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ON THE CHOI-LAM ANALOGUE OF HILBERT'S 1888 THEOREM
FOR SYMMETRIC FORMS

CHARU GOEL, SALMA KUHLMANN, BRUCE REZNICK

Asstract. A famous theorem of Hilbert from 1888 states that a poskiemi-
definite (psd) real form is a sum of squares (sos) of real faransd only ifn = 2
ord = 1or (n, 2d) = (3, 4), wheren is the number of variables and Zhe degree
of the form. In 1976, Choi and Lam proved the analogue of Hiilbdheorem
for symmetric forms by assuming the existence of psd not wosretricn-ary
quartics fom > 5. In this paper we complete their proof by constructing iexpl
psd not sos symmetrigary quartics fom > 5.

1. INTRODUCTION

A real form (homogeneous polynomial)is calledpositive semidefinitésd)
if it takes only non-negative values and it is calledwuan of squaregsos) if there
exist other formd; so thatp = hi +eet hﬁ. The question whether a real psd form
can be written as a sum of squares of real forms has many ratigfis and has
been studied extensively. Since a psd form always has egraldt is sitficient
to consider this question for even degree forms. We refenitoquestion asd).
The first significant result in this direction was given by Dlldrt [9] in 1888. His
celebrated theorem states that a psd form is sos if and only=if2 ord = 1 or
(n,2d) = (3, 4), wheren is the number of variables and 2he degree of the form.
The above answer t@}) can be summarized by the following chart:

deg\var|2 |3 |4 |5 |6
2 VIV VIV
4 VIV XX | X
6 VX [ X | X | X
8 VX [ X | X | X

where, a tick {) denotes a positive answer #Q)( whereas a crosxj denotes a
negative answer ta).

Let P24 andX,, oq denote the cone of psd and seary 2d-ic forms (i.e. forms
of degree @ in nvariables) respectively. Hilbert made a careful study @ltgtnary
quartics and ternary sextics, and demonstrated3gatc Pss andZss S Paa.
Moreover he showed that

if 244 C PsaandZzs C P3p, then
@ Yn2d © Pnod foralln>3,2d > 4 and (, 2d) # (3,4).
2010Mathematics Subject Classificatiot1E76, 11E25, 05E05.
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So it is suficient to produce psd not sos forms in these two crucial calsqgas
ternary quartics and ternary sextics to get psd not sos formak remaining cases
as in assertion {1) above. In those two cases Hilbert desti@bmethod to pro-
duce examples of psd not sos forms, which was “elaborate aprhctical’ (see
[3 p.387]), so no explicit examples appeared in literaforenext 80 years. Ex-
plicit examples with i§, 2d) = (3,6) were found by T. S. Motzkin[12] in 1967
and R. M. Robinsor [14] in 1969; Robinson also found an ekpicample with
(n,2d) = (4,4). M. D. Choi and T. Y. Lam([Z,13,14] produced many more exaraple
in the mid 1970's. More examples were given later by B. Réeffl8] and K.
Schmidgen[15].

In 1976, Choi and Lani [3] considered the question when a psdifsos for the
special case when the form considered is moreover symnGé€sg1), . . . , Xo(n)) =
f(X1,...,Xn) Y o € Sp). Let SPr2q andSZp2q denote the set of symmetric psd
and symmetric sos-ary 2d-ic forms respectively. They demonstrated that it is
enough to find symmetric psd not sos forms in the two crucis¢safm-ary quar-
tics forn > 4 and ternary sextics to obtain symmetric psd notrsasy 2d-ics for
alln> 3,2d > 4 and , 2d) # (3,4) (see Proposition 2.2). They showed that the
answer to this question is the same as the answ@&)tdy assuming the existence
of psd not sos symmetrig-ary quartics fom > 5. For the convenience of the
reader we include the following citation froml [3],

“the construction of §4 € SPn4\SZh4 (n > 4) requires consider-
able gfort, so we shall not go into the full details here /& it to
record the special formgfy; = 3 X2y + Y x?yz— 2xyzw. Here the
two summations denote the full symmetric sums (w.r.t. thie va
ables xy, z w); hence the summation lengths are respectively 6
and 12"

We complete their proof by constructing explicit psd notsgmmetricn-ary quar-
tics forn > 5 (see Theorenis 2.8 ahd2.9). These theorems will be furtiest n
[7], where we consider the question when an even symmetti¢gos is sos.

2. ANALOGUE OF HILBERT's 1888 THEOREM FOR SYMMETRIC FORMS

We revisit the question: for which pairs,@d) will a symmetric psch-ary 2d-ic
form be sos? We refer to this question@(S).

Choi and Lam in[[B] claimed that the answerd@gS), that classifies the pairs
(n, 2d) for which a symmetric psd-ary 2d-ic form is sos, is:

2 SPn2d = SZnog ifand only ifn=2ord =1 or (n, 2d) = (3,4).

One direction of[(R) follows from Hilbert's Theorem. Consely for proving
SPna2d C SZnoq only if n =2 ord = 1 or (n,2d) = (3,4), they showed that it is
enough to findf € SPn2q \ SZn2q for all pairs f,4) with n > 4 and for the pair
(3,6), i.e. they demonstrated that

if S¥h4 C SPnaforalln> 4 andSxzs ¢ SP36, then
3 SZn2d & SPnraog foralln> 3,2d > 4 and @, 2d) # (3, 4).

Lemma 2.1. Let f € F294 be a psd not sos form arulan irreducible indefinite
form of degrea in R[Xy,. .., X,]. Thenp?f € Fnad+2r 1S also a psd not sos form.
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Proof. Clearly p?f is psd. If pf = Z h2, then for every real tupla with p(a) =

k
0, it follows that (?f)(a) = 0. This impliesh(a) = 0 ¥ k (sinceh? is psd), and so
on the real varietyp = 0, we haven, = 0 as well.
So (usingl[1, Theorem 4.5.1]), for eakhthere existg) so thathy = pgk. This
givesf = Z gﬁ, which is a contradiction. O
k

Proposition 2.2. If S¥,4 € SPpr4 forall n > 4 andSX3s ¢ SP36, thenSE, 24 ©
SPnoq foralln>3,d>2and @, 2d) # (3,4).

Proof. Suppose we have formfse SPp 24 \ SZn 24 for all pairs @, 4) with n > 4,
and for the pair (36). Then we can construct symmetri@ry forms of higher de-
gree by taking%.+. . .+x,)? f, which can be seen to be B 2d+2i \SZn2d+2i Vi >

0, byi applications of Lemma2Z.1 with = x; + ... + X,. O

For the pair (36), Robinson[[1I4] constructed the symmetric ternary sdmtin
R(X,Y,2) 1= X8 + Y0 + 2 — (04V? + V* 22 + %% + Xy + Y22 + 22X%) + 3x%y?Z and
showed that it is psd but not sos. For the paird{4 Choi and Lam[[3] gave the
form f44 € SPs4\ SZ44. So in view of Proposition 212, it remains to find psd not
sos symmetric-ary quartics fon > 5.

We will now construct explicit formd € SPn4 \ SZh4 for n > 4. Forn > 4,
consider the symmetrig-ary quartic (studied iri 5])

2
L) 1= min—m) > (x = x)* = ( )06 = %)),
i<j i<j

wherem = [gJ . We shall show thak,, is psd for alln andL,, is not sos for all odd
n>>s.

We need an important result (Theoréml 2.3 below) of Choi, Ladh Reznick
[5]. The same argument was modified[in [8, Theorem 2.3] td #'e@n symmetric
n-ary octics fom > 4.

Theorem 2.3. A symmetricn-ary quarticf is psd it f(x) > 0 for everyx € R" with
at most two distinct coordinates if> 4), i.e. An2 = {X€ R"| % € {r,s};r # s}is
a test set for symmetrig-ary quartics.

Proof. See[[6, Corollary 3.11]. m|

Remark 2.4. V. Timofte’s half degree principld_[16] gives a complete geii-
sation of above theorem for both symmetric polynomials (neariant under the
action of the groufs,)) and even symmetric polynomials (i.e. invariant under the
action of the groufs, x Z3) of degree @ in nvariables. See[10] for an application
of this principle to elementary symmetric functions.

Forn = 5, Ln(X) has been discussed by A. Lax and P. D. Lax. They showed [11,
p.72] that

5
1
As(X) = Z l___[(xi - X)) = gLs,
i=1 j#
a psd symmetric quatrtic in five variables, is not sos.

Proposition 2.5. L is psd for alln.
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Proof. In view of Theoren 213, it is enough to prove tHat > 0 on the test set
An2 =A{(r,....,r,s...,9|r#seR;0<k<n}.
—— —
k n-k
Now for x € An2,
+(r — ) # 0, for k(n — k) terms
Xi—Xj = .

0 , otherwise

soL, takes the value

Ln(x) = m(n — mk(n - K)(r — 8)* — [k(n - K)(r — 9]
= k(n-K)(r - 9*[(m-K)(n-m-K)],
which is non-negative since there is no integer betwaamdn — m. O
Definition 2.6. Let {0, 1}" be the set of alh-tuplesx = (x1, ..., X,) with x; € {0, 1}

foralli = 1,...,n. AsubsetS c {0,1}" is called a0/1 setandx € {0, 1}" a0/1
point.

Lemma 2.7. Suppose > 4 andh(xy, ..., X,) is @ quadratic form that vanishes on
all 0/1 points withmor (m+ 1) 1's, wherem = | 4, i.e. h(x) = 0 for all x with m
(m+ 1) ormO’s (respectively) for oda = 2m+ 1;

mor (m- 1) O's (respectively ) for even = 2m.
Thenh s identically zero.

or (m+ 1) 1's and

n
Proof. Seth(xy,...,Xn) = Z aix,-2 + Z aj X Xj. Fix distincti, j, k and letS such
i=1 i<j
that|S| = m— 1, be a set of indices not containing, k. Thenh = 0 on x, where
the 1's onx occur precisely os U {i}, S U {i,k}, SU {j}, SuU {],k}. So we have:

onS U {i}: O:Zal +a + Z au/+Zau,

leS I<l’eS leS
onSuU{i,k}: 0= Za. +a +ag+ Z ay +Za” +Zak|+ak.
leS I<lI’eS leS leS
Subtracting above two equations gives:
4) ak+ZakI+aik:O-
leS
Doing the same witls U {j} andS U {], k} gives:
(5) ak"‘zakl"‘ajkzo-
leS

Thusay = aj (from equations[{4) andi5)).

Sincei, j, k are arbitraryay = ajx = a; for anyl # i, j,k. So all the cofficients
of x;x; (fori # j) in hare equal, sag; = u;i # |.

It follows from equation[(#) thaty + mu= 0. So ax = —muV k, which gives:

h(X,..., %) = u[—mzn: X2 + Z xixj].
io1

i<j



ON THE CHOI-LAM ANALOGUE OF HILBERT'S 1888 THEOREM FOR SYMMERIC FORMS 5

But then h(L,...,1,0,...,0) = 0 gives u(—m(m) i M) — 0, which im-
—— 2
m
pliesu = 0, which impliesh = 0. ]

Theorem 2.8. If n> 5 is odd, therL,, is not sos.

Proof. Fix oddn > 5,n=2m+ 1. Then
2
Lomes = m(m+ 1) 3706 = x)* = ( 306 = x)?)"
i<j i<j
If Lomer = Z ht2 thenLome1(X) = 0 = eachhy(x) = 0, for anyx € R".

t
In particular,Lom:1(X) = 0 whenx hasmor (m+1) 1's and (n+ 1) ormO’s. So,
hi(x) = 0 for x with mor (m+ 1) 1's and (h+ 1) ormO’s respectively. Write

n n
M) = > &+ > ajxx;.
i=1 i<j
Then by LemmaZ2]7, we gét = 0. Hencelom, 1 is not sos. |

Now we constructf € SPoma \ SZoma for m=> 2.
Unfortunately,
2
Lam(®) = » (% = %)2( = (4 + ... + Xom) + M(% + X)))
i<j
(see 6, Proposition 3.13]) is sos, and so we needfardnt example i8Pom4 \
SZoma. For 2m > 4, let
Com(X1, ..., Xom) = Loms1(Xa, . . ., Xom, 0).

Trivially, Com is a symmetric Brary quartic and psd. We shall show it is not sos.
Theorem 2.9. Form > 2, Comn(X4, . . ., Xom) iS NOt SOS.
Proof. If Com = Z h?, thenCom(x) = 0 = eachhy(x) = 0, for anyx € R".

In particular,Cngl() = 0 whenx hasmor (m+ 1) 1's andmor (m- 1) 0's. So,
hi(x) = 0 for x with mor (m+ 1) 1's andmor (m — 1) O’s respectively.
Write
n n
h() = > @+ > ayxx;.
i=1 i<)

Then by Lemma2]7, we gét = 0. Hence Con, is not sos. |

To sum up, the answer tQ(S) can be summarised by the same chart as for
Hilbert's Theorem, given in the Introduction.
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