AN INVERSE GAUSS CURVATURE FLOW FOR
HYPERSURFACES EXPANDING IN A CONE

MARCELLO G. SANI

ABSTRACT. We consider hypersurfaces which are graphs over a sphere evolving
in a cone, driven by the (—1/n)-th power of the Gaufl curvature and subject
to a Neumann boundary condition. We show existence for all times and con-
vergence after rescaling, to a subset of a sphere.

1. INTRODUCTION

In this paper we study the parabolic initial value problem describing the evolution
of a strictly convex hypersurface evolving inside a solid convex cone in R**!, that
is perpendicular to the boundary of this cone at all points of intersection of the
two hypersurfaces. As in [4] we only want to consider hypersurfaces, that may be
written as a graph over the unit sphere.

Let C"1 C R"*! be a (n + 1)-dimensional closed convex cone, such that C"*t C
{(z,....2" ") e R 2"t > 0} U{0} € R™, assume C" '\ {0} to be smooth
and define 2 := int (C"“‘1 N S"), where S™ is the n-dimensional unit sphere. We
use standard notation as explained below and will prove the following statement.

Theorem 1.1. Let My C C" be a strictly convex hypersurface (meaning that all
eigenvalues of its second fundamental form are strictly positive), such that OMy C
aC™ I\ {0}, MyLaC™*! and My = graphg. ug|, for a positive map ug : @ — R
with ug € C*(). Then there is a family of hypersurfaces (My)o<i<oo With

d ~

dg_ 1 5

dt K1/n

OM,; C 9C™" 1\ {0}, M, Loc™tL  for allt € [0, ), (1.1)
Mtlt:[) = M07

where the unit normal vector v(y,t) to M satisfies <D(y7t),)~((y,t)> > 0 for all

(y,t) and where we write My LAC™ (0 < t < o0) for (0(y,t),v(p)) = 0 for all
p = X(y,t) € OMy, with v being the outward pointing unit normal vector to OC™*1
at the point p.

Moreover Mye™t converges to Q for t — oo.

Working with coordinates on the sphere, we may equivalently formulate the problem
locally by the following initial value problem with a Neumann boundary condition
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(this will be proved in the next section). We suppose furthermore the abstract
n-dimensional unit sphere to be embedded into R**! via the map

1:S" = 8" C Rz (W), ..., " ().
and we will denote the image of Q under ¢ by Q := ¢(Q2). Theorem 1.1 becomes
equivalent to:
Theorem 1.2. For a scalar map ¢o € C*(2), po(z) = Inug(z), with
Tij — $osij T o,i0,; > 0
up to the boundary 0N, there exist a function ¢ : Q@ x [0,00) = R,
€ C24L5(Q x [0,00)) NC(Q x (0,00)),

which solves

ntl det(o;; 1/n
¢ =(1+|Dy]?) ™ - et i7m i x[0,00),
‘ [det (035 — @.i5 + ©,i0.5)] (1.2)
Dy =g = 0 on 00 x [0, o),
p(x,0) = o (x) in &1,

with wi; 1= 05 — . + @0, > 0, up to the boundary O for all (z,t) € Q% [0, 00)
and where U is the outward pointing unit normal vector to OS) relative to 1(S™).

Moreover p(x,t) — t converges to a real number r for t — oo.

We say that a hypersurface M may be represented as a graph over the unit sphere
if there exists a (possibly time-dependent) strictly positive map @ : T — R, for an
open subset T C S", such that

M = graphgn @), = {i(z) - u(z) e R"*'|z € T}.
We consequently define the embedding vector of M into R**! by X : T — R+,
X(z) = u(z) - ulx).

Let My C C"! be such a hypersurface, i.e. My = graphg. Ug|,, for a strictly
positive map ug : £ — R. Since we work with a normal velocity related to the
Gauf3 curvature, if we make a suitable convexity assumption we obtain the existence
of the flow for (at least) small times. We will denote by X (z,t) = «(z) - u(x,t) the
time-dependent embedding vector of the hypersurface My into the R™*!, defined on
a maximal time interval [0,¢*), with ¢* > 0, and set M, := X (Q,t). We will often
identify the embedded manifold with its image without indicating it explicitly.

To denote a time-dependent local parametrization of the abstract unit sphere we
will use

n:R" x [0,00) — S,
Wy ) = Ny ) Y ),
where y := (y!,...,y") € R", with inverse at the corresponding time ¢ given by
¢:S"x[0,00) = R",
(z,t) = (CH(x, 1), ..., (" (z, ).

It holds therefore n({(z,t),t) = x as well as {(n(y,t),t) = y. It is here implicit that
1 and ¢ are (possibly) defined on subsets of R™ respectively S™. The corresponding
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embedding vector in coordinates X : R” x [0, 00) — R"t! of M, will be described
by

X(y,t) == X(n(y, ), 1) = u(n(y, t),t) - e(n(y; 1))

Throughout this paper K will represent the induced Gaufl curvature of My, while v
the outward pointing normal unit vector field on it. The corresponding quantities
expressed in the local parametrization of the unit sphere will be K and . Indices
preceded by a semicolon will indicate covariant derivatives with respect to o, the
standard metric on the sphere, induced by the inclusion into the R™*!; those pre-
ceded by a comma, partial derivatives. Furthermore we use the Einstein summation
convention, summing over indices which appear twice, as a lower and an upper in-
dex. Normal latin indices and latin indices in the Fraktur hand range from 1 to n
and refer to geometric quantities on the sphere respectively in R™, Greek indices
range from 1 to n + 1 and refer to components in the ambient space R®*!, which
is endowed with the Euclidean scalar product (-,-). Finally we use ¢, c1,ca,... to
denote estimated constants, which may change their value from line to line.

The existence for small times follows from the general parabolic partial differential
equations theory. The long time existence will follow from this together with ¢,
C°, C' and C? bounds and application of Krylov-Safonov estimates and Schauder
theory. Convergence to a translating solution can then be derived, as in [11], from
the a priori estimates. Except for the C! case we are going to work directly on
the sphere, without an explicit choice of coordinates. The C?-estimates and time
derivative estimates employ straightforward maximum principle methods. These
will also play a significant role in the C?-estimates. To obtain C'-estimates we
apply the Ice-cream cone theorem of [12], which generalizes a result of [8]. For the
C?-estimates we use ideas from [8], without always mentioning this explicitly in
that section.

The convergence, after rescaling, to round spheres for strictly convex initial surfaces
moving by the Gauf} curvature flow in R? is due to Andrews [1]. Expanding surfaces
without boundary were studied for instance in the works of Gerhardt [4] and Ur-
bas [13, 14], mean curvature flow respectively Gaufl curvature flow with boundary
conditions in those of Huisken [6] and of Schniirer and Schwetlick [12]. The elliptic
Neumann boundary problem for this kind of equation, of Monge-Ampeére type, has
been explored by Lions, Trudinger and Urbas in [8]. Marquardt proved a result
similar to the one discussed in this paper for star-shaped hypersurfaces evolving in
a convex cone under inverse mean curvature flow [9].

In the next section we derive the formulation of the problem as stated in Theo-
rem (1.2). The following chapters are devoted to the respective estimates.

The author is indebted to Professor Oliver Schniirer for suggesting this problem
and for his continuous support and to Dr Matthias Makowski and Dr Ben Lambert
for some very precious suggestions.

2. THE CORRESPONDING INITIAL VALUE PROBLEM

We now describe the evolution problem in local coordinates and compute some
geometric quantities induced by the embedding of the hypersurface into R™*1.
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It is possible to find most of the results of this section for instance in [4] or in [9].
We nevertheless summarize them here, with all calculations.

Lemma 2.1. Let Q C S", t > 0 a fized time, and u(-,t) : & — R be positive
and smooth. Then graphg. u(-,t)|, is a n-dimensional submanifold in R"*'. The
metric g;;, the outward unit normal vector v, the second fundamental form h;;, and
the Gaufl curvature K are given in graph coordinates by

2
Gij = U0 +uuj,
iy
ij -2 ij uw
g’ =u g’ — S 1.2 )
u? 4+ |Dul|

_ 1 Ik )

2 n |Du|2 (UL — 0 ULk

1 2
hiy = ey (10 =ty 2u5)
B 1 det (v?0y; — uuyij + 2uu ;)
 (u? + [Duf?)n/2 det (w?oi; +uuy)

where we lifted the indices with respect to the metric of the sphere, i.e. u' := Uilu’l,

and write |Du|? := oY u ;.

Proof. graphg. u(-,t)), is an embedded n-dimensional submanifold of the R"*!,
since it corresponds to the 0-level set of the map, expressed in spherical coordinates,

QxR =R, (z,r) —r—u(z,t),

whose differential —u ;dz® + dr is surjective for every point of R"*1.
We then check the expressions for the geometric quantities.
(i) We use the embedding vector X (-,t) = ¢(-) - u(-,t), X(-,t) : @ — R+
The induced metric is the pull-back of the metric in the Euclidean R™+!,
g := X*0gn+1. We have X ; = u ¢ + ut ;. Hence
L= X5 o XP = (e ayg B B
Gij 300X’} (wit™ +ut)dap(u 0 + UL’])
= u7iu,j|b|2 + 2L3‘»6u5L5 + UQL?;CS(X@L,@ =u,u,;+ uQU,»j,

B

because of L%Saﬁﬁ =0and 0;; = Lf’l‘.éaﬁL7j.

(ii) We check, that ¢*/ is the inverse of g;;:

i Kk
ik 2 -2 ik vl
997" = (u Uz‘j"’“,iu,j)u <UJ T2 F Du|2)
ik k
sk, -2 jk oijulu o 9 u U
=00 iy = peE Y P e
o (022 4 Duf) 1 — w2 Duf) = o
=0, u2+|Du‘2 u u u u u = 0; .

(iii) The vectors X ; = u ;¢ + ut,; are tangent to graphg. u. We therefore look for
a normal vector of the form at + b¥¢ i, with a and (b¥) to be appropriately
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determined. The inner product
(ut+ug,an+ 0% y) = aug (¢,0) +ub* (1,0 k)
+au (L, 1) +ub® (1,0 g)
= au,; +ubtoy,
should vanish. We can reach this by taking ¢ = v and b* = —u ;0'* and

obtaining a normal vector, which we normalize by setting

uL — O’lkU,’lL,k

Vu? + |Du|2'

because of
(ue — o™ u e g, ue — 0P i g)
=u? (1,0) —uo™uy (L, 1)
—uoPluy, (t,04) + oFu 0P (L, Lg)
=u? + o*oPlopuu,, = u? + |Dul?
This is in fact an outward pointing vector:

<m — alku,lka, UL>

_ u? (1,0) — uot®u g (L, 1) _ u 50
(iv) We use the Gauf8 formula for hypersurfaces X§; = —h;;»* and compute the
scalar product with v to get

hij = = (Xy5,v)

uL — U”Cu’lL’k
= Wiigt Ut Ul UL, e

(v, X) =

2

Vu? + [Dul?

-1 2 lk
=1 [DuP? (utij — 2wy +u® (i, 0) — uo' " wg uij, o)
—71 (—uu”—|—2u 4u'—|—u20~)
- 5% PX 2 ) 9
Vu? + | Dul? ! ! !
since for a sphere we have t,;; = —o0y; - ¢, as a direct consequence of the
Gauf3 formula.
(v) From the defining equation for the principal curvatures, we obtain

n . g det h;;
_ R Uh.) = K ij = B

K = 1‘1;[1)\2 = det (g hjk) =det g" - det hy; = det g,
- 1 det (v — uu; + 2u ju ;)
(U2 + |Dul?)n/? det (u?oy; +uguy)

O

Remark 2.2. We are not going to compute the corresponding formulas in the co-
ordinates induced by the local parametrization 1 of the sphere. However, since we
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will use this fact, let us only mention that one would get that v(z,t) and D(y,t)
have the same form.

As u is assumed to be strictly positive, it is possible to slightly simplify the calcu-
lations by setting ¢ = logu. We obtain in terms of ¢:
u; =e’p,,
w5 =e?(pu5 + ©,i9,5)5
and for the normal vector
1

Ik
=—(L—0O L 2.1
DF ( Pitk) (2.1)
as well as for the Gaufl curvature
B 1 det (62“"0”- — €% (.5 + p.ip.5) + 2629"4,0’1-907]-)
- (e2¢ + e2¢|D<p|2)”/2 det(e290,; + €20 ;0 ;)
e _det (0ij — @i + 9.i%,5)
(1 Do) detlos) - (1+ Del?)
_ P . det (Uij — Piij + @,i@,j) (2 2)
(1+ |Dg|?) "2/ det(aiy) ' -

Let us now compute the evolution equation in local coordinates.

Lemma 2.3. Let Q C S" and ¢ : 2 x [0,00) = R be a smooth function such that

d - 1
lo €volves according to %X = Fim -v. Then

o= VT+[Dgl? e

graphgn €%

Kl/n ’
Proof. The vectors X s ,)N(m, v are orthogonal to each other and hence form a
basis of the R**!. This implies that
d - 1
“X=—— .5
dt Kt/n
is equivalent to the following condition:
- d 1
X, . —X—-———.5Y=0 2.3
(o %X = z77) (2.3

foralla=1,...,n, and
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Consequently inserting the expression (2.1) of the normal vector in this last identity,
provides

1 d - L=y dn’ dn? de?
- = . —X ) = P L L i . ¥ (e . L I
K1l/n <V’dt > < /1+|D¢2’L7 at ¢! (e7). a

1 dn? d<p>
= tte¥ i —— Y+ (1,e¥ - —
NiEREE (< 7 dt> < dt

d %
(i)

1 dip! dyp k dn’
P Py .« — p . T e? . R,
V1+IDgP (e Pat gy Ty O TR

1 dn? dy dn’

- . o i — Y. T _ P —

1+ Dgl? (e Pat gy T TP

(%),
V14 |Dy|? dt

which is the expected equation. Whereas from (2.3) we obtain

- d -~ 1 ~ d -~

= (X4 —X — = vy =(X, =X

0 < gt T Kim ”> < @ gt >
: : dn* dnt  de?
:<L}m”ae”’—|—b-(e*”),jnfa,b’k-n-e“’—i—b-(e“"),l- oy, e >

dt dt dt
i d k . d !
(soiton o (o @m0

) dnk . dnl de® .
2
=ePoipny - . + (€9),;(€9)amy - at + - (€7).i"a
dn*  de¥ .
gikn?a E + E . (etp)yjnvja,
for all a = 1,...,n; that is an equation for the evolution of 1, which we don’t need
to take care of in the following sections. It namely describes a tangential motion,
which only affects the parametrization and not the shape of the solution. (]

Combining the results of this last lemma with the formula of the Gauf} curva-
ture (2.2), we get a representation of the above problem through the following
partial differential equation

¢=+1+[Dpl?-e" 7"

n+2)/2n n
=1+ [Dg?-e?. (1+Dgl?) "2 . det'/" (0:;)
e~® det!/" (O35 — 0ij +©,0,5)
nt1 det'/" (o,
(14 Dgf?) (045) (2.5)

det™" (a1 — i + 0.i05)
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We suppose furthermore the hypersurface to evolve staying perpendicularly to the
cone. We hence obtain a Neumann boundary condition.

Lemma 2.4. Let #(p) be the outward pointing unit normal vector to C"™1 at a
point p = X(x,t) € OM; and v the unit normal vector field to My. Then

(7(p), v(x,1)) = 0 <= Dyp(z,t) = 7' (u(x))p,i(2,t) =0,

where (')1<i<n are the components of ¥(1(z)) in a coordinate system of the tangent

space of Q= 1(Q) at the point 1(x) € .

Proof. Let (v*(p))i1<a<n+1 be the coordinates of 7 in the standard basis of the
R"*1. Since C"*! is a (convex) cone, we have (p) = v(X (x,t)) = v(1(z)p(x,t)) =
v(u(x)) for x € ON.

The condition

{(p), v(z, 1)) = (P(X(2,1)), v(z,1)) = ((c(2)), v(z, 1)) =0

is equivalent, using the representation of 7 in the coordinate system of the tangent
space of € at ¢(z), to

<ﬂi(L(x))L,i(x)v V(‘T, t)> =0
and hence to
7 (u(x)) (a(x), v(z,t)) = 0. (2.6)

We now compute the inner product, inserting the expression (2.1) of the normal
vector, and obtain

<Livl/> =\ L 17 (L—O'lkgOlLk)

1
~ i (e o)
Cflk<,0,z (L,i,b,k> . Ulksﬁ,lifik —Pi

VIFIDeE  1+[DgP 1+ [DgP
So this implies that (2.6) is the same as
7' (u(2))p,i(x,t) = 0
for all x € 992 and ¢ € [0, ). O

From (2.5) and Lemma 2.4 we eventually get the formulation of the problem stated
in Theorem 1.2, that is

n4l det(o;; 1/n
@:(1+|D(p|2) n, [ 6(0'])} n inQX[0,00),

[det (0ij — @;ij + @,ip,5)] (2.7
Dy =0 on 99 x [0, c0),
o(x,0) = po(@) n £
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3. p-ESTIMATES
In this section we treat the p-estimates: We will show that ¢ stays bounded during
the flow.
Lemma 3.1. Let ¢ be a solution of (1.2), then its time derivative is bounded:
mp = min Lp(l‘/,O) < <P(37,t) < maggb(x’, O) =:Mma
' €Q ' €Q

holds for all t € [0,t*) and x € Q.

Proof. Let 0 < ¢ < t*. Assume first w;;(z,t) > 0 in the sense of matrices for all
t € [0,¢] and z € Q and let w"(z,t) indicate the inverse of w;j(z,t) = oj(x) —
©iij(z,t) + ¢ i(x,t)p j(z,t). We compute the time derivative of ¢, differentiating
the partial differential equation, to obtain

gb 20ij9b7i<,07' iq . . .
{(n + 1) A+ w (P — Qg — W%‘)}

7T 1+ [Dypf?
© s 2¢ n+1 i . ;
= “w P+ o (1+|D<ﬂz 0 —we |

because of the symmetry of w*. Moreover the differentiated boundary condition is
given by

g =0. (3.1)
The parabolic maximum principle for ¢ implies therefore the inequalities.

If w;; is not strictly positive for all times in the interval [0,¢'], then there is a
minimal time ¢, such that w;;(x1, tl) has a zero eigenvalue, and in particular we
have det(w;;(z1,t1)) =0 for a z1 € Q.

With the same idea as above, we then would get
min (2, 0) < ¢(z,1) < max p(a’,0)
z'eQ 2/€Q
for all t € [0,t; — €], € > 0, and € Q. Letting € go to zero, would extend this

inequalities to all £ € [0, ¢;] and this would be a contradiction to det(w;;(x1,t1)) =0,
because of the partial differential equation we are considering.

Finally, the differentiated boundary condition (3.1) shows that extrema of ¢(z,t),
for 0 < t < t*, cannot occur on the boundary, if ¢ is nonconstant, since Hopf’s
maximum principle would force ¢ ; to have a sign in that point. O

Remark 3.2. It is clear from the equation (1.2) that ¢ is strictly positive for all
(x,t) € Qx[0,t*), so mq = min, g ¢(z,0) has to be positive. Moreover this means
that we are considering an expanding flow.
In the proof of the lemma we also showed the following.
Corollary 3.3. Let ¢ be a solution of (1.2) with
wij(2,0) = 0ij(x) = @1i(2,0) + @i (2, 0)p,;(2,0) > 0,
up to the boundary, in the sense of matrices. Then
wij(2,t) = 0ij(x) — i (@,1) + @i(x, 1) ;(z,1) > 0,
up to the boundary, for all (x,t) € Q x [0,t%).
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This implies that the convexity of the starting hypersurface, which is the only
admissibility condition we need to care about, is going to be preserved during the
flow.

4. CY-ESTIMATES

We note first, that the bounds obtained integrating the inequalities of Lemma 3.1
wouldn’t be sharp enough to ensure convergence.

We now prove a comparison principle using a standard maximum principle argu-
ment. This follows from an interpolation argument, a similar idea was applied in
[15] to the Schouten equation.

Lemma 4.1. Let ¢ and v be two solutions of (1.2) with p(x,0) < 1 (x,0) for all
x € Q, then

p(x,t) < U(x,t)
holds for all t € (0,t*) and x € Q.

Proof. We define
X(xv t) = @(xa t) - w(% t)
It is immediately clear that this new function is initially nonpositive,
X($7O) = QO((E7O) - w(mvo) < 07
and satisfies the same boundary condition as ¢ and :
Dixyi = lji(p’i — ﬁi’t/J,i = 0
Furthermore, for a real number s € [0, 1], we set
vij(x, t)[s] :=045(x) — sp.j(x,t) + sp(x, t)p j(x,1)
— (L= s)tij (2, 8) + (1 = 8) (2, )¢ 5 (2, ).

Since the set of positive definite matrices is convex, it is possible to apply the main
theorem of calculus to write

X=¢—1v
_ / d (L+[D(sp + (1= $))2) " -det/" (o) o
o ds \ det'/™ (0ij — spsij + 50,05 — (1= 8)bi; + (1 = s) ;)
(4.1)

To compute the derivative in the integral the following calculations will be useful.
First, using the formula for the derivative of the determinant, we have

d n 1 1/n—1 i1 d
% detl/ (’Uij) = E (det(vij)) / -det(vij) -Uﬂ . % ’Uij

1 . g

= det"/ (vij) - v - (Vj — @uj + @0 — Vit )
1 n (%)

= det"/™(vi3) - v - (=x7 + x,i (0,5 + 1)) s

where v¥ denotes the inverse of v;j, which is positive, and where the symmetry of
v yields

V(i — i) =0 (i — ) (e +) =v9x (0 + ).
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Secondly, the derivative of the first factor of the numerator of the argument of the
integral is given by

n+1

LD+ (1= 5))?)
n+1

(1+]D(sg + (1 = $)0)[2) ™ - | D(sip + (1 — )02

s

n—|—1

(1 +|D(sp+ (1 — s)w)\Q)%
[(%‘ —)(spj+ (1 —=8)Y )+ (s + (1= 8)¢:)(p; — ;)]
nt+l (1 +|D(sp+ (1 — s)w)\z)W . [QUin,i(sapJ +(1- s)w)j)]

and this imphes that the derivative in (4.1) may be written as

n+1

d [+ Dsp+1=s)y)?) ™
ds detl/" (vij)

2L (1 + [D(sp + (1 — s>w)|2)% 207 (s, + (1 —5)05)]

detl/" (’Uij)
(14 ID(sp+ (1= )Y)R) T - Ldet'/ (v) v - (—xas + X (0 + ¥,)

det2/” (Uij)

m41 (14 | D(sp + (1— s)0)[2) ™ - 207 y.(sp,; + (1 — s))]

detl/" (Uij)
(14 DG+ (L= 9))R) T L v (—x v (0, + )

detl/" (Uij) '

Introducing the following notation for the positive definite coefficient matrix of the
second derivatives
n+41

A= = det!™ (o) / (+ Dl + (1 D) T ds
n 0 det /n (Uij)
and setting
. . 2 1 iy
Bl = — A (o +,;) + % -det/™ (o) - 0

1
_ / (L+1D(se + (L= )$))*) ™ - (50,5 + (1 = 8)00)
0 detl/n (U,‘j)
it follows, in view of (4.1) and of the last computations,
X — Ay i+ Bix; =0, inQx[0,t*)
x(z,0) <0 in Q
Dyx =0 on 00 x [0,t*).

Using the parabolic maximum principle, we can hence conclude that y has to be
nonpositive for all ¢ € [0,t*). O
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It is easily seen that the maps ¥ (x,t) = t+r solve the problem with initial condition
Yo(x) = r for r € R. The following corollary, providing uniform bounds on ¢(x,t)—t
for any solution ¢ of (1.2), is therefore an immediate consequence of the previous
lemma.

Corollary 4.2. Let ¢ be a solution of (1.2) with
1 < o(x,0) < ca,
for all z € Q and c1,co € R then
t+c <oz, t) <t+co
holds for all t € (0,t*) and xz € Q.

5. Cl-ESTIMATES

In order to obtain Cl-estimates we are going to use a result proved in [12], the
so-called Ice-cream cone estimate.

Theorem 5.1 (Ice-cream cone estimate). Let U C R™ be a smooth bounded domain,
F:U — R a smooth strictly convex function with |F,| uniformly bounded on U,
where v is a unit vector field on OU such that (v,vy) > &, for a positive constant
&y > 0 (where vy is the inner unit normal to OU ). Then there is a uniform bound
for sup |DF|, independent of sup |F|.

To apply this theorem we need to use an explicit choice of a coordinate system to
work in R™. Let us however first consider a (possibly time-dependent) smooth map
[:8T 2R, z= (24 ..., 2" = f(zh, . 02", let F o R\ {0} — R be the
positive and homogeneous of degree one map defined by
z
=1 () 6.1
and let
F:R" 5 R, W', y") F(yl,...,y”) =Fyt,...,y"1) (5.2)

be the restriction of F' to R™ x {1}. We then choose coordinates like in [13], which
allow us to prove the next lemma, that establishes a relation between the partial
derivatives of F' and the covariant of F.

Lemma 5.2. Let
—/ . D" 1
n'.RLx{l}%SiCR"*'
be the embedding given by

1 n ) (yla"-aynal)

(y 7"'ay 71 —
V14 yl?

and let
7:R" = ST CR™L (yh oy eyt y) = (Y D).
Then for f, F and F as above it follows

Pt _ (125 s + F 00w = L)} + 100w

VI+?E

where y = (y!,...,y") € R™.
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Proof. Since |7j(y)] = 1, we have F(7j(y)) = f(7j(y)), which provides the second
equality.

We can express the standard round metric o of the sphere in the coordinates induced
by the imbedding 7 computing the pullback 77*dgn+1 of the Euclidean metric in
R"*1. We differentiate 7, for this purpose, obtaining

_ _ (euao) . (yal) .
oW = E T e

for 1 < a < n, insert in the definition

o 1 Y*Ya 5 Y
TN p——— bas (63 - o -
ab = ".a0%pslp = 771 PE Z & < 14 yl2 1+ yf?

a,f<n+1
Bl )
+ ﬁ;rldwm T |y?2 ’ (55 B 17leng2>
+ Ontint1 %

and, since the mixed terms vanish, we get

1 68808y’ Yo 8 805y Ya
Oap = ———— 526 55 _ Za _ b
YTy BZ+< e T e
YaYe Yalo
ag 8 .
Y ey <1+|y|2>2> CEanRE
1 Yalo
=— | dgp — . 5.3
T [ o 1+|y|2} (5:3)

It is not difficult to verify that the corresponding inverse metric can be expressed
by

= (1+yl?) (8% +yy") . (5.4)

The partial derivatives of the metric are given by

e[ o225
ab,c 1+|y|2 a 1+|y|2 .

—2y. < Ya¥o ) 1 (5acyb +06cYa  2YalYpYc >
1+|y\ 1+ [y L+ Jy[? L+ [y]? (1+y*)?2
2YaYoYc 2YaY6Yc
— (Bacy + Socla) + —oTTE
1+ |y‘ < ubyc 1+ |y|2 ( acYb hcyu) (1+ |y|2)
4YaYoyc
— 0 1)
1 T |y‘ ( abyc aco — OpcYa + i |y‘2
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To get the connection coefficients with respect to o, we first compute

1 dyayuy
o = e = |2 b~
4
+ <_25ucyb - 5abyc - 5cbyu + 1yj_y|;:|y2c)
4
- (_25bcya — Opa¥c — Ocalf + 1yjy|;y2c>:|
1 4Yayoye
= —28.0Yc — 20acty +
(T +yP)? [ wede T e T
2 anybyc]
= | Susye — Bacte +
(T [+

and therefore, using the formula (5.4) for the inverse of the metric, it follows

1
0 oa
UFbc = 50 (Uab.,c + Taco — ch,a)

I 0 2 2YaYbYc
=% | by — 0
S T e e b+ T
2YaYoYe
=(1+ 2 6Du+ a o0y __ - -5 -9 4
( |y| )( y y ) (1+ |y|2)2 Clbyc Cltyb 1+ |y|2

24° Yo ye ) >
- - +
1 |y|2 yby yC yCy yb

2 2 0
[—ﬁyf—ﬁyw+ w%yw}

T 14y 1+ [y)?

I
R

From this last expression we obtain

(F(1(Y));a0 = (F(71(y))) a6 = “Tap (F(71(y))) ¢

= (F(7(y))).a6 — [=0aye — 0tyal (F(11())) e

[—00ye — 2ys) - (5.5)

L+ Jy[?
1

= (F(ﬁ(y))),ab + W

[(F(1(¥))) .y + (F(71(y))).bYal

for the covariant derivatives of F(7]) with respect to the standard metric of the
sphere. On the other hand, because of the definition (5.2) and of the homogeneity

of F,
F(y) = F (i(y) - VT+TWP) = F@n(w) - VI + ol

the partial derivatives of F' are given by

(F(y)).a = (F((Y)).aV1+lyl* + [(F(7(y)))ya]

1
V1t
respectively

(F(y)).av = (F(71(y))).a0 V1 + |y + (¥))).6Yal

wiw (F@W))).ave + (F(7
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This provides the statement of the lemma

Fl)as _ L i
(J% = (P + 157w (G0 o+ (F0))) 0]
+ (F(()7as
= (F@))as + (F7(6) s 0

If we now consider the subset QO = +(Q) € ST < R™! and restrict F and F to
U= 77_1(@) C R™, we can obtain, applying this lemma with an appropriate choice

of f, a function F' that is strictly convex on the compact set U = 7=(€): For a
fixed time ¢ € [0,¢*) we define f(-,¢) : @ — R to be the map given by

where z = (z',...,2""1) € Q,

and

is a constant, depending only on ), which fulfils 0 < ¢ < 1 because  is a subset
of a sphere contained in a cone. We note that f is strictly positive and bounded,
since Corollary 4.2 implies that

m < p(z,t) —t

and that there is a real number ¢ such that it holds

|p(x, )| = |p(z,t) —t —m| < c

for all (z,t) € Q x [0,t*). In particular we have that 0 < e~?@h < 1 for all
(z,t) € Q x [0,t*).

We want now to show that f.qp(7,t) is positive definite. Working with the coor-
dinates induced by 7 as in the proof of the last lemma we can express the metric

as
Oap — ; 6ab - Yallo (56)
1+ [yl 1+ |yl

and the connection coefficients by (5.5) as

oo 1 [

SRS S S S T
be 1+|y|2 pYc cyb]
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For the covariant derivative of the first term of f(7,t), we get

(6*<ﬁ(ﬁ(y)7t)) :(eﬂ?(ﬁ(y),t)) o, ((@(ﬁ(y),t))
;ab ,ab

,C

_ o B(A).1) (_ (W) 1)) 06 + (2(M(W), 1)) 4 (s@(ﬁ(y)i)),b) ;

in local coordinates, because of the definition of @. Whereas for the second term it
holds

@ Y)sa0 = (1" (Y)) 4o — Tow (1" (¥)

)

=\ 77— T2 T %Ya = 0qUb] | T
VItW?) o 1+l VI+l?)
—0ab n 3Yale

(V1+12)? (V1+y[?)?

1 —Ye

s [0 + 05y

1+]yP % a¥e] (V1T [yP)3
5ub Yalo

(V1+1y2)?  (V1+]y?)?

Comparing with the metric (5.6) we have

J a
(ﬁn+1(y)).ab _ ab Ya¥o

WVI+ PP (V1+ yP)P
_ 1 (5 . Yalob )
(VTP U™ TP

Tab

VI+P

Using 2"+! > éforall z = (21,...,2") € Q, which is equivalent to 1 > é/1 + [y|?
for all y € U in the coordinates induced by 7, and 0 < e~ ?®t) < 1, for all z € €,
it follows eventually

(F1,8)) a0 =€ 2T (= (@(01)), 05 + ((01)) 0 (07 1)),5 ) +

Oab

V1+yl?

=

Y

e~ ?() (_ (@(10,1)) 06 + (2(7:1)) (@(ﬁ,t));b) + Tab

P00 (50— (0 (1.6) g+ (0 (1.1)). 0 (9 (1111 4) >

) )

Y

in the sense of matrices.

Thus we could construct a function f, which possess the needed properties to obtain,

applying Lemma 5.2, Flqp > 0 on the set U for the corresponding map F.
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We now address the question of how the normal vector to 92 transforms under the
inverse of the diffeomorphism 7. In particular how does the boundary condition
translate to R™?

Like in the proof of Lemma 2.4 we consider the boundary condition,
<D(X(*T7 t))’ Z/(SC, t)> = <D(I’($))7 V(*T7 t>> =0,
at a point (z,t), with z = = (7j(y)) € Q.

Since 7 is a diffeomorphism there is a nowhere vanishing vector field v = (7*)1<a<n
on QU such that

v (i(y)) = 7 ()i w),
where 7 = (V*)1<a<n+1, and then
0= ("W). v (y,1))
with /(y,t) being the normal vector in these coordinates, given by

- o E (0 o0 () ), mel).

We now compute the inner product, inserting the expression of the normal vector.
We obtain

V' (y,t)

_ o O_bc L71 — ,t 7_7c
VW)7.a¥), v (3, 1)) =7°(y) <77,u(y), 1(y) () [90( (1(y)) )],b ] (y)>

V1+1De (7 (a(y). ) 2

_ W) [ (@), 1)]
VI+[De (7 (A(y). 1) 1
and this implies finally

0= [¢ (' @).1)] - (5.7)

s

It follows immediately from the definition,

Fy,t) = f(y),t) - V1+yl2,

given in (5.1) and (5.2), that the partial derivatives of this map are

Fa(y,t) = F(1(0):t)a - VI+ P+ f((),1) \/%W
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and, substituting for f(7,¢) in the first summand, we have

_n+1 L/ _ ) Ya
N * (y)> N 1+ ‘y|2 + f(n(y)7t> \/W

— =TT @WN) (5 (Y (7 1w ) .
( (@ (T @W)1) o+ 2 (\/W)‘"’) VIR

| =

Fu(i‘/at) = (e“"(fl(n(y)m) _

+ F((y), 1) - —=L

VIF Iy

for all a=1,...,n. From (5.7) it follows

S \N_1 () [,

) -(2+f(n(y)at)'m)'

1+ yf?

So the absolute value of this scalar product is bounded, as required for the appli-
cation of Theorem 5.1, because U is a bounded domain. Furthermore 7 is nowhere
tangential to the normal vy to OU, since otherwise 7 would be somewhere tan-
gential to 082, since 7 is a diffeomorphism, that maps tangent vectors to tangent
vectors.

We can now use the Ice-cream cone estimate and hence obtain that sup |DF| is
uniformly bounded in U.

To deduce from this a bound for Dy, we need first of all to compute what the
inverse of 7 is:

7 Q U,
1 n
1 n+1 Z Z
(z4,...,2 )»—)(znﬂ,...,an).

Furthermore its partial derivatives are given by

g (0k, ey (F 2
e (Z) - on+l o (Zn+1)2 ’ 501

)

whenever a =1,...,n+ 1.

From the definition of

F(y.t) = f(i(y).t) - V1+[yP?
for a fixed time t € [0,t*), we have

B (2,0 = S0 ()0 - VTH G = (0

substituting y = 77 (), where z € Q. It follows

flz,t) = F(i (), ) - 2"
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and
falz,t) =F o (2), )7 (2))% - 2"+ F(77 ' (2),1) - 50+

- gagntl ~
= Falr (200 (38 - ) + P s

o gl . .
=Fa((2),t) - ot Fali H2) )2+ F(77 (=), )07,

for 1 < o < n+1. As we have seen, since Q) is contained in a cone, there is a
constant ¢ < 1, such that

2 >e>0
for all z = (2',...,2"*"1) € Q. This implies

n n

~ ~ 2 ~
Fal swp[DF|+ e | S [Faat().0] - | D022 +esup | F
a=1 B=1

< sup|DF| +c-sup |DE|+ c-sup|F|
U U U
and yields
IDf| <e,

because of the estimate obtained above and of the boundedness of f and conse-
quently of F.

Differentiating f and using this last estimate provides

1 1
f,a(zvt) = _e—LP(L (=)0 [‘ﬁ(L_l(Z)vt)] o A (SQ—H
C

and
12.6(y, O < PUD (|falz ) +¢) S c(|falzt) +0) < e
with 4 = ¢71(2). The desired estimate follows then from

= [@.i(z, 1)

i) = |pale,t) = (¢ +m),
for all x € €.
Let us at this point state the principal result of this section.

Lemma 5.3. Letc > 0 and Q2 C S™ be a domain such that (" "*(z) > ¢ for allz € Q
and p(-,t) : Q@ = R, t € [0,t%), be a smooth map, fulfiling o;; — ¢.uj + ip; >0
in the sense of matrices as well as Dyp(x,t) =0 for all (x,t) € 0N x [0,t*). Then
|Do| is uniformly bounded on .

We conclude this part by remarking that the C'-estimate implies an upper bound
on det(w;;).
Corollary 5.4. There erxist a constant ¢ > 0, such that det (w;;(x,t)) < ¢ for all
(x,t) € Q x [0,t).
Proof. Since ¢ is a solution of (1.2) it holds

[det(ai)]
[det (035 — @i + @i,

. oy 2L
p=(1+[Dpl*) ™ 7
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and this implies
)n+1 ) det(aij)
o
The positive lower bound of Lemma 3.1 together with that of Lemma 5.3 supplies
then a constant ¢ > 0 which fulfils

det(w;;) < c¢-det(oy;),

det(w;;) = det (05 — @,i5 + @.i0,5) = (1+|Dy|?

and hence det (w;;(x,t)) < ¢, for a fixed coordinate system, for all (z,t) € Q x
[0,¢%). O

6. C%2-ESTIMATES

We first of all note that w;; = 045 — .45 +¢,ip,; > 0, together with the C'-estimate,
implies an upper bound on ¢,;;. We hence only need to control the second covariant
derivatives of ¢ from below.

Tangential-normal C?-estimates at the boundary. Let 2o € 9Q be fixed.
We choose a boundary coordinate chart containing xg, so that 02 is represented
locally as graphw over its tangent plane at xg = (&,2{) in order that locally
Q={(&,2™)] 2™ > w(&)} and Dw(Zg) = 0.

We differentiate the boundary condition (see Lemma 2.4)
7 (2) (2, w(2),t) = 0,
in direction j < n,
Ui+ V' Qg+ P pinw ;i = 0.
Since in the point x it holds w; =0 for all ¢ = 1,...,n — 1, this becomes there
Dljcpz + Diw;ij =0.
From the C'-estimate it follows that ¢.5; is bounded.

Double normal C?-estimates at the boundary. Let zy € 9 be fixed. Like
in the preceding section, we choose a boundary coordinate chart containing x,
so that 0f) is represented locally as graphw over its tangent plane at x( in order
that locally Q = {(&,2")| ™ > w(Z)}. Moreover let 6 > 0 sufficiently small, that,
first of all, the signed (positive if x € Q, negative if ¢ ) distance function
d:S" — R of 98 is smooth in Q5 := QN Bs(zo) and ||d||¢s(q,) is bounded. For a
map u’ : {5 % [0,00) — R we consider the operator

iy o _ntl
W + 2 n 1+ |Dy|?

2

v == —w + - ~0”“<ﬂ,zu§k,

in which w% indicates the inverse of w;; as before.
Defining the map 9 : Q5 — R,
Iz) = d(x) — pd? (),
where p > 1 denotes a constant to be chosen sufficiently large, we obtain

1977; = dﬂ' — Qﬂddvi, 19;1']' = d;ij — 2,U,dd7m — Qﬂd’idﬁj



AN INVERSE GAUSS CURVATURE FLOW IN A CONE 21

and

2n+1)
ik S —9 )
1+ |DQ0‘2 o W,l(d,k /J’dd,k)

(6.1)

=2 wd;; — 2udwd.;; — 2uwd id ; +
n

Throughout the whole C?-estimates we will make use of the following result.

Lemma 6.1. Let A = (a¥) be a (symmetric) positive semi-definite matriz and
A = (Aij) a bounded matriz (i.e. max|A;;| < c < o0), then
4.

|aiinj| < C(A) tra®.

Proof. Let O be an orthogonal matrix, such that OAO? is diagonal. Then it holds
a’ A;; = tr(OAO'OAO") = tr(OAAOY),
since the trace is invariant under change of basis. It follows hence
a’ Ay = tr(OAO'OAO") =Y “(0A0")"(OAOY)is,

K2

because OAO! is diagonal. This yields
g . G
a7 Ay| < Z [(0AO")"(OAOY);;| < Z(OAot)“ n -%xmkl\

3

—c(A) - Z(OAOt)“ = ¢(A)tra”,

3

since OAO?! has nonnegative diagonal entries and the absolute value of the entries
of O and O is bounded by 1. O

It is a direct consequence of the lemma that

—2pdwd.;; < cpdtrw', (6.2)
and of the C'-estimate that
2(n+1) ok
_—. di —2udd ) <c(l 1) .
1 4 |D§0|2 9 Qo,p( ,k I ,k) — C( + H )? (6 3)

for all (x,t) € Qs x [0,1%).
We then consider the difference of the first and the third term of (6.1) with the
corresponding maps evaluated at xg, i.e.
% cw - (dj(x) = dygj(w0) — 2ud i (2)d j(2) + 2ud i (x0)d ; (x0))
and we estimate obtaining
w (dij(z) — d.ij(z0)) < clldlles sy - |1z — xo| - tr w < e trw® (6.4)
respectively
w" (d i(w0)d,;(x0) — di(w)d,;(x)) =w" (di(x0) = d,i(2)) (dj(wo) + d ;(x))
<2¢l|dl|o1(0y) - [dllo2s) - & = 2ol - trw®
<ecotrw* (6.5)
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for all (x,t) € Qs x [0,t*). It remains therefore to handle with
’Ll)ijd;ij (.’Eo) — 2,u'wijd7i (SIJ())d’j (.’E()).
For this we need to exploit the geometry of 92 and use that on the sphere d.;;

is negative semi-definite (see for instance [2]). After a rotation of the first n — 1
coordinates and remembering that 7(z¢) = e,,, we therefore have

-k 0 0
0o . T
dij(xo) = dgj(wo) = | = :

. ' 7]4371_1 0

0o ... 0 0
where there is a constant £ = £(9Q) > 0 such that —k; < —¢ for all principal
curvatures k;, i =1,...,n— 1, of Q.
In xy one consequently gets
wijd;ij = —kw'!' —kow?® — .. —k,_ w1 < —é(w11 +w?? 4 .. T inTh

and N
,Ufw”d,z’d,j — Hwnn,

since the differential of the distance function coincide with the normal vector: Dd =
7 = e,. Thus in x¢ it holds

wd; — 2pwd id j < —E(w't +w?? + . w T = 2p0m (6.6)
On one side it is now possible to choose u, so that 2u > &, to get
1, .. . 5 g g
5 (wdyij — 2pwVd id ;) < —3 (W™ +w? 4. 4w ™) = 5t w*.

On the other side the inequality of arithmetic and geometric means,

1/n
=(ny11 22 n—1ln—1 nn n
Ew' +w* 4+ ... tw ) + 2pw > €~(n71)/n(2,u)1/n (szz) ,

n
i=1

yields for the terms of (6.6), which we didn’t already considered above,

n 1/n
1 iJ 17 o (n— n n 1
5 (wdj — 2pwd d ;) < ) gD/ ()Y (Hw )
i=1
and from the Hadamard’s inequality for positive definite matrices (a proof can be
found in [5]),

n
det(w") < H w',
i=1

it follows

1 . . (n=1)/n ii1/n
3 (wd; — 2pw¥d;d ;) < —n (2> ptm (detw') ™.

Corollary 5.4 implies that there is a positive constant ¢ such that det(w') =
det ™" (wi;) > 1> 0, it follows hence

g g no (&) b/
(wdyij — 2pwdd ;) < - () ptl

1
2 2
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minweﬁ 90(557 O) /

Let now &’ > 0 be a small constant, fulfiling ¢’ < g and € := "> 0.
N n
. 1 cts5—¢ g
Fixing 4 so large that p'/" > W and then ¢ so small that cud < 5 €
n €
¢ \2
for appropriate constants ¢, we obtain
¢ |1, 4 ij 2(n+1) k
o {2 (wd.i5 —2pwtd 4d 5) + T+ Dpf2 0P (d g — 2pdd i) | <0,

for all x € Qs, from (6.3), and

% - [2 (w”d;ij — 2uw”d,id7j) — 2udw”d;ij} < —etrw",
for all z € Qs, from (6.2), (6.4), (6.5) and (6.7). We can thus state the existence of
a constant € > 0 so that LY < —etrw® in Qs.

We have furthermore ¥ = 0 on 92 and ¥ = (1 — pd)d > 0 in Q N OBs(xg), if we
choose 6 < 1/, if necessary. This implies

LY < —etrw®  in Q;
¥ >0 on 0.

We now extend the normal vector 7 to 02 smoothly to the interior of 2 and define
for a fixed time 0 < ¢ < t* the barriers O(-,t) : Q5 — R,

O(x,t) := AD(x) + Boy;(a' — xb)(a? — ) — 7' (u(2))p (2, t),
with A, B > 1. By choosing B sufficiently large we can achieve
0>0

on 02, since the last term is bounded because of the C'-estimate. In €5 it holds

O'lk@,z : (Uij(xi - ffé)(xj - xé)) L = Ulk(P,l ‘2Uik(xi - xé) <c

)

as well as

w (Uij (' — xp) (! — xé))ﬂ = 2wkl — wh T 204, (2f — 2b) < ctrw®

and therefore
L (O’ij(fbi —ah)(z? — xé)) <ctrw +e.
Remark 6.2. Here and in the following the trace is taken with respect to the metric
Oij-
We then calculate

_ . O i _ _ _
L(tte,) = —v'oi+ n w (T o5 + Vpas + Pl + Vi)

2¢ n+1
s vt - Pk —1 —1 )
T T [Dy? "0 (P + 7' pur)
e 2 @i L 22D
v (28] + n W™ Q135 + n 1+ |Dsp‘2 T PR p
20 i Y i 2¢ n+1 .
+ e Rz JQD;U + o -w Jy;ijsO,z + o . W .oP 70,10

(6.8)
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At this point we make use of the partial differential equation (1.2) to get rid of the
third derivatives of ¢. Interchanging covariant derivatives
Giiji = @ity + R ij10,m = @uij + R ij10,m, (6.9)
by means of the Riemannian curvature tensor of the sphere R";;;, and using
w g = w (o1 —wij + pup ;) = woy — 8 +wle g
it follows
WHWpgk =W (Opgik — Pipgk + PipkPq T P pPiqk)
= —wQpgr + WO pep,q + WP pPigr
= — W’ (Pihpg + Rpanp,s)
+ (wopk — 5 + WP pp k) p.q + (Wogk — 5 + WP g0 k) P p
= — WP ppq — WPIR porp.s + 20P %010, — 20 1k + 20P%% 0 40 k-

Differentiating the partial differential equation (1.2), as previously mentioned,
1
.. = — . 1 .
Pu= P [(n +1) (
we then obtain

~oPlopp.q + WP

+wP R s — 2w oy + 20, — 2w””<p,pso,qap7z}

and, as an immediate consequence,

. P g 20+1)
w1 n (U} Pilpq + 1 + |DQ0|2 0" PiplP.q
B % (WP pgrp.s — 20V ougp  + 200 — 200 0 000) . (6.10)

Let us now remark that, according to the Gaufl equation, the unit sphere S™ as an
hypersurface in R"*! possess the (purely covariant) Riemannian curvature tensor

Sy 8™ Sy 8™
Rijki = hy by — hyy Wy = oikoji — 0uoj, (6.11)

since its first and second fundamental form coincide. Therefore inserting the for-
mula

R™ 1 = 0™ Rijr = 03051 — 07" 0k (6.12)
of the Riemannian curvature tensor of the sphere in the first term on the right side
of (6.10),

ik ik j ik
WER™ ko m = w03 05 — 6 0ik)o.m = WP m — W o ike
we get

. P 2(n+1)
Y — P (wpq‘P;lpq + W P10 4

(WMo 1pm — wr ok — 2w T + 201 — 20 ¢ i 1)

. (—@71 Strw® — wijailcpd» +2p,; — Qwijgo,igo’jgp,l) . (6.13)

316 36
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Eliminating the derivatives of third order in (6.8), this provides

N IR ¢ 2(n+1)
Lv'g,) =v [—W + n “w i+ n W o 0akp p
20 ;. %) o 2¢ n+1 _
+ ? . V;lin(P;lj + E 'wwy;lij@,l + ? : W : Opky;lkgo)l(p’p

= {Z (o trw? —woug ;4 20, — 2w’”"<ﬁ,p<ﬂ,qw,z)]

+ 22wy — 5w ) + o,
20 n+1 Pkl
T TP T AP
— % : |:ylg07l trw” + Pwop ;- 2000, (1 - wPl pp )
+ 2ﬁfiwijalj = Qﬁfl + QD;liwijsD,zQO,j + wijﬁ;lij@,l
2(n +1) pk -1
2t D kg _ 6.14
T e et (6.14)

and therefore
|L(17l<p7l)| <ctrw” + ctrw® 4 ¢(1 + ctrw®)
+etrw + e+ ctrw” + ctrw”
+c
<c(l+trw?). (6.15)
We hence obtain
LO = ALY + BL|x — x> — L(7'¢,)
< —Aetrw” + Be(l +trw”) 4+ ¢ (1 + trw”)
<c(l1+B)+ (—Ae 4+ ¢(B + 1)) trw?.
Corollary 5.4 and the inequality of arithmetic and geometric means provide a

strictly positive lower bound for the trace of w®:

g 1 g
0< e <det™(w?) < = trw.
n

1+ B 1
Thus it is possible to pick A sufficiently large, namely A > c1+B) . (1 + i ),
13 rw*

to get LO < 0 in Q4. Applying the maximum principle, it follows from

LO <0 in Qs x [Oat*)a
©>0 ondQs x [0,t%)

that © is nonnegative in Q2s5. We have further that ©(zo,t) = 0 is a minimum. This
implies
eyi(l'o,t)ﬁi(L(lL'o)) S 0
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for the outward normal 7. We obtain

A0 (o) (u(0)) + B (o (ot —ab)(a' = b)) ) 7o)

32

~(e@eatan),) 7)) <0

lz=z0

and, because of ((Ukl(mk — ) (ah — zh)) ,)l = (20 (2! - xé))lm:zo =0,
T=IQ

N

AD 1 (20)7" (1(wo)) = 7y (¢(20)) 7" (1(w0))p,1(x0, t) — 0,55 (0, ) < 0.
Finally, since 9 ;(x¢) and the first derivatives of ¢ are bounded:

—Q.ow (m()a t) <ec

Interior C?-estimates. Assume 0 < ¢ < t* to be fixed. Let ¥ be a smooth
extension to € of the outward unit normal vector field to Q. Define v’ : Q x R™ x
R™ x [0,#] = R by

V(@ 61,60,t) == — Tl ((€1,9), & + (&, 7), &) (6.16)

where
§=&— (&), 7
indicates the tangential component of the vector &;, with ¢ = 1,2, and where we
write (-, -), for the inner product induced by o, that means for instance (§,7), =
0;;&'w3. Moreover let vi; 2 Q@ x [0,#] — R, with 1 < 4,5 < n, represent the
component functions
vz, t) == =, [akiﬂk (5? — aljﬂlﬂp) + op 0" (67 — o’lif/lﬂp)] ,
of the symmetric 2-tensor field v’.
For A > 0 to be chosen sufficiently large we maximize the map v : Q x S x[0,#'] —
R, given by
[wij (@, 1) + vi;(2,1)] € (2)&7 ()
()€ ()& ()

over all (z,£,t). The constant C is chosen such that the argument of the logarithm
is greater than or equal to 1 and therefore positive. This is possible since wijgifj

and O’Z'jfifj are positive, v and £ are smooth vectors fields and the first derivatives
of ¢ are bounded, as we have seen.

v(z,€&(x),t) :=log < + C) + %)\\Dap(x,t)ﬁ

The continuity of the map v implies that it has to achieve its maximum on the
compact set  x S™ x[0,#']. We initially suppose that this is attained in an interior
point (zg, o, to) € 2xS™ x(0, '] and, following an idea of [3], we choose Riemannian
normal coordinates around zg, such that

O'ij(xo) = 51‘]‘ and JF%(Z‘Q) = O,
whenever 1 < 7, j, k < n. For the sake of simplicity we further rotate the coordinate
system at (xg,%o) in order that

Wi + v i¢d Wi + v i¢J
wiy + v, = sup ( Y l,j),gg = ( Y Z,J),£O€O
cesn 05§87 01658,

Y
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we indicate by & the constant vector field given by & (z) := (1,0,...,0) for all
x € Q, in these coordinates, so that &;(xg) = &, and we hence define

W(.I,t) = U(xa§17t) = log (wll(x?t) + ’U/(xaghglat) + C) + %/\IDQP('/I% t)|2

For a map u’ : Q x [0,00) — R we will need to consider the following operator

¢
n

Pui=uw — 2w, —2 ('b< ntl Pk

. L _ Pk /
K¥ n 1—|—|Dtp\2 9 w )wipu;k’

and compute PW (xq, tp), which we will now show to be nonnegative as v is maximal
at (xo,&o,to). From this inequality we then deduce an upper bound on w1 (o, to)
as well as on v(xzg, &, to) and consequently on both maps v(z,&,t) and w;;(z,t).

To prove that there is no loss of generality working with W instead of v, we claim
that the covariant (at least up to the second order) and the first time derivatives of

—_— and wiy + v
( 0 €& R

‘§:51
coincide at (zg, o) (in normal coordinates). Taking into account that the differential
of & vanish at x( since it is a constant vector field and the partial and covariant
derivatives coincide there, it holds namely for the first derivatives

(™), (200 +010) €€ 2 s 414 €46
k

25 0i;€'¢7 738"
)
(0i;67€9)
and, hence in (o, o),
i i) E8¢0 ’
le=¢q

Analogously for the time derivative we have
A ((wiy +0) G (wig +04) €62 (wyg + ) (§€) €
dt 0i;€EI IR 0§77
 ((wig +0) €€7) (2004 (€7) €9)
(035€7€7)?

and, in (zg, ) if £ = &,

d [ (wi; +vi;) € d )
(%) =0 (w11 +v1y),

dt
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since &; is clearly constant in time. Differentiating the first term of the first deriva-
tives (6.17) one gets

( (wij;k + Ugj;k) fifj) (wz‘j;kl + U;j;kl) X3
il

Uijgigj Uz‘jfifj

2 (wij;k + U;j;k) 3
PR3

+

B ((wij;k + Uéj;k-) Siij) (2apq§§§q>
(0456¢7)°

b

and, doing the same for the second term of (6.17), it follows

<2 (wij + i) f;ikfj> _ 2 (wij;l + vgj;l) & n 2 (wij + vi;) Eé’
!

Uijfifj Uz’jfifj Uz‘jfifj
L2l ) 66 (2 (s + ) €487) (20mie")
;€€ (0i;€7€7)°

and for the last

( (i +v) €°€7) (zaqufqu) )

(0456169

oS

((wij + ’Uz/‘j) fifj);l <2qu§;pk§q) N ((ww + Ugj) Sifj) (2%45;&5(1)
(04;€1€9)° (04;€1€9)°
(s +v1;) €67) (2000587 (o))
(O'ijngjyl .

The terms of this last expression may be written as

((wiz + Ugj) fi’fj);l (2‘717115;1)1@5(1)
(0i;€i€7)°
((wisa +viy) €67 +2 (wig +v}5) €467 (200085,87)
(046767)°

7

respectively

((wij + Uz/'j) gifj) (2%(1556@) 4 ((wzj + véj) §i§j) (Qquf;pszq + Qquf?kf;qz)

(0;€0¢7)? (0458169




AN INVERSE GAUSS CURVATURE FLOW IN A CONE 29

and, last of all,

((wij + Ugj) fifj) <2qu§?k§q) <(0T55r§s)2);l
(01€7€9)"*
((wij + vij) §i§j) (20'ij§;ik§j) (20ij§i§j) (QUijg;ilgj)
(01€7€0)"

As remarked above, since £ is constant and the partial and covariant derivatives
coincide at xg, all products containing first derivatives of £; vanish and from this
last calculations we hence obtain

7ij8'¢ stst LS|
B ((wii + Uéj) fif{) (2‘7pq§f;kl€f>
(%‘fiff)Q

for the second covariant derivatives at (xg,%o). Furthermore the maximality of
w;j + vgj in direction & in (zo,?o) implies that this is an eigenvector of w;; + vgj
with respect to o, i.e. it holds (wij + vgj) f{ = 5\01']{{, fora ) € R, and this provides

((wij +0l) 5%51‘) _ (wij;kl + vij;kz) 13t N 2 (wi; +vl;) &8
Kllg—g,

(6.18)

2 (wij + ;) sl _ 2204;€1 16

oij€ie] EOats|
as well as
(G + oty) 6i€f) (2omahneet)  (Aoia€iel) (2omaslnst) 22 (omatlinét)
(custied) (ouigil)” 7]

Equation (6.18) consequently becomes

0ij§'E oi€1&l o616 oi€1El

!
= Witk + Vig0

((wij + U;J) €Z§J> _ (wijﬂd + U;j;kl) gif{ 2;\01J£i,kl£{ B 25\0’1‘]‘5%;“5{
;kl|£=£1

at (xo,to) and this concludes the proof of the desired identities.
We now introduce the notation o := v{; + C and we want to compute

gb( n+1

PW =W -2 wiiw,, —2. 2 (LT~
n W n \ 1+ |Dypl|?

.oPk _ wpk) © Wi

= P(log(w11 + ) + P (;/\|D<p|2) .
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On one side it is possible to rewrite the first term in the following form

- W +0 ¢ W11kl + U, w11k + 0. ) (w11 + D,
P<1og<wn+v>>=“_¢.wkz[ vk + Tt (Wi + B) (g w}

wy +0 n w1 + 0 (w11 + )2
- 2. . JP _ wp 0
n (1—|—|D(p|2 P w11 + 0
w ~ . ) . ~.
_ 11 4 v _ ¥ wkl ) ’wll,kl~ _ ¥ -’wkl ) Uikl _
w11 + v w11 + v n w11 + v n w11 + v
s w11, V. ) (w1 + 0.

I L (wi1k + V5 ( ~112,l +7y)

n (w11 + D)

2¢ n+1 W11k
_ . vk _ .k . 5
n (1+|D502 7 v )(p,p w1 + 0

2¢ 1 0.
B 90< n+ 'Upk_wpk)%p' Uk

n \ 14 |Dy|? wiy + U
Pw P ” w1tk + 0.5 ) (W11 + 0.
_ 11~ 4 4 ¥ LW ( 11k k)( ~112,l 1)
wip+0 wi+Uv n (w11 + 0)

and on the other side

1 .
P <2)\|D<p|2> =X P06
o f kl rs rs
n ~w Ao PirkiP,s T O ‘P;rk%sl)]

’ n+1 rs
~2 E (g ) a0 e

n
1 . 207, @
=Ao"? . —. n+1). = 5PTTd Py,
n'¥ [( ) (1+ |Dgl|?) pa;r| Pos
Ay A
_ ﬁ . wklo_rs@;rk“AS _ 730 . wklarsw;rkw;sl
n n
D ntl N
e O R ) Rt
22X n+1 s pa AP s e
n  (1+|Dyg]?) OO PiprgPs T 7 O W Wpgir P
A ¢
_ ?SD . wkl(frsﬁp;rklﬂp,s o ?30 . wklaTS(P;rkﬁp;sl
2X¢ n+1 k 2 .
T T g OO ket S W ks

(6.19)

We start the estimates considering this last equation, i.e. all the terms containing
the parameter A\, and simplifying the above expression by adding the second term
in the first line and the first in the second line obtaining

Ap Ap A@
_I'Umwpquq;r@,s T 'wkl‘TTS‘P;rkl‘P,s =T "0 s (wmwpq;r + wkl%@;rkl) :
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From the definition of w,, it follows

Wwpgsr = WP (0pgir = Pipar + PiprPrq + P pPiar)
= —wQuper + W0 g + W0 ppigr
= — W (Psrpq + R™ pgr,m)
+ (wPop, — 0% + WP 0 1) 0.q + (WPl — 08 + WP g0.0) @,

m
= —wPp;pg — WIR pgrom + 207050 g — 20,0 + 2070 1,0 g0
in view of
g y > ; y
w g =w" (01 — wij + ;) = woy — 0 + weup

and of the rule for interchanging covariant derivatives, that we already cited in
(6.9),

Pipgr = Piprg + B pgro,m = Pirpg + B pgro,m.-
Employing this provides

MG A&
,ﬁ.grswmwm;r@’s _ ¥ 'wklarsﬂﬁ;rkl@,s
n n
77);90 Ts P . Pd P 9P
= "5 (—wPppg — WIR™ pgro.m + 200y 0 4
=20 + 20" 0 g0 r + wklwgrkl)
\¢
- 7%0 0" s (WP R pgrpm + 20P0pr0 g — 20,5 + 2070 b0 g0 ) -
(6.20)

Inserting the formula (6.12) of the Riemannian curvature tensor of the sphere,
R™ i = 0™ Rijiy = 0o ji — 8]0k,

in the first term of (6.20),

—wWP R pgrpm = —wP (07 opr — 6,7 0pg) o m = — W Opr o m + wPopep
we get
A A
_ﬁ'orswpquq;rw,s _ i . wklarsw;rklw,s
n n
/\90 T8 pqg PM rSs pq
R (=0 s WP R pgrpm + 20" ¢ swPloprp g
=207 50 + 200 50 40" 0 5P 1)
\¢
- _% (00 (WP Oprp i + WPopep ) + 20 s
—2|D|* + 2| Do Pw? 0 i 4)
AP
= (—wP™ 0 pp m + | Do*wPiop,
+2wsq907550,q - 2|D§0|2 + 2|D§0|2wpq90,1>9074)
AP

= === (WP pp g + | DelPwPlopg — 2|Dol? + 2| DoPwPie yio ) -
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We then note that the first term in the first line and the first in the last line of (6.19)
sum to zero

2 n+1 2 n+1

T STS P, _ote T2 gPkrs —0.
n 1+|D(p|2 g o SD,PTSD’QSOaS n 1+|D§0|2 oo SOJ’ICQD’PSO’S 0

Furthermore, we transform the second term in the second line as following

7% Mo o = — % 0" ™ (051 — Wt + ¢,50,1)

- %‘7 0" o (WMo — 65 + wMp o))

= — )%0 (wok — 0 o + 0" 0 0w k)

- _ %p W (e — wek + 0 k)
— "™ (o — wek + P rpk)
+a”<p7s<p7lwkl (ork — Wrg + @,r@,k)]

= — %D (w o —n+w o R — 1+ wero™ — | Dol
+uwte ko1 — [Dol? + D *w* o 1)

— )%D (w oy + weko™ = 2n

+2wM o o — 2|D|* + | D Pw o ke ) .

)‘90 kl _rs )‘30 kl _rs

-0 W Wpgrp s — WO Pk T WO Dk pisl
:-—é%'(wmwmwg+¢Dwam0m-—%Dwf4-ﬂD@Pwm¢m%ﬂ
— % (W 4+ weko™ = 2n 4 2w o
—2|Dy|* + | Dy k)
= — /\%p - (IDePwPio,, + w o+ weo™ — 2n

+3wpq90,p90,q - 4|D§0|2 + 3|D<p|2wpq¢7p<p7Q) :

The last term in the last line of (6.19) is

2A¢p 2Xp
= e g p s = 0 0T W (0 — Wk + 0 Q1) PP
20
== 0" (W — 8+ ™o 0 k) @0
20
== (W00 = 00 + 0T W0 k0 50 )
_2¢

(WP 0,5 — |Dol* + [DolPwPF o o k) -
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For the terms involving A we consequently obtain the following evolution equation

P (D) = = 22 0w~ 22w
);;,b wkla,rs(p s sl+& wpkUTstp;erD,pSO,s
= — );;’0 (|D<p|2wpqo +w ™o, + wepo™ — 2n
+3wPlp pp.q — AIDp|? + 3| DplPwhp o 4)
+ %(p (W0 pp.s — IDel* + D0 o p0,1,)
- )\('0 ((1 + | Dy )w opl + wpo™ — 2n
+ (1+ [D|?) wMo ko, — 2| Dpl?) . (6.21)
Hence we can write
piwo Pon PO ¢ (ot D)wn + D)y
w1 +vU  wil+v N (w11 + )2

Ry
aid ((1+\Dcp| )w ok + weo™ = 2n

+ (1 + [Dol?) wMeo k1 — 2|Del?) .

As we did before we denote by trw® the trace of w* with respect to o;;, that is
we write
trw® = wkloy,. (6.22)

Furthermore we have already shown that the time derivative of ¢ is uniformly
bounded below, so it holds

);;D (14 [Depl*) - w*op = — )%p (1 4+ |Dpl?) - trw®
< - %’0 Strw < —eltrw®, (6.23)
with a bounded constant ¢, and
% -(=2n) <cA. (6.24)
It follows
PW < Pw11~ N P9 . L (w11 +{1);k(w~11 +9).
wi+9 wp+v n (w11 +0)?

—edtrwY + e — % . (wklakl + (1 + |D<p|2) wklgo}kgo’l — 2|D<p|2) )
(6.25)

The first step we undertake to compute Pwi; is to eliminate the covariant deriva-
tives of fourth order, which appear in the time derivative as well as in the second
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derivatives of wiy:

w11 = —@11 + 29,101

2(n+1)
kN et U Y
n |1+ |Dypl?

, 4p  n+l 2
= =@+ W 1+ [DgP coPlpp10.001 — o WP wpga 1.

[\
S.

_ pq pq
= =@+ Pip1P,q — W Wpg;1 | P,1

We expand the first term in this last expression using the partial differential equa-
tion to get

n

: ¢ [ 2(n+1)
—¥i11 = - { : (]_HW oo 10, — wPwpgn

_ ! 2n+1) Pa
= { <1+|Dgo2 07 Pip1P,q — W Wpg;1

;1

n
& 2(n+1)
+ n (IHDMQ (P19, + P p10.01)
4(n+1) 2
e gy o)

pa, bq Pq
+ W W Wap1 Wpg;1 — W wpq;n)],

which clearly implies

e s T (1+|D<ﬂ2 F 0P Pp19,g — Wi
2%  n+1
T n 14D (" op110,q + 0" 0p10501)
4¢ n+1 2
+ —_— . O'pq :pl
FTn |Dg0|2)2 (cPTop10,9)
— % -wp“wbqwab;lwpq;l + % - wPwpg;11,
and we obtain
=T (1-|—|D<M2 0" 0p19,q — W Wpgn
26 n+1
T n 1+ Dy (@ Pp1190,4 + "0 p10:01)
4¢ n+1 2
+ L. (Pl
n 1+ |D<P|2)2 (Ppp10,9)
— % ~wpawbqwab;1wpq;1 + % ~wPlwpg11
4 n+1 2¢
+ n W ~oPloppgpn — n WP wpg1 1.
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Using the curvature tensor (6.11) of the unit sphere, whose covariant derivatives
vanish, we can interchange (quadruple) covariant differentiation

a1k = @1 + R0 + R0 + Ropueins + R0k
+ R 1050 + RPp1g0:
=11 + 2R 051 + Rop95s + RO 190iks + B 10580 + RPy15,03,
=11 + 2R 051 + BP0k + RP11050,

because of ¢.;s = ¢.sk. Applying the symmetry of w*! it follows

wwiy =wM [~ + (91001)k]

=ik — 2R 0561 — BP0k — RP11p3s1
+20k010:1 + 20,169;11)

—
=w* [—p11 — 2Ry 01 — 2R% 1 10ms + 2010951 + 2001051
+ r1190 — Pek1190 + PU11Pk — PiI11P:k)
=M [—ppin1 — 2R, 01 — 2R%1 11 0iks + k1100 + 2001051 + P11 03k
2018101 — Pk11P3 — Pi11P;k]
= w1 + W (“2R% 0001 = 2R 1100 20k — 2000103) -

Combining the first two terms in the expression for Pw;; we have

Wiy — % ‘ wklwn;kl - ¢7;11 ' ((124(3;;?2) PP wpquq;l)
25 . % (0Pl p110,4 + PP.p10.01)
47? . (1"1;‘;2)2 . (qu%pl%q)z
- % WP WP g Wit + % - wPwpg
45 ) #_FDLP 0?10 ,001 — 2%0 WP wpga e

' Kl
- — W Wkl;11
n

2¢
+ n w! (Rskll%@;sl + Rslll@;ks — Yikp;1 + ‘P;kll(p;l)
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and consequently, since the sum of the terms containing the covariant derivatives
of fourth order vanishes,

Pk _ % (2ntD) _ wPe
W11 n W W13k = ” (1 F1Do? 0" Pip1P,q — W " Wpg;1
29 n+1l
T . W . (quSD;pllSD,q + qu%@;pl‘:o;ql)
4o n+1 2
— = ("op1p,q)
no(1+|Dgl?)? e
_¢ cwPlwly
" ab;1Wpg;1
4 n+1 24
o W ~oPlpp10,401 — o cwPlwpgap1
2¢

* n wh! (Rrupist + RP11piks — Pikipn + Pik11py) -
We can simplify this further on, indeed
2¢

2¢
kl
— W Wpg e — W (parp.1)

0
- %D (wpquq;l@,l + wklgo;lklﬁpn)

2p

= P (—wklw;ku + wkl%kw,l + wkl%’,ksﬂ;u + wklw;w)
_ 2£ kl _ s
= wheas (ki1 + 201900 + Qi1 + RP1rip,s)

4o

= —— oy,
n
where the symmetry of w*! and the skew symmetry of the curvature tensor imply
w" Ry = w Rk = wH R = —w R¥ gy

and then w* R%;;; = 0. Tt follows

. - ';1 2 n + 1
w11 — % .wklwll;kl - % ' (I(HDM)Q P10, — WPwpgn
20 n+1
T n W (oPpp119,q + 0P IPp1051)
4¢ n+1

2
@+ gy (o)

a, b
— = WP MW Wpg1

pq
07 Pp1P,qP,1

n
2
n
4o n+1
n 14 |Dyp|?
@

2
+ = W (R%110:61 + ROy 0iks + Pik11041)

L
- f oo (6.26)
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The term of first order in the expression for Pw;; is given by

2¢ n—+1 ok ok

n (1+ | D)2 7 ) Ptk
2¢ n+1 24

Sk L 1. . ZF L wPk e 6.27
n 14 |Depl? 7Ptk n WP ptiLk ( )

Adding the first part of this last expression to the first term in the second line and
to the term in the fifth line of (6.26) yields

280 n+1 g 2(,0 n+1 pk
R R e e
4¢ n+1 pq
+ n 1 n |Dg0|2 07 P:p1P,q¥ 1
2¢ n+1
- o W (_qu<:0;p11%0,q —o®p qwirp + 20pq4p;p1907q<,0,1)
26 n+1
T n 1+ |Dyl? [0 pip1160,g — 010 g (—@i11p + 2051p90,1) + 20700510 g0,1]
20 n+1
= B e (et pui — 20500 + 20 0)
20 n+1
= T DR O e (Ao = ougy)
2¢ n+1 2 2
2% _ntl — onDgP?).
n 1+ |Dyf? ((W) ou|Del

where we interchanged the covariant derivatives using once again

Pi11p = P;pll + Réllp@,m

and inserted the formula (6.12) of the Riemannian curvature tensor of the sphere
to get

©i1p = @ip11 + RP11p0.6 = 0ip11 + (5f01p — 52011) ©,s = Pip1l T P101p — 0119 p-

The second part of (6.27), which contains third derivatives can be used to eliminate
a similar term in (6.26):

2¢ 2¢
22w (pganpa) + 22w ywi,
n n
0
- %p ’ (wkl%kll@;l + wpk@pwll;k)
o
= f (wMoirp, + w0 win)
o
- %0 cwo - (pmin + wing)
o
- %D cwMe - (i1 — Ptk + 20100,1)
o
= %0 'wkl@,l (@11 — 11 — Rk, + 20.160,1)
20

= ~we g (= a0k + o11ek + 20180,1) -
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‘We hence obtain

. ¢ 2¢ n+1 k k
P _ e [ (L i R .
w1 = W11 - W W1k <1 1 |Dyl? o w PpWiLk
$a 2(n+1)
T n (1-*-|D<M2 <0010, — WPwpgn
_2 _ntl
n 1+ |Dg? Pip1¥iql
4 n+1 2
_— . Pq .
+ n 1t |D<p|2)2 (0" pip10,q)
Qb a, b
— ; - wPw qwab;lwpq;l
2¢ s s
—+ 7 . wkl (R k11¥P;s1 +R 11l90;k5)
A
— j . QOJ'lUkl(P;leO,l
n
20 n+1 2
o T o () —onlDef)
20
+ — cw - (7@710% +ouer+ 250;11&»071)

and therefore, because two terms sum up to zero,

G 2(n+1)
Pun=—-27" (14—|D<M2 0P pp1,q — wwpgn
_%.ni“.gpqgo- 1¥P;q1
n 1 ¥ |DSD‘2 P 5q
4 n+1 2
e (Pl 10.4)
n o (1+|Dgl2)? n
_ P pagba
" W W Wab;1 Wpg;1
2
+ ? -k (Rskll(P;sl + Rslll@;ks)
2¢ n+1 2 2
2 _n+l — onlDgl?)
o 1T Do ((o)” = omlDy

+ o (_90,1wkl(71k:80,l + 011wklﬁp,k<,0,l) .
Using (6.12) we rewrite the terms containing the curvature tensor as following

W (R 01 + REyyy0is) = W (850m — 07 0n1) pis1 + (501 — 67011) Pis)

kl
=w (le<ﬂ;11 — Ok1P;1 + 01Pk1 — Ull%kl)
kl kl
=w"ore11 — o11w” (g — Wk + @.E9,1)
kl kl k kl
=w" o1 — oW og + 0110, — oW Y kP,

ki ki
=w o (P11 — o11) + no — oW e ey

= —whoy (wu - (301)2) +no1 — UuwklsO,ksD,l
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to get

(X 2(n+1)
Pon == <1+|W o Pp1p.g — wwpgn

n
2¢ n+1 pq
n T+ [Dgl 7 Frtn
4¢ n+1 2
Lo _ntl ey,
T ECE
— % . ’wpawbqwab;lwpq;l
2¢ n+1 2 2
2 ntl — on|Dgf?)
o T D ((e)? = onIDe
o
4 %p . (—gpvlwklalk%l + Gllwkl%k%l)
2¢

T (—w*om (w11 = (91)?) +now — onworp) .

Consequently some terms cancel:

<,b;1 2(n + 1)
Pon = - S (T o ewea = s
_2 ntl
n 1+ Dyl Pip1P;q1
49 n+1 9
t s (0Mp,)
n (1+|Dgl?)? rr
_¥ .wpawbqwab;lwpq;1
n
2¢ n+1 9 9
b _ D )
n 1+ |D¢‘2 ((90,1) 0'11‘ (Pl
94
- 90,110“011@90,1
n
9
+ ;(P (—wog (w11 — (91)?) +nom) - (6.28)

The first term is of the form —( 1)?/¢ and is therefore negative, since ¢ is strictly
positive, whereas the last term is less than a constant by virtue of the bounds on
the metric and the time derivative. For the second-last summand the Cl-estimate
yields

20 4

9¢
%’0 ~wMoyy ((p1)* —wi1) < 2w

WOk (¢ —w11) <0, (6.29)

where we may assume w.l.o.g that the last inequality is satisfied, since otherwise wy
would be bounded from above by this constant ¢. Moreover, applying Lemma 6.1,
it holds
P (p 1wt orp) < ctrw'. (6.30)
n
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We estimate the second and the third term of (6.28), getting

_%#_FDL'Q 0 pp1pig1 + 4%0 : (1_3;;;'2)2 : (qu<P;p1<P,q)2
= 27? ' #41—7;2 <_ff”q<p-.,p1%q1 + ﬁ ' (quw;lp(p’qf)
< 2%0 . #—FDLP (=" 0p10:q1 + 207 0p0514)
= 2%0 . #—5);2 P11,

and because of

o101 =0 (0p1 — wp1 + @ p0,1) (0q1 — War + 0 ,q0,1)
=0PU0p1041 — Wp10g1 + 019 p,1
— Op1Wql + Wp1Wa1 — W1 pP .1
+0p19,4P,1 — Wp1 9,091 + (9,1)%0 p0,0)
=011 — 2wi1 + 2(01)? + 0P wp1wer — 20 107wy 0.4 + (0,1)°| Depl?

we obtain
20 n+1 49 ntl 2
T~ . gPa. gl + — - (P,
W 1T DoP Pip1P;ql n 1+ |Dtp\2)2 ( ‘P,pl@,q)
20 n+1
< o W ~oPpp10,01
2¢ n+1
- ?Lp "1+ |Dp2 (011 — 2w + 2(p,1)?

+ oPlwywgy — 20 107w 4 + (1) | Del?).  (6.31)

Here, and in some other cases later, we will use that for the (symmetric) positive
definite matrix w;;, by testing it with vectors of the form

(1,0,...,0,1,0,...,0) and  (1,0,...,0,—1,0,...,0),
we have
wi1 £ 2wy +wj; >0
and clearly
w1 + wjj + v > F2wij + vj;

for all j =1,...,n. Because of the maximality of (wq1 + v1;)(zo, to) it follows
1
2

1
3 (1/» v'll) > |wyj| — ¢ =|wji| — ¢, (6.32)

wiy > w4+ 5 (v —v1y) = |lwi| + 5 (v —

in the point (xo,to), for each j =1,..., n.
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Applying hence (6.32) and considering that the second term is negative, since oth-
erwise wy; would be bounded by zero, (6.31) becomes

20 n+1 pa 4o n+1 pa 2
n T el T e T D) (e
2¢ n+1
= ? : W . (0'11 -0+ 2((,071)2 + O'pqul’wa +cwy1 +c+ (@71)2|D<p|2).

Inserting this last inequality as well as (6.29) and (6.30) in (6.28), it follows

2¢ n+1 2 2 2
P <= 2 Pq D
wyy < w1+ |De? (011 +2(p,1)" + oPlwprwgr + cwir + e+ (,1)7|Depl?)
_Z - WP W W g Wy
n
2¢ n+1 2 9
2 o+l oD
+ 30 opgp ()" —oulDyl
+ ctrw®
+0+4+c
2¢ n+1 9 9
. _-1- . 3 — D
n 1+ |D<p|2 (Ull + (‘p,l) 011| <P|
+ aPlwy wy + cwiy + (9.1)% Depl?)
-z - WP W g Wy
n
+ctrw +c.

Because the metric, the time derivative and the first derivatives of ¢ are bounded,
it is possible to estimate further, to get

2 n+1
Puyy < %0 T pep 7 oM + cwn)
B % FwP W MWl Wpg1
+ctrw¥ + ¢
2 n+1
S Tapgp (uem) et evn
_ % . w”awbqwab;lwpqg +ectrw” 4+ ¢
2¢ n+1 i
<2 s (M) + e wy + ot
$

a, b
o WP W Wab1 Wpg;1
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and, inserting this in (6.25),

1 2% n+1

PW < 2 (Mg wpy) + ¢+ cwyy + ctrw®
S ot e n 1+|Dg]? ( k1 11) 11
Sb a, b
- WP MW Wpgi1
Py ¢ g (w1 +0)(wir +0)y

— + —-w . —~3

wi+0 n (w11 + D)
3y A&

—edtrw" +ch — %p . (wklakl + (1 + |D<p|2) wklgoﬁkapyl - 2|D<p|2) .

(6.33)

We now use the following Lemma proved in [11]:

Lemma 6.3. Let (a’?) and (A;;) be symmetric n x n-matrices. Assume that (A;;)
is positive semi-definite and that (aij) is positive definite with inverse (a;;). Then

we have the inequality
1
—a”AZ-j + ~7A11 S 0.
ail

Adding the first and third-last term of inequality (6.33) and using wq; > o (this
assumption is possible since ¢ is bounded) and the last lemma, we achieve

1 ¢ 2n+1) 4 A ki
wir +0 n 14 |Depl? g Wit n WK
o ( 1 2(n+1)

“n \wn 49 1+ |Dyl?

cowiwi — A wklakl>

$ 1 o 1
<. -c1(w ) — — - Aw
g, <w11+f1 1(wir + ¢2) o 11

” A Ccsw C
§¢'w11'(04)+ L

n c3 wil +0  wip +0

A cwi c

< —-c-=-w 6.34
- 2 11—’_71)11-1-17—’_wu—i—fi7 ( )

for A large enough.
Since ¥ is of the form @ = v + C =: —plp; + O, with p’ : Q@ x R® x R — R
that doesn’t depend on ¢, we obtain, analogously to the case of the double normal
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estimates in (6.14) and (6.15),

.2 p . 2¢ n+1 k k ~
e e R
" ¢ 2(n+1) 2¢ i
:pl |:_<P,l + - 'w”@;lij + - . T D" " |D<’0|2 'Upkﬁa,p%@;lk + - 'Pfiw”w;zj
f. il 2¢.7n+1 . gPk l 42¢. Pk, 5
+ n w p;z]@,l+ n 1+|D(,0|2 a @,Pp;kgo,l+ n w @ pUik
8 g — 9 (1= L wiio: —wiv o)+ 2 wie — 25
== |pwoap; — 20 5 woi —w g | + 20w og — 2]

2(n+1)

(AN Y) l ij k k ~
+ 2p;iw”90,l30,j + P;ijw”%l + W -oP p;kQDJQOJ, + 2wP (P,pv;k:|

g 2
<c-trw"” +c+ i cwPFo g,
n

where we inserted the differentiated partial differential equation (6.13), and there-
fore

Py 1 i 2¢
- < A etrw 4ot 22 PRt )
wi1 + v w11 + v n

Combining this last estimate and (6.34) with (6.33), provides

PW < ~~[c+cw11+ctrwij
wi1 + U

_¥ -wp“wbqwab;lwpq;l}

n
2¢ - b wk(wyg + 9).p(wig + D).
i ~w”kv;k90,p> +2. (W )k(~ 211 )i
n (w11 + 0)

— <ctrwij +c+
w11 + v

. A
—edtrw” +ch — r(zp [(1+ |De]?) wMo e — 2|Dyl?]
ks SR S (6.35)
w1 +0  wil+0

_c.§.w11+

The last terms we have to estimate are

%) 1 1

g : (kal‘/;k‘/;l - prawbqwabglwqu) )
where we set V := w1 + 0.

A direct application of Lemma 6.3 yields

kl 1 b
V2w VieVa — praw YWap;1 Wpg;1

11

ki ki

< S ViEVy — = —w  wigwis
V V wiy

Lo 1 kl 1 Kl 1 ki
—w" Vi Vi + w* ViV — w”VaVy — = —w ™ wig. .
V2 kVil Vi sk Vil Vi kYl V wis 1k;1W1151

1 1 ki 1 Kl 11 5
= —= - w ViV + wo ViV — ——w " wip.1 w1 -
(V2 un) ke Vil Viys ik Vil V wn 1k;1W1151




44 MARCELLO G. SANI

Since V > wyy, it holds V? > Vw;; and consequently the first term is nonpositive
(because of w*' V.V, > 0):

kl pa, bq kl kl
—Ww [/-k [/-l — W W "TWap:1Wpg:1 S w &-k&-l — =W Wik:1W1l:1-
‘r2 ; ; V 5 ra; lel 5 5 V w11 ; ;

We factor out the first term on the right-hand side of the inequality to get

WV Vi = w*(wiy 4 0). (w11 + 0)y
= w (Wi Wity + Dgwiny + Bawig + Oady)
kl(

= w" (wipwity + 20w115 + Ox0y),

where

Kl kl
w w1k W11;0 = W (

—@a1k + 201k0.1) (=11 + 20,10.1)
= W (pa1kpan — 2001uPakP 1 — 2001kPP.1 + 4(0.1) Parpal)

= wM (pairpan — 40 10auear + 4(9.1)201ee)- (6.36)

We deal with the second one, using the definition of wj;,

wklwlk;lwll;l Zwkl(—s@;m + @100+ Pe)(—ear + @10k + Qr191)
= wkl(Qp;lll@;lkl — Pi11P;11P.k — Pi11P:k1P,1
— PAk1P11P,0 T P119,19:110.k + ©;119,19k19,1
— PARIPIIP1 T PP IPAIP kT PP PP 1)
=wpanear — 20119010k — 201911 P:k1
+ (pa1)*eaen + 20010000 + (01) 00w

and interchanging covariant derivatives,

Wi =0 (a1 — RTiue.s) (@aik — R11kp.s)

—2p.a1(va1 — R°1ue.s)px — 201(p.a1 — R*119.5) k1

+ (p11) %000k + 20,110,10,0001 + (9,1)* 010,01
=wp.11kpa1 — PauR kP s — @1k R 110,

+ (R°11kp,s) (RM11p.r)

= 20110110,k + 20,119k R7 1110,

—2p1pauPk T 2019001 R 119 s

+ (P11)°0a0k + 2010101051 + (9.1) 01 001]
=w[p.a1ppa1 — 2001 R ke, + (RE1100.s) (R 11190,

= 20110110,k + 20,110k R7 1110,

—2p PPk + 201901 R 119 s

+ (P11’ 0apk + 2010000 + (91) 0w, (6.37)
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The terms containing the product of the third derivatives of ¢ vanish in the differ-
ence of (6.36) and (6.37)

Kl ki 2
w™ (Wi1,pW11y — Wigawis) =W [@aieenn — 4e10aueak + 4(e.1) eareu

—@aikeiin + 201 uR ke s
— (R*11kp,s)(RM11p.r)
+ 20110110k — 20110k R 1110
+ 20 10110k — 20,101 R 1110,
— (P11)%0 .k — 20110,10,1001
- (@71)290#190;191]
= w20 101upk + 3(0,1)> kP51
+ 2000 R ke,s — (RP1ke,s) (R 1up,r)
+ 20010110,k — 201198 R7 1110,
— 201001 R 1190,

— (pa1)%000.k — 201010,0001).  (6.38)

Substituting the expression (6.12) of the Riemannian curvature tensor of the sphere,
given by

RP11p = 0io1k — 0011,
we obtain for a term involving third derivatives
2010 R 11kp,s =20,11(0701% — 05011) 95
=2(0.11101kP,1 — 2(;1110119, k- (6.39)

We do the same for

W (R*1150,5) (R 1u,) =w* (8501 — S3011)0,4(67 01 — 6] 011)p.r

= wkl(éfolkéfau — 6jo1k0] 011
— 0501107011 + 070110 011) P 5P

=(p.1)2wM oo — 20110 1w o1k 4 (011) W o k.
(6.40)

In the same way for the two other terms involving the curvature tensor it holds

20 o110 kR 11 =20 0010 k(8501 — S 011) P s
= 230;11%0,1wk190,k011 - 201150;11wkl<p,kg0,l. (6.41)

and

200 11 RE 1115 = 20N 1041 (85011 — 65 011) @6
= 2(@1)2wkl@;k101z - 201130,1wklcp;k1g0,1. (6.42)
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Inserting (6.39), (6.40), (6.41) and (6.42) into the expression (6.38), that we need
to estimate, provides

wh! (W11,kW11 — W1k WL1) =wkl[—2tp,1<ﬂ;11ltp;1k +3(p.1)are.
+20auR kes — (RPke,s) (RM1up,r)
+ 20110100,k — 20110,k R 11160,
— 20101 R 1116
— (1) 010k — 2010 10,19:81]
= w20 10000k + 3(0.1) 0arp
+ 200101601 — 20119010,k
— (p1)?o1kou + 2011010160, — (011) 0 k0
+ 20019018,k — 2011919801
+ 20110;110,50,1
= 2(p,1) %0101 + 2011010810,
— (p111)%0.10.k — 20:110,10,1P;k1)
and consequently
W (w11 pwi1g — wigwi) = w20 1001 (01 — ©a1) — 20010 (011 — .a1)
— (p1)*(01k011 + 20,5101 — 3P,10:81)
+2010,1(011 — ©;11) (1% + Pix1)
— ((011)* = 2011011 + (011)°) Y] (6.43)
From the definition of w;; it follows
w (oo + 20.51011 — 3¢.019:k1) =wM (o, + 3.e1) (011 — @a1)
=wM (4o — 3wk + 3p,10.8) (w1 — @,10,)
=w" (401w — 4ok a0 — Swipwy
+ 6wk 100 — 3(p.1) 0 k)
=doy; — dp 1wt — 3wy
+6(0,1)* = 3(p0)*w o ko (6.44)
and
(011)2 — 20110511 + (@;11)2 = (011 — %0;11)2 = (wy1 — (90,1)2)2 (6.45)
as well as
W (o1 + k) =W (2018 — w1k + @ 10x) = 2wMoE — 8 + w1k,

w (o1 — o) =w(wie — 0 10k) =0 — w10
For the terms involving third derivatives we therefore get
w20 19:11(01k — Pik1) — 200u0.k(011 — @i11))
=20 10116 — w10 ) = 20" paue R (Wi = (91)?)
=2p 1011 — 2(¢,1) Wik — 2winw ek + 2(01) 20 oaue

ki
=20 1¢;111 — 2w W P11 k-
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Furthermore from

w10 n = wM (—wirg + 2010.01) 0.k

= — wklwu;up,k + 2@,1wkl(01z — w1+ P 19.1)P k

= — wMwiek + 20 1w o — 2(01)% + 2(01) WM ey

and

20105111 = 201 (—win;1 + 201190,1) = =20 1wir1 + 4(011 — win + (0,1)%)(91)?

it follows

W (20 10a11(01—Pik1) — 200110 (011 — ©.a1))
=20 10111 — 2w w0
= —2p w111 + 4(o11 — w1 + (0.1)%)(p.1)?

+ 2w w0k — 4w oy g
+ 4wy (p,1)% — 4w (9,1)*we oy

= —2p w11 +4(o11 + (p.1)%)(p.1)?
+ 2w wMwip  — 4w iwtoue

— 4w (p1)* o rp . (6.46)

Moreover we have

20M 0 10,1011 — pa1) (o1 + 1)
=2p10,0(wi1 — (91)?) Qo — 6% + WMo 10k)
=2p 1 (w11 — (9,1)?) QuMore — v + W 1010k)
= (dp Mok — 2(91) +2(01) w00 k) (w1 — (p1)?). (6.47)

The sum of (6.46) and (6.47) is

ki Kl
—2¢ 1w11;1 + 2w wTwige r — 4w 1w oue g

+ 411+ (0,1 (1) — dwii(p1)* w0 ke,

+ (4w o — 2(0.1)% + 2(01) w0 10 1) (win — (9,1)?)

= —2p w1 + 2w wFwi gk
+2(2011 — w11+ 3(0,1)3)(9,1)* — 2(wi1 + (9,1)%)(0.1)*w* o ke

- 4(<p71)3wklalkcp7l.
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Inserting (6.44), (6.45) and this last expression into (6.43) we obtain
wkl(wu;kwn;z — Wik Wis1) = — 29 1w11,1 + 2w11wklw11;l90,k
— (p1)*(do11 — 4 1wForp, — 3w
+6(p,1)” = 3(p,1) >0 o k)
+2(2011 — w1 +3(0.1)*)(01)”
— 2(wi1 + (2,1)*)(p.1) w0 ke
- 4(90,1)3wkl01k90,z
— (w11 — (91)?)* WMo e,
and, adding and rearranging the terms,
wkl(wu;kwn;z — Wik Wis1) = — 29 1w11,1 + anwklwu;lw,k
— (,1)* (4011 — Bwi1 +6(p,1)?
—2(2011 — w11 + 3(p,1)?))
+ (3(9071)4 —2(wy1 + (w,l)z)(%l)Q) wklw,w,z
— (w11 — (8071)2)2“)“90,1@4;0,1

Kl
—2p1w11;1 + 2w W W19,k

+ U/11(<,0,1)2
— (w11)2 wklga,kgm. (6.48)

Since the first derivatives of W in the point (zg,%) corresponds to those of v in
(20, &0,t0), where this last function attains its maximum, we have

W11y + Uy

Vi re
OZVV;'L': =+ Ao PiriPs = Vv

Vv

=+ /\UTS@;mW,s-

This implies

wir = (=AVo ™ ¢, — 0,1)

and

kl ki
w®wiry =w™ (

—AVa" 0.5 — 0y)

= AV, (0™ ) — whldy

= AWM (67 — o™ wu + 0" rp.) — WMy

= — )\Vwklgql + /\Vwklarswrl@s — /\Vwkl|D<p|2<p,l — wklﬁ;l

= —\Wuwllo, + \Vakp . — AV |Dp|?p, — w*o,.

It follows that in (zg,to) the two first terms of (6.48) become
—2‘;0,1'(1)11;1 :2(,071 (AVO'TSSO;TIQD,S + 'E;l)
= 2(,0’1)\‘/0'7'8@”1(,0,5 + 2(,0’1’[);1
=201 AV (0p1 —wr1 + @0 1)P.s + 20,101
=2(p,1)°AV = 20 1AV w6 + 2(0,1)?AV| Do + 20,101
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respectively

2w W wigp g = 2wy [-AV (W, — oo o + 0 | DelPe ) — wHTy] ok
= — 2)\Vw11wkl<p7kg0,l + 2)\Vw11|Dg0|2
— QAlelwkl<p7kg0,l|Dgo|2 — 2w11wklcp,kf);l.

Their sum is therefore given by

—2¢ w111 + 2w wMwig e =2(9.1)2 AV = 20 1AV o w0
+2(p,1)*AV| Dol + 20,11
— 2AVwiw* e ks 4+ 20V w1 | Dl
— 22V wiw* e rp | Dol — 2w w10,

Moreover we have

kalwn;lf};k =2 [—/\V (wklgql — aksgpys + wkl|D<p|2<p,l) — wklf);l] Ve
= — 2AVwr b0 + 20V T
— 22V 10, Dp|? — 20" 5,0,

and in (zg,tg) we eventually obtain the estimate

1 1 1 1

kl pa, bq kl kl

—w Vle — — WP M Wep 1 Wpg1 < w [/k[/l — =W Wik.1W1l:1
V2 ik Vs Vv ab;1Wpg; Vi, HAS V wis ; ;

1
= [ = 2Vt G0 + 20V T,
Vwyy

— 22V Wk o0, Dpl* — 205,40,

+ who,. 0,

+2(0.1)2AV — 20 1 AV ™ w1
+2(,1)?AV|Do|? + 20,15,

— 2/\Vw11wkl<p7k<p,l + 2/\Vw11|D<p|2
— 2V wiw | De|?

Kl o~
— 2w w™ @ Uy

i (ea)? = (i) W e
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Multiplying out and regrouping some terms provides

V2

1 1
W VgV = —wP wlwepawpgn < — 2% - — - (1+ [Del*) w'o4p,
1% w11
1
+ 20— - O'ks'f};kgoﬁs
w11
1 kl~ ~
lelw V:kU

2
PPN CEv (1+1Dgl?) — 22 2L 0™ w0
w11 w11
P

Vg
—2wMp ppi - (14 [Dpl?) +2ADg|?

+ . @7117;1

kl ~
WP RV

+ = ((p1)? —wnwe rpy) . (6.49)

<l <l

The third and the last summand are negative since wk is positive definite. Multi-

plying by L4 and estimating yields
n

for the second-last term, as well as

and, using (6.32),

1 ¢ 2 c c
1.9, <& _ 6.50
v ) Sy = (6.50)
2 A
©oon. W gy pepy < (6.51)
n 11 w11
: A A
Coon. 2L oo, < 2wy +0) = X+ (6.52)
n w11 w11 w11
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We rewrite some of the last terms of (6.49), involving ¥, using the fact that this
map is of the form & = —pip; + C, as noted before:

—wMTpy - (1+[Del?) + 0" okp,

= —wM (—pP0p) 4 e (L+1Dol?) + 0™ (=70 ,) - 0

= (¥ (1+1DgP) = o™) (o + ") 0

= (W™ (14 |Dgl?) — ™) (pf’keap + PPopk — pPPwpk + p”w,ps&,k) Q.

= (w“pf’k@,pcp,z +uwMpPoprp — plen + w"lp”w,pw,w,z) (14 [Dgl?)
— oM phppor — ploa+ ot pPPwpp s — oM P o o ke

= (M hepps +utPopps + 0 (1= worpn)) - (1+|Dpf?)
— ot pea + M pPwprp s + 0" (14 D))

= (wklpf)k@,pw +wM o+ 0" (2 - w“@,kﬁﬂ,l)) (14 [Dgl?)

— M pho e + o PPwpe (6.53)

To estimate this last expression it is convenient to consider separately: the terms
on the first line

22 1 e trw?
L (WMl + o ptos — vuto ko)) (L4 D) < S
no wn ’ W11
(6.54)
except for
22 1 A
2P o1+ |Dy) < 2 (6.55)
n o wi W11
and then the two terms on the second line of (6.53):
22 1 ( Kl p ) cA
SR L L < — 6.56
no wi PikPip Pl w11 ( )
and A A A
2)0¢ 1 c c
i A Rl pPwppp s < —— - (w1 +¢) = A+ —, (6.57)
n w11 w11 w11

observing that in all this four cases we already have took care of the multiplying
factors that will appear in the inequality for PW.

Analogously to (6.53), we expand

Tapa = (=PP0p), 01 =~ (P1ep + P ep1) P
= - (p?ﬁ",p + pPop1 — pPwpr + p”w,p@,l) $.1
=~ %1 (pfjl‘P,p + pPop1 — pPwpr — U/‘PJ) (6.58)

and get hence the following estimates:

%) 2 » P , < c
_P. . : _ ¢ 6.59
n Vwn P (P,ﬁﬁ,p tpom v 90,1) ~ wiy(wig +0) ( )
as well as
% 2 » cwiy + ¢ c c
9. o (P < _ 4 . (6.60
n Vuwy - (=p"wp) < wii(win +0)  wii+0  wi(wi +0) (6.60)
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In view of (6.50), (6.51), (6.52), (6.54), (6.55), (6.56), (6.57), (6.58), (6.59) and (6.60)
and multiplying by %, (6.49) becomes

% 1 1
n (VkalV;kV;l - prawbqwab;lwpq;l)
e trw® cA

N _|_ -

w11 w11

cA cA
+—+cA+—
w11 w11

-0
cA cA
+ — 4+ —
w11 w11
c c

wit(win +0)  wi + 0

(
. [2)\wklcp)k@’l . (1 + |D<p|2) — 2)\|D<p|2}

+

+ ~ + — —0 (6.61)
wir+0  wii(win +0)

and it holds therefore

@ 1w 1 b
o\ Ve - pr“w TWap;1 Wpgs1

V2
e trw® cA c c
<———+—+cA+ — + =
w11 w11 wit(win +90)  wi + 0
- L 23t rpr- (14+|Dpf?) 22 Def?]
9 ¢
- % w4y (6.62)

In the point (zg,tg), since v is maximal at (zg,&o,to) and the derivatives (up to
the second order) of v and W coincide there, as we have shown at the beginning
of this section, we have W(xo,to) > 0, Wi(zo,t0) < 0 and Wi (zo,t0) = 0 and
consequently 0 < PW (xg,tp). Using the last inequality to further estimate the
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right-hand side of (6.35), yields therefore in this point

1 .
0< PWSV- <c+cw11—|—ctrw”)

1 y 2¢ -
+5 (ctrw” +c+ %p 'wpkv;k%p)

—eMtrw” + e\ — 2P [(1+ |D30\2) W o — 2|D80\2]

CW1i11 &
2 w11 + v w11 + v
ctrw* cA c c

+—+cA+ — + -
w11 w11 wii(win +0)  wii +0

[2xM o o - (1+ |Dpl?) — 2X|Dy)?]

We regroup some terms and observe that some others cancel, obtaining

c cw ctrw® y
0< PW < 1 — —eltrw" + cA

_w11+17 U)11+’l~} w11 + v

"
— 22 [3(1+ [DgP) whp e — 4|Del?]

A
_ C P w
5 Wi
eAtr w cA c
—_—t .
w1y wyy  wip(wig + 0)

Moreover we note that the term
Ap
- 3 (1 + |D<p|2) wPp e 4
is nonpositive, and that it holds

N
22 4Dy|? < e
n

Combining this last observations with (6.63) we now get

c cw ctrw »
0< PW < -~ L — —eXtrw" + e
w11 + v w11+ w11+
eAtrwd e c
70'7'w11+ -

2 w11 wir  wir(wi +0)

53

(6.63)
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as well as
A tr w? g
CAW11 S C _ cw11~ C rw~_5>\trwm+c)\
2 wip +0 w0 wi +0
e trw® cA c
w11 w1 wi(win + 0)
c cA c
<——fetAt —4+——
wi1 + v wir  wir(wi +0)
+ <c~ - A (5 — C)) trw.
w11 +v w11
€ c
Finally assuming w.l.o.g. 3 oo > 0, since otherwise wy; would be bounded by
w11
2c
—, and fixing A larger if necessary provide
€
cAw A
711§C+L~+c)\+ci %
2 wig +0 wir wii(wir +0)

This implies that wq; has to be bounded, because the right hand side of the in-
equality is getting smaller, when wy; is increasing.

We have shown that w1, is bounded at the point (zg, to) so, since the first derivatives
of ¢ have already been estimated, v is also bounded at (xq,&o,t), where it is
maximal. Hence v is bounded everywhere.

Last of all we have to contemplate the possibility that the maximum of v is not in
the interior of €.

Remaining estimates. If v is maximal on the boundary, it is convenient to dis-
tinguish three cases, that is according to whether the direction &y in which this map
is maximal, is tangential, normal or neither (as in [8]).

& normal. The C?-bounds follow from the double normal estimates.

&o tangential. We consider a fixed point xg € 92 and we choose a boundary co-
ordinate chart containing xg, so that 0 is represented locally as graphw over its
tangent plane at zg = (&o,2}) in order that locally Q@ = {(Z,z")| 2™ > w(2)},
Dw(%o) = 0 and D?w(#g) > 0.

We differentiate covariantly the boundary condition
7 (2)p,i(,w(2),t) = 0
with respect to &7, 1 < j <n—1,
Vi + V' piij + U iinw j = 0
and with respect to ¥, 1 <k <n—1,
0= ﬂfjk@,i + D;ijﬁﬂ;ik + Df'jso;mw,k + D;ilg@;ij + Di(P;ijk + ﬂi@;ijnw,k

+ ﬂfk%mw,j + V' Qinkw,j + U Piinnw jw i + V' 0sinw, k.

In (zg,to), in view of Dw(Zo) = 0, this last two equations turn into

Vet e =0 (6.64)
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and
Viik$,i T Vi Pik + Vi + V' sijh + V' @rintijk = 0.
So we obtain in this point for a tangential vector ¢:
0= (Fpp,i + Vi + Vi + V'puajn + V' uinwijn) €€
=i Uge i + 20 piie + V' Price + V' Prinwige-
Remark 6.4. We put vectors as indices to indicate products as
Yivge = l7i50;ijk§j£k

and not covariant derivatives in the corresponding direction
Price F (gj@;ij);g = gkg;jk‘»@;ij + gkgj@;ijk'
Analogously we will for instance write
Piee = i€, wee = wi €, wop = wi PV, g = 035600,

The C'-estimate and the double normal estimate provide 17;1'553071- < ¢ respectively
V'pinw.ee < c. It follows

P.ee = l7i<p;i5§ > —217j€(p;i5 —C. (665)
The definition of w;; and again the C'-estimate lead to

—217;i€<p;i5 = _217§i§ (O'if — Wie + 410,5()071') > 217?5101-5 —cC.

We now choose normal coordinates around o, so that o;;(xo) = 6;; and ”I‘fj(:ro) =

0, whenever 1 < 4,5,k < n. As already noted, & is an eigenvector of (w;; +

v;;)(Zo, o) to an eigenvalue A, since it corresponds to a maximal direction. There-
fore it holds

P - . - N e . - N
Ve, Wigy = §8V;Zj (wir, 4 vig) & — é”fj“gkgo = )\féijUikﬁo - 6”};’”%50:

where we may assume that A is nonnegative, because otherwise w;y, + v}, would be
negative definite and the needed estimate would follow immediately. Moreover the
strict convexity of 92 implies the existence of a (small) constant ¢; > 0 such that

Fhowt® > 1ot = eéloi”,
for all tangential vectors £. Considering &, inequality (6.65) becomes hence
Piskoto 2 2ig,Wig, — € — € = 20 T500Eh — 2657 5ik€S — ¢
> 201 Aokl — 263P1viEs — ¢ = 20165 (win + vig) € — 260750ikEE — ¢
=2c1Wepe, + 2c1 £, 88 — 25817}31}2,655 — ¢ > 201Weg, — C- (6.66)

On the other hand, since v is maximal in (xq,&p, o) and we are differentiating in
direction of the outward pointing normal vector, it holds v, > 0, i.e.

Weotosi T Uéogo;i
Weogo T+ Vgog, T C

0 <o, o, to) 7 (20) = ( + /\Ukl%ki@,z) vt
o Wepgoso T Uéofo;ﬁ

= + /\Uklgo;k;(p,l,
Weogo + véogo +C
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as in (6.17), and then
0< Weogo;7 T ’Uéoﬁo;ﬁ + (w5050 + Ugoﬁo + C) : )‘Ukl‘p;kﬁ(p,la

because of we,¢, + g ¢, +C > 0. Using the differentiated boundary condition (6.64)
and once again the strict convexity of OS2, we obtain for the last term

(wéoEo + ,Uéoéo + C) ’ Aakl@;kilji@,l = (wEOEo + ’Uéofo + C) ’ Aokl (_w,iﬁfk) P
<ca (w50§0 + vénEo + C) - Aot <_<P,i5;c) Pl
= — 1 (wepe, + Véoeo + C)-A |Dy|? < 0.

We assert that the normal derivative of v; . is bounded. The definition (6.16) of
V' (x,&,6,t) = —2(, D), (§E— (& D), D)lﬁffcp,k and the C'-estimate provide indeed

v!;(20, €0, €0, to) (_pk(x()v507£Oat0)¢,k($0;t0));i
= — (phpx + p"omi) = =20, 7),),; E67h e < ¢
as a consequence Of
p* (20,0, €0, t0) = 2 (€0, D), (&) — (&0, 7), T') 55 =0
and
P§($0,50,€07t0) =2 (%0, 7)), (& — (&0, 9), ') T}
+2 (60, 7), [(60 — (€0, 7), 7') #h]
=2 ({60, 7),).; E67%»

since the fact of & being tangential, implies that all the terms containing the
inner product (§y, ), vanish. This last estimates and the expression (6.12) of the
Riemannian curvature tensor yield

0 <weeo + ¢
= — Pigobor T 200,60 T €
— seonge — B eogorPom + 20605 0,60 + €
= — Qieorte — ENET R™ ijko.m + 206000, +
= — QOipeocy — 535617’“ (5§n0ik = 630455) Pom + 20605 P,60 + C
= — Qutots — EGEAT" (0,j0ik — P1Ti5) + 205605060 + C
= — Pueoto — ST 0 ik + 20600060 + €,

where one of the terms in the second-last line vanishes because of the boundary
condition. The second and the third term on the last line are bounded as a conse-
quence of the bounds for the first respectively for the tangential-normal derivatives.
It follows

Piv€oco (zo.t0) < ¢
and, inserting this in (6.66),
Weoéo (zo.t0) < ¢,

which is our desired estimate.
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& Neither tangential nor normal. We assume, like in the previous case, that 0f2 is
represented locally as a graph of a map w and define by

7= 57 <€717>0'17
€ = (& 7). 7
the (normed) tangential component of a nonnormal vector £ € R™ with (£,&), = 1.
Setting

AP (Y M (41 P [ Sk (91 P PR
R N S S I

and §; := (£, 7),, we obtain & = 6,7 + dpv, with 62 + 62 = 1. If £ is neither
tangential nor normal, then §; and J, are both nonzero. It follows
Wee = wijgifj = Wy (6-,—7'7; + 5’701')(57_74' + 5gl7j)
= w;; (62779 4+ 0,657 07 + 050,07 + 620° D7)

=: 572_’[1)7—-,— + 5?,11}171—, —+ 2(5,7(57-71)-,—,7.

Differentiating the boundary condition in a point (zo,%p) on the boundary, where
Dw = 0, in the same way as in (6.64) yields

Ve =~ (6.67)
The definition (6.16) of v'(x,&1,&2,t) = fﬁ;lkgql ((fl, v), &F + (&, D), ik) implies
v (20, €, t0) = —2(&, ), (& — (&, 0), )" Tl
= 20,(6, 7). by (6.67)
= 25751790;7-17
and consequently
Wee = 5311177 + 5?,10,75 - vég + 2056, (O'ijTiﬁj + 907,7%077—)

in (zo,tp). The last terms vanish because 7 and 7 are defined to be orthogonal
with respect to o and it holds ¢ , = 0 on the boundary. The identity v'(z, 7, 7,t) =
V' (z,0,0,t) =0 for all (x,t) € Q x [0,¢*) provides hence

Wee + Ve = 62 (Wrr +001) + 05 (wop + V)5) (6.68)

in (zo,tp). We now choose Riemannian normal coordinates centered at xg, in order
that o;;(xo) = 0;5. Since we assumed

wiE'ET + vj €0
v = log —
RS
to be maximal in direction &, in these coordinates we obtain
Weoéo (:COa tO) + U/(x()v 503 507 tO) > w&&(fo, tO) + vl(xoa f, ga tO)
for all £ € S and, combining (6.68) with this inequality,
Weoéo (wO»tO) + v/(an €0, &o, tO)
= 02 (wyr (0, to) + V' (20, T, T, t0)) + 62(won(wo, to) + v/ (w0, 7, U, tg))
< 02 (wepgo (T0, t0) + V' (0, €0, €0, t0)) + 02 (won (w0, to) + V' (20, 7, 7, 1))
It follows immediately

(1 - 572_)(’11}5050 (1'0, tO) + vl(xoa €O7£Oa tO)) S 5g(w1717(x07 tO) + 1/(2’,‘07 Da ﬂv tO))

1



58

MARCELLO G. SANI

and, from (1 — §2) = 62,

Weoeo (0, t0) + V' (20, €0, £05 to) < wpp (2o, to) + V' (x0, 7, U, o).

We finally achieve the desired result

We,g, (T0, to) < wap(zo,to) — V' (20, o, €0, to)
< wpp(wo,to) + ¢,

where wy; is bounded as shown before.

This concludes the C?-estimates.
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11.

12.

13.

14.

15.
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