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Abstract

The viscous quantum hydrodynamic model derived for semiconductor simula-
tion is studied in this paper. The principal part of the vQHD system constitutes
a parameter–elliptic operator provided that boundary conditions satisfying the
Shapiro–Lopatinskii criterion are specified. We classify admissible boundary con-
ditions and show that this principal part generates an analytic semigroup, from
which we then obtain the local in time well–posedness. Furthermore, the expo-
nential stability of zero current and large current steady states is proved, without
any kind of subsonic condition. The decay rate is given explicitly.

Keywords: semiconductor model, boundary conditions, analytic semigroup,
exponential stability, decay rate

Mathematics Subject Classification (1991): 35J45, 76Y05, 35B35

1 Introduction

The fast developments of computer sciences and telecommunications require the size
of semiconductor devices reaching the nanometer dimension. Then the quantum me-
chanical effects will play a role in designing mathematical models. In quantum physics,
the motion of an electron ensemble is described by a many body Schrödinger system,
which is hard to investigate both analytically and numerically as the number of parti-
cles goes to infinity. One reasonable attempt to deal with this problem is to find some
macroscopic fluid dynamic models for the motion of the electrons. By using the density
matrix for rewriting the Schrödinger system into the Heisenberg equation, and apply-
ing the Wigner transform, a so called quantum Boltzmann equation can be formally
obtained. Then by further introducing various collision operators, several macroscopic
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models can be obtained, such as the quantum drift-diffusion model by the entropy min-
imizing method, or the quantum hydrodynamic model by the momentum method. For
a thorough presentation of derivations of semiconductor models, we refer the reader to
[1, 2]. In this paper, we will study a so called viscous quantum hydrodynamic model
derived from the quantum Boltzmann equation with a Fokker–Planck collision oper-
ator describing the interaction of the electrons with crystal phonons. More precisely,
the system is







































∂tn − div J = ν1 4n,

∂tJ − div

(

J ⊗ J

n

)

−∇p(n)

+n∇V +
ε2

2
n∇

(4√
n√

n

)

= ν2 4 J − J

τ
,

λ2
D 4V = n − C(x),

(1.1)

for (t, x) ∈ (0, T0)×Ω, where the spatial domain Ω is an open subset of R
d, d = 1, 2, 3,

with smooth boundary. We prescribe initial values

n(0, x) = n0(x), J(0, x) = J0(x), x ∈ Ω, (1.2)

and certain boundary conditions on the unknown functions (n, J, V ). One of the key
results of this paper will be a list of admissible boundary conditions which lead to a
well–posed initial–boundary value problem. Two other key results will be the ana-
lyticity of the semigroup and the exponential stability of a steady state with explicit
description of the decay rate.

The unknown functions are the electron density n = n(t, x) : [0, T0) × Ω → R+, the
density of electrical currents J = J(t, x) : [0, T0) × Ω → R

d, and the electric potential
V = V (t, x) : [0, T0) × Ω → R. The smooth function p = p(n) denotes the pressure,
typical examples are p(n) = Tnγ with γ ≥ 1. The scaled physical constants are the
electron temperature T (in case γ = 1), the Planck constant ε, the Debye length λD,
and constants ν1, ν2, τ describing the interaction of the electrons with crystal phonons.
The parameter τ is also called momentum relaxation time. The known function C =
C(x) is the so–called doping profile which describes the density of positively charged
background ions.

The macroscopic quantum models have been derived only recently, and only a small
number of analytical results are to be found in the literature. Among them, the
quantum drift diffusion model, which is basically a nonlinear fourth order parabolic
equation, was studied extensively by a series of works in one space dimension, on
existence of weak solution, long time behavior and semiclassical limits; we only list
here [3, 4, 5, 6, 7]. The quantum drift diffusion model only contains the conservation
of particle density, while the quantum hydrodynamic model could provide more infor-
mation for the particles in the semiconductor simulation, having one more equation
for the current density. Concerning the quantum hydrodynamic model without vis-
cous terms, the existence of smooth solutions and their long time asymptotic behavior
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for small initial data were investigated in [8, 9]. The viscous quantum hydrodynamic
model has been used for numerical simulation on typical quantum semiconductor de-
vices, the resonant tunnel diode (RTD), see [10, 11]. From the numerical point of
view, this model seems to be more reasonable than the inviscid model. The viscous
model in the higher-dimensional case for the first time was studied by the authors
in [12, 13], and results on the time evolution with Cauchy data or insulating boundary
conditions, on the local existence of smooth solutions and exponential decay to the
thermal equilibrium state by the entropy dissipation method, and on the inviscid limit
have been obtained. We also mention [14], where the exponential decay towards a
constant steady state in a one-dimensional setting with a certain boundary condition
was proved.

One of the main obstacles for an analytic study of the quantum hydrodynamic models
is the Bohm potential term

B(n) =
4√

n√
n

,

which introduces a third order perturbation to the Euler Poisson system, making
maximum principles and related tools inaccessible. In this paper, we will show how
to treat this term as a part of a mixed-order elliptic system in the sense of Douglis
and Nirenberg [15, 16] in a natural way. For greater flexibility in the mathematical
analysis, we allow for two different viscosity constants in the differential equations for
n and J , and we point out that most of our results will remain valid for ν1 = 0, which
is a case that seems physically quite intuitive.

The principal part of the (1 + d) × (1 + d) matrix differential operator from (1.1) is

A(x,Dx) =

(

ν1 4 div

− ε2

4 ∇4 ν2 4 Id

)

, (1.3)

where the viscosity entries lie on the diagonal. Under certain generic conditions on
the parameters, this principal part will turn out to be parameter–elliptic of mixed
order. Then a discussion on the Shapiro–Lopatinskii condition will give the possible
candidates for the boundary conditions of the whole system. We will pursue this matter
in Section 3, where the theory of parameter–elliptic mixed order matrix operators and
their associated a priori estimates will be first recalled.

In Section 4 we then show that this principal part even generates an analytic semigroup,
from which we then directly obtain the local in time well–posedness of (1.1).

In the last part, Section 5, we will give two stability results in one space dimension.
The first one is on the stability of the zero current steady state with suitable bound-
ary conditions, and we will prove that the solution of the linearized system decays
exponentially fast. The second result is on the exponential stability of a large current
steady state, where we do not need any subsonic condition. The decay rate turns out
to be directly related to the momentum relaxation time.
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2 Main Results

The linear principal part of the steady state problem of quantum hydrodynamics is

A

(

n(x)
J(x)

)

=

(

f0(x)
f ′(x)

)

, x ∈ Ω,

where A is given in (1.3). We assume that the parameters satisfy
{

ν1, ν2 ≥ 0, ν1 + ν2 > 0, : d = 1,

ν1 ≥ 0, ν2 > 0, : d ≥ 2.
(2.1)

Theorem 2.1. Suppose (2.1) and ε 6= 0. Then for d ≥ 1, each of the following
boundary conditions on n and J satisfies the Shapiro–Lopatinskii criterion:

n|∂Ω = nΓ, J|∂Ω = JΓ,

∂νn|∂Ω = nΓ, J|∂Ω = JΓ,

n|∂Ω = nΓ, (J‖)|∂Ω = J‖,Γ, (∂νJ⊥)|∂Ω = J⊥,Γ, (ν1 > 0),

where J‖ and J⊥ are the components of J tangential and perpendicular to ∂Ω.

Additionally, for d = 1, the following collection of boundary conditions is admissible:

(n, nx)|∂Ω = (nΓ,0, nΓ,1).

There is a sector Σϑ with

Σϑ = {z ∈ C \ {0} : | arg z| < ϑ} ,
π

2
< ϑ < π, (2.2)

and for each p ∈ (1,∞) there is a positive λ0(p) such that: for zero boundary values
and λ ∈ Σϑ with |λ| ≥ λ0(p), the solution (n, J) to the problem

A

(

n
J

)

− λ

(

n
J

)

=

(

f0

f ′

)

∈ W 1
p (Ω) × (Lp(Ω))d,

with the above homogeneous boundary conditions, exists in W 3
p (Ω) × (W 2

p (Ω))d and
fulfills the a priori estimate

‖n‖W 3
p (Ω) + |λ|3/2 ‖n‖Lp(Ω) + ‖J‖W 2

p (Ω) + |λ| ‖J‖Lp(Ω) (2.3)

≤ C
(

‖f0‖W 1
p (Ω) + |λ|1/2 ‖f0‖Lp(Ω) +

∥

∥f ′
∥

∥

Lp(Ω)

)

.

The proof will be given in Section 3.

Remark 2.1. We note that in the one–dimensional case with ν1 > 0, boundary con-
ditions on the values (n, Jx)|∂Ω give us boundary values of nxx, by the equation for n.
This observation seems helpful for difference methods in numerical simulations, since
then an additional boundary condition becomes available. Note that taking traces of
time derivatives at the boundary is possible in case of analytic semigroups.
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This a priori estimate then will enable us to verify the operator A as the generator of
a semigroup. Our approach is as follows:

Let Bn and BJ be boundary condition operators, with either Bn = 1 or Bn = ∂ν , and
either BJ = Id, BJ = Id∂ν , or BJ = (P‖, ∂νP⊥), with P‖ and P⊥ being the projectors
onto the tangential and normal parts of a vector field.

For 1 < p < ∞, we consider the operator A from (1.3) with domain

D(A) =
{

(n, J) ∈ W 3
p (Ω) × (W 2

p (Ω))d : (Bnn)|∂Ω = 0, (BJJ)|∂Ω = 0
}

.

Theorem 2.2. Assume (2.1) and ε 6= 0. Then the operator A generates an analytic
semigroup on the space

X =
{

(f0, f
′) ∈ W 1

p (Ω) × (Lp(Ω))d : (Bnf0)|∂Ω = 0
}

.

This brings us in a position to study local well–posedness to the system (1.1) with
initial conditions (1.2) and boundary conditions











(Bnn)(t, x) = nΓ(x),

(BJJ)(t, x) = JΓ(x),

V (t, x) = VΓ(x),

(t, x) ∈ (0, T0) × ∂Ω, (2.4)

where Bn and BJ are the above mentioned boundary operators.

Theorem 2.3. We suppose that the initial data possess the regularity n0 ∈ W 3
p (Ω),

J0 ∈ W 2
p (Ω); and for the boundary data we assume nΓ ∈ W

3−ordBn−1/p
p (∂Ω), JΓ ∈

W
2−ordBJ−1/p

p (∂Ω) as well as VΓ ∈ W
2−1/p

p (∂Ω), where p > d. The doping profile C is
assumed to be an Lp(Ω) function. Moreover, suppose

inf
x∈Ω

n0(x) > 0

and the compatibility conditions

(Bnn0)(x) = nΓ(x), (BJJ0)(x) = JΓ(x), x ∈ ∂Ω.

Then the problem (1.1), (1.2), (2.4) has a unique time–local classical solution (n, J, V )
with

n ∈ C([0, T0],W
3

p (Ω)), ∂tn ∈ C([0, T0],W
1

p (Ω)),

J ∈ C([0, T0],W
2

p (Ω)), ∂tJ ∈ C([0, T0], L
p(Ω)),

V ∈ C([0, T0],W
2

p (Ω)), ∂tV ∈ C([0, T0],W
3

p (Ω)),

for some positive T0.
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Remark 2.2. Of course, the existence of solutions to (at least a linearized version of
the) system (1.1) could also be shown by traditional methods like a Galerkin scheme.
However, this way one only obtains a priori estimates of the solution in L2 based Sobolev
spaces, and handling the nonlinearities then still requires a big effort, in particular in
the higher–dimensional case. The key advantage of the semigroup approach is, of
course, that these difficulties disappear after choosing a large p.

Our final two main results are about exponential stability.

First, we consider the viscous model in the interval Ω = (0, L),



















∂tn = ν0nxx + Jx,

∂tJ = −ε2

4
nxxx + ν0Jxx +

(

1

n

(

J2 +
ε2

4
n2

x

))

x

+ Tnx − nVx − 1

τ
J,

λ2
DVxx = n − C0,

(2.5)

together with insulating boundary conditions











nx(t, x) = 0,

J(t, x) = 0,

Vx(t, x) = 0,

(t, x) ∈ R+ × ∂Ω (2.6)

and the initial data (n0, J0) ∈ H3(Ω) × H2(Ω). The doping profile C0 is a positive
constant, and we suppose

inf
x∈Ω

n0(x) > 0,

∫

Ω
(n0(x) − C0) dx = 0.

To linearize around the steady state (n, J, V ) = (C0, 0, 0), we set n(t, x) = C0 +m(t, x)
and obtain the linearized version



















∂tm = ν0mxx + Jx,

∂tJ = −ε2

4
mxxx + ν0Jxx + Tmx − C0Vx − 1

τ
J,

λ2
DVxx = m.

(2.7)

We put u =
(m

J

)

and write this system as ∂tu = Au. By decomposing into eigen-
functions of the Dirichlet–Laplacian and the Neumann–Laplacian, we observe that A
generates a C0 semigroup (even an analytic one) on the space

X =
{

(m,J) ∈ Ḣ1(Ω) × L2(Ω)
}

, Ḣ1(Ω) :=

{

w ∈ H1(Ω):

∫

Ω
w dx = 0

}

.

The domain of A is

D(A) =
{

(m,J) ∈ (H3(Ω) ∩ Ḣ1(Ω)) × H2(Ω): (mx, J)|∂Ω = 0
}

.
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Theorem 2.4. Suppose u0 =
(m0

J0

)

∈ D(A2), ε > 0, ν0 > 0, and

C0

λ2
D

− 1

4τ2
> 0. (2.8)

Then the solution (m,J) to (2.7) decays exponentially to the zero state,

‖m(t, ·)‖H2(Ω) + ‖J(t, ·)‖H1(Ω) ≤ C exp

(

− t

2τ

)

(

‖n0‖H2(Ω) + ‖J0‖H1(Ω)

)

, (2.9)

and the steady state of the nonlinear problem (2.5) is asymptotically stable.

Remark 2.3. We note that the condition (2.8) seems reasonable in practical applica-
tions: if we follow the scaling of [10], we get C0 = 1, τ ≈ 1 and λ2

D ≈ 10−4, and (2.8)
is satisfied with a wide margin.

The next result is about linearized exponential stability in the case of arbitrarily large
currents in the bulk material. The system under consideration is again (2.5), but now
for (t, x) ∈ R+ × R, with standard initial data (n0, J0) for t = 0.

Since only derivatives of the electric potential V appear, but not V itself, we introduce
the electric field E(t, x) = Vx(t, x) and consider (n, J,E) as our new set of unknown
functions. Then a constant stationary state is given by

(n, J,E) = (C0, J0, E0)

provided that C0 > 0 is constant, and that Ohm’s law is satisfied:

C0E0 +
1

τ
J0 = 0. (2.10)

To linearize around the steady state, we put

n(t, x) = C0 + m(t, x),

J(t, x) = J0 + K(t, x),

E(t, x) = E0 + D(t, x).

Then the linearized version of (2.5) reads



































∂tm = ν0mxx + Kx,

∂tK = −ε2

4
mxxx + ν0Kxx +

2J0

C0
Kx − J2

0

C2
0

mx + Tmx

− C0D − mE0 −
1

τ
K,

λ2
DDx = m.

(2.11)
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Theorem 2.5. Suppose ε ≥ 0, ν0 ≥ 0, (2.8) and (2.10). Let (m,K,D) be a solution
to (2.11), with the regularity

m ∈ L2
loc(R+,H4(R)), mt ∈ L2

loc(R+,H3(R)),

K ∈ L2
loc(R+,H3(R)), Kt ∈ L2

loc(R+,H2(R)).

Then the following decay estimate holds in the case when ε > 0:

‖m(t, ·)‖H2(R) + ‖Kx(t, ·)‖L2(R)

≤ C exp

(

− t

2τ

)

(

‖m(0, ·)‖H2(R) + ‖Kx(0, ·)‖L2(R)

)

,

and in the case when ε = 0, we have

‖m(t, ·)‖H1(R) + ‖Kx(t, ·)‖L2(R)

≤ C exp

(

− t

2τ

)

(

‖m(0, ·)‖H1(R) + ‖Kx(0, ·)‖L2(R)

)

.

Moreover, the stationary state (C0, J0, E0) to the nonlinear problem (2.5) is asymptot-
ically stable.

We emphasize that we do not need any kind of subsonic condition: the current density
J0 can be arbitrarily large. The reason of this phenomenon will become clear during
the proof, see Remark 5.1.

3 Parameter–Elliptic Mixed Order Systems

We consider an N × N matrix differential operator A(x,Dx) consisting of entries
ajk(x,Dx). Here we have put Dxj = −i∂/∂xj and Dx = −i∇x. We suppose that
there are integers s1, . . . , sN and m1, . . . ,mN such that sj + mj =: m ∈ N+ is inde-
pendent of j, with the property that the order of ajk is no more than sj + mk for all
j, k = 1, . . . , N . We do not lose generality if we suppose that m1 ≥ m2 ≥ . . . ≥ mN = 0.
Additionally, we assume that ajk ≡ 0 in case of sj + mk < 0.

We wish to solve the system of partial differential equations

(A(x,Dx) − λIN )u(x) = f(x), x ∈ Ω, (3.1)

for all λ in a certain sector L of the complex plane. This interior problem is comple-
mented with boundary conditions

Bj(x,Dx)u(x) = gj(x), x ∈ ∂Ω, j = 1, . . . ,mN/2 ∈ N, (3.2)

where Bj is a 1 ×N matrix differential operator with entries bjk, k = 1, . . . , N , whose
order does not exceed rj + mk. Here we assume that such numbers r1, . . . , rmN/2 ∈ Z

exist with rj < m and that bjk ≡ 0 in case of rj + mk < 0.

Through this section, we assume that the coefficients of A and Bj belong to C∞(Ω)
and

Ω ⊂ R
n, ∂Ω ∈ Cmax mj+m−1,1.
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Definition 3.1. Let L be a closed sector in the complex plane with vertex at the origin.
Write a0

jk(x,Dx), b0
jk(x,Dx) for the principal parts of ajk and bjk, with ord a0

jk =

sj + mk and ord b0
jk = rj + mk. Let A0 and B0

j be the N ×N and 1×N matrices with

entries a0
jk and b0

jk.

The boundary value problem (3.1), (3.2) is called elliptic with parameter in the sector
L if the following conditions hold:

interior ellipticity condition: det(A0(x, ξ)−λIN ) 6= 0 for all (x, ξ, λ) ∈ Ω×R
n×L

with |ξ| + |λ| > 0.

Shapiro–Lopatinskii condition: Let x0 ∈ ∂Ω and the system (3.1), (3.2) be rewrit-
ten in local coordinates near x0 (using a translation and a rotation), in such a
way that the boundary at x0 corresponds to xn = 0, and the interior normal vec-
tor corresponds to the half–axis with xn > 0. Then the boundary value problem
on the half–line















A0(0, ξ′, Dxn)v(t) − λv(t) = 0, 0 < t = xn < ∞,

B0
j (0, ξ′, Dxn)v(t) = 0, t = 0, j = 1, . . . ,mN/2,

lim
t→+∞

v(t) = 0

(3.3)

has only the trivial solution v ≡ 0, for all (x0, ξ′, λ) ∈ ∂Ω × R
n−1 × L with

|ξ′| + |λ| > 0.

In [17], it has been shown that the interior ellipticity condition implies mN ∈ 2N.

For a vector–valued function u on Ω of regularity W 2
p (Ω), where 1 < p < ∞ and s ∈ N0,

we define a parameter–dependent norm,

‖u‖s,p,Ω,λ = ‖u‖W s
p (Ω) + |λ|s/m ‖u‖Lp(Ω) , λ ∈ C \ {0}.

Similarly, for a function v living on the boundary ∂Ω with regularity W
s−1/p

p (∂Ω),
where 1 < p < ∞ and s ∈ {1, 2, . . . ,m}, we define a norm

‖v‖s−1/p,p,∂Ω,λ = ‖v‖
W

s−1/p
p (∂Ω)

+ |λ|
s−1/p

m ‖v‖Lp(∂Ω) , λ ∈ C \ {0}.

We quote a well–posedness result from [18], see also [19, Theorem 6.4.1].

Theorem 3.1. Suppose that the boundary value problem (3.1), (3.2) is elliptic with
parameter in the sector L. Then there exists a λ0 = λ0(p) such that for λ ∈ L with |λ| ≥
λ0, the boundary value problem has a unique solution (u1, . . . , uN ) ∈∏N

j=1 W
mj+m

p (Ω)

for any right-hand side f = (f1, . . . , fN ) ∈ ∏N
j=1 W

mj
p (Ω) and all boundary values

g = (g1, . . . , gmN/2) ∈
∏mN/2

j=1 W
m−rj−1/p

p (∂Ω), and the a priori estimate

N
∑

j=1

‖uj‖mj+m,p,Ω,λ ≤ C





N
∑

j=1

‖fj‖mj ,p,Ω,λ +

mN/2
∑

j=1

‖gj‖m−rj−1/p,p,∂Ω,λ





holds, where the constant C does not depend upon f, g and λ.
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The stationary vQHD system can be written as















































ν1 4n + div J = 0,

−ε2

4
∇4n + ν2 4 J = −div

(

J ⊗ J + ε2

4 (∇n) ⊗ (∇n)

n

)

−∇p(n)

+ n∇V +
1

τ
J,

4V =
1

λ2
D

(n − C).

We put u =
(n
J

)

and define a (1+d)× (1+d) matrix differential operator A as in (1.3)
with pseudo–differential symbol

A(x, ξ) =











−ν1|ξ|2 iξ1 iξ2 . . . iξd

i ε
2

4 ξ1|ξ|2 −ν2|ξ|2 0 . . . 0
...

...
...

. . .
...

i ε
2

4 ξd|ξ|2 0 0 . . . −ν2|ξ|2











. (3.4)

Now we are in a position to prove Theorem 2.1.

Proof. The operator A has orders (s1, s2, . . . , sd+1) = (1, 2, . . . , 2) and (m1,m2, . . . ,md+1) =
(1, 0, . . . , 0), and we have N = d + 1, m = 2 as well as A = A0. Then the eigenvalues
of A0 are the solutions λ to

(ν1|ξ|2 + λ)(ν2|ξ|2 + λ)d − (ν2|ξ|2 + λ)d−1 ε2

4
|ξ|4 = 0,

hence

λ1,...,d−1 = −ν2|ξ|2,

λd,d+1 = −1

2
(ν1 + ν2)|ξ|2 ±

1

2

√

(ν1 − ν2)2 − ε2|ξ|2.

Recalling that the parameters satisfy (2.1), we then can find an angle ϑ (even if ν1 = 0)
with π/2 < ϑ < π in such a way that the closure of the sector Σϑ as in (2.2) contains
none of the values λ1, . . . , λd+1, provided |ξ| > 0. This will be a first condition on the
choice of the sector L as in Definition 3.1.

In order to discuss the Shapiro–Lopatinskii condition, we pick a point x0 ∈ ∂Ω, and
then we rotate and shift the coordinates in such a way that the interior normal direction
at x0 is given by (0, . . . , 0, 1) ∈ R

d. We consider the boundary value problem on the
half–line















(A0(ξ′, Dxd
) − λId+1)v(xd) = 0, 0 < xd < ∞,

B0
j (ξ′, Dxd

)v(xd) = 0, xd = 0, j = 1, . . . , d + 1,

lim
xd→+∞

v(xd) = 0,

(3.5)
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where ξ′ ∈ R
d−1 and A0 = A0(ξ′, Dxd

) is given as follows:

A0 =











−ν1(|ξ′|2 + D2
xd

) iξ1 . . . iDxd

i ε
2

4 ξ1(|ξ′|2 + D2
xd

) −ν2(|ξ′|2 + D2
xd

) . . . 0
...

...
. . .

...

i ε
2

4 Dxd
(|ξ′|2 + D2

xd
) 0 . . . −ν2(|ξ′|2 + D2

xd
)











.

Our intention is to show that the choice of boundary condition operators B 0
j (ξ′, Dxd

)
listed in Theorem 2.1 implies v(xd) ≡ 0 for all ξ′ = (ξ1, . . . , ξd−1) and all λ ∈ L, but
|ξ′| + |λ| > 0.

The first line of (3.5) is a system of ODEs with constant coefficients and of mixed
order, and it is clear that any decaying solution v = v(xd) of this system must decay
exponentially for xd → ∞, as well as all derivatives of v. A thorough description of
the structure of the solutions to mixed order ODE systems can be found in [16]. We
have

−ν1(|ξ′|2 + D2
xd

)n + iξ1J1 + · · · + iξd−1Jd−1 + iDxd
Jd = λn,

i
ε2

4
ξk(|ξ′|2 + D2

xd
)n − ν2(|ξ′|2 + D2

xd
)Jk = λJk, k ≤ d − 1,

i
ε2

4
Dxd

(|ξ′|2 + D2
xd

)n − ν2(|ξ′|2 + D2
xd

)Jd = λJd.

Write 〈·, ·〉 for the scalar product on L2(R+; C): 〈u, v〉 :=
∫∞
0 uv dxd and ‖u‖2 := 〈u, u〉.

We take this scalar product of the equations for Jk with Jk and perform appropriate
integrations by parts (which produce no boundary terms due to the choice of Bn and
BJ):

−ε2

4

〈

(|ξ′|2 + D2
xd

)n, iξkJk

〉

− ν2|ξ′|2 ‖Jk‖2 − ν2 ‖Dxd
Jk‖2 = λ ‖Jk‖2 ,

−ε2

4

〈

(|ξ′|2 + D2
xd

)n, iDxd
Jd

〉

− ν2|ξ′|2 ‖Jd‖2 − ν2 ‖Dxd
Jd‖2 = λ ‖Jd‖2 .

Summing up and plugging in the equation for n then give

− ε2

4
ν1

∥

∥(|ξ′|2 + D2
xd

)n
∥

∥

2 − ν2

d
∑

k=1

(

|ξ′|2 ‖Jk‖2 + ‖Dxd
Jk‖2

)

= λ
d
∑

k=1

‖Jk‖2 + λ
ε2

4

(

|ξ′|2 ‖n‖2 + ‖Dxd
n‖2
)

.

The left-hand side is a non-positive real number, which enforces n ≡ 0 and J ≡ 0
in the case when <λ ≥ 0. There is even a closed sector L, strictly larger than the
right complex half-plane, such that λ ∈ L implies n ≡ 0 and J ≡ 0. This can be
seen as follows. By scaling arguments, we can assume |ξ ′| = 1, or ξ′ = 0 and |λ| = 1.
Keep ξ′ fixed. The Shapiro–Lopatinskii criterion is violated exactly for those λ, for
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which the Lopatinskii determinant vanishes. These values of λ form a discrete set in
C, which continuously depends on ξ ′ ∈ Sd−1, the unit sphere. But Sd−1 is compact,
which ensures the existence of a sector L with the desired properties.

This completes the proof of Theorem 2.1.

4 Semigroup Properties

The purpose of this section is to prove Theorems 2.2 and 2.3.

Proof. First we derive a resolvent estimate for A, improving the a priori estimates
of (2.3). Let λ ∈ Σϑ with |λ| ≥ λ0(p) as in Theorem 2.1, and consider the problem

(A − λId+1)

(

n
J

)

=

(

f0

f ′

)

∈ X. (4.1)

We define an operator P = 4 with domain D(P ) = {v ∈ W 2
p (Ω): (Bnv)|∂Ω = 0}, and

set n∗ = (P − λ)−1f0. For this function we have, by classical results,

|λ| ‖n∗‖Lp(Ω) + ‖n∗‖W 2
p (Ω) ≤ C ‖f0‖Lp(Ω) , f0 ∈ Lp(Ω),

|λ| ‖n∗‖W 2
p (Ω) + ‖n∗‖W 4

p (Ω) ≤ C ‖f0‖D(P ) , f0 ∈ D(P ).

Interpolating between these estimates we then find

|λ| ‖n∗‖W 1
p (Ω) + |λ|1/2 ‖n∗‖W 2

p (Ω) + ‖n∗‖W 3
p (Ω) ≤ C ‖f0‖W 1

p (Ω) , f0 ∈ D(P ).

By density, this estimate holds for all f0 ∈ W 1
p (Ω) with (Bnf0)|∂Ω = 0.

Now we put n = n∗ + m and apply the inequality (2.3) to the problem

A

(

m
J

)

− λ

(

m
J

)

=

(

f0 − ν1 4n∗ + λn∗

f ′ + ε2

4 ∇4n∗

)

,

and deduce that

‖m‖W 3
p (Ω) + |λ|3/2 ‖m‖Lp(Ω) + ‖J‖W 2

p (Ω) + |λ| ‖J‖Lp(Ω)

≤ C
(

‖4n∗‖W 1
p (Ω) + |λ|1/2 ‖4n∗‖Lp(Ω) +

∥

∥f ′
∥

∥

Lp(Ω)
+ ‖n∗‖W 3

p (Ω)

)

≤ C
(

‖f0‖W 1
p (Ω) +

∥

∥f ′
∥

∥

Lp(Ω)

)

.

Summing up and using |λ| ‖m‖W 1
p (Ω) ≤ C(‖m‖W 3

p (Ω) + |λ|3/2 ‖m‖Lp(Ω)), we then find

‖n‖W 3
p (Ω) + |λ| ‖n‖W 1

p (Ω) + ‖J‖W 2
p (Ω) + |λ| ‖J‖Lp(Ω) (4.2)

≤ C
(

‖f0‖W 1
p (Ω) +

∥

∥f ′
∥

∥

Lp(Ω)

)

,
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which can be expressed, for |λ| ≥ max(1, λ0(p)), as

|λ| ·
∥

∥(A − λId+1)
−1
∥

∥

L(X,X)
+
∥

∥(A − λId+1)
−1
∥

∥

L(X,D(A))
≤ C.

Put λ1 = λ0(p) + 1. Then we have

sup
λ∈Σϑ

∥

∥λ(A − (λ + λ1)Id+1)
−1
∥

∥

L(X,X)
< ∞.

Since D(A) is dense in X, the operator A − λ1Id+1 then is a sectorial operator with
spectral angle greater than π/2. Consequently, the operator A−λ1Id+1 (and then also
A) generates an analytic semigroup on X. This completes the proof of Theorem 2.2.

Remark 4.1. It is clear that this technique allows to prove semigroup properties also
for a certain subclass of all parameter–elliptic boundary value problems.

Now we demonstrate Theorem 2.3.

Proof. We write the system as ∂tu = Au + F (u), u(0) = u0 with u =
(

n
J

)

, u0 =
(

n0

J0

)

,
A as in (1.3), and

F (u) =

(

0

div
(

1
n

(

J ⊗ J + ε2

4 (∇n) ⊗ (∇n)
))

+ ∇p(n) − n∇V − 1
τ J

)

.

With u = u∗ + u0 we then wish to solve

u∗(t) =

∫ t

s=0
exp(A(t − s)) (Au0 + F (u0 + u∗)(s)) ds, (4.3)

by means of the iteration scheme

u∗
0(t) = 0,

u∗
k+1(t) =

∫ t

s=0
exp(A(t − s)) (Au0 + F (u0 + u∗

k)(s)) ds.

The analytic semigroup (exp(At))t≥0 on the space X enjoys the estimate

‖exp(At)v‖D(A) ≤
C(T0)

t
‖v‖X , 0 < t ≤ T0, (4.4)

for all v ∈ X. Define by complex interpolation

Y = [D(A), X]1/2

=
{

(n, J) ∈ W 2
p (Ω) × (W 1

p (Ω))d : (Bnn)|∂Ω = (BJJ)|∂Ω = 0
}

.
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Then the representation formula of u∗
k+1 gives us, since W 1

p (Ω) ⊂ L∞(Ω) because of
p > d,

∥

∥u∗
k+1(t)

∥

∥

Y
≤ Ct1/2 sup

[0,t]
‖Au0 + F (u0 + u∗

k)(s)‖X

≤ Ct1/2

(

1 + sup
[0,t]

‖u∗
k(s)‖3

Y

)

,

and the convergence u∗
k+1 → u∗ in the space C([0, T0], Y ) can be shown by the con-

traction mapping principle for small T0. This function u∗ ∈ C([0, T0], Y ) then is a mild
solution to the problem

{

∂tu
∗ = Au∗ + Au0 + F (u0 + u∗) =: Au∗ + f(t),

u∗(0) = 0.

Now we bring the standard regularity theory into play: since A is the infinitesimal
generator of an analytic semigroup on X, and since f ∈ Lq((0, T0), X) for any q ∈ (1,∞)
(we have even f ∈ C([0, T0], X)), it follows that

u∗ ∈ Cθ([0, T0], X), θ = (q − 1)/q.

From (4.4) and the representation of u∗ we also get u∗ ∈ L∞((0, T0), [D(A), X]γ ) for
any γ ∈ (0, 1), and interpolating once more we then find

u∗ ∈ C1/3([0, T0], Y ).

This implies f ∈ C1/3([0, T0], X). Then, by standard theory, u∗ is a classical solution
with regularity

Au∗, ∂tu
∗ ∈ C1/3([γ, T0], X), ∀γ > 0,

Au∗, ∂tu
∗ ∈ C([0, T0], X).

The proof of Theorem 2.3 is complete.

5 Stability

We show Theorem 2.4.

Proof. From u0 ∈ D(A2) we get u(t) ∈ D(A2) for all t > 0, and in particular

m ∈ L2
loc(R+,H4(Ω)), mt ∈ L2

loc(R+,H3(Ω)),

J ∈ L2
loc(R+,H3(Ω)), Jt ∈ L2

loc(R+,H2(Ω)),

(mx,mxxx, J, Jxx)|∂Ω = 0.
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With 4 being the Neumann–Laplacian, we define an operator P by the spectral the-
orem,

P =

√

ε2

4
42 −T 4+

C0

λ2
D

− 1

4τ2
,

D(P ) = D(4) =
{

w ∈ H2(Ω): wx|∂Ω = 0.
}

By our assumption (2.8), we have P = P ∗ > 0 on L2(Ω). Define a function v = v(t, x)
by

v(t, x) =

(

1

2τ
+ iP

)

m(t, x) + Jx(t, x).

Then v ∈ L2
loc(R+,H2(Ω)) with vanishing Neumann boundary values. By calculation,

we check that
(

∂t − ν0 4+
1

2τ
− iP

)

v = 0.

Then we conclude that

∂t ‖v(t, ·)‖2
L2(Ω) = 2<〈∂tv, v〉L2(Ω) = −2ν0 ‖∇v(t, ·)‖2

L2(Ω) −
1

τ
‖v(t, ·)‖2

L2(Ω) ,

and therefore
‖v(t, ·)‖L2(Ω) ≤ e−

t
2τ ‖v(0, ·)‖L2(Ω) .

Since m, Pm and Jx are real–valued, we have ‖Pm‖L2(Ω) ≤ ‖v‖L2(Ω). By the spectral
theorem, we also have ‖m(t, ·)‖H2(Ω) ≤ C ‖Pm(t, ·)‖L2(Ω), which completes the proof
of (2.9).

Going back to the nonlinear system (2.5), we note that the nonlinear terms can be
bounded as follows:

∥

∥

∥

∥

(

1

n

(

J2 +
ε2

4
n2

x

))

x

∥

∥

∥

∥

L2(Ω)

+ ‖(n − C0)Vx‖L2(Ω)

≤ C
(

‖J‖2
H1(Ω) + ‖J‖3

H1(Ω) + ‖m‖2
H2(Ω) + ‖m‖3

H2(Ω)

)

.

Then the exponential decay of the linearized problem leads to the asymptotic stability
of the steady state (C0, 0, 0) to (2.5).

And finally, we show Theorem 2.5.

Proof. Taking derivatives of the first two equations of (2.11) and exploiting (2.10) gives

mtt = 2ν0mtxx −
(

ν2
0 +

ε2

4

)

mxxxx − 2τE0mtx − 1

τ
mt (5.1)

+ 2ν0τE0mxxx +
(

T − τ2E2
0 +

ν0

τ

)

mxx − E0mx − C0

λ2
D

m.
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Next, we put

B(∂x) = −ν0∂
2
x + τE0∂x +

1

2τ
,

A(∂x) = (B(∂x))2 +
ε2

4
∂4

x − T∂2
x +

(

C0

λ2
D

− 1

4τ2

)

,

and rewrite (5.1) as

mtt + 2B(∂x)mt + A(∂x)m = 0. (5.2)

By the assumption (2.8), we can define a pseudodifferential operator P ,

P (∂x) =

√

ε2

4
∂4

x − T∂2
x +

(

C0

λ2
D

− 1

4τ2

)

,

that is: the pseudodifferential symbol of P is

p = p(ξ) =

√

ε2

4
ξ4 + Tξ2 +

(

C0

λ2
D

− 1

4τ2

)

, ξ ∈ R.

Then P is defined as

(Pu)(x) = F
−1
ξ→x (p(ξ)(Fx→ξu)(ξ)) =

∫

Rξ

(

∫

Ry

ei(x−y)ξp(ξ)u(y) dy

)

dξ

2π
,

for u ∈ S
′, the Schwartz space of tempered distributions, and F being the Fourier

transform. The operator P is a norm isomorphism between D(P ) and L2(R), where
the domain is

D(P ) =

{

H2(R) : ε > 0,

H1(R) : ε = 0.

Moreover, P = P ∗ and P > 0 on the Hilbert space L2(R). Then we can write A =
B2 + P 2. Fix

B1(∂x) = B(∂x) + iP (∂x), B2(∂x) = B(∂x) − iP (∂x),

and set mj(t, x) = (∂t + B3−j(∂x))m(t, x) for j = 1, 2. Then we have

(∂t + Bj(∂x))mj(t, x) = 0, j = 1, 2, (t, x) ∈ R+ × R,

from which we deduce that

∂t ‖mj(t, ·)‖2
L2(R) = 2<〈∂tmj,mj〉L2(R)

= 2<〈−Bjmj,mj〉L2(R)

= −〈(B + B∗)mj ,mj〉L2(R)

= −2ν0 ‖∂xmj(t, ·)‖2
L2(R) −

1

τ
‖mj(t, ·)‖2

L2(R) ,
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which implies the decay estimate ‖mj(t, ·)‖L2(R) ≤ exp(− t
2τ ) ‖mj(0, ·)‖L2 . Now we have

mj = (∂t + B)m ± iPm, and Pm is real-valued. Therefore it follows that

‖m(t, ·)‖D(P ) ≤ C ‖Pm(t, ·)‖L2(R) ≤ Ce−
t

2τ ‖m1(0, ·)‖L2

≤ Ce−
t
2τ

(

‖Kx(0, ·)‖L2(R) + ‖m(0, ·)‖D(P )

)

.

From Kx = (∂t + B)m − (τE0∂x + 1/2τ)m we then also find

‖Kx(t, ·)‖L2(R) ≤ Ce−
t

2τ

(

‖Kx(0, ·)‖L2(R) + ‖m(0, ·)‖D(P )

)

.

These are the desired estimates.

Remark 5.1. The reason for this stability (independent of the size of J0) is neither
the viscosity nor the quantum effects, since ν0 = ε = 0 are allowed. And also τ =
∞ would still lead to a stable linearized system (although not asymptotically stable).
However, the situation changes completely if we flip the sign in the Poisson equation:
replacing λ2

D by −λ2
D implies that (2.8) can never hold, and indeed, a spectral analysis

yields exponential instability of the linearized problem for small wave numbers |ξ|. The
physical meaning would be to push away the electrons from their normal positions,
which clearly makes that state instable.
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