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Abstract

This thesis is concerned with the spectral stability of small-amplitude traveling waves in
two different systems: First, in a system of reaction-diffusion equations where the reaction
term undergoes a pitchfork bifurcation; second, in a strictly hyperbolic system of viscous
conservation laws with a characteristic family that is not genuinely nonlinear.

In either case, there exist families ¢, € € (0,20], €0 < 1, of small-amplitude traveling
waves. The eigenvalue problem associated with the linearization at ¢. is a system of ordi-
nary differential equations depending on two parameters, the amplitude € and the spectral
value k. Suitably scaled, the system reveals a slow-fast structure. Using methods from geo-
metric singular perturbation theory, this will be exploited to thoroughly describe the dynam-
ics of the eigenvalue problem in the zero-amplitude limit. I will prove that the eigenvalue
problem converges, in the limit € — 0, to the well-understood eigenvalue problem associ-
ated with a traveling wave ¢g of a certain scalar equation. The profiles ¢. then inherit the
spectral stability from the respective limit profile ¢q.

The proofs rely on concepts from dynamical system theory, most notably on invariant man-

ifold theory and geometric singular perturbation theory.
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1 Introduction

Various phenomena in science are mathematically described by systems of reaction-
diffusion equations
ut = Dugz + f(u), weR" xzeR,t>0, (1.1)

or systems of viscous conservation laws
w+ f(u), = (Bwug),, ueR"zeR,t>0. (1.2)

Systems as (1.1) and (1.2) are abundant in the mathematical modeling of physical, chemical
and biological systems.

Equations of both type frequently admit traveling waves, i.e. solutions u(z,t) having the
special form

u(z,t) = ¢p(x — st), 5ElrinoO P(&) = ut € R, (1.3)

where ¢: R — R", s € R and { = = — st. That is, u(z,t) travels at speed s through the
state space without changing its profile ¢. The ansatz (1.3) turns (1.1) resp. (1.2) into
an autonomous ordinary differential equation whose heteroclinic and homoclinic orbits
correspond to profiles of the respective system. Traveling waves can thus be constructed
by dynamical system techniques; see for instance [34,49].

A traveling wave ¢ is said to be spectrally stable if the linear operator L associated with
the linearization of the equation at ¢ has no spectrum in the closed half-plane H = {x €
C: Rek > 0}, except a simple eigenvalue £ = 0 which is due to the shift invariance of the
profile [1].

This thesis establishes the spectral stability of traveling waves with small amplitude in two

different contexts. First, consider a reaction-diffusion system
ut:um—l—f(u,f-:z), ueR", zeR,t>0, (1.4)

where the reaction term f, depending on a positive parameter €, undergoes a supercritical
pitchfork bifurcation at (u,e) = (0,0). For small ¢ > 0, there are two rest states uX = O(e)
of (1.4), i.e. f(uF,e?) = 0, and there exist heteroclinic orbits of the profile equation for

(1.1),
(1.5)
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connecting these rest states (' = d%). Thus, there are families of traveling fronts with end
states uZ and ul. T will prove that existence and stability of these small fronts can be traced

to existence and stability of a traveling front in the scalar reaction-diffusion equation

U = Ugy —u(u+1)(u—1), uweR.

The second question at issue is the spectral stability of small viscous shock waves associated

with a non-convex mode. Consider a system of viscous conservation laws

with u € R", z € R, t > 0 and a smooth flux function f: R™ — R"™. Assume that (1.6) is
strictly hyperbolic, i.e. D f(u) has n real and distinct eigenvalues for every u € R. Let \(u)
be an eigenvalue of Df(u). A traveling wave u(z,t) = ¢(x — st) of (1.6) with end states
#(+00) = uT is called a non-characteristic viscous shock wave associated with A(u) if it
solves

u' = f(u) —su—c (1.7)
with ¢ = f(u~) —su™ and A(u~) > s > A(u™). Majda and Pego [34] showed that for every
reference state ug € R™ there is a neighbourhood of ug such that any two points u* in
this neighbourhood are connected by a viscous shock wave ¢(x — st) of (1.6) if and only if
both the Rankine-Hugoniot condition s(u™ —u~) = f(ut)— f(u™) and Liu’s strict entropy
condition are satisfied [34].
The mode A(u) is said to be genuinely nonlinear if, with r(u) being a right eigenvector of
Aw),

VA()-r(u) #0 for all u € R™.

Freistiithler and Szmolyan [14] proved that the spectral stability of small viscous shock

waves associated with a genuinely nonlinear mode A(u) can be derived from the stability

of a shock wave in the Burgers equation,
up + (u2)x =Upe, UER

(see also [40]). Here, I address the spectral stability of small shock waves close to a hyper-

surface X in R™ with
VA(u)-r(u) =0, (r(u)-V)*Xu)#0, forallueX.

The condition of genuine nonlinearity is thus not satisfied as VA(u) - r(u) changes its sign
in points on Y. Systems with such a non-convex mode frequently appear in applications,
see for instance [13].

I will prove that the spectral stability of these small shock waves can be derived from the

spectral stability of a fixed profile in

up + (u3)x = Upz, u€ER.



Following the line of thought of Freistiihler and Szmolyan [14], the proofs in this thesis
rely on dynamical system techniques. In particular, the notion of normally hyperbolic
invariant manifolds and geometric singular perturbation theory [12] provide the basis for
the argumentation.

The important observation is that both profile equations (1.5) and (1.7) have an intrinsic
slow-fast structure which, by suitably scaling the equation, is made accessible to geometric
singular perturbation theory (the singular perturbation parameter is the amplitude ).
The heteroclinic orbits corresponding to the traveling waves lie on slow manifolds of the
respective profile equation. In either case, the eigenvalue problem for the associated linear
operator L. will inherit this slow-fast structure. While the eigenvalue problem for the small
fronts reveals two time scales, there are three distinct time scales in the eigenvalue problem
for the small shock waves.

The eigenvalue problem naturally induces a flow on the Grassmann manifold G2*(C) of
n-dimensional subspaces of C?". Many arguments in the proofs are in fact based on an
analysis of this induced flow on G2"(C) which also has different time scales. The key

objects are the so-called Evans bundles
H:H— G (C),

which are analytic mappings with the property that x € H\ {0} is an eigenvalue of L.
if and only if H_ (k) N HT (k) # {0}. The Evans bundles will be constructed explicitly.
Using the slow-fast structure of the eigenvalue problem, one finds a splitting of the Evans
bundles into slow and fast parts. While the fast parts converge in the zero-amplitude limit
to constant, spectrally isolated spaces, the slow parts converge to embeddings of the Evans
bundles of the respective limit profile. In the course of the proof, several degeneracies of
the eigenvalue problem near (¢, ) = (0,0) will arise and different scalings will be required
to overcome these.

The idea to use the induced slow-fast structure of the eigenvalue problem to reduce the
stability problem to a lower dimensional problem has already been carried out successfully
in many contexts, starting with Jones’ stability proof for the fast pulses in the FitzHugh-
Nagumo equation [26]; see also [17,18].

Although both questions at issue, that is, the stability of the small fronts in (1.4) and the
stability of the small shock waves in (1.6), are studied in the same manner, the proofs
differ in many details owing to the different structures of the equations. These differences,
however, are instructive as they reveal how properties of the partial differential equation

translate into properties of the eigenvalue problem.

The small shock waves near ¥ are already known to be nonlinearly stable [16]. Their
spectral stability is thus not new. However, it has not yet been established directly. The
strength of the geometric techniques proposed in [14] is that they provide good insight
into how the shock waves in the system are modeled by the limit shock wave in the scalar
equation. It should also be noted here that, in comparison to the situation in [14], the

dynamics of the eigenvalue problem associated with the small shock waves for (1.6) has a



richer structure that leads to a more degenerate setting. For instance, the curvature of the
slow manifolds has to be taken into account. In contrast to the genuinely nonlinear case,
the tangent space approximation does not suffice.

In the context of bistable reaction-diffusion systems, the spectral stability of traveling waves
arising through a bifurcation has been studied in different systems by various authors; see
for instance [6] and references therein. The investigations often rely on rather specific
assumptions on the reaction terms. To the best of my knowledge, the stability of fronts
near a pitchfork singularity has not yet been investigated in the systematic and general
manner that I propose here. Raugel and Kirchgéssner [43] studied the stability of traveling
waves in systems modeled by the KPP-equation but their approach differs substantially
from the one here. In fact, the approach in this thesis is general enough to be applied to

other systems as well.

Applications of systems as (1.1) and (1.2) can be found in the books by Dafermos [4] and
by Murray [38] which contain numerous examples of such models in continuum physics

and in biology.

The thesis is organized as follows. Chapter 2 outlines the preliminaries needed for the
proofs, including a brief introduction to the folllowing: geometric singular perturbation
theory; flows on Grassmannian; spectral stability. Chapter 3 is concerned with the spectral
stability of small fronts near a pitchfork singularity. Chapter 4 then focuses on the spectral

stability of small shock waves associated with a non-convex mode.
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2 Preliminaries

2.1 Normally hyperbolic invariant manifolds and geometric

singular perturbation theory

The proofs in this thesis rely on the theory of invariant manifolds for dynamical systems.
The key concept is the persistence of normally hyperbolic invariant manifolds as developed
by Fenichel [11] and by Hirsch, Pugh and Shub [24]. Due to the importance of this concept
for the argumentation in Chapters 3 and 4, we begin this section with a precise definition
of normally hyperbolic invariant manifolds for flows and state the fundamental theorem on
the persistence of normally hyperbolic invariant manifolds. Subsequently, we address the
basic notions of the closely related geometric singular perturbation theory that Fenichel [12]

derived from his persistence results for invariant manifolds [11].

Normally hyperbolic invariant manifolds
Let M be a smooth manifold and let f be a C" vector fieldon M, r > 1. Let &: RxM — M
denote the flow of f. Then, for each t € R,

O M — M, p— O(t,p),
is a C" diffeomorphism of M, and ®; o0 &5 = &y, for all £, s € R.

Definition 2.1 A smooth compact submanifold V of M is called a normally hyperbolic
invariant manifold for f if it is invariant under the flow, i.e. (V) =V for allt € R, and

if
(i) The restriction of the tangent bundle of M to V splits into three continuous subbun-

dles,
TM |y=N"@TV & N,

which are invariant under D®y for all t € R.

(i) There exist > p > 0 and C > 0 such that, for allp € V,

Vt € R: | D®y(p)|r,v| < Celtl,
Vt>0: [[D®(p)|n;ll < Ce,
Yt <0: [[DPy(p)|nal < Cet.
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In other words, V is a normally hyperbolic invariant manifold if the flow expands and
contracts vectors in normal direction at an exponential rate that is higher than the rate of

expansion resp. contraction of vectors tangent to the manifold.

Theorem 2.1 Let V be a normally hyperbolic invariant manifold for f and assume that

M is compact. If

=
S| =

then the following holds.

(i) V has a locally invariant stable manifold W*(V') that is tangent at V to TV & N*.
W#(V) is a C" manifold and invariantly foliated by C” submanifolds that are tangent
at 'V to the stable subspace N*.
V' has a locally invariant unstable manifold W*(V') that is tangent at V to N* TV .
WH(V) is a C" manifold and invariantly foliated by C" submanifolds that are tangent
at 'V to the unstable subspace N™.

(i) If f is a CT vector field that is C* close to f, ||f — fllor < 1, then there exists a
unique normally hyperbolic invariant manifold V for f that is C" diffeomorphic to V.

The unique manifolds W*(V'), W* (V') as well as the fibers of the respective foliation
are C" diffeomorphic to those of V.

Theorem 2.1 states Theorem 4.1 in [24] for flows of vector fields, a proof can be found

there. A similar result was obtained by Fenichel [11], see also [52].

Assertion (ii) states that normally hyperbolic invariant manifolds persist as normally hyper-
bolic invariant manifolds. To prove the persistence of V', one uses the hyperbolic structure
in normal direction. The idea is to prove first existence and persistence of the stable and
unstable manifolds. Their intersection then gives the perturbed manifold V; cf. [52]. To
underline the importance of normally hyperbolic invariant manifolds, we note here that

Mané [35] proved the converse of the persistence result of Hirsch, Pugh and Shub [24].

In this thesis, we will only encounter normally hyperbolic invariant manifolds for which
p = 0 holds. The statements of Theorem 2.1 then hold for r = co.

Geometric singular perturbation theory
Consider a system of the form
2’ = f(x,y,¢e),

2.1
/:5g(x7ya8) ( )

with (z,y) € U, U C RFt™ 7 = % and € € (—¢,¢&), € > 0 small. For notational convenience,
we assume that f,g € C°(U x (—£,&), RF+n).

The characteristic feature of systems as (2.1) is the presence of two different timescales.
The variable x evolves much faster than y whose dynamics is of order €. Correspondingly,

x is called the fast variable, and y is referred to as the slow variable. Written on the slow
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timescale ¢ = e7, system (2.1) becomes
(2.2)

where "= %. For ¢ # 0, the fast system (2.1) and the slow system (2.2) are equivalent.
However, setting ¢ = 0 in (2.1) and (2.2), respectively, yields two completely different

systems: The layer problem

2 = f(z,y,0),
f(z,y,0) 2.3)
y' =0,
and the reduced problem
0= f(x,y,0),
. f(z,y,0) (2.4)
y=g(z,y,0).

These two limit systems capture the essence of the dynamics on the respective time scale.
In (2.3), the slow variable y only appears as a parameter. In (2.4), the x-equation is
degenerated to an algebraic condition and (2.4) thereby defines a dynamical system on the
set

S={(zy) €U : f(z,y,0) =0}

which, in turn, consists of fixed points of (2.3). In [12], Fenichel presented geometric meth-
ods of how to combine features of these two limit systems to a complete picture of the
dynamics in the perturbed system (2.1). The analysis of (2.1) then reduces to that of the
two lower dimensional systems (2.3) and (2.4).

Fenichel’s approach is based on his results on the persistence of invariant manifolds [11].
We will describe this theory in some detail, as it provides the technical basis for the proofs
in Chapter 3 and 4. There is an excellent exposition of the geometric singular perturbation
theory by Jones [27]. For later purposes, however, we need a more general version of the
theory. Thus, closely following Fenichel [12] and Szmolyan [49], we will state Fenichel’s main
theorem for the general case of vector fields and explain subsequently how this theorem

applies to (2.1).

Before doing so, let us briefly sketch one of the central ideas. Denote by S C S the
open subset where all eigenvalues of D, f have non-vanishing real parts. That is to say,
any point in Sy is a hyperbolic fixed point of the layer problem (2.3). A compact subset
My C Sp is thus a normally hyperbolic critical manifold of (2.3). The idea is now to prove
the existence of locally invariant manifolds M. for small € # 0 that are diffeomorphic to
My. Restricted to M., (2.2) becomes a regular perturbation of (2.4). A possible boundary
of My is a technical difficulty which has to be overcome; cf. [27,52].

The general theorem for vector fields on manifolds

In order to state Theorem 9.1 in [12], the following notation is required; cf. section VII
in [12].

Let X, be a family of vector fields on a manifold M with ¢ € (—¢,¢) and let -7 denote
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the flow that X, x 0 induces on M x (—&,&). A manifold M C M is said to be locally
invariant under the flow if there exists a neighbourhood V' C M of M so that for all
m € M, m-[0,7] C V implies that m - [0,7] C M, and correspondingly m - [7,0] C V
implies that m - [7,0] C M for 7 < 0. This says that no trajectory can leave M without
also leaving V.
Assume that S is a submanifold of M consisting entirely of equilibrium points of Xy. Then
T,,S is in the kernel of the linearization LXy and LX induces a linear map on the quotient
space,

QXo(m): Ty,M/T,S — T,y M/T,,S.
The eigenvalues of QXo(m) are called the nontrivial eigenvalues.
Let Sp C S be the open set where Xy is invertible and let N be the LXy-invariant
complement of T'Sg. Denote the projection TM |s,— TSg by 7°. Further, let Sy C Sk
be the open subset where Q) X has no pure imaginary eigenvalues.
Let My C S be a compact subset such that QXo(m) has ks eigenvalues in the left half
plane, k. eigenvalues on the imaginary axis, and k,, eigenvalues in the right half plane, for
each m € K. Denote the stable, center and unstable eigenspaces of LXy x {0} at (m,0) €
My x {0} by E;,, ES, and E}!, respectively. Therefore dim E}, = ks, dimES, =n+ 1+ k.

and dim E}) = k, where n is the dimension of S.

A locally invariant manifold C is a center manifold for X, x 0 near My if My x {0} C C
and C is tangent to ES, at (m,0) for all (m,0) € My x {0}. The center-stable and center-
unstable manifolds C* and C* are similarly defined as locally invariant manifolds, containing
My x {0} whilst being tangent to ES, & Ef, and ES, & E

", respectively, at (m,0) for all
(m,0) € My x {0}.

Definition 2.2 Let C* be a center-stable manifold for X. x 0 near My. A family {F*(p) :
p € C*} is called a C™ family of C™ stable manifolds for C* near My if

(i) F*(p) is a C™ manifold for each p € C*.

(i) p € F*(p) for each p € C*.
(111) F*(p) and F*(q) are either disjoint or identical for each p,q € C*.

(iv) F*(m,0) is tangent to Ef, o) ot (m,0) for each m € My .

(v) {F*(p) : p € C°} is a positively invariant C™ family of manifolds, i.e.

Fop)-m CFp-7)
for allp € C° and 7 > 0 with p- [0,7] C C*.

A C™ family of C™ unstable manifolds {F"(p) : p € C*} for C* is defined analogously.

We now have everything needed at hand to cite the most important parts of Theorem 9.1
in [12], see also [49].
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Theorem 2.2 Let M be a C™! manifold, 1 < r < oco. Let X., ¢ € (—£,&), be a C"
family of vector fields on M, and let S be a C" submanifold of M consisting entirely of
equilibrium points of Xo. Let ks, k. and k, be fized integers, and let My C S be a compact

subset such that QXo(m) has ks eigenvalues in the left half plane, k. eigenvalues on the

imaginary azis, and k, eigenvalues in the right half plane, for all m € My. Then

(i)

(i)

(iii)

(i)

There is a C" center-stable manifold C® for X. x 0 near My. There is a C" center-
unstable manifold C* for for X. x 0 near My. There is a C" center manifold C for
for Xo x 0 near My.

There is a C™=1 family {F*(p) : p € C°} of C" stable manifolds for C* near My. If
p € M x{e}, then F*(p) C M x{e}. Each manifold F*(p) intersects C transversally,
in exactly one point. There is a C™1 family {F*(p) : p € C"} of C" unstable manifolds
for C* near My. If p € M x {e}, then F*(p) C M x {e}. Each manifold F*(p)
intersects C transversally, in exactly one point.

Let K¢ < 0 be larger than the real parts of the eigenvalues of QXo(m) in the left half
plane, for allm € My. Then there is a constant Cs such that if p € C* and q € F*(p),
then

d(p-7,q-7) < Cse™Td(p, q)
for all 7 > 0 with p-[0,7] C C*.
Let Ky, > 0 be smaller than the real parts of the eigenvalues of QXg in the right half

plane, for allm € My. Then there is a constant C,, such that if p € C* and q € F*(p),
then

d(p-7,q-7) < Cue"7d(p, q)
for all 7 < 0 with p - [1,0] C C".
If My C Sy, define for (m,e) € C, Xr(m) = 75(9/0e)X:(m) |e=0 and

e 1X.(m) x {0} ife #0,

Xe(m,e) =
clm,e) Xr(m) x {0} if e = 0.

Then X¢ is a C™~1 vector field on C near My x 0.

The proof of Theorem 2.2 is due to Fenichel [12]. An alternative proof can be found in
Jones [27]; see also [44,52]. The assertion (iv) is the heart of the theorem: If My C Sy,

the restriction of the slow dynamics to C lead to a system that is no longer singularly, but

now regularly perturbed.

If M, S and X, are C*°, Theorem 2.2 holds for any r» < oo and F"(p), F*(p) are C*>

manifolds for each fixed p. In general, even if r = 0o, the manifolds C, C* and C?, and the

families F* and F* will not be C*° as one may construct different C, C* and C* for each r.

In particular, C, C* and C*, and F* and F* will not in general be unique; cf. [12].
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Applications to slow-fast systems on RF¥t™

Let us now address how Theorem 2.2 applies to the system (2.1). In the notation of Theorem
22, X. = (f,e9), r =00, M =U and § = {(z,y) : f(x,y,0) = 0}. Let My C Sy be a
compact subset such that, for all (z,y) € My, D, f(z,y,0) has ks eigenvalues in the left
half plane and k,, eigenvalues in the right half plane, ks + k,, = k (these are the nontrivial

eigenvalues). By assertion (i) of Theorem 2.2, it follows that the extended system

$/ = f($7 y7 6)?
y/ = €g(l‘,y,€), (25)
=0

on U x(—¢, &) possesses an (n+1)-dimensional center manifold C, an (n+1+ks)-dimensional
center-stable manifold C* and an (n + 1 + ks)-dimensional center-unstable manifold C*.
As the flow of (2.5) stays in hyperplanes with e = const, the existence of C implies that
manifolds M. C U exist which are regular O(e)-perturbations of My such that

C= U M. x {e}

—ep<e<ep

wherein g9 > 0 is sufficiently small. Due to the fact that C is locally invariant under the
flow of X, x 0, these slow manifolds M, are locally invariant under the flow of (2.1). Part
(iv) of Theorem 2.2 asserts that the restriction of the slow problem (2.2) to M, is a regular
perturbation of the reduced problem (2.4). We want to explain this important fact in more
detail.

Note that, since D, f(z,y,0) is invertible for any (x,y) € My, the Implicit Function The-
orem implies that My is locally given as the graph of a function. Let us assume that this

holds globally with a function h°,

Mo ={(z,y) : =0"(y),y € K}

where K is a compact set. Then the slow manifolds M, are as well given as the graph of

a function. The following lemma is proved in [27].

Lemma 2.1 Assume that My is given as the graph of a C™ function hY,
Mo = {(z,y) : = =h"(y),y € K}

with K being a compact, simply connected domain whose boundary is a (n—1)-dimensional
C> submanifold. Then there exists g > 0 such that, for every e € (—eg,eq), there is a
function h®, defined on K, so that

M. ={(z,y) : . =h"(y),y € K}

is locally invariant under (2.1). Moreover, h® is C", for any r < oo, both in y and ¢.
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With these functions h®, the restriction of (2.2) to the manifolds M, is

Y= g(ha(y)vyvg)' (2'6)

This system is regular in € and the limit € — 0 is given as

y' =g(h°(y),y,0),

which is the reduced problem (2.4). Hence, restricted to M., the singular perturbation
becomes a regular perturbation. This is the gist of Theorem 2.2 (iv) as any structure
on My that persists under regular perturbations can thus be found on M. as well. For
example, hyperbolic fixed points of (2.4) on Mj persist as hyperbolic fixed points of the
perturbed system (2.2). More generally, normally hyperbolic invariant manifolds of the
reduced system (2.4) persist as normally hyperbolic invariant manifolds of the perturbed
system (2.6); cf. [49]. The dynamics of (2.1) on M, is thereby fully captured by (2.6).

Next, we seek a characterization of the dynamics outside M,. For this, the families {F*(p) :
p € C°} and {F"(p) : p € C*} will be crucial as they form a foliation of C* and C",

respectively,

c=Urw, c=JFw.

peC peC
Let ff/u(p) denote the projection of F*/*(p) from U x (—eg,e0) on U. The important
observation is now that, for € > 0, we have
WM. = | Fip), WM = | F). (2.7)
pEMe: pEM-.

Thus, the stable and unstable manifolds of M, are invariantly foliated by the smooth fibers
Fi(z,y,0) and F¥(z,y,0), respectively.

W#(Mo)

W (Mo) W (Mc)

Figure 2.1: Dynamics near My and near M, in the case of an attracting fixed point of the

reduced problem. Double arrows indicate the fast flow.

Although M. is no longer a critical manifold, the terms stable and unstable manifold are

justified by the decay rates of points on the fibers as stated in Theorem 2.2 (iii). Note that
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a single fiber will not in general be invariant under (2.5). However, any fiber F7 f (p) whose

base point p is a fixed point of (2.5) is itself invariant.

For e =0, F§(x,y,0) and F§(z,y,0) are the stable and unstable invariant manifolds of the
hyperbolic fixed point (x,y) € My of the layer problem (2.3). As the fibers F?(x,y,0) and
F¥(z,y,0) are regular perturbations of F§(z,y,0) and F{(z,y,0), the dynamical situation
in the proximity of M. can therefore be grasped by studying the layer problem (2.3).
Together with (2.6), we receive a complete picture of the perturbed dynamics (2.1) near
M. for € > 0 sufficiently small. In particular, one can construct heteroclinic and homoclinic
orbits in the perturbed system (2.1) as perturbations of a singular orbit that is pieced
together by solutions of (2.3) and (2.4); cf. Szmolyan [49].

2.2 Flows on Grassmann manifolds

Let G7(C) denote the Grassmann manifold of the d-dimensional linear subspaces of C",
d,n € N, d < n. In this section, we compile the elementary facts about G}(C) that we are

going to use later.

We begin with the construction of local charts. To this end, let (eq,...,e,) be an ordered
basis of C". For every set I = {i1,...,iq} C {1,...,n} with iy < --- < 44, define X =
span{e;,,...,e;,} and Y = span{e; : j ¢ I'}. Furthermore, set

Ul ={XxegiC): XpY{ =C"}.

The set U is an open neighbourhood of X{ in G%(C). For each X € U, there exists a
unique matrix T = T(X) € C(=9*4 guch that T(X) represents X. That is, the rows of

(7

give a coordinate representation of X with respect to the ordered basis E! =

(€irseves€igsCiryevs€j_y)s J1 < -+ < jn—d. The bijection
ol Ul clrm D X T(X),

defines a local chart of G%(C). We call ¢! the canonical chart with respect to the basis EZ
of C"; cf. [14]. If I = {1,...,d}, we simply write ¢! = ¢.

The set of all these charts ¢!, defined on the open sets U’, defines an atlas and gives
G(C) the structure of a compact, complex-analytic manifold of dimension (n — d)d. For
the details, we refer to [21].

Consider now the constant coefficient system

W' =AW onC" (2.8)
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with a matrix A € C"*". As (2.8) is linear, it naturally induces a flow on G} (C) for each
d < n, which we denote by
X' = A4X). (2.9)

A solution X: R — G(C) of (2.9) is spanned by d linearly independent solutions of (2.8).
In some situation, it is of advantage to consider (2.9) instead of the original system (2.8).
To describe in a convenient manner how a linear subspace X C C™ evolves under (2.8)
one considers the evolution of the point X € G7(C) under (2.9).

The fixed points of (2.9) are the d-dimensional invariant subspaces of the coefficient matrix
A. The content of the following lemma, taken from [14], is the local behavior of solutions

near such a fixed point.

Lemma 2.2 Fiz a basis {e1,...,en} of C" and let Xo = span{ey,...,eq}. Let ¢ be the
canonical chart for G (C) with respect to the basis (e1,...,e,) of C™.
If
A = diag(p1, - - - fin),
then modulo ¢ the flow of (2.9) near Xy obeys the linear system

thy = (ttaya — to)tas  on CU"=*4, (2.10)

If in addition
Re (spec(A |x,)) > Re (spec(4 |y;)) (2.11)
with Yy = span{eq 1, ..,en}, then Xg is a hyperbolic attractor for (2.9) and, via o=, any

(n—d)

sphere in C xd defines a positively invariant neighbourhood of Xg.

Proof. (Cf. [14]) Let X: R — G}(C) be an orbit of (2.9) near X, and represent X by a

matrix-valued function Z: R — C**4,

T e 0
- 0 Tq
Y11 Y1d
Yn—-d)1 -+ Yn-d)yd
with z; # 0, j = 1,...,d. The columns of = are a basis of X as a subspace of C" and
therefore each column solves (2.8),
/
X1 e 0 M1 e 0
0 e Tq _ 0 . HdTd
Y1 Yid Hd+1y11 -+ Hd+1Y1d

Yn—d)1 -+ Yn—d)d HnYn—d)1 -+ MHnYn-d)d
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This then yields (2.10) as
(tab) = ©(X) = (yab/ 1)
with
(Yab/x6)' = (TohtdtaYab — 6T6Yab)/T5 = (Hdra — 1) (Yab/Th)- (2.12)

If (2.11) holds, Re ptg1q —py <O foralla=1,...,n—d, b=1,...,d. Hence, Xj is then a
hyperbolic attractor. O

Note that in the case Re (spec(A |x,)) < Re(spec(4 |y,)), it follows from (2.12) that Xy
is a hyperbolic repeller. In the case that Yy = Yy @ Y* with

(spec(A |ys)) < Re (spec(A |x,)) < Re (spec(A |yx)),

one finds that Xy is a hyperbolic fixed point of saddle type.

Let J = [77,7"] be a closed interval and let 7 be the solution of

= (r— )t = r)g(r), ()= =T

with some smooth function g: J — (0,00), that is, 7(—00) = 77, 7(4+00) = 7. We

consider the non-autonomous system
W' = A(r)W (2.13)

on C" with a smooth matrix-valued function A: J — C"*™. Assume that A(7%) is hyper-

bolic with an invariant unstable space UT and an invariant stable space S¥,
dimU*T =n—k, dimS* =k.

Due to the hyperbolicity of A(7%), a solution W (¢) of (2.13) decays for £ — —oo if and
only if it is asymptotic to U™, and it decays for £ — 400 if and only if it is asymptotic to
S*. Viewed as subsets of GF'(C), U and S* are invariant manifolds for the autonomous

end systems

X' = AN (rH)(X).
Definition 2.3 A solution X : R — G*(C) of
X' = AY7)(X)

with
X(—o0) €U, X(+o00)e€ ST

is called an unstable-to-stable-bundle connection (USBC) for (2.13).
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With this definiton, we can say that there is a solution W (&) of (2.13) decaying for || — oo
if and only if there is an unstable-to-stable-bundle connection. In the course of the stability
analysis, we will frequently find that possible eigenfunctions may only arise in a reduced,
lower dimensional subsystem of the eigenvalue problem. The notion of an unstable-to-
stable-bundle connection, introduced in [15], will then prove to be more expedient than

that of an eigenfunction.

Lastly, we state a slightly more general version of Lemma 6 in [14]. The proof in [14] can

easily be adopted to the situation here and we thus omit it.

Lemma 2.3 Let 7 and A be as above. For any n € N there exists a constant ¢ > 0,
depending only on n, so that the following holds. Let R: J — Gl(n,C) be a smooth matriz

function such that, for every T € J,

RN (m)A(T)R(7) = diag(p(7), .., in(7))

with
Rep;(t) >0 forj=1,...,n—k,

Repi(r) <0 forj=n—k+1,...,n.

1
[CORTIE

Cc

for all T € J, then the unique solution X~ : J — G'_(C) of

X' = A" k() (X) on G ,(C) (2.14)
with
X (—o0)=U"
satisfies as well
X (+o00)=UT.

In other words, there are no unstable-to-stable-bundle connections for (2.13).

Lemma 2.3 will in fact only be used at one place in Chapter 4.
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2.3 Spectral stability of traveling waves

We recall the basic facts about spectral stability, focusing on traveling waves in either a

system of reaction-diffusion equations,

U = Uy + f(u), (2.15)
or a strictly hyperbolic system of viscous conservation laws,

ur + f(u)e = Uga, (2.16)

with v € R", z € R, t > 0, and a sufficiently smooth nonlinearity f. For more general
settings, we refer to the surveys by Sandstede [45] and Zumbrun [53]| as well as to the

references therein.
We write both equations in a unified manner as

Ut = Ugy + F(u). (2.17)
In the case of (2.15), the nonlinear part reads F(u) = f(u). For (2.16), F(u) = —f(u)s.

Let ¢(x — st), ¢(+00) = u*, be a traveling wave for (2.17). If (2.17) is transformed to

co-moving coordinates (£ = x — st, t), it becomes
up = uge + sug + F(u). (2.18)
The profile ¢ is now a steady state of (2.18), that is

0= (ﬁ&g + 8¢§ + .F((ﬁ) (2.19)

Observe that if ¢ solves (2.19), so does ¢(- + 0) with 6 € R. This has to be taken into
account by the different notions of stability for ¢.

The traveling wave ¢ is said to be nonlinearly stable, if small initial perturbations of
¢ render solutions that are time-asymptotic to a possibly shifted version of ¢. In other
words, if there exists € > 0 such that any solution u(,t) of (2.18) with |lu(-,0) — ¢|| < &
satisfies

|u(-,t) — (- +0)| =0 fort — oo

with some § € R and norms || - ||, || - |- The choice of the norms depends on the specific

structure of the equation at study and we refer to [1,16,20,28,31,36,48| for examples.

A standard approach to nonlinear stability is to consider first the linearization of (2.18)
about the steady state ¢,

oOF
Pt = Dee + Spe + %(cﬁ)p =: Lp, (2.20)

where L is a densely defined linear operator on a function space X. Here, we take either
X = C° (R,C") or X = Lo(R,C™). One can conclude stability of ¢ by considering

unif
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the spectrum o(L). Note that o(L) consists of both point spectrum o,(L) and essential
spectrum oess(L) = o(L) \ op(L), where we define 0,(L) as the union of all isolated
eigenvalues of finite multiplicity. Due to the shift invariance of ¢, k = 0 is an eigenvalue

with eigenfunction ¢¢, i.e. 0 € o,(L).

Definition 2.4 The traveling wave ¢ is called spectrally stable if L has no spectrum in the
closed right half plane H := {k € C: Rek > 0}, except for a simple eigenvalue at k = 0.

For the problems that we study, spectral stability implies nonlinear stability. For traveling
waves in (2.15) the theory in Henry [23] is applicable. In the context of viscous profiles in

(2.16), a corresponding general result of this kind is due to Zumbrun and Howard [54].

Point spectrum and essential spectrum may both cause spectral instability. We recall the
well-known fact that the location of oess(L) is prescribed by the essential spectrum of
the constant-coefficient operators L¥, obtained from (2.20) at ¢ = 400; cf. Theorem A.2
in [23]. The operator L is of the form

Lp = pee + a(§)pe + b(§)p

with bounded real matrix functions a(§), b(¢) which are asympotic to constant matrices
a®, b* for £ — 4o00. Define

s¥ ={k € C : det (—72 + ita® + b* — kI) = 0 for some 7 € R}. (2.21)

The sets sT, consisting of curves in the complex plane, define the boundary of Oess(L).
Let P be the subset of C such that C\ P is the component of C\ (s~ U s™) containing
the right half plane. Then o.ss(L) is contained in P. Moreover, st C o¢ss(L). For ¢ being
a traveling wave for (2.15), the essential spectrum is bounded to the left half plane if all
eigenvalues of D f(u™) have strictly negative real part. In the case of a viscous profile for

(2.16), the essential spectrum touches the imaginary axis in k = 0. See Figure 2.2.

—

Oess (L) Oess (L)

Y
Y

(1) (2)

Figure 2.2: Typical configuration of o.ss(L) for profiles in (1) reaction-diffusion equation
with stable end states u® (bistable nonlinearity) and (2) viscous conservation

laws.



18 2. Preliminaries

In order to locate o,(L), recast the eigenvalue problem p’ = Lp as a non-autonomous,

linear system of first order on C?",
W= A(¢p, k)W (2.22)

with ' = d% and a coefficient matrix A(¢(€),x) € C?*2" tending to limits A* (k) =
A(u*, k) for € = +o0. The matrices A(¢p(€), k) and AT (k) are analytic functions of «. If

¢ is a profile for (2.15), the coefficient matrix is given as

0 I
Algor) = (u- Df(g) —sl> '

If ¢ is a viscous profile for (2.16), we take

o= (P04 1),

From now on, we assume the following.

(A1) ¢ converges to its end states u™ at exponential rate,
6(€) — ut| < Ce ™l for £ — +o0

with constants C' > 0 and p > 0.

(A2) The end matrices A* have consistent splitting on H \ {0}, i.e. A (x) are hyperbolic
matrices with an n-dimensional stable space S*(x) and an n-dimensional unstable
space U~ (k), for all x € H \ {0}.

Assumption (A1) is equivalent to assuming that the end points ut are hyperbolic fixed
points of the respective profile equation. The assumption (A2) on the consistent splitting
asserts that there is no essential spectrum in H \ {0}. In fact, s* in (2.21) are the curves

where the end matrices A* (k) have pure imaginary eigenvalues; cf. [23].

If the trivial eigenvalue x = 0 is simple, spectral instability can only be caused by eigen-
values k € o,(L) NH\ {0} and one needs to track those x € H\ {0} for which a nontrivial
solution W (&, k) of (2.22) exists. Due to (A1) and (A2), such a solution W (¢, k) must in
fact be asympotic to U~ (k) for £ — —oo and asymptotic to St (k) for & — +oo. That is,
W (&, k) necessarily decays exponentially for & — +o0o. Using Definition 2.3, this fact may
be stated as follows: x € H\ {0} is an eigenvalue if and only if an unstable-to-stable-bundle
connection for (2.22) at k exists. Therefore, the search for unstable eigenvalues amounts
to the search for unstable-to-stable-bundle connections for (2.22). The crucial objects for

this are the so-called unstable resp. stable Evans bundles

HH\ {0} — G2(C), Ht:H\ {0} = G2*(C),



2.3 Spectral stability of traveling waves 19

which are analytic mappings with the property that, for every solution W (&, k) of (2.22)
and every k € H\ {0},

W(0,k) e H (k) — W( k) — 0 for &€ - —o0,
W(0,k) € HT (k) <= W(& k) — 0 for € — +oo.

That is to say, k € H \ {0} is an eigenvalue of L if and only if
H(5) N HH () £ {0},

In the course of the stability analysis in the subsequent chapters, the Evans bundles will be
explicitly constructed. At this point, we will just sketch the basic idea of the construction

inside the region of consisting splitting; see also |1, 14].

Consider the non-autonomous system that (2.22) induces on G2*(C),
X' = Ad(p, 5)(X), (2.23)

and let k € H \ {0}. Coupling the profile equation (i.e. the first-order version of (2.19)) to
(2.23) yields an autonomous system on R™ x G27(C) where m = n or m = 2n. For this
extended system, (u®,U*(x)) and (u®, ST(x)) are hyperbolic fixed points. By Lemma
2.2, the spectrally isolated invariant spaces U (k) and ST (k) are hyperbolic fixed points
of the constant-coefficient versions of (2.23) with ¢ = u®; U*(x) is an attractor and

S*(k) is a repeller. Meanwhile, the end states u™

are repelling resp. attracting hyperbolic
fixed points of the profile equation. We therefore find a unique solution (¢, X, ) with a-
limit (u~,U~(k)) and a unique solution (¢, X;5) with w-limit (u*,S*(k)). The unique
intersection points of these solutions with the {¢(0)}-section are the spaces H*(k); see
Figure 2.3. As A(¢, ) is analytic in «, the unstable and stable manifolds of (u=, U~ (k))

and (ut, S*(x)) depend analytically on x. Thus H* (k) are analytic functions of » too.

HF (k)

S+ ()

Figure 2.3: The extended phase space [u~,u"] x GZ(C) for a scalar equation (n = 1).

The above construction works only inside the region of consisting splitting because it
relies on the hyperbolicity of the end matrices A* (k). In order to use the Evans bundles
effectively, one possibly needs to extend H* to a region Q C C including the closed right
half plane H.
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Lemma 2.4 Under assumptions (A1) and (A2), there exist an open region @ C C with
H={x : Rerx >0} C Q and unique analytic mappings

H:Q—G"(C), HT:Q—G(C),
such that, for every solution W (&, k) of (2.22) and every k € H \ {0}, it holds

W(0,k) e H (k) <= WI( k) — 0 for § — —o0,
W(0,k) € HT (k) <= WI(& k) — 0 for € — +o0.

Instead of giving a proof of this lemma, we refer to the literature, for instance [1,19], and
only remark that if the essential spectrum is bounded away from the imaginary axis, the
region of consisting splitting includes a domain {x € C : Rex > —f} with some > 0,
cf. [1,23]. However, if the essential spectrum touches the imaginary axis, one needs to

extend H* into the essential spectrum; cf. [19,29] and the remarks below.

An effective tool for detecting those r with H~ (k) N HT (k) # {0} is the Fvans function.

Let {n; (k),... ,n;n_k(n)} and {n; (k),...,n} (k)} be bases for H™(r) and HT(k), respec-
tively. It is possible to choose the basis v