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The benefit of exchange-only qubits compared to other spin-qubit types is the universal control using
only voltage-controlled exchange interactions between neighboring spins. As a compromise, qubit opera-
tions have to be constructed from nonorthogonal rotation axes of the Bloch sphere and result in rather long
pulsing sequences. This paper aims to develop a faster implementation of single-qubit gates using simulta-
neous exchange pulses and manifests their potential for the construction of two-qubit gates. We introduce
pulse sequences in which single-qubit gates could be executed faster and show that subsequences on three
spins in two-qubit gates could be implemented in fewer steps. Our findings can particularly speed up gate
sequences for realistic idle times between sequential pulses and we show that this advantage increases with
more interconnectivity of the quantum dots. We further demonstrate how a phase operation can introduce
a relative phase between the computational and some of the leakage states, which can be advantageous for
the construction of two-qubit gates. In addition to our theoretical analysis, we experimentally demonstrate
and characterize a simultaneous exchange implementation of X rotations in a SiGe quantum dot device

and compare to the state of the art with sequential exchange pulses.
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I. INTRODUCTION

In recent years, there has been immense progress in
spin-qubit devices in Si/SiGe heterostructures reaching
up to six qubits in a quantum processor [1] using Loss-
DiVincenzo (LD) qubits [2]. LD qubits are formed by
trapping a single electron or hole in a gate-defined quantum
dot to use the spin degree as the computational unit, the
qubit. However, when scaling up LD qubits, the delivery
of high-power oscillating signals required for qubit rota-
tions causes heating and wiring issues, leading to fidelity
limitations [3—6]. Thus it is reasonable to investigate qubit
types using different operation schemes. In contrast to LD
qubits, exchange-only (EO) qubits [7] only require one
type of interaction, namely, the exchange between neigh-
boring spins to realize universal qubit control. Hence, EO
qubits utilize baseband pulses and do not need high-power
ac fields. Moreover, for EO qubits a magnetic field gradient
is not required, which represents an advantage regarding
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scalability. In fact, inhomogeneities of the magnetic field
can cause dephasing and leakage in EO qubits [8].

In the EO architecture, each qubit is represented by the
spins of three electrons hosted in three adjacent quantum
dots [Fig. 1(a)] and quantum gates are generated by puls-
ing exchange interactions between electrons. Out of the
resulting eight-dimensional Hilbert space, four states are
computational states and four are leakage states. Single-
qubit gates involve exchange interactions between the
electrons belonging to the same qubit and are usually com-
posed of up to four rotations around two different axes
[7,9] [Fig. 1(b)]. Two-qubit gates require exchange inter-
actions between electrons from different qubits. Nontrivial
pulse sequences of several exchange pulses populating
and depopulating leakage states result in gates such as
the controlled-NOT (CNOT), CZ, or SWAP gate [7,10—13].
With few exceptions, the sequences that are found to
result in two-qubit gates, however, assume only commut-
ing exchange pulses to be pulsed at a time. Here, we
investigate the simultaneous application of noncommut-
ing exchange pulses, which will also become relevant for
other exchange-based qubit implementations [14—16]. We
obtain quantum gates with fewer pulses and hence faster
executions of gate sequences. We derive conditions on the
exchange signals and compare the results to sequential gate
operations.
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FIG. 1. A schematic of an exchange-only (EO) qubit encoded
in three linearly connected quantum dots in the (1,1,1) charging
regime formed by potentials of plunger gates (P; of dot i) and
barrier gates (X;; between dots i and j ). (a) Qubits are initialized
in the singlet state of spins 1 and 2. Single-qubit rotations are
realized by switching on the exchange interaction (i) J;, for z
rotations and (iii) Jp3 for 7 rotations, and (ii) by adjusting the ratio
between them, the rotation axis can be tuned within the circular
sector enclosed by the z axis and 7 to achieve an x rotation. (b),(c)
Rotations on the Bloch sphere color coded with respect to boxes

(i) (i)

This paper is organized as follows. We introduce the
EO qubit in Sec. II and theoretically show how single-
qubit gates can be implemented using fewer pulses, and we
experimentally demonstrate the concept of simultaneous
exchange pulses in Sec. [l A. We show how a simultane-
ous gate can perform a direct X rotation by tuning the
gate voltages into the appropriate regime and discuss the
relative effect of charge noise in comparison to the sequen-
tial counterpart. In Sec. II B, we investigate two-qubit gate
subsequences and present an operation introducing phases
between qubit states and selected leakage states. We extend
our description from a linear to an all-to-all connectivity
in Sec. II C and summarize the results for frequently used
quantum gates in Tables I and I1.

II. RESULTS

To describe EO qubits in this work, we restrict a quan-
tum dot array to be in the (1,1,...) charging regime with
one electron in each dot, in which each electron is well
described by its spin, and the pairwise interactions follow
the Heisenberg Hamiltonian

H=> J;( (Si-Si—%>, (1)

(i)

where J;; describes the exchange interaction between spin
i and j. In Appendix A, we derive the exchange interac-
tion J; from the Hubbard model and show the optimal
operation point to be less sensitive to charge noise. An

optional global magnetic field can increase the coherence
time, making transverse fluctuations of the local magnetic
field negligible. Global field fluctuations do not have any
impact on an EO qubit, since the corresponding operator
commutes with the Hamiltonian. In the following, we will
label the spins (as in Fig. 1) by numbers from left to right,
where only nearest neighbors are connected via exchange
interaction.

In the absence of an external magnetic field, and when
Ji =0, the EO qubit is in its idle state and all eight
energy states are degenerate. Pulsing the exchange interac-
tion causes two of the energy levels to lower and thus pick
up a phase relative to the other states. In fact, any opera-
tions on one or more qubits are entirely performed by only
pulsing the exchange interaction between spins, which will
result in a rotation of a subspace of the full Hilbert space.

A. Single-qubit gates

Instead of the standard spin-up and spin-down basis,
the Clebsch-Gordan coefficients are used to transform the
single-qubit Hamiltonian to a basis using the total spin S,
its projection S., and the combined spin on sites 1 and 2,
S12. We then express the Hamiltonian in terms of the basis
states |SS.S512),

|O—) = l,_l’0>’ |1—) = la_la 1>a
20 2 27 2
|O+) = l) l70>7 |1+> = l) la 1>5
2°2 2°2 @)
|Ll> = Ea_éa 1>7 |L2> = ia_la 1>a
20 2 202
31 33
|L3> = Ea Ea 1>7 |L4> = Ea Ea 1>

Here, |0_), |1_), |04), and |1.) are the computational basis
states with total spin 1/2 and spin projection down and up,
respectively, and |L;), |L,), |L3), and |L4) correspond to the
four leakage states with total spin 3/2.

We consider the qubit space for the decoherence-free
subsystem with total spin 1/2, i.e., we do not favor one
of the two possible spin polarizations. Since exchange
coupling preserves the total spin, the Hamiltonian can
effectively be written in the {|01), |11)} basis as

HO = = (ha00. = 20 (o 4 v50) ). 0

omitting the inconsequential term %(le + J53)1 propor-
tional to the identity. Both blocks {|0+), |1+)} are entirely
decoupled from the leakage states in the absence of local
magnetic noise.

Different from single-spin qubits, EO single-qubit
gates need to be constructed from rotations around
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two nonorthogonal axes, the z axis and the vec-
tor n [Fig. 1(b)], using between one and four pulses
[7,9]. A rotation around the z axis is accomplished
by only switching on Ji; (Jo3 =0). The time evolu-
tion is then given by R,(6,) = exp(if.0,/2), where 0, =
fot Jio(H)dt is the rotation angle. Similarly, if turning
on only exchange Jx3(f) (Ji2 =0), the time evolution
Ri(03) = exp(—i6i(/30, + 02)/4) with 0; = [ Jys(t)dt
results in a rotation around the vector 7 = —(+/3,0,1)
[green circle in Fig. 1(b)]. The X and Y gates can be
composed by the sequences X = R;(61)R.(62)R;(6;) and
Y = R.(7)R5(61)R.(8:)R;5(6,), with 6, = 7 — arctan(~/)
and 0, = arctan(+/8), respectively [9].

In general, any rotation axis in the x-z plane enclosed by
the z axis and 7 is possible. Thus a direct rotation around
the x axis in the opposite rotational direction [Fig. 1(c)] can
be realized using a simultaneous (or parallel [7]) pulsing of
both exchange values with J>3(¢) = 2J1,(f) = 2J(¢), as the
o, terms cancel in the Hamiltonian in Eq. (3). The time
evolution is then given by

R, (6y) = exp(—ib.0,/2), 4)

with rotation angle 6, = 27w — fOT V3J (f)dt. Note that in
this case the Hamiltonian commutes for all times (i.e.,
[H(#),H()] = 0 for arbitrary ¢,¢). When assuming rect-
angular pulses with maximal experimentally achievable
exchange Ji.x, the gate time of the sequential X gate is
then Teq & 5.05/Jmax + 3Tidle, While for the simultaneous
X gate, the gate time iS Tgm =~ 3.63/Jmax + Tidle, Where
Tigle 1 the idle time after each pulse [17]. Consequently,
not only is the simultaneous X gate faster compared to
its sequential counterpart, by a factor between 1.39 and
3 for the realistic pulse times detailed in Table I, but it
also requires two fewer idling times. During these idling
times, the qubit decoheres due to, e.g., magnetic noise and
residual exchange.

These findings indicate that more frequently used single-
qubit gates may benefit from the simultaneous puls-
ing of exchange couplings. Indeed, we find that the
YH, Xp» = HSH and X_,,, = HSTH gates, where S =
diag(1,7) and H is the Hadamard gate, can be imple-
mented using one simultaneous pulse step instead of
three sequential ones. Furthermore, most gates in Table
[ can be implemented using two pulses instead of three,
which results in a decrease of the average gate time by
approximately 18%.

To verify and characterize the operation of simultane-
ous exchange, a SiGe quantum dot device fabricated by
Intel [18] is tuned up as an EO qubit [19]. The electron
spins are hosted in a Si/Sip7Geg; heterostructure grown
on a 300-mm Si wafer. For the experiment, the 12-dot
Intel Tunnel Falls device, which can host up to 12 elec-
trons in a linear array, has been used to operate a single

EO qubit [20]. The qubit is encoded across three quan-
tum dots underneath metal “plunger” gates with “barrier”
gates in between dots to control the exchange. The qubit
is controlled via baseband pulses on the barrier gates and
readout is performed using Pauli spin blockade, with the
signal amplified by SiGe heterojunction-bipolar-transistor
(HBT) cryogenic amplifiers [21,22].

To reduce sensitivity to charge noise and to calibrate
the exchange, “fingerprint” plots [23] are acquired for the
“J;” and “J,” control axes, corresponding to Ji; and J3,
respectively, where J,, points down 120° from the z axis,
analogous to Fig. 1(b). For that, the exchange interaction
is varied as a function of the barrier voltage and detuning,
leading to the typical appearance of a fingerprint. In fact,
for a fixed time of 100 ns, the barrier gate bias is pulsed to
larger values while the voltage detuning between two sur-
rounding plunger gates is pulsed from negative to positive
values. J,, fingerprint plots can be taken after preparing a
singlet state, but J, fingerprints must have a pre- and post-
J, rotation applied, which brings the state to and from the
x-y plane of the Bloch sphere, respectively.

A typical fingerprint plot uses two plungers and one
barrier to increase only one exchange term and cali-
brate one rotation axis, which can then be used for serial
exchange control. To increase both exchange terms simul-
taneously, the two barrier gates are pulsed together for a
fixed time and 1 — P)g, is plotted in the “finger-pinch” plot
in Fig. 2(a), where P is the probability of measuring the
ground state, |0.). The Pauli spin blockade readout only
detects whether or not the two neighboring spins 1 and 2
in Fig. 1(a) are in a singlet state, entirely neglecting the
spin projection S.. If a singlet state is prepared, it will only
be rotated by the J, exchange; therefore, we prepare an X
eigenstate using a Y5> prerotation, which uses alternating
J, and J; exchange pulses [9]. The Y, pulse is composed
of one J, pulse that rotates the singlet state to the equator
of the Bloch sphere followed by a J, pulse that rotates the
state to the X eigenaxis. The X eigenstate can be rotated
by either J, (lower-right region of plot) or J, (upper-left
region). Additionally, the X eigenstate will not be rotated
when the total exchange points along the x axis; therefore
the darker linear region of the upper right defines the “J,”
regime and is indicated with a dashed white line. Theo-
retical calculations of the expected rotation outcomes are
plotted in the upper left and agree well with the data. In the
simulated plots, a symmetric —37% cross capacitance has
been added, which has been obtained by a qualitative fit to
the data.

A modified finger-pinch plot is acquired and plotted in
Fig. 2(c), where alternating Z, gates and exchange pulses
are applied to echo the state and extend the rotation visi-
bility, particularly in the J, regime (lower-right region of
plot). Here, the J, axis highlighted by the dashed white
line is more visible throughout the plot, with the theo-
retical predictions again in agreement. In Fig. 2(d), we
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FIG. 2. (a) An experimental finger-pinch plot with the X eigenstate prepared. The barriers controlling J, (J»3) and J; (J1,) exchange
are pulsed for a fixed time, with amplitudes given by the plot axes. One minus the ground-state measurement probability (1 — Pg) is
plotted for different colors shown on the scale bar to the right. Simulated rotations are plotted in the upper-left inlay. (b) The Bloch
sphere, showing J,, (orange) and J, (blue) rotation axes and rotation trajectories. For J, rotations, the solid and dashed orange circles
represent the trajectory of the singlet state and X eigenstate rotations, respectively. (¢) The finger-pinch plot with echoing and repeated
exchange pulsing during the pulse sequence. J, rotations (lower-right region) are more visible due to the repeated pulsing and the
Z, pulses rotating the eigenstate to parts of the Bloch sphere more orthogonal to J,. (d) J, time-domain rotations for a fixed barrier
pulse [red star in (a)] for a singlet state (blue points) and an X eigenstate (red points). The quality factor of the rotations is 19.9. (e)
J, time-domain rotations with a singlet state (blue points) and an X eigenstate (red points) at a fixed barrier pulse [red triangle in (a)].

The quality factor Q = 8.2 is lower in this case. The X eigenstate does not rotate, which is expected (red points).

show time-domain data for J, rotations, where the barrier
is pulsed to a fixed value shown by the red star in Fig. 2(a).
Either a singlet state (blue data points) or an X eigenstate
(red points) is prepared as depicted as a blue and red ini-
tial state on the Bloch sphere in Fig. 2(b). The frequency
of the rotations is /' = 33.9 MHz, with a quality factor of
O = 19.9. The quality factor, Q, is defined as the charac-
teristic decay time of an exponentially decaying sinusoid
fit to the rotation data multiplied by the frequency of the
rotations. Similarly, Fig. 2(e) shows the J, time-domain
data, taken with barriers pulsed to the upper-right region
of the finger-pinch plot [red triangle point in Fig. 2(a)].
The frequency is f = 9.5 MHz and the quality factor is a
lower value Q = 8.2. As expected, J, does not rotate an
X eigenstate (red points). The rotations corresponding to
J, and J, are shown in Fig. 2(b) in orange and light blue,
respectively.

The lower quality factor of the J, rotations may be
due to multiple effects. Since the system now forms two

charge dipoles instead of one, any charge noise present
in the immediate area may couple in to a greater degree.
Additional optimizations to tune into a “sweet spot” to
minimize charge noise may be possible. Follow-up experi-
ments include pulsing the detuning axis of the two outer
plungers as the two barrier gates are pulsed to greater
values with different offsets.

Charge noise enters in the Hamiltonian Eq. (1) as fluctu-
ations in the exchange interaction. A simple estimation for
the fidelity is to assume quasistatic exchange fluctuations
on each exchange value separately, i.e., J; — J; + 8Jj;,
where 8J;; is a Gaussian-distributed exchange fluctuation
with standard deviation o, . In Fig. 3, we compare the
sequential (solid lines) and simultaneous (dashed lines) X
gate with linear connectivity for various oy, /J12, where
0y,, is the standard deviation for fluctuations in Jj,. We
find that both the sequential and the simultaneous pulse
gate fidelities have a similar behavior with a stronger
dependence on the fluctuations in J,3 than in Jj;. For the
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FIG. 3. The calculated X -gate fidelity subject to quasistatic
exchange fluctuations with standard deviations oy, and oy,,.
We compare the sequential and simultaneous X gate (with lin-
ear connectivity) for various combinations. Both the sequential
and the simultaneous pulse gate fidelity strongly depend on the
fluctuations in J,3, whereas the fluctuations in Jj, are rather
negligible.

sequential gate, this can be explained by the larger over-
all rotation angle around 7 induced by J»; in the X -gate
construction, whereas for the simultaneous gate it is due
to the fact that J,3 = 2J1,. Any deviation from this ratio
results in a tilt of the rotation axis and can result in an addi-
tional over- or underrotation. For larger o;,,/J>3, we find
a slightly better performance for the sequential gate; how-
ever, for biased noise in the different exchange interactions
with, e.g., 0;,/J12 = 10% and o,,,/J23 < 2%, we even
find a fidelity improvement when using the simultaneous
pulses. Typical exchange fluctuations o, /J;; in the exper-

iment in Fig. 2 correspond to 0.01—0.03. These values have
been estimated from simulations of the time dynamics in a
double quantum dot, which assume that J has a standard
deviation of g, leading to the relation o, /J ~ 0.22/Q (so
for 0 =8.2—19.9, we find o, /J = 0.01 — 0.03).

B. Two-qubit gate subsequences

To construct two-qubit gates for two qubits 4 and B, it
is advantageous to use the total spin basis of the entire six-
spin system [SiorSz 10t545854,1258,12). Since Sio and S o
are preserved under exchange interactions, blocks with dif-
ferent total spins are separable, as they do not couple to
each other [7,10]. As shown in Fig. 4(a), we label the chain
of six spins from left to right with numbers and assume
the outer two spins of each triple to be initialized in a
singlet configuration as described in Ref. [17]. We label
the left three spins as qubit 4 and the right three spins as
qubit B. For this configuration, we list the possible basis
states in the total spin basis of the Sis = 0 and 1 sub-
space in Figs. 4(b) and 4(e), respectively. Each qubit, 4
and B, is operated in the single-qubit spin Sy = Sz = 1/2

subspace; thus only the total spin subspaces S, = 0 and
Stot = 1 cover the computational space. For each block, the
Hamiltonian is schematically shown in Fig. 4(c). The com-
putational subspace is colored in light blue and the leakage
states in gray. The Hamiltonian in Eq. (1) can be written
in the Sit = 0,1 blocks as shown in Figs. 4(d) and 4(f),
respectively.

In this basis, one can construct subsequences containing
rotations in subspaces of the full Hilbert space as in Refs.
[11,12,24] or apply, e.g., genetic algorithms to search for a
pulse sequence overall, resulting in

UZQ gate 0 )
Us,i=0,1 = . 5
Stot=0,1 ( O Uémt o1 ( )

Here, U?Q#% corresponds to the unitary describing the
two-qubit gate operation in the subspace spanned by the
first four basis states (1—4 and 6-9, respectively) neglecting
S: tot, Whereas Uéwt can be an arbitrary unitary acting only
within the noncomputational leakage states (basis states
5 and 10-14, respectively). For subspaces Sy =2 and
Stot = 3, the unitaries Us,,—> and Ug, =3 can be arbitrary
in general. Although the leakage states lie outside the com-
putational space, it is necessary to take them into account
when constructing gate sequences; also, the leakage states
can be beneficial for reducing leakage errors. Examples for
leakage-controlled ¢z (LcCZ) and CNOT (LC-CNOT) gates
are given in Ref. [17].

Since we are seeking shorter gate sequences, we investi-
gate combinations of subsequences in some of the relevant
two-qubit gates such as €z, CNOT, and SWAP. A trivial
but useful fact in larger sequences is that if the first and
third rotations are by an angle of , 6; = 03 = 7, the rota-
tion sequence can be mirrored, i.e., R; ()R, (02)R; () =
R.(m)R;(62)R. (). As the 7 rotations swap the spins in
such a way that the outer spins interact with each other and
then bring the spins back into the initial order, it does not
matter which spins, i.e., 1 and 2 or 2 and 3, are swapped to
achieve this. In general, nonadjacent exchange interactions
can be pulsed at the same time as their Hamiltonians
commute. While two subsequent adjacent exchange pulses
cannot be replaced by a single pulse, three exchange pulses
on three spins can be compressed in this way if the result-
ing rotation within the respective subspace is around a
feasible axis (i.e., any axis between the z axis and 7).
Therefore, we focus on subsequences that are performed
on three spins. Note that if these spins belong to the same
qubit, these are ultimately single-qubit gates within a larger
sequence. Furthermore, a necessary but not sufficient con-
dition for replacing a pulse sequence with three pulses (two
alternating exchange interaction pulses R;; (83)R.(62)R5(0;)
or R,(63)R;(62)R.(0;)) is that the first and third rotation
angles are the same, i.e., 03 = 6.

In the following, we discuss the construction of simulta-
neous gates to replace three-pulse sequences in two-qubit
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FIG. 4. (a) A schematic of a chain of six spins, where the outer spin pairs are initialized in singlets. Spins 1-3 form qubit 4 and spins

4-6 form qubit B. (b),(e) The total spin basis with total spin S, spin z-projection S; 4o, total spin of qubit 4 and B S and S, and total
spin of the outer two spins Sy 1 » and Sp 56 for the Si,r = 0, 1 subspaces. The computational states of the S,y = 0 (S;or = 1) block are 1,
2,3 and 4 (6, 7, 8, and 9). The Sis = 2, 3 subspaces are completely outside of the computational space. (c) A schematic of the qubit
space in light blue and the leakage space in light gray. Nonzero entries in the red blocks would couple qubit states to leakage states
(double red arrows). Instead, when using simultaneous exchange pulses as in Egs. (6)~+9), relative phases ¢4 and ¢z between some
of the qubit and leakage states are introduced, visualized by L, and Lg, respectively. (d) The two-qubit Hamiltonian of the Sy = 0
subspace written in the total spin basis vectors from (b). (f) The two-qubit Hamiltonian of the S; = 1 subspace in the total spin basis

vectors from (c), neglecting S (.

gates. For that, we (i) identify suitable subsequences, (ii)
describe the construction only in a single-qubit computa-
tional subspace to find the respective gate, and (iii) correct
for any relative phase to the leakage space.

From several sequences in Ref. [17], we first extract
those three-pulse combinations for which first and third
rotation angles are equal and for which we can find alterna-
tive simultaneous pulses if they have been applied only on
a single qubit. The original sequence is shown in the first
column of Table II. For all of these sequences, we can find
a simultaneous exchange pulse, fulfilling the given condi-
tions, such that the computational space unitary equals the
three-pulse sequence (shown in the left half of the second
column). For actual single-qubit gates, this is sufficient.
However, since during two-qubit gates the purposeful pop-
ulation and depopulation of leakage states is crucial, the

relative phases between the total basis states 1-14 in Figs.
4(b) and 4(e) are of importance. We observe that during
simultaneous pulsing of the exchange values, the relative
phase ¢ (given in the third column in Table II) between
some of the states changes compared to the three-pulse
sequence. For instance, if the simultaneous pulse is exe-
cuted on qubit 4, in the S;; = 0 block the states 14
in Fig. 4(b) acquire a relative phase and in the Si; = 1
block states 611 in Fig. 4(e) acquire the same relative
phase, while states 5 and 12—14 do not. Thus, to obtain
the exact same gate sequence, one has to account for this
phase in a second pulse. We add a subsequent simulta-
neous exchange pulse with J,,J/53 % 0 and diagonalize
the time evolution by choosing a pulse duration t4 =

2/ \/ J122 — JiaJo3 + J223 to obtain unitaries that cancel out
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FIG. 5. (a) The correction phase ¢ as described in Egs. (6) and

(7) for qubit A4 depending on the ratio J,3 /J12, where Jj3 = 0 (lin-
ear connectivity), and the corresponding gate time t in units of
1/Jmax- The vertical dashed gray line shows the required phase
in example (c) with linearly connected spins. (b) The correction
phase with all-to-all connectivity can achieve arbitrary angles
¢ depending on the respective exchange ratios. (c) Equivalent
pulses for sequential and simultaneous pulsing with linear and
all-to-all connectivity.

relative phases between the respective computational and
leakage states

U ) = —¢Pdiag(1,1,1,1,—¢%),  (6)

Us! = —e®idiag(1,1,1,1,1,1, —e™1, —¢i%4, —e™1),
(7)

where ¢4 = [(J12 + J23)/2]74. Analogously, if qubit B is
operated, i.e., J45,J56 7% 0, we obtain

U g = —¢"diag(l, 11,1, =), (8)
U, = —ePdiag(1,1,1,1,—¢, -7, 1,1, —¢),
(€))

with ¢ = [(J12 +J23)/2]8 and
\/J425 — JasJse +J526. We note that as long as J34 =0,
the Hamiltonians of qubit 4 and B commute and thus
both operations can be pulsed simultaneously, if neces-
sary. From the expressions for ¢4 and ¢, we can obtain
the possible correction angles in a single drive that lie
between 0 and 7, as depicted in the upper plot in Fig. 5(a)
for a varying ratio of J,3/J12. The lower plot shows the
corresponding pulse time. Consequently, we find a two-
step simultaneous exchange pulse sequence to replace a
three-step single-pulse sequence, in case the correction

3 =21/

phase lies in the respective phase range. As an exam-
ple, in Fig. 5(c) the 7 /2 — /2 — /2 sequence is shown,
which can be replaced by two simultaneous pulses. The

total pulse time t" for the simultaneous case exceeds

the total pulse time 7y, of the sequential counterpart,
2.8877 /Jmax > 1.57 /Jmax. Nevertheless, due to finite fall
times of the barrier voltages, an idle time tiq iS usu-
ally required. For the sequential gate, this yields a total
gate time T, + 37qi, While for the simultaneous pulses,
the total gate time is ftfjtm + 2734, Ultimately, for a long
idle time Tige > 1.3877/Jiax, the simultaneous pulsing
becomes beneficial compared to the sequential state of
the art. Furthermore, by taking into account the correc-
tion phase in a second pulse, the three-pulse sequences in
Table II of any neighboring exchange pair can be replaced.
In Appendix B, we exemplarily replace the three-step
sequences with the two-step simultaneous pulses in the
Fong-Wandzura CZ gate sequence, calculate the gate times,
and estimate the gate performance. However, there we do
not find an overall time improvement, since the circuit
has been designed and optimized for the brick structure,
where only commuting exchange interactions are allowed
to be driven simultaneously. Instead, our result shows that
there is room for improvement of the currently shortest
sequences, an insight that may trigger the exploration of
new two-qubit pulse sequences optimized for simultaneous
pulsing.

C. All-to-all connectivity

Although, for the most part, EO qubits have been
demonstrated in one-dimensional qubit chains, we point
out that in future two-dimensional layouts, the connectivity
of EO qubits might vary [25]. Indeed, recently a triangular
EO spin qubit has been demonstrated [26]. Additionally,
the simultaneous pulsing of exchange interactions could
give rise to a superexchange and many-body interactions
between next-nearest neighbors [27,28]. Thus, we consider
the Hamiltonian in Eq. (1) with three spins and all-to-
all connection (J2, J>3 and J13), as depicted in Fig. 6(a).
Again, we can separate the Hamiltonian in the basis of
{10+), [1+)} into

V3 1
H() = T(J23 —Jiz)o, + Z(_ZJIZ +J»3 +J13)o:
(10)

and a term proportional to the identity, leading to a phase of
V123 +13)1/2 hetween qubit and leakage space. Similar
to the linear-connectivity case, the insensitivity to volt-
age fluctuations in the dot potential [14,29] can be derived
from a Hubbard model, as shown in the Appendix A.

In case all interactions are independently tunable, the
previously discussed pulsing schemes still apply. Further-
more, all rotation axes lying in the x-z plane are possible in
a single simultaneous pulse [30], as depicted in Fig. 6(b).
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FIG. 6. (a) A schematic of an EO qubit with all-to-all con-
nectivity. (b) The corresponding Bloch sphere. Any rotation axis
within the plane spanned by the vectors # = —(+/3,0, 1)/2 and
m = (+v/3,0,—1)/2 is possible by adjusting the ratio between
exchange interactions J;, Jo3, and Ji3.

The two vectors 7 = —(+/3,0,1) and m = (+/3,0,—1)
correspond to Jp3 and Jj3, respectively. In particular, a
single-pulse implementation of a rotation around the x axis
requires Jy; = (Jo3 +J13)/2. We find a rotation around
the vector (1,0,0) for J»3 > Ji3 and around the vector
(—1,0,0) for Jp3 < Ji3. Thus x rotations around an angle
6 € (0,7) can be realized fastest with J;5 = 0 and those
around 6 € (;r,2m) can be realized fastest with Jy3 = 0.
Moreover, a frequently used gate in quantum algorithms,
the Hadamard gate, can be realized using one simulta-
neous pulse, with a gate time comparable to that of the
Z or X gate. We summarize and compare simultaneous
single-qubit gates to sequential pulses and linearly con-
nected qubit architectures in Table 1. We point out that
whereas, excluding the identity, the average gate time for
sequential pulses is 73.420 ns, for simultaneous pulses in
linearly connected quantum dots it is 60.010 ns, while for
all-to-all connectivity it reduces to 44.136 ns. Here, we
have assumed rectangular exchange pulses with maximal
exchange value Jy,x = 100 MHz each. As the gate time
reduces with simultaneous pulsing, the number of applied
quantum gates can be increased until the qubit loses its
coherence.

Analogously to the linear case, we again consider the
subsequences in two-qubit gates given in Table II and find
single-pulse implementations. Since all-to-all connectiv-
ity gives an additional degree of freedom, it is possible
to compensate for phases within one pulse. In Fig. 5(c),
the single-pulse gate with all-to-all connectivity equiv-
alent to a w/2 — /2 — /2 sequence is showcased. In
Appendix B, we show how three-step sequences can be
replaced by simultaneous pulses in the Fong-Wandzura cz
gate.

Furthermore, not only can these selected subse-
quences be achieved when using simultaneous pulsing
with all-to-all connected spins, but we can also engi-
neer the relative phase ¢ between qubit and leakage
states by diagonalizing the time evolution using 7 =

27‘[/ .]122 +J123 +J223 — J13J23 — J12J13 —J12J23. Then, weE
obtain a time evolution as in Eqgs. (6) and (7), where
the phase ¢4 = ¢ = (Jio +J13 +J23)T/2 can take any
possible value 0 < ¢ < 2m. In Fig. 5(b) ¢ is calculated
depending on the ratios Jy3/J1; and J53/J15.

II1. CONCLUSIONS

In this paper, we have shown an alternative puls-
ing scheme to operate EO qubits using two neighboring
exchange pulses simultaneously. We have found condi-
tions for faster single-qubit gates with fewer pulses and
compared the linear and all-to-all connected arrangement,
and found that the latter offers more flexibility and thus
even faster gates. Increasing the connectivity between
spins comes along with challenges such as crosstalk on the
control-gate electrodes that can be calibrated using virtual
gates [31,32]. Also, the number of residual exchange inter-
actions present during idling times increases. On the other
hand, the number of control pulses necessary for a specific
gate decreases with increased connectivity. This reduces
the number of idling times between two pulses.

By investigating reoccurring subroutines in two-qubit
sequences, we provide gate implementations in fewer steps
and propose to search for a construction of two-qubit
gates using subroutines of simultaneous exchange pulses.
We further show that with simultaneous pulses, we can
introduce relative phases between qubit and various leak-
age states, which can also be used as subroutines when
constructing two-qubit gate sequences. We expect this con-
struction to become advantageous for two-qubit gates and
possibly even for error-mitigation schemes to account for
leakage errors.

We also prove the concept with an experimental real-
ization of a direct X gate using simultaneous pulses and
characterize the operation regime for the two exchange
interactions. Although we believe that the experiment is
limited by charge noise, we theoretically predict a charge-
noise regime in which the simultanecous X gate performs
better than the state-of-the-art construction utilizing three
single exchange pulses. In addition to the presence of noise
and decoherence in EO qubits, some remaining issues with
our proposed scheme are the precise calibration and volt-
age control in the device, which needs to be improved in
future experiments. We conclude that our proposed con-
cept for the pulse construction with simultaneous exchange
interactions offers great potential to reduce the number
of pulses for faster quantum gates in EO qubits, being
compatible with other qubit implementations.
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APPENDIX A: CHARGE-NOISE SWEET SPOTS IN
TRIPLE QUANTUM DOTS

For triple quantum dots, a charge-noise sweet spot has
been shown for the linear connectivity [14,29]. Anal-
ogously, a sweet spot for the all-to-all connectivity is
obtained. Using the Hubbard model,

3 3
H = Z Z Eiezaei,a + Z Uiz + Z Vi iy
i=1

i=1 oe{l,1} i#j

+ Z Ztij (2’202’]‘75 + hC) ,
(ij) o

(AT)

where #; = i, + gy and Ay, = & &,, We obtain the
exchange interactions between neighboring electron spins:

2,(Uy + Uy + Vi3 + Va3)

Jip = = = , (A2)
Ui+ Vist+e —e)(Uy+ Vo — €1 +€)
LUy + Us+ Vip + 7
Ty = _ 233(Us + Us + V2 -|: 13) . (A3)
(UL +TVote—e)Us+Viz—e +e)
Ui+ Us+TVin+ V-
s UL+ Us + Vg + Va3) (A4)

Ui+ Tt e —e)Us+ Va3 — e + &)
Here, we have defined Vo = Vi — Vas — Viz, Vaz =

—Vis + Vs — Vi3 and 1713 = —Vi, — Voz + Vi3. We find
a first-order sweet spot for fluctuations d¢; in ¢; if

U — U+ V13—

€) — €] = 2 5 (AS)
U —Us+ V=7,
6 —€ = 1 3-2 12 3 (A6)

APPENDIX B: SIMULTANEOUS EXCHANGE
INTERACTION IN TWO-QUBIT GATES

For the Fong-Wandzura Ccz gate as in Ref. [17] [see
Fig. 7(a)], we explicitly show how subsequences in Table

II can be used to replace three-step sequences. We show
the original Cz gate sequence in Fig. 7(a). If we assume the
same linear connectivity as in the initial sequence, shown
in Fig. 7(e), we can replace the subsequences as shown in
Figs. 7(b) and 7(c) and obtain Fig. 7(d). On the other hand,
if we allow for a triangular connectivity [26] as shown
in Fig. 7(g), we can replace the subsequences shown in
Figs. 7(h)-7(j) in the original sequence and obtain the Cz
gate sequence in Fig. 7(f). All three sequences given in
Figs. 7(a), 7(d), and 7(f) result in the same gate oper-
ation. We again note that the sequence has been found
and optimized for the brick-structured sequential sequence.
The original sequence can be executed in 13 time steps,
where within each time step the applied exchange inter-
actions commute. For Jyp,x = 100 MHz, the gate time is
then 424.115 ns + 137jqe. The alternative implementation
in Fig. 7(d) with linear connectivity requires 16 steps
and 680.839 ns + 167iqc, respectively. The sequence in
Fig. 7(f) requires 13 steps and 364.523 ns + 13 tjg.. When
counting each single pulse separately, we find (a) 26 pulses
in 753.982 ns + 267iq;e, (d) 26 steps in 947.875 ns + 267iqje
of which the phase correction takes 330.279 ns, and (f) 20
steps in 568.727 ns + 207;gge.

We estimate the performance of all three €z gate imple-
mentations by calculating the fidelity of each sequence in
the presence of noise. The EO qubit is defined in a sub-
space of a larger Hilbert space. For two-qubit gates, states
outside of the computational space are used as media-
tors for the quantum operation. Leakage can arise from
charge noise during two-qubit gates and reduces the gate
fidelity. However, the resulting actual gate operation that
acts entirely outside the computational space is not of par-
ticular interest, since leakage states do not carry the desired
quantum information. We thus define the subspace aver-
aged gate fidelity by projecting onto the relevant qubit
space. The fidelity is defined as [33,34]

_ Te[MM™] + |Tr[M]?

F ,
dd+1)

(B

with M = PUdeealPUactualP, where P is the projector on
the subspace of interest with dimension d. If leakage has
occurred, M is no longer unitary and thus both terms in
Eq. (B1) give nontrivial contributions [34].

For the fidelity estimation, we assume quasistatic Gaus-
sian noise for simplicity and perform a Monte Carlo sim-
ulation with standard deviations up to o; = 0.1J; and
1000 runs. The fidelities of the Cz gates are compared
in Fig. 7(k). The original sequence is shown in black,
the sequence of Fig. 7(d) with a linear arrangement in
blue, and the sequence for the triangular arrangement in
Fig. 7(f) in red. All curves feature a quadratic slope that
can be explained by the quasistatic noise approximation
using Gaussian-distributed fluctuations. We find that all
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(a) The cz gate sequence for a linear connectivity as described in the main text, taken from Ref. [17] and first introduced in

Ref. [10]. Here, B is the control qubit and A4 is the target qubit. (b),(c) Three-step exchange sequences acting on three spins that can
be replaced by two simultaneous exchange pulses. (d) CZ gate sequence equivalent to (a) using the replacements in (b) and (c). (e)
The linear connectivity of the spins used in sequences in (a) and (d). (f) The Cz gate for the triangular connectivity presented in (g),
obtained via transformation of the sequence in (a) by replacing the sequences in (h)—j). (g) Triangular connectivity: qubits 4 and B
are represented as the left and right triangles, respectively. (h)—<(j) The three-step sequences acting on three qubits that can be replaced
by a single (simultaneous) pulse. (k) The infidelity of the original sequence in (a), the alternative in the linear arrangement in (d), and
the triangular arrangement in (f). For the Monte Carlo simulation, quasistatic Gaussian-distributed charge noise has been introduced
with standard deviations up to o;; = 0.1Jj;. (j) The mixing infidelity as defined in Eq. (B2).

030353-10



FAST QUANTUM GATES FOR EXCHANGE-ONLY QUBITS... PRX QUANTUM 6, 030353 (2025)

TABLE 1. The construction of single-qubit gates listed in Ref. [9] using simultaneous pulses with linear and all-to-all connec-
tivity. For comparison, the number of pulses and gate times using sequential pulses are shown, where 6, = arctan(+/8), 6, =
7 — arctan(+/5/2), 63 & 1.305 and 64 ~ 3.519. Explicit examples are shown for gates that can be replaced by a single simultane-
ous pulse, whereas the others are constructed from two or three pulses. Neglecting the idle times between pulses, the average gate time
is 73.420 ns for the sequential pulses, 60.010 ns for the simultaneous pulses with linear connectivity, and 44.136 ns for the simulta-
neous pulses with all-to-all connectivity. Here, we have not counted the identity operation as a gate and we have assumed a maximal
experimentally feasible exchange interaction to be Jp,x = 100 MHz.

Sequential pulse Simultaneous pulse with Simultaneous pulse with
q P linear connectivity all-to-all connectivity
Gate .
Minimal pulse
NL;;TIZerOf time Ty Example Condition Example Condition Example
pulse
1 -
27 -0 J15 = Jo3 = 100 MHz. J3 =201, Jo3 = 100 MHz J23+ 13 =2J12, Jp3 = 100 MHz
X 3 1 T, wx = 7 /(V3012) J13 = 50 MHz I3 # i3 I15 = 50 MHz
’ X~ X w2 tx ~ 36276 ns x = @k +27/(V3U13 - 13)) rx ~ 36276 ns
y 4 3z - 0; J12 = Jp3 =100 MHz ZX, y ~ 67.692 ns Z X, ry ~ 67.692 ns
7 ry ~ 81.938 ns Ty =tz +1x ty=tz+1x
3 =113
z J15 = 100 MHz,/53 = 0, Jy3=0, /15 = 100 MHz
I 3 23=0, I
7 1 = ) X Ja # 13
J ~ 31416 ns g =l t7 ~ 31416 ns
7 z 12 z 1z =22k +1)/Upp = J13)
= Jry 3 100 M
¢ 3 J12 = 100 MHz,J23 = 0, Jp3=0, J13 = 100 MHz ;23¢j‘3' 23 //“ ‘”) e
S 1 37 1o _ o 4712 12# 713 12=0
T 47.124 ns =3x/(27 ~ 47.124 ns
27 s n 5 =3n/(2J12) s E 5= @4k = D)1 /(2012 - J23)) s ~ 15708 ns
st . k2 J15 = 100 MHz,/p3 = 0, Jp3 =0, J12 = 100 MHz 73:;13' H)’\”;\
2 res ~ 15708 s 20 ~ 15708 12 # 13, J12 = 100 MHz
s " Tt =7 /(212) s " tgi = @k + D7 /(2015 - J33)) e ~ 15708 ns
sx (O +03+04) J5=Jr3=100MHz SX, ~ 8341 SX, o sio08in
7 tgx ~ 71.243 ns gy = 75+ Tx o T5x = 15+ Tx e
5 = Jo3 = 10( 7 o
STX Oy +03+04) J 3 = u‘u\m/ STX, rgi g % 51984 ns sTx, gty 51984 ns
7 iy © 712430 Tty = Tt b x s tty = Tt X
zZ(vH)z 7= 0
u . 27 J1p = Jo3 = 100 MHz rZX(YH)), o~ 978720 (l_‘ﬁ)123+(1+\ﬁ)113=2112, /13 = 73.205 MHz,
7 TH & 62832 ns e :72/12 f\fyf{)” T = V3Qk + Va3 = Ja3) T
ty =1 v cp1 ~ 35.040 ns
Z(YH) Z(YH)
3z J1a = Jp3 = 100 MHz or (Y H)X (or (Y H)Xor X H)
XH = 1 3 : : v 66.456 ns ' ~ 66.456
8 J TXH ~ 94248 ns TXH =Tz +TYH XH % 00450m TXH =Tz +TyH XH ns
OrTxH =tx +7ym OrTXH =TX +TYHOTXH = TX + TH)
Tir = (14/3) I /2, J53 = 73205 MHz, Jo3 = 73.205 MHz
v . 2r I13 = Jo3 = 100 MHz 12=(14V3) i3 FR (1+v3) 13+ (1-V3) 13 = 201 T
TyH ~ 62.832ns = 2 12
J Tym ~ 62.832n ryy—ﬁ”/(ﬁfz3) YH ~ 35040 ns tyi = V2Qk + D l(U13 - Jp3) Typ ~ 35.040 ns
(YH)Z ZH
3z J15 = Jp3 = 100 MHz, X (YH) (or (Y H)ZorX (Y H )
= 12 = 723 i t7 1 ~ 66.456 ns i Ty~ 66.456 ns
zH 3 J Ty [ ~ 94.248 ns Tz =tz +TyH ZH 7~ 0045 =Tz +TH ZH ~ O n
ortzH =TX + TYH OrTZH =T7Z * TYHOTZH =TX * TYH)
SH
7z I1s = Jn3 = 100 MHz (rstm)st, o or (HsTH)sh, 7 s
SH 3 27 gy ~ 109.956 ns N b TSH A 2ns ren ot TSH R 8 ns
o SH = sty t Tt SH =15+ 7H
©TTSH = Tygtp t st
HS
Hs T J1a = Jp3 = 100 MHz st (HsfH), o (or (HSTH ) ST, 08
3 27 - 9.6 HS * n Hs ~ 50.748 ns
2J tys ~ 109.956 ns THS = Tygiy T et s =5+ Ty
O THS = Tygt g+ o)
stH
51 J1p = Jp3 = 100 MHz, (HSTH)S, B or (HSTH)S, -
st 3 = R gt gy~ 101538 ns _ gipy & 50748 ns
27 ot & 78.540 ns iy = sty S Toty = Tt TH
Oty = Tysta TS
Hst
5t J12 = Jp3 = 100 MHz, s (IISTII), B ors (HsTH)), -
st 3 3 SR N ] st~ 101538 ns I 7y gt S0.748 ns
HS st = sty * S st = st tH
O st = gty TS
J23 = 100 MHz,
=271, 23
x Jir = Joz = 100 MHz Jp3=2J1n 100 MHz T3+ 13 =201 Jia =0
HSH 3 7 ‘ < 314161 /(2\/5/ ) 20 Mz 3 # s J1p = 50 MH
~ 31.416 ns . - E 5
HSH HSH =7 12 ~ 18.138 ns trsi = @k - Dr (V313 - 723)) TR
3 HsH ~ 18138 ns
J3=0
100 MH Jo3+J13 =271, -
+ 3z Jip = Jp3 = 100 MHz Joz = 2010, w\l]]// 23] lij 12 /13 = 100 MHz
HS'H [ 3 7 gty 94248 s sty = Viri(21) . R 23 #N3 J15 = 50 MHz
sty * sty = @k + D5 /(3013 = 109) gt 18138
(HSH)Z (HSH)Z
¥ 27 T13 = Jp3 = 100 MHz, orZ(HSTH) . o orz(HSTH)) . ‘
S'HS 3 7 Tty & 62832 s Tips = THSH 72 t0t g X 49.554 s ttys = THSH * 72 Tt g © 49.554ns
Ot ys = Tustu T2 5tHs T THSTH T2
27 J1p = Jp3 Z(HSH), g sea Z(HSH), < 49 55,
sHsTt 3 7 Topst ¥ 628321 Tyt = THSH + 72 Toyst ¥ 49554 ns topsi = THSH + 72 st X 49554 ms
3x J13 = J23 = 100 MHz, YH)S 5 YH)S, 50.7.
HSX 3 5 = e . (:z)'+r tHsx ~ 82.164 ns . (:z)'+1 tHsx ~ 50748 ns
HSX HSX = TYH * 75§ HSX = TYH * 7§
N 3 I13 = J3 = 100 MHz S(YH), ) . S(YH), ) s
STxH 3 2 totypy & 47124 Totxp = TYH + TS stxy ~ 821640 iy = TYH + TS gt xpy ~ 0748 ns
on J12 = Jp3 = 100 MHz (vH) ST, ) . (YH)ST -
Hsfx | s 2z e * frgty & 50748 ns g sty < 50748 ns
2J sty © 14137208 Tustx = TYH T gt Tystx = TYH gt
97 J12 = Jp3 = 100 MHz starm, e starm, .
SxH 8 27 rgxH ~ 141.372 ns TSXH = TYH * Tgh rsxH ~ 30.748 ns ©SXH = TYH * it tgxp ~ 50.748 ns
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TABLE IL

Sequences acting on three spins, which are frequently used in two-qubit gates [10,17]. When using sequential pulses,

three steps are required. With linear connectivity, two to three simultaneous pulses are required, where the second (and third) are
purely phase corrections relative to leakage states as described in Egs. (6) and (7). With all-to-all connectivity, only one pulse is
needed to generate the same sequence. For each sequence, we give conditions for the exchange values Jy3, J23, (J13) and the driving
time 7. For the linear case, we also show the phase difference e’® between computational and leakage states. The effective time for a
pulse is the time given by tef = T + Tiqie, Where 7 is given in the table and Ty is the idle time between two pulses.

Sequential pulse

Simultaneous pulse with
linear connectivity

Simultaneous pulse with
all-to-all connectivity

3

H

— +

[ ]

1

T

Pulse Minimal Example

pulse time Single-qubit pulse Example

Phase-correction pulse Example Condition (Jg € R, k.1 € 2) Example

6Jy
Jip=—+J13

N

1
Jip ==
r 12=75723
2 J12 =100 MH _ ar 2 = 50 MHz

— J>3 = 100 MH = 100 MH:

7= , 2
x x J 62.832 s 3V30; 24,184 ns
2 2 P

b= VB

3
Jip ==y 47y
— 12=3'2 123:7+/nv
5 - , 00 My Ji2 % 0015723, /12 ~ 1.492 MHz
3 . , :u \‘::, . 4 sec (2ﬁ> 3 \”“r 12 3 MHz =
—_ o 723 = 100 MHz = 173 ~ 66.667 N x
- - 23 23 ~ 2.015— 53.299 ns J 21
*II 11 27 47,124 ns Vs 27.427 n T 20 73 o -/13=£ T 2047
_ | i «c*'(zﬁ) arctan (\/7)
el = (e VT arcmn(\ﬁ)
e Jo
T =Jg+ 13

1
=5 (71 +184/3 + /3309 +2556\/§)123

I3 =200+ 3
Jo(=1+/3 -6k +2y/31)

(6,\5+‘/4\/§,|), :%‘
= 303 ,_2m(+6k)

334

J17 = 100 MH
3 ~ 27.349 MH

13

* Ji2=723
2 5o J12 :wn\ H,r' r = 3x ' ) ::‘ ‘«H\,f’

3 Jo3 \uj ?‘m 202 2 ‘ Mz
x k4 40 ns | 1241
el? = (-4

T == V2io + i3
Ip3 == V2Jg+ 013,

V23 +16k +381)Jy
3420k '
_x(1+8k)

Y

Two pulses required I3=

Ji2=1J23
. I J17 = 100 MH: r ' » = 100 MHz

= 100 MHz

7 23 § Ts o
,, r r ~ 94.248 ns r 1.416 n:
P

3r Ji2=1J23

T=— ; "
Tim )3 = 100 MH.
5.708 s

3
e =(-n4

Jia=-2Jy+ 13,

Jpy = =20+ Jp3

3 ~ 100 MH: 2(3 + 8k +41)Jy

(CEREE 118 ns = ——ior /13 = 100 MHz
6723 L orU+ak) o
2y
24y

Ty == V2Iy + I3

Jy3 == \21y+ I3

V20 +16k +81)Jy
B 9 +24k '
_ a(3+8k)

Y

Two pulses required

I3

three sequences perform similarly and we only find a slight
improvement in the triangular arrangement. This can be
explained by the rather similar length of all sequences,
since both new variants have been transformed from the
original sequence in Fig. 7(a), which has been optimized
for the sequential execution of noncommuting exchange
pairs.

To quantify the mixing between qubit and leakage

states, we utilize the Frobenius norm [|4|| = />, J laj; |?

of a matrix 4. For a unitary matrix U, we have ||U|* = d.
We thus define the mixing infidelity by

1PoUI* + I1PLU?

L =1-
dQ+dL

, (B2)

where Pp and P, are the projections onto the qubit and
leakage spaces with dimensions dp and d, respectively. If
U does not introduce any leakage, we have ||[PoU 1> = dp
and ||P U||?> =d;, and thus I, = 0. However, if U con-
tains block-off-diagonal elements, it introduces transitions
between the two spaces and [|PoU||*> < dg and ||PLU||* <
dr, and hence I; > 0. Here, we neglect the distinction
between leakage and seepage, which describes the change
of population from qubit to leakage space and vice versa.
The mixing infidelity for the Monte Carlo simulations is
shown in Fig. 7(1). Again, we find a quadratic slope of
all curves and only a very slight improvement for the
alternative sequences compared to the original one.
Although our results only show a slight decrease in the
infidelity for a triangular connectivity, we have shown how
the total number of pulses reduces from 26 to 20, which
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also minimizes the number of idling times between two
exchange pulses. More simplifications can be made by
optimizing the sequence for simultaneous exchange pulses.
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