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ABSTRACT

The smooth emergence of shear elasticity is a hallmark of the liquid to glass transition. In a liquid, viscous stresses arise from local structural
rearrangements. In the solid, Eshelby has shown that stresses around an inclusion decay as a ppoWemaeveD is the dimension

of the system. We study glass-forming hard sphere uids by simulation and observe the emergence of the unscreened power-law Esl" "
pattern in the stress correlations of the isotropic liquid state. By a detailed tensorial analysis, we show that the uctuating force eld, viz.,
divergence of the stress eld, relaxes to zero with time in all states, while the shear stress correlations develop spatial power-law struc 2.
inside regions that grow with longitudinal and transverse sound propagation. We observe the predicted exp&raemds °2 . In Brownian

systems, shear stresses relax diffusively within these regions, with the diffusion coef cient determined by the shear modulus and the fric
coef cient.

© 2024 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) | 1
(https://creativecommons.org/licenses/by/40f)s://doi.org/10.1063/5.0225890

I. INTRODUCTION of cooling a supercooled liquidG"te develops a shoulder over
increasing time windows until ultimatelg"te is non-zero at labo-
During the process of cooling, liquids start to show rst traces ratory timescales and the liquid freezes and becomes an amorphous
of elasticity over increasing intermediate time windows. The phe-solid.
nomenon of viscoelasticity becomes especially strong in supercooled G’te is connected to the decay of thermal uctuations of the
liquids when freezing can be prevented and the uid approachegmacroscopic) shear stress via the linear response theory close to
the transition to a glassAn observable re ecting this behavior is equilibrium. This givesG™te a useful interpretation widely used in
the time dependent shear modul@’ts.”* It connects the stress rheology. In the following, however, the local uctuations of all
response of a system to the rate of shear strain applied on the bulklements of the stress tensor are the central object of our study.
(wavevectorg 0) in the linear regime and is a central quantity In linear elasticity theory, describing the ideal Hookean solid as
studied in rheology. Two extreme cases of the stress response amentioned above, the space resolved stress correlations were calcu-
on the one handGte “te (with the Dirac delta "t and the lated by Eshelby in order to determine the stress and strain elds
shear-viscosity) giving an ideal Newtonian uid and, on the other  around inclusions. The well-known result is given by a characteris-
hand,Gts G constgiving an elastic Hookean solid. Inthe for- tic octupolar angular dependence and ar distance dependence
mer case, the shear stressncreases linearly with the shear rate of the shear stress eld induced by a force dipblappendix A
, Viz., , and s identi ed as shear viscosity. In the latter in Ref. 7. Later on, the elastic far eld was derived purely from
case, the stress equals the constant shear modulus times the appliedtropy, regularity constraints, and mechanical balance in a stable
strain , Gy - According to Maxwell, viscosity and shear modu- solid?
lus are connected via the structural relaxation timeiz., Gy . This leads to the question whether this stress pattern char-
Viscoelastic systems are in between these ideal cases and the tinaeteristic of elastic behavior can already be found in the shear
dependence of the shear modul@&e is important” In the process  stress correlation of a viscoelastic supercooled liquid. One may
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wonder whether there exists a correlation length in supercooledstress correlations in two dimensions, Sec. \V/, before addressing three
liquids beyond the trivial mean particle separation, where the stresgimensions in Sec. VI. Section VIl including the presentation of
pattern gets screenéd: By theory, this was addressed using a gen-stress sensor droplets ends this article.
eralized hydrodynamic approach, where the transition from local
viscous tgﬁl?pg-range elastic behavior was connected to momentur) giMULATION PREPARATION
transport.”*" A generalized Maxwell model has been derived and ) ] ) ) )
already tested in simulatiori, nding that the Eshelby-pattern of ~ We perform event driven simulations of hard particles interact-
elastic materials emerges in reciprocal space already in the supdfd Only when in contact via an elastic collision rufeTo prevent
cooled liquid. Our contribution is concerned with the formation of Crystallization, we use a binary mixture of equal particle num-
the far eld of the stress correlations in real space. We also addred2€rsNs~N 1 and a diameter ratio ofi~d 1.4, wherd and's
the connection between real and reciprocal space, because it will turfenote the large and small spheres, respectively. In two dimen-
out to be subtle when the power-laws hold and over which distances3ions, we work at an area packing fractiort of 0.79, slightly below
From a mathematical perspective, both descriptions are equivalente estimated glass transition of mode coupling theory (MCBX
the amplitudes of the power-laws are determined by Taylor coef - _0-7948."“Newtonian dynamics results show systemilof 90
cients in reciprocal space, but switching between real and reciproc&l00 particles, whereas Brownian dynamics results in two dimensions
space helps us reveal the validity of the different limiting expresre performed wittN  250000. In three dimensions, the density
sions. We also test the generalized hydrodynamic approach withouf '~ 059 at the MCT glass transition, where we used systems
Maxwell's approximations. The emergence of elastic stress correl N 512000 particles for both dynamics. Similar systems have
tions in uids originates from the coupling of stress uctuations to P€en investigated by Monte Carlo simulations in Refs-25and
momentum uctuations that are conserved and therefore long lived.in xperiments of colloidal dispersions.” As seen in the various
The development of a long range stress correlation pattern can bghear moduli below (Figs. 2,13, andl7), the macroscopic stresses
argued as follows: A shear stress uctuation triggers a transversge!ax within the observation time. Units are set by the diameker
momentum uctuation, a shear wave. Due to the onset of elastic-the thermal velocity.o, and the thermal energy denskyTn.
ity in the supercooled liquid, this momentum uctuation propagates We also perform Brownian dynamics simulations based
and vice versa induces stress uctuations on its trajectory. They ar@n the event driven algorithm. The damping is achieved by
long lived as can be seen by the increasingly large relaxation times Brownian thermostat re-drawing particle velocities from a
of the shear modulus. Since the momentum current is distributegMaxwell-Boltzmann distribution at xed time steps. The Brow-
over surfaces increasing witf? ! , the displacements scale analo- Nian thermostat connects the friction to the Brownian time step via
22 5 42

gously. The stress is connected to the strain, i.e., the derivative of 2~ b Weusep 5 10” di~Dy. With these techniques, time-
these displacements; it therefore scalas &s° dependent shear moduli were already_ obtalneq irn2ihd 30° but

In this study, we perform computer-simulations of hard not related to the oth_er stress correlation func_tlons. _ _
spheres in three dimensions (3D) and hard disks in two dimensions ~ The large particle numbers needed in three dimensions
(2D). The discussion in 2D is included because of the allowancé€mand large computational resources. At density 0.59, it was
for larger systems and a therefore more convincing measurement diot possible to reac_h fusitructuralrelaxation for these large systems
the long ranged correlations. Furthermore, the mathematical expres@f N 512000 particles. Nevertheless, we started our measurements
sions are more handy, making technical aspects more transparen@nly after the shear modulus and the coherent density correlator was
Since the stress correlation tensor is of fourth order, it is non-trivial Stationary in the time-window investigated here. We started mea-
to determine all its components in simulations. The computational Surements after equilibrating far  300d~w, which is in the range
and mathematical effort becomes manageable after decompositioff the stress relaxation time, as can be seendn 13. The structural
into tesseral harmonic tensors (real valued spherical harmonic tent€l@xation time that we measure in the collective density correla-
sors) as established for studies of the stress correlation tensor in zeH9N function at the primary peak of the structure factard, 7.9+
temperature glassés. is 3686d,~w. This _value was determined ina slightly smaller

The shown simulations are space and time resolved, whictsyStem (N 17567 particles) that could be equilibrated.
gives the opportunity to directly observe the buildup of the various
spatial patterns following the passing of longitudinal and transversdll. STRESS IN HARD SPHERE SIMULATIONS
sound waves in Newtonian dynamitsWe also perform Brownian The stress “r .t describes a momentum current at tineat
dynamics simulations to study the diffusive shear stress transportin . = N . .
colloidal glasse®. Because the mentioned theories predict the far- locationr and_ IS there_fore_ a seconc_i raﬂk tenson the high density
eld stress correlations to be universal in glass-forming liquids, hardStaté. potential contributions dominatétherefore, only the poten-

sphere uids can be considered as one model system to study the t?l part of thl((ej _stressl eldis C(?]nsgjere(fi in lth'; TOIIOV;'(?g:dT% extract
using confocal microscogdf: the stress eld in real space, the box of volumés subdivided into

This paper is organized as follows: Section |l describes th@0Xes of volum&s, which have their center atg.tThe average over
preparation and the execution of the molecular dynamics (MD) sim- Collisions happening in a time windolit t 5.t 5 aroundt

ulations. How the stress elds are measured in these MD simulation®f length  t at points in the box/s _arouggfs is taken to determine
is described in Secs. 11l and 1V recalls the symmetry based deconil® Stress tensor at tinteand positionre,
position of the fourth rank tensor of stress correlation functions.

There, it will become clear that in two dimensions, fewer indepen- rete 1 S KN p°. (1)
dent functions arise than in three, which causes us to rst present - Ve t >R > Va
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This follows from the Irving—Kirkwood expression of the stréss non-vanishing tensorial contributions, (ii) the basis is orthogonal
and replacing?;U®rije - Mp;; "t . Here, K7° denotes the  simplifying the algebra, and (iii) the individual tensor components
vector connecting the centers of the colliding spheRgs,denotes ~ are isotropic functions allowing angular averaging. Similar ideas
the transferred momentum, denotes the time of the collision, and have as well been employed in R&f, where spatially resolved stress
rc denotes its position. Note that the nite duration of our time- correlations in glasses were investigated by simulations.

window, where many collisions are averaged, smoothens the short-  Next, the notation will be introduced that will be used through-
time stress divergences expected for hard sphere interactiols. ~ out the work. We assume stationarity in time, and homogeneity
subdivide the simulation box into a grid with an edge length of and isotropy in space, so without loss of generality, we can rewrite
41 equally sized boxes in two and three dimensions, which deterthe stress-auto-correlation tensor (SACT with one time and one
mines the voluméV/g. This leads in 2D tdg 6.3d and in 3D to space argument,

L, 1.65d,. ) ) o e e
We de ne the stress eld in Fourier space as Crite b r rjt t _"riteg (6)
n 1 iar . , -
gt TS RERpSEIT @) Thehsyste_m conserv§s7angular momentum in every particle collision,
= t She so_"r,te is symmetric:

" This implies the minor symmetries,
where the sum runs over all collisions in the simulation box happen-
ing in the respective time window. This expression can as well be C ¢ c . (1)
derived from the Irving—Kirkwood formula by replacing the poten-
tial by momentum transfers as above and assurging; P 1. We
use itforqd B 1 only. !
The correlation functions in real and reciprocal space are thenMaor symmetry,

Here and throughout, Greek indices label the spatial directions.
Symmetry under time and space inversion holds, which implies the

de ned as C c @)
- 1 . -
Crg rgt % kgin: re.te _rgt%g, (3)  Invariance under inversion and rotation means that for every
orthogonal matrix R it holds that
S (o] 1 ~Fa ~a o L0R ~ ~ TT
. _ . Q. 4 . N L
Cqt 8 Ggbiat .t (4) CR nt RRiCr FE )

In real space [Eq(1)], the collisions are rst coarse grained ‘The requirements on the tensor eld given by Egs. (7)-(9) con-
over boxes, which are then correlated. In contrast, in Fourier spacétrain the SACT to an extent, \i/vhere itcan be written in terms of only

[Eq. (2)], every collision individually contributes to the stress eld, Ve tensorial contributions Q' "7+ with scalar valued pre-factors
which is Fourier transformed. The shear modufB&e follows then q® °r,te that are isotropic functions of the scalar distance SB

from the uctuation dissipation theorem as only? here# r~ris a direction vector. This decomposition reads
Gte éxyxy’\q 0,te, ) 5 i i
Crte S q Tt Qe (10)
- i1 =

i.e., the off-diagonal stress contributions of all collisions happen-
ing in the simulation box are summed over and auto-correlated in o . . ) )
time. Throughout this work, we assume stationary in time and areThe explicit expressions of the tensors'Qr- are given in three
therefore free to choos& 0. dimensions by Eq/A2) in Appendix A 1.

An important aspect is collecting a large enough statistical ~ The same decomposition is valid in Fourier space, where the
database since we aim for the, in general, small signals of the powbasis tensors only change their dependencies from unit position
law stress correlations at large distances. Thereto, it is important teectors? to unit wavevectorg (whereq g~q), i.e., Q' "ge. Con-

use the isotropic symmetry of the viscoelastic uid in order to per- comjtantly, the isotropic functions are dependent on the wavenum-
form gngu!ar averaging. The formalism that enables us to do so '?)erq and will be marked by a tilde, i.6j,' “q, t+. As Lemaitre has
described in Secv. emphasized and will be important later, the isotropic functions are
not connected by a one dimensional Fourier transformation, i.e.,
IV. TENSORIAL ASPECTS OF THE STRESS-AC FTq'"r,t= x§' g te. Under Fourier transformation, the ten-
The correlation function of the stress tensors is a tensor ofsorial structure and the spatial dimension of the problem lead to a
fourth order with D* components inD dimensions. This number mixing ofq® r,t so that various® contribute to a singlg ' .
can be reduced drastically by exploiting the symmetry of the liquid The connection between the smallsjructure of the corre-
state and the properties of the stress tensor itseif.In these sem-  lations in reciprocal space and the far-eld spatial power laws
inal papers, the fourth order tensors of the stress correlations werdepends on the dimension of space. The same considerations in two
expressed in spherical coordinates and linearly combined to give reaimensions lead to only four tensorial contributions given by
valued spherical harmonic tensors (tesseral decomposition). Thi&g. (A4) in Appendix A 23° For ease of presentation, we there-
has three major advantages: (i) it simpli es the identi cation of the fore rst discuss stresses in two dimensions before moving to the
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Cowate 2865 °at § gt 28 gt (12)

80 80 T
40 ' 40 4

3; 0 O 0 This suggests the interpretation gf* "g,te and g ° "q,te as the

40 0 shear stress correlations along the axes and along the diagonals,
respectively. If we take tlgg— O limit for nite times, we recover the

—80 —80 shear modulus because of isotropy. Therefore, the Imit0 needs

—80 —40 0 40 80 80 —40 0 40 80 to be approached independently of the direction, leading to the
@/di @/di constraint limy_oS ® "g,t* § * "g,te= 0 at nite times. This
FIG. 1Shear stress correlat®g, r,t at a time during the nal structural consideration rules out any power-law spatial dependence in the
relaxation (t 2 with being the shear modulus relaxation timenaéed by ~ far eld at nite times, which would lead to a non-analytic smajl
ared forked crossin. 2). The left panel shows the Cartesian reconstruction gitgit, as will become clear later. Due to a nite signal speed (sound),

radial averaging; the right panel shows the direct correlation of shear str, $8Sannot happen at nite times. To summarize, in the (isotropic)
Obviously, considering the isotropic functions drastically improves the statisti : !

intensity scale is given as the magnitudes can be read off from the decomj[f%is{‘ rﬁheq - Olimit for nite times leads to the shear modulus,

into the tesseral terms at this time, which is showa.ifihe white areas of the L3 L4
left panel contain no values due to radial binning. g°70,te §"70,te 2G7te. (13)

. . . B. Force correlations
three dimensional system of relevance to colloidal hard sphere

. From the tensorial decomposition in reciprocal space, the cor-
suspensions. p p pace,

The stress correlations in Cartesian basis are easily recoégligg?sf?ﬁgg?vlsr;rﬁgzq;z‘tsr?gPndoemn:amrucrﬁscj?rgr?teii%i;c?-lateiz. The

. . . (|) ~ . . - h - - ' )
ered frqm the isotropic fgnctlonq r,te. For exgmple, In two ""q, te. Similar to velocity correlations, the force correlation tensor
dimensions, the correlation function of an off-diagonal element= * . . o
for isotropic systems can then be decomposed into longitudinal and

reads O i
transverse parts. This yields the (rescaledjBy force correlation
1 function,
Copy T te Q271 e RI222 g%t = %%, (11) .

i Y 2 7 Zqt § Cqt g qaz’ate 1 Gazrgt. (14)

From Eq. (A4), it also follows thatq(l) “r.te contributes Explicitly computlng poth Q|vergen(ieis leads to expressions of the
to pressure—pressure correlations anf °r,te contributes to force correlation functions in terms @ ' of the SACT. These read

pressure—shear correlations. The corresponding expression in 3f W0 dimensions
will be given in Eq(29). 1

The symmetry based decomposition of the stress correlations ZYAq,t' G%f] ! g.te =0 2 g, te
has a profound impact on the statistical averaging of the simulation 2
data as shown irig. 1. The left panel shows the shear stress auto- 1
correlation Cxyxy't,te reconstructed from the isotropic functions Z "g,te =9 4 °q, te. (15b)
following Eq.(11). The right panel shows the direct measurement 2
by correlating the Cartesian componenig’r,t=. The noise inthe  The global longitudinal modulus is the corresponding limit of
left panel is clearly decreased, while using the same number of SY§;

. > A je longitudinal force correlation functioKte  Z'°0,te, and the
tems to average over. As already mentioned, this is essential since Weear modulus [Eq13)]is connected t@t=  Z~"0, te. However
are concerned with the small signals of the power law correlation j .y '

; . . ain, these identi cations are only valid for nite times. The general
at large distances. The rst improvement is the generally reduce g y g

. . . ) lations will ivenin Eq20).
number (ve inD 3 and four inD  2) of independent functions elations will be givenin Ed20)
o’ andg ' from the generallyp* number of independent functions < Eourier relations and far elds
C “r,te. However, even more important is the isotropic symme- ™ | o Four : b
try of the functionsg®") r ,te; since then, angular averaging becomes e tessera tensors.ln ourier space Q&= can o€ trans-
possible, which as well increases the statistics. Alongside, it simpli egorrped to real space by inverse Fourier transformation, denoted
the presentation of the results, since the whole SACT can be repré=T ~ - For considering the spatial far eld, integrals like the following
sented by a reduced number of scalar valued functions with scala®fise (with the Kronecker delta andr A0):
dependencies.

3 A

g ° "q,t, (15a)

NI

G 2.2 igr - 11 2225
I —Zqzqzé" e T, 4——2% 821°2 (16)
V. STRESS CORRELATIONS IN TWO DIMENSIONS 4
A. Shear modulus and zero wavevector limit As exempli ed in the Fourier transform of Eq.16), the transfor-
Similar to Eq{11)in real space, the corresponding shear stresgnation merges the tensors, i.e., in genéfa Q ""ge xQ ' P
auto-correlation in reciprocal space reads Equation (16) gives an explicitexample. The actual linear connection
J. Chem. Phy$61, 144118 (2024); doi: 10.1063/5.0225890 161, 144118-4
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between the tensors in real and reciprocal space is given in Eq. (Bshear modulusGte, viz., G'ts  § *“q 0,te~2 in Eq.(13). The
in Appendix B. Equation (16) also shows how a poweriawenters inconsistency becomes glaring when one recalls Maxwell's interpre-
by the transformation. Since we are interested only in the far eld,tation of the long time limit of the shear modulus as a shear elastic

we Taylor-expand the isotropic functiofis' “q, te for small values  constant of the solidz**"*t - ““« Gy The plateau shear modu-

of ¢?. This is shown in Eq. (B2). This gives predictions for the lead-lus also gets denoted ad.e., one of the two Lamé constants of an
ing order power-laws in real space in terms of tpe. O limits of isotropic solid:® Apparently, the limits do not interchange.

§' g, te, The glassy solid at non-zero temperature was investigated in
Ref. 36, where the shear-modulus decays onto the well-de ned
plateau value, vizG't -~ ““e Gy holds. In this case, it was pos-

1 1

g, e 0 0 0 Ou« g T g, te k

R _ I BN _ sible to observe a well-de ned shear modulus, even though the force
lim =7, rt— LZ:O 2 0 0Z =4 . q.t— correlations were zero, as a solid state was studied. The liquid case
~fZqi e 2r°-0 0 2 2—4-02g " g te— considered in the present work is more subtle since the shear modu-

"q 400 e 0o o 2 2° " 4 “g,te* lus is only approximately constant over a nite period of time before

a7 structural relaxation sets in. We will therefore use Kohlrausch ts to
Here, the notation implies a far- eld power law® with coef cients  estimate plateau values for intermediate times &sis. 29, and13
determined bygj ' "0, te. This consideration of Fourier transforma- OF an idealized plateau in a selected time window asin 17.
tion rules alone yields the relatiogf® ~<=,ts @ ~*= te. The The apparent inconsistency between E(s3) and (13) is

far- eld stress correlations have to obey this relation, which will be "€S0lved via the proper identi cation of the intrinsic response func-
used as consistency check in the simulations. t!ons of the wscoe_lastlc uid to applied mhomogeneous_deforrn_a—
tions. The SACT gives the response to an external velocity gradient,
D. Force free solids and their uid precursors wh_ich indu'ces stresses but glso m(_)mentum cur_rents in the_sys_tem.
L i . This coupling can be determined via the Zwanzig—Mori projection
1. Inherent states as minima in potential operator formalisnt®*’*°The intrinsic response functiori§ which
energy landscape are not affected by the hydrodynamic momentum transport, then
In stable con gurations at long times, the forces on each par-describe the stress responses to the internal velocity gradfents.
ticle need to balance. Thus, correlations of the force elds need torhese response functions were identi ed as the Zwanzig—Mori
vanish, including in metastable glasses. This has been discussedrnremory kernels, well familiar from liquid theory.The force auto-
more detail for inherent states. correlation functions depend on the history of the memory kernels,
Inherent states (IS) denote the con gurations of amorphous and the limitsq - 0 andt - “* do not commute.*"’ For Newto-
elastic solids at zero temperature, i.e., the potential energy minimaian dynamics, the non-Markovian relations are (in an isothermal
of non-crystalline particle con gurations. In these minima, all par- setting, neglecting heat transport)’”
ticles are force-free, i.e., the divergence of the stress tensor vanishes.
This means that the force correlations from E&5) vanish for long in q2
times in IS. Equatiori15) can be supplemented with the symmetry *hZ7q,te mdo
constraintqg C g~ O (whereq §q~ 0), giving a third equation.
From these, the following relations are derived: The superscript stands for longitudinalY« and transverse  cor-
) relation functions, and@s"q, te are the corresponding Zwanzig—Mori

§'°q-0 §2°q-0 %~ 2 §°q-0° (18a)

t . . .
di®G q,t t%Z7q,t% 8 G q,te. (20)

100 H = ~ 50
§ x
§%°q-0= 0. (18b) 801 £y ]
g ° =
The apparent contradiction of Eqs18) and (13) is discussed E 60 x T g4
and resolved in Seé/ D 2. Equation(18) is consistent with the < 40 1 X 10° 10t 102 10®
results derived in Ref35 for IS and can also be derived from the g/ + tvo/dy
Zwanzig—Mori decomposition of the SACT as performed in R&t. 20 1 "
If one uses the results of EQ.8) in Eq.(17), one nds the IS 0 +
relations in real space to read ———rr———rr ———r———rrry
o 10° 10! 102 10%
qu“,t' qZA“,t”“ é q4A“,t’. (19) tUo/dl

FIG. 2Bulk shear modulds is shown by the black crosses. The colored dots
denote thg ° gmint 2 values at the minimal wavevectar,, which are

also shown ifig. 4. The crosses sipW gmint 2. The colors mark times,
There appears to be an inconsistency between Egs.and which coincide with the onés:in3. The forked cross at long times denotes the

(13). In the force free solid, the long time limit of the transverse time of-ig. 5, whichistato d;  133. The inset shows a stretched exponential
force correlations vanishes for small Wavevect(qr§ g - 0, t, with a relaxation time of 77d vy, a stretching exponent of0.55, and an

. s L . amplitude &, 43.9kTn. The structure was found to relax a#92 .
0 [Eq.(18b)], while the macroscopic limit af 0 is identi ed as 2 i . ¢ v

2. Force and stress correlations in the liquid
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memory kernels; see Refs. 16, 17, and 20 for their de nitions. The 10° T T
particle densityn is de ned asn N~V, andmn is the mass den- R ] o =2 i i
sity. The memory kernels approach the moduli in the macroscopic 2 10-! I°~<_ o
=2 ~ 1 1
limit, G™"q,t* - Kt andG "g,te ~ G’te for q - 0. In addition, . ] St il
for t - ““, the moduli approach the elastic constants in the solid § ] \‘—Q,{k\\ i i
limit (denoted by subscripts, i.€Gy andKp K™%t - <), =107 =T 4
While the transverse force correlation has already been given in & ] i
Eq. (15b), the Zwanzig—Mori decomposition gives 10-3 - ,“
~ 3 ~ I1 I2
— .. 97 7gte 4, 10 10
G g,t — oqe, (21) rJdy

|n-the |ncompres§|ble limit, W,h_'Ch holds W?”_ for t_he hard_ sphere FIG. 3Buildup of the stress correlation fug@®iont , where different col-

uids at the considered densities. An explicit derivation in three ors denote different times, matching the colors in Fig. 2. The black dashed line
dimensions is provided irhppendix D. These functions will be dis-  for small distances describes a power law givéndy, r? where the

cussed together with the numerical resultsHys. 4and 5, which amplitude was taken at the time of the red curve. The two dashed lines for lager

clarify the connection between Eq&8)and(13). distances describeraf-power law calculated from Eq. (23Gyvitom the
) ] ] Kohlrausch t. The vertical solid lines denote the positions of the wave fronts, i.e.,
E. Molecular dynamics simulations denote distancesrof crt andr ¢t at respective times, where the two veloc-

ities are given in Eq. (22). The power-laws emerge in the drag of the wave fronts,

The most famlll_ar stress_correlatlon functioniis the She?‘f modu- since the shear wave triggers stress- uctuations that decay on a much longer
lusG’ts, the correlation function of the total shear stress. Itis shown {jnescale.

in Fig. 2for the considered glass-forming binary hard disk uid.
For long times, it decays as envisioned by Maxwell with relaxation
time 77d~w. It is familiar from rheology that the functional
form is not exponential, but rather a stretched exponential with In the shown timeframe of Fig. 3, the amplitude of thé
the Kohlrausch exponent 0.55. For times short Compared to algebraic law is almost constant. Only the distance over which
the modulus is nite and solid like. Thus, transverse elastic phe-it can be observed increases. Equatiohs) and (13) together
nomena arise fot P . The colored dots and crosses denote theseem to suggest that the power law amplitude vanisties® r ,te
values ofj 3 “Qmin,t* and * “qmin, t*, validating the insights from  _, ~1~ g 20,te g 270,tee for r - <. This indeed explains
Sec.V. It was shown thatf] 3 “Qmin,t*~2 G’te, Eq. (21), and  why the power law does not extend to- “* at nite times. As a
§ *°q,te~2 Z7°qg,te, Eq. (15h), which agree for small times but guide to the eye, we plotted the cur@ie® "qmin, t 3.50,~ws~
disagree for larger times, EG20). For longer times, transversal r2. This would be the correct power-law if the transversal stresses,
forces decay, while stresses remain in the system. The spatial strés$ "0, te in Eq.(15b), had decayed. That this is not the case can be
correlations of states at times marked by colored symbolsin2  seen in the top panel dfig. 4. This explains the deviation ifig. 3,
will be analyzed in the following. which disappears at later times as showiiin. 5.

Turning to the spatial extent of stress correlations at interme- The amplitude of the 4 power-law shows a pronounced time-
diate times in glass-forming uids;ig. 3shows the buildup of the  dependency that was calculated to be
far eld as described in the Introduction. In Newtonian dynam-
ics, we expect the wave propagation of shear stress correlations at

two different velocities: rst, a longitudinal wave travelingcatand q S tP P qtte 12C%|t2 23)

then a transverse wave traveling&t For distances @& @ cr, nmr*

the in nite-time shear stress correlations of a solid have had time

to build up, which should give a decay 85.° Forcrt @ @at,  in Ref. 19. For the smallest and largest times, this slope is drawn

the time-dependent evolution of the far- eld of the incompressible as a black dashed line in Fig. 3. TBg estimate is taken from the
solid can be seen, which gives a decay as® This law disap-  Kohlrausch tin Fig. 2. The agreement has to be taken with a grain
pears forr Aact, since the signal propagation speed is limited by thisof salt: the shear modulus does not show a well-de ned plateau,
velocity® and one needs to use an idealized plateau value. One way was the
In the solid, the moduli decay on a well-de ned plateau on Kohlrausch t; a similar way would be to just use the average of the

which the shear wave propagateswith ~ Gy~"mneandthelon-  data points producing the red barin Fig. 2. Another source of error is
gitudinal wave propagates with Kpi~"m ne. By contrast, in the the assignment of times in our simulation, since we have to average
liquid, this is only an idealization that we nd to hold well in a over time-windows. For these measurements, the time window was
bounded time interval. The transverse sound velocity is determinedt ~ 1d~w, smearing out the short time behavior. Nevertheless, the
by Gy from the Kohlrausch t, and the longitudinal one is deter- prediction of qu- (23) prodyces a reasonable amplitude in the liquid
mined via the dispersion relation iffig. 18in Appendix C. The state andthe t“increase is clear to observe.

results are The top panel of Fig. 4 shows the isotropic functi@ng "q, te

and@ * “g, te with the same color code for the times @s). 3. One

a 315 o 6.62w, (22)  sees that both functions agree in the macroscopic lifit, "0, t
whereuy is the thermal velocity. § 4 0,te forq - 0, where they give the shear modulus [EcR)].
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FIG. 5Top panel: For long times, the far elds show indeed the predicted power
lawr Pwith amplitudes obeying the relations from Eq. (19). The red slope shows
a power-law with an amplitude taken from the average value indicated by the
black bar in the lower panel, i.e., the connection via Eqg. (17). Bottom panel: In
0oL . . . Fourier space, the relation from Eq. (18) is observed, as well as the fact that
0.00 0.05 0.10 0.15 g3 ot §* 0t (smallestdata point) from Eq. (13).
qd

FIG. 4Top: The dashed lines deficteand the full lines dengté . Different
colors denote different times that can be read off from Fig. 2 or from the leganéé solid. In isotropic solids, this length scale is unbounded, but

i At 3 G4 i i L ) ) AT -
E‘”‘:ts ot vo. ltshows thgt® 0 ¢ * Ot ,whilefog 0, thefunction i, incompressible viscoelastic liquids, the whole pattern decays with
g * gt approaches zero for long time§ahdg,t stays rather constant, o decay of the shear modulus, which sets the amplitude of the
which are the solid predictions fro@&gBottom: The continuous lines denote . : . L
= 2 = ) ; T T power law and vanishes for long times in the liquid.

g < gt 2,whichforincreasirfgl Il Eq. (18),i.e,° —q 2, while . . . . . .

_ : - Figure 5 shows the isotropic functions in real and reciprocal
forg > 0,9 ¢ g,t — 0 holds. Only some small times (marked in Fig. 2) are f hi i th d forked in Fia 2). As th
shown, since the behavigu)i 2 0 is hard to resolve for larger times dug>SPace for much longer imes (the red forked cross in Fig. 2). As the
to the nite,, O. bottom panel shows, for small but non-zegts, we can reproduce

Eq. (18), i.e., the force free solid predicticnd.he top panel shows

the power laws in real space that coincide following Eq. (19). The red

bar is a power-law with the amplitude from the Fourier space val-
Meanwhile, the force-free solid prediction holds over successivelyes according to Eq. (17). In contrast to Fig. 3, the amplitude of the
larger ranges ofj for increasing timefj * "q, <= 0 [Eq. (18b)]. 2 power-law can now be calculated exactly from ¢he 0 values
The isotropic functiorfj 3 “q, t* shows little variations witlg. in Fourier space. Reference 36 is concerned with the solid case and
Eq. (20). Entering a constant modulu§;’'qe S tP e~ (rjn(idulu.s E(.j Itr: t?he I:f}md'casef, t.hee]t OHllmlts at fnlte tlmeg are
into Eq. (20), one observes that the neglect of the integral requires Eseerrr\?én; a yooo(lea an:c?xicrﬁ:tigf?hz re;\fr\ilg\rzzrfro?rz SI’E' m(ulé)wv(\?hich
smaller and smaller wavevectors for increasing time. Rather, thg ag pp \ . Q- (19),
‘ lationZ-"a.te & 4 “q.te2 varies with the transverse are determined by Young's m'odullh'sﬁ we assum_e_t_he_solld rela-
orce correlatigns_q.t+ g ° q, _ tions to hold on the plateau. Since our compressibility is very small,
sound velocity Gy~mn. In the case of the solid, one nds that \yhich can be seen from Eq. (22), we cannot distinguish between the
g s “g, ““» const while g 4 “g, ““» 0. This justi es the argu- two, i.e.,G E, and therefore observ@"te to be the value of the
mentation above that local stress uctuations approximately decayplateau.
as slowly as the bulk shear-modulus. o o This is analogous to the behavior §f? "q,te in Fig. 4. For

Looking atfig. 4, we observe that with increasing times, theq - Oat nite time, the function approaches 0 because of the analytic
force-frge relations [Ed18)] h(_)ld fo[ sijccestswely smallerwavgvec- isotropic limit. For largen, it approaches the value®f® "q, te valid
tors. This can be observed in how™ vanishes for successively for the force free solid, while the interval of this transition shifts to
smallerq with increasing time ful lling Eq. (18b). Fog 0, itstill  smallerq for increasing timesg 2 “q, te is supposed to show a sim-
approaches the value §f° , which con rms Eq. (13). ilar behavior but for the two different limiting values @"te and
These results imply that the length scale, over which forces ar&t« for small and largey, respectively. However, since these two

relaxed, increases with increasing times, while elastic stresses reméimiting values are almost equal, we cannot observe this transition.
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FIG. 6Final decay 9f3 gq,t for the range of small wavevectors also covered FIG.7q * g,t , where different colors show different times. Follcwing Eq.

Fig. 4. We do not observe a wavevector dependency of the r@#tion of  the superimposed smooth lines show Gaussian ts ofite fofta, giving

As follows from Egs. (21) and (24), this ingpifetependent viscosity. an estimate f6r t andb; giving an estimateDaf where is of course known.
These relations are veri ed in Figs. 9 and 8.

Extending the time window to the viscous regime, the wavevec- . . o .
tor dependent decay of the correlation function of the uctuating € Part of Cxyxy g, t+ along the axis as a force correlati@n. This
shear stresses can be tested. This gives insights into the wavevectdf P easily con rmed because along the axes, Eq. (26) simpli es to

dependence of the shear viscosity, which is given by the time-integral

PN N 2p
of the shear memory kernét,viz., Gy d X te Gtee? P, (27)
a and from the tensorial decomposition Eq. (12), we as well know
ge g dtG g te. (24)
0 A . 1. R
nyxy qX,t' A q,t' Eq 4 q,t’. (28)

Figure 6 reports the nal decay of thi 3 g, te functions, which
give the dominant contribution according to Eq. (21). These ndings From Egs. (27) and (28), we can read off a Gaussian prediction for
agree with Ref. 43. The lack ofjzdependence of the amplitude and § 4 “q, te for different times, where the two t parameters of ampli-
of the viscous relaxation predicts that the shear viscosity does natide and variance give an estimate for the shear modGliis and
depend on wavevector for the studigerange. for the diffusion coef cientD, respectively.
To test these predictions, we perform Brownian dynamics sim-

F. Brownian dynamics simulations ulations and discuss the results kigs. 7—10Figure 7shows the

In Ref. 20, a theory for shear stress correlations in Browniarf€sults, simulation data as solid lines and Gaussian ts as dashed

systems was proposed. Even though frictional forces break the codines: Similar to-ig. 4, we can observe how the transverse force cor-
servation of momentum that was used in the Newtonian theary, relations decay to zero over larger length-scales for increasing times
it was possible to transfer the approach to Brownian systems. I8S Predicted by EG18). _ . .

was achieved by considering the transverse displacement eld as a AS & consistency check|g. 9showsG’t* measured in a con-
slow variable. The relation between force correlation functions and’entional way, Eq(5), as black crosses, while the colored symbols

memory kernels from Eq. (20) becomes overdamped, are the amplitude t parameters;“t+ from Fig. 7. The red curve
denotes a Kohlrausch t, which estimates a value ®&y. Figure 8

) 2t ) ) )
Z""q,te %J— di®Gq,t t%Z7"q,t% Gg,t, (25)
0

607 -==- fit azt + b2 ”4’,”3(
where is the friction coef cient. The resulting shear stress auto- === Gp/({n)t+bs ,444"
correlation function in the overdamped incompressible case reads L0 X bi() ,,42*'
.
= o
2 ~ ®
Co g t+ G4ty "1 dfegee °'. (26) S et
. . x
Here, the generalized hydrodynamic limit was taken. It corresponds x")(
to taking theq - O limit in the Zwanzig—Mori memory kernel, 04 X
while its full time-dependence is kepg'te G;’te. In Refs. 16, 000 095 050 075 100 195

17, and20, an additional Maxwell approximation was performed,
Gte G™ Gue' K “te, which we can forego becaugts is
known from the simulations. The diffusion constant is connected
to the plateau value of the shear modul@g and to the friction
constant of the solvent, viaD  G,~"n « with n being the number
density. This result can easily be derived from E6,) and identi es

tDon

FIG. 8Crosses show the diffusive exponentials from the similarly colored curves
in Fig. 7. The blue line shows a linear t through these data points. The red line
gives the theory predictions, when@es from the Brownian thermostagand

is taken from Fig. 9.
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125 % . o VI. THREE DIMENSIONS
100 * X a(t)/2 We repeat the previous analysis concerning two dimensional
“m *. systems, but now in three dimensions_. In three dimensions, the
= N “~+ . decomposition consists of ve functiori' “q, ts connected to the
= 50 T tensors in Eq(A2).8
I3 el T For instance, the shear stress component reads in the three
25 k\\ dimensional tesseral decomposition in reciprocal space
0 T T LA | T Tt ~
102 107! 10° 10’ Cxyxy g t* g gt Gl §<~11 *g,te
tD[)TL 2 2 2
o
FIG. 9Shear modulus measured from collisions in the whole box (black) and from ZLE g 5 g, te 24 4 g, te . (29)

the amplitude parametgrs tted in Fig. 7 (colors), which are connected via
Egs. (27) and (28). The red curve shows a Kohlrausch t, continuous in the window

where the data were respected by the t, dashed its continuation. The tSUgH‘?ét%nisotropic second term is connected torah power law by

2 dleizalivellie By BTG Fourier transformation that holds for intermediate distances at nite
times. At such nite times, the analytic isotropic limit of E)
needs to hold, which therefore yields two relations of the shear

. . modulus to theq 0 values of ' q, te,
shows the t parameterb;t+ from Fig. 7. Since we kno@, from ™ G

Fig. 9and from , we can predict the diffusion of the shear stress. 1
This prediction is plotted by the red line in Fig. 8. For a comparison, Gte =
the blue line is just a linear t, showing the good agreement with the
red slope. The linear t has an offset paramdbethat is as well used . . S
for the orange dashed slope. This term accounts for non-diffusivel '€ macroscopic shear stress auto-correlation function is the shear
effects of the shear mode for short times, where the modulus ha: Od$|rL1]§.formula for the spatially resolved shear SAGF,r, te is

H H H H H i Xy L,
not plateaued. The agreement with a linear t is convincing, vali obtained from Eq. (29) similarly as in two dimensions; see Egs. (11)

dating the prediction that the correlations propagate diffusively in . ;
the regime of the idealized plateau @fte. This is consistent with gg?reiitzignﬁ(;r&gs the diagonal in thay-plane, the shear stress

ndings in the solid considered in Ref. 36.
To this point, the investigation of the overdamped system was diaon 3 5. 4 s.

concerned with the diffusive propagation of the shear stress mode. Chyy T te éq rite —==q° r,te. (31)
N . X . 8

Figure 10 is concerned with the long ranged correlations that are

as well present in the Brownian system. It shows the shear stress

correlation along the diagonals, i.e|.(,3) for three different times:

tDon 0.33; 1.5; 12.2. In contrast to the Newtonian dynamics, th

343 0t 4G5 0te.  (30)

\S]]

eA' Fluid precursors of force free solid correlations

statistics is less accurate. The expectédbehavior, similar to the The force correlations in three dimensions read [cf. Eq. (14)]
Newtonian case, could not be resolved. The dashed line denotes the
power law 2G~" r?ne as a guide to the eye. Since the tensorial 70, te 1. 1. te 2. 2. te 2. 3. foe 322
decomposition is independent of the dynamics, this relation as well “ 39 @ R 34 4t (322)
follows from Egs. (13) and (17).
o
Zogte §togte~2 2. (32b)

As in two dimensions, they can be supplemented by the con-
straintq C g~ O to reproduce the force-free relations derived in

the IS of the solid,

a 1 Aq N 0"‘. a 2 Aq N O,“° Za 3 Aq N 0,“', (33a)

q® /(ksTn?)

10! 2100 3x10'4x 10" 6x 10" §°9-0° o0 (33b)
T/d[
Therefore, only two independent functions determine the isotropic
FIG. 1049 r,t in Brownian dynamicstBgn 0.33; 1.5; 12.2. It was solid, where force correlations have vanished. The inconsistency
I"DOS5S(I)EII.e to resolve the shear stress correlations up to a distance of rqugibeen Eq$30)and(3_3b_)(agair2 recalGt - <% Gp| in a solid)
heralds that the two limitd - ““ and q - 0 do not interchange
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in the three-dimensional solid as well as in two dimensions [see 107! 4
Egs. (18) and (13)]. . I~

From the Zwanzig—Mori decompositiéhin the incompress- e ]
ible limit, the shear modulus can be connected to the Fourier- S
transformed form of Eq. (31). The argument follows the analogous =

I,/% {//’ 4
¥

considerations in two dimensions, Eq. (21), and, in 3D, leads to

=

|

/,
=

— 3.3 Jd ~5-. ~ 4 10—
G q,te - B o O°qe, 34 3
q 8q q 8 2 a - q q (34) 1 1
10*
where the detailed derivation is given in Appendix D. Combining r/d

Egs. (31) and (34) yields
Cogdite G gt O'qh. (35) - Gty

S . : : - 39/(2v2)
The same considerations leading to Eq. (17) but in three dimen-

sions yield the connection of the power-law amplitugfs <<, te
in the far- eld of_real space to the - O limits in Fourier space

a ! Aq i O!t. ’qol,(l

§9/(kpT n)

T
0.1 0.2 0.3 0.4 0.5
0 0 0« .1,

PR 00 qd
M 001 0 0 o=h
Gt — 3 :O 0 1 5 ol —%:— FIG. 11Top: The evolution of thg, shear stress correlation along the diago-
:qaf _ 3= o QZﬁOP; f— (36) nals. The black dashed line at shorter distances denctgmther law with
—a= 4r =0 o0 2 1 0 —%¢ 4= a constant amplitude, calculated fram tfg, values of ' at times of the
:qavé - - 1 1 :"E]O,St — red curve. As one sees in the panel below, the force chrrlatidpresent,

Gy * "0 0 9o 0 Ze Oo:* explaining the deviations. The black dashed lines at larger distances denot

2 2 r S-power law for the three earliest times, which has a time dependent amplit

cf. Eq. (40). Continuous vertical lines denote the expected position of the tr
As expected, the pressure correlation is not long ranged, whict verse wave front, and dashed vertical lines denote the position of the longitu
can be read off directly frorq(l) ~<< te 0.Thelinesarenotlinearly  wave. Bottom: The solid lines §iov2 2  Z , denoting transverse force
independent, from which a relation for the power-law tails follos, ~correlations that vanish and simultaneously the shear stress correlation alon
axes [cf. Eq. (29)]. Dashed lines show the combipatigivein in Eq. (34),
3 e =X 4 nee 5 e verifying the-independence of the shear modulus. The colors in both pane
q y 25q e q s Lo (37) match the times markediin 13.

o

If one uses the force-free solid results Etgb)in Eg. (36), another
relation for the real space power laws emerges,
o waves as seen in the bottom panel. Similar to two dimensions, the
g2 -t % 2% - <5t “ebuttP . (38) morznentum current is distributed over spherical surfaces scaling as
r<, which leads to a stress tensor scaling proportional to its deriva-
From Eq. (36), we can calculate the expected formula for the rsttive r° . The position of the shear wave front is marked by the
power-law of the shear stress correlation along the in-plane diagondiontinuous vertical lines. For dlstan_ces larger than the shear wave
(x v,z 0)fromtheq - O limits, front, but smaller than the compressional sound wave front (dashed
vertical lines), am® power law is predicted

diag~ 3 . 3. °_ . From the Fourier transformation, the amplitude of thé’
Cayy T 1e 2 LITOEQ a.t- 29" q,te power law is given by Eq39). For ther® power law shown in
Fig. 11, we used thg, ... values offf ' “q,te at the time of the red
cl_a 5 R (39)  curve. Obviously, the suggested amplitude is too small. This devia-
2 2 tion indicates that the observed slope is not the power-law expected

from Fourier transformation. As can be seen in the bottom paijél,

‘has not decayed and tfig* "qmin, t* value oscillates strongly in con-
trast to the apparently constant slope of the top panel. In the long
time limit, §*°q - 0,t* vanishes according to E33b). Then, the

Figure 11 shows the evolution of the shear stress correlationamplitude predictions of the Fourier transformation become valid,
as the two wave fronts travel through the system. The colors ofs can be seen inig. 12, which shows a much later time. The posi-
the curves match the colors of the dots in Fig. 13, from which thetions of the shear wave fronts are calculated from the transverse
corresponding times can be read off. The simulation was run withsound velocity given by the (intermediate time) plateau value of the

Newtonian dynamics, allowing the appearance of oscillating sounghear modulus. It is taken from the Kohlrausch tfig. 13.

For large times in the solid, this equation simpli es due to Eq. (33b)

B. Molecular dynamics simulations
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Vb‘ 10_3 é % O -
104 - —rT +
10* —
r/dy 107" 10° 10 10 10
tvo/dl
R
:1/5 W FIG. 13Shear modulus in Newtonian dynamics in 3D as black crosses. The cir-
A 107! A v o cles denote the small wave vegtoralues of the similarly colored dashed lines
e — 3/(47r)q; - in the bottom panel of Fig. 11. The dots denote the times of the similarly colored
2 — 3V2/(4m )G curves of the top and bottom panels of Fig. 11. The plus symbols denote the trans-
< verse force correlators givegt®yq,;,t 2. The larger blue forked cross at
% 1073 t 15y d; denotes the time of Fig. 12. The red curve denotes a Kohlrausch t
with paramete® 43.1%gTn, 0.43,and 89.9¢ vo.
T
10
T‘/dl
of error is the nite time window the stress was averaged over. It was
1001 « ¥ 5 % % x x % % x t  0.2d~w. o
= £ x x x x x x % x x The bottom panel of-ig. 11showsg * "q,te~"2 2e that is
B dO ok 24® % g® equivalent to the transverse force correlations; cf. ([Bgb). It as
£ 50 @@ x g well describes the shear stress correlation along the axes; t(1%q.
g Therefore, Eq(20)describes the time and wavevector dependences.
x Vibrations with the transverse speed of sound can be segniy, t
0 x X x x x x x x x in that time window where the shear modulus is approximately con-
' ' ' ' ' ‘g, te "ge. The simulations indeed show the expected
0.1 0.2 0.3 0.4 0.5 stant,G g, t* G ge. p
qd waves. In additionfj # "q,te vanishes for smaller wavevectors as

time increases. The dashed lines showdkependent shear mod-

FIG. 12SACT functionstat 15w d; and Newtonian dynamics. Top: The rela- |([]ISG_Aq,t' given by the twdj i ofthe rhs of Eq(34). Indeed, the

tion from Eq37)is con rmed as well as the power-law amplitudes predic
by Fourier transformation via3q. Middle: The relation fromi=Bgjs con-

§-dependence can be neglected as proposed by the Zwanzig—Mori

rmed, as well as the corresponding part@GHEdBottom: The relations from (ZM)-calculations. In the limitg - 0 at nite times, continuous and
the force-free predictions iri¥&dpare con rmed well.

Furthermore, we observe ar® power law, in between the
shells of the transverse and longitudinal wave fronts. Thempli-

dashed lines should agree because the analytic isotropic limit is valid
[Eq. (30)]. This is observed for the shortest time displayed (orange
lines) but is not seen for larger times. This is due to the solid behav-
ior [Eqg. (33b)] developing for intermediate (“plateau”) times. The
transverse force correlation function [ER2b)] relaxes fast com-
pared to the global stress (seg. 13). This is described by EGO)

tude can be calculated for times on the plateau of the shear modulug,q the same argument as given in the two dimensional case for the

to read

diag~
nyxy

cTtP rP qt,te

57 Gyt?

8 mnr”

top panel of~ig. 4.

The precursors of the force-free relations in the liquid state
given in SecV| A can be observed iRig. 12. It shows the SACT at
t 15d~w during the nal structural relaxation; the time is marked
by the blue forked cross iRig. 13. The top panel shows real space

The calculation is the three dimensional analog of the one leading tén€asurements of® °r,te in a combination so that the far- eld

Eq. (23). In contrast to the® power-law, thig > power law ampli-

power laws should coincide because of E&j). In accord with

tude increases in time t2. Figure 11shows the explicit results of Ed.(36)for example, the far eld 0§® ", t« is determined by an®

Eq. (40) for the earliest three curves, i.e., green, red, and purple agower-law with the amplitude given by the combination of several
black dashed lines. Agais, was the estimate from the Kohlrausch § ' "0, te. This is shown by the green line in the top panel. The sec-
tin Fig. 13. For the green curve, it is even possible to observe hownd relation [Eq(38)] is shown in the center panel, together with the
the curve deviates from the® law at the position of the sound corresponding power laws determined by the Fourier space values
wave front (green dashed vertical line). As in two dimensions, unceragain via Eq(36). The bottom panel shows that the force-free rela-

tainties in the nite-time analysis enter due to takir@gp, from the

tions in Fourier space [E@33b)] are valid in the liquid state already.

Kohlrausch t, which gives only an approximation. Another source Nevertheless, for the smallegtvalues, the forces seem not fully
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FIG. 14Wavevector dependent shear modulus during the nal relaxationfor F|G. 16Crosses denote t parametgré fromFig. 150 every curve. The
g-values, viz., the three dimensional analggdoVia Eq34)g ' ¢,t are blue dashed line denotes a linear t with arbpteebunting for non-diffusive
connected to the generalized shear m&dujuss . No length scale dependent  ghort time effects. The orange dashed line denotes the theory prédiction [Eq.
relaxation is observed, leading-independent viscosity according to/Eq. where the offset parambievas added.

relaxed, causing small deviations from the force-free predictions at ) o o o
smallq. Sec.V/ F. By again considering only the directions along the axis in

Figure 13shows the shear modulus and compares it to the dif- EQ- (29) (i.., the isotropic part) from the ZM-projection operator
ferent amplitudes of the power-laws in the stress far- elds. Goodformalism, we nd the connection to theory predictions of Refito

agreement can be noted. The transverse force correlatiorijgt;)]  read
is included and clearly differs from the modulus at longer times.

Figure 14shows the generalized shear modul@s'q, te for Jad
a set of different wavevectors. It can be calculated fiipm via 2 2
Eq.(34). No length scale dependent relaxation is observed, as already
antlcuc_)ated n the bottom panel oFig. 11. _Thes_e nd_lngs relate In analogy toFig. 7in two dimensions, the theory predicts a diffu-
to a discussion of non-local stress correlations in a simulated soft-

. . 4 ~ ~ . . . L.
particle mixture; see Figs. 3(a)-3(c) in Ref. Figures 3(a) and 3(b) SIVe behavior off * ", te~Gte in three dimensions. This is shown
there agree nicely with our results in the lower panelrof. 11. N Fig. 15. The different colors there are connected to the corre-

In Fig. 3(c) of the reference, an angular average is done, Ieadinﬁﬁonding times of the similarly colored data pointsiify. 17, which
10 Cuyy 0, S*€ %AZ‘"q, se Gg,se  O'g, where we used SNOWS the shear modulus. The red bar denotes the estimaggof

o . . since it was not possible to use a Kohlrausch t. The time depen-
Eq.(35). The force correlatioz gt depends sensmve_ly on tlme dent variances of the Gaussian ts, denotecgse, are shown by
(seerig. 13) and Wavevegtor (SEEJ.' 11), and thus,. for INCréasing  {he symbols in~ig. 16together with a t (blue) through the data

q. the angular average quickly deviates from the viscosity de ned "boints where we consider the shear modulus to have plateaued.
Eq.(24). The agreement with a linear increase proves the diffusive behav-
ior. The orange bar represents the theory prediction with a diffusion
coef cientgiven byD Gy~ ne.

gt Gteed D (41)

C. Brownian dynamics simulations

We perform the equivalent analysis of the Brownian dynamics
in three dimensions as was already performed in two dimensions in

\
2004 %
\
1.0 1 . \
0 & 150 1 \
o \
< 0.8 1 ~e \
E £ 100 N
S T \,
E 0.6 7 § \\‘-\
S © TNen
= i 50 <
5 04 NG SV
L~ e [ il
0.2 1 () — o w  m ow o m
00 107° 1072 1071 10°
. T T T T T T
0.0 0.1 0.2 0.3 0.4 0.5 0.6 tDomn
ads FIG. 17Shear modul@st obtained in two ways. Froni/Eg, we can connect

the amplitudes of the Gaussian fksginltto the shear modulus; this leads

FIG. 15Fit of the form e ¢b: tog 4 g,t where different colors denote dif- to the colored symbols. The black dashed line is calculated in the conventional

ferent times. Via Eq. (41), we can caanedb the shear modulus (cf. Fig. 17) way of correlating the stresses in the whole simulation box foilowiFigeEq.
andb; t  Dtto diffusive dynamics (cf. Fig. 16). agreement supports Eq.).
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VII. DISCUSSION diameter of 60 m, the relative displacement of beads at both edges of

In agreement with predictions from non-Markovian Langevin the gell pqrtlcles IS the.n. fpund tobix 3.6 10°° m. While this is
equations derived using Zwanzig—Mori projection operatgrs, ° atthe I|m_|t ofthe sen_S|t|v_|ty ofthe propose_d experimental approach,
we could observe the emergence of long-ranged stress correlatiofid experimental realization appears feasible.
in simulations of dense hard sphere liquids. These precursors of the
Hookean elastic solid, which build up continuously in the super-
cooled liquid, result from the conservation law of momentum trans- ACKNOWLEDGMENTS
port. While in a uid, shear momentum diffuses, in the elastic solid, The authors thank Annette Zippelius and J6rg Baschnagel for
it propagates via elastic waves. This crossover affects all elememisipful discussions and for comments on this manuscript. M.F.
of the tensor of stress correlations, which additionally contains thethanks Peter Daivis for clarifying discussions and his colleagues
complexity that the long-time states have to be force free. In Brownfrom RMIT, Melbourne, for their hospitality during a stay when
ian uids, the analogous crossover is observed, with the differencehis paper was written. This work was supported by the Deutsche
that the stresses that originate from the interparticle interactionsForschungsgemeinschaft (DFG) via SFB 1432 Project No. CO7.
diffuse in the solid state. We used the formalism of spherical ten-
sors introduced in Ref. 7 for mechanically rigid and time-stationary
(inherent) states to analyze the stress correlations. This formalism | THOR DECLARATIONS
proved itself also helpful in the time dependent analysis of the uid
as performed in this contribution. Conict of Interest

Within the size of the simulation boxes in two and three dimen-
sions, convincing power-law correlations are observed as shown in
Figs. 3 and 11. .E)fponentlal screening as proposed in Ref. 13 WaS thor Contributions
not observed within our scope. Reference 12 reports large non-
zero average forces, which we do not nd. Rather, our nding of Niklas Grimm: Data curation (equal); Investigation (equal); Writ-
spatiotemporal relaxation to a homogeneous force-free state in thing — original draft (equal); Writing — review & editing (equal).
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The question about possible non-local contributions in the (equal); Writing — review & editing (equal).
shear viscosity when approaching the glass transition has been
raised. While appreciable wavevector dependences have been
observed in simulations of supercooled uids, including of poly- DATA AVAILABILITY

meric ones, ““we nd the (generalized) shear modulus and its vis- The data that support the ndings of this study are available

cous relaxation to bg-independent to a very good approximation. from the corresponding author upon reasonable request.
This difference warrants additional studies. The consequences of the

spatial stress correlations on rheology experiments also warrant to
be explored, especially under con nement. APPENDIX A: EXPLICIT EXPRESSIONS
A possible experimental approach to test our predictions is toOF THE BASIS TENSORS
m_onitor deformatior!s of soft _probe par_tic_les immersed in a c_oI- 1. Three dimensions
loidal dispersion. Suitable particles consisting of deformable alginate ) . ) )
microgel droplets that contain hundreds of small uorescent poly- The orthogonal tesseral basis tensgré Q@re linear combina-
mer beads have previously been employed to observe forces ffpns of the following tensors ¢ :°%“°
biological tissué’*> The three dimensional position of individual =
beads can be determined with an accuracy better than 50 nm. Shear 1
stress in the uid leads to a deformation of the probe particles that c , (Ala)
can be analyzed as a change in the position of the uorescent beads.

The authors have no con icts to disclose.

The position measurements could then be used to determine shear c 2 (A1b)
stress auto-correlations. Like shownfing. 13, the shear modulus = ’
can be calculated in an exemplary systent at300 K with a vol-
ume fractionof  0.59 and colloids af 100 nmtobez, 25Pa. C 3 PP P, (Alc)
The three dimensional shear stress correlation along the diagonals is - - -
given by 4 . . o .
C (g (N P ri, (Ald)
iagn 9 G o
keTCignyTe g s keT. (42)

r C®° ##b, (Ale)
Assuming a gel particle separation of 0 a storage modulus of
G 1 kPa as found by Mohagheghiat al.;®> and a gel particle connected by
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LY 0 0 o o fip G Jim BT Cgt
’ 9 “ - % 1 =C 1. - - . .
5°=: 5 0 > 0 0=Z,_ > 8 ' 0tFT' Qg
Q"= —c?’= - =
p3= - - 0 = 0 §:E3E ! i nee IR
= == 6 2 2 —=,= >q 10Q 7 e, (B2)
Q'==z= o 0o 0 % —C — ' B
N5 = —=c*5-
S S I S S

22 22 22 22 22 A2) and since the termBT® Q "+ are power laws following E¢31)
=l
Orthogonality yields Q' : Q| ., simplifying the access to [see also E(16)],§ ' "0,te determine their amplitudes. The excla-

_ mation mark in Eq.(B2) marks that set of linear equations, where
the isotropic functions by simple projectiorg' “r,te  C'r,te : with Eq. (B1) the identi cation of the pre-factors of the tensors
o Q "7+ can be performed. In three dimensions, analogous to the

Q ' ~f, which as well holds in reciprocal space. =,
results in Ref. 7, the inverse Fourier transformation reads 0

2. Two dimensions

In two dimensions, some tensors in Eg. (A1) become depen- Q1 gz 0 0 0 0 O«
dent by the relation = .. -0 1 o0 0 0—
Q" Qe = o_ 1=
Q2" 30 0 1 2 0—22
2 4 1 3 < 3— o —
(=1 4 r3Z -
c c 2C 2C 0, (A3) 25 4 g r 0 o 5 0=
o . , Q% g4 00 L o 17
making it possible to use only four of the tensors above in two = 2 2
dimensions. The basis chosen in Ref. 35 reads Qg
: Q=
! “ ! -~ ’ 1 “ - An
g ) 2 0 o_ 0O c —Q 3 fe— (B3)
Q =z120 1-2 0=c’= =
Q3= =12 0 1 2=cs3= (A4) :QSM =
,,34, I % 1 20"55. Q ree

) . . ) ) The higher order power-laws discussed in E@83) and
with the two dimensional versions C of Eq.(A1). (40) emerge from the inverse Fourier transforms of the forms

FT! gq%Q ", since these power laws emerge from tig@'q2
=j

APPENDIX B: FOURIER TRANSFORM Lo i
contributions in the expansion @ ' “q, te. The pre-factors can then

This section contains the details on the inverse Fourier transhe calculated from expanding the Zwanzig—Mori expressions, as
formations of the basis tensors only exempli ed in E@6). Equa-  gone in this work, or from a second order polynomial tfp' “q, te.
tion (B2)will present how the small-imits of § ' can be connected
to the far- eld power-law amplitudes af® “r ,t in real space.
Considering all tensors and collecting all terms, one nds the

following relations’® for r A0 in two dimensions: 10
S C%D = 31.51vg
1Aan = 1 an
22‘1’_ﬁ 0 0 0 OHSZ" £
Q “"g—A _ —CQ e < 61
Frig=, T 120 2 0 0= "= g 3
Q% g=h 21720 0 2 2=Q°"h= N
Q 4A21..§ 0O 0 2 2°n9 5 ~see e3P = 23.62 v
0.10 0.15 0.20 0.25 0.30
The amplitudes of the far- elds in real space, vi.r - “*,te q- d

r P, can then be connected to the zero wavenumber lingits, 0,

of the isotropic functions in reciprocal space, i#., "0, te. These
relations can be derived by

FIG. 18Dispersion relation of Newtonian systems in two (blue) and three (orange)
dimensions. A linear t gives the sound vglocity
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APPENDIX C: DETERMINATION OF SOUND 133, C. Dyre, “Solid-that- owsicture of glass-forming liquids,J. Phys. Chem.
VELOCITIES Lett.15, 1603-1617 (2024).

) o ) 14G. Szamel and E. Flenner, “Emergence of long-range correlations and rigidity at
To determine the sound velocity, it was most convenient t0 the dynamic glass transitionhys. Rev. Let107, 105505 (2011).

measure the dispersion relation of the sound waves for a number 0%, Flenner and G. Szamel, “Long-range spatial correlations of particle dis-
wavevectors. Therefore, longitudinal velocity correlations were meaglacements and the emergence of elasticifyllys. Rev. Lett114, 025501
sured for three different wavevectors. The frequency was determine@015).
by a damped harmonic oscillator t, which then yields the dispersion *°M. Maier, A. Zippelius, and M. Fuchs, “Emergence of long-ranged stress
relation. The sound velocity can then be r(;)ad off from the slope of %c?rrelatlons at the liquid to glass transition,” Phys. Rev. 149, 265701 (2017).
linear tand s linked to the modulus via_ W' Figure 18 M._Ma_ler, A. lepel!us,. and M.lFuchs, Stres§ auto-correlfltlon tensor in glass-
. . . . R forming isothermal uids: From viscous to elastic response,” J. Chem. R495.
shows the dispersion relation and the corresponding linear t for ggs54- (2018).

two (blue) and three (orange) dimensions. 18D, Steffen, L. Schneider, M. Miiller, and J. Rottler, “Molecular simulations and

hydrodynamic theory of nonlocal shear-stress correlations in supercooled uids,”
APPENDIX D: ZWANZIG-MORI SHEAR MODULUS J. Chem. Phyd57, 064501 (2022).
9. Klochko, J. Baschnagel, J. P. Wittmer, and A. N. Semenov, “Long-range stress
A justi cation of the shear modulus expressed in the tesseralcorrelations in viscoelastic and glass-forming uids,” Soft Mal4; 6835-6848
basis, viz., E¢34)in 3D, is provided. Using the notation of the ZM-  (2018).

expressions in Ref.7, one nds 2F, Vogel, A. Zippelius, and M. Fuchs, “Emergence of goldstone excitations in
stress correlations of glass-forming colloidal dispersions,” Europhys. 125;.
3. 3. A . 1 ¢ y. 68003 (2019).
éq Q,se 72(1 a,s* Ggse ZmK Q,se 2IN. Y. C. Lin and I. Cohen, “Relating microstructure and particle-level stress in

4 5. colloidal crystals under increased con nement,” Soft Mali2y9058 (2016).
gM "~ "q,se (D1) 2 A, Scala, T. Voigtmann, and C. De Michele, “Event-driven Brownian dynamics
for hard spheres,” J. Chem. Ph¥26, 134109 (2007).
M® ", s« is a regular memory kernel; therefore, the term van- 2w. Gotze, Complex Dynamics of Glass-Forming Liquids: A Mode-Coupling

ishes ag0"q”. In the incompressible Iimit} - 0, the longitudinal 2T4heory(0Xf0rd University Press, 2009), Vol. 143. _ _ _

momentum correlation functiork” vanishes, wherefore tF{Q"qz- F. Weyssr and D. Hajnal, “Tests of mode-coupling theory in two dimensions,
S . . N Phys. Rev. 83, 041503 (2011).

contribution in the second line vanishes. The derivation of the cor-

. o . . %3, Fritschi and M. Fuchs, “Elastic moduli of a Brownian colloidal glass former,”
responding relation in 2D, viz., E¢21), follows the same line of ; Phys.: Condens. Mati30, 024003 (2017).

reasoning. %E. Flenner, M. Zhang, and G. Szamel, “Analysis of a growing dynamic length
scale in a glass-forming binary hard-sphere mixture,” Phys. Re83, 951501
(2011).
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