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Abstract

Variational quantum algorithms represent a promising approach to quantum machine learning
where classical neural networks are replaced by parametrized quantum circuits. However, both
approaches suffer from a clear limitation, that is a lack of interpretability. Here, we present a
variational method to quantize projective simulation (PS), a reinforcement learning model aimed
at interpretable artificial intelligence. Decision making in PS is modeled as a random walk on a
graph describing the agent’s memory. To implement the quantized model, we consider quantum
walks of single photons in a lattice of tunable Mach—Zehnder interferometers trained via
variational algorithms. Using an example from transfer learning, we show that the quantized PS
model can exploit quantum interference to acquire capabilities beyond those of its classical
counterpart. Finally, we discuss the role of quantum interference for training and tracing the
decision making process, paving the way for realizations of interpretable quantum learning agents.

1. Introduction

Classical machine learning methods are revolutionizing science and technology, with applications ranging
from drug discovery [1] to the study of quantum phases of matter [2]. Consequently, the exploitation of
quantum effects to enhance machine learning has emerged as a rapidly evolving research domain [3],
showcasing early successes such as provable learning advantages [4] and the development of variational
quantum circuits tailored to noisy intermediate-scale quantum devices [5]. These circuits can serve as
replacements for classical neural networks within traditional algorithms. Nevertheless, amidst the rapid
progress made in both classical and quantum machine learning, it is essential to bear in mind the inherent
limitations of classical neural networks, which may persist or even be exacerbated in their quantum
counterparts.

In particular, the opaque nature of classical neural networks can prove challenging, especially in scenarios
necessitating delicate decision-making directly impacting human lives. Similarly, the quest for deeper
comprehension of natural phenomena extends beyond a mere oracle for specific problems: Often the process
leading to a solution yields insights that are as valuable as the solution itself. While various approaches have
been explored in the machine learning literature [6], the most principled approach appears to be the design
of transparent models that enable the tracing of decision processes. However, with the inclusion of quantum
effects, the prospect of interpreting decision processes appears daunting. Interesting first steps in this
direction, using Shapley values to measure feature importance [7] or mutual information to trace the flow of
information [8], still rely on black-box methods from classical explainability research.

In this work, we aim to dispel such reservations by quantizing a transparent classical reinforcement
learning model known as projective simulation (PS) [9, 10]. By undertaking this quantization, we lay the
groundwork for investigating the interpretability aspects inherent in quantum machine learning models. In

© 2024 The Author(s). Published by IOP Publishing Ltd KonstanzeOnline-Publikations-SysteKOPS)

URL: http://nbn-resolving.de/urn:nbn:de:bsz:352-2-1x5gvqjkf5b


https://doi.org/10.1088/2058-9565/ad5907
https://crossmark.crossref.org/dialog/?doi=10.1088/2058-9565/ad5907&domain=pdf&date_stamp=2024-7-15
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://orcid.org/0000-0003-4999-2840
https://orcid.org/0000-0003-1225-1483
mailto:marius.krumm@uibk.ac.at
https://doi.org/10.1088/2058-9565/ad5907

10P Publishing

Quantum Sci. Technol. 9 (2024) 045011 F Flamini et al

PS, the agent’s decision making process is modeled as a random walk of an excitation in an episodic memory.
Following an approach already investigated by some of the authors [11], we replace this classical random
walk with a single-photon quantum walk in an optical interferometer. On the one hand, we are able to
preserve the core features of classical PS, so that the main ideas developed in the field can be transferred to
the quantum domain. On the other hand, this approach can be tailored to end applications, and even
extended to other platforms such as trapped ions [12, 13] and superconducting quantum circuits [14, 15].
These two points link to another main motivation of this work, that is, the development of an interpretable
learning agent that operates in distributed quantum optical networks [16], and that can interact with other
agents by exchanging quantum information encoded in light.

The article is structured as follows: In section 2, we review the PS model that provides the background of
our work. In section 3, we present our approach to quantizing PS and, based on that, to designing a photonic
implementation. In section 4, we introduce two variational training algorithms tailored to the proposed
framework, with applications that go even beyond the scope of this work. In section 5, we provide numerical
evidence that such quantum PS agents can generalize better than their classical counterparts. Most of our
analyses can be tested with a package we make available online [17], and can be further extended in various
directions (using the same package; see also supplementary sections I-I1I).

2.PS

In this section, we review the basics of RL and PS. RL is a paradigm of machine learning that involves an
agent interacting with an environment (see figure 1). The agent receives from the environment an input

s € S, called state or percept, and decides what action a € A to take next. RL typically considers Markov
decision problems, for which the agent’s policy can be described by a conditional probability distribution
m(als). The agent receives immediate feedback on its actions through a reward R; its goal is to find the policy
that maximizes the long-term expected reward.

In this work we focus on PS, a physically motivated RL model that has been applied to the study of
collective behavior [18], robotics [19], automated design of quantum experiments [20] and protocols [21],
and quantum error correction [22]. PS relies on a memory structure called episodic and compositional
memory (ECM), described by a directed graph (see figure 1). The vertices of this graph, called clips, are
associated with memories of the agent such as remembered percepts, actions or intermediate, more complex
steps in the decision making process. Importantly, this means that a clip carries semantic information [23].
When the environment delivers a percept s, the corresponding clip is excited, and a random walk of a single
excitation is initiated in its clip network (see figure 2), until the excitation hits an action clip a. This random
walk in the ECM can be interpreted as a chain-of-thought that led to the decision. Each directed edge from
clip ¢; to clip ¢; is associated with an unnormalized transition probability h;; called h-value. The transition
probability p(cj|¢;) is computed by normalizing over all clips that can be reached from ¢;:

i
pi=p(gla) = Zhjij’. (1)
j/

Learning occurs by changing the topology or the edge weights of the clip network, i.e. by tuning the h-values,
which are initially set to 1. To this end, each edge with h-value h;; is additionally equipped with a so-called
glow factor gj;, which contributes to the standard PS update rule [10]:

Y =14 (1-7) (h,(jt) - 1) +g RO, 2)

Here, the role of the glow factor gi(-t ) is to remember transitions (¢; — ¢j) taken in past interactions with the

environment, so that they are reinforced when a reward R(") is received. Further, v € [0, 1] is a forgetting
factor: its main purpose is to gradually dampen previously learned transition probabilities, to let the agent
adapt to changing environments. -y is also used as a soft cut-off to prevent the h-values to overflow. Each gfjt)
is updated as:

3
(1-n) g('til) otherwise, (3)

1

M _ {1 if ¢; — ¢j was taken at ¢,

where gfjo) =0andn € [0,1] is a discount factor for the actions taken further in the past. We refer to the
literature on PS for a more detailed description and additional mechanisms, such as association [24] and

reflection [25, 26].
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Figure 1. Projective Simulation (PS). This work uses PS as a framework for reinforcement learning and its quantization. (a) When
a PS agent receives a percept s from the environment, it initiates a random walk in the graph that describes its memory, until it hits
a vertex representing an action a. The performed action may be rewarded, leading to an update of the parameters (h-values) that
control its decision making process. (b) In classical PS, the vertices of the graph represent clips (). Directed edges are associated

with transition probabilities that depend on the h-values. (c) In the quantized PS, clips are represented by mode operators EZ

describing a single excitation, while the connectivity is governed by mode-mixing transformations U*. Each U* acts on the mode
operators associated with the parent clips of ¢, (here ¢i, ¢;), and its complex elements are the transition amplitudes that replace
the classical probabilities of transitioning to c. All panels: all edges that contributed to the decision making process are in green.
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Figure 2. Decision making in classical and quantum projective simulation (PS). (a) In PS, decision making occurs via a classical
random walk over a network of clips {ci,...,c|c|} that describes the agent’s episodic and compositional memory (ECM) [23].
When the agent receives a percept s (blue), an excitation triggers and performs a random walk over the network of intermediate
clips {c1,...,c); } (green) until it hits one of the action clips {ai, ... ,afw } (red), which is immediately coupled out. (b) In the
proposed quantized PS, these random walks become quantum walks of single excitations through layers implementing the
transformations U¥, which mix sets of clips in a certain order (see Supplementary section V). Here, clip-to-clip transition
probabilities, classically described by the h-values, are replaced by transition amplitudes described by the matrix elements of U¥.
The evolution can be seen as hopping between eigenstates (of the modes) in the Hilbert space (empty disks: in/out modes; filled
disks: output modes). This panel reproduces the quantized evolution in the classical ECM in panel (a). Clips are now visited in
superposition (green).

3. Quantum PS

Since decision making in PS is generated via a random walk of an excitation, it is possible to quantize it by
giving learning agents access to a quantum walk in a quantum memory. In the literature, several variants of
this idea have been investigated. In [25], an algorithm based on discrete quantum walks was presented which
provides a quadratic speedup. However, this algorithm relies on sophisticated oracles that likely will not be

3
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available in the near future. Furthermore, since the algorithm is described as a quantum circuit, it is not clear
how it can be interpreted as a random walk of a physical excitation. On the other hand, in [9], it was
proposed to quantize PS by considering a quantum walk of an excitation in a quantum many-body system.
Since Hamiltonians are hermitian, in such systems the probability amplitude of a transition is as large as the
amplitude of the backwards transition. To break this symmetry, the authors proposed to use dissipative
effects (‘quantum jumps’), at the cost of coherence.

In this section, we propose a quantum extension of PS that allows for an optical implementation. Our
guiding principle is to design a PS agent natively as a quantum walk of a physical excitation. In particular, our
proposal does not rely on the availability of quantum oracles. Our scheme uses an optical interferometer that
induces a natural directionality of transitions, without the need for dissipation. We will first describe how to
implement the main elements of PS in the quantum domain in general and then, in section 3.2, on an optical
platform.

3.1. From classical to quantum PS
In order to quantize PS and facilitate an optical implementation, we need to quantize its main elements: the
episodic memory, realized by the clip network, and the decision-making process, described by the
propagation of an excitation through the clip network. A physical realization of a clip network could be a
system of harmonic oscillators (modes) with non-trivial many-body interactions between sets of oscillators
[9]. In case of an optical implementation, clips ¢; € C (including percept clips, action clips and intermediate
clips) can then correspond to individual modes in an optical interferometric network [11] (see section 3.2).
This choice proves especially useful, as we will see in section 3.2, to allow a natural translation from the
classical model to its quantized implementation. For the quantization, we associate with each clip ¢; a pair of
creation and annihilation operators of the corresponding (optical) mode, {Ej ,& }. An excitation of memory
clip ¢; at time 79 is then described by the quantum state éj (70)|vac), where |vac) denotes the vacuum state,
describing the inactive state of the agent’s memory. Here we use the Heisenberg picture where the operators
carry the agent’s internal time dependence. Note that we index RL steps with ¢, while physical time within a
step is denoted by 7.

A decision-making process is initiated by the excitation of some clip ¢; at time 7¢. The subsequent
evolution of the agent’s memory will be described by a unitary of the form

€|
el () =UT (1, m0) & (r0) U (7,70) = > UM & (7). (4)

i=1

which relates the excitation operators of the clip network at different times. The Heisenberg time evolution
of the ECM U(7;,, 7o) is thus realized by the interferometric scattering matrix UM connecting the modes,
which, in turn, is composed of a sequence of n intermediate transformations UF,

U (7) - H vt (7). ©)

The U are updated during the learning process via the set of parameters G (see figure 2). The precise role of
the U*(6) will be discussed in more detail below. For convenience and to facilitate an optical
implementation, in this work we will consider ECMs described by a directed acyclic graph (DAG).

Percept encoding—When the agent receives a classical percept at time 7, this leads to the excitation of a
percept clip s. The quantum state of the memory is then described by ! (79)|vac). Subsequently, a quantum
walk through the clip network starts [9].

Quantum walk in the ECM—To connect the random walk in the ECM to the quantum walk considered
in this work, we refer to the examples in figures 1 and 2. As shown in panel figure 1(b), a clip effectively acts
as a node that routes incoming edges from sets of clips to other clips in the next step of the random walk. In
the quantum ECM sketched in figures 1(c) and 2(b), this mechanism translates into the application of a
transformation U, which mixes creation operators of incoming clips with EZ. A general clip-to-clip
transition ¢; — ¢; is then modeled by transformations U* that mix subsets of creation operators, so that the
stochastic nature of PS manifests itself at the level of quantum amplitudes.

A crucial departure from classical PS is that clips are now visited in parallel (in superposition, see
figure 1(c), and all regions of the ECM that are reachable from a percept via a sequence of U* contribute to
the decision making process. As a consequence, the probability to find an excitation in action clip a at time
7, (described by the quantum state ¢! (7,,)|vac)) when starting with an excitation of percept clip s at time 7
(described by ¢! (19)|vac)) is given by the modulus square of the corresponding transition amplitude

4
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Table 1. Links between the main elements of projective simulation (PS) and its proposed optical quantization.

Element Classical PS Quantum PS  (— Optical implementation)
Decision making Random walk of one excitation Quantum walk of a single excitation (photon)
Agent’s memory Directed graph of clips Variational (optical) circuit

Clips Vertices of the graph (Optical) mode operators

Clip-to-clip transitions h-values Quantum scattering amplitudes
Input/Output encoding Percept/Action clips Input/Output modes

Learning mechanism Update of h-values via equation (2) Update of variational parameters

(phase shifters) via equation (8)

2
’

P = (a9 = (a3 s ) = U™ ()

(6)

where |¢;; 7)) = Ej (7% )|vac) are the time-dependent eigenstates of the number operators EIT (11)¢i (%)
corresponding to an excitation being present in clip ¢; at time 7. Equation (6) entails a quantum interference
of all paths. While in classical PS the excitation has a well-defined trajectory in the ECM, now the excitation
can be delocalized over all the allowed modes (i.e. the quantum amplitude is in general non-zero for more
than one mode at the same time). This aspect bears an interesting potential for the learning model, which has
been discussed in the literature [9, 27] and that is further discussed in section 4.

Action decoding—The decision-making process ends when U" is applied and the output states are
measured. When the excitation is detected in an output state associated with an action, this action is coupled
out. In all other cases, the excitation can be (i) routed back to other regions of the reachable ECM; (ii)
discarded, exciting again the same percept. Solution (ii) can be interpreted as the agent’s capacity to not take
action during this decision-making process (see also the notion of suspension of judgment [28]).

Practically, the agent takes action by post-selecting over the outcomes that correspond to actions. In
general, one can associate multiple output states with a single action. This makes it possible to avoid
post-selection in settings with an action space smaller than the percept space, or to implement quantum
channels that are more general than unitaries.

Training the quantum PS agent—To train the agent, we consider a variational approach based on a loss
function L that is inspired by classical PS and aims to reproduce its learning mechanism. £ depends on the
probabilities psu(g) to take action a given a percept s (that is, the policy) and the variational parameters g.
These probabilities can be estimated either numerically (by simulating the quantum walk) or experimentally
(via multiple measurements with fixed input). In section 4.1 we introduce and motivate our choice for L (see
equation (8)), along with several modifications and training methods.

3.2. Quantum optical PS
In this section, we describe our approach to implement quantum PS on a photonic platform. Table 1
summarizes the main connections with classical PS.

Related works—Photonic circuits provide a promising platform in both classical and quantum domains
[29, 30], with results of increasing complexity being continuously reported [31, 32], in particular for
(un)supervised learning [33-38] and RL [11, 27, 39] based on path encoding.

In this work, we focus on RL and aim to design a quantum PS agent that operates with a native quantum
walk of physical excitations. Hence, we will replace the single excitation with a single photon propagating in a
linear-optical circuit. This approach, while retracing some of the intuitions in [11] where the p, were
reproduced by optical binary trees, promises the following advantages: (1) it requires only a single (possibly
larger) circuit for all percepts, instead of one binary tree per percept and layer, with no explicit need for fast
active switching; (2) it allows to take advantage of quantum coherence and interference in the decision
making process; (3) it allows for more advanced training algorithms, which are applicable beyond the scope
of this work (see section 4); (4) it suggests concrete directions for further developments (see Supplementary
Sections II-1II), such as a framework for learning with quantum data. Below we outline how the proposed
quantized version of PS allows for a natural implementation on a photonic circuit that is feasible with
current state-of-the-art technology.

Photonic architecture—For the implementation of PS on quantum hardware, we want to identify
quantum extensions of the Markov chain process that govern the evolution of a classical excitation. These
extensions, usually referred to as quantum channels (completely positive trace-preserving maps), would have
to reproduce the dynamics in classical PS as a limiting case. A direct implementation of classical PS would
require the { U} to reproduce the stochastic maps that form the random walk in the ECM graph described
in section 2. Specifically, the real-valued matrices P associated with these transformations need to (i)
reproduce the probabilities p; induced by the h-values, and (ii) fulfill the connectivity in the ECM (P can be

5
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Figure 3. Optical implementation of PS. To enable PS on photonic circuits, we use as variational ansatz the square architecture

[40]. (a) The update of the agent’s memory translates into an update of the phase shifters f. (b) Any unitary U can be
implemented with a regular mesh of Mach—Zehnder interferometers (MZI), consisting of two 50:50 beam splitters (BS, blue) and
two phase shifters (61, 6>) [40, 41]. (c) When 6 = 7 all light entering a MZI is reflected (bar state), while when 6 =0 it is
transmitted (cross state). (d) Square, universal architectures can be carved inside larger ones by tuning the phases around them. In
this panel, a universal 4 x 4 circuit (in/out modes are labeled) is carved in a larger mesh. Tilted elements represent tunable phase
shifters (those inside the carved structure are in fuchsia). BSs with arbitrary transmissivities (orange) are implemented using
tunable MZIs. Light can be confined to the pink waveguides by setting the green optical elements.

seen as a weighted adjacency matrix). Such a class of transformations can in principle be realized on a
photonic platform by recalling that any real-valued matrix P can be decomposed as P = VlEVE via singular
value decomposition, where ¥ is a diagonal matrix with non-negative real entries (i.e. optical attenuators)
and V) , are unitary transformations [33]. Hence, the architecture we use for the variational circuit is the
canonical square one [40], since it can implement any unitary transformation by suitably tuning its phase
shifters. Indeed, we recall that any such U can be implemented by a homogeneous mesh of Mach—Zehnder
interferometers, each comprising two 50:50 beam splitters and two phase shifters (see figure 3 and section B)
[40, 41]. The variational parameters ) correspond to the phase settings that control UF.

In the fully coherent case, without additional attenuators, one can set ¥ = I in the singular value
decomposition, meaning that the U* become unitary. In this case, due to unitarity constraints and since each
U* acts as an adjacency matrix, additional edges between clips are created that are not present in the original
ECM. This limitation represents an additional departure from classical PS, which can open up interesting
opportunities in the context of learning, for instance leveraging the constraints to improve generalization.

Percept encoding—We associate each percept with a photon input in a spatial mode of the circuit. The size
of the Hilbert space grows linearly in the number of percepts.

ECM structure—We associate each clip with one optical mode of the architecture. The unnormalized
transition probabilities h;; that describe the transitions ¢; — ¢; are now replaced by transition amplitudes
between optical modes, described by a complex amplitude U]kl

Our chosen architecture is especially useful for reasons that go beyond its universality, noise resilience
and compactness [40], since it also promises to support key features of PS:

o Clip creation/deletion: new clips (i.e. optical modes) can be added during the learning process, while clips
that are rarely traversed can be removed.

o Edge creation/deletion: the random walk can be manipulated by creating or deleting links between clips.

o Clip composition: fictitious clips can also be created, by random variation or merging of existing clips.

We observe that this mesh allows one to carve substructures that are in turn universal for unitary
transformations, by adjusting the surrounding phases (without the need to modify the hardware; see
figure 3(d). This means that the Hilbert space describing the ECM can be dynamically enlarged to
accommodate new clips, and the U]kl can be controlled by intervening on the regions of the circuit that

implement U,
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Action decoding—In PS, the decision-making process ends when an action clip is hit. In the proposed
implementation, this corresponds to detecting photons from one of the output modes that correspond to an
action clip. Whenever a photon is detected in a mode that does not correspond to an action, that event is
discarded. In the future, these photons could be routed back into the circuit, or associated with mechanisms
of suspension of belief [28].

4. Training the architecture

In this section, we discuss two algorithms to train the quantum optical PS agent. To this end, we first recall
that the standard update rule in PS has no straightforward quantum analogue: while only one path is taken
by the classical excitation and rewarded by the update rule (technically, the h-values associated with its
edges), all paths from percept to action are visited by the quantum excitation, and the very notion of path
loses its meaning (see supplementary section IV for a discussion on the impact of superposition in the
quantized model). Hence, also motivated by the advances in quantum machine learning, here we take a
different, variational approach to update the parameters g.

4.1. Variational approach to mimic classical PS
The first algorithm to train the quantum PS agent is based on a variational optimization of a loss function £
inspired by classical standard PS.

Since a quantum circuit does not have access to the intermediate states of the computation, the update
rule we propose adapts that of a classical 2-layer ECM. This does not mean that the quantum agent is
necessarily 2-layered (in fact, the architecture supports multi-layer ECMs, as shown in figure 2); rather, it
means that we update the observable transition probabilities psa(g). In turn, also the intermediate transition
amplitudes in the circuit are affected. However, the update rule of PS requires the use of unnormalized
h-values instead of (normalized) probabilities. In the following, we will sometimes use the shorthand
notation ps(,? for psu(g(‘) ), where t denotes the time index. Let us first introduce the classical normalization
factor of the h-values hy, i.e. hy := ) hq,, from which we get hy, = p,hs and the classical 2-layer PS update
rule

(ORI 14 (1 =) (pORO — 1) + IR o
Aloss function £ that implements equation (7) is

L (§<t+1>, {hgt“)} ) -3p [psa (§<t+1>) KD 1 (1— ) (pg,;>hgt> - 1) +g§;)R(t)] . (8)

N
Here, U+1 and {hs(t'H) }S are variational parameters, while D is a suitable distance measure such as the

Kullback—Leibler divergence (after rearranging the arguments of D), R®) is the reward, and gs(;) is the glow
factor described in equation (3). The expression in equation (3) is still valid in the proposed quantum
extension, since the update rule underlying the loss function is taken from a classical two-layer PS, and both
input (s) and output (a) are classical. However, we emphasize again that the quantum ECM itself is
multi-layered. Since uncontrolled output phases can spoil the quantum interference, if the agent is used as a
module in a larger photonic setup, we choose to add the £!-norm of these phases to the loss function.

Note that only the first argument of D in equation (8) contains tunable parameters, while the right entry
contains the target values calculated from the previous state of the agent, as a reference, similar to deep-Q
learning. Similarly, one can use experience replay [42, 43] to collect rewards and glows for a batch of
percept-action pairs, and add up or merge the loss functions in appropriate ways. That is because continuous
online learning (i.e. updating after each action) has the disadvantage that the unitarity constraints will also
affect the transition probabilities of undetected percept-action pairs, without taking their rewards into
account.

In the following, we discuss suitable heuristic simplifications of this loss function, which make it more
amenable to an actual implementation. First, by approximating hs(t) ~ h, and introducing an effective reward

. . . .
rs(t) = Rh— in the exact update rule in equation (7), we obtain

00— o =) (= ) 00, ©)
hy hs

Without a reward (i.e. 7, = 0), the forgetting mechanism after the approximation seeks to reset pgé) to hi
However, in information theory, the no-information distribution is the uniform distribution. This motivates

us to replace hi with a uniform distribution ﬁ,
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1 1
g”‘A+U”@9w)w%w (10)

So far, we did not make any choices concerning the source of the rewards R("). For our simplifications, we
now take the point of view that the reward R(") is designed by a programmer to achieve an intended agent
behavior. Then, a further simplification can be made by directly modelling the effective reward ("), rather
than R. Therefore, we replace rs(t) with r(), With this change in mind, equation (10) now looks like an
analogue of the exact update rule in equation (7), but for probabilities instead of h-values. To ensure that the
agent updates get smaller over time, it is recommended to use an ‘annealing schedule’ for the reward, i.e. to
put an additional time dependence into the reward of the form 0 .= f(¢) - ro. Here, f(¢) is a function that
monotonically decreases from 1 to 0. This allows the training algorithm to make finer and finer updates to
the probabilities.

In order to stay as close as possible to classical PS, the update rule would have to be applied to all
percept-action pairs. This would require implementing the forgetting mechanism (y > 0) for unvisited
percept-action pairs, or enforcing the transition probability of unvisited pairs to remain unperturbed
(v=0), leading to a complicated loss function. To avoid this overhead, we include only the actually observed
percept-action pairs in the loss function, while the transition probabilities of unobserved pairs are allowed to
change according to the unitarity constraints. Combining all of the above simplifications, we obtain the loss
function

@)= X Dlpa@ ) e =) (o - o)+l )
(s:0) | g >0 A A
where C is a (smooth) cutoff function to enforce that probabilities are in [0, 1], and only (s, a)-pairs with
non-zero glow are considered. We point out that summing over all states is necessary only in the general case,
due to the forgetting and glow mechanisms. However, when the environment is described by a Markov
decision process (with no forgetting) or the glow has a finite horizon, the number of states in the sum gets
significantly reduced and the process faster.

4.2. Variational approach based on causal diamonds

In the previous section, we implicitly assume that at each step one tunes all phase shifters (i.e. parameters g)
in the circuit. Indeed, this is possible and can be beneficial to train the agent faster and with a better
performance. At the same time, updating all phases at each step might not be necessary for the following
reason.

In a square architecture with |C| input/output modes, the number of phase shifters is quadratic in |C].
However, for a fixed transition probability psu(g), one can see that only some phases play a role: Those at the
intersection of the future and past light cones of s and a, respectively (see figure 4(a). In the literature on
relativity, this intersection is called causal diamond. A number of considerations follow:

i. To update pq, (5), one could simply tune the phase shifters inside the causal diamond.
ii. For light to reach a from s, what matters is that light does not leak out of their causal diamond. Hence,
one can also just tune the O(|C]|) phases that lie on the surface of the causal diamond.
iii. Since leakage only occurs on the surface of the past light cone, it is sufficient to focus on its intersection
with the causal diamond (see figure 4). We call these phase shifters leaking nodes.

It is also interesting from a learning perspective to discuss the apparent inconsistency between the spread
of the wave packet during the quantum walk (influenced by O(|C|?) parameters) and the update of just
O(|C|) parameters in the causal diamonds. This is due to the fact that the quantum walk relates to the
decision-making process, while the update relates to its training. Intuitively, it is as if the decision-making
process looked at the remembered history of the agent’s interaction (which involves all parameters), while
individual updates only look at the last in/out transitions.

Overall, in terms of reconfiguration time, stability and power consumption, the above observations allow
for progressively simpler experimental requirements. The price to pay is that the surfaces of different causal
diamonds (for different (s, a) pairs) intersect and, for this reason and due to unitarity constraints, updating
one transition probability also affects the other transitions. Also, the fewer phase shifters are tuned, the
smaller the set of values that solve the optimization problem when multiple (s, a) pairs are rewarded. The
desired trade-off can be found with the experimental conditions in mind.
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Figure 4. Update via causal diamonds. To reinforce a transition probability ps, in a 2-layer PS, it is not necessary to update all
phase shifters at each step. (a) Only the phases inside the causal diamond of (s, a) influence ps, (colored nodes indicate the surface
of the causal diamond). Since light can only leave the causal diamond from the purple nodes (leaking nodes), it is sufficient to tune
their phases. (b) The approach works also with multiple transitions, by iteratively tuning different sets of leaking nodes (here
shown with five different colors, including gray for the overlaps, and representing pairs of adjacent phase shifters and beam
splitters as a single node), even if the updates compete with each other (some leaking nodes belong to multiple causal diamonds).
(c) The agent learns to maximize p, for the four (s, a) pairs in panel (b), by tuning only the leaking nodes. In some cases, it may
be necessary to tune more nodes to maximize all probabilities. Each percept/action is encoded in a pair of adjacent input/output
modes.

Figure 5. Partial traceability in the decision making process of quantum PS agents. (a) and (b) Two quantum walks, associated
with as many 2-layer ECMs, are numerically simulated with a square optical architecture. Each panel shows the probability P to
measure a photon in one of the output modes before training. Each column (label: Layers) displays the squared column (for a
fixed percept) of the unitary matrix obtained by adding a new layer of optical elements, from left (input layer) to right (full
circuit). The rightmost column of each plot corresponds to the output probabilities of a quantum walk over the full ECM. (c¢) and
(d) Same analysis after training with the causal diamond. Panels (c) and (d) correspond to the evolutions in panels (a) and (b),
respectively. We observe that a notion of partial trace emerges inside the circuit, which can be leveraged to study interpretability in
quantum learning agents.

We consider two main strategies to tune the sets of relevant phases described by points (i-iii) above: (a)
phases are independently updated by gradient descent, and (b) phases are updated sequentially (from left to
right, each phase in a layer is set to a new value before the phases in the next layers are adjusted). The latter
strategy is possible because we assume that light propagates only forward, and it leads to a faster and
smoother training. A quantitative comparison between the two strategies, and a study of the most suitable
one with multiple rewarded percept/action pairs, can be done with our shared package, keeping
experimental requirements in mind [17]. An illustrative analysis for strategy (b) is shown in figure 4(c).
Additional information and analyses can be found in section A.2 and in the supplementary section VI,
respectively. Importantly, we point out that this approach is not restricted to the regular mesh considered in
this work. Rather, similar considerations also apply to circuits with arbitrary mode connectivity and even
higher-level structures in the ECM [17].

Interpretability—Regarding the aspect of interpretability, we have seen how PS offers a viable framework
towards achieving this goal, by allowing one to retrace the path taken between percepts and actions. We also
know that this is no longer true in the quantum domain, since all paths contribute to the decision making
process at once. However, while the individual path taken by a photon is not well-defined, the fact that its
wave packet can be concentrated in some regions of the interferometer can give rise to a notion of partial
traceability (see, e.g. figure 5). Interpretability in the proposed architecture is also facilitated by its
modularity, a key feature at the core of hierarchical RL and known to enhance the explainability of artificial
neural networks [44, 45]. While a modular approach could also be applied to qubit-based variational
circuits, the proposed framework benefits from its synergy with partial traceability. Specifically, here one
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Figure 6. Update via a Gram—Schmidt process. We can directly update the unitary transformation U that describes the ECM
using a Gram—Schmidt orthonormalization. Here, a learning curve (black) is shown for a single rewarded (s, a) pair in a 2-layer
PS described by a 10 x 10 Haar-random U. All other transition probabilities (other colors), from s and to a, decrease to 0. Curves
correspond to a single agent, without average. Inset: (| Uj|*);; after training (arrows indicate (s, a)).

could search for specific reasons behind a failure, by looking at which modules (i.e. sets of modes)
contributed the most to a decision (i.e. constructing a trace with a higher amplitude concentration).

We expect that this feature can be extended to multi-photon encoding schemes, with no need for a
process tomography or reconstruction of the output probability distribution. To estimate the amplitude of a
multi-photon configuration over the modes at a given layer (corresponding to a group of clips), one can tune
all previous layers to implement the ECM up to that point, setting the others to implement the identity
channel. One can also compute the likelihood that an n-photon coincidence event would be measured at
each layer. While the number of such combinations grows exponentially and the task to compute each
likelihood is hard [46], the task would still be feasible for 7 ~ 10 photons in O(n?) modes [47]: a number
sufficiently large to hope for interesting many-body quantum interference effects, e.g. reminiscent of
so-called suppression laws and bunching effects reported in Boson Sampling experiments [48].

In the context of this work, these phenomena could lead to the suppression of clip-to-clip transitions that
are not favorable during the training stage, and/or to the enhancement of specific transitions above a
predefined threshold. For instance, it could be possible to find correlations between sets of modes (clips), or
correlations between clips and percepts/actions modes, which carry semantics that aid interpretability.
Additional considerations are provided in Supplementary section I.

4.3. Direct updating via a Gram-Schmidt process

The previous sections consider a variational approach to the optimization problem, where phases are
gradually adjusted to produce a new transformation that behaves better under a given figure of merit. We
now consider a complementary approach, where we first update the unitary evolution U of the ECM, and
then use a well-known decomposition [40] to retrieve the 6 that produce the desired U. In this case, one
directly adjusts the matrix elements of U to implement an update rule such as equations (7) or (11): the new
matrix is no longer unitary; however, a Gram—Schmidt orthonormalization (GSO) process yields a new U’
that approximates the intended U,.

We add a few remarks on this approach (see also section A.1). First, if U/ is close to the old value Uy, one
step of GSO only causes a small update of the other entries of U. In this sense, this approach allows for a
smooth, flexible and controlled update of U (see figure 6). Also, both the GSO and the unitary
decomposition are efficient and relatively fast subroutines, which could even be faster than collecting
statistics for other variational approaches. In other words, the overhead is outsourced to the classical CPU.
The limitation of this approach is that it assumes perfect knowledge of U and a precise control of the
experimental settings. The impact of imperfections can be estimated using the shared package [17].

5. Quantum versus classical PS in a transfer-learning scenario

In this section, we apply the proposed quantum PS to an actual learning problem. The PS update rule of
equations (7) and (8) has already been used in various applications [18-22]. Here, we consider a scenario
which pronounces the differences between classical and quantum PS. We consider a transfer-learning
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Figure 7. A transfer-learning scenario for PS agents. (a) Structure of the ideal, classical ECM considered in the transfer-learning
scenario. Panel adapted from [50]. (b) Percepts s consist of the values of three observables which characterize particles. The
experiment consists of two stages. (i) In the first stage, the PS agent is set up to learn a middle layer of nodes, in which each node
corresponds to one observable and one value of that observable. (ii) In the second stage, this middle layer is kept fixed. The task
layer is exchangeable and it represents one yes/no question about pairs of observables. Since the excitation of the classical ECM is
localized, in the middle layer the classical agent can only use the value of one observable. Interference allows the quantum PS
agent to combine knowledge of several observables at once. (c) Layout of the quantum PS agent. To fulfill the unitarity
constraints, the connection from percept to middle layer is an interferometer tree with 9 outputs (one tree per percept). The
connection from the middle layer to the task layer is a 9 x 9 square architecture, shared by all percepts but different for each task
layer. Two output modes correspond to the yes/no answers, the others are discarded. (d) Prediction accuracy Aq of the quantum
PS agent for each of the 27 experiments (yes/no question). Inset: Learning curve for a single experiment (dark orange). A classical
agent can achieve at most an accuracy Ac = 8/9 (horizontal line, for both plots), always lower than Ag.

scenario [49]: a machine learning setting where a model trained for one task can solve another task. The
scenario we choose is that of Eva et al [50] (see figure 7).

In this scenario, one considers a list of particles characterized by discretized observables, and asks
whether two observables have two particular values. To answer these questions, or tasks, in our adapted
version of this thought experiment the agent attempts to build a meaningful representation of the particles in
two stages (corresponding to the middle layer and a task layer): In stage 1, the agent learns a representation
from the percept layer to the middle layer, where each node corresponds to one observable and one value of
that observable. While Eva et al intended that this representation is learned implicitly, in our case we directly
train the middle layer to achieve this representation. In stage 2, the connections from percept to middle layer
are kept fixed. The task layer has two nodes, which correspond to yes/no-answers. For each question (task),
we train a separate set of connections from the middle layer to the corresponding task layer.

The contrast between classical and quantum learning is rooted in the way the decision-making process
handles the structured representation of the PS agents: Since the excitation of the classical PS agent is
localized, it can only use knowledge about one observable and, therefore, it cannot reliably answer questions
involving two observables. The quantum PS agent, however, can use interference to combine knowledge
about two observables.

In our proof-of-concept analyses, described in detail in Supplementary section IV and in the shared code
[17], the quantum agent consistently achieved over 97% (weighted) accuracy for all task layers.

Conversely, one can use analytical reasoning to see that the classical PS agent cannot achieve near perfect
accuracy: since the classical excitation is always localized in one node, in the middle layer the classical PS
agent can at most know the value of one relevant observable. Therefore, the best thing the agent can do is to
guess about the other observable. Since two out of three possible values of that other observable lead to a
right no-answer, the best policy the classical PS agent can represent is to always answer no. Hence, the
performance of the classical PS agent is upper bounded by 3, thereby showing yet again the impact of
quantum interference for learning agents.
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6. Discussion

Significant endeavors are currently underway to leverage quantum effects for future Al applications. At the
same time, it is becoming increasingly evident that there are certain use cases where interpretability in the
decision-making process is crucial. In this work, we introduced a quantum learning framework obtained
through the quantization of a transparent and interpretable classical learning model, aiming to explore the
intricate relationship between quantum effects and interpretable decision processes. We extend the
theoretical framework by proposing an implementation based on integrated photonics that is specifically
tailored for quantum reinforcement learning.

Diverging from conventional, gate-based variational quantum algorithms, our approach draws
inspiration not from neural networks but from the quantization of PS, an interpretable classical machine
learning model. The proposed model shares the graph structure with classical PS, where decision-making is
realized through a traceable and interpretable random walk. In our implementation, this random walk
becomes a quantum walk of a single photon undergoing unitary transformations, and the variational
parameters become the phases of a homogeneous mesh of Mach—Zehnder interferometers. In contrast to
classical PS, here quantum interference effects and the constraints imposed by unitarity come into play. As
we discuss, this leads to an interesting interplay between the interpretable elements inherited from classical
PS and the genuine quantum effects. We also provide evidence of the enhanced learning capabilities achieved
by quantum PS. To this end we investigate a transfer learning problem where quantum PS showcases its
capacity to leverage quantum interference, surpassing the capabilities of its classical counterpart.

By bridging the gap between quantum effects and interpretability, the proposed quantum learning model
paves the way for future investigations and applications that benefit from the combined strengths of
interpretability and quantum effects. For example, some of the ideas include (i) the use of restricted
connectivity to implement domain knowledge, (ii) the search for relevant regions of the trained model
exhibiting amplitude concentration (see figure 5), and (iii) the link to the classical field of neuro-symbolic
logic [51], motivated by the similarity between interference effects and Boolean logic. Additional follow-up
investigations regarding the photonic implementation are already outlined in the Supplementary
Information with numerical analyses. There, Secs. II-III discuss the potential offered by multi-photon (i.e.
multi-percept) and multi-frequency quantum information processing, respectively. All results can be tested
with a package we release online [17].
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Appendix A. Variational algorithms

In this section, we provide additional information on the two variational algorithms presented in section 4.
The following algorithms naturally take into account the unitarity constraint inherent to the architecture.
We point out that this constraint is not necessarily a limitation and, rather, it could be advantageous to
improve the agent’s performance. In fact, since a machine learning ansatz with more freedom is also more
prone to overfitting, it is reasonable to believe that a specialized ansatz with restrictions and symmetries
might generalize better. A reduced number of degrees of freedom might also help during the training stage.

A.1. Update via Gram—Schmidt process
Here we outline the update via a Gram—Schmidt process. The algorithm consists of four steps (i—iv):

i. Compute Ug;ﬁgl) from the current US) according to a desired update rule. Here, sy and g are the
observed percept and action of the current round, respectively. In the examples in section 4.3, we

U(H‘l) =a U(t)

considered a constant rescaling factor o, i.e. Ugys, © = 305> Which acts like a learning rate.

e . 1
ii. Normalize the row U{(;_. )

iii. Use GSO on the other rows to obtain a new unitary, in the following way: For each row a # a4y, define

O = Ul - 3N Ul Ul Uity (12)

5€S acA,

where the overbar denotes the complex conjugation, and A, is the set of rows a for which we have
already defined Ugfl), i.e. the previous a in the loop. Determine Ugfl) from ilﬁ,t,—rl) via normalization.

iv. Use the decomposition [40] of canonical square architectures to find the phase settings that implement
the new unitary. The decomposition is exact and requires a number of operations quadratic in the size of
U.

The main advantage of this approach is that it allows one to control any theoretical aspect of the learning
process, from the update rule to the learning speed. One limitation is that it assumes perfect knowledge and
control of the experimental settings. Appending to it one step of variational fine-tuning, as the one we
describe in the following section, can help mitigate this issue and speed up the learning process.

A.2. Update via causal diamonds

Here we provide additional considerations on the update based on causal diamonds. The advantage of this
approach is that it is efficient (only few phase shifters are adjusted at each step) and that it is variational (it
takes into account the imperfect control over the experimental settings).

We consider two main approaches (a,b) to update a given subset © = (6y,...,60y) of N phase shifters at
each training step, albeit more sophisticated strategies can be devised and tailored to the hardware. These
phases can correspond to the set of leaking nodes described in section 4.2, or to a larger set selected via other
criteria.

a. Gradient ascent—FEach phase 6 € © is independently tuned to maximize a predefined figure of merit F.
b. Sequential—Each phase 6§ € O, in the order given by the light propagation, is tuned to independently
maximize a figure of merit F, and is immediately set to the new value before the next phase is probed.

The latter approach (b) (see figure 4) is usually faster than (a), since each phase update starts from a
progressively higher value of 7, and the individual updates within a training step do not sabotage each other.
However, an update based on gradient ascent as in (a) can be beneficial to escape local minima, which are
more likely to cause problems in (b). In the Supplementary Information we provide additional considerations
on this method, together with a description of the strategy used to improve the efficiency of the algorithm.

Appendix B. Optical architecture

Here we review the basics behind the operation of the optical architecture discussed in the main text. In
section 3.2, we proposed to consider the square canonical layout [40] for several reasons, above all because it
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supports the implementation of any unitary transformation U, with no modifications at the hardware level.
This is possible because any m x m U can be decomposed as U= D], Uy, i.e. the product of a diagonal
matrix D (whose elements are complex and have modulo 1) and m(m — 1)/2 unitaries U, implementing
complex rotations in the plane spanned by two adjacent modes:

1 0 0 0
o .- Ui P o 0
Uy, = 13
b o --- Uy Uy o 0 ’ ( )
0 0 0 1

where the u;; (i,j € {1,2}) describe the transformation acting on the two modes. This transformation is
implemented by means of a pair of phase shifter (¢;) and imbalanced beam splitter, whose transformation
UBS is implemented as a Mach—Zehnder interferometer with tunable phase shifter (6,):

1/1 i\ [e% 0\ (/1 i
UBS(OZ):z(i 1)(0 1) <i 1)' (14)

Opverall, the proposed ansatz can be implemented using well-established, integrated photonic
components that only involve tunable phase shifters and fixed, balanced beam splitters (directional couplers).
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