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ABSTRACT

The smooth emergence of shear elasticity is a hallmark of the liquid to glass transition. In a liquid, viscous stresses arise from local structural
rearrangements. In the solid, Eshelby has shown that stresses around an inclusion decay as a power lawr � D, whereD is the dimension
of the system. We study glass-forming hard sphere �uids by simulation and observe the emergence of the unscreened power-law Eshelby
pattern in the stress correlations of the isotropic liquid state. By a detailed tensorial analysis, we show that the �uctuating force �eld, viz., the
divergence of the stress �eld, relaxes to zero with time in all states, while the shear stress correlations develop spatial power-law structures
inside regions that grow with longitudinal and transverse sound propagation. We observe the predicted exponentsr � D andr � D�2 . In Brownian
systems, shear stresses relax diffusively within these regions, with the diffusion coef�cient determined by the shear modulus and the friction
coef�cient.
© 2024 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(https://creativecommons.org/licenses/by/4.0/).https://doi.org/10.1063/5.0225890

I. INTRODUCTION

During the process of cooling, liquids start to show �rst traces
of elasticity over increasing intermediate time windows. The phe-
nomenon of viscoelasticity becomes especially strong in supercooled
liquids when freezing can be prevented and the �uid approaches
the transition to a glass.1 An observable re�ecting this behavior is
the time dependent shear modulusGˆt•.2,3 It connects the stress
response of a system to the rate of shear strain applied on the bulk
(wavevectorq � 0) in the linear regime and is a central quantity
studied in rheology. Two extreme cases of the stress response are,
on the one hand,Gˆt• � �� ˆt • (with the Dirac delta� ˆt • and the
shear-viscosity�) giving an ideal Newtonian �uid and, on the other
hand,Gˆt• � Gpl � const, giving an elastic Hookean solid. In the for-
mer case, the shear stress� increases linearly with the shear rate
�
, viz., � � � �
, and � is identi�ed as shear viscosity. In the latter
case, the stress equals the constant shear modulus times the applied
strain
, � � Gpl
. According to Maxwell, viscosity and shear modu-
lus are connected via the structural relaxation time� , viz.,� � Gpl� .
Viscoelastic systems are in between these ideal cases and the time-
dependence of the shear modulusGˆt• is important.4 In the process

of cooling a supercooled liquid,Gˆt• develops a shoulder over
increasing time windows until ultimatelyGˆt• is non-zero at labo-
ratory timescales and the liquid freezes and becomes an amorphous
solid.

Gˆt• is connected to the decay of thermal �uctuations of the
(macroscopic) shear stress via the linear response theory close to
equilibrium. This givesGˆt• a useful interpretation widely used in
rheology. In the following, however, the local �uctuations of all
elements of the stress tensor are the central object of our study.
In linear elasticity theory, describing the ideal Hookean solid as
mentioned above, the space resolved stress correlations were calcu-
lated by Eshelby in order to determine the stress and strain �elds
around inclusions.5 The well-known result is given by a characteris-
tic octupolar angular dependence and anr � D distance dependence
of the shear stress �eld induced by a force dipole,6 Appendix A
in Ref. 7. Later on, the elastic far �eld was derived purely from
isotropy, regularity constraints, and mechanical balance in a stable
solid.8

This leads to the question whether this stress pattern char-
acteristic of elastic behavior can already be found in the shear
stress correlation of a viscoelastic supercooled liquid. One may
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wonder whether there exists a correlation length in supercooled
liquids beyond the trivial mean particle separation, where the stress
pattern gets screened.9–15By theory, this was addressed using a gen-
eralized hydrodynamic approach, where the transition from local
viscous to long-range elastic behavior was connected to momentum
transport.16,17 A generalized Maxwell model has been derived and
already tested in simulations,18 �nding that the Eshelby-pattern of
elastic materials emerges in reciprocal space already in the super-
cooled liquid. Our contribution is concerned with the formation of
the far �eld of the stress correlations in real space. We also address
the connection between real and reciprocal space, because it will turn
out to be subtle when the power-laws hold and over which distances.
From a mathematical perspective, both descriptions are equivalent,
the amplitudes of the power-laws are determined by Taylor coef�-
cients in reciprocal space, but switching between real and reciprocal
space helps us reveal the validity of the different limiting expres-
sions. We also test the generalized hydrodynamic approach without
Maxwell's approximations. The emergence of elastic stress correla-
tions in �uids originates from the coupling of stress �uctuations to
momentum �uctuations that are conserved and therefore long lived.
The development of a long range stress correlation pattern can be
argued as follows: A shear stress �uctuation triggers a transverse
momentum �uctuation, a shear wave. Due to the onset of elastic-
ity in the supercooled liquid, this momentum �uctuation propagates
and vice versa induces stress �uctuations on its trajectory. They are
long lived as can be seen by the increasingly large relaxation times
of the shear modulus. Since the momentum current is distributed
over surfaces increasing withrD�1 , the displacements scale analo-
gously. The stress is connected to the strain, i.e., the derivative of
these displacements; it therefore scales asr � D.13

In this study, we perform computer-simulations of hard
spheres in three dimensions (3D) and hard disks in two dimensions
(2D). The discussion in 2D is included because of the allowance
for larger systems and a therefore more convincing measurement of
the long ranged correlations. Furthermore, the mathematical expres-
sions are more handy, making technical aspects more transparent.
Since the stress correlation tensor is of fourth order, it is non-trivial
to determine all its components in simulations. The computational
and mathematical effort becomes manageable after decomposition
into tesseral harmonic tensors (real valued spherical harmonic ten-
sors) as established for studies of the stress correlation tensor in zero
temperature glasses.7

The shown simulations are space and time resolved, which
gives the opportunity to directly observe the buildup of the various
spatial patterns following the passing of longitudinal and transverse
sound waves in Newtonian dynamics.19 We also perform Brownian
dynamics simulations to study the diffusive shear stress transport in
colloidal glasses.20 Because the mentioned theories predict the far-
�eld stress correlations to be universal in glass-forming liquids, hard
sphere �uids can be considered as one model system to study them
using confocal microscopy.21

This paper is organized as follows: Section II describes the
preparation and the execution of the molecular dynamics (MD) sim-
ulations. How the stress �elds are measured in these MD simulations
is described in Secs. III and IV recalls the symmetry based decom-
position of the fourth rank tensor of stress correlation functions.
There, it will become clear that in two dimensions, fewer indepen-
dent functions arise than in three, which causes us to �rst present

stress correlations in two dimensions, Sec. V, before addressing three
dimensions in Sec. VI. Section VII including the presentation of
stress sensor droplets ends this article.

II. SIMULATION PREPARATION

We perform event driven simulations of hard particles interact-
ing only when in contact via an elastic collision rule.22 To prevent
crystallization, we use a binary mixture of equal particle num-
bersNs~Nl � 1 and a diameter ratio ofdl~ds � 1.4, wherel and s
denote the large and small spheres, respectively. In two dimen-
sions, we work at an area packing fraction of' � 0.79, slightly below
the estimated glass transition of mode coupling theory (MCT)23 at
' c � 0.7948.24,25Newtonian dynamics results show systems ofN � 90
000 particles, whereas Brownian dynamics results in two dimensions
are performed withN � 250 000. In three dimensions, the density
is ' � 0.59 at the MCT glass transition, where we used systems
of N � 512 000 particles for both dynamics. Similar systems have
been investigated by Monte Carlo simulations in Refs.26–28and
in experiments of colloidal dispersions.29,30 As seen in the various
shear moduli below (Figs. 2,9,13, and17), the macroscopic stresses
relax within the observation time. Units are set by the diameterdl,
the thermal velocityv0, and the thermal energy densitykBTn.

We also perform Brownian dynamics simulations based
on the event driven algorithm. The damping is achieved by
a Brownian thermostat re-drawing particle velocities from a
Maxwell–Boltzmann distribution at �xed time steps� b. The Brow-
nian thermostat connects the friction to the Brownian time step via
� � 2~�b.22 We use� b � 5× 10�5 d2

l ~D0. With these techniques, time-
dependent shear moduli were already obtained in 2D25 and 3D31 but
not related to the other stress correlation functions.

The large particle numbers needed in three dimensions
demand large computational resources. At density' � 0.59, it was
not possible to reach fullstructuralrelaxation for these large systems
of N � 512 000 particles. Nevertheless, we started our measurements
only after the shear modulus and the coherent density correlator was
stationary in the time-window investigated here. We started mea-
surements after equilibrating fort � 300dl~v0, which is in the range
of the stress relaxation time, as can be seen inFig. 13. The structural
relaxation time that we measure in the collective density correla-
tion function at the primary peak of the structure factorˆq dl � 7.9•
is � � � 3686dl~v0. This value was determined in a slightly smaller
system (N� 17 567 particles) that could be equilibrated.

III. STRESS IN HARD SPHERE SIMULATIONS

The stress� ˆr , t• describes a momentum current at timet at
locationr and is therefore a second rank tensor.32 In the high density
state, potential contributions dominate;33 therefore, only the poten-
tial part of the stress �eld is considered in the following. To extract
the stress �eld in real space, the box of volumeV is subdivided into
boxes of volumeVB, which have their center atrB. The average over
collisions happening in a time windowΔt � �t − � t

2 , t + � t
2 � aroundt

of length� t at points in the boxVB aroundrB is taken to determine
the stress tensor at timet and positionrB,33

� ˆr B, t• �
1

VB� t
∑

� c ∈ Δt; rc ∈ VB

ΔrcΔpc. (1)
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This follows from the Irving–Kirkwood expression of the stress32

and replacingr̂i j Uœˆr i j • → −Δpi j � ˆt − � c•. Here, Δrc denotes the
vector connecting the centers of the colliding spheres,Δpc denotes
the transferred momentum,� c denotes the time of the collision, and
rc denotes its position. Note that the �nite duration of our time-
window, where many collisions are averaged, smoothens the short-
time stress divergences expected for hard sphere interactions.34 We
subdivide the simulation box into a grid with an edge length of
41 equally sized boxes in two and three dimensions, which deter-
mines the volumeVB. This leads in 2D toLB � 6.3dl and in 3D to
Lb � 1.65dl.

We de�ne the stress �eld in Fourier space as

�̃ ˆq, t• �
1
� t

∑
� c ∈ Δt

Δrc Δpc ei q�rc, (2)

where the sum runs over all collisions in the simulation box happen-
ing in the respective time window. This expression can as well be
derived from the Irving–Kirkwood formula by replacing the poten-
tial by momentum transfers as above and assumingq ⋅ rij P 1. We
use it forqdl B 1 only.

The correlation functions in real and reciprocal space are then
de�ned as

C ˆr B − rœ
B, t − tœ• �

1
kB T

b� ˆr B, t• � ˆr œ
B, tœ•g, (3)

C̃ ˆq, t − tœ• �
1

V kBT
b�̃ ‡ ˆq, t• �̃ ˆq, tœ•g. (4)

In real space [Eq.(1)], the collisions are �rst coarse grained
over boxes, which are then correlated. In contrast, in Fourier space
[Eq. (2)], every collision individually contributes to the stress �eld,
which is Fourier transformed. The shear modulusGˆt• follows then
from the �uctuation dissipation theorem as

Gˆt• � C̃xyxŷ q � 0,t•, (5)

i.e., the off-diagonal stress contributions of all collisions happen-
ing in the simulation box are summed over and auto-correlated in
time. Throughout this work, we assume stationary in time and are
therefore free to choosetœ� 0.

An important aspect is collecting a large enough statistical
database since we aim for the, in general, small signals of the power
law stress correlations at large distances. Thereto, it is important to
use the isotropic symmetry of the viscoelastic �uid in order to per-
form angular averaging. The formalism that enables us to do so is
described in Sec.IV.

IV. TENSORIAL ASPECTS OF THE STRESS-AC

The correlation function of the stress tensors is a tensor of
fourth order with D4 components inD dimensions. This number
can be reduced drastically by exploiting the symmetry of the liquid
state and the properties of the stress tensor itself.7,8,35In these sem-
inal papers, the fourth order tensors of the stress correlations were
expressed in spherical coordinates and linearly combined to give real
valued spherical harmonic tensors (tesseral decomposition). This
has three major advantages: (i) it simpli�es the identi�cation of the

non-vanishing tensorial contributions, (ii) the basis is orthogonal
simplifying the algebra, and (iii) the individual tensor components
are isotropic functions allowing angular averaging. Similar ideas
have as well been employed in Ref.36, where spatially resolved stress
correlations in glasses were investigated by simulations.

Next, the notation will be introduced that will be used through-
out the work. We assume stationarity in time, and homogeneity
and isotropy in space, so without loss of generality, we can rewrite
the stress-auto-correlation tensor (SACT)C with one time and one
space argument,

C ˆr , t• � b� ˆr − rœ, t − tœ• � ˆr œ, tœ•g. (6)

The system conserves angular momentum in every particle collision,
so� ˆr , t• is symmetric.37

This implies the minor symmetries,

C��
� � C���
 � C��
� . (7)

Here and throughout, Greek indices label the spatial directions.
Symmetry under time and space inversion holds, which implies the
major symmetry,

C��
� � C
��� . (8)

Invariance under inversion and rotation means that for every
orthogonal matrix R, it holds that

C ˆR ⋅ r, t• � R R : C ˆr , t• : RTRT. (9)

The requirements on the tensor �eld given by Eqs. (7)–(9) con-
strain the SACT to an extent, where it can be written in terms of only
�ve tensorial contributions Q(i)ˆ r̂• with scalar valued pre-factors

q(i) ˆr , t• that are isotropic functions of the scalar distancer � SrS
only;7 here,̂r � r~r is a direction vector. This decomposition reads

C ˆr , t• �
5

∑
i=1

q(i)ˆr , t• Q(i)ˆ r̂•. (10)

The explicit expressions of the tensors Q(i)ˆ r̂• are given in three
dimensions by Eq.(A2) in Appendix A 1.

The same decomposition is valid in Fourier space, where the
basis tensors only change their dependencies from unit position
vectorŝr to unit wavevectorŝq (whereq̂ � q~q), i.e., Q(i)ˆ q̂•. Con-
comitantly, the isotropic functions are dependent on the wavenum-
ber q and will be marked by a tilde, i.e.,q̃(i)ˆq, t•. As Lemaître has
emphasized and will be important later, the isotropic functions are
not connected by a one dimensional Fourier transformation, i.e.,
FT�q(i)ˆr , t•� x q̃(i)ˆq, t•. Under Fourier transformation, the ten-
sorial structure and the spatial dimension of the problem lead to a
mixing of q(i) ˆr , t• so that variousq(i) contribute to a singlẽq(i) .

The connection between the small-qstructure of the corre-
lations in reciprocal space and the far-�eld spatial power laws
depends on the dimension of space. The same considerations in two
dimensions lead to only four tensorial contributions given by
Eq. (A4) in Appendix A 2.35 For ease of presentation, we there-
fore �rst discuss stresses in two dimensions before moving to the
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FIG. 1.Shear stress correlationCxyxy(r, t) at a time during the �nal structural
relaxation (t≈ 2� with� being the shear modulus relaxation time; seet marked by
a red forked cross inFig. 2). The left panel shows the Cartesian reconstruction after
radial averaging; the right panel shows the direct correlation of shear stresses.
Obviously, considering the isotropic functions drastically improves the statistics. No
intensity scale is given as the magnitudes can be read off from the decomposition
into the tesseral terms at this time, which is shown inFig. 5. The white areas of the
left panel contain no values due to radial binning.

three dimensional system of relevance to colloidal hard sphere
suspensions.

The stress correlations in Cartesian basis are easily recov-
ered from the isotropic functionsq(i) ˆr , t•. For example, in two
dimensions, the correlation function of an off-diagonal element
reads

Cxyxŷ r , t• � q(3)ˆr , t• ‰2r̂2
xr̂

2
yŽ+ q(4)ˆr , t•‹

1
2

− 2r̂2
xr̂

2
y• . (11)

From Eq. (A4), it also follows thatq(1) ˆr , t• contributes
to pressure–pressure correlations andq(2) ˆr , t• contributes to
pressure–shear correlations. The corresponding expression in 3D
will be given in Eq.(29).

The symmetry based decomposition of the stress correlations
has a profound impact on the statistical averaging of the simulation
data as shown inFig. 1. The left panel shows the shear stress auto-
correlation Cxyxŷ r , t• reconstructed from the isotropic functions
following Eq.(11). The right panel shows the direct measurement
by correlating the Cartesian components� xyˆr , t•. The noise in the
left panel is clearly decreased, while using the same number of sys-
tems to average over. As already mentioned, this is essential since we
are concerned with the small signals of the power law correlations
at large distances. The �rst improvement is the generally reduced
number (�ve in D � 3 and four inD � 2) of independent functions
q(i) andq̃(i) from the generallyD4 number of independent functions
C��
� ˆr , t•. However, even more important is the isotropic symme-
try of the functionsq(i ) ˆr , t•; since then, angular averaging becomes
possible, which as well increases the statistics. Alongside, it simpli�es
the presentation of the results, since the whole SACT can be repre-
sented by a reduced number of scalar valued functions with scalar
dependencies.

V. STRESS CORRELATIONS IN TWO DIMENSIONS

A. Shear modulus and zero wavevector limit

Similar to Eq.(11) in real space, the corresponding shear stress
auto-correlation in reciprocal space reads

C̃xyxŷ q, t• � 2q̂2
xq̂

2
y Š̃q(3)ˆq, t• − q̃(4)ˆq, t•• +

1
2

q̃(4)ˆq, t•. (12)

This suggests the interpretation ofq̃(4)ˆq, t• and q̃(3)ˆq, t• as the
shear stress correlations along the axes and along the diagonals,
respectively. If we take theq → 0 limit for �nite times, we recover the
shear modulus because of isotropy. Therefore, the limitq → 0 needs
to be approached independently of the direction, leading to the
constraint limq→0Š̃q(3)ˆq, t• − q̃(4)ˆq, t•• � 0 at �nite times. This
consideration rules out any power-law spatial dependence in the
far �eld at �nite times, which would lead to a non-analytic smallq
limit, as will become clear later. Due to a �nite signal speed (sound),
this cannot happen at �nite times. To summarize, in the (isotropic)
liquid, theq → 0 limit for �nite times leads to the shear modulus,

q̃(3)ˆ0, t• � q̃(4)ˆ0, t• � 2Gˆt•. (13)

B. Force correlations

From the tensorial decomposition in reciprocal space, the cor-
relation functions of theq-dependent forces can be calculated. The
forceF is the divergence of the momentum current, i.e.,F̃ˆq, t• � iq ⋅
�̃ ˆq, t•. Similar to velocity correlations, the force correlation tensor
for isotropic systems can then be decomposed into longitudinal and
transverse parts. This yields the (rescaled byq�2 ) force correlation
function,

Zˆq, t• � q̂ ⋅ C̃ ˆq, t• ⋅ q̂ � q̂ q̂Z∥ˆq, t• + ˆ1 − q̂ q̂• Z– ˆq, t•. (14)

Explicitly computing both divergences leads to expressions of the
force correlation functions in terms ofq̃(i) of the SACT. These read
in two dimensions

Z∥ˆq, t• � Œ
1
2

q̃(1)ˆq, t• −
1

º
2

q̃(2)ˆq, t• +
1
2

q̃(3)ˆq, t•‘, (15a)

Z– ˆq, t• �
1
2

q̃(4)ˆq, t•. (15b)

The global longitudinal modulus is the corresponding limit of
the longitudinal force correlation functionKˆt • � Z∥ˆ0, t•, and the
shear modulus [Eq.(13)] is connected toGˆt• � Z– ˆ0, t•. However,
again, these identi�cations are only valid for �nite times. The general
relations will be given in Eq.(20).

C. Fourier relations and far �elds

The tesseral tensors in Fourier space Q(i)ˆ q̂• can be trans-
formed to real space by inverse Fourier transformation, denoted
FT�1 . For considering the spatial far �eld, integrals like the following
arise (with the Kronecker delta� �� andr A 0):

∫
d2q
4� 2 q̂2

� q̂2
� eiq�r e�" qT

"=0
�

1
4�

1
r2 ‰5� �� + 8r̂2

� r̂2
� Ž. (16)

As exempli�ed in the Fourier transform of Eq.(16), the transfor-
mation merges the tensors, i.e., in generalFT�1 �Q (i)ˆ q̂•� x Q(i)ˆ r̂•.
Equation (16) gives an explicit example. The actual linear connection
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between the tensors in real and reciprocal space is given in Eq. (B1)
in Appendix B. Equation (16) also shows how a power lawr �2 enters
by the transformation. Since we are interested only in the far �eld,
we Taylor-expand the isotropic functionsq̃(i)ˆq, t• for small values
of q2. This is shown in Eq. (B2). This gives predictions for the lead-
ing order power-laws in real space in terms of theq → 0 limits of
q̃(i)ˆq, t•,

lim
r→ª

’
–––––
”

q(1)ˆr , t•

q(2)ˆr , t•

q(3)ˆr , t•

q(4)ˆr , t•

“
—————
•

�
1

2� r2

’
––––
”

0 0 0 0
0 −2 0 0
0 0 2 −2
0 0 −2 2

“
————
•

lim
q→0

’
–––––
”

q̃(1)ˆq, t•

q̃(2)ˆq, t•

q̃(3)ˆq, t•

q̃(4)ˆq, t•

“
—————
•

.

(17)
Here, the notation implies a far-�eld power lawr � D with coef�cients
determined bỹq(i)ˆ0, t•. This consideration of Fourier transforma-
tion rules alone yields the relationq(3) ˆ∞, t• � −q(4) ˆ∞, t•. The
far-�eld stress correlations have to obey this relation, which will be
used as consistency check in the simulations.

D. Force free solids and their �uid precursors

1. Inherent states as minima in potential
energy landscape

In stable con�gurations at long times, the forces on each par-
ticle need to balance. Thus, correlations of the force �elds need to
vanish, including in metastable glasses. This has been discussed in
more detail for inherent states.7

Inherent states (IS) denote the con�gurations of amorphous
elastic solids at zero temperature, i.e., the potential energy minima
of non-crystalline particle con�gurations. In these minima, all par-
ticles are force-free, i.e., the divergence of the stress tensor vanishes.
This means that the force correlations from Eq.(15)vanish for long
times in IS. Equation(15) can be supplemented with the symmetry
constraintq̂ ⋅ C̃ ⋅ q̂– � 0 (whereq̂ ⋅ q̂– � 0), giving a third equation.
From these, the following relations are derived:

q̃(1)ˆq → 0,∞• � q̃(2)ˆq → 0,∞•~
º

2 � q̃(3)ˆq → 0,∞•, (18a)

q̃(4)ˆq → 0,∞• � 0. (18b)

The apparent contradiction of Eqs.(18) and (13) is discussed
and resolved in Sec.V D 2. Equation(18) is consistent with the
results derived in Ref.35 for IS and can also be derived from the
Zwanzig–Mori decomposition of the SACT as performed in Ref.17.

If one uses the results of Eq.(18) in Eq. (17), one �nds the IS
relations in real space to read

q(3)ˆ∞, t• � −q(2)ˆ∞, t•~
º

2 � −q(4)ˆ∞, t•. (19)

2. Force and stress correlations in the liquid
There appears to be an inconsistency between Eqs.(18) and

(13). In the force free solid, the long time limit of the transverse
force correlations vanishes for small wavevectors,q̃(4)ˆq → 0,∞•
� 0 [Eq.(18b)], while the macroscopic limit atq � 0 is identi�ed as

shear modulusGˆt•, viz., Gˆt• � q̃(4)ˆq � 0,t•~2 in Eq.(13). The
inconsistency becomes glaring when one recalls Maxwell's interpre-
tation of the long time limit of the shear modulus as a shear elastic
constant of the solid,Gsolidˆt → ∞• � Gpl. The plateau shear modu-
lus also gets denoted as�, i.e., one of the two Lamé constants of an
isotropic solid.38 Apparently, the limits do not interchange.

The glassy solid at non-zero temperature was investigated in
Ref. 36, where the shear-modulus decays onto the well-de�ned
plateau value, viz.,Gˆt → ∞• � Gpl holds. In this case, it was pos-
sible to observe a well-de�ned shear modulus, even though the force
correlations were zero, as a solid state was studied. The liquid case
considered in the present work is more subtle since the shear modu-
lus is only approximately constant over a �nite period of time before
structural relaxation sets in. We will therefore use Kohlrausch �ts to
estimate plateau values for intermediate times as inFigs. 2,9, and13
or an idealized plateau in a selected time window as inFig. 17.

The apparent inconsistency between Eqs.(18) and (13) is
resolved via the proper identi�cation of the intrinsic response func-
tions of the viscoelastic �uid to applied inhomogeneous deforma-
tions. The SACT gives the response to an external velocity gradient,
which induces stresses but also momentum currents in the system.
This coupling can be determined via the Zwanzig–Mori projection
operator formalism.16,17,20The intrinsic response functions,39 which
are not affected by the hydrodynamic momentum transport, then
describe the stress responses to the internal velocity gradients.40

These response functions were identi�ed as the Zwanzig–Mori
memory kernels, well familiar from liquid theory.32 The force auto-
correlation functions depend on the history of the memory kernels,
and the limitsq → 0 andt → ∞ do not commute.16,17 For Newto-
nian dynamics, the non-Markovian relations are (in an isothermal
setting, neglecting heat transport)41,42

∂t Ziˆq, t• +
q2

mn∫
t

0
dtœGiˆq, t − tœ• Ziˆq, tœ• � ∂t Giˆq, t•. (20)

The superscripti stands for longitudinal̂Y• and transversê�• cor-
relation functions, andGiˆq, t• are the corresponding Zwanzig–Mori

FIG. 2.Bulk shear modulusG(t) is shown by the black crosses. The colored dots
denote thẽq (3)(qmin, t)/2 values at the minimal wavevectorq = qmin, which are
also shown inFig. 4. The crosses showq̃ (4)(qmin, t)/2. The colors mark times,
which coincide with the ones inFig. 3. The forked cross at long times denotes the
time ofFig. 5, which is att v0/dl = 133. The inset shows a stretched exponential
�t, with a relaxation time of� = 77dl/v0, a stretching exponent of� = 0.55, and an
amplitude ofGpl = 43.9kBTn. The structure was found to relax at� � = 492dl/v0.
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memory kernels; see Refs. 16, 17, and 20 for their de�nitions. The
particle densityn is de�ned asn � N~V, andmn is the mass den-
sity. The memory kernels approach the moduli in the macroscopic
limit, G∥ˆq, t• → Kˆt • and G– ˆq, t• → Gˆt• for q → 0. In addition,
for t → ∞, the moduli approach the elastic constants in the solid
limit (denoted by subscripts, i.e.,Gpl andKpl � Ksolidˆt → ∞•).

While the transverse force correlation has already been given in
Eq. (15b), the Zwanzig–Mori decomposition gives17

G– ˆq, t• �
q̃(3)ˆq, t•

2
+ Oˆq4• , (21)

in the incompressible limit, which holds well for the hard sphere
�uids at the considered densities. An explicit derivation in three
dimensions is provided inAppendix D. These functions will be dis-
cussed together with the numerical results inFigs. 4and 5, which
clarify the connection between Eqs.(18)and(13).

E. Molecular dynamics simulations

The most familiar stress correlation function is the shear modu-
lusGˆt•, the correlation function of the total shear stress. It is shown
in Fig. 2 for the considered glass-forming binary hard disk �uid.
For long times, it decays as envisioned by Maxwell with relaxation
time � � 77dl~v0. It is familiar from rheology2 that the functional
form is not exponential, but rather a stretched exponential with
the Kohlrausch exponent� � 0.55. For times short compared to� ,
the modulus is �nite and solid like. Thus, transverse elastic phe-
nomena arise fort P � . The colored dots and crosses denote the
values of̃q(3)ˆqmin, t• andq̃(4)ˆqmin, t•, validating the insights from
Sec.V. It was shown thatq̃(3)ˆqmin, t•~2 � Gˆt•, Eq. (21), and
q̃(4)ˆq, t•~2 � Z– ˆq, t•, Eq. (15b), which agree for small times but
disagree for larger times, Eq.(20). For longer times, transversal
forces decay, while stresses remain in the system. The spatial stress
correlations of states at times marked by colored symbols inFig. 2
will be analyzed in the following.

Turning to the spatial extent of stress correlations at interme-
diate times in glass-forming �uids,Fig. 3shows the buildup of the
far �eld as described in the Introduction. In Newtonian dynam-
ics, we expect the wave propagation of shear stress correlations at
two different velocities: �rst, a longitudinal wave traveling atcL and
then a transverse wave traveling atcT . For distances 0@r @t cT ,
the in�nite-time shear stress correlations of a solid have had time
to build up, which should give a decay asr �2 .16 For cT t @r @cLt,
the time-dependent evolution of the far-�eld of the incompressible
solid can be seen, which gives a decay asr �4 .20 This law disap-
pears forr A cLt, since the signal propagation speed is limited by this
velocity.19

In the solid, the moduli decay on a well-de�ned plateau on
which the shear wave propagates withcT �

»
Gpl~ˆm n• and the lon-

gitudinal wave propagates withcL �
»

Kpl~ˆm n•. By contrast, in the
liquid, this is only an idealization that we �nd to hold well in a
bounded time interval. The transverse sound velocity is determined
by Gpl from the Kohlrausch �t, and the longitudinal one is deter-
mined via the dispersion relation inFig. 18in Appendix C. The
results are

cL � 31.51v0; cT � 6.62v0, (22)

wherev0 is the thermal velocity.

FIG. 3.Buildup of the stress correlation functionq(3) (r, t), where different col-
ors denote different times, matching the colors in Fig. 2. The black dashed line
for small distances describes a power law given byq̃ (3)(qmin)/(� r2) where the
amplitude was taken at the time of the red curve. The two dashed lines for lager
distances describe anr−4-power law calculated from Eq. (23) withGpl from the
Kohlrausch �t. The vertical solid lines denote the positions of the wave fronts, i.e.,
denote distances ofr = cT t andr = cLt at respective times, where the two veloc-
ities are given in Eq. (22). The power-laws emerge in the drag of the wave fronts,
since the shear wave triggers stress-�uctuations that decay on a much longer
timescale.

In the shown timeframe of Fig. 3, the amplitude of ther �2

algebraic law is almost constant. Only the distance over which
it can be observed increases. Equations(17) and (13) together
seem to suggest that the power law amplitude vanishes,r2 q(3)ˆr , t•
→ ˆ1~� •ˆ q̃(3)ˆ0, t• − q̃(4)ˆ0, t•• for r → ∞. This indeed explains
why the power law does not extend tor → ∞ at �nite times. As a
guide to the eye, we plotted the curveq̃(3)ˆqmin, t � 3.5dl~v0•~
� r2. This would be the correct power-law if the transversal stresses,
q̃(4)ˆ0, t• in Eq.(15b), had decayed. That this is not the case can be
seen in the top panel ofFig. 4. This explains the deviation inFig. 3,
which disappears at later times as shown inFig. 5.

The amplitude of the−4 power-law shows a pronounced time-
dependency that was calculated to be

q(3)ˆcT t P r P cL t, t• �
12G2

plt
2

� n m r4 (23)

in Ref. 19. For the smallest and largest times, this slope is drawn
as a black dashed line in Fig. 3. TheGpl estimate is taken from the
Kohlrausch �t in Fig. 2. The agreement has to be taken with a grain
of salt: the shear modulus does not show a well-de�ned plateau,
and one needs to use an idealized plateau value. One way was the
Kohlrausch �t; a similar way would be to just use the average of the
data points producing the red bar in Fig. 2. Another source of error is
the assignment of times in our simulation, since we have to average
over time-windows. For these measurements, the time window was
� t � 1dl~v0, smearing out the short time behavior. Nevertheless, the
prediction of Eq. (23) produces a reasonable amplitude in the liquid
state and the∝ t2 increase is clear to observe.

The top panel of Fig. 4 shows the isotropic functionsq̃(3)ˆq, t•
andq̃(4)ˆq, t• with the same color code for the times asFig. 3. One
sees that both functions agree in the macroscopic limit,q̃(3)ˆ0, t•
� q̃(4)ˆ0, t• for q → 0, where they give the shear modulus [Eq.(13)].
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FIG. 4.Top: The dashed lines denoteq̃ (3) and the full lines denoteq̃ (4). Different
colors denote different times that can be read off from Fig. 2 or from the legend in
units ofdl/v0. It shows thatq̃ (3)(0,t) = q̃ (4)(0,t), while forq ≠ 0, the function
q̃ (4)(q, t) approaches zero for long times andq̃ (3)(q, t) stays rather constant,
which are the solid predictions from Eq.(18). Bottom: The continuous lines denote
q̃ (2)(q, t)/

√
2, which for increasingq ful�ll Eq. (18), i.e.,q̃ (3)→ q̃ (2)/

√
2, while

forq→ 0, q̃ (2)(q, t)→ 0 holds. Only some small times (marked in Fig. 2) are
shown, since the behavior limq→0q̃ (2) = 0 is hard to resolve for larger times due
to the �niteqmin> 0.

Meanwhile, the force-free solid prediction holds over successively
larger ranges ofq for increasing time,̃q(4)ˆq, ∞• � 0 [Eq. (18b)].
The isotropic functioñq(3)ˆq, t• shows little variations withq.

The subtle time- andq-dependences can be explained by
Eq. (20). Entering a constant modulusG–

plˆq• � q̃(3)ˆq, t P � •~2
into Eq. (20), one observes that the neglect of the integral requires
smaller and smaller wavevectors for increasing time. Rather, the
force correlationZ– ˆq, t• � q̃(4)ˆq, t•~2 varies with the transverse
sound velocity

»
Gpl~mn. In the case of the solid, one �nds that

q̃(3)ˆq, ∞• � const, while q̃(4)ˆq, ∞• � 0. This justi�es the argu-
mentation above that local stress �uctuations approximately decay
as slowly as the bulk shear-modulus.

Looking atFig. 4, we observe that with increasing times, the
force-free relations [Eq.(18)] hold for successively smaller wavevec-
tors. This can be observed in how̃q(4) vanishes for successively
smallerq with increasing time ful�lling Eq. (18b). Forq � 0, it still
approaches the value ofq̃(3), which con�rms Eq. (13).

These results imply that the length scale, over which forces are
relaxed, increases with increasing times, while elastic stresses remain

FIG. 5.Top panel: For long times, the far �elds show indeed the predicted power
lawr−D with amplitudes obeying the relations from Eq. (19). The red slope shows
a power-law with an amplitude taken from the average value indicated by the
black bar in the lower panel, i.e., the connection via Eq. (17). Bottom panel: In
Fourier space, the relation from Eq. (18) is observed, as well as the fact that
q̃ (3)(0,t) = q̃ (4)(0,t) (smallest data point) from Eq. (13).

in the solid. In isotropic solids, this length scale is unbounded, but
in incompressible viscoelastic liquids, the whole pattern decays with
the decay of the shear modulus, which sets the amplitude of the
power law and vanishes for long times in the liquid.

Figure 5 shows the isotropic functions in real and reciprocal
space for much longer times (the red forked cross in Fig. 2). As the
bottom panel shows, for small but non-zeroq's, we can reproduce
Eq. (18), i.e., the force free solid predictions.35 The top panel shows
the power laws in real space that coincide following Eq. (19). The red
bar is a power-law with the amplitude from the Fourier space val-
ues according to Eq. (17). In contrast to Fig. 3, the amplitude of the
−2 power-law can now be calculated exactly from theq → 0 values
in Fourier space. Reference 36 is concerned with the solid case and
�nds that the only non-vanishing function is determined by Young's
modulus E. In the liquid case, theq � 0 limits at �nite times are
determined by the Lamé coef�cients. However, for smallq A 0, we
observe to a good approximation the relations from Eq. (18), which
are determined by Young's modulusE if we assume the solid rela-
tions to hold on the plateau. Since our compressibility is very small,
which can be seen from Eq. (22), we cannot distinguish between the
two, i.e.,G � E, and therefore observeGˆt• to be the value of the
plateau.

This is analogous to the behavior ofq̃(2)ˆq, t• in Fig. 4. For
q → 0 at �nite time, the function approaches 0 because of the analytic
isotropic limit. For largerq, it approaches the value ofq̃(3)ˆq, t• valid
for the force free solid, while the interval of this transition shifts to
smallerq for increasing times.̃q(3)ˆq, t• is supposed to show a sim-
ilar behavior but for the two different limiting values ofGˆt• and
Ê t • for small and largeq, respectively. However, since these two
limiting values are almost equal, we cannot observe this transition.
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FIG. 6.Final decay ofq̃ (3)(q, t) for the range of small wavevectors also covered in
Fig. 4. We do not observe a wavevector dependency of the relaxation ofq̃ 3(q, t).
As follows from Eqs. (21) and (24), this implies aq-independent viscosity.

Extending the time window to the viscous regime, the wavevec-
tor dependent decay of the correlation function of the �uctuating
shear stresses can be tested. This gives insights into the wavevector
dependence of the shear viscosity, which is given by the time-integral
of the shear memory kernel,32 viz.,

� – ˆq• � ∫
ª

0
dt G– ˆq, t•. (24)

Figure 6 reports the �nal decay of thẽq(3)ˆq, t• functions, which
give the dominant contribution according to Eq. (21). These �ndings
agree with Ref. 43. The lack of aq-dependence of the amplitude and
of the viscous relaxation predicts that the shear viscosity does not
depend on wavevector for the studiedq-range.

F. Brownian dynamics simulations

In Ref. 20, a theory for shear stress correlations in Brownian
systems was proposed. Even though frictional forces break the con-
servation of momentum that was used in the Newtonian theory,17

it was possible to transfer the approach to Brownian systems. It
was achieved by considering the transverse displacement �eld as a
slow variable. The relation between force correlation functions and
memory kernels from Eq. (20) becomes overdamped,

� Ziˆq, t• +
q2

n ∫
t

0
dtœGiˆq, t − tœ• Ziˆq, tœ• � � Giˆq, t•, (25)

where� is the friction coef�cient. The resulting shear stress auto-
correlation function in the overdamped incompressible case reads

Cxyxŷ q, t• � Gˆt•�4 q̂2
xq̂

2
y + ˆ1 − 4q̂2

xq̂
2
y•e

�q 2 D t � . (26)

Here, the generalized hydrodynamic limit was taken. It corresponds
to taking the q → 0 limit in the Zwanzig–Mori memory kernel,
while its full time-dependence is kept,Gˆt• � G–

0 ˆt •. In Refs.16,
17, and20, an additional Maxwell approximation was performed,
Gˆt• � GgM � Gpl e

� t/� + Γ� ˆt •, which we can forego becauseGˆt• is
known from the simulations. The diffusion constant is connected
to the plateau value of the shear modulusGpl and to the friction
constant of the solvent� , viaD � Gpl~ˆn� • with n being the number
density. This result can easily be derived from Eq.(25)and identi�es

FIG. 7.̃q (4)(q, t), where different colors show different times. Following Eq.(27),
the superimposed smooth lines show Gaussian �ts of the forma1 e−q2 b1, a1 giving
an estimate forG(t) andb1 giving an estimate ofD t, wheret is of course known.
These relations are veri�ed in Figs. 9 and 8.

the part of Cxyxŷ q, t• along the axis as a force correlationZ– . This
can be easily con�rmed because along the axes, Eq. (26) simpli�es to

Cxyxŷ q x̂, t• � Gˆt•e�q 2 D t , (27)

and from the tensorial decomposition Eq. (12), we as well know

Cxyxŷ qx̂, t• � Z– ˆq, t• �
1
2

q̃(4)ˆq, t•. (28)

From Eqs. (27) and (28), we can read off a Gaussian prediction for
q̃(4)ˆq, t• for different times, where the two �t parameters of ampli-
tude and variance give an estimate for the shear modulusGˆt• and
for the diffusion coef�cientD, respectively.

To test these predictions, we perform Brownian dynamics sim-
ulations and discuss the results inFigs. 7–10.Figure 7shows the
results, simulation data as solid lines and Gaussian �ts as dashed
lines. Similar toFig. 4, we can observe how the transverse force cor-
relations decay to zero over larger length-scales for increasing times
as predicted by Eq.(18).

As a consistency check,Fig. 9showsGˆt• measured in a con-
ventional way, Eq.(5), as black crosses, while the colored symbols
are the amplitude �t parametersa1ˆt • from Fig. 7. The red curve
denotes a Kohlrausch �t, which estimates a value forGpl. Figure 8

FIG. 8.Crosses show the diffusive exponentials from the similarly colored curves
in Fig. 7. The blue line shows a linear �t through these data points. The red line
gives the theory predictions, where� comes from the Brownian thermostat andGpl
is taken from Fig. 9.
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FIG. 9.Shear modulus measured from collisions in the whole box (black) and from
the amplitude parametersa1(t) �tted in Fig. 7 (colors), which are connected via
Eqs. (27) and (28). The red curve shows a Kohlrausch �t, continuous in the window
where the data were respected by the �t, dashed its continuation. The �t suggests
a plateau value atGpl = 40.86n kBT.

shows the �t parametersb1ˆt • from Fig. 7. Since we knowGpl from
Fig. 9 and� from � b, we can predict the diffusion of the shear stress.
This prediction is plotted by the red line in Fig. 8. For a comparison,
the blue line is just a linear �t, showing the good agreement with the
red slope. The linear �t has an offset parameterb2 that is as well used
for the orange dashed slope. This term accounts for non-diffusive
effects of the shear mode for short times, where the modulus has
not plateaued. The agreement with a linear �t is convincing, vali-
dating the prediction that the correlations propagate diffusively in
the regime of the idealized plateau ofGˆt•. This is consistent with
�ndings in the solid considered in Ref. 36.

To this point, the investigation of the overdamped system was
concerned with the diffusive propagation of the shear stress mode.
Figure 10 is concerned with the long ranged correlations that are
as well present in the Brownian system. It shows the shear stress
correlation along the diagonals, i.e.,q(3) for three different times:
t D0n � 0.33; 1.5; 12.2. In contrast to the Newtonian dynamics, the
statistics is less accurate. The expectedr �4 behavior, similar to the
Newtonian case, could not be resolved. The dashed line denotes the
power law 2Gpl~ˆ� r2n• as a guide to the eye. Since the tensorial
decomposition is independent of the dynamics, this relation as well
follows from Eqs. (13) and (17).

FIG. 10.q(3) (r, t) in Brownian dynamics att D0n = 0.33; 1.5; 12.2. It was
possible to resolve the shear stress correlations up to a distance of roughly
r = 50dl .

VI. THREE DIMENSIONS

We repeat the previous analysis concerning two dimensional
systems, but now in three dimensions. In three dimensions, the
decomposition consists of �ve functions̃q(i)ˆq, t• connected to the
tensors in Eq.(A2).8

For instance, the shear stress component reads in the three
dimensional tesseral decomposition in reciprocal space

C̃xyxŷ q, t• �
1

2
º

2
q̃(4)ˆq, t• + q̂2

x q̂2
y ‹

3
2

q̃(3)ˆq, t•

+
1

2
º

2
q̃(5)ˆq, t• −

º
2q̃(4)ˆq, t•‘ . (29)

The anisotropic second term is connected to anr �3 power law by
Fourier transformation that holds for intermediate distances at �nite
times. At such �nite times, the analytic isotropic limit of Eq.(5)
needs to hold, which therefore yields two relations of the shear
modulus to theq � 0 values of̃q(i)ˆq, t•,

Gˆt• �
1

2
º

2
q̃(4)ˆ0, t• �

3
8

q̃(3)ˆ0, t• +
1

8
º

2
q̃(5)ˆ0, t•. (30)

The macroscopic shear stress auto-correlation function is the shear
modulus.

The formula for the spatially resolved shear SACTCxyxŷ r, t• is
obtained from Eq. (29) similarly as in two dimensions; see Eqs. (11)
and (12). Along the diagonal in thexy-plane, the shear stress
correlation reads

Cdiag
xyxŷ r , t• �

3
8

q(3)ˆr , t• +
1

8
º

2
q(5)ˆr , t•. (31)

A. Fluid precursors of force free solid correlations

The force correlations in three dimensions read [cf. Eq. (14)]

Z∥ˆq, t• � ‹
1
3

q̃(1)ˆq, t• −
2
3

q̃(2)ˆq, t• +
2
3

q̃(3)ˆq, t••, (32a)

Z– ˆq, t• � q̃(4)ˆq, t•~2
º

2. (32b)

As in two dimensions, they can be supplemented by the con-
straint q̂ ⋅ C̃ ⋅ q̂– � 0 to reproduce the force-free relations derived in
the IS of the solid,8

q̃(1)ˆq → 0,∞• � q̃(2)ˆq → 0,∞• � 2q̃(3)ˆq → 0,∞•, (33a)

q̃(4)ˆq → 0,∞• � 0. (33b)

Therefore, only two independent functions determine the isotropic
solid, where force correlations have vanished. The inconsistency
between Eqs.(30)and(33b)(again recallGˆt → ∞• � Gpl in a solid)
heralds that the two limitst → ∞ and q → 0 do not interchange
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in the three-dimensional solid as well as in two dimensions [see
Eqs. (18) and (13)].

From the Zwanzig–Mori decomposition17 in the incompress-
ible limit, the shear modulus can be connected to the Fourier-
transformed form of Eq. (31). The argument follows the analogous
considerations in two dimensions, Eq. (21), and, in 3D, leads to

G– ˆq, t• �
3
8

q̃(3)ˆq, t• +
1

8
º

2
q̃(5)ˆq, t• + Oˆq4•, (34)

where the detailed derivation is given in Appendix D. Combining
Eqs. (31) and (34) yields

C̃diag
xyxŷ q, t• � G– ˆq, t• + Oˆq4•. (35)

The same considerations leading to Eq. (17) but in three dimen-
sions yield the connection of the power-law amplitudesq(i) ˆ∞, t•
in the far-�eld of real space to theq → 0 limits in Fourier space
q̃(i)ˆq → 0,t• � q̃(i)

0,t ,

’
––––––––
”

q(1)
ª,t

q(2)
ª,t

q(3)
ª,t

q(4)
ª,t

q(5)
ª,t

“
————————
•

�
3

4� r3

’
––––––––––
”

0 0 0 0 0
0 −1 0 0 0

0 0 1 −
º

2
1

º
2

0 0 −
º

2 1 0

0 0
1

º
2

0 −
1
2

“
——————————
•

’
––––––––
”

q̃(1)
0,t

q̃(2)
0,t

q̃(3)
0,t

q̃(4)
0,t

q̃(5)
0,t

“
————————
•

. (36)

As expected, the pressure correlation is not long ranged, which
can be read off directly fromq(1) ˆ∞, t• � 0. The lines are not linearly
independent, from which a relation for the power-law tails follows,7

q(3)ˆ∞, t• � −
º

2Šq(4)ˆ∞, t• + q(5)ˆ∞, t•• . (37)

If one uses the force-free solid results Eq.(33b)in Eq.(36), another
relation for the real space power laws emerges,

q(2)ˆr → ∞, t → ∞• �
º

2q(4)ˆr → ∞, t → ∞• but t P � . (38)

From Eq. (36), we can calculate the expected formula for the �rst
power-law of the shear stress correlation along the in-plane diagonal
(x � y, z � 0) from theq → 0 limits,

Cdiag
xyxŷ r , t• �

3
32� r3 × lim

q→0
Œ4̃q(3)ˆq, t• −

º
2q̃(4)ˆq, t•

+
1

2
º

2
q̃(5)ˆq, t•‘ . (39)

For large times in the solid, this equation simpli�es due to Eq. (33b).

B. Molecular dynamics simulations

Figure 11 shows the evolution of the shear stress correlations
as the two wave fronts travel through the system. The colors of
the curves match the colors of the dots in Fig. 13, from which the
corresponding times can be read off. The simulation was run with
Newtonian dynamics, allowing the appearance of oscillating sound

FIG. 11.Top: The evolution of theCxyxy shear stress correlation along the diago-
nals. The black dashed line at shorter distances denotes ther−3 power law with
a constant amplitude, calculated from theq = qmin values of̃q (i) at times of the
red curve. As one sees in the panel below, the force correlationZ� is still present,
explaining the deviations. The black dashed lines at larger distances denote the
r−5-power law for the three earliest times, which has a time dependent amplitude;
cf. Eq. (40). Continuous vertical lines denote the expected position of the trans-
verse wave front, and dashed vertical lines denote the position of the longitudinal
wave. Bottom: The solid lines showq̃ 4/(2

√
2)= Z�, denoting transverse force

correlations that vanish and simultaneously the shear stress correlation along the
axes [cf. Eq. (29)]. Dashed lines show the combination ofq̃ (i) given in Eq. (34),
verifying theq-independence of the shear modulus. The colors in both panels
match the times marked inFig. 13.

waves as seen in the bottom panel. Similar to two dimensions, the
momentum current is distributed over spherical surfaces scaling as
∝ r2, which leads to a stress tensor scaling proportional to its deriva-
tive ∝ r �3 . The position of the shear wave front is marked by the
continuous vertical lines. For distances larger than the shear wave
front, but smaller than the compressional sound wave front (dashed
vertical lines), anr �5 power law is predicted.19,20

From the Fourier transformation, the amplitude of ther �3

power law is given by Eq.(39). For ther �3 power law shown in
Fig. 11, we used theqmin values of̃q(i)ˆq, t• at the time of the red
curve. Obviously, the suggested amplitude is too small. This devia-
tion indicates that the observed slope is not the power-law expected
from Fourier transformation. As can be seen in the bottom panel,q̃4

has not decayed and theq̃(4)ˆqmin, t• value oscillates strongly in con-
trast to the apparently constantr �3 slope of the top panel. In the long
time limit, q̃4ˆq → 0,t• vanishes according to Eq.(33b). Then, the
amplitude predictions of the Fourier transformation become valid,
as can be seen inFig. 12, which shows a much later time. The posi-
tions of the shear wave fronts are calculated from the transverse
sound velocity given by the (intermediate time) plateau value of the
shear modulus. It is taken from the Kohlrausch �t inFig. 13.
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FIG. 12.SACT functions att = 15v0/dl and Newtonian dynamics. Top: The rela-
tion from Eq.(37)is con�rmed as well as the power-law amplitudes predicted
by Fourier transformation via Eq.(36). Middle: The relation from Eq.(38)is con-
�rmed, as well as the corresponding part of Eq.(36). Bottom: The relations from
the force-free predictions in Eq.(33b)are con�rmed well.

Furthermore, we observe anr �5 power law, in between the
shells of the transverse and longitudinal wave fronts. Ther �5 ampli-
tude can be calculated for times on the plateau of the shear modulus
to read

Cdiag
xyxŷ cT t P r P cL t, t• �

57
8�

G2
pl t

2

m n r5. (40)

The calculation is the three dimensional analog of the one leading to
Eq. (23). In contrast to ther �3 power-law, thisr �5 power law ampli-
tude increases in time∝ t2. Figure 11shows the explicit results of
Eq. (40) for the earliest three curves, i.e., green, red, and purple as
black dashed lines. Again,Gpl was the estimate from the Kohlrausch
�t in Fig. 13. For the green curve, it is even possible to observe how
the curve deviates from ther �5 law at the position of the sound
wave front (green dashed vertical line). As in two dimensions, uncer-
tainties in the �nite-time analysis enter due to takingGpl from the
Kohlrausch �t, which gives only an approximation. Another source

FIG. 13.Shear modulus in Newtonian dynamics in 3D as black crosses. The cir-
cles denote the small wave vectorqminvalues of the similarly colored dashed lines
in the bottom panel of Fig. 11. The dots denote the times of the similarly colored
curves of the top and bottom panels of Fig. 11. The plus symbols denote the trans-
verse force correlators given byq(4) (qmin, t)/2. The larger blue forked cross at
t = 15v0/dl denotes the time of Fig. 12. The red curve denotes a Kohlrausch �t
with parametersGpl = 43.12kBTn, � = 0.43, and� = 89.9dl/v0.

of error is the �nite time window the stress was averaged over. It was
� t � 0.2dl~v0.

The bottom panel ofFig. 11showsq̃(4)ˆq, t•~ˆ2
º

2• that is
equivalent to the transverse force correlations; cf. Eq.(32b). It as
well describes the shear stress correlation along the axes; cf. Eq.(29).
Therefore, Eq.(20)describes the time and wavevector dependences.
Vibrations with the transverse speed of sound can be seen inZ– ˆq, t•
in that time window where the shear modulus is approximately con-
stant,G– ˆq, t• � Gplˆq•. The simulations indeed show the expected
waves. In addition,̃q(4)ˆq, t• vanishes for smaller wavevectors as
time increases. The dashed lines show theq-dependent shear mod-
ulusG– ˆq, t• given by the twõq(i) of the rhs of Eq.(34). Indeed, the
q-dependence can be neglected as proposed by the Zwanzig–Mori
(ZM)-calculations. In the limitq → 0 at �nite times, continuous and
dashed lines should agree because the analytic isotropic limit is valid
[Eq. (30)]. This is observed for the shortest time displayed (orange
lines) but is not seen for larger times. This is due to the solid behav-
ior [Eq. (33b)] developing for intermediate (“plateau”) times. The
transverse force correlation function [Eq.(32b)] relaxes fast com-
pared to the global stress (seeFig. 13). This is described by Eq.(20)
and the same argument as given in the two dimensional case for the
top panel ofFig. 4.

The precursors of the force-free relations in the liquid state
given in Sec.VI A can be observed inFig. 12. It shows the SACT at
t � 15dl~v0 during the �nal structural relaxation; the time is marked
by the blue forked cross inFig. 13. The top panel shows real space
measurements ofq(i) ˆr , t• in a combination so that the far-�eld
power laws should coincide because of Eq.(37). In accord with
Eq.(36)for example, the far �eld ofq(3) ˆr , t• is determined by anr �3

power-law with the amplitude given by the combination of several
q̃(i)ˆ0, t•. This is shown by the green line in the top panel. The sec-
ond relation [Eq.(38)] is shown in the center panel, together with the
corresponding power laws determined by the Fourier space values
again via Eq.(36). The bottom panel shows that the force-free rela-
tions in Fourier space [Eq.(33b)] are valid in the liquid state already.
Nevertheless, for the smallestq-values, the forces seem not fully

J. Chem. Phys.161, 144118 (2024); doi: 10.1063/5.0225890 161, 144118-11

© Author(s) 2024

https://pubs.aip.org/aip/jcp


The Journal
of Chemical Physics

ARTICLE pubs.aip.org/aip/jcp

FIG. 14.Wavevector dependent shear modulus during the �nal relaxation for some
q-values, viz., the three dimensional analog toFig. 6. Via Eq.(34),̃q (i)(q, t) are
connected to the generalized shear modulusG�(q, t). No length scale dependent
relaxation is observed, leading to aq-independent viscosity according to Eq.(24).

relaxed, causing small deviations from the force-free predictions at
smallq.

Figure 13shows the shear modulus and compares it to the dif-
ferent amplitudes of the power-laws in the stress far-�elds. Good
agreement can be noted. The transverse force correlation [Eq.(32b)]
is included and clearly differs from the modulus at longer times.

Figure 14shows the generalized shear modulusG– ˆq, t• for
a set of different wavevectors. It can be calculated fromq̃(i) via
Eq.(34). No length scale dependent relaxation is observed, as already
anticipated in the bottom panel ofFig. 11. These �ndings relate
to a discussion of non-local stress correlations in a simulated soft-
particle mixture; see Figs. 3(a)–3(c) in Ref.11. Figures 3(a) and 3(b)
there agree nicely with our results in the lower panel ofFig. 11.
In Fig. 3(c) of the reference, an angular average is done, leading
to ` Cxyxŷ q, s•e� � 1

2ˆZ – ˆq, s• + G– ˆq, s•• + Oˆq4•, where we used

Eq.(35). The force correlationZ– ˆq, t• depends sensitively on time
(seeFig. 13) and wavevector (seeFig. 11), and thus, for increasing
q, the angular average quickly deviates from the viscosity de�ned in
Eq.(24).

C. Brownian dynamics simulations

We perform the equivalent analysis of the Brownian dynamics
in three dimensions as was already performed in two dimensions in

FIG. 15.Fit of the forma1 e−q2 b1 to q̃ (4)(q, t) where different colors denote dif-
ferent times. Via Eq. (41), we can connecta1(t) to the shear modulus (cf. Fig. 17)
andb1(t) = D t to diffusive dynamics (cf. Fig. 16).

FIG. 16.Crosses denote �t parametersb1(t) fromFig. 15to every curve. The
blue dashed line denotes a linear �t with an offsetb2 accounting for non-diffusive
short time effects. The orange dashed line denotes the theory prediction [Eq.(41)],
where the offset parameterb2 was added.

Sec.V F. By again considering only the directions along the axis in
Eq. (29) (i.e., the isotropic part) from the ZM-projection operator
formalism, we �nd the connection to theory predictions of Ref.20to
read

1

2
º

2
q̃(4)ˆq, t• � Gˆt• e�q 2 Dt. (41)

In analogy toFig. 7in two dimensions, the theory predicts a diffu-
sive behavior of̃q(4)ˆq, t•~Gˆt• in three dimensions. This is shown
in Fig. 15. The different colors there are connected to the corre-
sponding times of the similarly colored data points inFig. 17, which
shows the shear modulus. The red bar denotes the estimate ofGpl,
since it was not possible to use a Kohlrausch �t. The time depen-
dent variances of the Gaussian �ts, denoted asb1ˆt •, are shown by
the symbols inFig. 16together with a �t (blue) through the data
points where we consider the shear modulus to have plateaued.
The agreement with a linear increase proves the diffusive behav-
ior. The orange bar represents the theory prediction with a diffusion
coef�cient given byD � Gpl~ˆ� n•.

FIG. 17.Shear modulusG(t) obtained in two ways. From Eq.(41), we can connect
the amplitudes of the Gaussian �ts inFig. 15to the shear modulus; this leads
to the colored symbols. The black dashed line is calculated in the conventional
way of correlating the stresses in the whole simulation box following Eq.(5). The
agreement supports Eq.(41).
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VII. DISCUSSION

In agreement with predictions from non-Markovian Langevin
equations derived using Zwanzig–Mori projection operators,16,17,20

we could observe the emergence of long-ranged stress correlations
in simulations of dense hard sphere liquids. These precursors of the
Hookean elastic solid, which build up continuously in the super-
cooled liquid, result from the conservation law of momentum trans-
port. While in a �uid, shear momentum diffuses, in the elastic solid,
it propagates via elastic waves. This crossover affects all elements
of the tensor of stress correlations, which additionally contains the
complexity that the long-time states have to be force free. In Brown-
ian �uids, the analogous crossover is observed, with the difference
that the stresses that originate from the interparticle interactions
diffuse in the solid state. We used the formalism of spherical ten-
sors introduced in Ref. 7 for mechanically rigid and time-stationary
(inherent) states to analyze the stress correlations. This formalism
proved itself also helpful in the time dependent analysis of the �uid
as performed in this contribution.

Within the size of the simulation boxes in two and three dimen-
sions, convincing power-law correlations are observed as shown in
Figs. 3 and 11. Exponential screening as proposed in Ref. 13 was
not observed within our scope. Reference 12 reports large non-
zero average forces, which we do not �nd. Rather, our �nding of
spatiotemporal relaxation to a homogeneous force-free state in the
liquid seems to align very well with the predictions of the stable,
force-free system as considered in the IS approach. The necessary
generalization to the viscoelastic liquid state is provided by the
non-Markovian Langevin approach following Zwanzig and Mori.

The question about possible non-local contributions in the
shear viscosity when approaching the glass transition has been
raised. While appreciable wavevector dependences have been
observed in simulations of supercooled �uids, including of poly-
meric ones,9–12 we �nd the (generalized) shear modulus and its vis-
cous relaxation to beq-independent to a very good approximation.
This difference warrants additional studies. The consequences of the
spatial stress correlations on rheology experiments also warrant to
be explored, especially under con�nement.

A possible experimental approach to test our predictions is to
monitor deformations of soft probe particles immersed in a col-
loidal dispersion. Suitable particles consisting of deformable alginate
microgel droplets that contain hundreds of small �uorescent poly-
mer beads have previously been employed to observe forces in
biological tissue.44,45 The three dimensional position of individual
beads can be determined with an accuracy better than 50 nm. Shear
stress in the �uid leads to a deformation of the probe particles that
can be analyzed as a change in the position of the �uorescent beads.
The position measurements could then be used to determine shear
stress auto-correlations. Like shown inFig. 13, the shear modulus
can be calculated in an exemplary system atT � 300 K with a vol-
ume fraction of' � 0.59 and colloids ofr � 100 nm to beGpl � 25 Pa.
The three dimensional shear stress correlation along the diagonals is
given by

kBTCdiag
xyxŷ r • �

9
8�

Gpl

r3 kBT. (42)

Assuming a gel particle separation of 10�m, a storage modulus of
G � 1 kPa as found by Mohagheghianet al.,45 and a gel particle

diameter of 60�m, the relative displacement of beads at both edges of
the gel particles is then found to beΔx � 3.6× 10�10 m. While this is
at the limit of the sensitivity of the proposed experimental approach,
an experimental realization appears feasible.
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APPENDIX A: EXPLICIT EXPRESSIONS
OF THE BASIS TENSORS

1. Three dimensions

The orthogonal tesseral basis tensors Q(i) are linear combina-

tions of the following tensors C(i) :36,46

C(1) � � � , (A1a)

C(2) � � �� � 
� + � �
 � �� , (A1b)

C(3) � � r̂ r̂ + r̂ r̂ � , (A1c)

C(4) � � �� r̂ � r̂ 
 + � �
 r̂ � r̂ � + � �� r̂ � r̂ 
 + � �
 r̂ � r̂ � , (A1d)

C(5) � r̂ r̂ r̂ r̂, (A1e)

connected by
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(A2)

Orthogonality yields Q(i) : Q( j) � � i j , simplifying the access to

the isotropic functions by simple projectionsq(i)ˆr , t• � C ˆr , t• :

Q(i)ˆ r̂•, which as well holds in reciprocal space.

2. Two dimensions

In two dimensions, some tensors in Eq. (A1) become depen-
dent by the relation

C(2) − C(4) − 2C(1) + 2C(3) � 0, (A3)

making it possible to use only four of the tensors above in two
dimensions. The basis chosen in Ref. 35 reads

’
––––––
”

Q(1)

Q(2)

Q(3)

Q(4)

“
——————
•

�

’
––––––
”

1~2 0 0 0
1~

º
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2

1 −2

“
——————
•

’
–––––
”

C(1)

C(2)

C(3)

C(5)

“
—————
•

, (A4)

with the two dimensional versions C(i) of Eq.(A1).

APPENDIX B: FOURIER TRANSFORM

This section contains the details on the inverse Fourier trans-
formations of the basis tensors only exempli�ed in Eq.(16). Equa-
tion (B2)will present how the small-qlimits of q̃(i) can be connected
to the far-�eld power-law amplitudes ofq(i) ˆr , t• in real space.

Considering all tensors and collecting all terms, one �nds the
following relations,35 for r A 0 in two dimensions:

FT�1

<@@@@@@@@@@>

’
––––––
”

Q(1)ˆ q̂•

Q(2)ˆ q̂•

Q(3)ˆ q̂•

Q(4)ˆ q̂•

“
——————
•

=AAAAAAAAAA?

�
1

2� r2

’
––––
”

0 0 0 0
0 −2 0 0
0 0 2 −2
0 0 −2 2

“
————
•

’
––––––
”

Q(1)ˆ r̂•

Q(2)ˆ r̂•

Q(3)ˆ r̂•

Q(5)ˆ r̂•

“
——————
•

. (B1)

The amplitudes of the far-�elds in real space, viz.,q(i) ˆr → ∞, t•
∝ r � D, can then be connected to the zero wavenumber limits,q → 0,
of the isotropic functions in reciprocal space, i.e.,q̃(i)ˆ0, t•. These
relations can be derived by

lim
r→ª

C ˆr , t• � lim
r→ª

FT�1 � C̃ ˆq, t•�

� ∑
i

q̃(i)ˆ0, t• FT�1 �Q (i)ˆ q̂•�

!� ∑
i

q(i)ˆ∞, t•Q (i)ˆ r̂•, (B2)

and since the termsFT�1 �Q
i
ˆ q̂•� are power laws following Eq.(B1)

[see also Eq.(16)], q̃(i)ˆ0, t• determine their amplitudes. The excla-
mation mark in Eq.(B2) marks that set of linear equations, where
with Eq. (B1) the identi�cation of the pre-factors of the tensors
Q

i
ˆ r̂• can be performed. In three dimensions, analogous to the

results in Ref. 7, the inverse Fourier transformation reads forr A 0
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“
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. (B3)

The higher order power-laws discussed in Eqs.(23) and
(40) emerge from the inverse Fourier transforms of the forms

FT�1 �q 2Q
i
ˆ q̂•�, since these power laws emerge from theOˆq2•

contributions in the expansion of̃q(i)ˆq, t•. The pre-factors can then
be calculated from expanding the Zwanzig–Mori expressions, as
done in this work, or from a second order polynomial �t tõq(i)ˆq, t•.

FIG. 18.Dispersion relation of Newtonian systems in two (blue) and three (orange)
dimensions. A linear �t gives the sound velocitycL.

J. Chem. Phys.161, 144118 (2024); doi: 10.1063/5.0225890 161, 144118-14

© Author(s) 2024

https://pubs.aip.org/aip/jcp


The Journal
of Chemical Physics

ARTICLE pubs.aip.org/aip/jcp

APPENDIX C: DETERMINATION OF SOUND
VELOCITIES

To determine the sound velocity, it was most convenient to
measure the dispersion relation of the sound waves for a number of
wavevectors. Therefore, longitudinal velocity correlations were mea-
sured for three different wavevectors. The frequency was determined
by a damped harmonic oscillator �t, which then yields the dispersion
relation. The sound velocity can then be read off from the slope of a
linear �t and is linked to the modulus viacL �

»
Kpl~ˆmn•. Figure 18

shows the dispersion relation and the corresponding linear �t for
two (blue) and three (orange) dimensions.

APPENDIX D: ZWANZIG–MORI SHEAR MODULUS

A justi�cation of the shear modulus expressed in the tesseral
basis, viz., Eq.(34)in 3D, is provided. Using the notation of the ZM-
expressions in Ref.17, one �nds

3
8

q̃(3)ˆq, s• +
1

8
º

2
q̃(4)ˆq, s• � G– ˆq, s• −

1
4

q2

n kB T
K∥ˆq, s•

+ q4M(5)ˆq, s•. (D1)

M (5) ˆq, s• is a regular memory kernel; therefore, the term van-
ishes asOˆq4•. In the incompressible limit� T

q → 0, the longitudinal
momentum correlation functionK∥ vanishes, wherefore theOˆq2•
contribution in the second line vanishes. The derivation of the cor-
responding relation in 2D, viz., Eq.(21), follows the same line of
reasoning.
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