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HYPERSURFACES EXPANDING IN A CONE
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Abstract. We consider hypersurfaces which are graphs over a sphere evolving

in a cone, driven by the (−1/n)-th power of the Gauß curvature and subject

to a Neumann boundary condition. We show existence for all times and con-
vergence after rescaling, to a subset of a sphere.

1. Introduction

In this paper we study the parabolic initial value problem describing the evolution
of a strictly convex hypersurface evolving inside a solid convex cone in Rn+1, that
is perpendicular to the boundary of this cone at all points of intersection of the
two hypersurfaces. As in [4] we only want to consider hypersurfaces, that may be
written as a graph over the unit sphere.

Let Cn+1 ⊂ Rn+1 be a (n + 1)-dimensional closed convex cone, such that Cn+1 ⊂{(
z1, . . . , zn+1

)
∈ Rn+1| zn+1 > 0

}
∪ {0} ⊂ Rn+1, assume Cn+1 \ {0} to be smooth

and define Ω := int
(
Cn+1 ∩ Sn

)
, where Sn is the n-dimensional unit sphere. We

use standard notation as explained below and will prove the following statement.

Theorem 1.1. Let M0 ⊂ Cn+1 be a strictly convex hypersurface (meaning that all
eigenvalues of its second fundamental form are strictly positive), such that ∂M0 ⊂
∂Cn+1 \ {0}, M0⊥∂Cn+1 and M0 = graphSn u0|Ω for a positive map u0 : Ω → R
with u0 ∈ C4(Ω̄). Then there is a family of hypersurfaces (Mt)0≤t<∞ with

d

dt
X̃ =

1

K̃1/n
· ν̃,

∂Mt ⊂ ∂Cn+1 \ {0},Mt⊥∂Cn+1 for all t ∈ [0,∞),

Mt|t=0 = M0,

(1.1)

where the unit normal vector ν̃(y, t) to Mt satisfies
〈
ν̃(y, t), X̃(y, t)

〉
> 0 for all

(y, t) and where we write Mt⊥∂Cn+1 (0 ≤ t < ∞) for 〈ν̃(y, t), ν̄(p)〉 = 0 for all

p = X̃(y, t) ∈ ∂Mt, with ν̄ being the outward pointing unit normal vector to ∂Cn+1

at the point p.

Moreover Mte
−t converges to Ω for t→∞.

Working with coordinates on the sphere, we may equivalently formulate the problem
locally by the following initial value problem with a Neumann boundary condition
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(this will be proved in the next section). We suppose furthermore the abstract
n-dimensional unit sphere to be embedded into Rn+1 via the map

ι : Sn → Sn ⊂ Rn+1, x 7→ (ι1(x), . . . , ιn+1(x)).

and we will denote the image of Ω under ι by Ω̂ := ι(Ω). Theorem 1.1 becomes
equivalent to:

Theorem 1.2. For a scalar map ϕ0 ∈ C4(Ω̄), ϕ0(x) = lnu0(x), with

σij − ϕ0;ij + ϕ0,iϕ0,j > 0

up to the boundary ∂Ω, there exist a function ϕ : Ω× [0,∞)→ R,

ϕ ∈ C2,α;1,α2 (Ω̄× [0,∞)) ∩ C∞(Ω̄× (0,∞)),

which solves
ϕ̇ =

(
1 + |Dϕ|2

)n+1
n · [det(σij)]

1/n

[det (σij − ϕ;ij + ϕ,iϕ,j)]
1/n

in Ω× [0,∞),

Dν̄ϕ := ν̄iϕ,i = 0 on ∂Ω× [0,∞),

ϕ(x, 0) = ϕ0(x) in Ω,

(1.2)

with wij := σij −ϕ;ij +ϕ,iϕ,j > 0, up to the boundary ∂Ω for all (x, t) ∈ Ω× [0,∞)

and where ν̄ is the outward pointing unit normal vector to ∂Ω̂ relative to ι(Sn).

Moreover ϕ(x, t)− t converges to a real number r for t→∞.

We say that a hypersurface M may be represented as a graph over the unit sphere
if there exists a (possibly time-dependent) strictly positive map ū : Υ→ R, for an
open subset Υ ⊆ Sn, such that

M = graphSn ū|Υ :=
{
ι(x) · ū(x) ∈ Rn+1|x ∈ Υ

}
.

We consequently define the embedding vector of M into Rn+1 by X̄ : Υ → Rn+1,
X̄(x) = ι(x) · ū(x).

Let M0 ⊂ Cn+1 be such a hypersurface, i.e. M0 = graphSn u0|Ω , for a strictly
positive map u0 : Ω → R. Since we work with a normal velocity related to the
Gauß curvature, if we make a suitable convexity assumption we obtain the existence
of the flow for (at least) small times. We will denote by X(x, t) = ι(x) · u(x, t) the
time-dependent embedding vector of the hypersurface M0 into the Rn+1, defined on
a maximal time interval [0, t∗), with t∗ > 0, and set Mt := X(Ω, t). We will often
identify the embedded manifold with its image without indicating it explicitly.

To denote a time-dependent local parametrization of the abstract unit sphere we
will use

η : Rn × [0,∞)→ Sn,

(y1, . . . , yn, t) 7→ (η1(y1, . . . , yn, t), . . . , ηn(y1, . . . , yn, t)),

where y := (y1, . . . , yn) ∈ Rn, with inverse at the corresponding time t given by

ζ : Sn×[0,∞)→ Rn,
(x, t) 7→ (ζ1(x, t), . . . , ζn(x, t)).

It holds therefore η(ζ(x, t), t) = x as well as ζ(η(y, t), t) = y. It is here implicit that
η and ζ are (possibly) defined on subsets of Rn respectively Sn. The corresponding
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embedding vector in coordinates X̃ : Rn × [0,∞) → Rn+1 of Mt will be described
by

X̃(y, t) := X(η(y, t), t) = u(η(y, t), t) · ι(η(y, t)).

Throughout this paper K will represent the induced Gauß curvature of Mt, while ν
the outward pointing normal unit vector field on it. The corresponding quantities
expressed in the local parametrization of the unit sphere will be K̃ and ν̃. Indices
preceded by a semicolon will indicate covariant derivatives with respect to σ, the
standard metric on the sphere, induced by the inclusion into the Rn+1; those pre-
ceded by a comma, partial derivatives. Furthermore we use the Einstein summation
convention, summing over indices which appear twice, as a lower and an upper in-
dex. Normal latin indices and latin indices in the Fraktur hand range from 1 to n
and refer to geometric quantities on the sphere respectively in Rn, Greek indices
range from 1 to n + 1 and refer to components in the ambient space Rn+1, which
is endowed with the Euclidean scalar product 〈·, ·〉. Finally we use c, c1, c2, . . . to
denote estimated constants, which may change their value from line to line.

The existence for small times follows from the general parabolic partial differential
equations theory. The long time existence will follow from this together with ϕ̇,
C0, C1 and C2 bounds and application of Krylov-Safonov estimates and Schauder
theory. Convergence to a translating solution can then be derived, as in [11], from
the a priori estimates. Except for the C1 case we are going to work directly on
the sphere, without an explicit choice of coordinates. The C0-estimates and time
derivative estimates employ straightforward maximum principle methods. These
will also play a significant role in the C2-estimates. To obtain C1-estimates we
apply the Ice-cream cone theorem of [12], which generalizes a result of [8]. For the
C2-estimates we use ideas from [8], without always mentioning this explicitly in
that section.

The convergence, after rescaling, to round spheres for strictly convex initial surfaces
moving by the Gauß curvature flow in R3 is due to Andrews [1]. Expanding surfaces
without boundary were studied for instance in the works of Gerhardt [4] and Ur-
bas [13, 14], mean curvature flow respectively Gauß curvature flow with boundary
conditions in those of Huisken [6] and of Schnürer and Schwetlick [12]. The elliptic
Neumann boundary problem for this kind of equation, of Monge-Ampère type, has
been explored by Lions, Trudinger and Urbas in [8]. Marquardt proved a result
similar to the one discussed in this paper for star-shaped hypersurfaces evolving in
a convex cone under inverse mean curvature flow [9].

In the next section we derive the formulation of the problem as stated in Theo-
rem (1.2). The following chapters are devoted to the respective estimates.

The author is indebted to Professor Oliver Schnürer for suggesting this problem
and for his continuous support and to Dr Matthias Makowski and Dr Ben Lambert
for some very precious suggestions.

2. The corresponding initial value problem

We now describe the evolution problem in local coordinates and compute some
geometric quantities induced by the embedding of the hypersurface into Rn+1.
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It is possible to find most of the results of this section for instance in [4] or in [9].
We nevertheless summarize them here, with all calculations.

Lemma 2.1. Let Ω ⊆ Sn, t ≥ 0 a fixed time, and u(·, t) : Ω → R be positive
and smooth. Then graphSn u(·, t)|Ω is a n-dimensional submanifold in Rn+1. The
metric gij, the outward unit normal vector ν, the second fundamental form hij, and
the Gauß curvature K are given in graph coordinates by

gij =u2σij + u,iu,j ,

gij =u−2

(
σij − uiuj

u2 + |Du|2

)
,

ν =
1√

u2 + |Du|2
(
uι− σlku,lι,k

)
,

hij =
1√

u2 + |Du|2
(
u2σij − uu;ij + 2u,iu,j

)
,

K =
1

(u2 + |Du|2)n/2
·

det
(
u2σij − uu;ij + 2u,iu,j

)
det (u2σij + u,iu,j)

,

where we lifted the indices with respect to the metric of the sphere, i. e. ui := σilu,l,
and write |Du|2 := σiju,iu,j.

Proof. graphSn u(·, t)|Ω is an embedded n-dimensional submanifold of the Rn+1,
since it corresponds to the 0-level set of the map, expressed in spherical coordinates,

Ω× R→ R, (x, r) 7→ r − u(x, t),

whose differential −u,idxi + dr is surjective for every point of Rn+1.

We then check the expressions for the geometric quantities.

(i) We use the embedding vector X(·, t) = ι(·) · u(·, t), X(·, t) : Ω → Rn+1.
The induced metric is the pull-back of the metric in the Euclidean Rn+1,
g := X∗δRn+1 . We have X,i = u,iι+ uι,i. Hence

gij = Xα
,iδαβX

β
,j = (u,iι

α + uια,i)δαβ(u,jι
β + uιβ,j)

= u,iu,j |ι|2 + 2ια,iδαβι
β + u2ια,iδαβι

β
,j = u,iu,j + u2σij ,

because of ια,iδαβι
β = 0 and σij = ια,iδαβι

β
,j .

(ii) We check, that gij is the inverse of gij :

gijg
jk =

(
u2σij + u,iu,j

)
u−2

(
σjk − ujuk

u2 + |Du|2

)
= δki + u−2σjku,iu,j −

σiju
juk

u2 + |Du|2
− u−2|Du|2 · u,iu

k

u2 + |Du|2

= δki +
u,iu

k

u2 + |Du|2
(
u−2(u2 + |Du|2)− 1− u−2|Du|2

)
= δki .

(iii) The vectors X,i = u,iι+ uι,i are tangent to graphSn u. We therefore look for
a normal vector of the form aι + bkι,k, with a and (bk) to be appropriately
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determined. The inner product〈
u,iι+ uι,i, aι+ bkι,k

〉
= au,i 〈ι, ι〉+ u,ib

k 〈ι, ι,k〉

+ au 〈ι,i, ι〉+ ubk 〈ι,i, ι,k〉

= au,i + ubkσik

should vanish. We can reach this by taking a = u and bk = −u,lσlk and
obtaining a normal vector, which we normalize by setting

ν =
uι− σlku,lι,k√
u2 + |Du|2

.

because of〈
uι− σlku,lι,k , uι− σpqu,pι,q〉

=u2 〈ι, ι〉 − uσlku,l 〈ι,k, ι〉

− uσpqu,p 〈ι, ι,q〉+ σlku,lσ
pqu,p 〈ι,k, ι,q〉

=u2 + σlkσpqσkqu,lu,p = u2 + |Du|2.

This is in fact an outward pointing vector:

〈ν,X〉 =

〈
uι− σlku,lι,k, uι

〉√
u2 + |Du|2

=
u2 〈ι, ι〉 − uσlku,l 〈ι,k, ι〉√

u2 + |Du|2
=

u2√
u2 + |Du|2

> 0.

(iv) We use the Gauß formula for hypersurfaces Xα
;ij = −hijνα and compute the

scalar product with ν to get

hij = − 〈X;ij , ν〉

= −

〈
u;ijι+ u,iι,j + u,jι,i + uι;ij ,

uι− σlku,lι,k√
u2 + |Du|2

〉

=
−1√

u2 + |Du|2
(
uu;ij − 2u,iu,j + u2 〈ι;ij , ι〉 − uσlku,l 〈ι;ij , ι,k〉

)
=

1√
u2 + |Du|2

(
−uu;ij + 2u,iu,j + u2σij

)
,

since for a sphere we have ι;ij = −σij · ι, as a direct consequence of the
Gauß formula.

(v) From the defining equation for the principal curvatures, we obtain

K =

n∏
i=1

λi = det
(
gijhjk

)
= det gij · dethij =

dethij
det gij

=
1

(u2 + |Du|2)n/2
·

det
(
u2σij − uu;ij + 2u,iu,j

)
det (u2σij + u,iu,j)

.

�

Remark 2.2. We are not going to compute the corresponding formulas in the co-
ordinates induced by the local parametrization η of the sphere. However, since we
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will use this fact, let us only mention that one would get that ν(x, t) and ν̃(y, t)
have the same form.

As u is assumed to be strictly positive, it is possible to slightly simplify the calcu-
lations by setting ϕ = log u. We obtain in terms of ϕ:

u,i = eϕϕ,i,

u;ij = eϕ(ϕ;ij + ϕ,iϕ,j),

and for the normal vector

ν =
1√

1 + |Dϕ|2
(
ι− σlkϕ,lι,k

)
(2.1)

as well as for the Gauß curvature

K =
1

(e2ϕ + e2ϕ|Dϕ|2)
n/2
·

det
(
e2ϕσij − e2ϕ(ϕ;ij + ϕ,iϕ,j) + 2e2ϕϕ,iϕ,j

)
det(e2ϕσij + e2ϕϕ,iϕ,j)

=
e−nϕ

(1 + |Dϕ|2)
n/2
· det (σij − ϕ;ij + ϕ,iϕ,j)

det(σij) · (1 + |Dϕ|2)

=
e−nϕ

(1 + |Dϕ|2)
(n+2)/2

· det (σij − ϕ;ij + ϕ,iϕ,j)

det(σij)
. (2.2)

Let us now compute the evolution equation in local coordinates.

Lemma 2.3. Let Ω ⊆ Sn and ϕ : Ω × [0,∞) → R be a smooth function such that

graphSn e
ϕ
|Ω evolves according to

d

dt
X̃ =

1

K̃1/n
· ν̃. Then

ϕ̇ =
√

1 + |Dϕ|2 · e−ϕ · 1

K̃1/n
.

Proof. The vectors X̃,1, . . . , X̃,n, ν̃ are orthogonal to each other and hence form a
basis of the Rn+1. This implies that

d

dt
X̃ =

1

K̃1/n
· ν̃

is equivalent to the following condition:〈
X̃,a,

d

dt
X̃ − 1

K̃1/n
· ν̃
〉

= 0 (2.3)

for all a = 1, . . . , n, and 〈
ν̃,
d

dt
X̃ − 1

K̃1/n
· ν̃
〉

= 0. (2.4)

From (2.4) we obtain

0 =

〈
ν̃,
d

dt
X̃ − 1

K̃1/n
· ν̃
〉

=

〈
ν̃,
d

dt
X̃

〉
− 1

K̃1/n
.
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Consequently inserting the expression (2.1) of the normal vector in this last identity,
provides

1

K̃1/n
=

〈
ν̃,
d

dt
X̃

〉
=

〈
ι− σlkϕ,lι,k√

1 + |Dϕ|2
, ι,i ·

dηi

dt
· eϕ + ι · (eϕ),j ·

dηj

dt
+ ι · de

ϕ

dt

〉

=
1√

1 + |Dϕ|2
·
(〈

ι, ιeϕϕ,j ·
dηj

dt

〉
+

〈
ι, ιeϕ · dϕ

dt

〉
−
〈
σlkϕ,lι,k, ι,i ·

dηi

dt
· eϕ
〉)

=
1√

1 + |Dϕ|2
·
(
eϕϕ,j ·

dηj

dt
+ eϕ · dϕ

dt
− eϕσlkσkiϕ,l ·

dηi

dt

)
=

1√
1 + |Dϕ|2

·
(
eϕϕ,j ·

dηj

dt
+ eϕ · dϕ

dt
− eϕϕ,i ·

dηi

dt

)
=

1√
1 + |Dϕ|2

·
(
eϕ · dϕ

dt

)
,

which is the expected equation. Whereas from (2.3) we obtain

0 =

〈
X̃,a,

d

dt
X̃ − 1

K̃1/n
· ν̃
〉

=

〈
X̃,a,

d

dt
X̃

〉
=

〈
ι,iη

i
,ae

ϕ + ι · (eϕ),jη
j
,a, ι,k ·

dηk

dt
· eϕ + ι · (eϕ),l ·

dηl

dt
+ ι · de

ϕ

dt

〉
=

〈
ι,iη

i
,ae

ϕ, ι,k ·
dηk

dt
· eϕ
〉

+

〈
ι · (eϕ),jη

j
,a, ι · (eϕ),l ·

dηl

dt

〉
+

〈
ι · (eϕ),jη

j
,a, ι ·

deϕ

dt

〉
= e2ϕσikη

i
,a ·

dηk

dt
+ (eϕ),j(e

ϕ),lη
j
,a ·

dηl

dt
+
deϕ

dt
· (eϕ),jη

j
,a

= gikη
i
,a ·

dηk

dt
+
deϕ

dt
· (eϕ),jη

j
,a,

for all a = 1, . . . , n; that is an equation for the evolution of η, which we don’t need
to take care of in the following sections. It namely describes a tangential motion,
which only affects the parametrization and not the shape of the solution. �

Combining the results of this last lemma with the formula of the Gauß curva-
ture (2.2), we get a representation of the above problem through the following
partial differential equation

ϕ̇ =
√

1 + |Dϕ|2 · e−ϕ · 1

K̃1/n

=
√

1 + |Dϕ|2 · e−ϕ ·
(
1 + |Dϕ|2

)(n+2)/2n

e−ϕ
· det1/n(σij)

det1/n (σij − ϕ;ij + ϕ,iϕ,j)

=
(
1 + |Dϕ|2

)n+1
n · det1/n(σij)

det1/n (σij − ϕ;ij + ϕ,iϕ,j)
. (2.5)
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We suppose furthermore the hypersurface to evolve staying perpendicularly to the
cone. We hence obtain a Neumann boundary condition.

Lemma 2.4. Let ν̄(p) be the outward pointing unit normal vector to Cn+1 at a
point p = X(x, t) ∈ ∂Mt and ν the unit normal vector field to Mt. Then

〈ν̄(p), ν(x, t)〉 = 0⇐⇒ Dν̄ϕ(x, t) = ν̄i(ι(x))ϕ,i(x, t) = 0,

where (ν̄i)1≤i≤n are the components of ν̄(ι(x)) in a coordinate system of the tangent

space of Ω̂ = ι(Ω) at the point ι(x) ∈ ∂Ω̂.

Proof. Let (ˆ̄να(p))1≤α≤n+1 be the coordinates of ν̄ in the standard basis of the
Rn+1. Since Cn+1 is a (convex) cone, we have ν̄(p) = ν̄(X(x, t)) = ν̄(ι(x)ϕ(x, t)) =
ν̄(ι(x)) for x ∈ ∂Ω.

The condition

〈ν̄(p), ν(x, t)〉 = 〈ν̄(X(x, t)), ν(x, t)〉 = 〈ν̄(ι(x)), ν(x, t)〉 = 0

is equivalent, using the representation of ν̄ in the coordinate system of the tangent
space of Ω̂ at ι(x), to 〈

ν̄i(ι(x))ι,i(x), ν(x, t)
〉

= 0

and hence to

ν̄i(ι(x)) 〈ι,i(x), ν(x, t)〉 = 0. (2.6)

We now compute the inner product, inserting the expression (2.1) of the normal
vector, and obtain

〈ι,i, ν〉 =

〈
ι,i,

1√
1 + |Dϕ|2

(
ι− σlkϕ,lι,k

)〉

=
1√

1 + |Dϕ|2
(
〈ι,i, ι〉 −

〈
ι,i, σ

lkϕ,lι,k
〉)

= − σlkϕ,l 〈ι,i, ι,k〉√
1 + |Dϕ|2

= − σlkϕ,lσik√
1 + |Dϕ|2

=
−ϕ,i√

1 + |Dϕ|2
.

So this implies that (2.6) is the same as

ν̄i(ι(x))ϕ,i(x, t) = 0

for all x ∈ ∂Ω and t ∈ [0, t∗). �

From (2.5) and Lemma 2.4 we eventually get the formulation of the problem stated
in Theorem 1.2, that is

ϕ̇ =
(
1 + |Dϕ|2

)n+1
n · [det(σij)]

1/n

[det (σij − ϕ;ij + ϕ,iϕ,j)]
1/n

in Ω× [0,∞),

Dν̄ϕ = 0 on ∂Ω× [0,∞),

ϕ(x, 0) = ϕ0(x) in Ω.

(2.7)
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3. ϕ̇-Estimates

In this section we treat the ϕ̇-estimates: We will show that ϕ̇ stays bounded during
the flow.

Lemma 3.1. Let ϕ be a solution of (1.2), then its time derivative is bounded:

m1 := min
x′∈Ω̄

ϕ̇(x′, 0) ≤ ϕ̇(x, t) ≤ max
x′∈Ω̄

ϕ̇(x′, 0) =: m2

holds for all t ∈ [0, t∗) and x ∈ Ω̄.

Proof. Let 0 < t′ < t∗. Assume first wij(x, t) > 0 in the sense of matrices for all
t ∈ [0, t′] and x ∈ Ω̄ and let wij(x, t) indicate the inverse of wij(x, t) = σij(x) −
ϕ;ij(x, t) + ϕ,i(x, t)ϕ,j(x, t). We compute the time derivative of ϕ̇, differentiating
the partial differential equation, to obtain

ϕ̈ =
ϕ̇

n

[
(n+ 1) · 2σijϕ̇,iϕ,j

1 + |Dϕ|2
+ wij (ϕ̇;ij − ϕ̇,iϕ,j − ϕ,iϕ̇,j)

]
=
ϕ̇

n
· wijϕ̇;ij +

2ϕ̇

n
·
(

n+ 1

1 + |Dϕ|2
· σijϕ,j − wijϕ,j

)
ϕ̇,i,

because of the symmetry of wij . Moreover the differentiated boundary condition is
given by

ν̄iϕ̇,i = 0. (3.1)

The parabolic maximum principle for ϕ̇ implies therefore the inequalities.

If wij is not strictly positive for all times in the interval [0, t′], then there is a
minimal time t1, such that wij(x1, t1) has a zero eigenvalue, and in particular we
have det(wij(x1, t1)) = 0 for a x1 ∈ Ω̄.

With the same idea as above, we then would get

min
x′∈Ω̄

ϕ̇(x′, 0) ≤ ϕ̇(x, t) ≤ max
x′∈Ω̄

ϕ̇(x′, 0)

for all t ∈ [0, t1 − ε], ε > 0, and x ∈ Ω̄. Letting ε go to zero, would extend this
inequalities to all t ∈ [0, t1] and this would be a contradiction to det(wij(x1, t1)) = 0,
because of the partial differential equation we are considering.

Finally, the differentiated boundary condition (3.1) shows that extrema of ϕ̇(x, t),
for 0 < t < t∗, cannot occur on the boundary, if ϕ is nonconstant, since Hopf’s
maximum principle would force ν̄iϕ̇,i to have a sign in that point. �

Remark 3.2. It is clear from the equation (1.2) that ϕ̇ is strictly positive for all
(x, t) ∈ Ω̄× [0, t∗), so m1 = minx∈Ω̄ ϕ̇(x, 0) has to be positive. Moreover this means
that we are considering an expanding flow.

In the proof of the lemma we also showed the following.

Corollary 3.3. Let ϕ be a solution of (1.2) with

wij(x, 0) = σij(x)− ϕ;ij(x, 0) + ϕ,i(x, 0)ϕ,j(x, 0) > 0,

up to the boundary, in the sense of matrices. Then

wij(x, t) = σij(x)− ϕ;ij(x, t) + ϕ,i(x, t)ϕ,j(x, t) > 0,

up to the boundary, for all (x, t) ∈ Ω̄× [0, t∗).
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This implies that the convexity of the starting hypersurface, which is the only
admissibility condition we need to care about, is going to be preserved during the
flow.

4. C0-Estimates

We note first, that the bounds obtained integrating the inequalities of Lemma 3.1
wouldn’t be sharp enough to ensure convergence.

We now prove a comparison principle using a standard maximum principle argu-
ment. This follows from an interpolation argument, a similar idea was applied in
[15] to the Schouten equation.

Lemma 4.1. Let ϕ and ψ be two solutions of (1.2) with ϕ(x, 0) ≤ ψ(x, 0) for all
x ∈ Ω̄, then

ϕ(x, t) ≤ ψ(x, t)

holds for all t ∈ (0, t∗) and x ∈ Ω̄.

Proof. We define
χ(x, t) := ϕ(x, t)− ψ(x, t).

It is immediately clear that this new function is initially nonpositive,

χ(x, 0) = ϕ(x, 0)− ψ(x, 0) ≤ 0,

and satisfies the same boundary condition as ϕ and ψ:

ν̄iχ,i = ν̄iϕ,i − ν̄iψ,i = 0.

Furthermore, for a real number s ∈ [0, 1], we set

vij(x, t)[s] :=σij(x)− sϕ;ij(x, t) + sϕ,i(x, t)ϕ,j(x, t)

− (1− s)ψ;ij(x, t) + (1− s)ψ,i(x, t)ψ,j(x, t).
Since the set of positive definite matrices is convex, it is possible to apply the main
theorem of calculus to write

χ̇ = ϕ̇− ψ̇

=

∫ 1

0

d

ds

 (
1 + |D(sϕ+ (1− s)ψ)|2

)n+1
n · det1/n(σij)

det1/n (σij − sϕ;ij + sϕ,iϕ,j − (1− s)ψ;ij + (1− s)ψ,iψ,j)

 ds.

(4.1)

To compute the derivative in the integral the following calculations will be useful.
First, using the formula for the derivative of the determinant, we have

d

ds
det1/n(vij) =

1

n
(det(vij))

1/n−1 · det(vij) · vji ·
d

ds
vij

=
1

n
det1/n(vij) · vij · (ψ;ij − ϕ;ij + ϕ,iϕ,j − ψ,iψ,j)

=
1

n
det1/n(vij) · vij · (−χ;ij + χ,i (ϕ,j + ψ,j)) ,

where vij denotes the inverse of vij , which is positive, and where the symmetry of
vij yields

vij(ϕ,iϕ,j − ψ,iψ,j) = vij (ϕ,i − ψ,i) (ϕ,j + ψ,j) = vijχ,i (ϕ,j + ψ,j) .
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Secondly, the derivative of the first factor of the numerator of the argument of the
integral is given by

d

ds

(
1 + |D(sϕ+ (1− s)ψ)|2

)n+1
n

=
n+ 1

n

(
1 + |D(sϕ+ (1− s)ψ)|2

) 1
n · d

ds
|D(sϕ+ (1− s)ψ)|2

=
n+ 1

n

(
1 + |D(sϕ+ (1− s)ψ)|2

) 1
n

· σij [(ϕ,i − ψ,i)(sϕ,j + (1− s)ψ,j) + (sϕ,i + (1− s)ψ,i)(ϕ,j − ψ,j)]

=
n+ 1

n

(
1 + |D(sϕ+ (1− s)ψ)|2

) 1
n ·
[
2σijχ,i(sϕ,j + (1− s)ψ,j)

]
and this implies that the derivative in (4.1) may be written as

d

ds

(1 + |D(sϕ+ (1− s)ψ)|2
)n+1

n

det1/n (vij)


=

n+1
n

(
1 + |D(sϕ+ (1− s)ψ)|2

) 1
n ·
[
2σijχ,i(sϕ,j + (1− s)ψ,j)

]
det1/n (vij)

−
(
1 + |D(sϕ+ (1− s)ψ)|2

)n+1
n · 1

n det1/n(vij) · vij · (−χ;ij + χ,i (ϕ,j + ψ,j))

det2/n (vij)

=
n+1
n

(
1 + |D(sϕ+ (1− s)ψ)|2

) 1
n ·
[
2σijχ,i(sϕ,j + (1− s)ψ,j)

]
det1/n (vij)

−
(
1 + |D(sϕ+ (1− s)ψ)|2

)n+1
n · 1

n · v
ij · (−χ;ij + χ,i (ϕ,j + ψ,j))

det1/n (vij)
.

Introducing the following notation for the positive definite coefficient matrix of the
second derivatives

Aij :=
1

n
· det1/n(σkl) ·

∫ 1

0

(
1 + |D(sϕ+ (1− s)ψ)|2

)n+1
n · vij

det1/n (vij)
ds

and setting

Bi := −Aij (ϕ,j + ψ,j) +
2(n+ 1)

n
· det1/n(σkl) · σij

·
∫ 1

0

(
1 + |D(sϕ+ (1− s)ψ)|2

) 1
n · (sϕ,j + (1− s)ψ,j)

det1/n (vij)
ds,

it follows, in view of (4.1) and of the last computations,
χ̇−Aijχ,ij +Biχ,i = 0, in Ω× [0, t∗)

χ(x, 0) ≤ 0 in Ω

Dν̄χ = 0 on ∂Ω× [0, t∗).

Using the parabolic maximum principle, we can hence conclude that χ has to be
nonpositive for all t ∈ [0, t∗). �
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It is easily seen that the maps ψ(x, t) = t+r solve the problem with initial condition
ψ0(x) = r for r ∈ R. The following corollary, providing uniform bounds on ϕ(x, t)−t
for any solution ϕ of (1.2), is therefore an immediate consequence of the previous
lemma.

Corollary 4.2. Let ϕ be a solution of (1.2) with

c1 ≤ ϕ(x, 0) ≤ c2,
for all x ∈ Ω̄ and c1, c2 ∈ R then

t+ c1 ≤ ϕ(x, t) ≤ t+ c2

holds for all t ∈ (0, t∗) and x ∈ Ω̄.

5. C1-Estimates

In order to obtain C1-estimates we are going to use a result proved in [12], the
so-called Ice-cream cone estimate.

Theorem 5.1 (Ice-cream cone estimate). Let U ⊂ Rn be a smooth bounded domain,

F̃ : Ū → R a smooth strictly convex function with |F̃γ | uniformly bounded on ∂U ,
where γ is a unit vector field on ∂U such that 〈γ, νU 〉 ≥ c̃γ for a positive constant
c̃γ > 0 (where νU is the inner unit normal to ∂U). Then there is a uniform bound

for sup |DF̃ |, independent of sup |F̃ |.

To apply this theorem we need to use an explicit choice of a coordinate system to
work in Rn. Let us however first consider a (possibly time-dependent) smooth map
f : Sn+ → R, z = (z1, . . . , zn+1) 7→ f(z1, . . . , zn+1), let F : Rn+1 \ {0} → R be the
positive and homogeneous of degree one map defined by

F (z) = f

(
z

|z|

)
|z| (5.1)

and let

F̃ : Rn → R, (y1, . . . , yn) 7→ F̃ (y1, . . . , yn) := F (y1, . . . , yn, 1) (5.2)

be the restriction of F to Rn × {1}. We then choose coordinates like in [13], which
allow us to prove the next lemma, that establishes a relation between the partial
derivatives of F̃ and the covariant of F .

Lemma 5.2. Let
η̄′ : Rn × {1} → Sn+ ⊂ Rn+1

be the embedding given by

(y1, . . . , yn, 1) 7→ (y1, . . . , yn, 1)√
1 + |y|2

and let

η̄ : Rn → Sn+ ⊂ Rn+1, (y1, . . . , yn) 7→ η̄(y1, . . . , yn) := η̄′(y1, . . . , yn, 1).

Then for f , F and F̃ as above it follows

F̃,ab(y)√
1 + |y|2

= [F (η̄(y))];ab + F (η̄(y))σab = [f(η̄(y))];ab + f(η̄(y))σab,

where y = (y1, . . . , yn) ∈ Rn.
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Proof. Since |η̄(y)| = 1, we have F (η̄(y)) = f(η̄(y)), which provides the second
equality.

We can express the standard round metric σ of the sphere in the coordinates induced
by the imbedding η̄ computing the pullback η̄∗δRn+1 of the Euclidean metric in
Rn+1. We differentiate η̄, for this purpose, obtaining

η̄,a(y) =
(ea, 0)√
1 + |y|2

− (y, 1)

(
√

1 + |y|2)3
· ya,

for 1 ≤ a ≤ n, insert in the definition

σab = η̄α,aδαβ η̄
β
,b =

1

1 + |y|2

 ∑
α,β<n+1

δαβ

(
δαa −

yαya
1 + |y|2

)(
δβb −

yβyb
1 + |y|2

)

+
∑

α<n+1

δαn+1

(
δαa −

yαya
1 + |y|2

)
· (−yb)

1 + |y|2

+
∑

β<n+1

δn+1β ·
(−ya)

1 + |y|2
·
(
δβb −

yβyb
1 + |y|2

)

+ δn+1n+1 ·
yayb

(1 + |y|2)2


and, since the mixed terms vanish, we get

σab =
1

1 + |y|2

 ∑
α,β<n+1

(
δαa δαβδ

β
b −

δαa δαβy
βyb

1 + |y|2
−
δβb δαβy

αya
1 + |y|2

+ yαδαβy
β · yayb

(1 + |y|2)2

)
+

yayb
(1 + |y|2)2


=

1

1 + |y|2

[
δab −

yayb
1 + |y|2

]
. (5.3)

It is not difficult to verify that the corresponding inverse metric can be expressed
by

σab =
(
1 + |y|2

) (
δab + yayb

)
. (5.4)

The partial derivatives of the metric are given by

σab,c =

[
1

1 + |y|2

(
δab −

yayb
1 + |y|2

)]
,c

=
−2yc

(1 + |y|2)2

(
δab −

yayb
1 + |y|2

)
− 1

1 + |y|2

(
δacyb + δbcya

1 + |y|2
− 2yaybyc

(1 + |y|2)2

)
=

1

(1 + |y|2)2

(
−2δabyc +

2yaybyc
1 + |y|2

− (δacyb + δbcya) +
2yaybyc

(1 + |y|2)

)
=

1

(1 + |y|2)2

(
−2δabyc − δacyb − δbcya +

4yaybyc
1 + |y|2

)
.
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To get the connection coefficients with respect to σab we first compute

σab,c + σac,b − σbc,a =
1

(1 + |y|2)2

[
−2δabyc − δacyb − δbcya +

4yaybyc
1 + |y|2

+

(
−2δacyb − δabyc − δcbya +

4yaybyc
1 + |y|2

)
−
(
−2δbcya − δbayc − δcayb +

4yaybyc
1 + |y|2

)]
=

1

(1 + |y|2)2

[
−2δabyc − 2δacyb +

4yaybyc
1 + |y|2

]
=

2

(1 + |y|2)2

[
−δabyc − δacyb +

2yaybyc
1 + |y|2

]
and therefore, using the formula (5.4) for the inverse of the metric, it follows

σΓd
bc =

1

2
σda (σab,c + σac,b − σbc,a)

=
1

2
σda 2

(1 + |y|2)2

[
−δabyc − δacyb +

2yaybyc
1 + |y|2

]
= (1 + |y|2)

(
δda + yayd

) 1

(1 + |y|2)2

[
−δabyc − δacyb +

2yaybyc
1 + |y|2

]
=

1

1 + |y|2

[
−δdbyc − δdc yb +

2ydybyc
1 + |y|2

− ybydyc − ycydyb +
2|y|2ybycyd

1 + |y|2

]
=

1

1 + |y|2
[
−δdbyc − δdc yb

]
. (5.5)

From this last expression we obtain

(F (η̄(y)));ab = (F (η̄(y))),ab − σΓc
ab(F (η̄(y))),c

= (F (η̄(y))),ab −
1

1 + |y|2
[−δcayb − δcbya] (F (η̄(y))),c

= (F (η̄(y))),ab +
1

1 + |y|2
[(F (η̄(y))),ayb + (F (η̄(y))),bya]

for the covariant derivatives of F (η̄) with respect to the standard metric of the
sphere. On the other hand, because of the definition (5.2) and of the homogeneity
of F ,

F̃ (y) = F
(
η̄(y) ·

√
1 + |y|2

)
= F (η̄(y)) ·

√
1 + |y|2,

the partial derivatives of F̃ are given by

(F̃ (y)),a = (F (η̄(y))),a
√

1 + |y|2 +
1√

1 + |y|2
[(F (η̄(y)))ya]

respectively

(F̃ (y)),ab = (F (η̄(y))),ab
√

1 + |y|2 +
1√

1 + |y|2
[(F (η̄(y))),ayb + (F (η̄(y))),bya]

+
(F (η̄(y)))√

1 + |y|2

(
δab −

yayb
1 + |y|2

)
.
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This provides the statement of the lemma

(F̃ (y)),ab√
1 + |y|2

= (F (η̄(y))),ab +
1

1 + |y|2
[(F (η̄(y))),ayb + (F (η̄(y))),bya]

+ (F (η̄(y)))σab

= (F (η̄(y)));ab + (F (η̄(y)))σab. �

If we now consider the subset Ω̂ = ι(Ω) ⊂ Sn+ ⊂ Rn+1 and restrict F̃ and F to

U = η̄−1(Ω̂) ⊂ Rn, we can obtain, applying this lemma with an appropriate choice

of f , a function F̃ that is strictly convex on the compact set Ū = η̄−1(Ω̂): For a

fixed time t ∈ [0, t∗) we define f(·, t) : Ω̂→ R to be the map given by

f(z, t) = e−ϕ̄(ι−1(z),t) − 1

ĉ
·
(
zn+1 + 1

)
,

where z = (z1, . . . , zn+1) ∈ Ω̂,

ϕ̄(x, t) := ϕ(x, t)− t−m, m := min
x′∈Ω̄

ϕ(x′, 0),

and

ĉ ≡ ĉ(Ω̂) := inf
z∈Ω̂

zn+1

is a constant, depending only on Ω̂, which fulfils 0 < ĉ < 1 because Ω̂ is a subset
of a sphere contained in a cone. We note that f is strictly positive and bounded,
since Corollary 4.2 implies that

m ≤ ϕ(x, t)− t

and that there is a real number c such that it holds

|ϕ̄(x, t)| = |ϕ(x, t)− t−m| ≤ c

for all (x, t) ∈ Ω̄ × [0, t∗). In particular we have that 0 < e−ϕ̄(x,t) ≤ 1 for all
(x, t) ∈ Ω̄× [0, t∗).

We want now to show that f;ab(η̄, t) is positive definite. Working with the coor-
dinates induced by η̄ as in the proof of the last lemma we can express the metric
as

σab =
1

1 + |y|2

(
δab −

yayb
1 + |y|2

)
(5.6)

and the connection coefficients by (5.5) as

σΓd
bc =

1

1 + |y|2
[
−δdbyc − δdc yb

]
.
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For the covariant derivative of the first term of f(η̄, t), we get(
e−ϕ̄(η̄(y),t)

)
;ab

=
(
e−ϕ̄(η̄(y),t)

)
,ab
− σΓc

ab

(
e−ϕ̄(η̄(y),t)

)
,c

= e−ϕ̄(η̄(y),t)
(
− (ϕ̄(η̄(y), t)),ab + (ϕ̄(η̄(y), t)),a (ϕ̄(η̄(y), t)),b

−σΓc
ab · (−ϕ̄(η̄(y), t)),c

)
= e−ϕ̄(η̄(y),t)

(
− (ϕ(η̄(y), t)),ab + (ϕ(η̄(y), t)),a (ϕ(η̄(y), t)),b

−σΓc
ab · (−ϕ(η̄(y), t)),c

)
= e−ϕ̄(η̄(y),t)

(
− (ϕ(η̄(y), t));ab + (ϕ(η̄(y), t)),a (ϕ(η̄(y), t)),b

)
,

in local coordinates, because of the definition of ϕ̄. Whereas for the second term it
holds

(η̄n+1(y));ab =
(
η̄n+1(y)

)
,ab
− σΓc

ab

(
η̄n+1(y)

)
,c

=

(
1√

1 + |y|2

)
,ab

− 1

1 + |y|2
[−δcbya − δcayb]

(
1√

1 + |y|2

)
,c

=
−δab

(
√

1 + |y|2)3
+

3yayb

(
√

1 + |y|2)5

+
1

1 + |y|2
[δcbya + δcayb]

−yc
(
√

1 + |y|2)3

= − δab

(
√

1 + |y|2)3
+

yayb

(
√

1 + |y|2)5
.

Comparing with the metric (5.6) we have(
η̄n+1(y)

)
;ab

= − δab

(
√

1 + |y|2)3
+

yayb

(
√

1 + |y|2)5

= − 1

(
√

1 + |y|2)3

(
δab −

yayb
1 + |y|2

)
= − σab√

1 + |y|2
.

Using zn+1 ≥ ĉ for all z = (z1, . . . , zn+1) ∈ Ω̂, which is equivalent to 1 ≥ ĉ·
√

1 + |y|2
for all y ∈ U in the coordinates induced by η̄, and 0 < e−ϕ̄(x,t) ≤ 1, for all x ∈ Ω,
it follows eventually

(f(η̄, t));ab = e−ϕ̄(η̄,t)
(
− (ϕ(η̄, t));ab + (ϕ(η̄, t));a (ϕ(η̄, t));b

)
+

1

ĉ
· σab√

1 + |y|2

≥ e−ϕ̄(η̄,t)
(
− (ϕ(η̄, t));ab + (ϕ(η̄, t));a (ϕ(η̄, t));b

)
+ σab

≥ e−ϕ̄(η̄,t)
(
σab − (ϕ (η̄, t));ab + (ϕ (η̄, t));a (ϕ (η̄, t));b

)
> 0,

in the sense of matrices.

Thus we could construct a function f , which possess the needed properties to obtain,
applying Lemma 5.2, F̃;ab > 0 on the set Ū for the corresponding map F̃ .
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We now address the question of how the normal vector to ∂Ω transforms under the
inverse of the diffeomorphism η̄. In particular how does the boundary condition
translate to Rn?

Like in the proof of Lemma 2.4 we consider the boundary condition,

〈ν̄(X(x, t)), ν(x, t)〉 = 〈ν̄(ι(x)), ν(x, t)〉 = 0,

at a point (x, t), with x = ι−1(η̄(y)) ∈ Ω.

Since η̄ is a diffeomorphism there is a nowhere vanishing vector field γ = (γa)1≤a≤n
on ∂U such that

ˆ̄να(η̄(y)) = γa(y)η̄α,a(y),

where ν̄ = (ˆ̄να)1≤α≤n+1, and then

0 = 〈γa(y)η̄,a(y), ν′(y, t)〉

with ν′(y, t) being the normal vector in these coordinates, given by

ν′(y, t) =
1√

1 + |Dϕ (ι−1(η̄(y)), t) |2
(
η̄(y)− σab(y)

[
ϕ
(
ι−1(η̄(y)), t

)]
,a
η̄,b(y)

)
.

We now compute the inner product, inserting the expression of the normal vector.
We obtain

〈γa(y)η̄,a(y), ν′(y, t)〉 = γa(y)

〈
η̄,a(y),

η̄(y)− σbc(y)
[
ϕ
(
ι−1(η̄(y)), t

)]
,b
η̄,c(y)√

1 + |Dϕ (ι−1(η̄(y)), t) |2

〉

=
γa(y)√

1 + |Dϕ (ι−1(η̄(y)), t) |2

·
(
〈η̄,a(y), η̄(y)〉

−
〈
η̄,a(y), σbc(y)

[
ϕ
(
ι−1(η̄(y)), t

)]
,b
η̄,c(y)

〉)
= − γa(y) ·

σbc(y)
[
ϕ
(
ι−1(η̄(y)), t

)]
,b
〈η̄,a(y), η̄,c(y)〉√

1 + |Dϕ (ι−1(η̄(y)), t) |2

= − γa(y) ·
σbc(y)

[
ϕ
(
ι−1(η̄(y)), t

)]
,b
σac(y)√

1 + |Dϕ (ι−1(η̄(y)), t) |2

=
−γa(y)

[
ϕ
(
ι−1(η̄(y)), t

)]
,a√

1 + |Dϕ (ι−1(η̄(y)), t) |2

and this implies finally

0 = γa(y)
[
ϕ
(
ι−1(η̄(y)), t

)]
,a
. (5.7)

It follows immediately from the definition,

F̃ (y, t) = f(η̄(y), t) ·
√

1 + |y|2,

given in (5.1) and (5.2), that the partial derivatives of this map are

F̃,a(y, t) = f(η̄(y), t),a ·
√

1 + |y|2 + f(η̄(y), t) · ya√
1 + |y|2
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and, substituting for f(η̄, t) in the first summand, we have

F̃,a(y, t) =

(
e−ϕ̄(ι−1(η̄(y)),t) − 1

ĉ
· η̄n+1(y)

)
,a

·
√

1 + |y|2 + f(η̄(y), t) · ya√
1 + |y|2

=

(
−e−ϕ̄(ι−1(η̄(y)),t) ·

(
ϕ̄
(
ι−1(η̄(y)), t

))
,a

+
1

ĉ
· ya

(
√

1 + |y|2)3

)
·
√

1 + |y|2

+ f(η̄(y), t) · ya√
1 + |y|2

,

for all a = 1, . . . , n. From (5.7) it follows〈
DF̃ , γ

〉
=

1

ĉ
· 〈y, γ〉

1 + |y|2
+
f (η̄ (y) , t)√

1 + |y|2
· 〈y, γ〉

=
〈y, γ〉

1 + |y|2
·
(

1

ĉ
+ f (η̄ (y) , t) ·

√
1 + |y|2

)
.

So the absolute value of this scalar product is bounded, as required for the appli-
cation of Theorem 5.1, because U is a bounded domain. Furthermore γ is nowhere
tangential to the normal νU to ∂U , since otherwise ν̄ would be somewhere tan-
gential to ∂Ω, since η̄ is a diffeomorphism, that maps tangent vectors to tangent
vectors.

We can now use the Ice-cream cone estimate and hence obtain that sup |DF̃ | is
uniformly bounded in U .

To deduce from this a bound for Dϕ, we need first of all to compute what the
inverse of η̄ is:

η̄−1 : Ω̂→ U,

(z1, . . . , zn+1) 7→
(

z1

zn+1
, . . . ,

zn

zn+1

)
.

Furthermore its partial derivatives are given by

η̄−1
,α (z) =

(
δ1
α, . . . , δ

n
α

)
zn+1

−
(
z1, . . . , zn

)
(zn+1)

2 · δn+1
α ,

whenever α = 1, . . . , n+ 1.

From the definition of

F̃ (y, t) = f(η̄(y), t) ·
√

1 + |y|2

for a fixed time t ∈ [0, t∗), we have

F̃ (η̄−1(z), t) = f(η̄(η̄−1(z)), t) ·
√

1 + |η̄−1(z)|2 = f(z, t) · 1

zn+1
,

substituting y = η̄−1(z), where z ∈ Ω̂. It follows

f(z, t) = F̃ (η̄−1(z), t) · zn+1
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and

f,α(z, t) = F̃,a(η̄−1(z), t)(η̄−1(z))a,α · zn+1 + F̃ (η̄−1(z), t) · δn+1
α

= F̃,a(η̄−1(z), t)

(
δaα −

zaδn+1
α

zn+1

)
+ F̃ (η̄−1(z), t)δn+1

α

= F̃,α(η̄−1(z), t)− δn+1
α

zn+1
· F̃,a(η̄−1(z), t)za + F̃ (η̄−1(z), t)δn+1

α ,

for 1 ≤ α ≤ n + 1. As we have seen, since Ω̂ is contained in a cone, there is a
constant ĉ < 1, such that

zn+1 ≥ ĉ > 0

for all z = (z1, . . . , zn+1) ∈ Ω̂. This implies

|f,α| ≤ sup
U
|DF̃ |+ c ·

√√√√ n∑
a=1

[
F̃,a(η̄−1(z), t)

]2
·

√√√√ n∑
β=1

(zβ)2 + c · sup
U
|F̃ |

≤ sup
U
|DF̃ |+ c · sup

U
|DF̃ |+ c · sup

U
|F̃ |

and yields

|Df | < c,

because of the estimate obtained above and of the boundedness of f and conse-
quently of F̃ .

Differentiating f and using this last estimate provides

f,α(z, t) = −e−ϕ̄(ι−1(z),t) ·
[
ϕ̄(ι−1(z), t)

]
,α
− 1

ĉ
· δn+1
α

and

|ϕ̄,i(y, t)| ≤ eϕ̄(y,t) (|f,α(z, t)|+ c) ≤ c (|f,α(z, t)|+ c) ≤ c
with y = ι−1(z). The desired estimate follows then from

|ϕ,i(x, t)| =
∣∣∣ϕ,i(x, t)− (t+m),i

∣∣∣ = |ϕ̄,i(x, t)|

for all x ∈ Ω.

Let us at this point state the principal result of this section.

Lemma 5.3. Let c > 0 and Ω ⊂ Sn be a domain such that ιn+1(x) ≥ c for all x ∈ Ω
and ϕ(·, t) : Ω → R, t ∈ [0, t∗), be a smooth map, fulfiling σij − ϕ;ij + ϕ,iϕ,j > 0
in the sense of matrices as well as Dν̄ϕ(x, t) = 0 for all (x, t) ∈ ∂Ω× [0, t∗). Then
|Dϕ| is uniformly bounded on Ω.

We conclude this part by remarking that the C1-estimate implies an upper bound
on det(wij).

Corollary 5.4. There exist a constant c > 0, such that det (wij(x, t)) ≤ c for all
(x, t) ∈ Ω̄× [0, t∗).

Proof. Since ϕ is a solution of (1.2) it holds

ϕ̇ =
(
1 + |Dϕ|2

)n+1
n · [det(σij)]

1/n

[det (σij − ϕ;ij + ϕ,iϕ,j)]
1/n
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and this implies

det(wij) = det (σij − ϕ;ij + ϕ,iϕ,j) =
(
1 + |Dϕ|2

)n+1 · det(σij)

ϕ̇n
.

The positive lower bound of Lemma 3.1 together with that of Lemma 5.3 supplies
then a constant c > 0 which fulfils

det(wij) ≤ c · det(σij),

and hence det (wij(x, t)) ≤ c, for a fixed coordinate system, for all (x, t) ∈ Ω̄ ×
[0, t∗). �

6. C2-Estimates

We first of all note that wij = σij−ϕ;ij+ϕ,iϕ,j > 0, together with the C1-estimate,
implies an upper bound on ϕ;ij . We hence only need to control the second covariant
derivatives of ϕ from below.

Tangential-normal C2-estimates at the boundary. Let x0 ∈ ∂Ω be fixed.
We choose a boundary coordinate chart containing x0, so that ∂Ω is represented
locally as graphω over its tangent plane at x0 = (x̂0, x

n
0 ) in order that locally

Ω = {(x̂, xn)| xn > ω(x̂)} and Dω(x̂0) = 0.

We differentiate the boundary condition (see Lemma 2.4)

ν̄i(x̂)ϕ,i(x̂, ω(x̂), t) = 0,

in direction j < n,

ν̄i;jϕ,i + ν̄iϕ;ij + ν̄iϕ;inω,j = 0.

Since in the point x0 it holds ω,i = 0 for all i = 1, . . . , n− 1, this becomes there

ν̄i;jϕ,i + ν̄iϕ;ij = 0.

From the C1-estimate it follows that ϕ;ν̄j is bounded.

Double normal C2-estimates at the boundary. Let x0 ∈ ∂Ω be fixed. Like
in the preceding section, we choose a boundary coordinate chart containing x0,
so that ∂Ω is represented locally as graphω over its tangent plane at x0 in order
that locally Ω = {(x̂, xn)| xn > ω(x̂)}. Moreover let δ > 0 sufficiently small, that,
first of all, the signed (positive if x ∈ Ω, negative if x 6∈ Ω̄) distance function
d : Sn → R of ∂Ω is smooth in Ωδ := Ω ∩ Bδ(x0) and ‖d‖C3(Ωδ) is bounded. For a

map u′ : Ω̄δ × [0,∞)→ R we consider the operator

Lu′ := −u̇′ + ϕ̇

n
· wiju′;ij + 2 · ϕ̇

n
· n+ 1

1 + |Dϕ|2
· σlkϕ,lu′;k,

in which wij indicates the inverse of wij as before.

Defining the map ϑ : Ωδ → R,

ϑ(x) := d(x)− µd2(x),

where µ� 1 denotes a constant to be chosen sufficiently large, we obtain

ϑ,i = d,i − 2µdd,i, ϑ;ij = d;ij − 2µdd;ij − 2µd,id,j
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and

Lϑ =
ϕ̇

n

[
wijd;ij − 2µdwijd;ij − 2µwijd,id,j +

2(n+ 1)

1 + |Dϕ|2
· σlkϕ,l(d,k − 2µdd,k)

]
.

(6.1)

Throughout the whole C2-estimates we will make use of the following result.

Lemma 6.1. Let A = (aij) be a (symmetric) positive semi-definite matrix and
Λ = (Λij) a bounded matrix (i.e. max

i,j
|Λij | ≤ c <∞), then

|aijΛij | ≤ c(Λ) tr aij .

Proof. Let O be an orthogonal matrix, such that OAOt is diagonal. Then it holds

aijΛij = tr(OAOtOΛOt) = tr(OAΛOt),

since the trace is invariant under change of basis. It follows hence

aijΛij = tr(OAOtOΛOt) =
∑
i

(OAOt)ii(OΛOt)ii,

because OAOt is diagonal. This yields∣∣aijΛij∣∣ ≤∑
i

∣∣(OAOt)ii(OΛOt)ii
∣∣ ≤∑

i

(OAOt)ii · n2 ·max
k,l
|Λkl|

= c(Λ) ·
∑
i

(OAOt)ii = c(Λ) tr aij ,

since OAOt has nonnegative diagonal entries and the absolute value of the entries
of O and Ot is bounded by 1. �

It is a direct consequence of the lemma that

−2µdwijd;ij ≤ cµδ trwij , (6.2)

and of the C1-estimate that

2(n+ 1)

1 + |Dϕ|2
· σpkϕ,p(d,k − 2µdd,k) ≤ c(1 + µδ), (6.3)

for all (x, t) ∈ Ωδ × [0, t∗).

We then consider the difference of the first and the third term of (6.1) with the
corresponding maps evaluated at x0, i.e.

ϕ̇

n
· wij · (d;ij(x)− d;ij(x0)− 2µd,i(x)d,j(x) + 2µd,i(x0)d,j(x0))

and we estimate obtaining

wij (d;ij(x)− d;ij(x0)) ≤ c‖d‖C3(Ωδ) · |x− x0| · trwij ≤ cδ trwij (6.4)

respectively

wij (d,i(x0)d,j(x0)− d,i(x)d,j(x)) =wij (d,i(x0)− d,i(x)) (d,j(x0) + d,j(x))

≤ 2c‖d‖C1(Ωδ) · ‖d‖C2(Ωδ) · |x− x0| · trwij

≤ cδ trwij (6.5)
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for all (x, t) ∈ Ωδ × [0, t∗). It remains therefore to handle with

wijd;ij(x0)− 2µwijd,i(x0)d,j(x0).

For this we need to exploit the geometry of ∂Ω and use that on the sphere d;ij

is negative semi-definite (see for instance [2]). After a rotation of the first n − 1
coordinates and remembering that ν̄(x0) = en, we therefore have

d;ij(x0) = d,ij(x0) =


−k1 0 . . . 0

0
. . .

. . .
...

...
. . . −kn−1 0

0 . . . 0 0

 ,

where there is a constant ε̃ ≡ ε̃(∂Ω) > 0 such that −ki ≤ −ε̃ for all principal
curvatures ki, i = 1, . . . , n− 1, of ∂Ω.

In x0 one consequently gets

wijd;ij = −k1w
11 − k2w

22 − . . .− kn−1w
n−1n−1 ≤ −ε̃(w11 + w22 + . . .+ wn−1n−1)

and
µwijd,id,j = µwnn,

since the differential of the distance function coincide with the normal vector: Dd =
ν̄ = en. Thus in x0 it holds

wijd;ij − 2µwijd,id,j ≤ −ε̃(w11 + w22 + . . .+ wn−1n−1)− 2µwnn. (6.6)

On one side it is now possible to choose µ, so that 2µ ≥ ε̃, to get

1

2

(
wijd;ij − 2µwijd,id,j

)
≤ − ε̃

2

(
w11 + w22 + . . .+ wn−1n−1 + wnn

)
= − ε̃

2
· trwij .

(6.7)
On the other side the inequality of arithmetic and geometric means,

ε̃(w11 + w22 + . . .+ wn−1n−1) + 2µwnn

n
≥ ε̃(n−1)/n(2µ)1/n

(
n∏
i=1

wii

)1/n

,

yields for the terms of (6.6), which we didn’t already considered above,

1

2

(
wijd;ij − 2µwijd,id,j

)
≤ −n

2
· ε̃(n−1)/n(2µ)1/n

(
n∏
i=1

wii

)1/n

and from the Hadamard’s inequality for positive definite matrices (a proof can be
found in [5]),

det(wij) ≤
n∏
i=1

wii,

it follows

1

2

(
wijd;ij − 2µwijd,id,j

)
≤ −n

(
ε̃

2

)(n−1)/n

µ1/n
(
detwij

)1/n
.

Corollary 5.4 implies that there is a positive constant c such that det(wij) =
det−1(wij) ≥ 1

c > 0, it follows hence

1

2

(
wijd;ij − 2µwijd,id,j

)
≤ −n

c
·
(
ε̃

2

)(n−1)/n

µ1/n.
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Let now ε′ > 0 be a small constant, fulfiling ε′ <
ε̃

2
and ε :=

minx∈Ω̄ ϕ̇(x, 0)

n
·ε′ > 0.

Fixing µ so large that µ1/n ≥
c+ ε̃

2 − ε
′

n
c ·
(
ε̃
2

)(n−1)/n
and then δ so small that cµδ ≤ ε̃

2
− ε′

for appropriate constants c, we obtain

ϕ̇

n
·
[

1

2

(
wijd;ij − 2µwijd,id,j

)
+

2(n+ 1)

1 + |Dϕ|2
· σpkϕ,p(d,k − 2µdd,k)

]
≤ 0,

for all x ∈ Ωδ, from (6.3), and

ϕ̇

n
·
[

1

2

(
wijd;ij − 2µwijd,id,j

)
− 2µdwijd;ij

]
≤ −ε trwij ,

for all x ∈ Ωδ, from (6.2), (6.4), (6.5) and (6.7). We can thus state the existence of
a constant ε > 0 so that Lϑ ≤ −ε trwij in Ωδ.

We have furthermore ϑ = 0 on ∂Ω and ϑ = (1 − µδ)δ ≥ 0 in Ω ∩ ∂Bδ(x0), if we
choose δ ≤ 1/µ, if necessary. This implies{

Lϑ ≤ −ε trwij in Ωδ

ϑ ≥ 0 on ∂Ωδ.

We now extend the normal vector ν̄ to ∂Ω smoothly to the interior of Ω and define
for a fixed time 0 ≤ t < t∗ the barriers Θ(·, t) : Ωδ → R,

Θ(x, t) := Aϑ(x) +Bσij(x
i − xi0)(xj − xj0)− ν̄l(ι(x))ϕ,l(x, t),

with A,B � 1. By choosing B sufficiently large we can achieve

Θ ≥ 0

on ∂Ωδ, since the last term is bounded because of the C1-estimate. In Ωδ it holds

σlkϕ,l ·
(
σij(x

i − xi0)(xj − xj0)
)
,k

= σlkϕ,l · 2σik(xi − xi0) ≤ c

as well as

wkl
(
σij(x

i − xi0)(xj − xj0)
)

;kl
= 2wklσkl − wkl · σΓmkl · 2σim(xi − xi0) ≤ c trwij

and therefore

L
(
σij(x

i − xi0)(xj − xj0)
)
≤ c trwij + c.

Remark 6.2. Here and in the following the trace is taken with respect to the metric
σij .

We then calculate

L(ν̄lϕ,l) = − ν̄lϕ̇,l +
ϕ̇

n
· wij(ν̄lϕ;lij + ν̄l;iϕ;lj + ν̄l;jϕ;li + ν̄l;ijϕ,l)

+
2ϕ̇

n
· n+ 1

1 + |Dϕ|2
· σpkϕ,p

(
ν̄l;kϕ,l + ν̄lϕ;lk

)
= ν̄l

[
−ϕ̇,l +

ϕ̇

n
· wijϕ;lij +

ϕ̇

n
· 2(n+ 1)

1 + |Dϕ|2
· σpkϕ;lkϕ,p

]
+

2ϕ̇

n
· ν̄l;iwijϕ;lj +

ϕ̇

n
· wij ν̄l;ijϕ,l +

2ϕ̇

n
· n+ 1

1 + |Dϕ|2
· σpkν̄l;kϕ,lϕ,p.

(6.8)
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At this point we make use of the partial differential equation (1.2) to get rid of the
third derivatives of ϕ. Interchanging covariant derivatives

ϕ;ijl = ϕ;ilj +Rmijlϕ,m = ϕ;lij +Rmijlϕ,m, (6.9)

by means of the Riemannian curvature tensor of the sphere Rmijl, and using

wijϕ;lj = wij (σlj − wlj + ϕ,lϕ,j) = wijσlj − δil + wijϕ,lϕ,j

it follows

wpqwpq;k =wpq (σpq;k − ϕ;pqk + ϕ;pkϕ,q + ϕ,pϕ;qk)

= − wpqϕ;pqk + wpqϕ;pkϕ,q + wpqϕ,pϕ;qk

= − wpq (ϕ;kpq +Rspqkϕ,s)

+ (wpqσpk − δqk + wpqϕ,pϕ,k)ϕ,q + (wpqσqk − δpk + wpqϕ,qϕ,k)ϕ,p

= − wpqϕ;kpq − wpqRspqkϕ,s + 2wpqσpkϕ,q − 2ϕ,k + 2wpqϕ,pϕ,qϕ,k.

Differentiating the partial differential equation (1.2), as previously mentioned,

ϕ̇;l =
1

n
· ϕ̇
[
(n+ 1) · 2σpqϕ;plϕ,q

(1 + |Dϕ|2)
− wpqwpq;l

]
,

we then obtain

ϕ̇,l =
ϕ̇

n
·
[

2(n+ 1)

1 + |Dϕ|2
· σpqϕ;plϕ,q + wpqϕ;lpq

+wpqRspqlϕ,s − 2wijσilϕ,j + 2ϕ,l − 2wpqϕ,pϕ,qϕ,l

]
and, as an immediate consequence,

ϕ̇,l −
ϕ̇

n

(
wpqϕ;lpq +

2(n+ 1)

1 + |Dϕ|2
· σpqϕ;plϕ,q

)
=
ϕ̇

n
·
(
wpqRspqlϕ,s − 2wijσilϕ,j + 2ϕ,l − 2wpqϕ,pϕ,qϕ,l

)
. (6.10)

Let us now remark that, according to the Gauß equation, the unit sphere Sn as an
hypersurface in Rn+1 possess the (purely covariant) Riemannian curvature tensor

Rijkl = hSn

ik h
Sn

jl − hSn

il h
Sn

jk = σikσjl − σilσjk, (6.11)

since its first and second fundamental form coincide. Therefore inserting the for-
mula

Rmjkl = σmiRijkl = δmk σjl − δml σjk (6.12)

of the Riemannian curvature tensor of the sphere in the first term on the right side
of (6.10),

wjkRmjklϕ,m = wjk(δmk σjl − δml σjk)ϕ,m = wjmσjlϕ,m − wjkσjkϕ,l,
we get

ϕ̇,l −
ϕ̇

n

(
wpqϕ;lpq +

2(n+ 1)

1 + |Dϕ|2
· σpqϕ;plϕ,q

)
=
ϕ̇

n
·
(
wjmσjlϕ,m − wjkσjkϕ,l − 2wijσilϕ,j + 2ϕ,l − 2wijϕ,iϕ,jϕ,l

)
=
ϕ̇

n
·
(
−ϕ,l · trwij − wijσilϕ,j + 2ϕ,l − 2wijϕ,iϕ,jϕ,l

)
. (6.13)
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Eliminating the derivatives of third order in (6.8), this provides

L(ν̄lϕ,l) = ν̄l
[
−ϕ̇,l +

ϕ̇

n
· wijϕ;lij +

ϕ̇

n
· 2(n+ 1)

1 + |Dϕ|2
· σpkϕ;lkϕ,p

]
+

2ϕ̇

n
· ν̄l;iwijϕ;lj +

ϕ̇

n
· wij ν̄l;ijϕ,l +

2ϕ̇

n
· n+ 1

1 + |Dϕ|2
· σpkν̄l;kϕ,lϕ,p

= ν̄l
[
− ϕ̇
n
·
(
−ϕ,l · trwij − wijσilϕ,j + 2ϕ,l − 2wpqϕ,pϕ,qϕ,l

)]
+

2ϕ̇

n
· ν̄l;i(wijσlj − δil + wijϕ,lϕ,j) +

ϕ̇

n
· wij ν̄l;ijϕ,l

+
2ϕ̇

n
· n+ 1

1 + |Dϕ|2
· σpkν̄l;kϕ,lϕ,p

=
ϕ̇

n
·
[
ν̄lϕ,l · trwij + ν̄lwijσilϕ,j − 2ν̄lϕ,l (1− wpqϕ,pϕ,q)

+ 2ν̄l;iw
ijσlj − 2ν̄l;l + 2ν̄l;iw

ijϕ,lϕ,j + wij ν̄l;ijϕ,l

+
2(n+ 1)

1 + |Dϕ|2
· σpkν̄l;kϕ,lϕ,p

]
. (6.14)

and therefore ∣∣L(ν̄lϕ,l)
∣∣ ≤ c trwij + c trwij + c(1 + c trwij)

+ c trwij + c+ c trwij + c trwij

+ c

≤ c
(
1 + trwij

)
. (6.15)

We hence obtain

LΘ = ALϑ+BL|x− x0|2 − L(ν̄lϕ,l)

≤ −Aε trwij +Bc(1 + trwij) + c
(
1 + trwij

)
≤ c(1 +B) + (−Aε+ c(B + 1)) trwij .

Corollary 5.4 and the inequality of arithmetic and geometric means provide a
strictly positive lower bound for the trace of wij :

0 < c ≤ det1/n(wij) ≤ 1

n
trwij .

Thus it is possible to pick A sufficiently large, namely A ≥ c(1 +B)

ε
·
(

1 +
1

trwij

)
,

to get LΘ ≤ 0 in Ωδ. Applying the maximum principle, it follows from{
LΘ ≤ 0 in Ωδ × [0, t∗),

Θ ≥ 0 on ∂Ωδ × [0, t∗)

that Θ is nonnegative in Ωδ. We have further that Θ(x0, t) = 0 is a minimum. This
implies

Θ,i(x0, t)ν̄
i(ι(x0)) ≤ 0
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for the outward normal ν̄. We obtain

Aϑ,i(x0)ν̄i(ι(x0)) +B
((
σkl(x

k − xk0)(xl − xl0)
)
,i

)
|x=x0

ν̄i(ι(x0))

−
((
ν̄l(ι(x))ϕ,l(x, t)

)
;i

)
|x=x0

ν̄i(ι(x0)) ≤ 0

and, because of
((
σkl(x

k − xk0)(xl − xl0)
)
,i

)
|x=x0

=
(
2σil

(
xl − xl0

))
|x=x0

= 0,

Aϑ,i(x0)ν̄i(ι(x0))− ν̄l;i(ι(x0))ν̄i(ι(x0))ϕ,l(x0, t)− ϕ,ν̄ν̄(x0, t) ≤ 0.

Finally, since ϑ,i(x0) and the first derivatives of ϕ are bounded:

−ϕ,ν̄ν̄(x0, t) ≤ c.

Interior C2-estimates. Assume 0 < t′ < t∗ to be fixed. Let ν̄ be a smooth
extension to Ω of the outward unit normal vector field to ∂Ω. Define v′ : Ω̄×Rn ×
Rn × [0, t′]→ R by

v′(x, ξ1, ξ2, t) := −ν̄l;kϕ,l
(
〈ξ1, ν̄〉σ ξ

′k
2 + 〈ξ2, ν̄〉σ ξ

′k
1

)
, (6.16)

where

ξ′i := ξi − 〈ξi, ν̄〉σ ν̄
indicates the tangential component of the vector ξi, with i = 1, 2, and where we
write 〈·, ·〉σ for the inner product induced by σ, that means for instance 〈ξ, ν̄〉σ =
σijξ

iν̄j . Moreover let v′ij : Ω̄ × [0, t′] → R, with 1 ≤ i, j ≤ n, represent the
component functions

v′ij(x, t) := −ν̄q;pϕ,q
[
σkiν̄

k
(
δpj − σlj ν̄

lν̄p
)

+ σkj ν̄
k
(
δpi − σliν̄

lν̄p
)]
,

of the symmetric 2-tensor field v′.

For λ > 0 to be chosen sufficiently large we maximize the map v : Ω̄×Sn×[0, t′]→
R, given by

v(x, ξ(x), t) := log

([
wij(x, t) + v′ij(x, t)

]
ξi(x)ξj(x)

σij(x)ξi(x)ξj(x)
+ C

)
+

1

2
λ|Dϕ(x, t)|2,

over all (x, ξ, t). The constant C is chosen such that the argument of the logarithm
is greater than or equal to 1 and therefore positive. This is possible since wijξ

iξj

and σijξ
iξj are positive, ν and ξ are smooth vectors fields and the first derivatives

of ϕ are bounded, as we have seen.

The continuity of the map v implies that it has to achieve its maximum on the
compact set Ω̄× Sn×[0, t′]. We initially suppose that this is attained in an interior
point (x0, ξ0, t0) ∈ Ω×Sn×(0, t′] and, following an idea of [3], we choose Riemannian
normal coordinates around x0, such that

σij(x0) = δij and σΓkij(x0) = 0,

whenever 1 ≤ i, j, k ≤ n. For the sake of simplicity we further rotate the coordinate
system at (x0, t0) in order that

w11 + v′11 = sup
ξ∈Sn

(
wij + v′ij

)
ξiξj

σijξiξj
≡
(
wij + v′ij

)
ξi0ξ

j
0

σijξi0ξ
j
0

,
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we indicate by ξ1 the constant vector field given by ξ1(x) := (1, 0, . . . , 0) for all
x ∈ Ω, in these coordinates, so that ξ1(x0) = ξ0, and we hence define

W (x, t) := v(x, ξ1, t) = log (w11(x, t) + v′(x, ξ1, ξ1, t) + C) +
1

2
λ|Dϕ(x, t)|2.

For a map u′ : Ω̄× [0,∞)→ R we will need to consider the following operator

Pu′ := u̇′ − ϕ̇

n
· wiju′;ij − 2 · ϕ̇

n

(
n+ 1

1 + |Dϕ|2
· σpk − wpk

)
ϕ,pu

′
;k,

and compute PW (x0, t0), which we will now show to be nonnegative as v is maximal
at (x0, ξ0, t0). From this inequality we then deduce an upper bound on w11(x0, t0)
as well as on v(x0, ξ0, t0) and consequently on both maps v(x, ξ, t) and wij(x, t).

To prove that there is no loss of generality working with W instead of v, we claim
that the covariant (at least up to the second order) and the first time derivatives of((

wij + v′ij
)
ξiξj

σijξiξj

)
|ξ=ξ1

and w11 + v′11

coincide at (x0, t0) (in normal coordinates). Taking into account that the differential
of ξ1 vanish at x0 since it is a constant vector field and the partial and covariant
derivatives coincide there, it holds namely for the first derivatives((

wij + v′ij
)
ξiξj

σijξiξj

)
;k

=

(
wij;k + v′ij;k

)
ξiξj

σijξiξj
+

2
(
wij + v′ij

)
ξi;kξ

j

σijξiξj

−

((
wij + v′ij

)
ξiξj

) (
2σpqξ

p
;kξ

q
)

(σijξiξj)
2 (6.17)

and, hence in (x0, t0),((
wij + v′ij

)
ξiξj

σijξiξj

)
;k|ξ=ξ1

= w11;k + v′11;k.

Analogously for the time derivative we have

d

dt

((
wij + v′ij

)
ξiξj

σijξiξj

)
=

d
dt

(
wij + v′ij

)
ξiξj

σijξiξj
+

2
(
wij + v′ij

) (
d
dtξ

i
)
ξj

σijξiξj

−
((
wij + v′ij

)
ξiξj

) (
2σpq

(
d
dtξ

p
)
ξq
)

(σijξiξj)
2 ,

and, in (x0, t0) if ξ = ξ1,

d

dt

((
wij + v′ij

)
ξiξj

σijξiξj

)
=

d

dt
(w11 + v′11) ,
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since ξ1 is clearly constant in time. Differentiating the first term of the first deriva-
tives (6.17) one gets

(
wij;k + v′ij;k

)
ξiξj

σijξiξj


;l

=

(
wij;kl + v′ij;kl

)
ξiξj

σijξiξj
+

2
(
wij;k + v′ij;k

)
ξi;lξ

j

σijξiξj

−

((
wij;k + v′ij;k

)
ξiξj

)(
2σpqξ

p
;lξ
q
)

(σijξiξj)
2 ,

and, doing the same for the second term of (6.17), it follows(
2
(
wij + v′ij

)
ξi;kξ

j

σijξiξj

)
;l

=
2
(
wij;l + v′ij;l

)
ξi;kξ

j

σijξiξj
+

2
(
wij + v′ij

)
ξi;klξ

j

σijξiξj

+
2
(
wij + v′ij

)
ξi;kξ

j
;l

σijξiξj
−

(
2
(
wij + v′ij

)
ξi;kξ

j
)(

2σpqξ
p
;lξ
q
)

(σijξiξj)
2

and for the last((wij + v′ij
)
ξiξj

) (
2σpqξ

p
;kξ

q
)

(σijξiξj)
2


;l

=

((
wij + v′ij

)
ξiξj

)
;l

(
2σpqξ

p
;kξ

q
)

(σijξiξj)
2 +

((
wij + v′ij

)
ξiξj

) (
2σpqξ

p
;kξ

q
)

;l

(σijξiξj)
2

−

((
wij + v′ij

)
ξiξj

) (
2σpqξ

p
;kξ

q
)(

(σrsξ
rξs)

2
)

;l

(σijξiξj)
4 .

The terms of this last expression may be written as((
wij + v′ij

)
ξiξj

)
;l

(
2σpqξ

p
;kξ

q
)

(σijξiξj)
2

=

((
wij;l + v′ij;l

)
ξiξj + 2

(
wij + v′ij

)
ξi;lξ

j
)(

2σpqξ
p
;kξ

q
)

(σijξiξj)
2 ,

respectively((
wij + v′ij

)
ξiξj

) (
2σpqξ

p
;kξ

q
)

;l

(σijξiξj)
2 =

((
wij + v′ij

)
ξiξj

) (
2σpqξ

p
;klξ

q + 2σpqξ
p
;kξ

q
;l

)
(σijξiξj)

2
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and, last of all,((
wij + v′ij

)
ξiξj

) (
2σpqξ

p
;kξ

q
)(

(σrsξ
rξs)

2
)

;l

(σijξiξj)
4

=

((
wij + v′ij

)
ξiξj

) (
2σijξ

i
;kξ

j
) (

2σijξ
iξj
) (

2σijξ
i
;lξ
j
)

(σijξiξj)
4 .

As remarked above, since ξ1 is constant and the partial and covariant derivatives
coincide at x0, all products containing first derivatives of ξ1 vanish and from this
last calculations we hence obtain((

wij + v′ij
)
ξiξj

σijξiξj

)
;kl|ξ=ξ1

=

(
wij;kl + v′ij;kl

)
ξi1ξ

j
1

σijξi1ξ
j
1

+
2
(
wij + v′ij

)
ξi1;klξ

j
1

σijξi1ξ
j
1

−

((
wij + v′ij

)
ξi1ξ

j
1

)(
2σpqξ

p
1;klξ

q
1

)
(
σijξi1ξ

j
1

)2 (6.18)

for the second covariant derivatives at (x0, t0). Furthermore the maximality of
wij + v′ij in direction ξ1 in (x0, t0) implies that this is an eigenvector of wij + v′ij
with respect to σ, i.e. it holds

(
wij + v′ij

)
ξj1 = λ̂σijξ

j
1, for a λ̂ ∈ R, and this provides

2
(
wij + v′ij

)
ξi1;klξ

j
1

σijξi1ξ
j
1

=
2λ̂σijξ

i
1;klξ

j
1

σijξi1ξ
j
1

as well as((
wij + v′ij

)
ξi1ξ

j
1

)(
2σpqξ

p
1;klξ

q
1

)
(
σijξi1ξ

j
1

)2 =

(
λ̂σijξ

i
1ξ
j
1

)(
2σpqξ

p
1;klξ

q
1

)
(
σijξi1ξ

j
1

)2 =
2λ̂
(
σpqξ

p
1;klξ

q
1

)
σijξi1ξ

j
1

.

Equation (6.18) consequently becomes((
wij + v′ij

)
ξiξj

σijξiξj

)
;kl|ξ=ξ1

=

(
wij;kl + v′ij;kl

)
ξi1ξ

j
1

σijξi1ξ
j
1

+
2λ̂σijξ

i
1;klξ

j
1

σijξi1ξ
j
1

−
2λ̂σijξ

i
1;klξ

j
1

σijξi1ξ
j
1

=w11;kl + v′11;kl

at (x0, t0) and this concludes the proof of the desired identities.

We now introduce the notation ṽ := v′11 + C and we want to compute

PW = Ẇ − ϕ̇

n
· wijW;ij − 2 · ϕ̇

n

(
n+ 1

1 + |Dϕ|2
· σpk − wpk

)
ϕ,pW;k

=P (log(w11 + ṽ)) + P

(
1

2
λ|Dϕ|2

)
.
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On one side it is possible to rewrite the first term in the following form

P (log(w11 + ṽ)) =
ẇ11 + ˙̃v

w11 + ṽ
− ϕ̇

n
· wkl

[
w11;kl + ṽ;kl

w11 + ṽ
− (w11;k + ṽ;k)(w11;l + ṽ;l)

(w11 + ṽ)2

]
− 2 · ϕ̇

n

(
n+ 1

1 + |Dϕ|2
· σpk − wpk

)
ϕ,p

(
w11;k + ṽ;k

w11 + ṽ

)
=

ẇ11

w11 + ṽ
+

˙̃v

w11 + ṽ
− ϕ̇

n
· wkl · w11;kl

w11 + ṽ
− ϕ̇

n
· wkl · ṽ;kl

w11 + ṽ

+
ϕ̇

n
· wkl · (w11;k + ṽ;k)(w11;l + ṽ;l)

(w11 + ṽ)2

− 2ϕ̇

n

(
n+ 1

1 + |Dϕ|2
· σpk − wpk

)
ϕ,p ·

w11;k

w11 + ṽ

− 2ϕ̇

n

(
n+ 1

1 + |Dϕ|2
· σpk − wpk

)
ϕ,p ·

ṽ;k

w11 + ṽ

=
Pw11

w11 + ṽ
+

P ṽ

w11 + ṽ
+
ϕ̇

n
· wkl · (w11;k + ṽ;k)(w11;l + ṽ;l)

(w11 + ṽ)2
.

and on the other side

P

(
1

2
λ|Dϕ|2

)
=λσrsϕ̇,rϕ,s

− ϕ̇

n
· wkl [λ (σrsϕ;rklϕ,s + σrsϕ;rkϕ;sl)]

− 2 · ϕ̇
n

(
n+ 1

1 + |Dϕ|2
· σpk − wpk

)
ϕ,p (λσrsϕ;rkϕ,s)

=λσrs · 1

n
· ϕ̇
[
(n+ 1) · 2σpqϕ;prϕ,q

(1 + |Dϕ|2)
− wpqwpq;r

]
ϕ,s

− λϕ̇

n
· wklσrsϕ;rklϕ,s −

λϕ̇

n
· wklσrsϕ;rkϕ;sl

− 2λϕ̇

n

(
n+ 1

1 + |Dϕ|2
· σpk − wpk

)
· σrsϕ;rkϕ,pϕ,s

=
2λϕ̇

n
· n+ 1

(1 + |Dϕ|2)
· σrsσpqϕ;prϕ,qϕ,s −

λϕ̇

n
· σrswpqwpq;rϕ,s

− λϕ̇

n
· wklσrsϕ;rklϕ,s −

λϕ̇

n
· wklσrsϕ;rkϕ;sl

− 2λϕ̇

n
· n+ 1

1 + |Dϕ|2
· σpkσrsϕ;rkϕ,pϕ,s +

2λϕ̇

n
· wpkσrsϕ;rkϕ,pϕ,s.

(6.19)

We start the estimates considering this last equation, i.e. all the terms containing
the parameter λ, and simplifying the above expression by adding the second term
in the first line and the first in the second line obtaining

−λϕ̇
n
·σrswpqwpq;rϕ,s −

λϕ̇

n
· wklσrsϕ;rklϕ,s = −λϕ̇

n
· σrsϕ,s

(
wpqwpq;r + wklϕ;rkl

)
.
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From the definition of wpq it follows

wpqwpq;r =wpq (σpq;r − ϕ;pqr + ϕ;prϕ,q + ϕ,pϕ;qr)

= − wpqϕ;pqr + wpqϕ;prϕ,q + wpqϕ,pϕ;qr

= − wpq (ϕ;rpq +Rmpqrϕ,m)

+ (wpqσpr − δqr + wpqϕ,pϕ,r)ϕ,q + (wpqσqr − δpr + wpqϕ,qϕ,r)ϕ,p

= − wpqϕ;rpq − wpqRmpqrϕ,m + 2wpqσprϕ,q − 2ϕ,r + 2wpqϕ,pϕ,qϕ,r

in view of

wijϕ;lj = wij (σlj − wlj + ϕ,lϕ,j) = wijσlj − δil + wijϕ,lϕ,j

and of the rule for interchanging covariant derivatives, that we already cited in
(6.9),

ϕ;pqr = ϕ;prq +Rmpqrϕ,m = ϕ;rpq +Rmpqrϕ,m.

Employing this provides

−λϕ̇
n
·σrswpqwpq;rϕ,s −

λϕ̇

n
· wklσrsϕ;rklϕ,s

= −λϕ̇
n
· σrsϕ,s (−wpqϕ;rpq − wpqRmpqrϕ,m + 2wpqσprϕ,q

−2ϕ,r + 2wpqϕ,pϕ,qϕ,r + wklϕ;rkl

)
= −λϕ̇

n
· σrsϕ,s (−wpqRmpqrϕ,m + 2wpqσprϕ,q − 2ϕ,r + 2wpqϕ,pϕ,qϕ,r) .

(6.20)

Inserting the formula (6.12) of the Riemannian curvature tensor of the sphere,

Rmjkl = σmiRijkl = δmk σjl − δml σjk,

in the first term of (6.20),

−wpqRmpqrϕ,m = −wpq(δmq σpr − δmr σpq)ϕ,m = −wpmσprϕ,m + wpqσpqϕ,r,

we get

−λϕ̇
n
·σrswpqwpq;rϕ,s −

λϕ̇

n
· wklσrsϕ;rklϕ,s

= −λϕ̇
n
· (−σrsϕ,swpqRmpqrϕ,m + 2σrsϕ,sw

pqσprϕ,q

−2σrsϕ,sϕ,r + 2wpqϕ,pϕ,qσ
rsϕ,sϕ,r)

= −λϕ̇
n
· (σrsϕ,s (−wpmσprϕ,m + wpqσpqϕ,r) + 2wsqϕ,sϕ,q

−2|Dϕ|2 + 2|Dϕ|2wpqϕ,pϕ,q
)

= −λϕ̇
n
·
(
−wpmϕ,pϕ,m + |Dϕ|2wpqσpq

+2wsqϕ,sϕ,q − 2|Dϕ|2 + 2|Dϕ|2wpqϕ,pϕ,q
)

= −λϕ̇
n
·
(
wpqϕ,pϕ,q + |Dϕ|2wpqσpq − 2|Dϕ|2 + 2|Dϕ|2wpqϕ,pϕ,q

)
.
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We then note that the first term in the first line and the first in the last line of (6.19)
sum to zero

2λϕ̇

n
· n+ 1

1 + |Dϕ|2
· σrsσpqϕ;prϕ,qϕ,s −

2λϕ̇

n
· n+ 1

1 + |Dϕ|2
· σpkσrsϕ;rkϕ,pϕ,s = 0.

Furthermore, we transform the second term in the second line as following

−λϕ̇
n
· wklσrsϕ;rkϕ;sl = − λϕ̇

n
· σrsϕ;rkw

kl (σsl − wsl + ϕ,sϕ,l)

= − λϕ̇

n
· σrsϕ;rk

(
wklσsl − δks + wklϕ,sϕ,l

)
= − λϕ̇

n
·
(
wrkϕ;rk − σrkϕ;rk + σrsϕ,sϕ,lw

klϕ;rk

)
= − λϕ̇

n
·
[
wkr (σrk − wrk + ϕ,rϕ,k)

− σrk (σrk − wrk + ϕ,rϕ,k)

+σrsϕ,sϕ,lw
kl (σrk − wrk + ϕ,rϕ,k)

]
= − λϕ̇

n
·
(
wrkσrk − n+ wkrϕ,kϕ,r − n+ wrkσ

rk − |Dϕ|2

+wklϕ,kϕ,l − |Dϕ|2 + |Dϕ|2wklϕ,kϕ,l
)

= − λϕ̇

n
·
(
wrkσrk + wrkσ

rk − 2n

+2wklϕ,kϕ,l − 2|Dϕ|2 + |Dϕ|2wklϕ,kϕ,l
)
.

So far we therefore have

−λϕ̇
n
· σrswpqwpq;rϕ,s −

λϕ̇

n
· wklσrsϕ;rklϕ,s −

λϕ̇

n
· wklσrsϕ;rkϕ;sl

= − λϕ̇

n
·
(
wpqϕ,pϕ,q + |Dϕ|2wpqσpq − 2|Dϕ|2 + 2|Dϕ|2wpqϕ,pϕ,q

)
− λϕ̇

n
·
(
wrkσrk + wrkσ

rk − 2n+ 2wklϕ,kϕ,l

−2|Dϕ|2 + |Dϕ|2wklϕ,kϕ,l
)

= − λϕ̇

n
·
(
|Dϕ|2wpqσpq + wrkσrk + wrkσ

rk − 2n

+3wpqϕ,pϕ,q − 4|Dϕ|2 + 3|Dϕ|2wpqϕ,pϕ,q
)
.

The last term in the last line of (6.19) is

2λϕ̇

n
· wpkσrsϕ;rkϕ,pϕ,s =

2λϕ̇

n
· σrswpk (σrk − wrk + ϕ,rϕ,k)ϕ,pϕ,s

=
2λϕ̇

n
· σrs

(
wpkσrk − δpr + wpkϕ,rϕ,k

)
ϕ,pϕ,s

=
2λϕ̇

n
·
(
wpsϕ,pϕ,s − σpsϕ,pϕ,s + σrswpkϕ,rϕ,kϕ,pϕ,s

)
=

2λϕ̇

n
·
(
wpsϕ,pϕ,s − |Dϕ|2 + |Dϕ|2wpkϕ,pϕ,k

)
.
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For the terms involving λ we consequently obtain the following evolution equation

P

(
1

2
λ|Dϕ|2

)
= − λϕ̇

n
· σrswpqwpq;rϕ,s −

λϕ̇

n
· wklσrsϕ;rklϕ,s

− λϕ̇

n
· wklσrsϕ;rkϕ;sl +

2λϕ̇

n
· wpkσrsϕ;rkϕ,pϕ,s

= − λϕ̇

n
·
(
|Dϕ|2wpqσpq + wrkσrk + wrkσ

rk − 2n

+3wpqϕ,pϕ,q − 4|Dϕ|2 + 3|Dϕ|2wpqϕ,pϕ,q
)

+
2λϕ̇

n
·
(
wpsϕ,pϕ,s − |Dϕ|2 + |Dϕ|2wpkϕ,pϕ,k

)
= − λϕ̇

n
·
((

1 + |Dϕ|2
)
wklσkl + wklσ

kl − 2n

+
(
1 + |Dϕ|2

)
wklϕ,kϕ,l − 2|Dϕ|2

)
. (6.21)

Hence we can write

PW =
Pw11

w11 + ṽ
+

P ṽ

w11 + ṽ
+
ϕ̇

n
· wkl · (w11 + ṽ);k(w11 + ṽ);l

(w11 + ṽ)2

− λϕ̇

n
·
((

1 + |Dϕ|2
)
wklσkl + wklσ

kl − 2n

+
(
1 + |Dϕ|2

)
wklϕ,kϕ,l − 2|Dϕ|2

)
.

As we did before we denote by trwij the trace of wij with respect to σij , that is
we write

trwij = wklσkl. (6.22)

Furthermore we have already shown that the time derivative of ϕ is uniformly
bounded below, so it holds

−λϕ̇
n
· (1 + |Dϕ|2) · wklσkl = − λϕ̇

n
· (1 + |Dϕ|2) · trwij

≤ − λϕ̇

n
· trwij ≤ −ελ trwij , (6.23)

with a bounded constant ε, and

−λϕ̇
n
· (−2n) ≤ cλ. (6.24)

It follows

PW ≤ Pw11

w11 + ṽ
+

P ṽ

w11 + ṽ
+
ϕ̇

n
· wkl · (w11 + ṽ);k(w11 + ṽ);l

(w11 + ṽ)2

− ελ trwij + cλ− λϕ̇

n
·
(
wklσ

kl +
(
1 + |Dϕ|2

)
wklϕ,kϕ,l − 2|Dϕ|2

)
.

(6.25)

The first step we undertake to compute Pw11 is to eliminate the covariant deriva-
tives of fourth order, which appear in the time derivative as well as in the second
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derivatives of w11:

ẇ11 = −ϕ̇;11 + 2ϕ̇;1ϕ,1

= −ϕ̇;11 +
2ϕ̇

n
·
[

2(n+ 1)

1 + |Dϕ|2
· σpqϕ;p1ϕ,q − wpqwpq;1

]
ϕ,1

= −ϕ̇;11 +
4ϕ̇

n
· n+ 1

1 + |Dϕ|2
· σpqϕ;p1ϕ,qϕ,1 −

2ϕ̇

n
· wpqwpq;1ϕ,1.

We expand the first term in this last expression using the partial differential equa-
tion to get

−ϕ̇;11 = −
[
ϕ̇

n
·
(

2(n+ 1)

1 + |Dϕ|2
· σpqϕ;p1ϕ,q − wpqwpq;1

)]
;1

= −
[
ϕ̇;1

n
·
(

2(n+ 1)

1 + |Dϕ|2
· σpqϕ;p1ϕ,q − wpqwpq;1

)
+
ϕ̇

n
·
(

2(n+ 1)

1 + |Dϕ|2
· (σpqϕ;p11ϕ,q + σpqϕ;p1ϕ;q1)

− 4(n+ 1)

(1 + |Dϕ|2)
2 · (σ

pqϕ;p1ϕ,q)
2

+ wpawbqwab;1wpq;1 − wpqwpq;11

)]
,

which clearly implies

−ϕ̇;11 = − ϕ̇;1

n
·
(

2(n+ 1)

1 + |Dϕ|2
· σpqϕ;p1ϕ,q − wpqwpq;1

)
− 2ϕ̇

n
· n+ 1

1 + |Dϕ|2
· (σpqϕ;p11ϕ,q + σpqϕ;p1ϕ;q1)

+
4ϕ̇

n
· n+ 1

(1 + |Dϕ|2)
2 · (σ

pqϕ;p1ϕ,q)
2

− ϕ̇

n
· wpawbqwab;1wpq;1 +

ϕ̇

n
· wpqwpq;11,

and we obtain

ẇ11 = − ϕ̇;1

n
·
(

2(n+ 1)

1 + |Dϕ|2
· σpqϕ;p1ϕ,q − wpqwpq;1

)
− 2ϕ̇

n
· n+ 1

1 + |Dϕ|2
· (σpqϕ;p11ϕ,q + σpqϕ;p1ϕ;q1)

+
4ϕ̇

n
· n+ 1

(1 + |Dϕ|2)
2 · (σ

pqϕ;p1ϕ,q)
2

− ϕ̇

n
· wpawbqwab;1wpq;1 +

ϕ̇

n
· wpqwpq;11

+
4ϕ̇

n
· n+ 1

1 + |Dϕ|2
· σpqϕ;p1ϕ,qϕ,1 −

2ϕ̇

n
· wpqwpq;1ϕ,1.
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Using the curvature tensor (6.11) of the unit sphere, whose covariant derivatives
vanish, we can interchange (quadruple) covariant differentiation

ϕ;11kl =ϕ;kl11 +Rsk1lϕ;s1 +Rsk1l;1ϕ;s +Rsk1lϕ;1s +Rs11lϕ;ks

+Rs11kϕ;sl +Rs11k;lϕ;s

=ϕ;kl11 + 2Rsk1lϕ;s1 +Rsk1l;1ϕ;s +Rs11lϕ;ks +Rs11kϕ;sl +Rs11k;lϕ;s,

=ϕ;kl11 + 2Rsk1lϕ;s1 +Rs11lϕ;ks +Rs11kϕ;sl,

because of ϕ;ks = ϕ;sk. Applying the symmetry of wkl it follows

wklw11;kl =wkl [−ϕ;11kl + (ϕ;1ϕ;1);kl]

=wkl [−ϕ;kl11 − 2Rsk1lϕ;s1 −Rs11lϕ;ks −Rs11kϕ;sl

+2ϕ;1klϕ;1 + 2ϕ;1kϕ;1l]

=wkl [−ϕ;kl11 − 2Rsk1lϕ;s1 − 2Rs11lϕ;ks + 2ϕ;1klϕ;1 + 2ϕ;k1ϕ;l1

+ ϕ;k11ϕ;l − ϕ;k11ϕ;l + ϕ;l11ϕ;k − ϕ;l11ϕ;k]

=wkl [−ϕ;kl11 − 2Rsk1lϕ;s1 − 2Rs11lϕ;ks + ϕ;k11ϕ;l + 2ϕ;k1ϕ;l1 + ϕ;l11ϕ;k

+2ϕ;1klϕ;1 − ϕ;k11ϕ;l − ϕ;l11ϕ;k]

=wklwkl;11 + wkl (−2Rsk1lϕ;s1 − 2Rs11lϕ;ks + 2ϕ;1klϕ;1 − 2ϕ;k11ϕ;l) .

Combining the first two terms in the expression for Pw11 we have

ẇ11 −
ϕ̇

n
· wklw11;kl = − ϕ̇;1

n
·
(

2(n+ 1)

(1 + |Dϕ|2)
· σpqϕ;p1ϕ,q − wpqwpq;1

)
− 2ϕ̇

n
· n+ 1

1 + |Dϕ|2
· (σpqϕ;p11ϕ,q + σpqϕ;p1ϕ;q1)

+
4ϕ̇

n
· n+ 1

(1 + |Dϕ|2)
2 · (σ

pqϕ;p1ϕ,q)
2

− ϕ̇

n
· wpawbqwab;1wpq;1 +

ϕ̇

n
· wpqwpq;11

+
4ϕ̇

n
· n+ 1

1 + |Dϕ|2
· σpqϕ;p1ϕ,qϕ,1 −

2ϕ̇

n
· wpqwpq;1ϕ,1

− ϕ̇

n
· wklwkl;11

+
2ϕ̇

n
· wkl (Rsk1lϕ;s1 +Rs11lϕ;ks − ϕ;1klϕ;1 + ϕ;k11ϕ;l)
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and consequently, since the sum of the terms containing the covariant derivatives
of fourth order vanishes,

ẇ11 −
ϕ̇

n
· wklw11;kl = − ϕ̇;1

n
·
(

2(n+ 1)

1 + |Dϕ|2
· σpqϕ;p1ϕ,q − wpqwpq;1

)
− 2ϕ̇

n
· n+ 1

1 + |Dϕ|2
· (σpqϕ;p11ϕ,q + σpqϕ;p1ϕ;q1)

+
4ϕ̇

n
· n+ 1

(1 + |Dϕ|2)
2 · (σ

pqϕ;p1ϕ,q)
2

− ϕ̇

n
· wpawbqwab;1wpq;1

+
4ϕ̇

n
· n+ 1

1 + |Dϕ|2
· σpqϕ;p1ϕ,qϕ,1 −

2ϕ̇

n
· wpqwpq;1ϕ,1

+
2ϕ̇

n
· wkl (Rsk1lϕ;s1 +Rs11lϕ;ks − ϕ;1klϕ;1 + ϕ;k11ϕ;l) .

We can simplify this further on, indeed

−2ϕ̇

n
· wpqwpq;1ϕ,1 −

2ϕ̇

n
· wkl (ϕ;1klϕ;1)

= − 2ϕ̇

n

(
wpqwpq;1ϕ,1 + wklϕ;1klϕ;1

)
= − 2ϕ̇

n
· ϕ,1 ·

(
−wklϕ;kl1 + wklϕ;k1ϕ,l + wklϕ,kϕ;l1 + wklϕ;1kl

)
= − 2ϕ̇

n
· wklϕ,1 · (−ϕ;kl1 + 2ϕ;k1ϕ,l + ϕ;kl1 +Rs1klϕ,s)

= − 4ϕ̇

n
· ϕ,1wklϕ;k1ϕ,l,

where the symmetry of wkl and the skew symmetry of the curvature tensor imply

wklRs1kl = wlkRs1lk = wklRs1lk = −wklRs1kl

and then wklRs1kl = 0. It follows

ẇ11 −
ϕ̇

n
· wklw11;kl = − ϕ̇;1

n
·
(

2(n+ 1)

1 + |Dϕ|2
· σpqϕ;p1ϕ,q − wpqwpq;1

)
− 2ϕ̇

n
· n+ 1

1 + |Dϕ|2
· (σpqϕ;p11ϕ,q + σpqϕ;p1ϕ;q1)

+
4ϕ̇

n
· n+ 1

(1 + |Dϕ|2)
2 · (σ

pqϕ;p1ϕ,q)
2

− ϕ̇

n
· wpawbqwab;1wpq;1

+
4ϕ̇

n
· n+ 1

1 + |Dϕ|2
· σpqϕ;p1ϕ,qϕ,1

+
2ϕ̇

n
· wkl (Rsk1lϕ;s1 +Rs11lϕ;ks + ϕ;k11ϕ;l)

− 4ϕ̇

n
· ϕ,1wklϕ;k1ϕ,l. (6.26)
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The term of first order in the expression for Pw11 is given by

−2ϕ̇

n

(
n+ 1

1 + |Dϕ|2
· σpk − wpk

)
ϕ,pw11;k

= − 2ϕ̇

n
· n+ 1

1 + |Dϕ|2
· σpkϕ,pw11;k +

2ϕ̇

n
· wpkϕ,pw11;k. (6.27)

Adding the first part of this last expression to the first term in the second line and
to the term in the fifth line of (6.26) yields

−2ϕ̇

n
· n+ 1

1 + |Dϕ|2
· σpqϕ;p11ϕ,q −

2ϕ̇

n
· n+ 1

1 + |Dϕ|2
· σpkϕ,pw11;k

+
4ϕ̇

n
· n+ 1

1 + |Dϕ|2
· σpqϕ;p1ϕ,qϕ,1

=
2ϕ̇

n
· n+ 1

1 + |Dϕ|2
(−σpqϕ;p11ϕ,q − σqpϕ,qw11;p + 2σpqϕ;p1ϕ,qϕ,1)

=
2ϕ̇

n
· n+ 1

1 + |Dϕ|2
[−σpqϕ;p11ϕ,q − σpqϕ,q (−ϕ;11p + 2ϕ;1pϕ,1) + 2σpqϕ;p1ϕ,qϕ,1]

=
2ϕ̇

n
· n+ 1

1 + |Dϕ|2
· σpqϕ,q · (−ϕ;p11 + ϕ;11p − 2ϕ;1pϕ,1 + 2ϕ;p1ϕ,1)

=
2ϕ̇

n
· n+ 1

1 + |Dϕ|2
· σpqϕ,q (ϕ,1σ1p − σ11ϕ,p)

=
2ϕ̇

n
· n+ 1

1 + |Dϕ|2
·
(

(ϕ,1)
2 − σ11|Dϕ|2

)
,

where we interchanged the covariant derivatives using once again

ϕ;11p = ϕ;p11 +Rs11pϕ,s,

and inserted the formula (6.12) of the Riemannian curvature tensor of the sphere
to get

ϕ;11p = ϕ;p11 +Rs11pϕ,s = ϕ;p11 +
(
δs1σ1p − δspσ11

)
ϕ,s = ϕ;p11 + ϕ,1σ1p − σ11ϕ,p.

The second part of (6.27), which contains third derivatives can be used to eliminate
a similar term in (6.26):

2ϕ̇

n
· wkl (ϕ;k11ϕ;l) +

2ϕ̇

n
· wpkϕ,pw11;k

=
2ϕ̇

n
·
(
wklϕ;k11ϕ;l + wpkϕ,pw11;k

)
=

2ϕ̇

n
·
(
wklϕ;k11ϕ,l + wlkϕ,lw11;k

)
=

2ϕ̇

n
· wklϕ,l · (ϕ;k11 + w11;k)

=
2ϕ̇

n
· wklϕ,l · (ϕ;k11 − ϕ;11k + 2ϕ;1kϕ,1)

=
2ϕ̇

n
· wklϕ,l · (ϕ;k11 − ϕ;k11 −Rs11kϕ,s + 2ϕ;1kϕ,1)

=
2ϕ̇

n
· wklϕ,l · (−ϕ,1σ1k + σ11ϕ,k + 2ϕ;1kϕ,1) .



38 MARCELLO G. SANI

We hence obtain

Pw11 = ẇ11 −
ϕ̇

n
· wklw11;kl −

2ϕ̇

n

(
n+ 1

1 + |Dϕ|2
· σpk − wpk

)
ϕ,pw11;k

= − ϕ̇;1

n
·
(

2(n+ 1)

1 + |Dϕ|2
· σpqϕ;p1ϕ,q − wpqwpq;1

)
− 2ϕ̇

n
· n+ 1

1 + |Dϕ|2
· σpqϕ;p1ϕ;q1

+
4ϕ̇

n
· n+ 1

(1 + |Dϕ|2)
2 · (σ

pqϕ;p1ϕ,q)
2

− ϕ̇

n
· wpawbqwab;1wpq;1

+
2ϕ̇

n
· wkl (Rsk1lϕ;s1 +Rs11lϕ;ks)

− 4ϕ̇

n
· ϕ,1wklϕ;k1ϕ,l

+
2ϕ̇

n
· n+ 1

1 + |Dϕ|2
·
(

(ϕ,1)
2 − σ11|Dϕ|2

)
+

2ϕ̇

n
· wklϕ,l · (−ϕ,1σ1k + σ11ϕ,k + 2ϕ;1kϕ,1)

and therefore, because two terms sum up to zero,

Pw11 = − ϕ̇;1

n
·
(

2(n+ 1)

1 + |Dϕ|2
· σpqϕ;p1ϕ,q − wpqwpq;1

)
− 2ϕ̇

n
· n+ 1

1 + |Dϕ|2
· σpqϕ;p1ϕ;q1

+
4ϕ̇

n
· n+ 1

(1 + |Dϕ|2)
2 · (σ

pqϕ;p1ϕ,q)
2

− ϕ̇

n
· wpawbqwab;1wpq;1

+
2ϕ̇

n
· wkl (Rsk1lϕ;s1 +Rs11lϕ;ks)

+
2ϕ̇

n
· n+ 1

1 + |Dϕ|2
·
(

(ϕ,1)
2 − σ11|Dϕ|2

)
+

2ϕ̇

n
·
(
−ϕ,1wklσ1kϕ,l + σ11w

klϕ,kϕ,l
)
.

Using (6.12) we rewrite the terms containing the curvature tensor as following

wkl (Rsk1lϕ;s1 +Rs11lϕ;ks) =wkl ((δs1σkl − δsl σk1)ϕ;s1 + (δs1σ1l − δsl σ11)ϕ;ks)

=wkl (σklϕ;11 − σk1ϕ;l1 + σ1lϕ;k1 − σ11ϕ;kl)

=wklσklϕ;11 − σ11w
kl (σkl − wkl + ϕ,kϕ,l)

=wklσklϕ;11 − σ11w
klσkl + σ11δ

k
k − σ11w

klϕ,kϕ,l

=wklσkl (ϕ;11 − σ11) + nσ11 − σ11w
klϕ,kϕ,l

= − wklσkl
(
w11 − (ϕ1)2

)
+ nσ11 − σ11w

klϕ,kϕ,l
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to get

Pw11 = − ϕ̇;1

n
·
(

2(n+ 1)

1 + |Dϕ|2
· σpqϕ;p1ϕ,q − wpqwpq;1

)
− 2ϕ̇

n
· n+ 1

1 + |Dϕ|2
· σpqϕ;p1ϕ;q1

+
4ϕ̇

n
· n+ 1

(1 + |Dϕ|2)
2 · (σ

pqϕ;p1ϕ,q)
2

− ϕ̇

n
· wpawbqwab;1wpq;1

+
2ϕ̇

n
· n+ 1

1 + |Dϕ|2
·
(

(ϕ,1)
2 − σ11|Dϕ|2

)
+

2ϕ̇

n
·
(
−ϕ,1wklσ1kϕ,l + σ11w

klϕ,kϕ,l
)

+
2ϕ̇

n
·
(
−wklσkl

(
w11 − (ϕ1)2

)
+ nσ11 − σ11w

klϕ,kϕ,l
)
.

Consequently some terms cancel:

Pw11 = − ϕ̇;1

n
·
(

2(n+ 1)

1 + |Dϕ|2
· σpqϕ;p1ϕ,q − wpqwpq;1

)
− 2ϕ̇

n
· n+ 1

1 + |Dϕ|2
· σpqϕ;p1ϕ;q1

+
4ϕ̇

n
· n+ 1

(1 + |Dϕ|2)
2 · (σ

pqϕ;p1ϕ,q)
2

− ϕ̇

n
· wpawbqwab;1wpq;1

+
2ϕ̇

n
· n+ 1

1 + |Dϕ|2
·
(

(ϕ,1)
2 − σ11|Dϕ|2

)
− 2ϕ̇

n
· ϕ,1wklσ1kϕ,l

+
2ϕ̇

n
·
(
−wklσkl

(
w11 − (ϕ1)2

)
+ nσ11

)
. (6.28)

The first term is of the form −(ϕ̇,1)2/ϕ̇ and is therefore negative, since ϕ̇ is strictly
positive, whereas the last term is less than a constant by virtue of the bounds on
the metric and the time derivative. For the second-last summand the C1-estimate
yields

2ϕ̇

n
· wklσkl

(
(ϕ,1)2 − w11

)
≤ 2ϕ̇

n
· wklσkl (c− w11) ≤ 0, (6.29)

where we may assume w.l.o.g that the last inequality is satisfied, since otherwise w11

would be bounded from above by this constant c. Moreover, applying Lemma 6.1,
it holds

−2ϕ̇

n
·
(
ϕ,1w

klσ1kϕ,l
)
≤ c trwij . (6.30)
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We estimate the second and the third term of (6.28), getting

−2ϕ̇

n
· n+ 1

1 + |Dϕ|2
· σpqϕ;p1ϕ;q1 +

4ϕ̇

n
· n+ 1

(1 + |Dϕ|2)
2 · (σ

pqϕ;p1ϕ,q)
2

=
2ϕ̇

n
· n+ 1

1 + |Dϕ|2

(
−σpqϕ;p1ϕ;q1 +

2

1 + |Dϕ|2
· (σpqϕ;1pϕ,q)

2

)
≤ 2ϕ̇

n
· n+ 1

1 + |Dϕ|2

(
−σpqϕ;p1ϕ;q1 +

2

1 + |Dϕ|2
· (σpqϕ;1pϕ;1q) (σpqϕ,pϕ,q)

)
≤ 2ϕ̇

n
· n+ 1

1 + |Dϕ|2
(−σpqϕ;p1ϕ;q1 + 2σpqϕ;1pϕ;1q)

=
2ϕ̇

n
· n+ 1

1 + |Dϕ|2
· σpqϕ;p1ϕ;q1,

and because of

σpqϕ;p1ϕ;q1 =σpq (σp1 − wp1 + ϕ,pϕ,1) (σq1 − wq1 + ϕ,qϕ,1)

=σpq(σp1σq1 − wp1σq1 + σq1ϕ,pϕ,1

− σp1wq1 + wp1wq1 − wq1ϕ,pϕ,1
+ σp1ϕ,qϕ,1 − wp1ϕ,qϕ,1 + (ϕ,1)2ϕ,pϕ,q)

=σ11 − 2w11 + 2(ϕ,1)2 + σpqwp1wq1 − 2ϕ,1σ
pqwp1ϕ,q + (ϕ,1)2|Dϕ|2

we obtain

−2ϕ̇

n
· n+ 1

1 + |Dϕ|2
· σpqϕ;p1ϕ;q1 +

4ϕ̇

n
· n+ 1

(1 + |Dϕ|2)
2 · (σ

pqϕ;p1ϕ,q)
2

≤ 2ϕ̇

n
· n+ 1

1 + |Dϕ|2
· σpqϕ;p1ϕ;q1

=
2ϕ̇

n
· n+ 1

1 + |Dϕ|2
· (σ11 − 2w11 + 2(ϕ,1)2

+ σpqwp1wq1 − 2ϕ,1σ
pqwp1ϕ,q + (ϕ,1)2|Dϕ|2). (6.31)

Here, and in some other cases later, we will use that for the (symmetric) positive
definite matrix wij , by testing it with vectors of the form

(1, 0, . . . , 0, 1, 0, . . . , 0) and (1, 0, . . . , 0,−1, 0, . . . , 0),

we have

w11 ± 2w1j + wjj > 0

and clearly

w11 + wjj + v′jj > ∓2w1j + v′jj

for all j = 1, . . . , n. Because of the maximality of (w11 + v′11)(x0, t0) it follows

w11 > |w1j |+
1

2

(
v′jj − v′11

)
= |wj1|+

1

2

(
v′jj − v′11

)
≥ |w1j | − c = |wj1| − c, (6.32)

in the point (x0, t0), for each j = 1, . . . , n.
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Applying hence (6.32) and considering that the second term is negative, since oth-
erwise w11 would be bounded by zero, (6.31) becomes

−2ϕ̇

n
· n+ 1

1 + |Dϕ|2
· σpqϕ;p1ϕ;q1 +

4ϕ̇

n
· n+ 1

(1 + |Dϕ|2)
2 · (σ

pqϕ;p1ϕ,q)
2

≤ 2ϕ̇

n
· n+ 1

1 + |Dϕ|2
· (σ11 − 0 + 2(ϕ,1)2 + σpqwp1wq1 + cw11 + c+ (ϕ,1)2|Dϕ|2).

Inserting this last inequality as well as (6.29) and (6.30) in (6.28), it follows

Pw11 ≤
2ϕ̇

n
· n+ 1

1 + |Dϕ|2
· (σ11 + 2(ϕ,1)2 + σpqwp1wq1 + cw11 + c+ (ϕ,1)2|Dϕ|2)

− ϕ̇

n
· wpawbqwab;1wpq;1

+
2ϕ̇

n
· n+ 1

1 + |Dϕ|2
·
(

(ϕ,1)
2 − σ11|Dϕ|2

)
+ c trwij

+ 0 + c

=
2ϕ̇

n
· n+ 1

1 + |Dϕ|2
· (σ11 + 3(ϕ,1)2 − σ11|Dϕ|2

+ σpqwp1wq1 + cw11 + (ϕ,1)2|Dϕ|2)

− ϕ̇

n
· wpawbqwab;1wpq;1

+ c trwij + c.

Because the metric, the time derivative and the first derivatives of ϕ are bounded,
it is possible to estimate further, to get

Pw11 ≤
2ϕ̇

n
· n+ 1

1 + |Dϕ|2
· (c+ σklwk1wl1 + cw11)

− ϕ̇

n
· wpawbqwab;1wpq;1

+ c trwij + c

≤ 2ϕ̇

n
· n+ 1

1 + |Dϕ|2
·
(
σklwk1wl1

)
+ c+ cw11

− ϕ̇

n
· wpawbqwab;1wpq;1 + c trwij + c

≤ 2ϕ̇

n
· n+ 1

1 + |Dϕ|2
·
(
σklwk1wl1

)
+ c+ cw11 + c trwij

− ϕ̇

n
· wpawbqwab;1wpq;1
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and, inserting this in (6.25),

PW ≤ 1

w11 + ṽ
·
[

2ϕ̇

n
· n+ 1

1 + |Dϕ|2
·
(
σklwk1wl1

)
+ c+ cw11 + c trwij

− ϕ̇

n
· wpawbqwab;1wpq;1

]
+

P ṽ

w11 + ṽ
+
ϕ̇

n
· wkl · (w11 + ṽ);k(w11 + ṽ);l

(w11 + ṽ)2

− ελ trwij + cλ− λϕ̇

n
·
(
wklσ

kl +
(
1 + |Dϕ|2

)
wklϕ,kϕ,l − 2|Dϕ|2

)
.

(6.33)

We now use the following Lemma proved in [11]:

Lemma 6.3. Let
(
aij
)

and (Aij) be symmetric n×n-matrices. Assume that (Aij)

is positive semi-definite and that
(
aij
)

is positive definite with inverse (ãij). Then
we have the inequality

−aijAij +
1

ã11
A11 ≤ 0.

Adding the first and third-last term of inequality (6.33) and using w11 � ṽ (this
assumption is possible since ṽ is bounded) and the last lemma, we achieve

1

w11 + ṽ
· ϕ̇
n
· 2(n+ 1)

1 + |Dϕ|2
·σijwi1wj1 −

λϕ̇

n
· wklσkl

=
ϕ̇

n
·
(

1

w11 + ṽ
· 2(n+ 1)

1 + |Dϕ|2
· σijwi1wj1 − λ · wklσkl

)
≤ ϕ̇

n
·
(

1

w11 + ṽ
· c1(w11 + c2)2 − 1

c3
· λw11

)
≤ ϕ̇

n
· w11 ·

(
c4 −

λ

c3

)
+

c5w11

w11 + ṽ
+

c6
w11 + ṽ

≤ − c · λ
2
· w11 +

cw11

w11 + ṽ
+

c

w11 + ṽ
, (6.34)

for λ large enough.

Since ṽ is of the form ṽ = v′ + C =: −ρiϕi + C, with ρi : Ω̄ × Rn × Rn → R
that doesn’t depend on ϕ, we obtain, analogously to the case of the double normal
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estimates in (6.14) and (6.15),

P ṽ = ˙̃v − ϕ̇

n
· wij · ṽ;ij −

2ϕ̇

n

(
n+ 1

1 + |Dϕ|2
· σpk − wpk

)
ϕ,p · ṽ;k

= ρl
[
−ϕ̇,l +

ϕ̇

n
· wijϕ;lij +

ϕ̇

n
· 2(n+ 1)

1 + |Dϕ|2
· σpkϕ,pϕ;lk

]
+

2ϕ̇

n
· ρl;iwijϕ;lj

+
ϕ̇

n
· wijρl;ijϕ,l +

2ϕ̇

n
· n+ 1

1 + |Dϕ|2
· σpkϕ,pρl;kϕ,l +

2ϕ̇

n
· wpkϕ,pṽ;k

=
ϕ̇

n
·
[
ρlwijσilϕ,j − 2v′

(
1− 1

2
· wijσij − wijϕ,iϕ,j

)
+ 2ρl;iw

ijσjl − 2ρl;l

+ 2ρl;iw
ijϕ,lϕ,j + ρl;ijw

ijϕ,l +
2(n+ 1)

1 + |Dϕ|2
· σpkρl;kϕ,lϕ,p + 2wpkϕ,pṽ;k

]
≤ c · trwij + c+

2ϕ̇

n
· wpkϕ,pṽ;k,

where we inserted the differentiated partial differential equation (6.13), and there-
fore

P ṽ

w11 + ṽ
≤ 1

w11 + ṽ
·
(
c trwij + c+

2ϕ̇

n
· wpkṽ;kϕ,p

)
.

Combining this last estimate and (6.34) with (6.33), provides

PW ≤ 1

w11 + ṽ
·
[
c+ cw11 + c trwij

− ϕ̇

n
· wpawbqwab;1wpq;1

]
+

1

w11 + ṽ

(
c trwij + c+

2ϕ̇

n
· wpkṽ;kϕ,p

)
+
ϕ̇

n
· w

kl(w11 + ṽ);k(w11 + ṽ);l

(w11 + ṽ)2

− ελ trwij + cλ− λϕ̇

n
·
[(

1 + |Dϕ|2
)
wklϕ,kϕ,l − 2|Dϕ|2

]
− c · λ

2
· w11 +

cw11

w11 + ṽ
+

c

w11 + ṽ
. (6.35)

The last terms we have to estimate are

ϕ̇

n
·
(

1

V 2
wklV;kV;l −

1

V
wpawbqwab;1wpq;1

)
,

where we set V := w11 + ṽ.

A direct application of Lemma 6.3 yields

1

V 2
wklV;kV;l −

1

V
wpawbqwab;1wpq;1

≤ 1

V 2
wklV;kV;l −

1

V

1

w11
wklw1k;1w1l;1

=
1

V 2
wklV;kV;l +

1

V w11
wklV;kV;l −

1

V w11
wklV;kV;l −

1

V

1

w11
wklw1k;1w1l;1

=

(
1

V 2
− 1

V w11

)
wklV;kV;l +

1

V w11
wklV;kV;l −

1

V

1

w11
wklw1k;1w1l;1.
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Since V ≥ w11, it holds V 2 ≥ V w11 and consequently the first term is nonpositive
(because of wklV;kV;l ≥ 0):

1

V 2
wklV;kV;l −

1

V
wpawbqwab;1wpq;1 ≤

1

V w11
wklV;kV;l −

1

V

1

w11
wklw1k;1w1l;1.

We factor out the first term on the right-hand side of the inequality to get

wklV;kV;l = wkl(w11 + ṽ);k(w11 + ṽ);l

= wkl(w11;kw11;l + ṽ;kw11;l + ṽ;lw11;k + ṽ;kṽ;l)

= wkl(w11;kw11;l + 2ṽ;kw11;l + ṽ;kṽ;l),

where

wklw11;kw11;l = wkl(−ϕ;11k + 2ϕ;1kϕ,1)(−ϕ;11l + 2ϕ;1lϕ,1)

= wkl(ϕ;11kϕ;11l − 2ϕ;11lϕ;1kϕ,1 − 2ϕ;11kϕ;1lϕ,1 + 4(ϕ,1)2ϕ;1kϕ;1l)

= wkl(ϕ;11kϕ;11l − 4ϕ,1ϕ;11lϕ;1k + 4(ϕ,1)2ϕ;1kϕ;1l). (6.36)

We deal with the second one, using the definition of wij ,

wklw1k;1w1l;1 =wkl(−ϕ;1l1 + ϕ;11ϕ,l + ϕ;l1ϕ,1)(−ϕ;1k1 + ϕ;11ϕ,k + ϕ;k1ϕ,1)

=wkl(ϕ;1l1ϕ;1k1 − ϕ;1l1ϕ;11ϕ,k − ϕ;1l1ϕ;k1ϕ,1

− ϕ;1k1ϕ;11ϕ,l + ϕ;11ϕ,lϕ;11ϕ,k + ϕ;11ϕ,lϕ;k1ϕ,1

− ϕ;1k1ϕ;l1ϕ,1 + ϕ;l1ϕ,1ϕ;11ϕ,k + ϕ;l1ϕ,1ϕ;k1ϕ,1)

=wkl[ϕ;1l1ϕ;1k1 − 2ϕ;11ϕ;1l1ϕ,k − 2ϕ,1ϕ;1l1ϕ;k1

+ (ϕ;11)2ϕ,lϕ,k + 2ϕ;11ϕ,1ϕ,lϕ;k1 + (ϕ,1)2ϕ;l1ϕ;k1]

and interchanging covariant derivatives,

wklw1k;1w1l;1 =wkl[(ϕ;11l −Rr11lϕ,r)(ϕ;11k −Rs11kϕ,s)

− 2ϕ;11(ϕ;11l −Rs11lϕ,s)ϕ,k − 2ϕ,1(ϕ;11l −Rs11lϕ,s)ϕ;k1

+ (ϕ;11)2ϕ,lϕ,k + 2ϕ;11ϕ,1ϕ,lϕ;k1 + (ϕ,1)2ϕ;l1ϕ;k1]

=wkl[ϕ;11kϕ;11l − ϕ;11lR
s
11kϕ,s − ϕ;11kR

r
11lϕ,r

+ (Rs11kϕ,s)(R
r
11lϕ,r)

− 2ϕ;11ϕ;11lϕ,k + 2ϕ;11ϕ,kR
s
11lϕ,s

− 2ϕ,1ϕ;11lϕ;k1 + 2ϕ,1ϕ;k1R
s
11lϕ,s

+ (ϕ;11)2ϕ,lϕ,k + 2ϕ;11ϕ,1ϕ,lϕ;k1 + (ϕ,1)2ϕ;l1ϕ;k1]

=wkl[ϕ;11kϕ;11l − 2ϕ;11lR
s
11kϕ,s + (Rs11kϕ,s)(R

r
11lϕ,r)

− 2ϕ;11ϕ;11lϕ,k + 2ϕ;11ϕ,kR
s
11lϕ,s

− 2ϕ,1ϕ;11lϕ;k1 + 2ϕ,1ϕ;k1R
s
11lϕ,s

+ (ϕ;11)2ϕ,lϕ,k + 2ϕ;11ϕ,1ϕ,lϕ;k1 + (ϕ,1)2ϕ;l1ϕ;k1]. (6.37)
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The terms containing the product of the third derivatives of ϕ vanish in the differ-
ence of (6.36) and (6.37)

wkl (w11;kw11;l − w1k;1w1l;1) =wkl[ϕ;11kϕ;11l − 4ϕ,1ϕ;11lϕ;1k + 4(ϕ,1)2ϕ;1kϕ;1l

− ϕ;11kϕ;11l + 2ϕ;11lR
s
11kϕ,s

− (Rs11kϕ,s)(R
r
11lϕ,r)

+ 2ϕ;11ϕ;11lϕ,k − 2ϕ;11ϕ,kR
s
11lϕ,s

+ 2ϕ,1ϕ;11lϕ;k1 − 2ϕ,1ϕ;k1R
s
11lϕ,s

− (ϕ;11)2ϕ,lϕ,k − 2ϕ;11ϕ,1ϕ,lϕ;k1

− (ϕ,1)2ϕ;l1ϕ;k1]

=wkl[−2ϕ,1ϕ;11lϕ;1k + 3(ϕ,1)2ϕ;1kϕ;1l

+ 2ϕ;11lR
s
11kϕ,s − (Rs11kϕ,s)(R

r
11lϕ,r)

+ 2ϕ;11ϕ;11lϕ,k − 2ϕ;11ϕ,kR
s
11lϕ,s

− 2ϕ,1ϕ;k1R
s
11lϕ,s

− (ϕ;11)2ϕ,lϕ,k − 2ϕ;11ϕ,1ϕ,lϕ;k1]. (6.38)

Substituting the expression (6.12) of the Riemannian curvature tensor of the sphere,
given by

Rs11k = δs1σ1k − δskσ11,

we obtain for a term involving third derivatives

2ϕ;11lR
s
11kϕ,s = 2ϕ;11l(δ

s
1σ1k − δskσ11)ϕ,s

= 2ϕ;11lσ1kϕ,1 − 2ϕ;11lσ11ϕ,k. (6.39)

We do the same for

wkl(Rs11kϕ,s)(R
r
11lϕ,r) =wkl(δs1σ1k − δskσ11)ϕ,s(δ

r
1σ1l − δrl σ11)ϕ,r

=wkl(δs1σ1kδ
r
1σ1l − δs1σ1kδ

r
l σ11

− δskσ11δ
r
1σ1l + δskσ11δ

r
l σ11)ϕ,sϕ,r

= (ϕ,1)2wklσ1kσ1l − 2σ11ϕ,1w
klσ1kϕ,l + (σ11)2wklϕ,kϕ,l.

(6.40)

In the same way for the two other terms involving the curvature tensor it holds

2wklϕ;11ϕ,kR
s
11lϕ,s = 2wklϕ;11ϕ,k(δs1σ1l − δsl σ11)ϕ,s

= 2ϕ;11ϕ,1w
klϕ,kσ1l − 2σ11ϕ;11w

klϕ,kϕ,l. (6.41)

and

2wklϕ,1ϕ;k1R
s
11lϕ,s = 2wklϕ,1ϕ;k1(δs1σ1l − δsl σ11)ϕ,s

= 2(ϕ1)2wklϕ;k1σ1l − 2σ11ϕ,1w
klϕ;k1ϕ,l. (6.42)
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Inserting (6.39), (6.40), (6.41) and (6.42) into the expression (6.38), that we need
to estimate, provides

wkl (w11;kw11;l − w1k;1w1l;1) =wkl[−2ϕ,1ϕ;11lϕ;1k + 3(ϕ,1)2ϕ;1kϕ;1l

+ 2ϕ;11lR
s
11kϕ,s − (Rs11kϕ,s)(R

r
11lϕ,r)

+ 2ϕ;11ϕ;11lϕ,k − 2ϕ;11ϕ,kR
s
11lϕ,s

− 2ϕ,1ϕ;k1R
s
11lϕ,s

− (ϕ;11)2ϕ,lϕ,k − 2ϕ;11ϕ,1ϕ,lϕ;k1]

=wkl[−2ϕ,1ϕ;11lϕ;1k + 3(ϕ,1)2ϕ;1kϕ;1l

+ 2ϕ;11lσ1kϕ,1 − 2σ11ϕ;11lϕ,k

− (ϕ,1)2σ1kσ1l + 2σ11ϕ,1σ1kϕ,l − (σ11)2ϕ,kϕ,l

+ 2ϕ;11ϕ;11lϕ,k − 2ϕ;11ϕ,1ϕ,kσ1l

+ 2σ11ϕ;11ϕ,kϕ,l

− 2(ϕ,1)2ϕ;k1σ1l + 2σ11ϕ,1ϕ;k1ϕ,l

− (ϕ;11)2ϕ,lϕ,k − 2ϕ;11ϕ,1ϕ,lϕ;k1]

and consequently

wkl (w11;kw11;l − w1k;1w1l;1) =wkl[2ϕ,1ϕ;11l(σ1k − ϕ;k1)− 2ϕ;11lϕ,k(σ11 − ϕ;11)

− (ϕ,1)2(σ1kσ1l + 2ϕ;k1σ1l − 3ϕ;l1ϕ;k1)

+ 2ϕ,1ϕ,l(σ11 − ϕ;11)(σ1k + ϕ;k1)

−
(
(σ11)2 − 2σ11ϕ;11 + (ϕ;11)2

)
ϕ,kϕ,l]. (6.43)

From the definition of wij it follows

wkl(σ1kσ1l + 2ϕ;k1σ1l − 3ϕ;l1ϕ;k1) =wkl(σ1k + 3ϕ;k1)(σ1l − ϕ;l1)

=wkl(4σ1k − 3w1k + 3ϕ,1ϕ,k)(w1l − ϕ,1ϕ,l)

=wkl(4σ1kw1l − 4σ1kϕ,1ϕ,l − 3w1kw1l

+ 6w1kϕ,1ϕ,l − 3(ϕ,1)2ϕ,kϕ,l)

= 4σ11 − 4ϕ,1w
klσ1kϕ,l − 3w11

+ 6(ϕ,1)2 − 3(ϕ,1)2wklϕ,kϕ,l (6.44)

and

(σ11)2 − 2σ11ϕ;11 + (ϕ;11)2 = (σ11 − ϕ;11)2 = (w11 − (ϕ,1)2)2 (6.45)

as well as

wkl(σ1k + ϕ;1k) =wkl(2σ1k − w1k + ϕ,1ϕ,k) = 2wklσ1k − δl1 + wklϕ,1ϕ,k,

wkl(σ1k − ϕ;1k) =wkl(w1k − ϕ,1ϕ,k) = δl1 − wklϕ,1ϕ,k.
For the terms involving third derivatives we therefore get

wkl(2ϕ,1ϕ;11l(σ1k − ϕ;k1)− 2ϕ;11lϕ,k(σ11 − ϕ;11))

= 2ϕ,1ϕ;11l(δ
l
1 − wklϕ,1ϕ,k)− 2wklϕ;11lϕ,k(w11 − (ϕ,1)2)

= 2ϕ,1ϕ;111 − 2(ϕ,1)2wklϕ;11lϕ,k − 2w11w
klϕ;11lϕ,k + 2(ϕ,1)2wklϕ;11lϕ,k

= 2ϕ,1ϕ;111 − 2w11w
klϕ;11lϕ,k.
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Furthermore from

wklϕ;11lϕ,k =wkl(−w11;l + 2ϕ,1ϕ;1l)ϕ,k

= − wklw11;lϕ,k + 2ϕ,1w
kl(σ1l − w1l + ϕ,1ϕ,l)ϕ,k

= − wklw11;lϕ,k + 2ϕ,1w
klσ1lϕ,k − 2(ϕ,1)2 + 2(ϕ,1)2wklϕ,kϕ,l

and

2ϕ,1ϕ;111 = 2ϕ,1(−w11;1 + 2ϕ;11ϕ,1) = −2ϕ,1w11;1 + 4(σ11 − w11 + (ϕ,1)2)(ϕ,1)2

it follows

wkl(2ϕ,1ϕ;11l(σ1k−ϕ;k1)− 2ϕ;11lϕ,k(σ11 − ϕ;11))

= 2ϕ,1ϕ;111 − 2w11w
klϕ;11lϕ,k

= − 2ϕ,1w11;1 + 4(σ11 − w11 + (ϕ,1)2)(ϕ,1)2

+ 2w11w
klw11;lϕ,k − 4w11ϕ,1w

klσ1lϕ,k

+ 4w11(ϕ,1)2 − 4w11(ϕ,1)2wklϕ,kϕ,l

= − 2ϕ,1w11;1 + 4(σ11 + (ϕ,1)2)(ϕ,1)2

+ 2w11w
klw11;lϕ,k − 4w11ϕ,1w

klσ1lϕ,k

− 4w11(ϕ,1)2wklϕ,kϕ,l. (6.46)

Moreover we have

2wklϕ,1ϕ,l(σ11 − ϕ;11)(σ1k + ϕ;k1)

= 2ϕ,1ϕ,l(w11 − (ϕ,1)2)(2wklσ1k − δl1 + wklϕ,1ϕ,k)

= 2ϕ,1(w11 − (ϕ,1)2)(2wklσ1kϕ,l − ϕ,1 + wklϕ,1ϕ,lϕ,k)

= (4ϕ,1w
klσ1kϕ,l − 2(ϕ,1)2 + 2(ϕ,1)2wklϕ,lϕ,k)(w11 − (ϕ,1)2). (6.47)

The sum of (6.46) and (6.47) is

−2ϕ,1w11;1 + 2w11w
klw11;lϕ,k − 4w11ϕ,1w

klσ1lϕ,k

+ 4(σ11 + (ϕ,1)2)(ϕ,1)2 − 4w11(ϕ,1)2wklϕ,kϕ,l

+ (4ϕ,1w
klσ1kϕ,l − 2(ϕ,1)2 + 2(ϕ,1)2wklϕ,lϕ,k)(w11 − (ϕ,1)2)

= − 2ϕ,1w11;1 + 2w11w
klw11;lϕ,k

+ 2(2σ11 − w11 + 3(ϕ,1)2)(ϕ,1)2 − 2(w11 + (ϕ,1)2)(ϕ,1)2wklϕ,kϕ,l

− 4(ϕ,1)3wklσ1kϕ,l.
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Inserting (6.44), (6.45) and this last expression into (6.43) we obtain

wkl(w11;kw11;l − w1k;1w1l;1) = − 2ϕ,1w11;1 + 2w11w
klw11;lϕ,k

− (ϕ,1)2(4σ11 − 4ϕ,1w
klσ1kϕ,l − 3w11

+ 6(ϕ,1)2 − 3(ϕ,1)2wklϕ,kϕ,l)

+ 2(2σ11 − w11 + 3(ϕ,1)2)(ϕ,1)2

− 2(w11 + (ϕ,1)2)(ϕ,1)2wklϕ,kϕ,l

− 4(ϕ,1)3wklσ1kϕ,l

−
(
w11 − (ϕ,1)2

)2
wklϕ,kϕ,l

and, adding and rearranging the terms,

wkl(w11;kw11;l − w1k;1w1l;1) = − 2ϕ,1w11;1 + 2w11w
klw11;lϕ,k

− (ϕ,1)2(4σ11 − 3w11 + 6(ϕ,1)2

− 2(2σ11 − w11 + 3(ϕ,1)2))

+
(
3(ϕ,1)4 − 2(w11 + (ϕ,1)2)(ϕ,1)2

)
wklϕ,kϕ,l

− (w11 − (ϕ,1)2)2wklϕ,kϕ,l

= − 2ϕ,1w11;1 + 2w11w
klw11;lϕ,k

+ w11(ϕ,1)2

− (w11)
2
wklϕ,kϕ,l. (6.48)

Since the first derivatives of W in the point (x0, t0) corresponds to those of v in
(x0, ξ0, t0), where this last function attains its maximum, we have

0 = W;i =
V;i

V
+ λσrsϕ;riϕ,s =

w11;i + ṽ;i

V
+ λσrsϕ;riϕ,s.

This implies

w11;1 = (−λV σrsϕ;r1ϕ,s − ṽ;1)

and

wklw11;l =wkl (−λV σrsϕ;rlϕ,s − ṽ;l)

= − λV wklϕ,s (σrsϕ;rl)− wklṽ;l

= − λV wklϕ,s (δsl − σrswrl + σrsϕ,rϕ,l)− wklṽ;l

= − λV wklϕ,l + λV wklσrswrlϕ,s − λV wkl|Dϕ|2ϕ,l − wklṽ;l

= − λV wklϕ,l + λV σksϕ,s − λV wkl|Dϕ|2ϕ,l − wklṽ;l.

It follows that in (x0, t0) the two first terms of (6.48) become

−2ϕ,1w11;1 = 2ϕ,1 (λV σrsϕ;r1ϕ,s + ṽ;1)

= 2ϕ,1λV σ
rsϕ;r1ϕ,s + 2ϕ,1ṽ;1

= 2ϕ,1λV σ
rs(σr1 − wr1 + ϕ,rϕ,1)ϕ,s + 2ϕ,1ṽ;1

= 2(ϕ,1)2λV − 2ϕ,1λV σ
rswr1ϕ,s + 2(ϕ,1)2λV |Dϕ|2 + 2ϕ,1ṽ;1
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respectively

2w11w
klw11;lϕ,k = 2w11

[
−λV

(
wklϕ,l − σksϕ,s + wkl|Dϕ|2ϕ,l

)
− wklṽ;l

]
ϕ,k

= − 2λV w11w
klϕ,kϕ,l + 2λV w11|Dϕ|2

− 2λV w11w
klϕ,kϕ,l|Dϕ|2 − 2w11w

klϕ,kṽ;l.

Their sum is therefore given by

−2ϕ,1w11;1 + 2w11w
klw11;lϕ,k = 2(ϕ,1)2λV − 2ϕ,1λV σ

rswr1ϕ,s

+ 2(ϕ,1)2λV |Dϕ|2 + 2ϕ,1ṽ;1

− 2λV w11w
klϕ,kϕ,l + 2λV w11|Dϕ|2

− 2λV w11w
klϕ,kϕ,l|Dϕ|2 − 2w11w

klϕ,kṽ;l.

Moreover we have

2wklw11;lṽ;k = 2
[
−λV

(
wklϕ,l − σksϕ,s + wkl|Dϕ|2ϕ,l

)
− wklṽ;l

]
ṽ;k

= − 2λV wklṽ;kϕ,l + 2λV σksṽ;kϕ,s

− 2λV wklṽ;kϕ,l|Dϕ|2 − 2wklṽ;kṽ;l.

and in (x0, t0) we eventually obtain the estimate

1

V 2
wklV;kV;l −

1

V
wpawbqwab;1wpq;1 ≤

1

V w11
wklV;kV;l −

1

V

1

w11
wklw1k;1w1l;1

=
1

V w11

[
− 2λV wklṽ;kϕ,l + 2λV σksṽ;kϕ,s

− 2λV wklṽ;kϕ,l|Dϕ|2 − 2wklṽ;kṽ;l

+ wklṽ;kṽ;l

+ 2(ϕ,1)2λV − 2ϕ,1λV σ
rswr1ϕ,s

+ 2(ϕ,1)2λV |Dϕ|2 + 2ϕ,1ṽ;1

− 2λV w11w
klϕ,kϕ,l + 2λV w11|Dϕ|2

− 2λV w11w
klϕ,kϕ,l|Dϕ|2

− 2w11w
klϕ,kṽ;l

+ w11(ϕ,1)2 − (w11)
2
wklϕ,kϕ,l

]
.
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Multiplying out and regrouping some terms provides

1

V 2
wklV;kV;l −

1

V
wpawbqwab;1wpq;1 ≤ − 2λ · 1

w11
·
(
1 + |Dϕ|2

)
wklṽ;kϕ,l

+ 2λ · 1

w11
· σksṽ;kϕ,s

− 1

V w11
wklṽ;kṽ;l

+ 2λ
(ϕ,1)2

w11
·
(
1 + |Dϕ|2

)
− 2λ

ϕ,1
w11

σrswr1ϕ,s

+
2

V w11
· ϕ,1ṽ;1

− 2λwklϕ,kϕ,l ·
(
1 + |Dϕ|2

)
+ 2λ|Dϕ|2

− 2

V
· wklϕ,kṽ;l

+
1

V

(
(ϕ,1)2 − w11w

klϕ,kϕ,l
)
. (6.49)

The third and the last summand are negative since wkl is positive definite. Multi-

plying by
ϕ̇

n
and estimating yields

1

V
· ϕ̇
n
· (ϕ,1)

2 ≤ c

V
=

c

w11 + ṽ
, (6.50)

for the second-last term, as well as

ϕ̇

n
· 2λ · (ϕ,1)2

w11
· (1 + |Dϕ|2) ≤ cλ

w11
(6.51)

and, using (6.32),

− ϕ̇
n
· 2λ · ϕ,1

w11
· σrswr1ϕ,s ≤

cλ

w11
· (w11 + c) = cλ+

cλ

w11
. (6.52)
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We rewrite some of the last terms of (6.49), involving ṽ, using the fact that this
map is of the form ṽ = −ρiϕi + C, as noted before:

−wklṽ;kϕ,l ·
(
1 + |Dϕ|2

)
+ σklṽ;kϕ,l

= − wkl (−ρpϕ,p);k · ϕ,l ·
(
1 + |Dϕ|2

)
+ σkl (−ρpϕ,p);k · ϕ,l

=
(
wkl ·

(
1 + |Dϕ|2

)
− σkl

) (
ρp;kϕ,p + ρpϕ;pk

)
ϕ,l

=
(
wkl ·

(
1 + |Dϕ|2

)
− σkl

) (
ρp;kϕ,p + ρpσpk − ρpwpk + ρpϕ,pϕ,k

)
ϕ,l

=
(
wklρp;kϕ,pϕ,l + wklρpσpkϕ,l − ρlϕ,l + wklρpϕ,pϕ,kϕ,l

)
·
(
1 + |Dϕ|2

)
− σklρp;kϕ,pϕ,l − ρ

lϕ,l + σklρpwpkϕ,l − σklρpϕ,pϕ,kϕ,l

=
(
wklρp;kϕ,pϕ,l + wklρpσpkϕ,l + v′

(
1− wklϕ,kϕ,l

))
·
(
1 + |Dϕ|2

)
− σklρp;kϕ,pϕ,l + σklρpwpkϕ,l + v′

(
1 + |Dϕ|2

)
=
(
wklρp;kϕ,pϕ,l + wklρpσpkϕ,l + v′

(
2− wklϕ,kϕ,l

))
·
(
1 + |Dϕ|2

)
− σklρp;kϕ,pϕ,l + σklρpwpkϕ,l, (6.53)

To estimate this last expression it is convenient to consider separately: the terms
on the first line

2λϕ̇

n
· 1

w11
·
(
wklρp;kϕ,lϕ,p + wklσpkρ

pϕ,l − v′wklϕ,kϕ,l
)

(1 + |Dϕ|2) ≤ cλ trwij

w11
,

(6.54)
except for

2λϕ̇

n
· 1

w11
· 2v′(1 + |Dϕ|2) ≤ cλ

w11
; (6.55)

and then the two terms on the second line of (6.53):

2λϕ̇

n
· 1

w11
·
(
−σklρp;kϕ,pϕ,l

)
≤ cλ

w11
(6.56)

and
2λϕ̇

n
· 1

w11
· σklρpwpkϕ,l ≤

cλ

w11
· (w11 + c) = cλ+

cλ

w11
, (6.57)

observing that in all this four cases we already have took care of the multiplying
factors that will appear in the inequality for PW .

Analogously to (6.53), we expand

ṽ;1ϕ,1 = (−ρpϕ,p);1 · ϕ,1 = −
(
ρp;1ϕ,p + ρpϕ;p1

)
ϕ,1

= −
(
ρp;1ϕ,p + ρpσp1 − ρpwp1 + ρpϕ,pϕ,1

)
ϕ,1

= − ϕ,1
(
ρp;1ϕ,p + ρpσp1 − ρpwp1 − v′ϕ,1

)
(6.58)

and get hence the following estimates:

− ϕ̇
n
· 2

V w11
· ϕ,1

(
ρp;1ϕ,p + ρpσp1 − v′ϕ,1

)
≤ c

w11(w11 + ṽ)
(6.59)

as well as

− ϕ̇
n
· 2

V w11
· ϕ,1 · (−ρpwp1) ≤ cw11 + c

w11(w11 + ṽ)
=

c

w11 + ṽ
+

c

w11(w11 + ṽ)
. (6.60)
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In view of (6.50), (6.51), (6.52), (6.54), (6.55), (6.56), (6.57), (6.58), (6.59) and (6.60)

and multiplying by
ϕ̇

n
, (6.49) becomes

ϕ̇

n
·
(

1

V 2
wklV;kV;l −

1

V
wpawbqwab;1wpq;1

)
≤ cλ trwij

w11
+

cλ

w11

+
cλ

w11
+ cλ+

cλ

w11

− 0

+
cλ

w11
+ cλ+

cλ

w11

+
c

w11(w11 + ṽ)
+

c

w11 + ṽ

− ϕ̇

n
·
[
2λwklϕ,kϕ,l ·

(
1 + |Dϕ|2

)
− 2λ|Dϕ|2

]
− ϕ̇

n
· 2

V
· wklϕ,kṽ;l

+
c

w11 + ṽ
+

c

w11(w11 + ṽ)
− 0 (6.61)

and it holds therefore

ϕ̇

n
·
(

1

V 2
wklV;kV;l −

1

V
wpawbqwab;1wpq;1

)
≤ cλ trwij

w11
+

cλ

w11
+ cλ+

c

w11(w11 + ṽ)
+

c

w11 + ṽ

− ϕ̇

n
·
[
2λwklϕ,kϕ,l ·

(
1 + |Dϕ|2

)
− 2λ|Dϕ|2

]
− 2

V
· ϕ̇
n
· wklϕ,kṽ;l. (6.62)

In the point (x0, t0), since v is maximal at (x0, ξ0, t0) and the derivatives (up to
the second order) of v and W coincide there, as we have shown at the beginning

of this section, we have Ẇ (x0, t0) ≥ 0, W;ij(x0, t0) ≤ 0 and W;k(x0, t0) = 0 and
consequently 0 ≤ PW (x0, t0). Using the last inequality to further estimate the
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right-hand side of (6.35), yields therefore in this point

0 ≤ PW ≤ 1

V
·
(
c+ cw11 + c trwij

)
+

1

V
·
(
c trwij + c+

2ϕ̇

n
· wpkṽ;kϕ,p

)
− ελ trwij + cλ− λϕ̇

n
·
[(

1 + |Dϕ|2
)
wklϕ,kϕ,l − 2|Dϕ|2

]
− c · λ

2
· w11 +

cw11

w11 + ṽ
+

c

w11 + ṽ

+
cλ trwij

w11
+

cλ

w11
+ cλ+

c

w11(w11 + ṽ)
+

c

w11 + ṽ

− ϕ̇

n
·
[
2λwklϕ,kϕ,l ·

(
1 + |Dϕ|2

)
− 2λ|Dϕ|2

]
− 2

V
· ϕ̇
n
· wklϕ,kṽ;l.

We regroup some terms and observe that some others cancel, obtaining

0 ≤ PW ≤ c

w11 + ṽ
+

cw11

w11 + ṽ
+
c trwij

w11 + ṽ
− ελ trwij + cλ

− λϕ̇

n
·
[
3
(
1 + |Dϕ|2

)
wklϕ,kϕ,l − 4|Dϕ|2

]
− c · λ

2
· w11

+
cλ trwij

w11
+

cλ

w11
+

c

w11(w11 + ṽ)
. (6.63)

Moreover we note that the term

−λϕ̇
n
· 3
(
1 + |Dϕ|2

)
wpqϕ,pϕ,q

is nonpositive, and that it holds

λϕ̇

n
· 4|Dϕ|2 ≤ cλ.

Combining this last observations with (6.63) we now get

0 ≤ PW ≤ c

w11 + ṽ
+

cw11

w11 + ṽ
+
c trwij

w11 + ṽ
− ελ trwij + cλ

− c · λ
2
· w11 +

cλ trwij

w11
+

cλ

w11
+

c

w11(w11 + ṽ)
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as well as

cλw11

2
≤ c

w11 + ṽ
+

cw11

w11 + ṽ
+
c trwij

w11 + ṽ
− ελ trwij + cλ

+
cλ trwij

w11
+

cλ

w11
+

c

w11(w11 + ṽ)

≤ c

w11 + ṽ
+ c+ cλ+

cλ

w11
+

c

w11(w11 + ṽ)

+

(
c

w11 + ṽ
− λ

(
ε− c

w11

))
trwij .

Finally assuming w.l.o.g.
ε

2
− c

w11
> 0, since otherwise w11 would be bounded by

2c

ε
, and fixing λ larger if necessary provide

cλw11

2
≤ c+

c

w11 + ṽ
+ cλ+

cλ

w11
+

c

w11(w11 + ṽ)
.

This implies that w11 has to be bounded, because the right hand side of the in-
equality is getting smaller, when w11 is increasing.

We have shown that w11 is bounded at the point (x0, t0) so, since the first derivatives
of ϕ have already been estimated, v is also bounded at (x0, ξ0, t0), where it is
maximal. Hence v is bounded everywhere.

Last of all we have to contemplate the possibility that the maximum of v is not in
the interior of Ω.

Remaining estimates. If v is maximal on the boundary, it is convenient to dis-
tinguish three cases, that is according to whether the direction ξ0 in which this map
is maximal, is tangential, normal or neither (as in [8]).

ξ0 normal. The C2-bounds follow from the double normal estimates.

ξ0 tangential. We consider a fixed point x0 ∈ ∂Ω and we choose a boundary co-
ordinate chart containing x0, so that ∂Ω is represented locally as graphω over its
tangent plane at x0 = (x̂0, x

n
0 ) in order that locally Ω = {(x̂, xn)| xn > ω(x̂)},

Dω(x̂0) = 0 and D2ω(x̂0) > 0.

We differentiate covariantly the boundary condition

ν̄i(x̂)ϕ,i(x̂, ω(x̂), t) = 0

with respect to x̂j , 1 ≤ j ≤ n− 1,

ν̄i;jϕ,i + ν̄iϕ;ij + ν̄iϕ;inω,j = 0

and with respect to x̂k, 1 ≤ k ≤ n− 1,

0 = ν̄i;jkϕ,i + ν̄i;jϕ;ik + ν̄i;jϕ;inω,k + ν̄i;kϕ;ij + ν̄iϕ;ijk + ν̄iϕ;ijnω,k

+ ν̄i;kϕ;inω,j + ν̄iϕ;inkω,j + ν̄iϕ;innω,jω,k + ν̄iϕ;inω;jk.

In (x0, t0), in view of Dω(x̂0) = 0, this last two equations turn into

ν̄i;jϕ,i + ν̄iϕ;ij = 0 (6.64)
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and

ν̄i;jkϕ,i + ν̄i;jϕ;ik + ν̄i;kϕ;ij + ν̄iϕ;ijk + ν̄iϕ;inω;jk = 0.

So we obtain in this point for a tangential vector ξ:

0 =
(
ν̄i;jkϕ,i + ν̄i;jϕ;ik + ν̄i;kϕ;ij + ν̄iϕ;ijk + ν̄iϕ;inω;jk

)
ξjξk

=: ν̄i;ξξϕ,i + 2ν̄i;ξϕ;iξ + ν̄iϕ;iξξ + ν̄iϕ;inω;ξξ.

Remark 6.4. We put vectors as indices to indicate products as

ϕ;ν̄ξξ := ν̄iϕ;ijkξ
jξk

and not covariant derivatives in the corresponding direction

ϕ;iξξ 6=
(
ξjϕ;ij

)
;ξ

= ξkξj;kϕ;ij + ξkξjϕ;ijk.

Analogously we will for instance write

ϕ;ξξ := ϕ;ijξ
iξj , wξξ := wijξ

iξj , wν̄ν̄ := wij ν̄
iν̄j , σξξ := σijξ

iξj , . . . .

The C1-estimate and the double normal estimate provide ν̄i;ξξϕ,i ≤ c respectively

ν̄iϕ;inω;ξξ ≤ c. It follows

ϕ;ν̄ξξ = ν̄iϕ;iξξ ≥ −2ν̄i;ξϕ;iξ − c. (6.65)

The definition of wij and again the C1-estimate lead to

−2ν̄i;ξϕ;iξ = −2ν̄i;ξ (σiξ − wiξ + ϕ,ξϕ,i) ≥ 2ν̄i;ξwiξ − c.

We now choose normal coordinates around x0, so that σij(x0) = δij and σΓkij(x0) =
0, whenever 1 ≤ i, j, k ≤ n. As already noted, ξ0 is an eigenvector of (wij +

v′ij)(x0, t0) to an eigenvalue λ̂, since it corresponds to a maximal direction. There-
fore it holds

ν̄i;ξ0wiξ0 = ξj0ν̄
i
;j (wik + v′ik) ξk0 − ξ

j
0ν̄
i
;jv
′
ikξ

k
0 = λ̂ξj0ν̄

i
;jσikξ

k
0 − ξ

j
0ν̄
i
;jv
′
ikξ

k
0 ,

where we may assume that λ̂ is nonnegative, because otherwise wik + v′ik would be
negative definite and the needed estimate would follow immediately. Moreover the
strict convexity of ∂Ω implies the existence of a (small) constant c1 > 0 such that

ξj ν̄i;jσikξ
k ≥ c1ξjδijσikξk = c1ξ

iσikξ
k,

for all tangential vectors ξ. Considering ξ0, inequality (6.65) becomes hence

ϕ;ν̄ξ0ξ0 ≥ 2ν̄i;ξ0wiξ0 − c− c = 2λ̂ξj0ν̄
i
;jσikξ

k
0 − 2ξj0ν̄

i
;jv
′
ikξ

k
0 − c

≥ 2c1λ̂ξ
i
0σikξ

k
0 − 2ξj0ν̄

i
;jv
′
ikξ

k
0 − c = 2c1ξ

i
0 (wik + v′ik) ξk0 − 2ξj0ν̄

i
;jv
′
ikξ

k
0 − c

= 2c1wξ0ξ0 + 2c1ξ
i
0v
′
ikξ

k
0 − 2ξj0ν̄

i
;jv
′
ikξ

k
0 − c ≥ 2c1wξ0ξ0 − c. (6.66)

On the other hand, since v is maximal in (x0, ξ0, t0) and we are differentiating in
direction of the outward pointing normal vector, it holds v;ν̄ ≥ 0, i.e.

0 ≤ v;i(x0, ξ0, t0)ν̄i(x0) =

(
wξ0ξ0;i + v′ξ0ξ0;i

wξ0ξ0 + v′ξ0ξ0 + C
+ λσklϕ;kiϕ,l

)
ν̄i

=
wξ0ξ0;ν̄ + v′ξ0ξ0;ν̄

wξ0ξ0 + v′ξ0ξ0 + C
+ λσklϕ;kν̄ϕ,l,
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as in (6.17), and then

0 ≤ wξ0ξ0;ν̄ + v′ξ0ξ0;ν̄ +
(
wξ0ξ0 + v′ξ0ξ0 + C

)
· λσklϕ;kν̄ϕ,l,

because of wξ0ξ0 +v′ξ0ξ0 +C > 0. Using the differentiated boundary condition (6.64)
and once again the strict convexity of ∂Ω, we obtain for the last term(

wξ0ξ0 + v′ξ0ξ0 + C
)
· λσklϕ;kiν̄

iϕ,l =
(
wξ0ξ0 + v′ξ0ξ0 + C

)
· λσkl

(
−ϕ,iν̄i;k

)
ϕ,l

≤ c1
(
wξ0ξ0 + v′ξ0ξ0 + C

)
· λσkl

(
−ϕ,iδik

)
ϕ,l

= − c1
(
wξ0ξ0 + v′ξ0ξ0 + C

)
· λ |Dϕ|2 ≤ 0.

We assert that the normal derivative of v′ξ0ξ0 is bounded. The definition (6.16) of

v′(x, ξ, ξ, t) = −2 〈ξ, ν̄〉σ (ξ − 〈ξ, ν̄〉σ ν̄)lν̄k;lϕ,k and the C1-estimate provide indeed

v′;i(x0, ξ0, ξ0, t0) =
(
−ρk(x0, ξ0, ξ0, t0)ϕ,k(x0, t0)

)
;i

= −
(
ρk;iϕ,k + ρkϕ;ki

)
= −2 (〈ξ0, ν̄〉σ)

;i
ξl0ν̄

k
;lϕ,k ≤ c,

as a consequence of

ρk(x0, ξ0, ξ0, t0) = 2 〈ξ0, ν̄〉σ
(
ξl0 − 〈ξ0, ν̄〉σ ν̄

l
)
ν̄k;l = 0

and

ρk;i(x0, ξ0, ξ0, t0) = 2 (〈ξ0, ν̄〉σ)
;i

(
ξl0 − 〈ξ0, ν̄〉σ ν̄

l
)
ν̄k;l

+ 2 〈ξ0, ν̄〉σ
[(
ξl0 − 〈ξ0, ν̄〉σ ν̄

l
)
ν̄k;l
]
;i

= 2 (〈ξ0, ν̄〉σ)
;i
ξl0ν̄

k
;l,

since the fact of ξ0 being tangential, implies that all the terms containing the
inner product 〈ξ0, ν̄〉σ vanish. This last estimates and the expression (6.12) of the
Riemannian curvature tensor yield

0 ≤wξ0ξ0;ν̄ + c

= − ϕ;ξ0ξ0ν̄ + 2ϕ;ξ0ν̄ϕ,ξ0 + c

= − ϕ;ξ0ν̄ξ0 −Rmξ0ξ0ν̄ϕ,m + 2ϕ;ξ0ν̄ϕ,ξ0 + c

= − ϕ;ξ0ν̄ξ0 − ξi0ξ
j
0ν̄
kRmijkϕ,m + 2ϕ;ξ0ν̄ϕ,ξ0 + c

= − ϕ;ν̄ξ0ξ0 − ξi0ξ
j
0ν̄
k
(
δmj σik − δmk σij

)
ϕ,m + 2ϕ;ξ0ν̄ϕ,ξ0 + c

= − ϕ;ν̄ξ0ξ0 − ξi0ξ
j
0ν̄
k (ϕ,jσik − ϕ,kσij) + 2ϕ;ξ0ν̄ϕ,ξ0 + c

= − ϕ;ν̄ξ0ξ0 − ξi0ξ
j
0ν̄
kϕ,jσik + 2ϕ;ξ0ν̄ϕ,ξ0 + c,

where one of the terms in the second-last line vanishes because of the boundary
condition. The second and the third term on the last line are bounded as a conse-
quence of the bounds for the first respectively for the tangential-normal derivatives.
It follows

ϕ;ν̄ξ0ξ0(x0, t0) ≤ c
and, inserting this in (6.66),

wξ0ξ0(x0, t0) ≤ c,
which is our desired estimate.
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ξ0 Neither tangential nor normal. We assume, like in the previous case, that ∂Ω is
represented locally as a graph of a map ω and define by

τ :=
ξ − 〈ξ, ν̄〉σ ν̄
|ξ − 〈ξ, ν̄〉σ ν̄|

the (normed) tangential component of a nonnormal vector ξ ∈ Rn with 〈ξ, ξ〉σ = 1.
Setting

δτ := 〈ξ, τ〉σ =
〈ξ, ξ〉σ − 〈ξ, ν̄〉

2
σ

|ξ − 〈ξ, ν̄〉σ ν̄|
=
|ξ − 〈ξ, ν̄〉σ ν̄|2

|ξ − 〈ξ, ν̄〉σ ν̄|
= |ξ − 〈ξ, ν̄〉σ ν̄|

and δν̄ := 〈ξ, ν̄〉σ, we obtain ξ = δττ + δν̄ ν̄, with δ2
τ + δ2

ν̄ = 1. If ξ is neither
tangential nor normal, then δν̄ and δτ are both nonzero. It follows

wξξ = wijξ
iξj = wij(δττ

i + δν̄ ν̄
i)(δττ

j + δν̄ ν̄
j)

= wij(δ
2
ττ
iτ j + δτδν̄τ

iν̄j + δν̄δτ ν̄
iτ j + δ2

ν̄ ν̄
iν̄j)

=: δ2
τwττ + δ2

ν̄wν̄ν̄ + 2δν̄δτwτν̄ .

Differentiating the boundary condition in a point (x0, t0) on the boundary, where
Dω = 0, in the same way as in (6.64) yields

ν̄i;jϕ,i = −ν̄iϕ;ij . (6.67)

The definition (6.16) of v′(x, ξ1, ξ2, t) = −ν̄l;kϕ,l
(
〈ξ1, ν̄〉σ ξ′k2 + 〈ξ2, ν̄〉σ ξ′k1

)
implies

v′(x0, ξ, ξ, t0) = −2 〈ξ, ν̄〉σ (ξ − 〈ξ, ν̄〉σ ν̄)kν̄l;kϕ,l

= 2δν̄(δττ)kϕ;klν̄
l by (6.67)

= 2δτδν̄ϕ;τν̄

and consequently

wξξ = δ2
τwττ + δ2

ν̄wν̄ν̄ − v′ξξ + 2δν̄δτ
(
σijτ

iν̄j + ϕ,ν̄ϕ,τ
)

in (x0, t0). The last terms vanish because τ and ν̄ are defined to be orthogonal
with respect to σ and it holds ϕ,ν̄ = 0 on the boundary. The identity v′(x, τ, τ, t) =
v′(x, ν̄, ν̄, t) = 0 for all (x, t) ∈ Ω̄× [0, t∗) provides hence

wξξ + v′ξξ = δ2
τ (wττ + v′ττ ) + δ2

ν̄(wν̄ν̄ + v′ν̄ν̄) (6.68)

in (x0, t0). We now choose Riemannian normal coordinates centered at x0, in order
that σij(x0) = δij . Since we assumed

v = log

(
wijξ

iξj + v′ijξ
iξj

σijξiξj
+ C

)
+

1

2
λ|Dϕ|2

to be maximal in direction ξ0, in these coordinates we obtain

wξ0ξ0(x0, t0) + v′(x0, ξ0, ξ0, t0) ≥ wξξ(x0, t0) + v′(x0, ξ, ξ, t0)

for all ξ ∈ Sn and, combining (6.68) with this inequality,

wξ0ξ0(x0,t0) + v′(x0, ξ0, ξ0, t0)

= δ2
τ (wττ (x0, t0) + v′(x0, τ, τ, t0)) + δ2

ν̄(wν̄ν̄(x0, t0) + v′(x0, ν̄, ν̄, t0))

≤ δ2
τ (wξ0ξ0(x0, t0) + v′(x0, ξ0, ξ0, t0)) + δ2

ν̄(wν̄ν̄(x0, t0) + v′(x0, ν̄, ν̄, t0)).

It follows immediately

(1− δ2
τ )(wξ0ξ0(x0, t0) + v′(x0, ξ0, ξ0, t0)) ≤ δ2

ν̄(wν̄ν̄(x0, t0) + v′(x0, ν̄, ν̄, t0))
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and, from (1− δ2
τ ) = δ2

ν̄ ,

wξ0ξ0(x0, t0) + v′(x0, ξ0, ξ0, t0) ≤ wν̄ν̄(x0, t0) + v′(x0, ν̄, ν̄, t0).

We finally achieve the desired result

wξ0ξ0(x0, t0) ≤ wν̄ν̄(x0, t0)− v′(x0, ξ0, ξ0, t0)

≤ wν̄ν̄(x0, t0) + c,

where wν̄ν̄ is bounded as shown before.

This concludes the C2-estimates.
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10. O. C. Schnürer, Surfaces expanding by the inverse Gauß curvature flow, J. reine angew. Math.

600 (2006), 117-134.
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