). (6.31)
B(x0.ry7)

Ad 1II. By our choice of r, ;s in step 2, cf. (6.24), we use ®(u; xo9, R) < 1to
bound IIT by

50 R\ ~ 1
III < 14+ — ) (P(u; xg, R)) 2n+3 / fa(Bly). (6.32)
)Vcon\/ﬁ< I’) B(xo,R) ‘ ‘
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Ad TIV. This step of the proof crucially utilises the convolution inequality from
1

Section 5, and to this end, we employ Corollary 5.2 with L = o=y In combination
with (6.28), we hereafter obtain
g — 7, ~ i
/ V(5= ) de £ en deon) B xo, RY T x
A(xo3t.547) Sk — M
X / V (Eliy).

J.A(xo;tk/ —2conv/NE,8p+2Acon/11E)
(6.33)

We then arrive at the following string of inequalities:

4c0</ V(ED,) + V (Eii,) + / v(”“ - v“)dx)
J Aoty sp) J A(xosty ) Sk — Iy

~ " -7
= 8""(/7V(Eua) +/ V(”“7“>dx)
A(x()ll‘k/—ZE,Xk/+28) A(X()ﬁkhfk/) Sp — t
6.33)
= 300( /7V(Eﬁa)
A(%‘Ol’y*QS,S,\,r«FZa)

~ 1
Fen heon) (s x0, DTS [ V(EQi,))
J.A(xg;tk/ —2Aconv/N€, 51 +2hcon/1E)

Lemma2.11(b), (6.21)
v <

6.21)

< 8¢ fa(Elly)

( /.A(xo;tk/ —2Aconv/N€, 5 +2hcon/1E)
~ 1 ~

+ c(n, Aeon) @ (u; xg, R) 2i¥8a / fa(Eua))

B(x0,R)

6.27)

~ 1 -
< c(n, heon, €0)@(u; x, R) 2%a / Ja(Eig),
B(xo,R)

where, in the final two steps, we have used that s;' +2Acona/1€ < R as established
in step 2. We may now gather the estimates for I, ..., IV to obtain with a constant
¢ =c(n, Aeon, co) > 0

@ (u: x0.7) gc(@(v;xo,ZrH(l+(§))(€f>(u:xo,m)ﬁ/ fa(EiTy) ).
B

(6.34)

(x0,R)

Step 4. Conclusion. In order to arrive at the requisite form of the preliminary
decay estimate (6.17), we estimate by succesive application of Jensen’s inequality
and (6.21):

/ fa(Elg)
B(xo,R)

A

CO/ V(Eu — a)
B(xo,R)

2o [ V- )+ 2" B0 RV G - )
B(x0,R)

cona( [ Vet R Ve - aa)
B(x0,R) B(xo,r)

g3 R n
cona( [ vE—m+(T) [ v -a)
X0, X0,F

A

A

IIA
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< ¢c(n, co)(l + (?) )Cb(u;xo, R), (6.35)

the ultimate estimate being valid due to our choice §y = (Eu)y, g and r + 2¢ <
R. Combining this estimate with (6.34), we obtain (6.17), and the proof is
complete. O

Proposition 6.5. In the situation of Proposition 6.4 we have
R RN\ ~ 1
deve (v; x0, §) < c(l + (—) )q>(u; X0, R)7H% ®(u: x0, R).  (6.36)
r

Proof. Adopting the terminology of step 1 of the previous proof, we leave
the setting unchanged up to formula (6.23). Instead of Lemma 2.10(b) we use

Lemma 2.10(a) to find, for each k € {1, ..., N}, anumber #; € (kgx—1, kgk) such
that
~ ~ 50 ~ 1 ~
/ fa(EVg) — / fa(Blig) = D (u; xo, R)78a / fa(Eila),
B(x0.41) B(x0.4) Aeon/1t B(x0.R)
(6.37)

providing the requisite substitute for formula (6.24). Equally, we find sy = 7 +
~ 1
%Cb(u; Xxg, R)2n+8« such that

/ FuEii)) < = @ (s x0, R 55 / fu(Bi,),  (638)
-Ak/ 15 B

(x0,R)

the annulus A now being defined as in (6.25) with the obvious change of #;» and
si. Let & > 0 be arbitrary. We then put

Ci:={p € W®B(xo, tr); R"): ¢ =7, on dB(x, 1)}
Cr = {p € WH(A(xo; tr, s1); RM) 1 ¢ = T, on dA(xo; 1y, sw))
and find ¢ € Cy, ¢ € C; such that

. 0
/ Ja(e(p1))dx = inf / Ja(e(p)dx + 5
B(x0,/) B(xo.17)

peCy

/ fa(e(@2))dx < inf / fa(e(@))dx + —.
.A(xo;tkr,sk/) peCy .A(Xo;[k/,sk/) 2

Let us note that, employing an integration by parts, for all ¢ € C; there holds

(6.39)

/ fa(e(@Wa)) — fale(p))dx = / f(e@)) — f(e(p) +a)dx.
B(xo.17)

B(x0.1)
By definition of f;;, we then obtain

devy (v; xo, ) = / fa(e(Vy))dx

B(x0.%)

. ¥ € ChB(xo, x); R")
— inf " : ~ .
" {/B(xo,tk/) Jale(p))dx Y = v, on dB(xo, #) }

(6.40)
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Since ¢1, ¢ are Lipschitz and coincide on dB(xo, /), we deduce that the glued
map @3 := I 7501+ L. 92 belongs to W (B(xg, sp); R"). We then
obtain, using that r — devy (v; xg, ) is non-decreasing in the first inequality,

deve (v; xo, %) < devy (v; X0, k')

(6.40),C1""C2’1’°°,(6.39)1/

~ [
Fule@))dx — / fule(on)dx + 2

B(x0.1) B(xo0.1) 2

(6.39)2
g / fa(E(’J(,))dx - / fa(S(%))dX +6
B(x0,5)

B(xo,8)

= (/ (fa(s(;a)fn) - fa(Ega)))
B(xo,s5¢/)
+(/ (fa(EEa)_fa(s(WS)ogn)))+0
B(x0,8)
=V4+VI+0.

Ad V. Splitting B(xo, sx) = B(xo, #xr) U A(xo; s/, x’) and employing (6.38), we
obtain

(6.38) ~ ~ 1~ e _
vie(/ FuBT) = Su(BT) + 5B xo, 7% [ f(ER)
A@oits5p0) 15 B(x0.R)
(6.37) - . _
§ C(CO»n:)\con)cb(WxOvR)Z"Jrg“/ Ja(Bug).
B(xo,R)

Ad VI. Different from step 3 of the proof of Proposition 6.4, we now use the
comparison map J = @3 + p(ly — Vy), p still being defined by (6.29) but now
with the new choices of #; and s . In advance, we note that ¢ = i, .7~ -almost
everywhere on 9B (xg, sz/). Since

6.21)
/ V)2 < e / fu(Egs)dx
A(xo; 17 ,540) Axosty .spr)

(6.39),

- 0\ Jensen - 0

< CO(/ Ja(Bvg)dx + _> < CO(/ fa(Bug) + _)s
A(xo;tk/,sk/) 2 'Ak/ 2

(6.41)

the generalised local minimality of u for F and p|px,,r,,) = O yields
VI = / fa(E(@3 + p(ila — Va))) — fa(e(@3)L")
.A(X(,,tk/,sk/)

<o | V(o) 2" + V (Bl + V(e @) 2™)
Axo, 1y ,5y7)

g — Vg
+ 4co / % ( ) dx
Aot 510 Sk —

(6.41),C0rollary 5.2, (6.38) - ! 0
< C(COsns}\con)(/A Ja(Butg) + ®(u; xo, R)2n+3a /_A Ja(Bitg) + 5)
k! k!
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6.38)

~ 1
= clau. . on) (@i 0. R) 7 |

%
fa(Blig) + =
Bao.R) 2>

Combining the estimates for V and VI yields

R ~ 9
deve (v; x0, 5) < clev.m o) (B xo, RV [ 8 +0).
B

(x0,R)

Now we employ (6.35) and send 6 ~ O to conclude. The proof is complete. O

Remark 6.6. As mentioned after Proposition 5.1, the crude but easier obtainable
estimate (5.2) is not sufficient for applications in the proof of Propositions 6.4

and 6.5. In fact, by the above proof we are bound to set L = o L o With the

particular choice of & by (6.18), we then find that L& cannot be suitably bounded
to still arrive at the requisite decay estimate. On the other hand, one might redefine
&, but then estimates of the remaining proof cannot be obtained in the requisite
form and the decay estimate cannot be inferred.

Corollary 6.7. (s-regularity) Let f € C2(R") be a convex integrand with (LG)

sym

and suppose that there exist zo € R and o, > 0 such that the following hold:

sym

(C1) mzy0, >0,

(C2) For all §,§" € B(20,0z) there holds |f"(€) — f"(¢)] = w(§ - &'])
with a bounded and non-decreasing function w: R>q — Rx( such that
lim~ o w(1) = 0. B B

For any a € (0, 1) there exist eg € (0, 1] and o € (0, 1) such that the following
holds for all u € GMjoc(F): If x € Q2 and R > 0 are such that B(x, R) € Q and

(a) L(‘Eu)x,R — 20| < on/3’
(b) ®(u; x, R) < &,

then there holds 5(14; x,0/R) < 02‘”6@{; x, R) for all j € Ny. In particular, &g
and o only depend on n, Acon, 0z, Mzg,0.0 @5 CLs €2 and SupB(zo,gzO) L.

Proof. Leta € (0,1), x € Q and R > 0 be such that B(x, R) C 2. Note that,
if &0 € B(z0, 20g)) With 0g, 1= 07/3, then mg, o, > 0and [f"(§) — f"(&0)| =
wg0,950(|$ — &) for all & € B(&p, 0g,) with Wy, 05y = - We put &y := (Eu), r.
We pick the constants ®, ¢ > 0 from Proposition 6.4 with xo = x, fix the
mollification parameter ¢ as in (6.18) and let gy € (0, ®) to be fixed later on. Thus,
forall0 < r < %, (6.17) is in action with v = u, .. From Lemma 6.2 applied
to the radius R, we obtain ty g, (v; x, Ry < ¢, a)%(u; X, R)nJﬁ, cin,a) > 0
denoting t£1e constant from Lemma 6.2. Thus, diminishing g, we may assume that

c(n, )ef™ < min{ % 1

Ceomp® 2 }, ccomp > 0 being the constant from Proposition 6.1.

This entails ty g, (v; x, £) < 1 and thus [e(v)(y) — ((V))x,-] < 1 forall 0 <
r< % and y € B(x, r). Therefore, a consecutive application of Proposition 6.1,
Lemma 2.11(c), Corollary 6.3 and Proposition 6.5 yields
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o2 ()4 (1 (5)7)

(29(0(;1 ) x, R)7=) + D(us: x., R)2n+8a>) x ®(u: x, R)

forall0 < r < % In conclusion, (6.17) yields the existence of 8(()1) € (0, 1] and
cdec > 0 such that there holds

S x.r) < cdec<%>2<l n (5)2n+3H(5(u; X, R)))cB(u; R  (642)

r

forall0 < r < %, the non-negative function H: R>, — R being given by

H(t) = 9 (c(n, o)t 7% ) + 1 77%

cf. Proposition 6.1 for the introduction of . Tracking dependencies, eél) , Cdec and
H only depend on 1, Acon, 029 Mzg,0,,+ @, Lip(f) and SUPE(29.0,,) | f”|. We now

define
o := min { V2 ?", 2= 2cdec} (6.43)

and, using that lim,\ o H (t) = 0, choose 8(()2) > 0 such that there holds

¢! <o"™? and sup{H(1): 0 <1 < i’} < 0?3 (6.44)
We now define &g := min{e(()l), N )} and claim that, if x € € and R > 0 are such
that B(x R) € Q with I(Eu)x R — 20| < 04,/3 and @(u x, R) < gg, then there
holds d>(u x,0/R) < 0% CD(u x, R) for all j € Ny. To conclude the proof by
iteration, we put

(), BuB&.o/R)
0T i oiry SN

and establish validity of

®(u; x,0/R) < 0™ ®(u; x, R) and |Z0_§(§])| = _QZOZE
i=0

(Dec))

for all j € Ny. This is trivial for j = 0. Now assume validity of (Dec ;) for some
)

J € Np, the second part of which implies £y € B(zo, %QZO) so that C1 and C2 continue

to hold in B(§ () ]QZO) Moreover, the first part of (Dec;) yields d>(u x, 00 R) < 8(1)
Therefore,

_ . (6.42) H(®(u: J RN~ ~ .
d(u; x,0/ IRy < aza(cdecaz_za)(l-f-—( (”éx’d )))cb(u;x,gJR)
o2n+3
(6.44) ~ (6.43), (Dec;)

< 0220400 T2 (s x, 0 R) < o 22UTDE(u: x, R).
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Toward the second part of (Dec), it suffices to establish |§‘(§j+1) — Eéj)l < 0%9102_f_1.
Observe that

V(e ™ — el < 7‘ V(IEu— &)
JB(x,0/F!R)

! )
= o V(Eu~&") 6.45
o’ B(x,0/R) 0 ( )
(Decj) ) '
< GG (s x, Ry < g2 S0 OAD Dol

oht+2

)

which, by definition of V, entails |§(§j +D _ Séj ) | < +/3. Therefore, by Lemma 2.11(a), (c),

GHD _ () < 12 veli™h _ g0
13 N S I A &
T VVAW2-D -3

The proof of the corollary is thereby complete. O

6.3. Proof of Theorem 1.2
We can now proceed to the

Proof of Theorem 1.2. Let u € GM(F; ug) and (xg, z9) € 2 X ng’g’f be such
that f”(zg) is positive definite and (1.8) is satisfied. Since f” is continuous, there
exists 0z, > 0 such that C1 and C2 from Corollary 6.7 are satisfied. Let &9 > O be
as in Corollary 6.7. By (1.8), limg~ 0(|&u — 201)xo, 8 + |(E*u) 5y, r| = 0, and since

V() = I,

| Eu| (B (xo, R))) (1.8

5(u;x0, R) £ 2(]][3( o |Eu — z0|dL" + 7" (B(xo. R)) — 0, R N\, 0.
X0, 5

By (1.8) and &u € LfOC(Q; Rg‘yﬁ‘), we conclude that there exists some Ry > 0 and

an open neighbourhood U; of x¢ such that B(xg, 2Rp) € 2 and

][ EudL" — 7o
B(x.Ro)

hold for all x € Uj;. Diminishing U; if necessary, we can assume that U; C
B(xo, Rp). Let x € Uy, so that B(x, Rg) C B(xg, 2Rp). Thus,

][ Eud L — 20
B(x,Ro)
On the other hand, since V(-) < |-] and V°(-) = ||,

~ ESu|(B(xo, 2R
B(u: x, Ro) < 2][ (Gu — zpld.gn 4 2+ 1 E B0, 2Ro))
B(x, Ro) Z"(B(xo0, 2Ro))

. {80 0z | E*u| (B (xo0, 2R0)) . {80 on}
<min{—, =2} ———— """ < min | —, —2
4 6 Z"(B(x0,2R0)) ontl 4" 3

Eu(B(x, Ry)) _
Z"(B(x, Ro))

o [BulBlo.2R) 0y
Z"(B(xg, 2R0)) 3

<

20
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As a conclusion, conditions (a) and (b) from Corollary 6.7 are satisfied for all
x € Uy and R = Rg. Therefore, there exists C > 0 such that 5(u;x,r) <
C(r/Ro)Z“ED(u; X, Ro) holds for all x € Uy and 0 < r < Rp/4. By definition of
@, this implies Efu = 0 in U; and hence Eu L U = ¢(u).Z" L U;. Now, for all
such x and r,

V(£ e - G ldz”)
B(x,r)
< f V(e) — (e))y,)d.L" < C(Ro, e0)r™,
B(x,r)
and so, Lemma 2.11(d) yields a constant c(Ry, €9) > 0 such that
1
][ o) = () 142" = (e ][ V(@) = (@), )dL") € e <1,
B(x,r) B(x,r)

Now, the usual Campanato-Meyers characterisation of Holder continuity [43, The-
orem 2.9] implies that e(u) is of class C% and hence L2 in a neighbourhood U of
xo. Thus, by Lemma 2.2 (a),

][ |W—(W>x,r|2d$"§c][ le(u) — (e))x ,[*d.L" < cr®®,
B(x,r) B(x,r)

We again invoke the Campanato—Meyers characterisation of Holder continuity to
conclude that u is of class C'* in an open neighbourhood of xq. Finally, by the
Lebesgue differentiation theorem for Radon measures, cf. (2.13), £ -almost every-
where xo € 2 satisfies (1.8), and the proof of the theorem is complete. O

7. Remarks and Extensions

We conclude the paper with some remarks on possible generalisations of Theo-
rems 1.1 and 1.2 with focus on non-autonomous problems. First, by the very nature
of the proofs, Theorem 1.1 and 1.2 straightforwardly generalise to local gener-
alised minima. Second, in analogy with [10, Section 6], if f: Q x R’S’yxn’f — Rand
g: Q2 x R" — R are such that

z > f(x,z) is of class 2 forall x € 2,
clzl —y £ f(x,2) S ea(l + z]) forall x € @, z € R,
|f(x1,2) = f(x2, 2] = e3lxy — x2* (1 + [z]) forall xj,x; € Q, z € RIZ,

lg(x1, y1) — g(x2, y2)| < callxr —x2| + |y1 — y2ll* forall x, x2 € 2, yi, y2 € R",

for some ¢y, ...,c4 >0,y > 0and 0 < u < 1, then Theorem 1.2 generalises to
functionals

Flu] :=/ f(x, e(u))dx +/ g(x, u)dx. (7.1)
Q Q

More precisely, let u € GMjoc(F) and suppose that (xg, zg) € 2 X R’s’yﬁ’ is such
that z¢ is the Lebesgue value of Eu at xo, Moreover, assume that there exists A > 0
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such that A|z|? < (D% f(x,z0)z, z) holds for all z € R;‘yﬁl uniformly in an open
neighbourhood of xp. Then there exists an open neighbourhood U of x( such that
u has ¢ = «a(wn)-Holder continuous full gradients in U. Let us, however, note
that a corresponding result is far from clear if the overall variational integrand
(x,y,2) — f(x,z)+ g(x, y) does not possess the splitting structure but is of the
general form (x, y, z) — f(x,y, 2).

Namely, here one usually invokes Caccioppoli’s inequality in conjunction with
Gehring’s lemma on higher integrability to conclude that minima of elliptic prob-
lems belong to some Wllog r > p, where p is the Lebesgue exponent of the
natural energy space W!7. As explained in [47], there exist linear growth inte-
grands and generalised minimisers u € BV \ W which do satisfy a Caccioppoli
type inequality. This easily carries over to the BD-situation, and hereby rules out
any integrability boost by virtue of Gehring. On the other hand, even for semi-
autonomous integrands (x, z) — f(x, z), a well-known counterexample due to
BILDHAUER [18, Theorem 4.39] asserts that if f € C2(€2 x RV*") satisfies a
uniform variant of (1.4) for a > 3, then generalised minima might in fact belong
to BV \ W1, In particular, the Caccioppoli inequality itself cannot yield higher
integrability results in the linear growth setting.

On the other hand, the approach of Section 6 is robust enough to apply to
integrands (x, vy, z) — f(x,y,z) indeed if suitable superlinear growth in the last
variable is imposed and thus the Gehring-type improvement is available (cf. [10,
Theorem 6.1]):

Remark 7.1. ( p-growth functionals: Partial regularity) Let 1 < p < 00,0 < u <
Landlet f: @ x R" x R\ — R be a variational integrand that satisfies

2> f(x,y,z) is of class C2,
ID; f(x,y, 2| S ci(1+ 2P,
ozl —y = fx,y.2) S c3(1+z]P),

|f Gy, 2) = f (62, 32, 1 S ealynl(x1 = x2f + |yt — y2 D" (1 + [z]P)
forall x,x1,x € 2,y,y1,y» € R"and z € ngxn’f and constants ¢y, ..., cq4 > 0,
y > 0. Letu € Wllof (2; R™) be a local minimiser of the variational integral
corresponding to f. Moreover, let (xg, yo, z0) € 2 x R" x R'S’yxn’l’ is such that xq is
a Lebesgue point for both u and ¢ (u), with Lebesgue values yq or zq, respectively.
If there exists A > 0 such that A|z|> < (D% f(x,y,20)z,z) holds for all z € ngflgl
uniformly in an open neighbourhood of (xp, yo), then u has Holder continuous
gradients in an open neighbourhood of xg.

An adaption to convex Orlicz integrands in the spirit of [28] is equally possi-
ble, and the preceding remark in the superlinear growth case goes along with the
results from [25] (also see [40]). In view of partial regularity, we have omitted
symmetric quasiconvex functionals throughout. In fact, at present it is not known
how to modify the method exposed in Section 6 even in the full gradient case
(also see the discussion in [10,69]). The only result available in the BV-full gra-
dient, strongly quasiconvex case is due to KRISTENSEN and the author [47], and



Regularity on BD 1157

the case of strongly symmetric-quasiconvex functionals on BD is due to the author
[45]. If the condition of strong symmetric quasiconvexity pro forma is introduced
for convex C>-integrands, then it translates to 3-elliptic integrands in the sense
of (1.4) and does not apply to the very degenerate ellipticity regime covered by
Theorem 1.2. Whereas the main obstructions in [45,47] stem from the weakened
convexity notion, they moreover require higher regularity of the variational inte-
grands, namely, Clzoé‘ for some u > 1 — % In this sense, the results of [45] and
Theorem 1.2 are independent.

As to Sobolev regularity, the case of non-autonomous integrands (x, z) +—>
f(x, z) which satisfy the obvious modification of (1.4) uniformly in x, however, is
more intricate. Even if f is of class C in the joint variable and satisfies the estimates
corresponding to [19, Assumption 4.22], it is not fully clear to arrive at the decou-
pling estimates that eliminate the divergence as done in the proof of Theorem 4.3.
Whereas for partial regularity C*%-Holder continuous x-dependence of D, f still
suffices, the corresponding Sobolev regularity theory is far from clear when aim-
ing at an ellipticity regime beyond 1 < a < 1 + % (also see BARONI, COLOMBO
and MINGIONE [12] for the related borderline case % =1+ % in the superlin-
ear growth regime). Namely, in this case the Euler—Lagrange equations satisfied
by (generalised) minima cannot be differentiated. In the full gradient, superlinear
growth regime, this setting has been extensively studied by MINGIONE [61,63,64]
and KRISTENSEN and MINGIONE [54-56] in the (fully) non-autonomous context.
Here, Nikolskii estimates are employed, and an adaptation to linear growth func-
tionals with C%%-Hblder continuous x-dependence of D, f will yield the ellipticity
regime 1 <a < 1+ 7 for Wll(;cl -regularity of generalised minima (along the lines
of [46]), being unclear to be improved via the second order estimates of Section 4.

Lastly, let A[D] be a first order, constant-coefficient, homogeneous differ-
ential operator A[D] on R" between the two finite dimensional vector spaces
V, W. Then the canonical Dirichlet problem (1.2) has a relaxed minimiser in
BVA(Q) := {v e LY V): A[Dlu € .#(Q2: W)} if A is C-elliptic (and
hence L!-traces of BVA—maps are definable), cf. [21, Theorem 5.3]. By means of
Hilbert—Nullstellensatz-techniques [48,76], the splitting strategy underlying Theo-
rem 4.3—yet being technically more demanding—is likely to work as well. On the
other hand, based on the Poincaré-type inequalities from [21], the partial regularity
result from Theorem 1.2 hinges on the existence of a mollifier p such that pxm = 7
for all w € ker(A[D]). This is a consequence of the Bramble—Hilbert lemma, and
we shall pursue this elsewhere.
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8. Appendix A: On Uniqueness and the Structure of GM (F'; ugp)

In Section 4.6 we addressed some uniqueness assertions and the structure of the
set of generalised minimisers. Working from the assumption that generalised min-
ima are unique up to rigid deformations, we here complete the proof of Corollary 4.8
with

Proposition 8.1. Ler Q C R" be open and bounded with Lipschitz boundary 02
and let uy € LD(R2). Moreover, suppose that f : R;lyxn’l’ — R is convex integrand
with (LG) such that for each v € R"\{0} the map f°: R" 3 z +— f*°(z®Ov) has
strictly convex sublevel sets (in the sense of Section 4.6) and every two generalised

minima differ by a rigid deformation. Then the following hold:

(a) If there exists one generalised minimiser u € GM(F; ug) with Tryq(u) =
Trya (o) 2" -almost everywhere on 32, then GM(F; ug) = {u}.
(b) If 02 moreover satisfies for all a € R

A" VW(x€edQ: xi=a}) =0 forallie(l,...,n} (8.1)
then there exists u € GM(F; ug) and w € R(2) such that
GM(F;ug) ={u+rm: A e[—1,1]} (8.2)

Note that the hypotheses of Corollary 4.7 imply those of the preceding propo-
sition. For the rest of this section, we tacitly assume that the hypotheses of Propo-
sition 8.1 are in action.

We begin with some preliminary considerations. Given ug € LD(2) and a
convex integrand with (LG), we start by noting that for any u € GM(F; ug), the
set

Ru={n € Z(Q): u+n € GM(F; up))

8.3
is convex, closed and bounded in Z(2). 8-3)

Convexity of R, is a direct consequence of convexity of fuo [—; 2] on BD(Q2). If
() C Ry satisfies m; — 7 in Z(2), then Lipschitz continuity of f°° readily
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implies thatfuo[u +m; Q] = limj%oofuo [u+m;; Q] = min fuo [BD(£2); 2] and
hence 7 € R, too.” Lastly, if R,, were not bounded, we would find (7r i) C Ry with
l7; |l = oo foran arbitrary norm || - || on Z(2). There exists a constant ¢ = ¢, > 0
such that c|a| |b| £ |a © b| for all a, b € R". Since, by (LG), c1]z] £ f*°(z) for
all z € Rggy, we find

C/ | Traq(u — ug — ;) |ds" " §/fOO(TfaQ(uo—u—JTj)@VaQ)d%”"_l
Q Q

< (min F,,[BD(2)]) — fIEul(Q) < oo,

so that the triangle inequality and equivalence of all norms on Z(2) yields the
contradictory sup .y [|77]l < oo. In consequence, (8.3) follows.

As an adaptation of [14, Lemma 6.2], we now establish that whenever 7 <
Z(Q) is such that u + 7 € GM(F; ug), then there exists a 7"~ !-measurable
function 8: 92 — R\ (0, 1) such that Tryq (1) (x) = Trye(u)(x) + B(x)7(x) for
2"~ !-almost everywhere x € Q.

In fact, if u + # € GM(F; up), then by (8.3), u + Br € GM(F; ug) for all
B € [0, 1]. In particular, we find

2 FIEu](Q) + / Fo(Traa(uo — u — 1) © vag)d ™!
Q2
+ / Fo(Traq(uo — u) © vye)d#" " = 2min F,,[BD(Q)]
02

<2f1E@ +2 | ((Traato —u =) © via)ar"

and since
o0 T o0
2f (Trasz (uo —u— 5) ©) Vas2> S fP(Traq(uo — u) © vye)
+ 2 (Trauo —u — 7)) @ vae) B4
2" _almost everywhere on 92,

we deduce that we have equality in (8.4) .7~ !-almost everywhere on 9. Because
the map z — f°°(z © vyq(x)) has strictly convex level sets for 2" -almost
everywhere x € 9%, by [70, Lemma 4.8], for 57 n=1_almost everywhere x € 92
there exists R(x) = 0 such that

Tryq(uo(x) — u(x) — m(x))
= R(x) Tryq(uo(x) —u(x)) for 2" almost everywhere x € 9€2.

Clearly, on {x € 9Q2: m(x) = 0} we must have R = 1. Conversely, on {x €

02: m(x) # 0}, we have R # 1, Tryq((1 — R)(uo — u) — w) = 0 and hence
Traq(uo —u) = ﬁ Tryo (). We may thus define

1 where 7 (x) = 0,
B(x) = i 1

T—R® otherwise,

5 The recession function is convex and of linear growth, thus Lipschitz, too.
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so that B(x) € R\(0, 1), and it is easily seen that 8 has the required properties.

Proof of Proposition 8.1 (a). In[46] this has been established for convex domains,
and we here give the general case. Suppose that v € GM(F; up) is a gener-
alised minimiser. Then v = u 4 7, and generalised minimality of v together with
Tryq(u) = Traq(uo) "~ -almost everywhere on 92 yields

/39 [ ((x) © vag(x))dA" " (x) = 0.

Since f*(a ® b) 2 Cla||b| forsome C > Oand alla,b € R*, 7 = 0 " !-
almost everywhere (and thus, by continuity, everywhere) on 0€2. Write 7 (x) =
Ax+bwith A € RS and b € R”. Clearly, for 2 is open and bounded, 92 cannot
be contained in an (n — 1)-dimensional affine hyperplane. If dim(ker(A)) < n —1,
then ker(A) is contained in an (n — 1)-dimensional hyperplane H. We have, for
some xg € 02, {y: Ay = —b} = xo9 + ker(A). Since 92 ¢ xo + ker(A), we find
x1 € 902N (xp + ker(A))¢. Then, however, (x1) = 0 implies Ax; = —b and so
X1 € xo + ker(A), a contradiction. In consequence, necessarily dim(ker(A)) = n,
in which case A = 0 so that, because of 7 =0 on 02, » = 0 and hence ¥ = 0 on

R”". In conclusion, u = v and hence GM(F; ug) = {u}. 0O

We now establish Proposition 8.1(b) for n = 2; the higher dimensional case
can be established by an analagous reasoning (note that elements of Z(<2) then
have slightly more complicated structure).

Proof of Proposition 8.1 (b). By assumption, GM(F; ug) = u + R,, R, being
defined as in (8.3). Suppose that R, contains two linearly independent elements
71, 2. Then, by the above discussion, we may write Tryq (119) = Tryq(u)+B1m =
Tryq(u) + oy H Lalmost everywhere on 92 for some suitable 81 2: 02 —
R\ (0, 1). Therefore, 1wy — Brry = 0 7 L_almost everywhere on 0$2. We write
m1(x) = A1x + by, mp(x) = Azx + by, where

_ (0 A _ (bu _ (0 nu _ (b2t
S N T S

for some suitable A, u € R, by, by € R2: in two dimensions, every rigid deforma-
tion is of this form. Now suppose that 1) — Bomp = 057 I_almost everywhere
on 9€2, and denote ® C 92 the set where equality holds; hence, .7 1 (0R2\0) = 0.
Then for any x = (x1, x2) € O,

Axa +bip ) ux2 + bag
oo (2 ) = e (L2 0 ) 85)

Denote I' := {x € ®: B1(x) # 0}. Our aim is to establish #'(I') = 0. We split

r=r,ur,ulrsurly
={xel: uxy+byy =0and — pux; + by =0}
Uf{x eT': uxp +by; =0and — pux; + by # 0}
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Uf{x € T': uxo + by #0and — ux; + by =0}
Uf{x € I't uxo + by #0and — pux; + bay # 0}.

For I'1, note that if i # 0, then I'| consists at most of one single point and hence
AT =0.1f w = 0and 1 (I';) > 0, then 'y # ¥ implies by; = by =0
and hence, in total, by u© = 0, m» = 0, which is ruled out by linear independence
of 71, mo. Hence, 71(I';) = 0.

Now, for x € I', we may put y (x) := gfg; and obtain from (8.5) that

Axy +bi ) pux2 + bay
(—Mn + b12> =v <—Hx1 +byn /) 8.6)

e The treatment of I'; and I'3 is symmetric (interchange the roles of x| and x3). So
suppose that 1 (I'y) > 0.If w #£ 0, thenT) C {x € T': xp = '%} and hence

21(I'2) = 0by (8.1), a contradiction. Thus i = 0. From (8.6) we deduce that
Ax2+by; = Oforallx € I'>. Again,if A # 0,then T, C {x € 't xp = —2UL
and hence 2! (I';) = 0 by (8.1). Hence A = 0, and so w1 = by, my = bs.
In this situation, linear independence of 1, 772 and hereafter of by, b> implies
that B; = B2 = 0 7 '-almost everywhere on I', a contradiction to f; # 0
' -almost everywhere on I'. As a conclusion, ! (I';) = 0, and similarly,
now invoking the first part of (8.1), 21 (I'3) = 0.

e Suppose that 21(T4) > 0. For x € I'4, we have uxz +bop #0and —ux; +
b, # 0. From here we deduce

Axy + by _axp—bnp

=yx)

_ = forall x € T'g. 8.7
ux2 4+ bag uxp — b

Therefore, y (x) must be independent of x1, x» and thus is constant. Hence, there
exists a € R such that w1 = am, on I'4. The affine-linear map 71 — am> thus
vanishes on a set of positive 7! -measure. Therefore, it necessarily vanishes
on a line ¢ C RZ. In other words,

(A1 —aAx))x =a(by —b;) forx el. (8.8)

If A| —aAjisinvertible, then (A1 —aAz)x = a(by — b1) has a unique solution
and thus contradicts (8.8) for all x € £. Thus, A| —aA; is not invertible, and by
the structure of Ay, Ay, this implies A = au. Either @ = 0, in which case (8.7)
yields by; = b1z = 0. Then w1 = 0, contradicting the linear independence of
my, mp. If a # 0, then (8.6) yields by; = aby; and by, = abj,. In conclusion,
| = amy, again contradicting the linear independence of 771 and 7. Therefore,
A1 (Ty) =0.

In conclusion, 7' (I') = 0so that 8; = 0 .77 !-almost everywhere on 9€2. Then we
obtain from Tryq (1) = Tryq(m) + Bim = Tryq(u) 2 L_almost everywhere on
dQ thatu € GM(F; ug) is a generalised minimiser which attains the correct bound-
ary data uy #'-almost everywhere. In this situation, Proposition 8.1(a) yields
GM(F; ug) = {u}. In total, GM(F’; ug) C u + R for some suitable 7 € Z(Q2).
Since in this situation GM(F’; ugp) is a closed and bounded interval by (8.3), the
statement of Proposition 8.1 for n = 2 follows. O
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Proposition 8.1 rises the question under which minimal geometric assumptions
on d€2 the representation (8.2) continues to hold, an issue that we intend to pursue
elsewhere.

9. Appendix B: Proofs of Auxiliary Results

We now collect here the proofs of some minor auxiliary results used in the main
part of the paper.

9.1. On the L4-Stability (2.7)

We start by justifying (2.7). Let xo € R” and r > 0. Pick an L”-orthonormal
basis {my,...,ty} of Z(B(0,1)) and consider the orthonormal projection
HB(()J): LZ(B(O, l); Rn) — %(B(O, 1)) givenby HB(()J)U = ZIZ(V=1(U, 7Tk>L27Tk-
For Z(B(0, 1)) consists of polynomials, it is clear that we may also admit
v € LIY(B(0, 1); R") in the last formula. By (2.6), this yields the estimate

T, 1Vl (B(0,1):R") Scm)v I (B(0,1);R")

forv e L! (B(0, 1); R") so that Ip o, 1) extends to a bounded linear operator from
LY(B(0, 1); R") to Z(B(0, 1)). Now (2.7) follows by rescaling.

9.2. Proof of Lemma 2.12

Leta € Ry be fixed and let § € R be arbitrary. Assertion (a) follows by

sym
dlfferentlatlon and fa 2 0is a consequence of convexity of f. As to (b), since f

is Lipschitz by Lemma 2.8 and because of B(a, Q%) C B(&o, 0g,)»

0,
(SUPB (g, 0q) |/ DIEI  for 5] < 3,

1
a = ' dr =
f©) = [ @+ 6 = . e {2L1p(f)|§'| for fe] = G

Therefore, if |&| > Q%, we may successively apply Lemma 2.11(c) and (a) to find

< 9% 1 2 8
il Vi—¢) <
905 2\/5—1 (QS()E)_\/E—IQO ®:

Thus, by Lemma 2.11(d) with £ = Q% and the corresponding constant ¢ = c¢(£) =
QE()
(%)

0%
£l ==

16 Li
fu® = (%) swp 1f"1+ ip(f)

— )V (§).
B(&0.0¢,) (V2 - I)Qso>

For the lower bound, we observe that by (2.17) and B(a, Q%) C B(o, 0gy)»

1 1
Ja(§) = /0 /0 (f"(a + st&)E, E)dsdt > mgo,gfowgl2 for all & € B(0, %).



Regularity on BD 1163

Similarly, if Q% = |&], then positive definiteness of " on R{j[" yields

Vit /e 0
Fa®) = fa®) — fa(0) 2 /0 /O (" @+ 106, €] dids 2 ey g, F216P
Hence, we obtain for all § € R¢! by Lemma 2.11(c) and monotonicity of R >
t— V(),

Q& 28

2
fa(§) Z meg 00,V (E) U151 <05/2) (§) + Mg 00, (7) V(g) Liig1205,/2) 8
0

> mepary (%2) V).

The proof is complete.

9.3. Linear Comparison Estimates and the Proof of Proposition 6.1

Let 2 C R”" be an open and bounded domain with smooth boundary. For
w e WI’Z(Q; R"™), consider the variational principle

to minimise G[v] := / g(e(v))dx overvew —l—W(l)’z(Q; R™), 9.1)
Q

where g(z) := @[z, z] + (b, ) + ¢ is a polynomial of degree two on R " with

sym
a symmetric bilinear form & : R¢T x RiGH — R, b € RTY and ¢ € R. We
moreover assume that o7 is elliptic in the sense that there exists €1, £, > 0 such
that £1]z]* < .o/[z, z] < £2z|* holds for all z € RE.
Lemma 9.1. There exists a unique solution u € w + W(l)’z(Q; R™) of (9.1). More-
over, this solution satisfies the following:

(a) There exists a constant ¢ = c(n, €1, £3) > 0 such that if B(xg, R) € 2, then
forall0 <r < R/2 it holds that

r\n+2

[ e = e e ()7 [ e - el
B(xo.7) B(x0.R/2)

(b) If @ = B(xg, R) for some xo € R" and R > 0, then for any a € (0, 1) there
exists a constant ¢ = c¢(n, o, £1, £2) > 0 such that if w € C*(B(xg, R); R"),
then

[8(“)]C0,a(m;Rnxn) § C[S(W)]Co.a(m;Rnxn

Sym sym )

Proof. KorRN’s inequality ||V<p||Lz(Q;RnX,,) < c||e(g0)||Lz(Q;Rnxn) for all ¢ €

W(l)’z(Q; R"™) implies that minimising sequences are bounded in WE2(Q; RY) (as
the Dirichlet datum w is fixed). From here, the existence of minima is standard
by convexity of g, and uniqueness follows from strict convexity of g. The proof
of (a) follows along the lines of [40, Lemma 3.0.5]. For (b), consider the symmetric
bilinear form Z: R"*" x R"™" — R defined by %[z, £] := /[z™, £5Y™] for
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z,& € R™" . Then 4 is strongly elliptic in the sense of Legendre—Hadamard: for
all a, b € R" it holds that

Bla®@b,a@bl = H[aOb,a®b] = cn, Ly, ly)|al*|b]*,

and since trivially [ [z, §]| = c(n, £1, £2)|z[§| forall z, § € R"*", Zisastrongly
elliptic bilinear form on R"*". By minimality of u for G, u satisfies the Euler—
Lagrange equation

—div(Z[Vu, ) =0 inQ,

9.2
u=w onoas. ©-2

Therefore, by the classical Schauder estimates for strongly elliptic systems and
scaling, there exists a constant ¢ = c¢(n, £1, £2) > 0 such that

[Vttlco.n g Rymeny = LV W lco B Ry

Trivially, [8(”)]C0*“(W;Rﬁyﬁ1) < [Vulpoe (B R):Rnxn)- By the simple geome-

try of B(xo, R), £>"+2¥(B(xo, R); REr) =~ C**(B(xo, R); Rige) with the Cam-
panato spaces £7*. We then estimate, using Lemma 2.2(a) in the third step and

scaling,

[Vwlcoe @, myprny = VW 20420 B g, Ry R1r)
1

1 2
=csup sup (m / Vw — (Vw)B(x,r)mB(xO,R)lzdiﬂn)
xeQ0<r<2R I B(x,r)NB(xp,R)

1 3
<csup sup <m / le(w) — (S(U)))B(x,r)mB(xO,R)|2df")
xeQ0<r<2R T B(x,r)NB(xp,R)

< cle () oo @G Ry
where still ¢ = ¢(n, £1, £2). This yields (b), and the proof is complete. 0O

The key in the above proof is that an easy reduction to the strongly elliptic
bilinear forms applied to the full gradients is possible. This is not the case for
elliptic bilinear forms. Clearly, in (b) we could have allowed for more general
domains, but this is not needed for the

Proof of Proposition 6.1. We split the proof into two steps, linearisation and com-
parison estimates.

Step 1. Linearisation. We begin by defining the auxiliary integrand g : R’gyﬁ —
R by

(&) == f(&0) + (f'(50), (& —£0)) + 5(f"€0)(E — £0), (€ — &), & € RIS

Using a Taylor expansion of f up to order two around &j, we deduce by (6.3) that

1F(E) — )] £ w505, (1€ —E0DIE — &I, £ €Bd,05).  (93)
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By Lemma 9.1, the unique solution / of the auxiliary variational principle

to minimise / ge(w))dx overall w € v+ Wy *(B(xo, X); R"), (9.4)
B(x0.R/2)

belongs to cle (B(xp, R/2); R"). By Lemma9.1 (a), there exists ¢ = c(n, A, A) >
0 such that

r

5 n+2 5
[ e = e Parsc(5) [ jet — @i
B(x0.7) B(x0.R/2)
9.5)

forall 0 < r < R/2. Moreover, enlarging ¢ > 0 if necessary, Lemma 9.1 (b) gives
e (D] coe B m7my) = €18 cow B 7R ©.6)

Since 4 is a solution of the variational principle (9.4), the bounds of (6.2) yield that
le(r) = Eoll 2@y, ry iy < Clle®) = ol ey rpimty: O

where still ¢ = c(n, A, A) > 0. Therefore we deduce for every x € B(x, %) that

le (h)(x) — &ol S sup  e(h) — (e(M)xo.rp2| + 1(e(M)xg, k72 — §0l
B(xo,R/2)

9.6).9.7)

N

1
B A L0 ) P (][ le(v) — Eo|2dx)2
cediarEgn T
S eR[eW)] 0w G R+ sup  |e(v) — &ol
C (B(M)qR/z)sRsym) B(xo, R/2)

. . R
= Ccompta,%‘o(v, X0, j)a

where ccomp = Ccomp (A, A, n) > 1 shall be the constant claimed in the proposition,
and so

sup  |e(h) — &o| < Coompta,g (Vi X0, ). (9.8)
B(x0.R/2)

Step 2. Comparison estimates. We will now compare v with 4. To this end, we first
notice that by Jensen’s inequality, (9.5) and 0 < r < g,

/ l6(0) = (e ()ag.rPdx < o / le(v) — e(h)[2dx
B(xo,r) B(xo,r)

[ let = el Px)
B(x0.r)

< c(/ le(v) — e(h)[2dx
B(xo,r)

r\n+2 2
* <E> /B(xo,R/z) le(h) — (e(h)xq, 2] dx)
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= C(/ le(v) — e(h)|*dx
B(x0.R/2)
r\n+2 ,
+ <E> /l;(xo,R/z) le() — (e(V))xo.R/2] dx),

where ¢ = c(n, A, A) > 0. In view of (6.4), we thus need to control the first term
on the very right hand side of the previous inequality. Since A solves (9.4) and
v—he W(l)’z(B (x0, %); R"™), an elementary integration by parts establishes that

1

5 / (") (e(v) — e(h)), (e(v) — e(h)))dx
B(x0,R/2)

= / g(e(v)) — g(e(h))dx.
B(x,R/2)

Using this equality in the second step, we then deduce

6.2) 1
/ le(v) — e(h)[*dx < X/ (f"(Eo) () —e(h), (e(v) — e(h)))dx
B(x0,R/2) B(xo,R/2)
2
= A/ g(e(v)) — g(e(h))dx
B(xo,R/2)

2

_A(Amﬂmg@@”_f““”“
+/ﬁ Fe@)) — f(e(h))dx
B(xo,R/2)

+/‘ f@m»—g@m»m)
B(xo,R/2)

2
= X(Il + L+ 1),

the single terms Iy, I, I3 being defined in the obvious manner.

Ad I;. Since ccomp > 1 and by virtue of our assumption tg 5, (v; xo, R/2) <

0&y/Ccomp, We obtain £(v) (x) € B(&o, og,) forall x € B(xo, R/2). In consequence,
by (9.3), the definition of t, z, and because wy, o, is non-decreasing,

I =/ g(e(v)) — f(e(v))dx
B(xo,R/2)
= 0g,0, (ta, g (V3 X0, R/2)) le(v) — &|*dx.
B(x0,R/2)

Ad I,. Here we invoke the definition of dev, and minimality of 4 for (9.4),
yielding I; < devy (v; xo, R/2).

Ad I3. By our choice (9.8) of ccomp > 1 and ty g, (v; x0, R/2) < 0gy/Ccomp(<
1), (9.8) implies that e (h)(x) € B(&o, 0g,) for all x € B(xp, R/2). Hence, by (9.3),

|f (M) (X)) — g(e ()] = wgy,gq (16 X) = EoDIe(m) (x) — &l
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for all x € B(xp, R/2). Now, because Wgy, 05, is non-decreasing, (9.8) and (9.7)
imply

I = / fe(h)) — g(e(h))dx
B(x0.R/2)

< Wy, 0, (Ccomplangy (V: X0, R/2)) |e(h) — &o|*dx
B(xo,R/2)

< gy o, (Ccompla.g (V5 X0, R/2)) le(v) — &|*dx,
B(xo,R/2)

where ¢ = c¢(n, A, A) > 0. In conclusion, we find with some constant ¢ =
cin, A, A) >0

r

n+2
- X0.7 2d <c — / _ . 2d
/B(XUJ’) le@) = (e r"dx = (,< (R) B(x0,R/2) le() = (6())z,r2l"dx

+ deve (v: 30, R/2) + 9 (ta,g (v: 30, R/2)) lo(v) — Eoldx ),
B(xo.R/2)

where 9 (1) := W, 05, (1) + W, 0¢, (ccomp?) meets the required properties. This is
(6.4), and the proof is complete. 0O
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