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Abstract. Abstract goes here In this paper pencils of partial differ-
ential operators depending polynomially on a complex parameter and
corresponding boundary value problems with general boundary condi-
tions are studied. We define a concept of ellipticity for such problems
(for which the parameter-dependent symbol in general is not quasi-
homogeneous) in terms of the Newton polygon and introduce related
parameter-dependent norms. It is shown that this type of ellipticity
leads to unique solvability of the boundary value problem and to two-
sided a priori estimates for the solution.

1. Introduction

In the present paper we consider a pencil of partial differential operators
of the form

P (D,λ) =
∑
α,k

aαkλ
kDα (1.1)

of order 2M depending polynomially on the complex parameter λ and acting
in the half-space Rn

+ := {x = (x′, xn) ∈ Rn : xn > 0}. We supplement this
partial differential operator with boundary conditions B1(D), . . . , BM (D)
and consider the boundary value problem

P (D,λ)u = f, Bj(D)u = gj (j = 1, . . . ,M). (1.2)
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Here and below we use the standard multi-index notation Dα = Dα1
1 . . . Dαn

n

with Dj = −i∂/∂xj and ξα = ξα1
1 · · · ξαn

n . The aim of our investigations is to
endow the classical Sobolev spaces with parameter-dependent norms, realize
(1.2) as a bounded operator with respect to these norms and to prove for
large λ the existence of a bounded inverse operator. Simultaneously we will
obtain uniform (with respect to λ) a priori estimates for the solution of the
boundary value problem.

The case where the symbol P (ξ, λ) :=
∑

α,k aαkλ
kξα of the operator

(1.1) is quasi-homogeneous with respect to ξ and λ (up to perturbations
of lower order) has been studied intensively since the papers of Agmon [1]
and Agranovich–Vishik [4] appeared. In these papers it was shown that it
is possible to define parameter-dependent norms using a quasi-homogeneous
weight function (depending on ξ and λ) as a Fourier multiplier for which the
boundary value problem can be realized as a bounded operator which has a
bounded inverse for large values of λ. These results hold under conditions
on P and Bj which are called the conditions of ellipticity with parameter (or
parameter-ellipticity). These results imply results on boundary value prob-
lems which are parabolic in the sense of Petrovskii where, roughly speaking,
the parameter λ has to be replaced by the time derivative ∂/∂t.

However, the composition of two operators which are parabolic in the sense
of Petrovskii with different weights for the time derivative does no longer be-
long to this class of operators. The same holds for parameter-elliptic bound-
ary value problems. Consider, for instance, the operator (∆2 + λ)(−∆ + λ)
with appropriate boundary conditions, where ∆ stands for the Laplace op-
erator. This parameter-dependent operator has no quasi-homogeneous prin-
cipal symbol in the sense of Agmon–Agranovich–Vishik and thus this theory
cannot be applied. In the particular case where we consider the composition
of two operators one might try to apply the theory of parameter-ellipticity
to each of the operators separately; however, this is no longer possible if we
consider operators like

−∆3 + λ∆2 + λ2 . (1.3)

General operators of such type appear, for instance, if we consider the re-
solvent of Douglis–Nirenberg systems (mixed order systems) and the deter-
minant of their symbol. If in (1.3) the last term λ2 was omitted, we would
obtain a typical operator of singular perturbation theory (here λ = ε−1 for a
small parameter ε) as it has been treated in [6] and [7] with methods similar
to those used in the present paper.
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The main questions concerning general boundary value problems of the
form (1.2) consist in finding the appropriate Sobolev spaces (i.e. parameter-
dependent norms) for which these operators are bounded in the sense that
they are continuous with norm bounded by a constant independent of the pa-
rameter λ and in finding conditions on P and Bj which ensure the existence
of a bounded inverse operator for large λ. In particular, it is of interest to
find conditions of Shapiro–Lopatinskii type (i.e., conditions on the boundary
operators which may be formulated in an algebraic way) which lead to invert-
ibility. These questions are answered in the present paper; here we restrict
ourselves to the model problem, so we assume that the operators P and Bj

have constant (scalar) coefficients and act in the half-space and that Bj(ξ) is
homogeneous in ξ. One reason for this is given in Remark 5.12. We plan to
investigate variable coefficients, operators on manifolds with boundary and
non-stationary problems in a subsequent paper.

Operator pencils of the form (1.1) acting in the whole space have been
studied thoroughly in the monograph [9] where such operators appear by
reduction of homogeneous Cauchy problems using the Laplace transform;
for the resolvent of Douglis–Nirenberg systems on closed manifolds (i.e.,
compact manifolds without boundary) see [5]. One main tool for estab-
lishing these results was the so-called Newton polygon and the concept of
N-ellipticity connected with this polygon. It turns out that in the case of
boundary value problems this concept is useful, too. In particular, we will
describe the parameter-dependent norms in terms of the Newton polygon
and prove the invertibility for large λ using the Newton polygon approach.

Let us remark that the parameter-dependent norms and the a priori esti-
mates appearing in the present paper are more complicated than the

corresponding terms in the Agmon–Agranovich–Vishik theory of elliptic-
ity with parameter. The (relatively) simple structure appearing in the theory
of ellipticity with parameter is caused by the homogeneity of the problem
which contains only one large parameter. The problems considered in the
present case contain, in some sense, more than one large parameters which
makes the estimates more complicated.

The plan of this paper is as follows. In Section 2 we will define N-ellipticity
for pencils of the form (1.1) and study equivalent conditions for this type of
ellipticity. In Section 3 we will define the conditions of Shapiro-Lopatinskii
type and N-elliptic boundary value problems, introduce parameter depen-
dent norms and state the main results on continuity and invertibility for the
operator related to (1.2). The proof of the last result is based on estimates
on the solutions of an ordinary differential equation (as it is the case in the
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Agmon–Agranovich–Vishik theory). For this estimate it is essential to know
the behaviour of the zeros of the polynomial P (ξ1, . . . , ξn−1, ·, λ) under the
condition of N-ellipticity. This behaviour is described in Section 4, and the
proof of the main results can be found in Section 5.

2. N-ellipticity with parameter

Let P (ξ, λ) be a polynomial in ξ ∈ Rn and λ ∈ C with complex coefficients,

P (ξ, λ) =
∑
α,k

aαkλ
kξα.

The Newton polygon N(P ) is defined as the convex hull in R2 of all points
(|α|, k) with aαk 6= 0, their projections (|α|, 0) and (0, k) and the origin. In
the following, we will recall some definitions and results connected with the
Newton polygon. For a more detailed discussion we refer the reader to [9]
and [5].

From the definition of N(P ) it follows that the Newton polygon has the
origin as one vertex and that the adjoining edges belong to coordinate axes.

Denote by Γ0, . . . ,ΓJ+1 the vertices of the polygon N(P ), starting with
Γ0 = (0, 0) and indexed in the clockwise direction. For j = 1, . . . , J we
choose rj ≥ 0 such that the vector (1, rj) is an exterior normal to the edge
ΓjΓj+1 joining Γj and Γj+1. By convexity, we have r1 > · · · > rJ . In the
case where Γ1Γ2 is horizontal we pose r1 = ∞ and in the case where ΓJΓJ+1

is vertical we have rJ = 0 (see also Figure 1).

Definition 2.1. The Newton polygon N(P ) is called regular if it has no
edge which is parallel to one of the coordinate axes but does not belong to
this axis.

It follows from the definition above that N(P ) is regular if and only if
r1 < ∞ and rJ > 0. In other words, in this case

∞ > r1 > · · · > rJ > 0 . (2.1)

With each polynomial P we connect the weight function of its Newton poly-
gon defined by

WP (ξ, λ) :=
∑

(i,k)∈N(P )∩Z2

|ξ|iλk . (2.2)

Obviously
|P (ξ, λ)| ≤ C WP (ξ, λ) (2.3)

holds with a constant C independent of (ξ, λ).



Boundary value problems and the Newton polygon 5

-

6

i

k

hhhhh
HH

@
@

@
B
B
B
B
B
B•

•
•

•

•

•Γ0

Γ1 Γ2

ΓJ

. . .

ΓJ+1

Newton polygon regular

-

6

i

k

hhhhh
HH

@
@

@

•

•
•

•

•

•Γ0

Γ1 Γ2

ΓJ

. . .

ΓJ+1

Newton polygon not regular

Figure 1. Examples of Newton polygons.

Definition 2.2. The polynomial P (ξ, λ) is called N-elliptic with parameter
in [0,∞) if

(i) the Newton polygon N(P ) is regular,
(ii) there exists a λ0 > 0 such that

|P (ξ, λ)| ≥ C WP (ξ, λ) for ξ ∈ Rn and λ ≥ λ0. (2.4)

Here and in the following, the letter C stands for a positive constant which
may vary from one time of appearance to the other.

As an example, let us consider the symbol of the operator (1.3). Here
we have P (ξ, λ) = |ξ|6 + λ|ξ|4 + λ2, and the Newton polygon has the form
indicated in Figure 2. The weight function in this example is equivalent to
1+λ2+λ|ξ|4+|ξ|6, and obviously P is N-elliptic in the sense of Definition 2.2.

There are several numbers connected with the geometry of the Newton
polygon which will play an essential role for the analysis below. First of all,
let us denote the coordinates of the vertices Γj by

Γj = (pj , qj) (j = 0, . . . , J + 1) .

Note that p0 = q0 = p1 = qJ+1 = 0. With these coordinates we have for the
outer normal vectors (1, rj) introduced above the equality

pj + rjqj = pj+1 + rjqj+1 (j = 1, . . . , J)
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Figure 2. The Newton polygon for the example (1.3).

and hence rj = pj+1−pj

qj−qj+1
. It will turn out later that the numbers pj are even.

Since these numbers divided by 2 are so important for the following, we set

Mj :=
pj+1

2
(j = 0, . . . , J), Nj :=

pj+1 − pj

2
(j = 1, . . . , J).

We have M0 = 0 and additionally define M := MJ .
The principal parts PΓj and PΓjΓj+1 of the polynomial P (ξ, λ) correspond-

ing to the vertex Γj and the edge ΓjΓj+1, respectively, are defined by

PΓj (ξ, λ) :=
∑
α,k

(|α|,k)=Γj

aαkλ
kξα (j = 1, . . . , J + 1),

PΓjΓj+1(ξ, λ) :=
∑
α,k

(|α|,k)∈ΓjΓj+1

aαkλ
kξα (j = 1, . . . , J).

In the example of the operator (1.3) (see also Figure 2) we have J = 2, r1 = 4,
r2 = 2, and the principal parts of P are given by PΓ1 = λ2, PΓ2 = λ|ξ|4,
PΓ3 = |ξ|6, PΓ1Γ2 = λ|ξ|4 + λ2, PΓ2Γ3 = |ξ|6 + λ|ξ|4.

The following result is taken from [5].
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Lemma 2.3. For a polynomial P (ξ, λ) the following conditions are equiva-
lent:

(i) P is N-elliptic with parameter in [0,∞).
(ii) There exists a λ0 > 0, numbers r1, . . . , rJ satisfying (2.1) and numbers

N1, . . . NJ such that

C
J∏

j=1

(
Λj(ξ, λ)

)2Nj ≤ |P (ξ, λ)| ≤ C ′
J∏

j=1

(
Λj(ξ, λ)

)2Nj (ξ ∈ Rn, λ ∈ [λ0,∞))

holds for positive constants C and C ′, where

Λj(ξ, λ) := |ξ|+ λ1/rj (j = 1, . . . , J). (2.5)

(iii) The polygon N(P ) is regular, and we have

PΓj (ξ, λ) 6= 0 (j = 1, . . . , J + 1),

PΓjΓj+1(ξ, λ) 6= 0 (j = 1, . . . , J)

for all (ξ, λ) ∈ Rn × [0,∞) with |ξ| > 0 and λ > 0.

The principal part PΓj is of the form

PΓj (ξ, λ) = πj(ξ)λqj , (2.6)

where πj is a homogeneous polynomial of order pj = 2Mj−1. As we have
p1 = 0, we may assume that π1(ξ) = 1. The principal part PΓjΓj+1 is (1, rj)-
homogeneous in (ξ, λ) of degree pj + rjqj = pj+1 + rjqj+1 in the sense that

PΓjΓj+1(αξ, αrjλ) = αpj+rjqjPΓjΓj+1(ξ, λ) (α > 0).

Each term in this polynomial contains the factor λqj+1 and it is natural to
pose

Pj(ξ, λ) = λ−qj+1PΓjΓj+1(ξ, λ). (2.7)

For the reason of (1, rj)–homogeneity, the polynomial Pj can be written in
the form

Pj(ξ, λ) = πj(ξ)λqj−qj+1 + · · ·+ πj+1(ξ) (j = 1, . . . , J).

With respect to ξ, this is a polynomial of order pj+1 = 2Mj . The polynomials
Pj will be called the edge principal parts of P . Note that Pj is quasi-
homogeneous in (ξ, λ) but in general it does not satisfy the condition of
parameter-ellipticity. Such polynomials have been studied in [6]–[8] where a
definition similar to the following one can be found:
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Definition 2.4. Let 0 ≤ m1 ≤ m2 be integers, r > 0 and

R(ξ, λ) =
m2∑

j=m1

Rj(ξ)λ(m2−j)/r

be a (1, r)–homogeneous polynomial in ξ and λ, where Rj is homogeneous
of degree j. Then R is called weakly parameter-elliptic in [0,∞) if the
inequality

|R(ξ, λ)| ≥ C |ξ|m1 (|ξ|+ λ1/r)m2−m1

holds for all (ξ, λ) ∈ Rn × [0,∞).

Remark 2.5. It was shown in [6], Lemma 3.2, that R is weakly parameter-
elliptic in [0,∞) if and only if

the following conditions are satisfied:
(i) Rm1(ξ) 6= 0 for all ξ ∈ Rn \ {0}.
(ii) Rm2(ξ) 6= 0 for all ξ ∈ Rn \ {0}.
(iii) R(ξ, λ) 6= 0 for all ξ ∈ Rn \ {0} and all λ > 0.

Theorem 2.6. The polynomial P is N-elliptic with parameter in [0,∞) if
and only if all the edge principal parts (2.7) are weakly parameter-elliptic in
[0,∞).

Proof. We see from the equivalence of (i) and (iii) in Lemma 2.3 and from
(2.6) and (2.7) that P is N-elliptic if and only if we have

πj(ξ) 6= 0 (ξ 6= 0, j = 1, . . . , J + 1),

Pj(ξ, λ) 6= 0 (ξ 6= 0, λ > 0, j = 1, . . . , J) .

But due to Remark 2.5 this is equivalent to the weak parameter-ellipticity
of all edge principal parts Pj . �

Let us assume for the remainder of this section that P is N-elliptic. We
know from the previous theorem that the polynomials πj are homogeneous
elliptic polynomials of degree pj for j = 2, . . . , J + 1. In the case n ≥ 3
this implies that the numbers pj , j = 2, . . . , J + 1 are even and Mj = pj+1/2
and Nj = (pj+1 − pj)/2 are integers. For n = 2 we will assume this in
the following without further stipulation. In the same way Pj(ξ′, ·, λ) has
no real roots for ξ′ 6= 0 and λ ≥ 0, and the number of roots of Pj in the
upper (lower) half-plane of the complex plane is independent of (ξ′, λ). As
Pj(ξ′, τ, 0) = πj+1(ξ′, τ), the number of roots of Pj(ξ′, ·, λ) with positive
imaginary part equals Mj = pj+1/2.
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Now let us consider the problem (1.2) acting in the half-space. We shall
introduce coordinates (x′, t) such that the half-space is defined by the condi-
tion x′ ∈ Rn−1, t ≥ 0. The dual variables will be ξ = (ξ′, τ) with ξ′ ∈ Rn−1.
In these variables we pose

Qj(τ, λ) :=
Pj(0, τ, λ)
πj(0, τ)

(j = 1, . . . , J). (2.8)

As the polynomials πj are homogeneous and elliptic, the equality πj(0, τ) =
cjτ

pj holds for some non-vanishing constant cj . In the same way the (1, rj)-
homogeneous polynomial Pj(0, τ, λ) is of the form

Pj(0, τ, λ) = cj+1τ
pj+1 + · · ·+ cjτ

pjλqj−qj+1 .

Therefore, (2.8) is a (1, rj)-homogeneous polynomial of (τ, λ) and of order
pj+1 − pj = 2Nj with respect to τ .

Due to Theorem 2.6 and the definition of weak parameter-ellipticity, the
inequality

|Pj(ξ, λ)| ≥ C |ξ|pj (|ξ|+ λ
1
rj )pj+1−pj

follows. Setting ξ = (0, τ) and dividing by cjτ
pj we obtain

|Qj(τ, λ)| ≥ C (|τ |+ λ
1
rj )pj+1−pj .

Therefore the polynomial (2.8) has no real roots. However, here we have to
impose an additional condition on the number of zeros with positive imagi-
nary part:

Definition 2.7. We say that the polynomial Pj(ξ, λ) satisfies the Vishik–
Lyusternik condition if the polynomial Qj(·, 1) has exactly Nj roots in C+.

Remark 2.8. a) The name of this condition is connected with the theory
of singular perturbations. Replacing λ by ε−rj and multiplying Pj(ξ, λ) by
εrjqj , we obtain the symbol of an operator pencil with small parameter in
front of the highest derivative, as it was considered by Vishik and Lyusternik
in [12]. The condition of Definition 2.7 is exactly the condition of regular
degeneration introduced in [12].

b) For j = 1 and n > 2 the Vishik–Lyusternik condition is satisfied
automatically, because

P1(ξ, λ) 6= 0 for all ξ ∈ Rn, λ ≥ 0 with |ξ|+ λ > 0,

i.e., the polynomial P (ξ, λ) is elliptic with parameter in the sense of Agmon
and Agranovich–Vishik.
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c) The Vishik–Lyusternik condition holds if the number rj is even (in this
case if τ is a zero then −τ is a zero, too).

Definition 2.9. Let the polynomial P (ξ, λ) be N-elliptic with parameter.
We say that P satisfies the Vishik–Lyusternik condition if for j = 1, . . . , J
the edge polynomial Pj satisfies the condition of Definition 2.7.

3. Main results

3.1. Shapiro–Lopatinskii conditions. We will see in Section 4 that the
polynomials Pj and Qj determine the behaviour of the zeros of P (ξ′, ·, λ)
for ξ′ ∈ Rn−1 \ {0} and sufficiently large λ > 0. Lemma 2.3 describes N-
ellipticity for P as the non-vanishing of the leading parts PΓj and PΓjΓj+1 .
A similar approach will be used if we consider the boundary value prob-
lem (P,B1, . . . , BM ). Here the basic quasi-homogeneous operators will be
Pj(D,λ) and Qj(Dn, λ) which are of order pj+1 = 2Mj and pj+1−pj = 2Nj ,
respectively. We will define N-ellipticity for the boundary value problem
(P,B1, . . . , BM ) by conditions of Shapiro–Lopatinskii type for the operators
Pj and Qj , supplemented by properly chosen groups of boundary operators
B1(D), . . . , BM (D).

We start with a preliminary remark on ordinary differential equations.
Let A(τ) be a complex polynomial of degree 2m and B1(τ), . . . , Bm(τ) be
polynomials of degree mj . Assume that A has no real roots and exactly m
roots τ1, . . . , τm in C+, and define A+(τ) :=

∏m
j=1(τ −τj). We are interested

in the ordinary differential equation on the half-line given by
A(Dt)w(t) = 0 (t > 0),

Bj(Dt)w(t) = gj (j = 1, . . . ,m),

w(t) → 0 (t → +∞)
(3.1)

The following equivalence is well known from the theory of elliptic boundary
value problems.

Lemma 3.1. The following conditions are equivalent:
(i) For every (g1, . . . , gm) ∈ Cm the problem (3.1) has a unique solution.
(ii) The Lopatinskii matrix Lop(A,B1, . . . , Bm) :=

(
bik

)
i,k=1,...,m

is invert-
ible. Here Bk(τ) =

∑m
i=1 bikτ

i−1 is the remainder of Bi(τ) modulo A+(τ).
(iii) Let γ be a closed contour in C+ enclosing τ1, . . . , τm. Then there exist

polynomials N1(τ), . . . , Nm(τ) of order ≤ m such that
1

2πi

∫
γ

Bi(τ)Nk(τ)
A+(τ)

d τ = δik (i, k = 1, . . . ,m).
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Now we come back to the boundary value problem (P,B1, . . . , BM ) given
by (1.2). For the following, we will assume mi := ord Bi (i = 1, . . . ,M)
satisfies the inequalities

m1≤· · ·≤mM1 <mM1+1≤· · ·≤mM2 <mM2+1≤· · ·≤mMJ
< 2M. (3.2)

Definition 3.2. The boundary value problem (P (D,λ), B1(D), . . . , BM (D))
is called N-elliptic with parameter in [0,∞) if the following conditions hold:

(i) P (ξ, λ) is N-elliptic with parameter in [0,∞) in the sense of Definition
2.2.

(ii) P (ξ, λ) satisfies the Vishik–Lyusternik condition (Definition 2.9).
(iii) For each j = 1, . . . , J , ξ′ ∈ Rn−1 \ {0} and λ ≥ 0 the boundary

value problem
(
Pj(ξ′, Dt, λ), B1(ξ′, Dt), . . . , BMj (ξ

′, Dt)
)

satisfies the equiv-
alent conditions of Lemma 3.1.

(iv) For each j = 1, . . . , J the boundary value problem(
Qj(Dt, 1), BMj−1+1(0, Dt), . . . , BMj (0, Dt)

)
satisfies the equivalent conditions of Lemma 3.1.

Remark 3.3. a) Taking λ = 0 in Definition 3.2(iii), we obtain that for each
j = 1, . . . , J the (homogeneous) boundary value problem (πj+1(D), B1(D),
. . . , BMj (D)) satisfies the classical Shapiro–Lopatinskii condition.

b) Let us call the boundary value problem (Pj(D), B1(D), . . . , BMj (D))
weakly parameter-elliptic in [0,∞) if Pj is weakly parameter-elliptic in the
sense of Definition 2.4, satisfies the Vishik–Lyusternik condition, and if con-
ditions 3.2 (iii) and (iv) are satisfied for j, where Qj is defined in (2.8). This
definition was introduced in [7] without using the term weak parameter-
ellipticity. By definition we obtain that (P,B1, . . . , BM ) is N-elliptic with
parameter if and only if each of the boundary value problems (Pj(D), B1(D),
. . . , BMj (D)) is weakly parameter-elliptic. A similar concept was implicitly
used in [8].

Example 3.4. Let P (ξ, λ) be N-elliptic with parameter in [0,∞) in the sense
of Definition 2.2 and assume that P (ξ, λ) satisfies the Vishik-Lyusternik con-
dition. Then the Dirichlet boundary value problem (P (D,λ), B1(D), . . . ,
BM (D)) with Bj(D) = (∂/∂xn)j−1 in Rn

+ is N-elliptic in the sense of Def-
inition 3.2. It can easily be checked directly that the conditions of 3.2 are
satisfied, or one can use the result from [6] where it was shown that the
Dirichlet boundary problem corresponding to the edge operator Pj is weakly
parameter-elliptic in the sense of Remark 3.3

b).
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3.2. Functional spaces. Now we want to introduce parameter-dependent
norms for the classical L2-Sobolev spaces for which the boundary value prob-
lem (1.2) has a realization as a bounded operator which is – for sufficiently
large λ – invertible with bounded inverse. Here the norms of these operators
can be estimated by a constant independent of λ which implies uniform a
priori estimates for the solution of

(1.2).
As usual, we will define the L2-Sobolev spaces, first in the whole space Rn,

using the Fourier transform F . Recall that in the Agmon–Agranovich–Vishik
theory of ellipticity with parameter the parameter-dependent norm is defined
via weight functions of the form (|ξ|2 + λ2)m, i.e., in this theory we have
homogeneous (or quasi-homogeneous) weight functions. In the case of the
present paper, however, we don’t have homogeneity, and we will introduce
more complicated norms adapted to the boundary value problem.

For this we fix a tuple s = (s1, . . . , sJ) of real numbers and define

Ψs(ξ, λ) :=
J∏

j=1

(
Λj(ξ, λ)

)sj (3.3)

(recall that Λj is defined in (2.5)). For sj = 2Nj the function Ψs appears
in Lemma 2.3. We will endow the Sobolev space Hs1+···+sJ (Rn) with the
parameter-dependent norm

‖u‖s,Rn :=
∥∥F−1Ψs(ξ, λ)Fu(ξ)

∥∥
L2(Rn)

. (3.4)

We will write Hs(Rn) if we consider Hs1+···+sJ (Rn) endowed with the norm
(3.4). The space Hs(Rn−1) is defined in the same way, replacing Ψs(ξ, λ) by
Ψs(ξ′, λ) := Ψs(ξ′, 0, λ).

For the description of the trace spaces below we will need “shifted” weight
functions. More precisely, we define for s ∈ RJ with sj ≥ 0 and for 0 ≤ κ ≤
s1 + · · ·+ sJ the function

Ψ(−κ)
s (ξ, λ) := ΛK(ξ, λ)s1+···+sK−κ

J∏
`=K+1

Λs`
` (ξ, λ), (3.5)

where the index K is chosen such that s1 + · · ·+ sK−1 < κ ≤ s1 + · · ·+ sK

(with obvious modification if κ ≤ s1). For the corresponding spaces and
norms we will write H

(−κ)
s and ‖ · ‖(−κ)

s , respectively.
Now let us consider the Sobolev space Hs(Rn

+) which, following the general
theory (see, e.g., [13]), may be defined as the quotient space Hs(Rn)/Hs(Rn)−
where Hs(Rn)− stands for the subspace of all distributions in Hs(Rn) with
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support contained in the set {x ∈ Rn : xn ≤ 0}. Note that we have the
equivalence Ψs(ξ, λ) ≈ |Ψ̃s(ξ, λ)| with

Ψ̃s(ξ, λ) :=
J∏

j=1

[
iξn + (|ξ′|2 + λ2/rj )1/2

]2sj .

Here the symbol ≈ means that the quotient of the left-hand side and the
right-hand side can be estimated from above and from below by positive
constants not depending on ξ or λ. As Ψ̃s can be extended as a holomorphic
function with polynomial growth to the lower half-plane Im ξn < 0, the norm
in Hs(Rn

+) as a quotient space is equivalent to the norm

‖u‖s,Rn
+

:= ‖Ψ̃s(D,λ)u0‖L2(Rn
+) (u ∈ Hs(Rn

+)) ,

where u0 is an arbitrary representative of u. Here the pseudodifferential
operator Ψ̃s(D,λ) is defined, as usual, by Ψ̃s(D,λ)u0 := F−1Ψ̃s(ξ, λ)Fu0(ξ).

We will mainly consider the case where s1 + · · · + sJ is a nonnegative
integer. Here the binomial formula tells us that

Ψs(ξ, λ) ≈
( s1+···+sJ∑

`=0

ξ2`
n

(
Ψ(−`)

s (ξ′, λ)
)2

) 1
2
.

Therefore, in this case we may use

‖u‖s,Rn
+

:=
( s1+···+sJ∑

`=0

∫
Rn−1

(
Ψ(−`)

s (ξ′, λ)
)2‖D`

t(F
′u)(ξ′, ·)‖2

L2(R+) d ξ′
) 1

2 (3.6)

as an equivalent norm in Hs(Rn
+), where F ′ stands for the partial Fourier

transform with respect to the first n− 1 variables.
The norm (3.4) was investigated in [6] where also the trace operators

γ` : Hs(Rn
+) → Hs−1/2(Rn−1) mapping u to (D`

tu)(x′, 0) (for s > ` + 1/2)
were considered as operators in the parameter-dependent norms introduced
above. The following result was shown in [6] (for integer sj but the proof
for real sj is literally the same).

Lemma 3.5. Let s1 + · · ·+ sJ > 1
2 . For every λ0 > 0 and every ` ∈ Z with

0 ≤ ` < s1 + · · ·+ sJ − 1
2 there exists a constant C > 0 independent of u and

λ such that

‖γ`u‖
(−`−1/2)
s,Rn−1 ≤ C‖u‖s,Rn

+
(u ∈ Hs(Rn

+), λ ≥ λ0) .
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3.3. Continuity and invertibility results. Now let us consider the opera-
tor corresponding to the boundary value problem (1.2) acting in the Sobolev
spaces with parameter-dependent norms introduced in the previous subsec-
tion. We start with the continuity result, where there is no need to assume
N-ellipticity.

Theorem 3.6. Let N(P ) be regular, let s ∈ RJ be a tuple of nonnegative
real numbers with s1 + · · ·+ sJ > mM + 1

2 , and set tj := sj − 2Nj. Then the
operator

(P,B1, . . . , BM ) : Hs(Rn
+) → Ht(Rn

+)×
M∏

j=1

H
(−mj−1/2)
s (Rn−1) (3.7)

is continuous and there exists a constant C > 0 such that for every λ ≥ 0
the inequality

‖Pu‖t,Rn
+

+
M∑

j=1

‖Bju‖
(−mj−1/2)

s,Rn−1 ≤ C ‖u‖s,Rn
+

holds.

Proof. We use the fact that there exists a bounded linear extension opera-
tor, i.e., a bounded operator E0 : Hs(Rn

+) → Hs(Rn) with R0E0u = u for all
u ∈ Hs(Rn

+), where R0 stands for the operator of restriction onto Rn
+.

For u ∈ Hs(Rn
+) we set u0 := E0u ∈ Hs(Rn). By the definition of WP (see

(2.2)) and by the equivalence WP (ξ, λ) ≈
∏J

j=1 Λj(ξ, λ)2Nj we obtain, using
Plancherel’s theorem,

‖Pu‖t,Rn
+
≤ ‖Pu0‖t,Rn =

∥∥∥ J∏
j=1

Λj(ξ, λ)sj−2NjP (ξ, λ)(Fu0)(ξ)
∥∥∥

L2(Rn)

≤ C
∥∥∥ J∏

j=1

Λsj

j (ξ, λ)(Fu0)(ξ)
∥∥∥

L2(Rn)
= C‖u0‖s,Rn ≤ C‖u‖s,Rn

+
.

Now let us consider the boundary operators. By homogeneity, we have

|Bj(ξ)| ≤ C|ξ|mj ≤ C (λ1/r` + |ξ|)mj

for every ` = 1, . . . , J . Therefore, using the definition of the shifted weight
function, we obtain

|Bj(ξ)| Ψ
(−mj)
s (ξ, λ) ≤ C Ψs(ξ, λ) .
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Now we apply Lemma 3.5 and get ‖Bju‖
(−mj−1/2)

s,Rn−1 ≤ C‖u‖s,Rn
+
, which fin-

ishes the proof of the theorem. �
Now we come to the main result of the present paper.

Theorem 3.7. Let (P,B1, . . . , BM ) be N-elliptic with parameter in [0,∞).
Let s ∈ RJ be a tuple of real numbers satisfying

s1 + · · ·+ sk ∈ [mMk
+ 1/2,mMk+1 + 1/2] (k = 1, . . . , J − 1) ,

s1 + · · ·+ sJ ∈ (mM + 1/2,∞) .
(3.8)

Assume for simplicity that s1 + · · ·+sJ is an integer, and set tj := sj−2Nj.
Then there exists a λ0 > 0 such that for every λ ≥ λ0 the operator (3.7) is
invertible with bounded inverse in the sense that for every

(f, g1, . . . , gM ) ∈ Ht(Rn
+)×

M∏
j=1

H
(−mj−1/2)
s (Rn−1)

there exists a unique solution u ∈ Hs(Rn
+) of the boundary value problem

Pu = f , Bju = gj (j = 1, . . . ,M), and the a priori estimate

‖u‖s,Rn
+
≤ C

(
‖f‖t,Rn

+
+

M∑
j=1

‖gj‖
(−mj−1/2)

s,Rn−1

)
(3.9)

holds with a constant C = C(λ0) independent of u or λ.

Note that the a priori estimate is two-sided due to Theorem 3.6. The
main step in the proof of Theorem 3.7 is to show the following estimate.

Theorem 3.8. Let (P,B1, . . . , BM ) be N-elliptic with parameter in [0,∞).
Let s ∈ RJ be a tuple of real numbers satisfying (3.8). Then there exists a
λ0 > 0 such that for all λ ≥ λ0 and all ξ′ ∈ Rn−1 the ordinary differential
equation

P (ξ′, Dt, λ)w(t) = 0 (t > 0), (3.10)

Bj(ξ′, Dt)w(0) = hj (j = 1, . . . ,M) (3.11)

w(t) → 0 (t →∞)

is uniquely solvable for every (h1, . . . , hM ) ∈ CM , and for its solution w =
w(t, ξ′, λ) the estimate

Ψ(−`)
s (ξ′, λ) ‖D`

tw(·, ξ′, λ)‖L2(R+) ≤ C
M∑

j=1

Ψ(−mj−1/2)
s (ξ′, λ) |hj |

holds for ` = 0, 1, . . . with a constant C = C(λ0) independent of ξ′ and λ.
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Sections 4 and 5 are devoted to the proof of this theorem (see Subsec-
tion 5.3). Here we derive Theorem 3.7 from Theorem 3.8.
Proof of Theorem 3.7. As in the proof of Theorem 3.6, we fix a continuous
extension operator E0 : Ht(Rn

+) → Ht(Rn). We are looking for a
solution u of the form u = u1 + u2 with

u1 := R0F
−1 (FE0f)(ξ)

P (ξ, λ)
,

where R0 again stands for the operator of restriction to Rn
+. With the same

steps as in the proof of Theorem 3.6, replacing P (ξ, λ) by 1/P (ξ, λ) and
using N-ellipticity for P , we easily see that

‖u1‖s,Rn
+
≤ C ‖f‖t,Rn

+
. (3.12)

Taking partial Fourier transform F ′ with respect to (x1, . . . , xn−1), we obtain
the ordinary differential equation (3.10)-(3.11) for w(t, ξ′, λ) :=(F ′u2)(t, ξ′, λ)
with hj = hj(ξ′, λ) := (F ′gj)(ξ′)− (F ′Bju1)(ξ′, λ). Due to Lemma 3.5, The-
orem 3.6 and (3.12), we have

‖hj‖
(−mj−1/2)

s,Rn−1 ≤ C
(
‖u1‖s,Rn

+
+‖gj‖

(−mj−1/2)

s,Rn−1

)
≤ C

(
‖f‖t,Rn

+
+‖gj‖

(−mj−1/2)

s,Rn−1

)
.

Now we apply Theorem 3.8 to obtain that for sufficiently large λ the prob-
lem (3.10)–(3.11) has a unique solution w(t, ξ′, λ), and we can define u2 :=
(F ′)−1w. Using the equivalent norm (3.6) and the estimate of Theorem 3.8,
we get

‖u2‖s,Rn
+
≤ C

( s1+···+sJ∑
`=0

∫
Rn−1

[
Ψ(−`)

s (ξ′, λ)‖D`
tw(·, ξ, λ)‖L2(R+)

]2 d ξ′
)1/2

≤ C
( M∑

j=1

∫
Rn−1

[
Ψ(−mj−1/2)

s (ξ′, λ)|hj(ξ′, λ)|
]2 d ξ′

)1/2

≤ C

M∑
j=1

‖hj‖
(−mj−1/2)

s,Rn−1 ≤ C
(
‖f‖t,Rn

+
+

M∑
j=1

‖gj‖
(−mj−1/2)

s,Rn−1

)
.

From this and (3.12) we obtain the solvability of the boundary value problem
for λ ≥ λ0 in the spaces indicated in the theorem and the a priori estimate
(3.9). For an arbitrary solution u of the boundary value problem Pu = f ,
Bju = gj the function F ′(u− u1) satisfies the ordinary differential equation
(3.10)–(3.11) and thus the a priori estimate holds for u, too, which also shows
the uniqueness of the solution. �
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Example 3.9. Let P (ξ, λ) be N-elliptic with parameter in the sense of
Definition 2.2 and consider the Dirichlet boundary value problem connected
with P (D,λ). In this case we have mj = j − 1 for j = 1, . . . ,M , and
condition (3.8) is satisfied for

s1 := M1, sj := Mj −Mj−1 = Nj (j = 2, . . . , J) . (3.13)

As the Dirichlet boundary value problem corresponding to P is N-elliptic
(see Example 3.4), we may apply Theorem 3.7 to the canonical choice (3.13)
of sj . For J = 2, we obtain

‖u‖(M1,M2−M1),Rn
+

≤ C
(
‖f‖(−M1,−M2+M1),Rn

+
+

M1∑
j=1

‖gj‖(M1−j+1/2,M2−M1),Rn−1

+
M2∑

j=M1+1

‖gj‖(0,M2−j+1/2),Rn−1

)
,

where we used the definition of the shifted weight function, see (3.5). This a
priori estimate has some similarity with the estimate obtained in [6] for the
Dirichlet boundary value problem connected with weakly parameter-elliptic
operator pencils. Contrary to the estimate in [6] the a priori estimate above
does not contain an additional L2-term on the right-hand side and guarantees
uniqueness of the solution.

4. The zeros of the symbol

The first important step in proving the ODE estimate of Theorem 3.8 is
to study the zeros of the algebraic equation (in τ)

P (ξ′, τ, λ) = 0, (4.1)

assuming for the remainder of this section that P is N-elliptic with parameter
in [0,∞) and that the Vishik–Lyusternik condition holds. As this polynomial
is not quasi-homogeneous with respect to ξ and λ, two main questions arise:

a) What is the behaviour of the moduli of the zeros of (4.1) for |ξ′|+λ →
∞?

b) Are the zeros of (4.1) close (in some appropriate sense) to the zeros of
a quasi-homogeneous polynomial?

These questions will be answered in the present section (see Theorem 4.4
and Corollary 4.5), where the answer to question b) of course will imply
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the answer to a). It will turn out that the answers depend on the relation
between |ξ′| and λ as |ξ′|+ λ →∞.

Throughout this section, we will constantly use the following elementary
fact on the zeros of polynomials (cf., e.g., [10], pp. 105ff.):

Lemma 4.1. Let P0(τ) =
∑k

j=0 c0
jτ

j be a complex polynomial of order ` ≤ k

(note that c0
k = 0 is possible). Then for every δ > 0 there exists an r > 0

such that for every polynomial P (τ) =
∑k

j=0 cjτ
j with

max
j=1,...,k

|cj − c0
j | < r

and for every root τ0
j of P0 there exists a root τj of P with |τj − τ0

j | < δ.

Now let us come back to the polynomial (4.1). Due to Lemma 2.3, we have
P (ξ′, τ, 0) = πJ+1(ξ′, τ) 6= 0 for all (ξ′, τ) 6= 0, and thus the leading coefficient
of P (ξ′, ·, λ) (which is a polynomial of order 2M) is a non-vanishing constant.
Therefore we can choose 2M branches of roots depending continuously on
(ξ′, λ). Due to Definition 2.2 (ii), there exists a λ0 > 0 such that P (ξ′, ·, λ)
has no real roots for λ ≥ λ0.

Lemma 4.2. For large enough λ the polynomial P (ξ′, ·, λ) has exactly M
roots in C+.

Proof. For λ ≥ λ0 the number of roots of P (ξ′, ·, λ) does not depend on
(ξ′, λ). As we have

P (ξ′, τ, λ)
|ξ′|2M

= πJ+1

( ξ′

|ξ′|
,

τ

|ξ′|

)
+

∑
α,k

|α|<2M

aαk
λk

|ξ′|2M−|α|

( ξ′

|ξ′|

)α′( τ

|ξ′|

)αn

,

for |ξ′| � |λ| the polynomial |ξ′|−2MP (ξ′, ·, λ) is a small perturbation in the
sense of Lemma 4.1 of πJ+1(ξ′/|ξ′|, τ/|ξ′|). From the ellipticity of πJ+1 our
statement follows. �

Note that due to the proof of the previous lemma, for |ξ′| � λ the roots
of P (ξ′, ·, λ) are close to the roots of

πJ+1

( ξ′

|ξ′|
,

τ

|ξ′|

)
= |ξ′|−2MπJ+1(ξ′, τ),

which is an elliptic homogeneous polynomial, and therefore they are of order
O(|ξ′|), and their (positive) imaginary part can be estimated from below by
a constant times |ξ′|. This already gives us an answer to the questions of the
beginning of this section for the case that |ξ′| � λ.
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Now we want to describe the behaviour of the zeros of (4.1) for all (ξ′, λ)
belonging to G := Gρ := Rn−1 × [ρ,∞), where ρ is sufficiently large. As it
was already mentioned, this behaviour depends on the relation between |ξ′|
and λ. Therefore, we use a finite partition of G which describes this relation
and which is directly connected with the Newton polygon. We fix ε > 0 and
write

G =
J+1⋃
j=1

G(Γj) ∪
J⋃

j=1

G(ΓjΓj+1) (4.2)

where G(Γj) = Gε,ρ(Γj) and G(ΓjΓj+1) = Gε,ρ(ΓjΓj+1) are defined by

G(Γ1) := {(ξ′, λ) ∈ G : ε−1|ξ′|r1 < λ},
G(Γj) := {(ξ′, λ) ∈ G : ε−1|ξ′|rj < λ < ε|ξ′|rj−1}, (j = 2, . . . , J)

G(ΓJ+1) := {(ξ′, λ) ∈ G : λ < ε|ξ′|rJ},
G(ΓjΓj+1) := {(ξ′, λ) ∈ G : ε|ξ′|rj ≤ λ ≤ ε−1|ξ′|rj} (j = 1, . . . , J).

Remark 4.3. a) This covering was introduced in [9], Chapter 4, Section 2.
Note that the domains G(Γj) are nonempty and that (4.2) defines a partition
of G by disjoint sets provided that

ρ > ε(rj+rj+1)/(rj+1−rj) (j = 1, . . . , J) . (4.3)

In the following, we will consider only ε and ρ satisfying (4.3). Without loss
of generality, we may also assume that ε < 1 and ρ > 1.

b) In the domain G(ΓjΓj+1) we have, by definition, |ξ′| ≈ λ1/rj . The
regions G(Γj) related to the vertexes Γj are in some sense intermediate
cases.

It was shown in [9] that for (ξ′, λ) ∈ G(ΓjΓj+1) an estimate of the form

|P (ξ, λ)− PΓjΓj+1(ξ, λ)| ≤ Cε|PΓjΓj+1(ξ, λ)|
holds. In other words, PΓjΓj+1 is the principal part of P in the domain
G(ΓjΓj+1). A similar estimate holds for (ξ′, λ) ∈ G(Γj).

We shall answer the questions a) and b) from the beginning of this sec-
tion for each domain G(ΓjΓj+1) and G(Γj) separately. As in the case of
weakly parameter–elliptic symbols (see [6]) the roots will be splitted in sev-
eral groups. The “main” group will be determined by the principal part
PΓjΓj+1 or PΓj , i.e., by the zeros of the polynomials Pj and πj . The “addi-
tional” groups will be determined by the polynomials Q` for ` ≥ j + 1. It
also should be mentioned that in the case n = 1 our results about the roots
can be deduced from the representation of the roots in the form of Puiseux
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ρ

↑
λ

|ξ′|→

G(Γ1) G(Γ1Γ2)
G(Γ2)

G(Γ2Γ3)
G(Γ3)

Figure 3. An example of the partition of the domain Gρ for (1.3).

series. The covering we use, in some sense, is the replacement of these series
for n > 1.

Denote by τ0
1 (ξ′, λ), . . . , τ0

Mj
(ξ′, λ) the zeros of Pj(ξ′, ·, λ) in C+. Note that

τ0
k (ξ′, 0) are the zeros of πj+1(ξ′, ·) in C+.
We denote by τ1

M`−1+1(λ), . . . , τ1
M`

(λ) the zeros of Q`(·, λ) in C+.

Theorem 4.4. Suppose that P (ξ, λ) is N-elliptic with parameter in [0,∞)
and that the Vishik–Lyusternik condition (Definition 2.9) holds. Then for
every δ > 0 there exists an ε0 = ε0(δ) > 0 and a ρ0 = ρ0(δ, ε0) > 0 such that
for all (ξ′, λ) ∈ Gρ0 the following statements hold:

a) Let j ∈ {1, . . . , J} and (ξ′, λ) ∈ Gε0,ρ0(ΓjΓj+1). Then for a suitable
numbering of the roots τk(ξ′, λ) of the polynomial P (ξ′, ·, λ) we have

|τk(ξ′, λ)− τ0
k (ξ′, λ)| ≤ δΛj(ξ′, λ) (k = 1, . . . ,Mj), (4.4)

|τk(ξ′, λ)− τ1
k (λ)| ≤ δλ1/r` (k = M`−1 + 1, . . . ,M`; ` = j + 1, . . . , J). (4.5)

b) Let (ξ′, λ) ∈ Gε0,ρ0(Γj+1) for some j ∈ {0, . . . , J}. Then the statement
in a) holds if in (4.4) τ0

k (ξ′, λ) is replaced by τ0
k (ξ′, 0) and Λj = Λj(ξ′, λ) is

replaced by |ξ′| = Λj(ξ′, 0).

Note in part b) that for j = 0 the first group of zeros does not appear due
to the definition M0 = 0.
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Corollary 4.5. a) Let (ξ′, λ) ∈ G(ΓjΓj+1) for some j = 1, . . . , J . Then,
with the numbering of Theorem 4.4, we have

|τk(ξ′, λ)| ≈ Λj(ξ′, λ) (k = 1, . . . ,Mj),

|τk(ξ′, λ)| ≈ Λ`(ξ′, λ) (k = M`−1 + 1, . . . ,M`; ` = j + 1, . . . , J)

and

| Im τk(ξ′, λ)| ≥ CΛj(ξ′, λ) (k = 1, . . . ,Mj),

| Im τk(ξ′, λ)| ≥ CΛl(ξ′, λ) (k = M`−1 + 1, . . . ,M`; ` = j + 1, . . . , J).

b) Let (ξ′, λ) ∈ G(Γj+1) for some j ∈ {0, . . . , J}. Then the statement in
a) holds if Λj(ξ′, λ) is replaced by Λj(ξ′, 0) = |ξ′|.

Proof of Theorem 4.4. The idea of the proof is to show in each case
that the polynomial P (ξ′, ·, λ) is, after division by a suitable factor, a small
perturbation (in the sense of Lemma 4.1) of one of the corresponding poly-
nomials Pj , Qj .

We start with showing that there exists an ε0 > 0 such that for all ρ ≥ 1
satisfying (4.3) and all (ξ′, λ) ∈

⋃J
j=0 Gε0,ρ(Γj+1) the stated inequalities hold.

So we assume that (ξ′, λ) ∈ Gε,ρ(Γj+1) for some j ∈ {0, . . . , J} and some
fixed ε, ρ.

We start with the construction of the first group τ1, . . . , τMj of zeros (which
appears only for j ≥ 1). For this, we write P = PΓj+1 + (P − PΓj+1) and
obtain

P (ξ′, τ, λ)
|ξ′|pj+1λqj+1

= Pj

( ξ′

|ξ′|
,

τ

|ξ′|
, 0

)
+

(P − PΓj+1)(ξ
′, τ, λ)

|ξ′|pj+1λqj+1
, (4.6)

noting that Pj(ξ′, τ, 0) = λ−qj+1PΓj+1(ξ
′, τ, λ) and using the homogeneity of

Pj . We want to estimate the coefficients of the last term in (4.6), considered
as a polynomial in τ/|ξ′|. For this we write

(P − PΓj+1)(ξ
′, τ, λ)

|ξ′|pj+1λqj+1
=

∑
(|α|,k)∈N(P )\Γj+1

aαk
(ξ′)α′ταnλk

|ξ′|pj+1λqj+1
(4.7)

=
∑

(|α|,k)∈N(P )\Γj+1

aαk|ξ′||α|−pj+1λk−qj+1

( ξ′

|ξ′|

)α′( τ

|ξ′|

)αn

.

Now we want to show that (for j ≥ 1)

|ξ′|i−pj+1λk−qj+1 ≤ ε + ε1/rj for (i, k) ∈ N(P ) \ Γj+1 . (4.8)
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To prove (4.8), we use that for all (i, k) ∈ N(P ) the inequalities

i + rjk ≤ pj+1 + rjqj+1 , (4.9)

i + rj+1k ≤ pj+1 + rj+1qj+1 (4.10)

hold. We also note that, by definition of G(Γj+1) and due to the inequalities
λ ≥ ρ > 1 and ε < 1, we have

|ξ′| ≥
(λ

ε

)1/rj

≥ ε−1/rj > 1 . (4.11)

First let (i, k) ∈ N(P ) with k > qj+1. Then we use (4.9) and get

|ξ′|iλk ≤ |ξ′|pj+1λqj+1

( λ

|ξ′|rj

)k−qj+1

≤ εk−qj+1 |ξ′|pj+1λqj+1 ≤ ε|ξ′|pj+1λqj+1 .

Similarly, for (i, k) ∈ N(P ) with k < qj+1 we use (4.10) to obtain

|ξ′|iλk ≤ |ξ′|pj+1λqj+1

( |ξ′|rj+1

λ

)qj+1−k
≤ ε|ξ′|pj+1λqj+1 .

Finally, let (i, k) ∈ N(P ) with k = qj+1 and i < pj+1. Using (4.11), we see

|ξ′|iλk = |ξ′|pj+1λqj+1 |ξ′|i−pj+1 ≤ |ξ′|pj+1λqj+1 |ξ′|−1 ≤ ε1/rj |ξ′|pj+1λqj+1 .

So inequality (4.8) is shown for all (i, k) ∈ N(P ) \ Γj+1.
From (4.8) we see that the coefficients of the right-hand side of (4.7),

considered as a polynomial in τ/|ξ′|, tend to zero for ε → 0. Therefore,
the left-hand side of (4.6) is a small perturbation of Pj(ξ′/|ξ′|, τ/|ξ′|, 0) in
the sense of Lemma 4.1. From this Lemma we see that for every δ > 0
there exists an ε0 > 0 such that for all (ξ′, λ) ∈ Gε0,ρ(Γj+1) there exist zeros
τ1(ξ′, λ), . . . , τMj (ξ

′, λ) of P (ξ′, ·, λ) satisfying

|τk(ξ′, λ)− τ0
k (ξ′, 0)| ≤ δ|ξ′| (k = 1, . . . ,Mj) .

So we have constructed the first Mj roots of P (ξ′, ·, λ).
Now we fix ` ∈ {j + 1, . . . , J} and set Λ := λ1/rl and z := τ/Λ. In the

equality

P (ξ′, τ, λ) = PΓ`Γ`+1
(0, τ, λ) + PΓ`Γ`+1

(ξ′, τ, λ)− PΓ`Γ`+1
(0, τ, λ)

+ P (ξ′, τ, λ)− PΓ`Γ`+1
(ξ′, τ, λ)
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we divide both sides by Λd` with d` := p` + q`r`(= p`+1 + q`+1r`). Using
P` = λ−q`+1PΓ`Γ`+1

and P`(ξ′, τ, λ) = Λp`+1P`(ξ′/λ, z, 1), we obtain

Λ−d`P (ξ′, τ, λ) = P`(0, z, 1) +
[
P`

(ξ′

Λ
, z, 1

)
− P`(0, z, 1)

]
+ Λ−d`

[
P (ξ′, τ, λ)− PΓ`Γ`+1

(ξ′, τ, λ)
]
.

(4.12)

To estimate the second term of the sum on the right-hand side, we expand
P` in a Taylor series with respect to ξ′. We obtain

P`

(ξ′

Λ
, z, 1

)
− P`

(
0, z, 1

)
=

∑
|β′|≥1

1
(β′)!

(ξ′

Λ

)β′

(∂β′

ξ′ P`)(0, z, 1). (4.13)

As rj > r` for ` > j, we may estimate ξ′/Λ by

|ξ′|
λ1/r`

≤ |ξ′|
λ1/rj+1

≤ ε1/rj+1 , (4.14)

where we used the definition of G(Γj+1). Therefore the right-hand side of
(4.13) is a polynomial in z = τ/Λ whose coefficients tend to zero for ε → 0.

To estimate the last term on the right-hand side of (4.12), we write

Λ−d`aαk(ξ′)α′ταnλk = Λ−d`+|α|+kr`aαk

(ξ′

Λ

)α′( τ

Λ

)αn

.

For (|α|, k) ∈ N(P ) \ Γ`Γ`+1 we have |α| + kr` < d`. According to (4.14)
and using 1/Λ ≤ |ξ′|/Λ, we see that the last term in (4.12) is a poly-
nomial in z = τ/Λ whose coefficients tend to zero for ε → 0. Now we
can apply Lemma 4.1 to the right-hand side of (4.12) and the polynomial
P`(0, τ/Λ, 1) = π`(0, τ/Λ)Q`(τ/Λ, 1). We obtain that there exists an ε0 > 0
such that for all (ξ′, λ) ∈ Gε0,ρ(Γj+1) and for every root τ1

k (1) of Q`(·, 1)
there exists a root τk(ξ′, λ)/Λ of the right-hand side of (4.12), considered as
a polynomial in τ/Λ, with

|Λ−1τk(ξ′, λ)− τ1
k (1)| ≤ δ,

and therefore, using the homogeneity of Q`,

|τk(ξ′, λ)− τ1
k (λ)| ≤ δλ1/r` .

This finishes the proof of the stated inequalities if (ξ′, λ) ∈ Gε0,ρ(Γj+1) for
some j .

In the second part of the proof we show that there exists a ρ0 > 0 such
that for all (ξ′, λ) ∈

⋃J
j=1 Gε0,ρ0(ΓjΓj+1) the inequalities of the theorem

hold, with ε0 being given in part a) of the proof. Again we start with the
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construction of the first group τ1, . . . , τMj of zeros. We write (4.1) in the
form

PΓjΓj+1 + (P − PΓjΓj+1) = 0 (4.15)

and make the transformations ξ′ = Λjω
′, λ = Λrj

j ν, τ = Λjz. After divi-

sion by Λpj+rjqj

j , using the homogeneity of PΓjΓj+1 , equation (4.15) can be
rewritten in the form

PΓjΓj+1(ω
′, z, ν) +

∑
(|α|,k)∈N(P )\ΓjΓj+1

Λ|α|+rjk−pj−rjqj

j aαk(ω′)α′νkzαn = 0 . (4.16)

As the integer tuples on the edge ΓjΓj+1 are exactly the pairs (i, k) for which
i + rjk is maximal, there exists a constant κ > 0 such that for all integer
tuples (i, k) ∈ N(P ) \ ΓjΓj+1, we have, i + rjk ≤ pj + rjqj − κ. Therefore,
the sum in (4.16) is a polynomial in z whose coefficients can be estimated
by a constant times

Λ−κ
j = (|ξ′|+ λ1/rj )−κ ≤ λ−κ/rj

which tends to zero for λ →∞. So we see that the left-hand side of (4.16),
considered as a polynomial in z, is a small perturbation (in the sense of
Lemma 4.1) of the polynomial PΓjΓj+1(ω

′, z, ν) = νqj+1Pj(ω′, z, ν). From
Lemma 4.1 we obtain that there exists a ρ0 > 0 such that for all (ξ′, λ) ∈
Gε0,ρ0(ΓjΓj+1) and for every root τ0

k (ω′, ν) of Pj(ω′, ·, ν) there exists a root
zk = τk(ξ′, λ)/Λj of the left-hand side of (4.16) with

|Λ−1
j τk(ξ′, λ)− τ0

k (Λ−1
j ξ′,Λ−rj

j λ)| ≤ δ.

Now it remains to notice that, by homogeneity,

Λjτ
0
k (Λ−1

j ξ′,Λ−rj

j λ) = τ0
k (ξ′, λ),

and therefore

|τk(ξ′, λ)− τ0
k (ξ′, λ)| ≤ δΛj (k = 1, . . . ,Mj).

This finishes the construction of the first group of roots.
The construction of the roots τk(ξ′, λ) with k ≥ Mj + 1 can be made in

exactly the same way as in the proof of part a), only replacing (4.14) by

|ξ′|
Λ

=
|ξ′|

λ1/rj
λ1/rj−1/r` < ε

−1/rj

0 λ1/rj−1/r` . (4.17)

As rj > r` for j < `, the right-hand side of (4.17) can be made arbitrary
small for fixed ε0 and λ ≥ ρ0 with sufficiently large ρ0. This finshes the
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proof of (4.4)–(4.5) if (ξ′, λ) ∈ Gε0,ρ0(ΓjΓj+1) for some j and thus the proof
of the theorem. �

5. Estimates for the ode problem

5.1. The basic solutions. Throughout this section, we will assume that
(P,B1, . . . , BM ) is N-elliptic with parameter in [0,∞). Section 4 describes
the behaviour of the zeros of P (ξ′, ·, λ) for large λ. As this behaviour depends
on the subdomain G(Γj) or

G(ΓjΓj+1) to which (ξ′, λ) belongs, let us consider each subdomain sepa-
rately. So we will consider fixed ε0 and ρ0 given in Theorem 4.4 and a fixed
index j ∈ {1, . . . , J} and assume throughout this subsection that (ξ′, λ) be-
longs to Gε0,ρ0(ΓjΓj+1). We will indicate the necessary changes for (ξ′, λ)
belonging to one of the subdomains G(Γ1), . . . , G(ΓJ+1) at the end of this
subsection. (To be precise, the notions introduced below additionally de-
pend on the index j; as we consider this index as fixed, we will omit this
dependence in our notations.)

In the following we will define for a polynomial P (τ) the polynomial
P+(τ) :=

∏`
j=1(τ − τj) where τ1, . . . , τ` are the zeros of P with positive

imaginary part. In Section 4 we have seen that the polynomial P+(ξ′, ·, λ)
can be factorized as

P+(ξ′, τ, λ) =
[ Mj∏

k=1

(τ − τk(ξ′, λ))
]
·

J∏
`=j+1

[ M∏̀
k=M`−1+1

(τ − τk(ξ′, λ))
]
. (5.1)

Here the first product is close to Pj,+(ξ′, τ, λ) in the sense of Theorem 4.4,
and the product corresponding to the index ` is close to Q`,+(τ, λ). Here
and below, we will always assume that the zeros of P are numbered in the
sense of Theorem 4.4.

As a first step on the way to find solutions of the ODE problem (3.10)–
(3.11), we will consider the problems given by

one of the operators appearing in the factorization (5.1) and some of the
boundary operators. For instance, for p ∈ {1, . . . ,Mj} we will look for the
solution Wp of

Mj∏
k=1

(Dt − τk(ξ′, λ))Wp(t) = 0 (t > 0),

Bi(ξ′, Dt)Wp(0) = δip (i = 1, . . . ,Mj) .
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The unique solvability of this problem for sufficiently large λ will be a conse-
quence of the fact that

∏Mj

k=1(τ−τk(ξ′, λ)) is close to Pj and of the condition
on (Pj , B1, . . . , BMj ) appearing in the definition of N-ellipticity (Definition
3.2 (iii)). Similarly, we will find solutions Wp for p ∈ {M`−1 + 1, . . . ,M`}
corresponding to the other factors in (5.1), now using the condition on Q`.
We will call W1, . . . ,WM the basic solutions.

Of course, every basic solution Wp satisfies P (ξ′, Dt, λ)Wp(t) = 0, i.e.,
equation (3.10), but it will not satisfy the boundary conditions (3.11). We
will see in the subsequent subsection how to construct a solution of (3.10)–
(3.11) in terms of the basic solutions.

The perturbation arguments below will be based on the following lemma.

Lemma 5.1. Assume that (A0(Dt),B0
1(Dt), . . . , B0

m(Dt)) is a boundary value
problem in R+ satisfying the conditions of Lemma 3.1. Let τ0

1 , . . . , τ0
m be the

zeros of A0 in C+, and write B0
j (τ) =

∑mj

`=0 b0
j`τ

`. Fix a contour γ0 ⊂ C+

enclosing τ0
1 , . . . , τ0

m and polynomials N0
1 , . . . , N0

m such that

1
2πi

∫
γ0

B0
k(τ)N0

` (τ)
A0

+(τ)
d τ = δk` (k, ` = 1, . . . ,m) .

Then there exists a δ > 0 with the following property:
Let A+(τ) =

∏m
j=1(τ − τj) and Bj(τ) =

∑mj

`=0 bj`τ
` be polynomials with

|τj − τ0
j | < δ (j = 1, . . . ,m)

|bj` − b0
j`| < δ (j = 1, . . . ,m ; ` = 1, . . . ,mj) .

Then γ0 encloses τ1, . . . , τm, and there exists polynomials N1, . . . , Nm such
that

1
2πi

∫
γ0

Bk(τ)N`(τ)
A+(τ)

d τ = δk` (k, ` = 1, . . . ,m) . (5.2)

Moreover, if |N0
` (τ)| < C` on γ0, then we may assume the same estimate

for N`.

Proof. For sufficiently small δ > 0, the contour γ0 encloses τ1, . . . , τm. The
fact that there exist

N1, . . . , Nm with (5.2) is equivalent to the invertibility of the Lopatinskii
matrix Lop(A,B1, . . . , Bm) :=

(
bik

)
i,k=1,...,m

(cf. Lemma 3.1). To show that
for sufficiently small δ this matrix is invertible, it suffices to note that the
entries of the Lopatinskii matrix depend continuously on the coefficients
of Bj and A+. The coefficients of the polynomials N` can be expressed
explicitly in terms of the coefficients of the inverse of the Lopatinskii matrix
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(cf. [2]) and therefore depend continuously on the coefficients of this matrix.
From this we see that for sufficiently small δ the polynomials N1, . . . , Nm

with the stated property exist and that we have N`(τ) → N0
` (τ) for δ → 0.

As γ0 is compact, this convergence is uniform for τ ∈ γ0 which proves the
last statement of the lemma. �

We will apply this result to the factors appearing in (5.1) as perturbations
of Pj and Q` for ` = j+1, . . . , J . For this we fix a contour γ0

j in C+ enclosing
the zeros

τ0
1

( ξ′

Λj
,

λ

Λrj

j

)
, . . . , τ0

Mj

( ξ′

Λj
,

λ

Λrj

j

)
of Pj(Λ−1

j ξ′, ·,Λ−rj

j λ). By homogeneity and compactness, we may assume
that γ0

j is independent of ξ′ and λ. Similarly, for ` ∈ {j + 1, . . . , J} we fix a
contour γ1

` ⊂ C+ enclosing the zeros τ1
M`−1+1(1), . . . , τ1

M`
(1) of Qj(·, 1).

Proposition 5.2. There exist ε0 and ρ0 such that for (ξ′, λ)∈ Gε0,ρ0(ΓjΓj+1)
the following properties hold:

a) The contour γ0
j encloses Λ−1

j τ1(ξ′, λ), . . . ,Λ−1
j τMj (ξ

′, λ), and there ex-
ist functions N1(ξ′, τ, λ), . . . , NMj (ξ

′, τ, λ), depending polynomially on τ and
being bounded by a constant independent of ξ′ and λ for all τ ∈ γ0

j such that

1
2πi

∫
γ0

j

Bk(Λ−1
j ξ′, τ)Ni(ξ′, τ, λ)∏Mj

p=1(τ − Λ−1
j τp(ξ′, λ))

d τ = δki (k, i = 1, . . . ,Mj) .

b) For ` = j + 1, . . . , J the contour γ1
` encloses λ−1/r`τk(ξ′, λ) for k =

M`−1+1, . . . ,M`, and there exist NM`−1+1(ξ′, τ, λ), . . . , NM`
(ξ′, τ, λ), depend-

ing polynomially on τ and being bounded on γ1
` by a constant independent of

ξ′ and λ such that

1
2πi

∫
γ1

`

Bk(λ−1/r`ξ′, τ)Ni(ξ′, τ, λ)∏M`
p=M`−1+1(τ − λ−1/r`τp(ξ′, λ))

d τ = δki (k, i = M`−1+1, . . . ,M`) .

Proof. a) First we remark that for p = 1, . . . ,Mj

τ0
p

( ξ′

Λj
,

λ

Λrj

j

)
=

τ0
p (ξ′, λ)

Λj
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by homogeneity. Theorem 4.4 now tells us that we may apply Lemma 5.1
to the boundary value problem

Pj

( ξ′

Λj
, Dt,

λ

Λrj

j

)
, B1

( ξ′

Λj
, Dt

)
, . . . , BMj

( ξ′

Λj
, Dt

)
(which satisfies the conditions of Lemma 3.1 due to the definition of N-
ellipticity) and the boundary value problem

Mj∏
p=1

(
Dt −

τp(ξ′, λ)
Λj

)
, B1

( ξ′

Λj
, Dt

)
, . . . , BMj

( ξ′

Λj
, Dt

)
.

From Lemma 5.1 we obtain the desired result.
b) In the same way we can apply Lemma 5.1 to the boundary value prob-

lem Q(Dt, 1), BM`−1+1(0, Dt), . . . , BM`
(0, Dt) and its small perturbation

M∏̀
m=M`−1+1

(
Dt −

τm(ξ′, λ)
λ1/r`

)
, BM`−1+1

( ξ′

λ1/r`
, Dt

)
, . . . , BM`

( ξ′

λ1/r`
, Dt

)
.

Here the fact that the second boundary value problem is a small perturbation
of the first one follows from the estimate λ−1/r` |ξ′| < δ which holds for
sufficiently large λ as r` < rj and |ξ′| ≈ λ1/rj . �

Definition 5.3. We define the basic solution Wk = Wk(t, ξ′, λ) by

Wk(t, ξ′, λ) :=
1

2πi

∫
γ0

j

Nk(ξ′, τ, λ)eiΛjtτ∏Mj

p=1(τ − Λ−1
j τp(ξ′, λ))

d τ (k = 1, . . . ,Mj), (5.3)

Wk(t, ξ′, λ) :=
1

2πi

∫
γ1

`

Nk(ξ′, τ, λ)eiλ
1/r`
` tτ∏M`

p=M`−1+1(τ − λ
−1/r`

` τp(ξ′, λ))
d τ

(k = M`−1 + 1, . . . ,M`; ` = j + 1, . . . , J). (5.4)

Lemma 5.4. a) For k = 1, . . . ,M the basic solution Wk satisfies

P (ξ′, Dt, λ)Wk(t, ξ′, λ) = 0 .

b) Let k ∈ {1, . . . ,Mj}. Then we have

|Bi(ξ′, Dt)Wk(0, ξ′, λ)| ≤ C Λmi
j (i = 1, . . . ,M) (5.5)

and Bi(ξ′, Dt)Wk(0, ξ′, λ) = δikΛ
mi
j for i = 1, . . . ,Mj.
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c) Let k ∈ {M`−1 + 1, . . . ,M`} for some ` ≥ j + 1. Then we have

|Bi(ξ′, Dt)Wk(0, ξ′, λ)| ≤ C λ
mi/r`

` (i = 1, . . . ,M)

and Bi(ξ′, Dt)Wk(0, ξ′, λ) = δikλ
mi/r`

` for i = M`−1 + 1, . . . ,M`.
d) For k = 1, . . . ,Mj and r = 0, 1, 2, . . . we have ‖Dr

t Wk(·, ξ′, λ)‖L2(R+) ≤
C Λr−1/2

j . For k = M`−1+1, . . . ,M` the same estimate holds with Λj replaced

by λ
1/r`

` .

Proof. Applying P (ξ′, Dt, λ) to (5.3), we obtain the integrand

Λ−Mj

j

Nk(ξ′, τ, λ)P (ξ′,Λjτ, λ)∏Mj

m=1(Λjτ − τm(ξ′, λ))
eiΛjtτ

which is a holomorphic function of τ . This shows PWk = 0 for k ≤ Mj . For
k > Mj the proof of part a) is the same.

Now we apply Bi(ξ′, Dt) to (5.3). We get

Bi(ξ′, Dt)Wk(0, ξ′, λ) =
1

2πi

∫
γ0

j

Bi(ξ′,Λjτ)Nk(ξ′, τ, λ)∏Mj

p=1(τ − Λ−1
j τp(ξ′, λ))

d τ

= Λmi
j

1
2πi

∫
γ0

j

Bi(Λ−1
j ξ′, τ)Nk(ξ′, τ, λ)∏Mj

p=1(τ − Λ−1
j τp(ξ′, λ))

d τ .

Estimating the integral by a constant (see Corollary 4.5), we obtain (5.5).
For i ≤ Mj we apply Proposition 5.2 to see that the integral equals δik which
finishes the proof of part b). The proofs of c) and d) can be made in an
analogous way. �

Now let us indicate the necessary changes for the case that (ξ′, λ) be-
longs to G(Γj+1) for some j = 0, . . . , J . We have to replace the contour
γ0 by the contour γ̃0 enclosing the zeros τ0

1 (|ξ′|−1ξ′), . . . , τ0
Mj

(|ξ′|−1ξ′) of
Pj(|ξ′|−1ξ′, ·, 0). Similarly, in all statements Λj = Λj(ξ′, λ) has to replaced
by |ξ′| = Λj(ξ′, 0). With these changes, the results follow with the same
proofs.

5.2. Unique solvability of the ODE problem. Now we come back to the
ODE problem (3.10)–(3.11). The aim of this subsection is to show unique
solvability of this problem for large λ and to construct the solution in terms of
the basic solutions introduced above. We assume throughout this subsection
that the boundary value problem (P,B1, . . . , BM ) is N-elliptic in the sense
of Definition 3.2.
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We are looking for a solution (for sufficiently large λ) of (3.10)–(3.11) in
the form

w(t, ξ′, λ) =
M∑

k=1

ck(ξ′, λ)Wk(t, ξ′, λ) (5.6)

where the functions W1, . . . ,WM are the basic solutions defined in Definition
5.3. Due to Lemma 5.4 a), every function of the form (5.6) satisfies (3.10).
The boundary conditions (3.11) are satisfied if and only if the linear equation
system

H(ξ′, λ)

 c1(ξ′, λ)
...

cM (ξ′, λ)

 =

 h1
...

hM

 (5.7)

is satisfied, where the M×M matrix H(ξ′, λ) =
(
hik(ξ′, λ)

)
i,k=1,...,M

is given
by

hik(ξ′, λ) := Bi(ξ′, Dt)Wk(0, ξ′, λ) . (5.8)

For the estimates below the following notation will turn out to be useful:
let (ξ′, λ) ∈ G(ΓjΓj+1) ∪G(Γj+1) for some j. Then we for k = 1, . . . ,M we
define

µk(ξ′, λ) :=


Λj(ξ′, λ) if k ≤ Mj and (ξ′, λ) ∈ G(ΓjΓj+1),
|ξ′| if k ≤ Mj and (ξ′, λ) ∈ G(Γj+1),
λ1/r` if M`−1 + 1 ≤ k ≤ M`.

Remark 5.5. a) An elementary calculation shows that we have for all
(ξ′, λ) ∈ G and for k ∈ {M`−1 + 1, . . . ,M`} the equivalence µk(ξ′, λ) ≈
Λ`(ξ′, λ). By (2.1), we have

µ1 = µ2 = · · · = µMj < µMj+1 = · · · = µMj+1 < µMj+1+1 = . . .

b) Due to Corollary 4.5 we have for the zeros of P (ξ′, ·, λ) the equivalence

|τk(ξ′, λ)| ≈ µk(ξ′, λ) ,

so we can see that the factors µk describe the growth rate of the
zeros for |ξ′|+ λ →∞.

To prove the invertibility of the matrix H(ξ′, λ), we first show an esti-
mate on the elements of this matrix. Here SM stands for the group of all
permutations of the set {1, . . . ,M}.
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Lemma 5.6. a) For every permutation σ ∈ SM we have the inequality
M∏
`=1

µ
mσ(`)

` ≤
M∏
`=1

µm`
` . (5.9)

More precisely, for σ 6= id let i be the first index with σ(i) > i and let
k := σ−1(i). Then we have

M∏
`=1

µ
mσ(`)

` ≤
( µi

µk

)mσ(i)−mi
M∏
`=1

µm`
` .

b) For every σ ∈ SM \ {id} and for every τ > 0 there exists a λ0 > 0 such
that for all λ ≥ λ0 the inequality∣∣∣ M∏

i=1

hσ(i),i

∣∣∣ ≤ τ
M∏
i=1

µmi
i (5.10)

holds.

Proof. a) We show by induction on M that the statement in a) holds. As
in the case M = 1 the statement is trivial, suppose it is already proved
for sets of M ′ < M elements and permutations σ′ of these sets. Now we
consider the set {1, 2, ...,M} \ {i} and define the permutation σ′ of this set
by σ′(`) := σ(`) for ` 6= i, k and σ′(k) := σ(i). We rewrite the left-hand side
of (5.9) in the form[ ∏

` 6=i,k

µ
mσ′(`)
` µ

mσ′(k)

k

]
µ
−mσ(i)

k µmi
k µ

mσ(i)

i .

Due to the induction assumption the term in square brackets can be esti-
mated by ∏

` 6=i

µm`
` = µ−mi

i

M∏
`=1

µm`
` .

Thus the quotient of the left-hand side and the right-hand side of (5.9) is
equal to (µi/µk)mσ(i)−mi which proves a).

b) We distinguish two cases:
Case (i). Here we assume that σ is reduced to permutations of the sets

{1, . . . ,Mj} and {M`−1+1, . . . ,M`}, i.e., the restriction of σ to each of these
sets is a permutation of this set. Since one of the reduced permutations differs
from identity, the corresponding term in (5.10) equals zero due to Lemma
5.4.
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Case (ii). Now we assume that σ is not reduced to the sets above. Then
there exists a (minimal) index i and an ` ∈ {j, . . . , J} such that i ≤ M` and
σ(i) > M`. In this case we obtain, using Lemma 5.4 and part a),∣∣∣ M∏

p=1

hσ(p),p

∣∣∣ ≤ C
M∏

p=1

µ
mσ(p)
p ≤ C

M∏
p=1

µ
mp
p

( µi

µk

)mσ(i)−mi

(5.11)

where k := σ−1(i) (> i). If k ≤ M` we have hik = hσ(k),k = 0 by Lemma 5.4.
If k > M` we have µk = λ1/r`+1 and µi ≈ λ1/r` . As the exponent mσ(i) −mi

is not less than 1 due to condition (3.2), the last factor in (5.11) can be made
arbitrary small if λ is chosen large enough. Thus we see that for every τ > 0
there exists a λ0 > 0 such that for λ ≥ λ0 the inequality (5.10) holds. �

Theorem 5.7. Let the boundary value problem (P,B1, . . . , BM ) be N-elliptic.
Then there exists a λ0 > 0 such that for all λ ≥ λ0 and all ξ′ ∈ Rn−1 the
following statements hold.

a) The matrix H(ξ′, λ) defined in (5.8) is nonsingular and its determinant
can be estimated by

|det H(ξ′, λ)| ≥ C
M∏
i=1

µmi
i . (5.12)

b) For the coefficients of the inverse matrix

H−1(ξ′, λ) =:
(
grs(ξ′, λ)

)
r,s=1,...,M

the estimate

|grs(ξ′, λ)| ≤ C

{
µ−mr

r

∏r−1
`=s µ

m`+1−m`

` if s ≤ r ,

µ−mr
r

∏s
`=r+1 µ

m`−1−m`

` if s > r
(5.13)

holds with a constant C = C(λ0) independent of ξ′ and λ.

Proof. a) We use the Leibniz product for the determinant of H = H(ξ′, λ)
which we write in the form

det H =
M∏
i=1

hii +
∑

σ∈SM\{id}

sign(σ)
M∏
i=1

hσ(i),i . (5.14)

By Lemma 5.4 the first term on the right-hand side equals the right-hand
side of (5.12) with C = 1. To estimate the other terms, we use Lemma 5.6
b). If we choose τ small enough, we obtain from this lemma that the matrix
H is invertible and that the inequality (5.12) holds.
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b) We consider only the case s ≤ r, for s > r the proof can be made in a
completely analog way. We write (assuming that λ is sufficiently large)

grs =
det Hsr

det H

where the (M − 1) × (M − 1) matrix Hsr is obtained by omitting the s-th
row and the r-th column of the matrix H. Again we will use the Leibniz
formula for det Hsr. Due to Lemma 5.4 and the definition of µk, we have

|hik| ≤ C µmi
k .

In the same way as in the proof of Lemma 5.6 a), we obtain that each term
in the Leibniz sum for det Hsr can be estimated by

C

s−1∏
`=1

µm`
` ·

r−1∏
`=s

µ
m`+1

` ·
M∏

`=r+1

µm`
` .

(Note for the second product that starting with column s the index of the
row is shifted by one as the s-th row in the matrix H is omitted. So we
obtain µ

m`+1

` instead of µm`
` for ` = s, . . . , r − 1.) From this and (5.12) the

desired estimate for |grs| follows. For s > r the index of the column is shifted
by one for ` = r, . . . , s− 1 which leads to the second line in (5.13). �

Corollary 5.8. a) For sufficiently large λ the basic solutions

W1(·, ξ′, λ), . . . ,WM (·, ξ′, λ)

are linearly independent.
b) For sufficiently large λ the ordinary differential equation (3.10)–(3.11)

is uniquely solvable for every ξ′ ∈ Rn−1 and every (h1, . . . , hM ) ∈ CM .

Proof. Part a) follows immediately from the invertibility of H(ξ′, λ) for large
λ and the definition of H(ξ′, λ). For b) we only have to note that (under
the condition of N-ellipticity) the space of all stable solutions of (3.10) has
dimension M . Therefore W1, . . . ,WM is a basis of this space and every
stable solution of (3.10) has the form (5.6). Due to this, unique solvability
of (3.10)–(3.11) is equivalent to the invertibility of H(ξ′, λ). �

5.3. Proof of Theorem 3.8. Now we want to prove Theorem 3.8. We
already know from Corollary 5.8 that the boundary value problem (3.10)–
(3.11) is uniquely solvable and we still have to prove the estimate on the so-
lution w. Again we assume throughout this subsection that (P,B1, . . . , BM )
is N-elliptic, and we fix a tuple s ∈ RJ of real numbers satisfying (3.8). First
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we rewrite the inequality of Theorem 5.7 b) in terms of the weight functions
Ψs defined in Subsection 3.2.

Lemma 5.9. For λ ≥ λ0 with λ0 given in Theorem 5.7 the estimate

|grs(ξ′, λ)| ≤ Cµ−mr
r (ξ′, λ)

Ψ(−ms−1/2)
s (ξ′, λ)

Ψ(−mr−1/2)
s (ξ′, λ)

(5.15)

holds with a constant C = C(λ0) independent of ξ′ and λ.

Proof. Again we only consider the case r ≥ s as the proof for the opposite
case can be made in the same way. Let S ∈ {1, . . . , J} be the index for which

s ∈ {MS−1 + 1, . . . ,MS} .

We then have, using (3.8),

s1 + · · ·+ sS−1 ≤ ms + 1/2 ≤ s1 + · · ·+ sS .

Analogously we choose R ∈ {1, . . . , J} with

r ∈ {MR−1 + 1, . . . ,MR} . (5.16)

For better readability, let us introduce the abbreviation

ν(`) := mM`+1 (` = 1, . . . , J) .

Due to Remark 5.5, we can replace µ` on the right-hand side of (5.13) by
the corresponding Λj and obtain

|grs| ≤ Cµ−mr
r Λν(S)−ms

S

( R−1∏
`=S+1

Λν(`)−ν(`−1)
`

)
Λmr−ν(R−1)

R . (5.17)

By definition we have

Ψ(−ms−1/2)
s

Ψ(−mr−1/2)
s

= Λs1+···+sS−ms−1/2
S

( R−1∏
`=S+1

Λs`
`

)
Λ−s1−···−sR−1+mr+1/2

R . (5.18)

From (5.17) and (5.18) we see that

|grs|
(
µ−mr

r

Ψ(−ms−1/2)
s

Ψ(−mr−1/2)
s

)−1
≤ CΛν(S)+1/2−s1−···−sS

S (5.19)

×
( R−1∏

`=S+1

Λν(`)−ν(`−1)−s`

`

)
Λs1+···+sR−1−ν(R−1)−1/2

R . (5.20)
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Because of (3.8), the first exponent on the right-hand side of (5.20) is non-
negative, and we may estimate

Λν(S)+1/2−s1−···−sS

S Λν(S+1)−ν(S)−sS+1

S+1 ≤ Λν(S+1)+1/2−s1−···−sS+1

S+1 .

Again the last exponent is nonnegative. Proceeding in this way, we see that
the right-hand side of (5.20) is not greater than

CΛν(R−1)+1/2−s1−···−sR−1

R−1 Λs1+···+sR−1−ν(R−1)−1/2
R ≤ C ,

which finishes the proof of inequality (5.15) for the case s ≤ r. �

Theorem 5.10. Let (P,B1, . . . , BM ) be N-elliptic and s ∈ RJ be a tuple
satisfying (3.8). Then for sufficiently large λ the inequality

‖D`
tWk(·, ξ′, λ)‖L2(R+) |grs(ξ′, λ)| Ψ(−`)

s (ξ′, λ)

Ψ(−ms−1/2)
s (ξ′, λ)

≤ C

holds for ` = 0, 1, 2, . . . and k = 1, . . . ,M .

Proof. Let ` ∈ {ML−1 + 1, . . . ,ML} and R be given by (5.16). For R ≥ L
we have by definition

Ψ(−`)
s

Ψ(−mr−1/2)
s

= Λs1+···+sL−`
L

( R−1∏
k=L+1

Λsk
k

)
Λ−s1−···−sR−1+mr+1/2

R .

On the right-hand side all exponents except the last one are nonnegative, so
we can estimate

Ψ(−`)
s

Ψ(−mr−1/2)
s

≤ Λs1+···+sR−1−`
R Λ−s1−···−sR−1+mr+1/2

R = Λmr+1/2−`
R . (5.21)

From Lemma 5.4 and Lemma 5.9 we obtain, using µr = ΛR,

‖D`
tWk(·, ξ′, λ)‖L2(R+)|grs(ξ′, λ)| Ψ(−`)

s (ξ′, λ)

Ψ(−ms−1/2)
s (ξ′, λ)

≤ CΛ−mr+`−1/2
R

Ψ(−`)
s

Ψ(−mr−1/2)
s

≤ C,

which had to be shown. For R < L we get

Ψ(−`)
s

Ψ(−mr−1/2)
s

= Λ−s1−···−sR+mr+1/2
R

L−1∏
k=R+1

Λ−sk
k Λ−s1−···−sL−1−`

L .
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Here all exponents except the first are non-positive, and we may replace Λk

for k ≥ R + 1 by ΛR, again obtaining the estimate (5.21). �
Now the proof of Theorem 3.8 follows easily:

Proof of Theorem 3.8. We know from Corollary 5.8 that there exists a
λ0 > 0 such that for all λ ≥ λ0 the problem (3.10)–(3.11) is uniquely solvable
with the solution w = w(t, ξ′, λ) being given by

w(t, ξ′, λ) =
M∑

k=1

ck(ξ′, λ)Wk(t, ξ′, λ).

Here ck satisfies the linear equation system (5.7). From the estimates of
Lemma 5.4 d) and

Theorem 5.10, we get

‖D`
tw(·, ξ′, λ)‖L2(R+) ≤

M∑
k=1

|ck| ‖D`
tWk(·, ξ′, λ)‖L2(R+)

≤
M∑

k,j=1

|gkj |‖D`
tWk(·, ξ′, λ)‖L2(R+) |hj | ≤ C

M∑
j=1

Ψ(−mj−1/2)
s

Ψ(−`)
s

|hj |

and therefore the estimate of Theorem 3.8. �

5.4. Generalizations and comments. Throughout this paper, we assumed
N-ellipticity with parameter to hold along the ray [0,∞). As in the classi-
cal theory of ellipticity with parameter developed by Agmon–Agranovich–
Vishik, one can also define N-ellipticity in a closed sector L ⊂ C with vertex
at the origin. For this one has to replace inequality (2.4) in Definition 2.2
by

|P (ξ, λ)| ≥ C WP (ξ, λ) for ξ ∈ Rn and λ ∈ L with |λ| ≥ λ0 . (2.4′)

Moreover, in Definition 2.7 the polynomial Qj(·, 1) has to be replaced by
Qj(·, λ) and the condition of Definition 2.7 has to hold for all λ ∈ L with
|λ| = 1. Similarly, in Definition 3.2 (iv) the operator Qj(Dt, 1) has to be
replaced by Qj(Dt, λ) with λ ∈ L, |λ| = 1. Finally, the inequality λ ≥ 0 in
Definition 3.2 (iii) has to be replaced by λ ∈ L.

With exactly the same proofs as above, one can show the following result.

Theorem 3.7′. Let (P,B1, . . . , BM ) be N-elliptic in the sector L as indicated
above. Let s ∈ RJ satisfy (3.8), assume that s1 + · · ·+ sJ is integer and set
tj := sj − 2Nj. Then there exists a λ0 > 0 such that for all λ ∈ L with
|λ| ≥ λ0 the operator (3.7) is invertible, and the a priori estimate (3.9) holds
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uniformly for all λ ∈ L with |λ| ≥ λ0 where the constant C does not depend
on u or λ.

Note that in the case where L = {z ∈ C : | arg z| ≤ θ} ∪ {0} with some
θ ∈ (0,∞) this implies that the uniform estimate holds in the shifted sector
λ0 + L. For θ ≥ π/2 this leads to N-parabolic problems.

Remark 5.11. a) Consider the boundary value problem (1.2) with gj =
0, i.e., with homogeneous boundary conditions. Under the assumptions of
Theorem 3.7 (or 3.7′), this boundary value problem defines an unbounded
closed operator PB(λ) in Ht(Rn

+) with the domain

D(PB(λ)) := {u ∈ Hs(Rn
+) : Bju = 0 for j = 1, . . . ,M}

acting by PB(λ)u := P (D,λ)u for u ∈ D(PB(λ)). This operator is called
the Ht-realization of (1.2). From Theorem 3.7 we see that for large λ this
operator has a bounded inverse and the norm of PB(λ)−1 as a bounded op-
erator in Ht can be estimated by a constant times |λ|−

∑
j 2Nj/rj = |λ|−q1 . If∑

j tj = 0, the space Ht(Rn
+) coincides with the space L2(Rn

+) with equiv-
alent norms (the equivalence constants depending on λ). In the particular
case where we may set tj := 0 (i.e., sj := 2Nj) for all j, we obtain the
standard parameter-independent L2-norm.

One of the first questions in spectral theory of N-elliptic boundary value
problems is the question of multiple completeness of the root functions. For
polynomial operator pencils which are elliptic with parameter in the sense
of Agmon–Agranovich–Vishik, this was proved in [3]. We hope to prove
multiple completeness for the operator PB(λ) in a forthcoming paper.

b) For the Dirichlet problem, the canonical choice of sj satisfying
(3.8) is given by sj = Nj . In this case we obtain t = −s. In the case

of homogeneous Dirichlet boundary conditions, we get from Theorem 3.7 an
estimate for the inverse of the operator PB(λ) which now can be considered as
a bounded operator from Hs(Rn

+) to H−s(Rn
+). An estimate in these spaces

(also called energy estimate) seems to be more natural than an estimate
of the L2-realization as discussed above. In fact, such energy estimates
frequently appear in the theory of singular perturbations, cf., e.g., [11].

Remark 5.12. Looking through the proof of Theorem 3.8 in the last two
sections, one can see that the unique solution w(t, ξ′, λ) of (3.10)–(3.11) is
given in the form (5.6), i.e., in terms of the basic solutions Wk. The definition
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of Wk (and thus of w) depends on the subdomain of the partition

G =
J+1⋃
j=1

G(Γj) ∪
J⋃

j=1

G(ΓjΓj+1)

(see (4.2)) to which (ξ′, λ) belongs.
If we want to treat boundary value problems of the form (1.2) with variable

coefficients, the standard method is to use microlocalization and the theory
of pseudodifferential operators. But due to the piecewise definition of w
mentioned above, we first have to introduce a partition of unity in the (ξ′, λ)-
space which corresponds to the partition (4.2) of G. For this one first has
to enlarge the subdomains G(Γj) and G(ΓjΓj+1) slightly to obtain an open
covering. This can be done by introducing several small parameters instead
of one fixed parameter ε. The construction of a partition of unity with
desired properties is not trivial; for the case n = 2 it was done in Chapter 4
of [9].

Due to this difficulty, the application of microlocalization techniques is
not completely standard, and so we prefer to treat variable coefficients (and
non-stationary problems) in a separate paper.
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de Gruyter and Co., Berlin, 1957.

[11] S.A. Nazarov, The Vishik–Lyusternik method for elliptic boundary value problems in
regions with conic points. I. The problem in a cone, (Russian), Sibirsk. Mat. Zh., 22
(1981), 142-163, English transl. in “Siberian Math. J.,” 22 (1982), 594-611.

[12] M.I. Vishik and L.A. Lyusternik, Regular degeneration and boundary layer for linear
differential equations with small parameter, (Russian), Uspehi Mat. Nauk (N.S.), 12
(1957), 3-122, English transl. in “Amer. Math. Soc. Transl.,” 20 (1962), 239-364.

[13] L.R. Volevich and B.P. Paneah, Some spaces of generalized functions and embedding
theorems, (Russian), Uspehi Mat. Nauk, 20 (1965), 3-74, English transl. in “Russian
Math. Surv.,” 20 (1965), 1-73.


	Text15: First publ. in: Differential and Integral Equations 15 (2002), 3, pp. 289-326
	Text16: Konstanzer Online-Publikations-System (KOPS)
URL: http://www.ub.uni-konstanz.de/kops/volltexte/2008/5067/
URN: http://nbn-resolving.de/urn:nbn:de:bsz:352-opus-50677
	Text17: 
	Text18: 


