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LARGE DATA SOLUTIONS TO THE
VISCOUS QUANTUM HYDRODYNAMIC MODEL WITH
BARRIER POTENTIAL

MICHAEL DREHER AND JOHANNES SCHNUR

ABSTRACT. We discuss analytically the stationary viscous quantum hydrodynamic model including
a barrier potential, which is a nonlinear system of partial differential equations of mixed order in
the sense of Douglis—Nirenberg. Combining a reformulation by means of an adjusted Fermi level, a
variational functional, and a fixed point problem, we prove the existence of a weak solutions. There
are no assumptions on the size of the given data or their variation. We also provide various estimates
of the solution that are independent of the quantum parameters.

1. INTRODUCTION AND MAIN RESULTS

Nowadays, modern microelectronic devices are getting ever smaller, and quantum mechanical effects
have to be incorporated into the mathematical studies of their behaviour. This can be seen in the
viscous viscous quantum hydrodynamic model with barrier potential, which is a parabolic-elliptic
system for three unknowns (n, J,V),

on —divJ =vAn,

A 1
(1.1) OrJ — div <M> —ToVn+nV(V +Vp) + 2e§nv7\/ﬁ =vAJ——J,
n Vn 0
NAV =n-C.

Here t and z are the usual variables for time and space, n = n(t, z) is the scalar density of electrons
in the electronic device, J = J(t,z) the vectorial density of the electric current, and V = V (¢, x)
the scalar elliptic potential. The physical constants are T (temperature), ¢ (related to the Planck
constant /), v (coming from a description of the collision effects between electrons and the phonons
of the crystal lattice via a Fokker—Planck operator), a relaxation time 7y, and the Debye length A.
The functions Vg = Vp(z) and C = C(x) are called barrier potential and doping profile. They are
known and typically piecewise constant. The quantum effects enter the mathematical model via
the terms with coefficients g and v (which is proportional to A?).

The quantum hydrodynamical model for the particle transport in a semiconductor was proposed
in [15], first without the viscosity terms. We emphasise that the viscosity terms in our model are not
an ad hoc regularisation; instead they can be physically justified, see [4], and [1], [20] for overviews.

Proving analytical results for (1.1) is quite challenging, and one reason for that is the third order
term 2e2nVB(n) in the second equation, where we have introduced the abbreviation

B(n) = A\/\gﬁ
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2 LARGE DATA SOLUTIONS IN QUANTUM HYDRODYNAMICS

for the so-called Bohm potential. We mention results on local or global existence or various asymp-
totics (proved using energy methods) in [5], [11], [14], [17], [19], [21]. All these results omit the
barrier potential Vg.

However, the system (1.1) is interesting also from another point of view of so-called pure analysis':
If we introduce the vector U := (n,.J)" of main unknowns, then we can bring (1.1) into the form

U — <—§%©A V(ZVId> U = (lower order terms),
with I; as the d x d identity matrix in R?. The matrix operator turns out to be a parameter-
elliptic differential operator of mixed order in the sense of Douglis—Nirenberg, and the idea emerges
to tackle (1.1) using semigroup methods. Indeed, the first author succeeded in proving that this
matrix differential operator (augmented by appropriate boundary conditions) does generate an
analytic semigroup in certain I based Sobolev spaces, and then the local well-posedness of (1.1)
can be shown in a short and elegant way, see [6], [7], [10], [12].

The key novelty of this paper is to include the barrier potential V3 into the considerations, with the
goal of rigorously proven analytical results. We focus our attention to the one-dimensional domain
(0,1) and the time-independent case:

(1.2) Jp +vng, =0,
J? 5 1
(1.3) -\ —Tong +n(V +VB)y + 2egnBy — vy + —J =0,
x 70
(1.4) Ve =n— C.

Since the barrier potential Vp appearing in the applications typically is a function with jumps, (1.3)
has to be understood in the sense of distributions. This complication seems to be one reason why
analytical results for such a system have not been obtained so far (another reason is that the flow is
partly subsonic, partly supersonic). We refer to elaborate numerical simulations in [18], [22], [23].

The remainder of the introduction unfolds as follows: first we discuss boundary conditions to be
imposed at the boundary points x = 0 and x = 1, which we will often call contacts. These boundary
conditions have to be analytically correct as well as physically relevant. Then we introduce the
concept of a weak solution (Definition 1.1).

Next comes our first main result, Theorem 1.2 on the existence of weak solutions, which is the
first analytical result at all on the model with barrier potential. We emphasise that we have no
assumptions on the positive physical constants (7o, €9, v, 70, Ao) or the applied voltage V(1) —V(0),
and we have very little assumption on the given functions Vp and C: these functions can be basically
any function from > or I?, respectively — we can always guarantee the existence of a weak solution
(the only conditions are that Vp has slightly higher regularity near the contacts, and that the doping
profile C has positive total mass). This is what is meant by large data solutions in the title. We
also recall that numerical simulations in [8], [23], [24] tell us that multiple solutions (related to
hysteresis effects) indeed happen, and therefore the uniqueness of a solution can not be expected.
As a side-remark, we mention that the term Tyn, in (1.3) could be replaced by a more general term
0xp(n) with a pressure p(n) ~ n?, v > 1. However, in the isothermal case discussed here, our proofs
allow for an amazing connection to the nice Csiszar—Kullback inequality, and therefore we restrict
our studies to the isothermal case, for reasons of beauty and brevity.

lWe wrote so-called because, in our opinion, the distinction between pure and applied analysis is misleading, since
they belong together.
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The second main result (Theorem 1.3) shall characterise the shape of the solutions more in detail.
Here we put particular emphasis in obtaining various bounds that are uniform in the quantum
parameters €y and v. The motivation for such estimates is to better understand whether the
solutions to the viscous model (where v > 0) do converge (for v — 0) to the solutions of the inviscid
model (where v = 0) as it was introduced by Gardner. This is a hard question which has remained
open for many years, and Theorem 1.3 gives partial answers in that direction. More answers (for
the equilibrium case) are presented in [13] and [29].

Let us think about boundary conditions for (1.2)—(1.4). From numerical simulations [15], [18], [22],
[23], [28] and physical intuition we expect that n ~ C near the contacts, and n is observed to
be basically constant there. Results from numerical simulations by the authors are in Figure 1
in the appendix. Therefore, the boundary conditions (n = C,n; = 0,1, = 0) together with
Dirichlet conditions for V' are physically reasonable for z = 0 and x = 1, and the electron density
being a flat function near the contacts also matches the numerical observations; but the system
becomes formidably overdetermined with these conditions. Note that typically C(0) = C(1). As a
compromise between the necessity of having an analytically well-posed system and compatibility to
numerical simulations, we choose the following boundary conditions:

(1.5) n(0) = n(1), ng(0) = ng(1),
(1.6) Ngz(0) = nga (1),
(1.7) V(0) =V, V(1) =V,

and we additionally prescribe charge neutrality of the device:

(1.8) / dx—/ C(x

and C, is supposed as positive. We assume C € I?((0,1)).
Concerning the barrier potential Vg, we suppose
(1.9) Ve L*((0,1)), Valoe € H((0,0), Vslaen€H((1-c1)), Vi(0)=Vs(1),

for some small constant c. The barrier potential may have jump discontinuities, and there the term
nVp in (1.3) will then only exist as a distribution, which motivates the concept of a weak solution,
defined as follows. Observe that (1.3) can be re-arranged into

(1.10) — <J2> + lJ —n(ho(n) =V —Vp — 2533(n))$ — Vg =0,

n T0

with hg(n) := Ty lnn being the enthalpy function.

Definition 1.1 (Weak solution). We say that (n,J, V) € H?((0,1)) x H'((0,1)) x H%((0,1)) is
a weak solution to (1.2)~(1.8) if min,co 1) n(z) > 0, for each ¢ € H'((0,1)) with ¢(0) = (1) the

identity
1 J2 1 1 5
/ | =) +=J)edr+ / (ho(n) =V = Vg — 2¢4B(n)) (np), dz
0 n/jg 70 0
=0

1 1
(1.11) + l// Jeog dz + (Vne) .
0 o=

holds, and the equations (1.2), (1.4), (1.5), (1.7), (1.8) are satisfied.

Theorem 1.2 (Existence of a weak solution). Let the physical constants C., Ty, 10, Ao, V, €0
be positive, the voltage values Vy., Vi be given, and suppose C € I?((0,1)) as well as (1.9).

Then the problem (1.2)—(1.8) possesses at least one weak solution (n., Ji, Vi).
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Without loss of generality, we will suppose V,. < V; in both theorems from now on.

Theorem 1.3 (Properties of the weak solution). Under the assumptions of Theorem 1.2,
there is a positive constant Cg (which depends on C, \o, To, 170, VB, Vi — V;, but not on the
quantum parameters v and €g), such that the first component n, of the weak solution constructed in
Theorem 1.2 has the lower bound

(1.12) ny(z) > exp (—Cs (1+v71)), z € [0,1].
Additionally to the assumptions of Theorem 1.2, suppose that C € L°((0,1)) is bounded with
inf(g1) C(z) > 0. Put C; :=10sup(g ) C(x) and C_ := 15inf(o 1) C(z). Define o, := \/n.. Assume
that a point & € (0,1) exists with the following properties: o. has C? regularity in a neighbourhood
of 2, and C_ < 02(Z) < C., and the derivatives of 0. at T are bounded as follows:

1 1

)| < — 7)< —.
|Q*7$( )‘ = W |Q*7$ZE( )| = 6(2)+V2
Then a constant C' exists (also being independent of the quantum parameters v and o) with
(1.14) ny(x) < C, x € [0,1].

If we additionally suppose that the doping profile C and the barrier potential Vg are piecewise C*
functions with finitely many jumps of finite height (and & is not one of these jump points), then
the function n. enjoys a uniform pointwise bound of the kinetic energy that is independent of the
quantum parameters v, €o:

(1.13)

(1.15) (‘7]1((2)))2 <C, zelo1].

Here we may replace J.(z) by the averaged current J, := fol Ji(z) dz.

And we have a slope bound on the particle density, with a constant C independent of the quantum
parameters:

C

0+,2(2)| £ 57—,

And, ultimately, if no voltage is applied (meaning Vi — V. = 0), then n, possesses uniform in the
quantum parameters positive lower and upper bounds.

(1.16) z € [0,1].

Let us discuss the physical relevance of the results and assumptions in Theorem 1.3. The lower
bound (1.12) indicates that viscosity effects are capable to exclude vacuum, and we remark that
this is the first analytically proven lower bound of the particle density at all.

The auxiliary assumption on the existence of at least one point & with the mentioned properties
is physically reasonable, because otherwise the particle density n, would oscillate heavily over the
whole interval [0, 1], which seems unrealistic. We refer to numerical simulations as in [15], [18], [22],
[23] and [28] for various graphs of n., which typically look like in Figure 1 in the appendix. There
we find, near the contacts x = 0 and = = 1 of the device, whole intervals with candidates of the
desired point &, and we also observe that (1.5), (1.6) are physically reasonable.

The purpose of (1.15) is to have a uniform lower bound of the particle density n.(z), assuming that
a lower bound of the averaged current J, were given. The expectation is that this lower bound
would improve (1.12) quite a bit.

Finally, the uniform bound (1.16) suggests that interfacial layers of the particle density near the
jumps of Vp are to be expected to have a width of order O(/ 53 + v2). This expectation is confirmed



LARGE DATA SOLUTIONS IN QUANTUM HYDRODYNAMICS 5

in [13] and [29], where asymptotic expansions of the layer profile functions and associated remainder
estimates are proved rigorously, with considerable effort.

The structure of the paper is as follows. We will conclude the proof of Theorem 1.2 directly from
Theorem 5.7, building upon auxiliary results presented in the sections 2—4. Theorem 1.3 is then
proved in Section 6. An appendix provides typical graphs of Vz, C, and a numerically obtained n.

Acknowledgements. The first author was supported by DFG (446 CHV 113/170/0-2), and both
authors thank the Center of Evolution Equations of the University of Konstanz for support.

2. A REFORMULATION OF THE PROBLEM

Lemma 2.1. Let (n,J,V) be a weak solution to (1.2)~(1.8), and define a number J by J :=
fo x)dz. Then the variational identity

(2.1) /01 <— ({j) + v (%L + ;) oda
1

+ /01 <<1 + Tm’o) ho(n) —V — Vi — 2(e§ + V2)B(n)> (n@)z dz + (Vnyp) =0

=0
holds for each » € H((0,1)) with p(0) = ¢(1), and the equations (1.2), (1.4), (1.5), (1.7), (1.8)

are satisfied.

Conversely, let us be given functions (n,V) € ((O, 1)) >< H?((0,1)) and a real number J, such
that minge (g1 n(z) > 0 and the equations (1.4), (1.5), (1.7), (1.8) as well as the identity (2.1) are

satisfied for each ¢ € H'((0,1)) with ¢(0) = ¢(1). Then (n, J, V) with J := J — vn, is a weak
solution to (1.2)—(1.8).

Proof. 1t suffices to recall (1.10) and to remark that B(n) = stng, — 1(22)2, as well as

/ B(n) - (np)da = 1 / 1 (s - <”;§)2) o da,

for all mentioned . O

We define a viscosity-adjusted quantum quasi Fermi level
(2.2) F = <1 + TOTO> ho(n) =V — Vi — 2(e2 + v*)B(n) mod R,

which we regard as a function of x that has been uniquely defined up to an additive constant.

Recall that the traditional quantum quasi Fermi level Fy = ho(n) — (V + Vi + 25(2)B (n)) has been
used in the investigations of quantum drift diffusion models, see [27], [2], [3]. On the other hand,
this paper discusses the viscous quantum hydrodynamic model, which motivates the viscosity-
adjustments. To simplify notations, we define

v
T:=Ty+ — = /€2 2 h =Thn=(14—]h
0o+ 7_07 € €0 + v, (n) nn ( + TOTO) 0(”’)7

and then the quantum quasi Fermi level of (2.2) turns into F' = h(n) — (V + Vg + 2¢2B(n)) mod R.
The rule is that the original physical quantities and constants have a subscript zero, which is
ommited for their viscosity-adjusted counterparts.
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Lemma 2.2. Let (n,J,V) be a weak solution to (1.2)~(1.8). Then the Fermi level F € I?((0,1)),
defined in (2.2), has the distributional derivative

72 J—

J —(Inn)gs J
. F.=—| — A T
(2.3) 2 <2n2> +2vJ - + on

72 J—
— 4vng, — /1 2)’
— _ M +J 7+2y(n ) ,
2n2 Ton n3

where the constant J is defined via J := fol J(x)dx.

Moreover, F € H'((0,1)), and we have the identity

(2.4) F(1) — F(0) = J/O1 <1 + 2u(”x)2) de =V — V.

Ton n3

Proof. Observe that we can exploit

1 52 7 1 72 7
/ (— (J ) +2u7(&) —|—J> (pdx—/ (— <J2> +21/J(lnn)m+J> (np)dz
0 n n/sz T 0 2n n ToNn

to rewrite (2.1), and now it suffices to choose ¢ € H'((0,1)) in such a way that ny runs through
C3°((0,1)) to get the first claim. The first part of (2.4) follows from integrating (2.3) over (0,1),
and the second part follows from choosing ¢ = 1 in (2.1). O

Lemma 2.3. Let (n,J,V) be a weak solution to (1.2)—(1.8), and suppose (1.9). Then n has H?>
reqularity on the intervals (0,¢) and (1 — ¢, 1), and it satisfies the boundary condition (1.6).

Proof. The equation (2.2) implies that B(n) has H! regularity on (0,c) and (1—¢,1). In particular,
B(n) has traces at x = 0 and = 1. From (2.4) we learn that F'(1) +V, = F(0) + V; which implies
B(n)kc:l = B(”)\xzo g

In view of (2.4), we may introduce
Fa=Vi—V,
as the known (nonnegative) difference of the Fermi level F' at both ends of the device.
Lemma 2.4. Let n € H*((0,1)) with (1.5), (1.8) and mingepqyn(z) > 0 be a given function.

Define a function V€ H?((0,1)) as the unique solution to (1.4) with boundary conditions (1.7),
and then define a function F € I?((0,1)) via (2.2). Next define a number J via

T= Fa
fol (T%n + 21/—(7;;”3)2> dx

and suppose that the function F possesses the distributional derivative F, given in (2.3).

(2.5)

Then (n,J, V) with J := J — vn, is a weak solution to (1.2)-(1.8).
Proof. We know that
1 72 7 1
J — /Ny J 1
(2.6) / (— () +ouT (”—) + ) Y de +/ Fypdz+ (V)| =0
0 n n/xz 0 ) N 0 =0

holds for all functions ¢ € C§°((0,1)); and by density arguments, also for all functions ¢ €
H}((0,1)). Integrating (2.3) over (0,1), we find that (2.6) remains true for the function ¢ = 1.
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By linearity, we then deduce that (2.1) holds for all ¢ € H*((0,1)) with ¢(0) = ¢(1). It remains to
apply the converse part of Lemma 2.1. O

Remark 2.5. For completeness, we compare some of our results obtained so far to the (quan-
tum) drift-diffusion system, which is formally obtained from the viscous quantum hydrodynamic
system (1.1) by neglecting the acceleration terms OyJ — div(J ® J/n) and setting the viscosity con-
stant v to zero. Then it is well-known [31] that the Fermi level F' as defined in (2.2) connects to the
vectorial current density J via the relation J = unVF', with u denoting a mobility constant. On the
other hand, our relation (2.3) can be written as J = 1onF, + (acceleration terms) + (viscous terms).
In that sense, Lemma 2.2 is natural.

Moreover, from the identity (2.5), we conclude that J has the same sign as Fa. And if FA = 0,
then J = 0, and (2.3) forces the function F to be a constant, which turns the stationary viscous
quantum hydrodynamic model into a system of two second order elliptic equations (1.4) and (2.2).
Then the approach of [2], [27], [3] becomes directly applicable. A formula similar to (2.5), connecting
the averaged current J, the applied voltage Fa, and the particle density n, can also be found in [26]
(e.g., in Lemma 3.1 there), for a classical hydrodynamical semiconductor model.

Now we have two different representations for the viscosity-adjusted quantum quasi Fermi level F',
and the following strategy towards a weak solution of (1.2)—(1.8) seems reasonable: Take an initial
approximation ni; for the electron density; compute J via (2.5); construct F' modulo constants
by (2.3); and then compute (n, V) as solutions to the elliptic system (1.4), (2.2) (for instance, as
minimisers of appropriate functionals). This will give us a mapping ninit — n for which the existence
of fixed points can be proved using the Schauder fixed point theorem.

However, it turns out that certain regularisations are advisable in order to handle singularities in
the Fermi level F' and in the enthalpy h which occur when n reaches zero.

3. FIRST a priori ESTIMATES ON THE AVERAGE CURRENT AND VELOCITY

The relation (2.5) and the charge neutrality condition (1.8) together enable us to find estimates on
the average current .J := f01 J(x)dx and the “average velocity” % in various norms.

Through the rest of the paper, we suppose that
(3.1) T <v,
which holds in all physically relevant situations with a wide margin and simplifies some formulae.

Lemma 3.1. Let n € H'((0,1)) be a function with min,ep 1y n(z) > 0, and put

K = /<7’0n+2 n3)2> dzx.

Under the assumption (3.1), then there is a universal constant C' such that

(3.2)

HniluLP(O,l) < CKT&/Hl/(Zp)V*(l*l/p)/z7 1<p<oo.

Proof. We have the estimates

Hn—1/2 < (ToK)1/2, H(n—1/2)

2K 1/2
I2(0,1) ( /l/)

12(0,1)

H —1/2H < CKl/Q(T T )1/2 < CKY2,7172,
H(0,1)
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and then interpolation gives us

Hn—l/ZH < CKl/QTOlMy*l/‘l,

°(0,1) —
which directly implies (3.2) in case of p = oo. The general case follows from interpolation with

Hn_IHLl(O,l) = Ko. O

Now we bring the charge neutrality (1.8) into play and obtain the announced a priori estimates. The
first one (3.3) relates the averaged current J to the applied voltage Fa, hence it can be understood
as an inequality version of Ohm’s Law. The velocity estimates (3.4) and (3.5) have the following
interpretation: If the density nj,;; of mobile electrons is small over a non-small region, then only
a little current can flow, hence J must also be small. Compare Theorem 3.1 of [22] for a similar
estimate with a weaker exponent of v.

Lemma 3.2. Let niye € HY(0,1) be a function with minge(o 1) Ninit () > 0 satisfying the charge
neutrality condition (1.8), and let J, Fa be nonnegative numbers such that (2.5) holds (with N
at the place of n).

Then the following estimates are valid:

(3.3) J < 1FACs,
(3.4) J < CFATS/QV_1/2,
Ninit || fee (0,1)
J 3/4 —1/4
(3.5) < CFary v
Ninit I2(0,1)

Proof. Only the case of positive J, Fa is relevant. By the Cauchy-Schwarz inequality, we have

1 2 L
1= /1d$> < [Inini /d%
< 0 [172initl 22 0,1 0 Minit

and therefore, by (2.5),

— _
1
Fa > i dx > J .
70 Jo Minit 70 Ca
The remaining estimates follow from (3.2) with K := Fa/J. O

4. A VARIATIONAL PROBLEM

Now our refined approach is: We take an initial approximation ninj; with

1
Ninit € ngr((o, 1))7 min nmit(x) > 0, / Ninit dx = C*,
z€[0,1] 0

where H!, (0,1) consists of those functions u of H'(0,1) with u(0) = u(1), by definition. Then we

per

calculate J via (2.5) (with nj,; instead of n). According to (2.3), the Fermi level F would satisfy

I 1 ini:z:2 j2—4jinix
(4.1) F(z) :j/ ( . Lo i, ) )(y)dy— v i @) od R,
0 TOMinit n 2ninit (.’B)

init

in case that ni,i; were already a component of a weak solution (ninit, J — Vninit .z, V).
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Hence, we define a function G by

Glz) =7 /0 ’ ( ! +2u("m§f"”)2> (y) dy,

ToMinit Ninit

which is the part of the Fermi level F' in (4.1), for which we have the nice pointwise bounds
0 < G(x) < Fa. To bound the other terms in F', a regularisation becomes necessary. To this end,
for § > 0, choose ¥s € C®°(R) with [¢§] < 2, and 1s5(s) > |s|/2 and

B Is| :|s| > 29,
vs(s) = {5 L0 < |s| <.

We also define, for a large constant K, a truncation function

—-K :s<-K,
Er(s):=<s - K <s< K,
K K <s,

and then we specify a regularised Fermi level
2

(42) Fose e G — L 4Ty €y

21350 VE (ninit) ’
which clearly allows for pointwise bounds |F; xy(z)| < Cs k. Because of (3.4), a regularisation of
=2
the term 3 T‘L]Q is not needed.

init

Then we intend to find (n, V') as solutions to the coupled elliptic system
Fisx) =h(n) = (V +Vp) — 26°B(n) — 8,
A%Vm =n—C,

1
n(0) = n(1), ng(0) = ng(1), / ndz = Cy,
0
VO =V V)=,

(4.3)

and the unknown (n, V') will turn out to be minimisers of certain functionals, and the parameter
B € R then will be the Lagrange multiplier associated to the constraint (1.8). Recall that (2.2)
characterizes the Fermi level F' only modulo additive constants, and S can be seen as such a
constant. It remains to show that the mapping ni.ix — n possesses a fixed point.

To construct the functional of which the desired function n will be a minimiser, we proceed in
several steps. Define the inhomogeneous part Vi, of V' by

)‘(Z)Vinh,xx = _C? V(O) = ‘/17 V(l) =V
The unique solution V to the boundary value problem

will be written as V' = ®{g}, with ®: I?(0,1) — I?(0,1) as a compact self-adjoint linear operator.
By direct computation, we then find:

Lemma 4.1. The norm of the (extended) operator ®: I}(0,1) — I2°(0,1) is bounded by CpAy> for
some uniform constant Cg, and ® has the properties

1 1
(1.4) - [ @t} g0 =2 [ 104a)ef de,



10 LARGE DATA SOLUTIONS IN QUANTUM HYDRODYNAMICS

A2 1 ) A2 [l ) 1
4s) 3 [ et tonl ar =2 [Co(ahl a2t [ a(lopdr 00
fort — 0, where o, € I*((0,1)), and ¢ € ngr(( ,1)). And for g, g« € I?((0,1)), we have
X[ 5 i 2
(4'6) ? |(I>{g}:r| dz — ? |<I>{g*}x| dz
0 0

2

1 1
A
= —/ ®{g.} - (9 — g«)do + 20/ |D{g — g }a|* du
0 0
Next, we select primitive functions to the enthalpy h:
H(s):=T(slns—s+1), Hi(s) :==T(slns— s+ Cy), s> 0.

We recall the celebrated Csiszar-Kullback inequality [9], [25], [30], see also the survey [16]:

Lemma 4.2. Let (2,3, 1) be a probability space, and let f € L}, du) be real-valued and nonneg-
ative with [o, fdp = 1. Then

1 2
/Qflnfdu = 1f = U, ap) -

This inequality will be our main device in the next estimates of the entropy terms:

Lemma 4.3. For o € I?(0,1) with

1
(4.7) / o’ da = C.,
0
there holds
T 2
(4.8) / H,( d:l:—/ h(0*)o*dz > TC,1n C, +WH 2_C*HL1(071).

If 0, € I?(0,1) is an arbitrary function with o, > ¢ > 0 on [0,1] for some constant c, then

1 1 1
(4.9) / H*((0<>+t<p)2)dx=/ H*(Qz)dm‘f‘%/ h(02)oopd + Oc(t?),  t—0,
0 0 0

with ¢ € I*(0,1). And if also 0. € I?(0,1) with fol 02dx = C,, then
(4.10) HAR) - HA) — W@ - o> - &
: * * = 9¢C, 1 0,1)
Proof. We begin with (4.8). Put f := ¢?/C,. Then fol fdz =1, and Lemma 4.2 gives us

1 1 1
/h(92)92dx_T/ ln(fC*)fC*d:n—TC*lnC*—i—TC*/ fln fda
0 0 0

T 2
- 1||%1(0,1) =TCilnCy + 20, HQ2 - C*HLI(O,1) :

And to show (4.10), we first calculate

/ H.,( H.(o )—h(g*)(QZ_gi)dx:/olH<Qz(m)> 02(z) da.

o:(z)
Now we put f := 0?/0? and define a measure
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with fol dpu =1 and fol fdu =1, and then from the Csiszar—Kullback inequality we get

/olH <§Eg) 02(z)dz = C*T/Olflnfdu > 22 (/01 () Qg(@’dx)g’

which completes the proof. O

Now, with the substitution n = p?, our intention is to minimise the functional
(4.11) Fsx(e?) = /O1 ~ (Fox) + VB + Vi) ¢° + Ha(0%) + AQ% |@{0*}a|” do + /01 2:%(00)* du,
with respect to the function ¢ € HL.(0,1) over the set
(4.12) X ={0€ H).(0,1): osatisfies (4.7)} .
Note that we have, by (4.5) and (4.9),
Fs.x((0x +10)?) = Fs i (03)

1
+ 2t/ <—(F(5,K) + Vi + Vin) + h(ed) — @{ol} — 2629’;’”) oxpdz +O(t%),
0

*

for functions g. € HZ,,(0,1) taking only positive values, and ¢ € H}.(0,1). Therefore, the Euler-

Lagrange equation to Fj x with respect to variations of o is indeed the first equation of (4.3) if we
set V = Viny, + ©{0?}.

Lemma 4.4. Let F(5 i) € [7°(0,1) be arbitrary. Then the functional Fs5x from (4.11) possesses a
unique positive minimiser o5 g € X N ngr(O, 1), which solves the Euler—Lagrange equation

(4.13) 0=—(Fir)+ Ve +V)osx + h(0§ k) 0.k — 26706, K.20 — B,k 05,

where we have set V := Vipp + (I){Q(%K}, and B5 i is a Lagrange multiplier.

The minimiser o5 i obeys a pointwise lower bound o5k (x) > c5x > 0, and cs i depends continuously
on || Fs, ) | e 0.

The Lagrange parameter 5 i can be computed from the identity

2

A 1 2
(4.14) Bs,x Cx = fé,K(Qg,K) + 20/ ’q){gg,K}»’”‘ da.
0

Proof. For a proof of the existence of the positive minimiser g5, we refer to [27] and [3], where
also the positive lower bound of g5 i is determined, and the Euler-Lagrange equation is shown.

It remains to prove (4.14). Multiplying (4.13) by 05 k and integrating over [0, 1] give

1 1 1
0= / —(Fis.)+ VB + V)05 x + (05 k)03 s A — / 26”05, K 2w 06,5 AT — Bs i / 05 da,
0 0 0

which can be recast as

1
2
Bs,k Cs = / —(F((s,K) + Ve + ‘/inh)Q?iK + H*(Qg,}() + /\g ‘@{Qg,K}m} + 282(Q5,K,m)2 dx
0
2 X[ 2 2
= Fo.x(05 1) + 2/0 |2{05 i }o| du,

see (4.4). O
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5. A FIXED POINT PROBLEM, AND THE PROOF OF THEOREM 1.2

In this section, we show that the mapping \/niix + 05K possesses a fixed point for each pair
(0,K) € (0,1) x (1,00). We also prove that this fixed point does not depend on (4, K) for large
enough K and small enough §, which then makes it possible to drop the regularisation of the
functional F; iy We begin with some estimates.

Lemma 5.1. Let Fi5 ) € I7°(0,1) be arbitrary. There is a constant C1 (depending on Vg, Vi,
Cx, Ao, but not on Fis5)) such that for all o € X with minge(g 1) o(z) > 0 we have

f(;K /F5K) )dm—Cl—i—TC IHC +2<€ HQZ’HLQOI)7

./—"571((6*) < —/ F((;’K)(a:) Cidzx+C1+TCyxln C,.
0
However, if F(5 iy is constructed via (4.2), then we have, for all functions ¢ € X from (4.12), that

1
1/2
(5.1) /0 ‘F((;,K)Qﬂ dx < CFAC, (1 + Farov ™ + (mov/ C) V4 HQHV41(0 1 )

And if o5 K 1s the unique positive minimiser from Lemma 4.4, then

2
0
Fox(0%) — Fs (03 ) = / |®{0? — 02 g }a” dfv+/ <Q2> 05 i Az

5K

1
1
+ 267 / —— |05, 00 — 005,5c.0|* da
0

95K
)\2 2 2
> 2/ “P{Q _QJK}JE‘ dm+7H9 Qé,KHLl(og)
1 2
(5.2) —1—252/ 0 (lng > dz.
0 Q6zK xX

Proof. Using (4.8), we directly get

1
Fsx(0®) > —/ Fio.5)0% dz = [V + Viunll pre0,1) Co + T CuIn Co + 2 [l0z| 7201y »
0

and the estimate on Fj i (Cx) is obvious. To prove (5.1), we write
2

J 14 j ini ini
[ 1R |da:</ Go? dx+/ TG g [ WIS T
Tnit 0

wg Ninit)
J | (v/Teinit i
< FAC. + S+C / VT ] y1/4< ) /4% d
Ninit || 100 (0,1) Ninit Ninit
— 1/2
— (\/Mini J
gFAc*+cc*Fgrou—1+cH\/EW N Ml 201y
Ninit I2(0,1) Minit =(0,1) ’

where we have used (3.4). To discuss the last item of the sum, we note that (2.5) implies

FA >/ J 1n1ta: dJI > C/ J nlnlt ) da > C ’\/7 nlmt

Ninit

mlt 1n1t I?7(0,1)
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The second factor is handled by (3.4), and concerning the third factor, we interpolate

1/4 3/4
lall o) < € lullis o1y el o1y
valid for u € W,'(0, 1), from which we deduce that

1/2 3/2 1/2
H92HL2(0,1) - HQH%“(OJ) <C HQHVIé;(O 1) HQHLé (0,1) — =C(c )3/4 le Hmél 0,1)

giving us (5.1). And the final claim (5.2) is proved as follows:
Fsx(0°) — Fsre (03 i)

1
- /0 (Fos) + Vi + Vi) (0% — 02.2) + (Ho(6?) — Ha(d2 ) da

A2t 9y (2 9 2 o [ 2
+/ }<I>{g }x‘ — }@{Q&K}x‘ dz + 2¢ / (02)” — (05.xz)° dx
0
)\2 1
5 / |©{0* = 03 Yl da +/ ~(Fsi) + Ve +V)(¢* — 03 ) do
1 1
b [ AR = BB do+ 22 [ (00 = (ena)do
0 0
where V := Vi, + <I>{g§7 i}, using (4.6). Now the Euler-Lagrange (4.13) equation becomes

—(Fox)+ VB +V) = —h(03 k) + 252%;” + Bs.x¢

and then fol 0% — Qg’K dz = 0 brings us to
Faice?) — Foxe(@hac) = / 9(0” ~ s}l
1
+/0 (H. (") — Hi(03 1)) — (03 5) (0 — 03 ) A

1

04,K,

+ 252/ o I:x (0® — 03 k) + (02)* — (05,5,0)% dz
0 )

)\(2] ! 2 2 2 ! 92 2
== “I){Q — Q&K}x‘ dx + H{—5— 05K dz
2 Jo 0 05 K

1

1 2

+ 252/ QQ |Q5,KQ:L‘ - QQ&,K,;U| dx.
0 YK

Now it remains to apply (4.10). O

Lemma 5.2. There is a constant Co, depending only on Cy and the physical parameters (except
the quantum parameters v, €), but independent of the regularisation parameters ¢, K, such that:

If the function F; i) is constructed from a function \/niniy € X via (4.2), then the unique minimiser
05,k to the functional Fs i, as it has been constructed in Lemma 4.4, satisfies the upper bounds

2 —
(53) 52 HQ&,K,:}:HI;(OJ) < CQ (1 Yy 1) ’
(54) ||Q§7K||ioo(0’1) < 02(1 + V_1)1/2€_1,
and it also satisfies a lower bound
(55) mln 95K< ) > C3—1’

z€[0,1]
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with a constant Cs depending only on Ca, €, v, but not on (6, K) € (0,1) x (1,00).
The Lagrange multiplier Bs k is uniformly in (6, K) bounded by

(5.6) Bsrc| < Co(1+v7H).

Proof. We clearly have Fj, K(Qi ) < Fs5.k(Cy), and then Lemma 5.1 yields

2
12(0,1)

1
/0 Fis. 1003 i da

2% || 05k

1
<20 + —i—‘/ F((;’K)C*dl’
0

< 201 + CFA C. <1 + FAToy_l + (’7’01// C*)1/4 HQ&KHII/[Z%(OJ) + (7-01// C*)1/4 H,/ C.

1/2
Wzl(O’l)>

(5.7) <201 + CFACy (1 -+ FATOV_l + (TOV/C*>1/4 HQ(S,K,UUHEQ?OJ) + (7—01/)1/4> .
Now we exploit Young’s inequality along the lines of

Jl/4

1/2 2 2 1/4 A
llos k.2l ;2(0.1) = (5 lles,xx L2(071)) ' (57)
v\1/3
=)
2 —
< & Jlos el 201y + OV

< flosal o + € (

which completes the proof of (5.3). The estimate of ||os5 || 0,1) follows from interpolation with
HQ&KH%(OJ) = C,. Concerning the lower bound (5.5), we utilise (5.2) with ¢ = C, and find:
1
252/ C* |(ln Q57K)m‘2 dx < fé,K(C*) - f&,K(gg,K)
0

<20 + +

1 1
/0 F(&K)Q(%,K dx /0 Fisx)Cedz

and this is the right-hand side of (5.7) again. The result then is

9

1
/ |(In 957;()27\2 dz < 026_2(1 + 1/_1),
0

with possibly new Cy. Now let zy < z1 be arbitrary points of the interval [0,1]. Since g5 x is
continuous, we have

0 g5,k (1) — In 05,1 (20) | < 110 05,10 ) el 13 (4 ) < NI 06K )l 20 1y
< (Coe2(1+ v~ 1) V2,

hence max,c(o,1 In 05,1 (*) — minge 1) 05,5 () is bounded from above. Due to \\95,;{\&2(0 1y = Cx, we
have max,c(o,1)In 05, x () > (In Cx)/2, and then (5.5) follows. O

Lemma 5.3. The minimiser o5 i constructed in Lemma 4.4 depends continuously on the regularised
quantum quasi Fermi level Fs i) in the following sense: let Fs iy and F(&K) be given functions from
L>(0,1) (not necessarily constructed via (4.2)), and let o5k, 05k be the unique positive minizers
to the functionals Fs i and ]}&K. Then it holds

V2

~ 1/2
HQ(%,K - Q(S,KHLl(O?l) S ﬁ

Fis,xy — F((S:K)HLoo(OJ) .

Cs
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Proof. Without losing generality, we may assume Fj (0% z) > .7:"5’ k(02 ;). Then we have the chain
of inequalities

hence we find that

Fox) — Fo,k) Cy > fg,K(ég,K) - f&,K(@%,K)'

|7 [

Now it suffices to apply (5.2) with o := 95 k- O

Now we discuss the mapping
Ninit = (J, Minit) > Flo i) = 05 1 = 7o, (Ninit),
where J is computed from nii; via (2.5); then Fis gy is constructed from (J,ninit) using (4.2); and

finally o5 is determined as the unique minimiser of Fs i as per Lemma 4.4.

Lemma 5.4. Let (6, K) € (0,1) x (1,00). For R € (1,00), define a set

1 1
- 1 . : —2 _
Mp := {n € Cpe:([0,1]): zren[(l)I,ll]n(:E) > 56'3 ) /0 ndr = Cs, |[Inflcroay < R} .
Then a constant R exists, depending on all the physical parameters and (6, K), such that Ts x sends
the non-empty set Mp into

My {n € W2(0.1): Ingel o) < R}

Proof. Take ninit € Upsq Mg, and construct J, Fsx) € L*((0,1)) by (2.5) and (4.2). By
Lemma 4.4, a unique minimiser g5 x of Fj i exists, with the regularity

1
03 i € Hier(0,1), / 0% du = C.,
0

and g5 g solves the Euler-Lagrange equation (4.13). We have the upper bound (5.4) and the lower
bound (5.5) on g5k, and then the equation (4.13) together with (5.6) gives us a (uniform in R)

estimate of |05 i zall 700 0,1)° Here we exploit that HF(&K) HLOO (0.1 A be estimated from above using

only 6 and K. Selecting R sufficiently large will complete the proof. O
Proposition 5.5. With R from in Lemma 5.4, the mapping Ts k possesses a fived point 05 x € Mp,.

Proof. Clearly, M is a convex, closed, non-empty subset of C1([0,1]). We will be able to apply
Schauder’s fixed point theorem when we have shown that 75 i is continuous as a mapping from
My c C'(]0,1]) into C*([0,1]). To do so, we first note that the mapping niyit — J given by (2.5)
is continuous from Mp C C'([0,1]) into R. And (4.2) induces a map (J, ninit) — Fis ) that is
continuous in the sense of R x C1([0,1]) — C°([0, 1]).

Now let ninit and 19 be functions from My, to which we construct Fi; i) and F((;, K)- By Lemma 5.3,

- 1/2

Fisxo H .

I s (i) = T s o) 301y < const | Fis ey = Fooo [
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However, we also know || 75 r (ninit) [l 152 o1 < 2R and 175, (70) lyy2 01 < 2R. By interpolation,
we find an exponent 6 € (0, 1) such that
~ [4
11 mii) = T sc (R0l o ) < const || Flasey = Fisao| .

giving us the desired continuity. O

We need one more estimate before we can drop the regularisation parameters (9, K).

Lemma 5.6. There is a constant Cy, depending on all the physical parameters, but not on (6, K),
such that the fized points os i of the mappings Ts i satisfy

HQJ,KHCq([O’l]) < 047
for all (6,K) € (0,1) x (1,00).

Proof. In the Euler-Lagrange equation (4.13), to which the fixed point g5 k is a solution, we find the
product Fs )05,k , Whose L'norm we estimate using a variant of (5.1). This results in an estimate
of |05,k 2zl 2 (0,1) that does not depend on (0, K). Now it remains to apply Sobolev’s embedding
theorem. (]

Now we may assume that the cut-off parameter K has been chosen right from the beginning so
large that £k (0s5,Kx,2) = 05K« everywhere on [0, 1]; and the parameter § has been selected so small

that ¢§(Q§7K) = gﬁjK.
Then the following key result is obtained, which completes the proof of Theorem 1.2:

Theorem 5.7. There is a function 0. € H3,.(0,1) satisfying (4.7) and min,cp 1) 0+(x) > C3 such
that the following holds: If

o 1 g )2 -1
T. = Fa (/ T da:) ,
0 TOQ* Q*

T — 8004 (%) 0u ()

F.(x) = Gyi(x) —

204(z)
72 JR—
— [T/ 1 (0« 1)2) J — 80 J 04 () 0x ()

= J, + 8y—=— dy — :

[ (o) wan 204(2)

x 1 ( *,x)Q N -

fO (@ +8v QQ?% > (y) dy J*2 - 8VJ*Q*($)Q*,J:($)
=far (0-.0)? N 201 (z) ’

Jo (s + 804" ) @) dy o

then o, minimises the functional
1 )\2
Fulo®) == / — (Fe 4 Ve + Vi) @ + Ha(e®) + 3 [@{?)a” + 26%(e2)?dz
0

over the set {o € H}..(0,1): min,eoq 0(2z) > C3/2} under the constraint (4.7). The function o.
solves the Fuler—Lagrange equation

(58) 0= _(F* + VB + ‘/*)Q* + h(QE)Q* - 252@*,3:3: - /B*Q*a

where Vi, = Vi, + ®{0?} is the unique solution to

)\(Q)V;,a:x:gz— C, VY*(O):V}’ V:k(l) =V,
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and the Lagrange multiplier B, is given by

)\2 1 9
(5.9) By Ci = Ful02) + 20/ |2{02}s|” da.
0
The “averaged” kinetic energy is bounded via
17572
(5.10) / g’; dz < 70J Fa.
0 *

6. THE PROOF OF THEOREM 1.3

Now the existence of g, is established, and our next task is to improve several of its estimates.
Lemma 6.1. If o, Fi and B« are as in Theorem 5.7, then the following inequalities hold:
Fu(0?) 2 —~CFAC, (L+ Fad) = C1 + TColn Cu + 26 [|0ualla o,y
(6.1) Fu(C) < CFACs (1 n FM(}/%—W) £ 014+ TCuIn Cy,
—C5 < B < Cs(1+v717?),

with some constant Cs depending on all the physical constant except the quantum parameters v, €.
We have the estimate

(6.2) &% [lowallFri01) < C + BaCa
If no wvoltage is applied (Fa = 0), then B, < Cs.

Proof. The two estimates on F; follow from Lemma 5.1, (5.10), and

17 .3

J

/ *74&('7/@*,1(1-r
0

*

1 1 172
/ F*Qidx S/ G*Qidx—i—/ *2 dex + 4
0 0 0 20:

< FAC, + CFi1iC.,
—2

1 1 1J
/F*C*dx </ G*C*dx+/ = Cidz+4
0 0 0 20

*

1
Ji Cy
/ 73C'VQ*,xdx
0

*

< FaC.+CF37Pv V¢,

The inequalities on B, then are consequences of (5.9), Fi(02) < F+(Cs), (6.1), and Lemma 4.1. O

Now we determine lower and upper bounds of g, via maximum principles. The next result tells us
that good upper bounds on 3, will give upper bounds of g,.

Lemma 6.2. There is a constant Cg, depending on all the physical data (but not on the quantum
parameters €y and v) such that all the solutions o, constructed in Theorem 5.7 fulfill

(6.3) min o%(z) > exp(—Cg — Cov ™),
z€[0,1]

(6.4) m[%ﬁ] gz(ac) < exp(Cs + T—lﬁ*).
ze|0,

If no voltage is applied (Fa = 0), then min,¢p ) 0?(x) > exp(—Cs).
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Proof. First, we re-arrange the Euler-Lagrange equation (5.8) to

72 4v,o
(65) (G* + VB + ‘/* + 6* - 2;& - Tln(QE)) Ox = _2529*,13? - %
Then there is a constant Cg, such that we have the inequalities
72
ess-inf (G* +Ve+Vi+ /3*) > —CgT, — < CeTv !,
(0,1) 204 || 0o 1)

ess-sup (G« + Ve + Vi) < C6T,
(0,1)
and we can find positive numbers ¢; and ¢y such that the left-hand side of (6.5) must be positive
for all those x € [0, 1] with 0?(x) < c1, and must be negative for all z € [0, 1] with ¢?(z) > co. The
conditions determining ¢; and cy are

0:—C6—06V_1—1n61, 0206+,8*T_1—1n62.

Now we show the proof of (6.3). Let [xg,71] C [0,1] be an interval such that ¢2(z) < ¢; on [zg, z1]

with 02(zg) = 02(x1) = c1. We multiply (6.5) by o, — 01/2

and integrate over [z, x1]:
o 1/2 7.2
/ (0 —i/*) ( G4 Vo 4 Vit 8= 55— h(ed) | pede

0 *

z1 _ 1
- _252/ (0 — 1/%) 0u i d — 4vJ*/ (0o = t/*) 5 - e d
Zo

x0 O%
a1
:252/ | 0w |* dez.
€T

0

Now the left-hand side is nonpositive, but the right—hand side is nonnegative. This can be resolved

1/2

only if o, = ¢;/” on the interval [zg,x;], resulting in the uniform lower bound (6.3). The upper

bound is shown similarly. Finally, we remark that Fa = 0 enforces J, = 0. ([
Definition 6.3. Let g, be the solution as constructed in Theorem 5.7. We define a function
72
Az, x) = (G*@) + V(@) +Va(@) + B+ 557 + T ~In gi)) :

where we consider Vi as a function of x alone; in particular, we forget about the nonlocal dependence
of Vi, on 02 via the operator ®.

Lemma 6.4. Let o, be the solution as constructed in Theorem 5.7, and A be given as in Defini-
tion 6.3. Then . solves the ordinary differential equation

OA(0i(x),x) 2 — Ov ()
6.6 —————" L ou(x) = 2% 04 gz () — AU T — ,
(6:6) S o) = 20 m(@) - TS
and it holds
oA , T

(6.7) A— + T2,

0(02) 0?
——2

L YT i , [ N2
(6.8) /OA(Q*(J:),m)da:—/O QZ(:U)d +TCu+ 2 /0 (04,2(x))" d.
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Moreover, we have the distributional identity

d 2 2 2 A3 2
(6.9) e (A(Q*(a:), x) + 26704 2 () - x—Vi(x)C 5 Viz()
0:(2)*Vp 2 () — Vi(z) Co().
Proof. First we note that
dA 7.2

=G4+ V+ Vit B — 2 —Thn g2,

9(03) 20}
and then (6.6) is just a reformulation of (6.5). The relation (6.7) is easily verified, and for the proof
of (6.8) we only remark that a multiplication of (6.6) by o. and integration over [0, 1] gives

/(; 8(@3) Q*(:):)dac—Q /0 Q*,z( ) d.

To show (6.9), we multiply (6.6) by 204 »:

d DA(0%,z) DA  9o? — (0s2(z)\?
A 2 - %) _ . *— _9 2 . 2\ f X .
L A(@) o) 5 o) on e” (0va(x)?), — 87 o ()
The last item on the right seems nasty, but it can be cancelled, since we have
OA(0F, x
AT 2 (Grale) + Vi al@) + Veal@)
Ju — [ 0x0(T) >2 2
= —— —8uJ, d — 0«(2)* (Ve o(z) + Via(x)),
Tl (228)) 00 (Vo) + Vel)

in the sense of distributions, hence we conclude that

d Jor
5 (A0 + 22000 = 25) = 0.0 Via(o) + V(o)
T 70
= 0:(2)*Vpu(2) + C(2)Via () + AV ga () Vi (),
which brings us to (6.9). O

Proof of Theorem 1.3. The estimate (1.12) was shown in Lemma 6.2. From (6.6) and the assump-
tion (1.13) we get, using (3.3),

OA(03 (%), 1) « 8
0(0%) 0%(7)
Due to (6.7) and C_ < 02(Z) < C., it follows that

Q*(i') < 252’9*,mx(j)‘ + 4v <C.

—2
J
A(oX(7),7) < OCYV? + 2 + To(@
(0i(), %) <CCY 20 0, (%)
Observe that Definition 6.3 has the direct consequence
-2
- N - - - - - - Jx
B.02(3) = A((®),3) - 63(E) (G(3) + V(&) + Va() + Te(E)(in 2(@) — 1) — 5575,

which allows for an upper estimate of [, that does not depend on v and ¢y. Here we have used
C_ < 03%) < Cy, 0< Gy < Fa, Vg € L™ V, € L™ via Lemma 4.1, and (3.3). Applying (6.4)
then shows (1.14). And the estimates (1.15), (1.16) are shown by integrating (6.9) over the interval
from 7 to x. O
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We conclude the paper with a final result. Lemma 6.6 allows to reduce the third-order system (1.2)—
(1.4) to a first-order differential equation that follows from (6.10) if we assume that C and Vg are
piecewise constant, which is the standard case in applications. This reduction might allow for
interesting numerical approaches.

Assumption 6.5. The functions C and Vg are piecewise constant with jumps (in increasing order)
at the points xjc (1 <j<p)andx;p (1 <j<q), and the jumps have heights [C]; and [VB];:

z) = Cr+ Y _[CliHj (), Hj c(z) := H(z — zj,¢0),
=1
Vp(z) =Y [Vsl;H;p(), Hjp(7) == H(z — z;p),
j=1

where H is the Heaviside function, and C; = C(0), Vg(0) = 0 are the values of C and Vg on the
first step.

Lemma 6.6. Under Assumption 6.5, we have the following identity in distributional sense:

(6.10) i(m&mw»mﬁ&mﬁ—ﬁp—m@a> A, (e

—Zm%B +Zw% [ClHjc(x) | =o0.
Proof. We can write

d q q
Q*<33)2VB,J:($) — Vi(z) Co(z) = = dr Z 3 (zj,) - [VBliH;,5 Z Vi(zj,c) - [CljHjc(@) |
and then the conclusion follows from (6.9 |

APPENDIX A. APPENDIX

For an illustration of the given functions Vg, C, and for a justification of our chosen boundary
conditions (1.5), (1.6), we present here the results of numerical simulations for the equilibrium case
by means of finite differences, performed by the authors, using parameter values as in [22] and [23].
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