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Abstract. Abstract goes here In this paper pencils of partial differ-
ential operators depending polynomially on a complex parameter and
corresponding boundary value problems with general boundary condi-
tions are studied. We define a concept of ellipticity for such problems
(for which the parameter-dependent symbol in general is not quasi-
homogeneous) in terms of the Newton polygon and introduce related
parameter-dependent norms. It is shown that this type of ellipticity
leads to unique solvability of the boundary value problem and to two-
sided a priori estimates for the solution.

1. INTRODUCTION

In the present paper we consider a pencil of partial differential operators
of the form

P(D,)) =) agA"D® (1.1)
o,k

of order 2M depending polynomially on the complex parameter A and acting
in the half-space R := {z = (2/,2,) € R" : 2, > 0}. We supplement this
partial differential operator with boundary conditions Bi(D),..., By/(D)
and consider the boundary value problem

P(D,Nu=f, BjDu=g; (j=1,...,M). (1.2)
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Here and below we use the standard multi-index notation D® = D{* ... Dg»
with D; = —10/0z; and £* = £ - - - £5™. The aim of our investigations is to
endow the classical Sobolev spaces with parameter-dependent norms, realize
(1.2) as a bounded operator with respect to these norms and to prove for
large A the existence of a bounded inverse operator. Simultaneously we will
obtain uniform (with respect to A) a priori estimates for the solution of the
boundary value problem.

The case where the symbol P(&, ) = ka aap\* €Y of the operator
(1.1) is quasi-homogeneous with respect to & and A (up to perturbations
of lower order) has been studied intensively since the papers of Agmon [1]
and Agranovich—Vishik [4] appeared. In these papers it was shown that it
is possible to define parameter-dependent norms using a quasi-homogeneous
weight function (depending on £ and \) as a Fourier multiplier for which the
boundary value problem can be realized as a bounded operator which has a
bounded inverse for large values of A\. These results hold under conditions
on P and B; which are called the conditions of ellipticity with parameter (or
parameter-ellipticity). These results imply results on boundary value prob-
lems which are parabolic in the sense of Petrovskii where, roughly speaking,
the parameter A has to be replaced by the time derivative 0/0t.

However, the composition of two operators which are parabolic in the sense
of Petrovskii with different weights for the time derivative does no longer be-
long to this class of operators. The same holds for parameter-elliptic bound-
ary value problems. Consider, for instance, the operator (A% + \)(—A + \)
with appropriate boundary conditions, where A stands for the Laplace op-
erator. This parameter-dependent operator has no quasi-homogeneous prin-
cipal symbol in the sense of Agmon—Agranovich—Vishik and thus this theory
cannot be applied. In the particular case where we consider the composition
of two operators one might try to apply the theory of parameter-ellipticity
to each of the operators separately; however, this is no longer possible if we
consider operators like

—A3 FAAZ 402, (1.3)

General operators of such type appear, for instance, if we consider the re-
solvent of Douglis—Nirenberg systems (mixed order systems) and the deter-
minant of their symbol. If in (1.3) the last term A\? was omitted, we would
obtain a typical operator of singular perturbation theory (here A = e~! for a
small parameter €) as it has been treated in [6] and [7] with methods similar
to those used in the present paper.
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The main questions concerning general boundary value problems of the
form (1.2) consist in finding the appropriate Sobolev spaces (i.e. parameter-
dependent norms) for which these operators are bounded in the sense that
they are continuous with norm bounded by a constant independent of the pa-
rameter A and in finding conditions on P and B; which ensure the existence
of a bounded inverse operator for large A. In particular, it is of interest to
find conditions of Shapiro—Lopatinskii type (i.e., conditions on the boundary
operators which may be formulated in an algebraic way) which lead to invert-
ibility. These questions are answered in the present paper; here we restrict
ourselves to the model problem, so we assume that the operators P and B;
have constant (scalar) coefficients and act in the half-space and that B;(&) is
homogeneous in . One reason for this is given in Remark 5.12. We plan to
investigate variable coefficients, operators on manifolds with boundary and
non-stationary problems in a subsequent paper.

Operator pencils of the form (1.1) acting in the whole space have been
studied thoroughly in the monograph [9] where such operators appear by
reduction of homogeneous Cauchy problems using the Laplace transform;
for the resolvent of Douglis—Nirenberg systems on closed manifolds (i.e.,
compact manifolds without boundary) see [5]. One main tool for estab-
lishing these results was the so-called Newton polygon and the concept of
N-ellipticity connected with this polygon. It turns out that in the case of
boundary value problems this concept is useful, too. In particular, we will
describe the parameter-dependent norms in terms of the Newton polygon
and prove the invertibility for large A using the Newton polygon approach.

Let us remark that the parameter-dependent norms and the a priori esti-
mates appearing in the present paper are more complicated than the

corresponding terms in the Agmon—Agranovich—Vishik theory of elliptic-
ity with parameter. The (relatively) simple structure appearing in the theory
of ellipticity with parameter is caused by the homogeneity of the problem
which contains only one large parameter. The problems considered in the
present case contain, in some sense, more than one large parameters which
makes the estimates more complicated.

The plan of this paper is as follows. In Section 2 we will define N-ellipticity
for pencils of the form (1.1) and study equivalent conditions for this type of
ellipticity. In Section 3 we will define the conditions of Shapiro-Lopatinskii
type and N-elliptic boundary value problems, introduce parameter depen-
dent norms and state the main results on continuity and invertibility for the
operator related to (1.2). The proof of the last result is based on estimates
on the solutions of an ordinary differential equation (as it is the case in the
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Agmon-Agranovich—Vishik theory). For this estimate it is essential to know
the behaviour of the zeros of the polynomial P(&y,...,&,-1,, A) under the
condition of N-ellipticity. This behaviour is described in Section 4, and the
proof of the main results can be found in Section 5.

2. N-ELLIPTICITY WITH PARAMETER

Let P(&,\) be a polynomial in £ € R™ and A € C with complex coefficients,
P(EN) =) aaie”.
o,k

The Newton polygon N(P) is defined as the convex hull in R? of all points
(||, k) with aqr # 0, their projections (|«/,0) and (0, k) and the origin. In
the following, we will recall some definitions and results connected with the
Newton polygon. For a more detailed discussion we refer the reader to [9]
and [5].

From the definition of N(P) it follows that the Newton polygon has the
origin as one vertex and that the adjoining edges belong to coordinate axes.

Denote by Ty, ...,I'j41 the vertices of the polygon N(P), starting with
I'y = (0,0) and indexed in the clockwise direction. For j = 1,...,J we
choose 7; > 0 such that the vector (1,r;) is an exterior normal to the edge
I';T"j41 joining I'; and I'j11. By convexity, we have r1 > --- > r;. In the
case where I'1I"y is horizontal we pose ;1 = oo and in the case where I'jI" ;11
is vertical we have r; = 0 (see also Figure 1).

Definition 2.1. The Newton polygon N(P) is called regular if it has no
edge which is parallel to one of the coordinate axes but does not belong to
this axis.

It follows from the definition above that N(P) is regular if and only if
r1 < oo and ry > 0. In other words, in this case

0o >ry > >1r7>0. (2.1)

With each polynomial P we connect the weight function of its Newton poly-
gon defined by

We(&,A) = > [EIAF. (2:2)
(i,k)EN(P)NZ2
Obviously
[P(& M < CWp(E,A) (2.3)
holds with a constant C' independent of (£, ).
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FIGURE 1. Examples of Newton polygons.

Definition 2.2. The polynomial P(£, \) is called N-elliptic with parameter
in [0, 00) if

(i) the Newton polygon N (P) is regular,

(ii) there exists a A\g > 0 such that

|P(&,N)| > C Wp(E,\) for £ € R" and A > . (2.4)

Here and in the following, the letter C' stands for a positive constant which
may vary from one time of appearance to the other.

As an example, let us consider the symbol of the operator (1.3). Here
we have P(&,)) = [£]% + A|¢|* + A2, and the Newton polygon has the form
indicated in Figure 2. The weight function in this example is equivalent to
LT+A2 4+ M€ +[£|8, and obviously P is N-elliptic in the sense of Definition 2.2.

There are several numbers connected with the geometry of the Newton
polygon which will play an essential role for the analysis below. First of all,
let us denote the coordinates of the vertices I'; by

L= (pj,q) (G=0,...,J+1).

Note that pg = qo = p1 = qj+1 = 0. With these coordinates we have for the
outer normal vectors (1,r;) introduced above the equality

pj +15¢) = piv1 + ¢+ (G =10, )
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FIGURE 2. The Newton polygon for the example (1.3).

and hence r; = %. It will turn out later that the numbers p; are even.

Since these numbers divided by 2 are so important for the following, we set

Pj+1 . Dj+1—DP; .
M;j = % (j=0,....,J), Nj:= % G=1,...,J).
We have My = 0 and additionally define M := M.
The principal parts Pr, and Pr,r;,, of the polynomial P({, \) correspond-
ing to the vertex I'; and the edge I';I'; 1, respectively, are defined by

Pr(6N) = Y aaX¢ (G=1,...,T+1),
a,k
(laf,k)=T
Pro,n (6N = Y awX¢ (G=1,....0).
a,k
(ol k) €T T 41
In the example of the operator (1.3) (see also Figure 2) we have J =2, r; = 4,
ro = 2, and the principal parts of P are given by Pr, = A2, Pr, = M¢|*,
Pry = [€]°, Priry = Mé|* + A2, Prory = [€]° + AE[%
The following result is taken from [5].
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Lemma 2.3. For a polynomial P(&, \) the following conditions are equiva-

lent:
(i) P is N-elliptic with parameter in [0, 00).
(ii) There exists a Ao > 0, numbers r1, ...,y satisfying (2.1) and numbers

Ni,...Ny such that
J J

CTT (€ 2)™ < [PE N T )™ (€€ RN A€ [, 0))
i=1 =1

holds for positive constants C and C', where
A(EN) =g+ AV (j=1,...,J). (2.5)
(iii) The polygon N(P) is regular, and we have
Pr,(&,N)#0 (G=1,...,J+1),
Prir, (&) #0 (1=1,...,J)
for all (&,)\) € R™ x [0,00) with [¢] >0 and X > 0.
The principal part Pr; is of the form

Pr; (& A) = mi (A%, (2.6)

where 7; is a homogeneous polynomial of order p; = 2M;_1. As we have
p1 = 0, we may assume that 71(£) = 1. The principal part Pr,r,,, is (1,7;)-
homogeneous in (&, \) of degree p; + 7;q; = pj4+1 + 7¢;j+1 in the sense that

PFij+1 (aﬁ, o'l /\) = PiTTi% ijpj+1 (f, /\) (a > 0)

Each term in this polynomial contains the factor A%+! and it is natural to
pose

Pj (57 >‘) = Aiqﬂ—lPFijJrl (57 )‘) (27)

For the reason of (1,r;)-homogeneity, the polynomial P; can be written in
the form

P&, X) = (AU o (€) (=1, ),

With respect to &, this is a polynomial of order p;1 = 2M;. The polynomials
P; will be called the edge principal parts of P. Note that P; is quasi-
homogeneous in (£,\) but in general it does not satisfy the condition of
parameter-ellipticity. Such polynomials have been studied in [6]-[8] where a
definition similar to the following one can be found:
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Definition 2.4. Let 0 < my < mo be integers, r > 0 and

RIEN = Y RN

Jj=m1

be a (1,7)-homogeneous polynomial in £ and A, where R; is homogeneous
of degree j. Then R is called weakly parameter-elliptic in [0,00) if the
inequality

[R(E,N)| = C [¢[™ (Jg] + A/ryma=m
holds for all (£, A) € R™ x [0, 00).

Remark 2.5. It was shown in [6], Lemma 3.2, that R is weakly parameter-
elliptic in [0, c0) if and only if

the following conditions are satisfied:

(i) R, (&) # 0 for all £ € R™\ {0}.

(il) R, (&) # 0 for all € € R™\ {0}.

(iii) R(&,A) # 0 for all £ € R™\ {0} and all A > 0.

Theorem 2.6. The polynomial P is N-elliptic with parameter in [0,00) if
and only if all the edge principal parts (2.7) are weakly parameter-elliptic in
[0, 00).

Proof. We see from the equivalence of (i) and (iii) in Lemma 2.3 and from
(2.6) and (2.7) that P is N-elliptic if and only if we have

TE)#0 (E£0,j=1,...,J+1),
Pi(EN#0 (E#0,A>0,j=1,...,J).

But due to Remark 2.5 this is equivalent to the weak parameter-ellipticity
of all edge principal parts P;. O

Let us assume for the remainder of this section that P is N-elliptic. We
know from the previous theorem that the polynomials 7; are homogeneous
elliptic polynomials of degree p; for j = 2,...,J + 1. In the case n > 3
this implies that the numbers p;,j =2,...,J+1 are even and M; = p;j;1/2
and N; = (pj+1 — pj)/2 are integers. For n = 2 we will assume this in
the following without further stipulation. In the same way P;(¢',-, A) has
no real roots for & # 0 and A > 0, and the number of roots of P; in the
upper (lower) half-plane of the complex plane is independent of (£, ). As
P;(¢,1,0) = mj1(&,7), the number of roots of P;(¢',-,\) with positive
imaginary part equals M; = pjy1/2.
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Now let us consider the problem (1.2) acting in the half-space. We shall
introduce coordinates (', t) such that the half-space is defined by the condi-
tion 2/ € R"~! ¢ > 0. The dual variables will be £ = (¢, 7) with ¢ € R*~1,
In these variables we pose

P;(0,7, ) .
S U=l ) (2.8)

As the polynomials 7; are homogeneous and elliptic, the equality 7;(0,7) =
c¢;7P7 holds for some non-vanishing constant ¢;. In the same way the (1,7;)-
homogeneous polynomial P;(0, 7, A) is of the form

Q;(1,A) =

PJ(O, 7’7 )\) g Cj+17_pj+l + P + Cijj)\Qj_qj+1.

Therefore, (2.8) is a (1, r;)-homogeneous polynomial of (7,\) and of order
pj+1 — p; = 2N; with respect to 7.

Due to Theorem 2.6 and the definition of weak parameter-ellipticity, the
inequality

1
[P(&, N)] = C |efPs(|g] + A7 prsr—ns
follows. Setting £ = (0,7) and dividing by ¢;7P7 we obtain

1
|Qj(T M = C (|7] + A7 )Preara

Therefore the polynomial (2.8) has no real roots. However, here we have to
impose an additional condition on the number of zeros with positive imagi-
nary part:

Definition 2.7. We say that the polynomial P;(&,\) satisfies the Vishik—
Lyusternik condition if the polynomial Q;(-,1) has exactly IN; roots in C.

Remark 2.8. a) The name of this condition is connected with the theory
of singular perturbations. Replacing A by €™ and multiplying P;(&, A) by
€% we obtain the symbol of an operator pencil with small parameter in
front of the highest derivative, as it was considered by Vishik and Lyusternik
in [12]. The condition of Definition 2.7 is exactly the condition of regular
degeneration introduced in [12].

b) For j = 1 and n > 2 the Vishik—Lyusternik condition is satisfied
automatically, because

P& N) £0  forall € € R", A > 0 with |¢]+ )\ > 0,

i.e., the polynomial P (&, \) is elliptic with parameter in the sense of Agmon
and Agranovich—Vishik.
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c¢) The Vishik-Lyusternik condition holds if the number 7; is even (in this
case if 7 is a zero then —7 is a zero, too).

Definition 2.9. Let the polynomial P(¢,\) be N-elliptic with parameter.
We say that P satisfies the Vishik—Lyusternik condition if for j = 1,...,J
the edge polynomial P; satisfies the condition of Definition 2.7.

3. MAIN RESULTS

3.1. Shapiro—Lopatinskii conditions. We will see in Section 4 that the
polynomials P; and @; determine the behaviour of the zeros of P(',-,\)
for ¢ € R"~1\ {0} and sufficiently large A > 0. Lemma 2.3 describes N-
ellipticity for P as the non-vanishing of the leading parts Pr; and Pr;r;,,-
A similar approach will be used if we consider the boundary value prob-
lem (P, By,...,B)ys). Here the basic quasi-homogeneous operators will be
P;(D, \) and Q;(Dy, A) which are of order pj1 = 2M; and pj1 —p; = 2Nj,
respectively. We will define N-ellipticity for the boundary value problem
(P, By,...,By) by conditions of Shapiro—Lopatinskii type for the operators
Pj and @;, supplemented by properly chosen groups of boundary operators
By(D), .., Bu(D).

We start with a preliminary remark on ordinary differential equations.
Let A(7) be a complex polynomial of degree 2m and Bi(7),..., B,(7) be
polynomials of degree m;. Assume that A has no real roots and exactly m
ro0ts 71, ..., Ty in C4, and define A4 (1) := [[}2, (7 — 7). We are interested
in the ordinary differential equation on the half-line given by

A(Dw(t) =0 (£ >0),
Bj(Dw(t) =g; (G=1,...,m), (3.1)
w(t) =0 (t — +00)

The following equivalence is well known from the theory of elliptic boundary
value problems.

Lemma 3.1. The following conditions are equivalent:
(i) For every (g1,...,9m) € C™ the problem (3.1) has a unique solution.
(ii) The Lopatinskii matriz Lop(A, By, ..., By) := (bik)z’,kzl,...,m 18 invert-
ible. Here By(1) =" bym""! is the remainder of B;(T) modulo AL ().
(iii) Let v be a closed contour in C4 enclosing 11, ..., Tm. Then there exist
polynomials N1(7),..., Ny(T) of order < m such that
1 B;(T7)Ng(7)

omi ), Ai(T)

dr=dx (L,k=1,...,m).
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Now we come back to the boundary value problem (P, By, ..., By) given
by (1.2). For the following, we will assume m; := ord B; (i = 1,..., M)
satisfies the inequalities

my<---<mp, <mp4+1<- -§mM2<mM2+1§-- -SmMJ < 2M. (3.2)

Definition 3.2. The boundary value problem (P(D, \), B1(D), ..., By(D))
is called N-elliptic with parameter in [0, 00) if the following conditions hold:
(i) P(&,\) is N-elliptic with parameter in [0, 00) in the sense of Definition
2.2.
(ii) P(&, \) satisfies the Vishik—Lyusternik condition (Definition 2.9).
(iii) For each j = 1,...,J, & € R* 1\ {0} and A > 0 the boundary
value problem (P;(¢', Dy, ), Bi(§', Dy), ..., By, (€, Dy)) satisfies the equiv-
alent conditions of Lemma 3.1.
(iv) For each j =1,...,J the boundary value problem

(Q](Dt) 1)5 BMJ‘,1+1 (07 Dt)a . 7BM]' (05 Dt))

satisfies the equivalent conditions of Lemma 3.1.

Remark 3.3. a) Taking A\ = 0 in Definition 3.2(iii), we obtain that for each
j =1,...,J the (homogeneous) boundary value problem (m;;1(D), B1(D),
..., Bug; (D)) satisfies the classical Shapiro-Lopatinskii condition.

b) Let us call the boundary value problem (P;(D), B1(D),..., B, (D))
weakly parameter-elliptic in [0, 00) if P; is weakly parameter-elliptic in the
sense of Definition 2.4, satisfies the Vishik—Lyusternik condition, and if con-
ditions 3.2 (iii) and (iv) are satisfied for j, where @; is defined in (2.8). This
definition was introduced in [7] without using the term weak parameter-
ellipticity. By definition we obtain that (P, By,...,Bys) is N-elliptic with
parameter if and only if each of the boundary value problems (P;(D), B1(D),
..+, By (D)) is weakly parameter-elliptic. A similar concept was implicitly
used in [8].

Example 3.4. Let P(£, \) be N-elliptic with parameter in [0, c0) in the sense
of Definition 2.2 and assume that P(, A) satisfies the Vishik-Lyusternik con-
dition. Then the Dirichlet boundary value problem (P(D,\), Bi(D),...,
By (D)) with B;(D) = (8/0x,)’~" in R": is N-elliptic in the sense of Def-
inition 3.2. It can easily be checked directly that the conditions of 3.2 are
satisfied, or one can use the result from [6] where it was shown that the
Dirichlet boundary problem corresponding to the edge operator P; is weakly
parameter-elliptic in the sense of Remark 3.3
b).
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3.2. Functional spaces. Now we want to introduce parameter-dependent
norms for the classical Lo-Sobolev spaces for which the boundary value prob-
lem (1.2) has a realization as a bounded operator which is — for sufficiently
large A — invertible with bounded inverse. Here the norms of these operators
can be estimated by a constant independent of A which implies uniform a
priori estimates for the solution of

(1.2).

As usual, we will define the Lo-Sobolev spaces, first in the whole space R",
using the Fourier transform F. Recall that in the Agmon—Agranovich—Vishik
theory of ellipticity with parameter the parameter-dependent norm is defined
via weight functions of the form (|¢|? + A\?)™, i.e., in this theory we have
homogeneous (or quasi-homogeneous) weight functions. In the case of the
present paper, however, we don’t have homogeneity, and we will introduce
more complicated norms adapted to the boundary value problem.

For this we fix a tuple s = (s1,...,sy) of real numbers and define
J
Ws(€,2) = [ (A6, 0)™ (33)
j=1

(recall that A; is defined in (2.5)). For s; = 2N; the function Vg appears
in Lemma 2.3. We will endow the Sobolev space H®'* 57 (R") with the
parameter-dependent norm

lullsge = |[F~" (&, VFu©)]] o - (3.4)

We will write Hg(R") if we consider H*1*+57(R") endowed with the norm
(3.4). The space Hg(R™"!) is defined in the same way, replacing Ws(&, \) by
Ug (&, N) := Wg(&,0,N).

For the description of the trace spaces below we will need “shifted” weight
functions. More precisely, we define for s € RY with sj > 0and for 0 <k <
s1+ - -+ + sy the function

J

W (€, 0) = A, e T AN, (3.5)

{=K+1
where the index K is chosen such that s;1 + -+ sg_1 <k <81+ -+ Sk
(with obvious modification if x < s;). For the corresponding spaces and

norms we will write H{ ™™ and Il - | gfﬁ), respectively.
Now let us consider the Sobolev space Hg(RR"} ) which, following the general
theory (see, e.g., [13]), may be defined as the quotient space Hg(R™)/Hg(R™)_
where Hg(R™)_ stands for the subspace of all distributions in Hg(R"™) with
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support contained in the set {z € R" : , < 0}. Note that we have the
equivalence Wg(&, ) = |Ug(€, \)| with

J

To(€,N) = [ [ign + (€7 + X2/73)1/2)>

J=1

Here the symbol &~ means that the quotient of the left-hand side and the
right-hand side can be estimated from above and from below by positive
constants not depending on € or A\. As Ug can be extended as a holomorphic
function with polynomial growth to the lower half-plane Im &, < 0, the norm
in Hg(R) as a quotient space is equivalent to the norm

lulls,zr = 1Ts(D, Nuoll ey (u € Hs(RY)),

where wug is an arbitrary representative of u. Here the pseudodifferential
operator Wg(D, \) is defined, as usual, by Ug(D, Nug := F~1Wg(&, \) Fug(£).

We will mainly consider the case where s; 4+ --- + s; is a nonnegative
integer. Here the binomial formula tells us that

s1+-+sg

v~ (Y @)’
=0

Therefore, in this case we may use

s1+etsy 1

lullsger == > /R (NP IDEE ) E )z, 4E) T (36)
=0

as an equivalent norm in Hg(R"} ), where F’ stands for the partial Fourier
transform with respect to the first n — 1 variables.

The norm (3.4) was investigated in [6] where also the trace operators
Yo o H(R%) — H*"Y/2(R"1) mapping u to (Dju)(x',0) (for s > £+ 1/2)
were considered as operators in the parameter-dependent norms introduced
above. The following result was shown in [6] (for integer s; but the proof
for real s; is literally the same).

Lemma 3.5. Let s1+ -+ sy > % For every Ay > 0 and every £ € Z with

0<l<sy+--+s5— % there exists a constant C' > 0 independent of u and
A such that

Ieullggn{™ < Cllullsry  (u€ Ha(RE), A= do).
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3.3. Continuity and invertibility results. Now let us consider the opera-
tor corresponding to the boundary value problem (1.2) acting in the Sobolev
spaces with parameter-dependent norms introduced in the previous subsec-
tion. We start with the continuity result, where there is no need to assume
N-ellipticity.

Theorem 3.6. Let N(P) be regular, let s € R’ be a tuple of nonnegative
real numbers with s1 +---+s5 > mp + %, and set t; := s; —2N;. Then the
operator

M
(P,Br,..., By): Hs(RY) — Hy(RY) x [[HE™ PR (37)
=1

is continuous and there exists a constant C > 0 such that for every A > 0
the inequality

M
—m;—1/2
|Pullen + D 1 Bjull iy < C Ju

Jj=1

s,R7}

holds.

Proof. We use the fact that there exists a bounded linear extension opera-
tor, i.e., a bounded operator Ey: Hg(R") — Hg(R™) with RoEou = u for all
u € Hg(R" ), where Ry stands for the operator of restriction onto R}

For u € Hg(R'}) we set ug := Equ € Hg(R™). By the definition of Wp (see

2.2)) and by the equivalence Wp (£, \) ~ ﬂ]: Ai(€,0)2N we obtain, using
J=1""J
Plancherel’s theorem,

J
1Pullesy < [[Puollesr = || TT As(6. )~ P&, A)(Fuo)(©)
j=1

Lo (R”)

L) Clluollsrr < Cllullsrr -

J
< o|| TT A7 € N (Fuo)(©)|
j=1
Now let us consider the boundary operators. By homogeneity, we have
|Bj ()] < Cle[™ < € (A7 + ||y

for every ¢ = 1,...,J. Therefore, using the definition of the shifted weight
function, we obtain

B ()] W™ (6,0) < C Ug(€, )
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Now we apply Lemma 3.5 and get ||Bju\|i_1£51/2) < Cl|ulls,gn , which fin-

ishes the proof of the theorem. O
Now we come to the main result of the present paper.

Theorem 3.7. Let (P, By,...,By) be N-elliptic with parameter in [0, 00).
Let s € R be a tuple of real numbers satisfying
S1+ -+ 8 € [ka+1/2,ka+1+1/2] (/{7:1,...,.]—1),
s14 457 € (ma+1/2,00).
Assume for simplicity that sy +---+ sy is an integer, and set t; := s; —2N;.
Then there exists a Ao > 0 such that for every X > g the operator (3.7) is
invertible with bounded inverse in the sense that for every

(3.8)

M
(fro1,. - 9n) € He(RY) x [ 8™ @)
j=1

there exists a unique solution u € Hg(R') of the boundary value problem
Pu=f,Bju=g; (j=1,...,M), and the a priori estimate

M
—m;—1/2
lullszy < C (I ey + 3 lgs IS ™) (3.9)
j=1

holds with a constant C = C(Xg) independent of u or A.

Note that the a priori estimate is two-sided due to Theorem 3.6. The
main step in the proof of Theorem 3.7 is to show the following estimate.

Theorem 3.8. Let (P, By,...,By) be N-elliptic with parameter in [0, 00).
Let s € R7 be a tuple of real numbers satisfying (3.8). Then there exists a
Xo > 0 such that for all X > g and all & € R the ordinary differential
equation

P, Dy, Vw(t) =0 (t>0), (3.10)
Bj(§", D)w(0) =h; (j=1,...,M) (3.11)
w(t) =0 (t —o0)
is uniquely solvable for every (hy,..., har) € CM, and for its solution w =

w(t, &', \) the estimate
M
-y —m;—1/2
WO(E ) IDfw (& N sy < © S0 20 |y
j=1

holds for £ = 0,1, ... with a constant C = C()\o) independent of &' and .
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Sections 4 and 5 are devoted to the proof of this theorem (see Subsec-
tion 5.3). Here we derive Theorem 3.7 from Theorem 3.8.
Proof of Theorem 3.7. As in the proof of Theorem 3.6, we fix a continuous
extension operator Ey: H¢ (R} ) — H¢(R"™). We are looking for a

solution u of the form v = uy + uy with

(FEof)(&)

P A)
where Ry again stands for the operator of restriction to R}. With the same
steps as in the proof of Theorem 3.6, replacing P(£,A) by 1/P(£,\) and
using N-ellipticity for P, we easily see that

| n <Ol fllern - (3.12)
Taking partial Fourier transform F’ with respect to (z1, ..., x,—1), we obtain
the ordinary differential equation (3.10)-(3.11) for w(¢, &', A) := (F'ug2)(t, &', \)

with hj = h; (£, A) == (F'g;)(&') — (F'Bju1) (£, ). Due to Lemma 3.5, The-
orem 3.6 and (3.12), we have

1:= R()F_l

—1/2 —1/2 —1/2
il gnts ™ < Clnllsmy gl gt ) < O lers +laslggnts ).
Now we apply Theorem 3.8 to obtain that for sufficiently large A the prob-
lem (3.10)—(3.11) has a unique solution w(¢,£’, A), and we can define ug :=
(F")~lw. Using the equivalent norm (3.6) and the estimate of Theorem 3.8,
we get

81+ +sJ

1/2
ez < (- 3 | € NI 6 Ml ) 4¢)

S —mj— / / / 1/2
—C(;/Ml R PV PN 1)

M
m;—1/2 m;—1/2)
< czuh]uswa P <0 (Ifllmy +Zugj ).

From this and (3.12) we obtain the solvability of the boundary value problem
for A > A in the spaces indicated in the theorem and the a priori estimate
(3.9). For an arbitrary solution u of the boundary value problem Pu = f,
Bju = g; the function F’(u — uy) satisfies the ordinary differential equation
(3.10)—(3.11) and thus the a priori estimate holds for u, too, which also shows
the uniqueness of the solution. O
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Example 3.9. Let P(£,\) be N-elliptic with parameter in the sense of
Definition 2.2 and consider the Dirichlet boundary value problem connected
with P(D,\). In this case we have m; = j — 1 for j = 1,..., M, and
condition (3.8) is satisfied for

s1 := My, 5j 1= Mj_Mj—lzNj (]:2,,J) (313)

As the Dirichlet boundary value problem corresponding to P is N-elliptic
(see Example 3.4), we may apply Theorem 3.7 to the canonical choice (3.13)
of s;. For J = 2, we obtain

lull vy, 05— 2y ) R
My

= C(HfH(—Ml,—MerMl),Ri + Z ng||(M17j+1/2,M27M1),R“—1
j=1
Mo
+ > Mgl )
Jj=Mi+1

where we used the definition of the shifted weight function, see (3.5). This a
priori estimate has some similarity with the estimate obtained in [6] for the
Dirichlet boundary value problem connected with weakly parameter-elliptic
operator pencils. Contrary to the estimate in [6] the a priori estimate above
does not contain an additional Lo-term on the right-hand side and guarantees
uniqueness of the solution.

4. THE ZEROS OF THE SYMBOL

The first important step in proving the ODE estimate of Theorem 3.8 is
to study the zeros of the algebraic equation (in 7)

P(£/77_7 >‘) =0, (4.1)

assuming for the remainder of this section that P is N-elliptic with parameter
in [0, 00) and that the Vishik—Lyusternik condition holds. As this polynomial
is not quasi-homogeneous with respect to £ and A, two main questions arise:

a) What is the behaviour of the moduli of the zeros of (4.1) for |£/| + A —
oo?

b) Are the zeros of (4.1) close (in some appropriate sense) to the zeros of
a quasi-homogeneous polynomial?

These questions will be answered in the present section (see Theorem 4.4
and Corollary 4.5), where the answer to question b) of course will imply
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the answer to a). It will turn out that the answers depend on the relation
between [¢'| and A as || + X — oc.

Throughout this section, we will constantly use the following elementary
fact on the zeros of polynomials (cf., e.g., [10], pp. 105ff.):

Lemma 4.1. Let Py(1) = Z?:o C?Tj be a complex polynomial of order ¢ < k
(note that ¢ = 0 is possible). Then for every § > 0 there exists an v > 0
such that for every polynomial P(T) = Z?:o ;I with

0
inaxk\cj —cl<r

and for every root TJQ of Py there exists a root T; of P with |1; — TJQ\ < 9.

Now let us come back to the polynomial (4.1). Due to Lemma 2.3, we have
P, 7,0) =my41(&,7) # 0forall (§',7) # 0, and thus the leading coefficient
of P(¢, -, \) (which is a polynomial of order 2M) is a non-vanishing constant.
Therefore we can choose 2M branches of roots depending continuously on
(&', )). Due to Definition 2.2 (ii), there exists a A\g > 0 such that P(£’,-, \)
has no real roots for A > \g.

Lemma 4.2. For large enough \ the polynomial P(£',-,\) has exactly M
roots in Cy.

Proof. For A > )¢ the number of roots of P(¢’,-,\) does not depend on
(&', )). As we have

P(§/7 7, A) é-l T )‘k 5/ o T \on
e =) 2 g Ger) (er)
la|<2M
for |¢'| > |A| the polynomial |¢'|72M P(¢/,-, \) is a small perturbation in the
sense of Lemma 4.1 of m;11(&'/|¢'],7/|¢'|). From the ellipticity of 741 our
statement follows. d

Note that due to the proof of the previous lemma, for [£'| > )\ the roots
of P(&, -, \) are close to the roots of

"or
7TJ+1(|§,|7|£,|> = 1¢Mr () T),

which is an elliptic homogeneous polynomial, and therefore they are of order
O(|¢']), and their (positive) imaginary part can be estimated from below by
a constant times |¢’|. This already gives us an answer to the questions of the
beginning of this section for the case that |¢'| > .
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Now we want to describe the behaviour of the zeros of (4.1) for all (¢, \)
belonging to G := G, := R"! x [p, 00), where p is sufficiently large. As it
was already mentioned, this behaviour depends on the relation between |¢/|
and A. Therefore, we use a finite partition of G which describes this relation
and which is directly connected with the Newton polygon. We fix € > 0 and
write

J+1 J
G=Jem)ulJemTin) (4.2)
= =1
where G(I'j) = G, ,(I'j) and G(FijH)]: Ge p(I';Tj41) are defined by
(1) = {(€,N) € G = e < A,
GIy) =N eG e g7 <A<eld"1}, (G=2....J)
G(Tye) ={(g,A) € G: A <eld]},

GOTii1) = {(€ N €Grelels <A<e g} (=1,...,J).

Remark 4.3. a) This covering was introduced in [9], Chapter 4, Section 2.
Note that the domains G(I';) are nonempty and that (4.2) defines a partition
of G by disjoint sets prov1ded that

o> e(ritrit1)/(rjt1-rj) G=1,...,J). (4.3)

In the following, we will consider only ¢ and p satisfying (4.3). Without loss
of generality, we may also assume that € < 1 and p > 1.

b) In the domain G(T;Tj41) we have, by definition, |¢/| ~ A/75. The
regions G(I';) related to the vertexes I'; are in some sense intermediate
cases.

It was shown in [9] that for (&', \) € G(I';T'j41) an estimate of the form

|P(&§A) — Pl"jl"j+1(£> M < Cg‘PFij+1 (€M)
holds. In other words, Pr,r, , is the principal part of P in the domain
G(T';T'j4+1). A similar estimate holds for (&', \) € G(T;).

We shall answer the questions a) and b) from the beginning of this sec-
tion for each domain G(I';I'j11) and G(I'j) separately. As in the case of
weakly parameter—elliptic symbols (see [6]) the roots will be splitted in sev-
eral groups. The “main” group will be determined by the principal part
Pr,r,., or Pr;, ie., by the zeros of the polynomials P; and 7;. The “addi-
tional” groups will be determined by the polynomials Q, for £ > j 4+ 1. It
also should be mentioned that in the case n = 1 our results about the roots
can be deduced from the representation of the roots in the form of Puiseux
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—

G(I'g)
G G(TiT)
G(I2I'3)
G(T'3)

€=

FIGURE 3. An example of the partition of the domain G, for (1.3).

series. The covering we use, in some sense, is the replacement of these series
forn > 1.

Denote by 70(¢/, \), . .. ,T](\)Jj (€', A) the zeros of Pj(¢£',-, ) in C. Note that
72(¢',0) are the zeros of mj41(¢',) in Cy.

We denote by Tj@ilﬂ(/\), e ,Tj@()\) the zeros of Qu(-,\) in Cy.

Theorem 4.4. Suppose that P(&,\) is N-elliptic with parameter in [0, c0)
and that the Vishik—Lyusternik condition (Definition 2.9) holds. Then for
every 0 > 0 there exists an g = £9(0) > 0 and a pg = po(d,£0) > 0 such that
for all (€', X) € G, the following statements hold:

a) Let j € {1,...,J} and (¢, \) € Gey,po(T'jTj41). Then for a suitable
numbering of the roots 7,(&', \) of the polynomial P(&',-,\) we have

k(€ 0) = TR(E N < AN (k=1,..., M), (4.4)
70(€A) = TR < OAYTE (k= My_y +1,...,My; £=j+1,...,J). (4.5)

b) Let (&', ) € Geg po(Ljt1) for some j € {0,...,J}. Then the statement
in a) holds if in (4.4) T2(&',\) is replaced by T2(€',0) and Aj = A;(&,N) is
replaced by |’ = A;(€',0).

Note in part b) that for j = 0 the first group of zeros does not appear due
to the definition My = 0.
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Corollary 4.5. a) Let (¢',\) € G(I';T'j41) for some j = 1,...,J. Then,
with the numbering of Theorem 4.4, we have

|Tk(£/7/\)”%Aj(£/?)‘) (kzla"'7Mj)a
|Tk(£/7)‘)’ ~ Aé(flv)‘) (k = Mf—l + 17" . 7M€; 14 :.7 + 1>7J)

|Im7_k(£,a)‘)| > CA](é./’)‘) (k = 1)"'7Mj)7
)|ZCAI(§/7)\) (k:Mf—l+1>7M37€:]+177J)

b) Let (¢',\) € G(T'j11) for some j € {0,...,J}. Then the statement in
a) holds if A;(&', ) is replaced by A;(£',0) = |¢|.

Proof of Theorem 4.4. The idea of the proof is to show in each case
that the polynomial P(&’, -, \) is, after division by a suitable factor, a small
perturbation (in the sense of Lemma 4.1) of one of the corresponding poly-
nomials Pj, Q;.

We start with showing that there exists an g > 0 such that for all p > 1
satisfying (4.3) and all (¢, \) € U}T:o Gey,p(I'j+1) the stated inequalities hold.
So we assume that (§,A) € G ,(I'j41) for some j € {0,...,J} and some
fixed €, p.

We start with the construction of the first group 71, . .., 7as; of zeros (which
appears only for j > 1). For this, we write P = Pr,, + (P — Pr,,,) and
obtain

€17 1€
noting that P;(¢',7,0) = A\™%+1 Pr,, (¢, 7, ) and using the homogeneity of
P;. We want to estimate the coefficients of the last term in (4.6), considered
as a polynomial in 7/|¢'|. For this we write

(P—Pr,.)(E 7N (€7) 7o \k
Epwn 2. Selgpingn (4.7)
(|al,k)EN(P)\T;+1

= Z aak\§’||a\—pj+1)\k—qj+1 (é%)a(’;’)a"

(la,k)eN(P)\T'j+1

P, N ({' T 0>+ (P—Pr, )&, 1A

' | [Pi+1 Ni+1 ’

| |Pit+1 N9i+1 0 (4.6)

Now we want to show that (for j > 1)

¢/ imPiri Nk < e 4 VT for (i) k) € N(P)\ Tjy1 . (4.8)
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To prove (4.8), we use that for all (i, k) € N(P) the inequalities

i+ ik < pjt1 + 75541, (4.9)
i+ ik < pjp T4 (4.10)

hold. We also note that, by definition of G(I'j+1) and due to the inequalities
A>p>1ande <1, we have

1/r;
€' > (?) R (4.11)

First let (i,k) € N(P) with k > ¢;4+1. Then we use (4.9) and get

|£/|i)\k < |£/|pj+1)\qj+1< A )kffb‘ﬂ

IS
Similarly, for (i,k) € N(P) with k < gj41 we use (4.10) to obtain

< Ek_Q_i+l|§’|pj+1)\‘Ij+l < 5|£’|Pj+1)\q3'+1 )

1T . —
|£,\i)\k < |€!Pata NG+ (‘5 ’;\Hl)qﬁl b < el€! [P N+
Finally, let (i,k) € N(P) with k = ¢j41 and ¢ < p;j41. Using (4.11), we see
/X = Jg e s g < A7 < N

So inequality (4.8) is shown for all (i,k) € N(P)\ I'j11.

From (4.8) we see that the coefficients of the right-hand side of (4.7),
considered as a polynomial in 7/|¢’|, tend to zero for ¢ — 0. Therefore,
the left-hand side of (4.6) is a small perturbation of P;(¢’'/[€'],7/[¢'],0) in
the sense of Lemma 4.1. From this Lemma we see that for every § > 0
there exists an €9 > 0 such that for all (¢',\) € G, ,(I'j+1) there exist zeros
(&, N), -, T (€, A) of P(E',-, ) satisfying

(€', ) — R (€,0) <8l (k=1,...,M;).

So we have constructed the first M; roots of P(¢',-, A).
Now we fix £ € {j +1,...,J} and set A := A/ and z := 7/A. In the
equality
P(§/7 T, )\) = PF4F4+1 (Ov T, )\) + PF4F4+1 (5,7 T, )\) - PFZFU—l (07 T, )‘)
+ P(gla T, )‘> - PFer-H (fla 7, \)
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we divide both sides by A% with dy := py + qere(= prs1 + qes17e). Using
Py = A%t Pp,r,. and Py(§',7,\) = APt (€' /X, 2, 1), we obtain

A=P(e 1, \) = Py(0,2,1) + [Pg(i ) — Py(0, 2, 1)}

4+ A [p(g’ﬂ—, A) — PF4F4+1(§,’ T, /\)} .

To estimate the second term of the sum on the right-hand side, we expand
P, in a Taylor series with respect to £’. We obtain

¢ B L (N oo
Pé(K?'Zv 1) - P€<07'Za 1) — IBIZ (ﬁ/) ( ) (a )(0 Z ) (413)
As rj > 1y for £ > j, we may estimate £'/A by

(4.12)

|§/‘ < ‘5/’ < 61/Tj+1 (4 14)
)\1/7’[ - )\1/’!"]'+1 - ’ :
where we used the definition of G(I'j1). Therefore the right-hand side of
(4.13) is a polynomial in z = 7/A whose coefficients tend to zero for € — 0.
To estimate the last term on the right-hand side of (4.12), we write

AT anp (€ TN = ATl (EI) (A) g

For (|al,k) € N(P)\ I't\I's41 we have |a| + kry < dg. According to (4.14)
and using 1/A < [¢'|/A, we see that the last term in (4.12) is a poly-
nomial in z = 7/A whose coefficients tend to zero for ¢ — 0. Now we
can apply Lemma 4.1 to the right-hand side of (4.12) and the polynomial
Py(0,7/A, 1) = (0, 7/A)Qe(7/A,1). We obtain that there exists an g9 > 0
such that for all (¢/,\) € G, ,(I'j41) and for every root 7}(1) of Q(-,1)
there exists a root 74(£’, \)/A of the right-hand side of (4.12), considered as
a polynomial in 7/A, with

AT (€, 0) = e (L)) < 6,
and therefore, using the homogeneity of Qy,
(', A) = T ()] < oAV

This finishes the proof of the stated inequalities if (¢, \) € G, ,(I'j41) for
some j .

In the second part of the proof we show that there exists a pg > 0 such
that for all (¢,)\) € szl Geo.po(I'jTj41) the inequalities of the theorem
hold, with € being given in part a) of the proof. Again we start with the
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construction of the first group 71,..., 7y, of zeros. We write (4.1) in the
form

PFijJrl + (P - PFij+1) =0 (415)
and make the transformations & = Ajw’, X = A;j v, T = Njz. After divi-

sion by A?j i , using the homogeneity of Pr r; ,, equation (4.15) can be
rewritten in the form

Py @m0 AT W) ket = 0. (4.16)

(lel )N (P)\TT 41

As the integer tuples on the edge I';I"j 11 are exactly the pairs (i, k) for which
i + rjk is maximal, there exists a constant x > 0 such that for all integer
tuples (i,k) € N(P)\ I';T'j4+1, we have, i + rjk < p; + rjq; — k. Therefore,
the sum in (4.16) is a polynomial in z whose coefficients can be estimated
by a constant times

A;/{ _ (’§/| _|_)\1/rj)—n < )\—n/rj

which tends to zero for A — co. So we see that the left-hand side of (4.16),
considered as a polynomial in z, is a small perturbation (in the sense of
Lemma 4.1) of the polynomial Prr, (v, 2,v) = v%+ Pj(w', 2,v). From
Lemma 4.1 we obtain that there exists a pg > 0 such that for all (¢, \) €
Geopo(TTj41) and for every root 70 (w’,v) of Pj(w', -, v) there exists a root
2, = (€', N) /A of the left-hand side of (4.16) with

A7 k(€ 0) = TR(AT L AN <6
Now it remains to notice that, by homogeneity,
AR (ATTEL AN = TR(E L),
and therefore
17(€,0) — T2 N <O (k=1,..., M;).

This finishes the construction of the first group of roots.
The construction of the roots 74(¢', \) with k& > M; + 1 can be made in
exactly the same way as in the proof of part a), only replacing (4.14) by

’£/| ’€/| 1/r;—1/r =1/rjy1/ri—1/r

TZW)\/] /Z<EO J)\/J /Z. (417)
As r; > ry for j < £, the right-hand side of (4.17) can be made arbitrary
small for fixed €y and A > py with sufficiently large pg. This finshes the
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proof of (4.4)-(4.5) if (&', X) € Gy po(I'jT'j41) for some j and thus the proof
of the theorem. O

5. ESTIMATES FOR THE ODE PROBLEM

5.1. The basic solutions. Throughout this section, we will assume that
(P, By,...,By) is N-elliptic with parameter in [0,00). Section 4 describes
the behaviour of the zeros of P(¢', -, \) for large A. As this behaviour depends
on the subdomain G(I';) or

G(I';T'j4+1) to which (f’ , A) belongs, let us consider each subdomain sepa-
rately. So we will consider fixed €9 and pg given in Theorem 4.4 and a fixed
index j € {1,...,J} and assume throughout this subsection that (£, \) be-
longs to Gz, 0 (I';Tj41). We will indicate the necessary changes for (&', \)
belonging to one of the subdomains G(I'1),...,G(I'j11) at the end of this
subsection. (To be precise, the notions introduced below additionally de-
pend on the index j; as we consider this index as fixed, we will omit this
dependence in our notations.)

In the following we will define for a polynomial P(7) the polynomial
Pi(1) = Hle(T — 7j) where 71,...,7 are the zeros of P with positive
imaginary part. In Section 4 we have seen that the polynomial Py (&', \)
can be factorized as

M;
P\ = [H(T—Tkg ) ] H [ H (r— (&) . 5.1)
k=1 =41 k=M, ,+1

Here the first product is close to P; 4 (&', 7, A) in the sense of Theorem 4.4,
and the product corresponding to the index ¢ is close to Q4 (7, ). Here
and below, we will always assume that the zeros of P are numbered in the
sense of Theorem 4.4.

As a first step on the way to find solutions of the ODE problem (3.10)—
(3.11), we will consider the problems given by

one of the operators appearing in the factorization (5.1) and some of the
boundary operators. For instance, for p € {1,..., M;} we will look for the
solution W), of

M;
TL(D — € W) =0 (¢ >0).
k=1

Bi(&, D)W, (0) =6ip (i=1,...,M;).
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The unique solvability of this problem for sufficiently large A will be a conse-
quence of the fact that HQQI(T —11(&’, N)) is close to P; and of the condition
on (Pj, By, ..., Buy;) appearing in the definition of N-ellipticity (Definition
3.2 (iii)). Similarly, we will find solutions W), for p € {M,_; +1,..., M}
corresponding to the other factors in (5.1), now using the condition on Q.
We will call W7, ..., Wjs the basic solutions.

Of course, every basic solution W), satisfies P(&', Dy, \)Wp(t) = 0, i.e.,
equation (3.10), but it will not satisfy the boundary conditions (3.11). We
will see in the subsequent subsection how to construct a solution of (3.10)—
(3.11) in terms of the basic solutions.

The perturbation arguments below will be based on the following lemma.

Lemma 5.1. Assume that (A°(Dy),BY(Dy),..., B, (Dy)) is a boundary value

problem in R satisfying the conditions of Lemma 3.1. Let 70,... 70 be the
zeros of A° in CL, and write B?(T) = ZZL:jo bgﬂf. Fiz a contour ¥° € C,
enclosing T{), ..., T2 and polynomials Nlo, ..., N such that
1 BY(r)N(7)
— —S——cdr =9 kl=1,...,m).
ori ]Co AU(ry AT =0m m)

Then there exists a § > 0 with the following property:
Let Ay (m) =[I;L, (7 — 75) and B;(1) = S o020 bier® be polynomials with

|Tj—7'jo| <d (j=1,...,m)
bje =5l <6 (G=1,...,m;(=1,...,mj).
Then o encloses T1,...,Tm, and there exists polynomials Ny, ..., Np, such

that
1 By (1) No(7)

2mi Joo  Ai(7)

Moreover, if INP(1)] < Cp on 7%, then we may assume the same estimate
for Np.

dr =0k (k,4=1,...,m). (5.2)

Proof. For sufficiently small § > 0, the contour «° encloses 71, ..., Tp,. The
fact that there exist

Ny, ..., Ny, with (5.2) is equivalent to the invertibility of the Lopatinskii
matrix Lop(A4, By,...,By) = (sz)l k—1__m (cf. Lemma 3.1). To show that
for sufficiently small § this matrix is in7ve7rtible, it suffices to note that the
entries of the Lopatinskii matrix depend continuously on the coefficients
of Bj and A;. The coefficients of the polynomials N, can be expressed
explicitly in terms of the coefficients of the inverse of the Lopatinskii matrix
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(cf. [2]) and therefore depend continuously on the coefficients of this matrix.
From this we see that for sufficiently small § the polynomials Ny,..., Ny,
with the stated property exist and that we have Ny(1) — N2(7) for § — 0.
As Y is compact, this convergence is uniform for 7 € 4% which proves the
last statement of the lemma. 0

We will apply this result to the factors appearing in (5.1) as perturbations
of Pj and Qg for £ = j+1,...,J. For this we fix a contour 'y? in C,. enclosing

the zeros
! !
AL ()

of Pj(A;lﬁ’ , -,Aj_rj A). By homogeneity and compactness, we may assume
that ’y? is independent of ¢ and A. Similarly, for £ € {j +1,...,J} we fix a
contour v} C Cy enclosing the zeros T}Qilﬂ(l), e Tj/le(l) of Q;(-,1).

Proposition 5.2. There exist eg and pg such that for (', ) € Gy po (I j41)
the following properties hold:

a) The contour fy? encloses Aj_ln &), .., Aj_lTMj (&', N), and there ex-
ist functions N1(§',7, ), ..., Nas, (€, 7,A), depending polynomially on T and
being bounded by a constant independent of & and X\ for all T € 7? such that

1 [ Be(ATE TINi(E TN
2w T (r = A7 (€ )

J

dT:5ki (k,i:L...,Mj).

b) For £ = j+1,...,J the contour v} encloses AVren (&,0) for k =
My_1+1, ..., My, and there exist Ny, ,+1(§',7,N), ..., Nag, (&', 7, X), depend-
ing polynomially on T and being bounded on 7} by a constant independent of
& and X such that

1/7"@ / (£!
2i / - )1Z(§7Tj/,\) dr =6k (kyi=Mega+1,...,M).
T Hp Mp_1+1 T —A /Tng(§ 7A))

Proof. a) First we remark that for p =1,..., M;

(€ Ay e

AjTAY A
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by homogeneity. Theorem 4.4 now tells us that we may apply Lemma 5.1
to the boundary value problem

Pj(fj,Dt, A}),Bl(i,DQ, ..., B, (i,Dt)

(which satisfies the conditions of Lemma 3.1 due to the definition of N-
ellipticity) and the boundary value problem

M; ) / /
p[_[l (00 - Tp<igx>>,31(§j,pt),...,BMj (ij,pt) |

From Lemma 5.1 we obtain the desired result.
b) In the same way we can apply Lemma 5.1 to the boundary value prob-
lem Q(Dy, 1), By, ,+1(0,Dy), ..., B, (0, Dy) and its small perturbation

!/ !/

M,
m=1IMp_1

Here the fact that the second boundary value problem is a small perturbation
of the first one follows from the estimate A~'/7¢|¢| < § which holds for
sufficiently large A as 7y < r;j and [¢/| = AL/ d

Definition 5.3. We define the basic solution Wy, = Wy(¢,£', ) by

/ iAjtT
Wie(t, €, \) :zl/HNk(g’T’A)e T 4 (k=1,...,M;), (5.3)

- 7 =
2mi 0 p:ﬁ(T —A; 1Tp(5/,)\))
J
i 1/7‘2 -
Wk(t fl )\) — 1/ Nk(fl,T,/\)e At o+
) ) . N M _1 .
27”71 szeszl-i-l(T - /eTp(f’,)\))
4

(k=Mp1+1,....My; L=35+1,...,J). (5.4)
Lemma 5.4. a) For k=1,..., M the basic solution W}, satisfies
P&, Dy, VWe(t,€,0) =0.
b) Let k € {1,...,M;}. Then we have
|B; (&', Dy)Wr(0,&,0)] < C A;."" (t=1,...,M) (5.5)
and B;(&', Dy)Wk(0,8',A) = 0 AT fori=1,..., M;.
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c) Let ke {My_1+1,...,My} for some £ > j+ 1. Then we have
Bi(¢', DYWi(0,&,N)] < CAP™ (i =1,..., M)
and B;(§', Dy)Wi(0,&',\) = 6ik/\zni/w fori=M, 1 +1,...,M,.

d) Fork=1,...,Mj andr =0,1,2,... we have | DiyWi(-, &, Nl L,®,) <
C A;71/2. Fork = My_1+1,..., M, the same estimate holds with A; replaced
by A"

Proof. Applying P(¢', Dy, M) to (5.3), we obtain the integrand
AfMj Ni, (5/’ T, )\)P(é’, Aij )‘) eiAjtT
M.
T Tl (AT = (€5 ))
which is a holomorphic function of 7. This shows PW}, = 0 for £ < M;. For

k > M; the proof of part a) is the same.
Now we apply B;(&', D) to (5.3). We get

L Bi(flvAjT)Nk’(é.laln )\)

21 o0 T2 (r = A7 (€, 0)
- 1 Bi(Aj_lglvT)Nk(glvﬂ )‘)

t dr

i o M; _
72w )y [LE (7 — AT (e 0)

dr

Bi(fla Dt)Wk(07 5/7 )‘) =

Estimating the integral by a constant (see Corollary 4.5), we obtain (5.5).
For i < M; we apply Proposition 5.2 to see that the integral equals d;;, which
finishes the proof of part b). The proofs of ¢) and d) can be made in an

analogous way. O

Now let us indicate the necessary changes for the case that (£, \) be-
longs to G(I'j41) for some j = 0,...,J. We have to replace the contour
~vo by the contour 7y enclosing the zeros T{)(|§’\_1§’),...,T][e/[j(|§’]_1§’) of

P;(|¢')71¢,-,0). Similarly, in all statements A; = A;(¢’,\) has to replaced
by |€'] = A;(¢',0). With these changes, the results follow with the same
proofs.

5.2. Unique solvability of the ODE problem. Now we come back to the
ODE problem (3.10)—(3.11). The aim of this subsection is to show unique
solvability of this problem for large A and to construct the solution in terms of
the basic solutions introduced above. We assume throughout this subsection
that the boundary value problem (P, By, ..., Bys) is N-elliptic in the sense
of Definition 3.2.
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We are looking for a solution (for sufficiently large \) of (3.10)—(3.11) in
the form

M
w(t, &, 0) = er(€, NWi(t, €', ) (5.6)
k=1
where the functions W7, ..., Wjs are the basic solutions defined in Definition

5.3. Due to Lemma 5.4 a), every function of the form (5.6) satisfies (3.10).
The boundary conditions (3.11) are satisfied if and only if the linear equation
system

(g, N) hi
H(E'\N) : =| (5.7)
epm(€,0) har
is satisfied, where the M x M matrix H (&', A) = (hi (&, )\))i,kzl,...,M is given
by
hir(€'sA) = Byi(§', De)Wi(0,€', N) . (5.8)

For the estimates below the following notation will turn out to be useful:
let (¢',\) € G(T';Tj41) UG(Tj41) for some j. Then we for k =1,..., M we
define

Aj(fl,)\) if £ < Mj and (fl, /\) S G(ijj+1),
,U,k(f,,)\) = ’fl‘ if k < Mj and ({l, A) S G(Fj+1),
/e if My_y +1<k<M,.

Remark 5.5. a) An elementary calculation shows that we have for all
(&'\) € G and for k € {My_1 +1,..., My} the equivalence (&', \) ~
Ay(€',N). By (2.1), we have

M1 = po = = My < BMj41 = = My < BMa 1 = -

b) Due to Corollary 4.5 we have for the zeros of P(¢’,-, \) the equivalence
(€ M|~ (€, )

so we can see that the factors py describe the growth rate of the
zeros for |¢'| + X — oc.

To prove the invertibility of the matrix H (¢, \), we first show an esti-
mate on the elements of this matrix. Here Sj; stands for the group of all
permutations of the set {1,..., M}.
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Lemma 5.6. a) For every permutation o € Sy; we have the inequality

M M

Mg (2) my
H Hy < H Hy - (5.9)
/=1 (=1

More precisely, for o # id let i be the first index with o(i) > i and let
k:=o~1(i). Then we have

M
M (¢) i \ Mo (i) T my
H Pe o = He

(=1

b) For every o € SM \{id} and for every T > 0 there exists a \g > 0 such
that for all A > Ao the inequality

M M
‘Hha(i),i <7 Hui’“ (5.10)
i=1 i=1

holds.

Proof. a) We show by induction on M that the statement in a) holds. As
in the case M = 1 the statement is trivial, suppose it is already proved
for sets of M’ < M elements and permutations o’ of these sets. Now we
consider the set {1,2,..., M} \ {i} and define the permutation ¢’ of this set
by o’(€) := o (¢) for £ # i,k and o’ (k) := o(i). We rewrite the left-hand side
of (5.9) in the form

Moty Mol (k) —Mgi) m;  Mo(i)
B RS T
0F£1,k

Due to the induction assumption the term in square brackets can be esti-
mated by

M
TTwd = pm™ T e -
=1

1+
Thus the quotient of the left-hand side and the right-hand side of (5.9) is
equal to (p;/pg)™ "™ which proves a).

b) We dlstlngulsh two cases:

Case (i). Here we assume that ¢ is reduced to permutations of the sets
{1,...,M;} and {My_1+1,..., M}, i.e., the restriction of ¢ to each of these
sets is a permutation of this set. Since one of the reduced permutations differs
from identity, the corresponding term in (5.10) equals zero due to Lemma
5.4.
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Case (ii). Now we assume that o is not reduced to the sets above. Then
there exists a (minimal) index ¢ and an ¢ € {j,...,J} such that i < M, and
o(i) > My. In this case we obtain, using Lemma 5.4 and part a),

M M . M RN
o m 7 i\ o
‘ 11 ha(p),p‘ <Cl[mw " <c]]m” (;lj (5.11)
p=1 p=1 p=1

where k := o7 1(i) (> i). If k < M, we have h;, = Po(k)y = 0 by Lemma 5.4.
If k > M; we have p, = \/7t+1 and p; ~ A/ As the exponent Mg (5) — M
is not less than 1 due to condition (3.2), the last factor in (5.11) can be made

arbitrary small if \ is chosen large enough. Thus we see that for every 7 > 0
there exists a A\g > 0 such that for A > A¢ the inequality (5.10) holds. O

Theorem 5.7. Let the boundary value problem (P, By, . .., Byr) be N-elliptic.
Then there exists a Ao > 0 such that for all X > \g and all & € R"! the
following statements hold.

a) The matriz H (&', \) defined in (5.8) is nonsingular and its determinant
can be estimated by

M
[det H(E', N)| > C ] ™. (5.12)
i=1
b) For the coefficients of the inverse matriz

H (N = (97“8(5,’ )‘))T,S:l,...,M

the estimate

— —1 mygi1—my .
T § e ifs<r,
Igrs (€, V)] < C{ ’;m : s S _ (5.13)
Tl | ARy ’ if s >r

holds with a constant C = C(\g) independent of &' and \.

Proof. a) We use the Leibniz product for the determinant of H = H(&', \)
which we write in the form

M M
det H = H hii + Z sign(o) H ho(i),i - (5.14)
i=1 oSy \{id} i=1

By Lemma 5.4 the first term on the right-hand side equals the right-hand
side of (5.12) with C' = 1. To estimate the other terms, we use Lemma 5.6
b). If we choose 7 small enough, we obtain from this lemma that the matrix
H is invertible and that the inequality (5.12) holds.
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b) We consider only the case s < r, for s > r the proof can be made in a
completely analog way. We write (assuming that A is sufficiently large)

_ det H*"

Irs = "qet H
where the (M — 1) x (M — 1) matrix H*" is obtained by omitting the s-th
row and the r-th column of the matrix H. Again we will use the Leibniz
formula for det H*". Due to Lemma 5.4 and the definition of u;, we have

|hik| < C pi .

In the same way as in the proof of Lemma 5.6 a), we obtain that each term
in the Leibniz sum for det H*" can be estimated by

s—1 r—1 M
O [Twr-TLw - 11w

(=1 l=s l=r+1
(Note for the second product that starting with column s the index of the
row is shifted by one as the s-th row in the matrix H is omitted. So we
obtain p," ™" instead of uy* for £ = s,...,r — 1.) From this and (5.12) the
desired estimate for |g,s| follows. For s > r the index of the column is shifted
by one for £ =r,...,s — 1 which leads to the second line in (5.13). O

Corollary 5.8. a) For sufficiently large \ the basic solutions
Wl('; €,7 A)? R WM(7 5,7 A)

are linearly independent.
b) For sufficiently large \ the ordinary differential equation (3.10)—(3.11)
is uniquely solvable for every & € R"! and every (hi,...,hy) € CM.

Proof. Part a) follows immediately from the invertibility of H (&', \) for large
A and the definition of H (&', A). For b) we only have to note that (under
the condition of N-ellipticity) the space of all stable solutions of (3.10) has
dimension M. Therefore Wy,..., Wy is a basis of this space and every
stable solution of (3.10) has the form (5.6). Due to this, unique solvability
of (3.10)—(3.11) is equivalent to the invertibility of H (&', \). O

5.3. Proof of Theorem 3.8. Now we want to prove Theorem 3.8. We
already know from Corollary 5.8 that the boundary value problem (3.10)—
(3.11) is uniquely solvable and we still have to prove the estimate on the so-
lution w. Again we assume throughout this subsection that (P, By, ..., Bas)
is N-elliptic, and we fix a tuple s € R” of real numbers satisfying (3.8). First
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we rewrite the inequality of Theorem 5.7 b) in terms of the weight functions
Wy defined in Subsection 3.2.

Lemma 5.9. For A > \g with A\ given in Theorem 5.7 the estimate
TR
Sl CRY

holds with a constant C = C(\g) independent of &' and \.

lgrs (€, )] < Cpa, ™ (8, )

(5.15)

Proof. Again we only consider the case r > s as the proof for the opposite
case can be made in the same way. Let S € {1,...,J} be the index for which

se{Mg_1+1,...,Mg}.
We then have, using (3.8),
s1+--+ss-1<mg+1/2<s1+---+sg.
Analogously we choose R € {1,...,J} with
re{Mpr_1+1,...,Mp}. (5.16)
For better readability, let us introduce the abbreviation
v(l) :=mp (C=1,...,J).

Due to Remark 5.5, we can replace uy on the right-hand side of (5.13) by
the corresponding A; and obtain

gre] < Cpiy ™ A ( H A O A, (5.17)
(=S+1

By definition we have
\Ijg—ms—l/2)

\Ij(imTilm) :A581+,..+ss—ms—1/2< H As[> —51—"'—5R 1+m,~+1/2‘ (518)
s

(=5+1
From (5.17) and (5.18) we see that
(—ms—1/2) -1
? S CA;(S)+1/2—81—~~—SS (519)
S

|grs|( ﬂmm)

( H A v(f—1)— Sg>ASR}+"'+SR,1—V(R—1)—1/2. (5‘20)
=5+1
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Because of (3.8), the first exponent on the right-hand side of (5.20) is non-
negative, and we may estimate

v(8)41/2—s1—-—sg , V(S+1)—v(S)—ss41 v(S4+1)+1/2—s1——85+1
Ag Asia < Mgt :

Again the last exponent is nonnegative. Proceeding in this way, we see that
the right-hand side of (5.20) is not greater than

v(R—1)+1/2—s1——Sp_1 4 S1++sp_1—Vv(R—1)—1/2
CAR_I 1 R 1A1%1 R—-1 S C ,
which finishes the proof of inequality (5.15) for the case s < r. O

Theorem 5.10. Let (P,By,...,By) be N-elliptic and s € R’ be a tuple
satisfying (3.8). Then for sufficiently large \ the inequality

(=0) (¢
v (€N
IDEW(, €', M Loy lgrs (€M) <C
t ) SRRl
holds for £=0,1,2,... andk=1,..., M.

Proof. Let £ € {Mr_1 +1,...,Mr} and R be given by (5.16). For R > L
we have by definition

gl , at Fme+1/2
s 45— —81—+—SR_ My
] k=L+1

On the right-hand side all exponents except the last one are nonnegative, so
we can estimate

o

s1+-+sp_1—4
gCm—im < Ar A
S

1= —SR_1+mpt1/2 +1/2—0
TR e L2 et L2585 91)

From Lemma 5.4 and Lemma 5.9 we obtain, using p, = Ap,

vl

14 Lol /
[ Dy Wi (-, € 7>‘)HL2(R+)|9T5(§ ’)\)|\I/gim571/2)(fl,)\)

(=0
Wy <

—my+4—1/2
S

which had to be shown. For R < L we get

v

L—1
o —s1——Sp+m,+1/2 —sp A —S1— =S —1—4
W_AR H Ak AL .
s

k=R+1
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Here all exponents except the first are non-positive, and we may replace Ay
for k > R+ 1 by Ag, again obtaining the estimate (5.21). O
Now the proof of Theorem 3.8 follows easily:

Proof of Theorem 3.8. We know from Corollary 5.8 that there exists a
Ao > 0 such that for all A > X the problem (3.10)—(3.11) is uniquely solvable
with the solution w = w(t, &', A) being given by

M
’LU(t, £/> )‘) = Z Ck(gla )‘)Wk(tv 5/7 )‘)

k=1

Here ¢y, satisfies the linear equation system (5.7). From the estimates of
Lemma 5.4 d) and
Theorem 5.10, we get

M
IDfw (- &', M Ly my) Z\Cd DWW (- € M) || Ry
k=1

M , \I/( m;—1/2)
< Z gk I D Wi (- &', Ml Lo(ryy Rl < CZ ﬁmﬂ
k,j=1 7=1 S
and therefore the estimate of Theorem 3.8. O

5.4. Generalizations and comments. Throughout this paper, we assumed]]
N-ellipticity with parameter to hold along the ray [0,00). As in the classi-
cal theory of ellipticity with parameter developed by Agmon—Agranovich—
Vishik, one can also define N-ellipticity in a closed sector £ C C with vertex
at the origin. For this one has to replace inequality (2.4) in Definition 2.2

by
|IP(E,N)] > C Wp(E,\) for E e R" and X € £ with [A| > Xg.  (2.4)

Moreover, in Definition 2.7 the polynomial @;(-,1) has to be replaced by
Q;(-,A) and the condition of Definition 2.7 has to hold for all A € £ with
|A] = 1. Similarly, in Definition 3.2 (iv) the operator Q;(Dy, 1) has to be
replaced by Q;(D¢, A) with A € £, |A] = 1. Finally, the inequality A > 0 in
Definition 3.2 (iii) has to be replaced by A € L.

With exactly the same proofs as above, one can show the following result.

Theorem 3.7'. Let (P, By, ..., By) be N-elliptic in the sector L as indicated
above. Let s € R satisfy (3.8), assume that s1 + - - - + s is integer and set
tj := s; — 2N;. Then there exists a Ao > 0 such that for all X € L with
|A| > Ao the operator (3.7) is invertible, and the a priori estimate (3.9) holds
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uniformly for all X\ € L with |\| > \o where the constant C' does not depend
on u or \.

Note that in the case where £ = {z € C : |argz| < 6} U {0} with some
6 € (0,00) this implies that the uniform estimate holds in the shifted sector
Ao + L. For > 7/2 this leads to N-parabolic problems.

Remark 5.11. a) Consider the boundary value problem (1.2) with g; =
0, i.e., with homogeneous boundary conditions. Under the assumptions of
Theorem 3.7 (or 3.7"), this boundary value problem defines an unbounded
closed operator Pg()) in Hy(R") with the domain

D(Pp()\)) :={ue Hs(R"}):Bju=0 forj=1,...,M}

acting by Pgp(A)u := P(D,A)u for u € D(Pg(\)). This operator is called
the Hg-realization of (1.2). From Theorem 3.7 we see that for large A this
operator has a bounded inverse and the norm of Pg(A\)~! as a bounded op-
erator in Hy can be estimated by a constant times |A|~ 2 2Ni/Ti = |\|791. If
> ;t; =0, the space Hy (R%) coincides with the space Ly(R"}) with equiv-
alent norms (the equivalence constants depending on \). In the particular
case where we may set t; := 0 (i.e., s; := 2Nj;) for all j, we obtain the
standard parameter-independent Lo-norm.

One of the first questions in spectral theory of N-elliptic boundary value
problems is the question of multiple completeness of the root functions. For
polynomial operator pencils which are elliptic with parameter in the sense
of Agmon-Agranovich—Vishik, this was proved in [3]. We hope to prove
multiple completeness for the operator Pg()) in a forthcoming paper.

b) For the Dirichlet problem, the canonical choice of s; satisfying

(3.8) is given by s; = N;. In this case we obtain t = —s. In the case
of homogeneous Dirichlet boundary conditions, we get from Theorem 3.7 an
estimate for the inverse of the operator Pg(\) which now can be considered as
a bounded operator from Hg(R") to H_g(R’). An estimate in these spaces
(also called energy estimate) seems to be more natural than an estimate
of the Lo-realization as discussed above. In fact, such energy estimates
frequently appear in the theory of singular perturbations, cf., e.g., [11].

Remark 5.12. Looking through the proof of Theorem 3.8 in the last two
sections, one can see that the unique solution w(¢,&’, A) of (3.10)—(3.11) is
given in the form (5.6), i.e., in terms of the basic solutions Wj. The definition
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of Wy (and thus of w) depends on the subdomain of the partition

J+1 J
G=JamyulJaemrn)
j=1 j=1

(see (4.2)) to which (&', \) belongs.

If we want to treat boundary value problems of the form (1.2) with variable
coefficients, the standard method is to use microlocalization and the theory
of pseudodifferential operators. But due to the piecewise definition of w
mentioned above, we first have to introduce a partition of unity in the (¢, \)-
space which corresponds to the partition (4.2) of G. For this one first has
to enlarge the subdomains G(I'j) and G(I';I"j41) slightly to obtain an open
covering. This can be done by introducing several small parameters instead
of one fixed parameter €. The construction of a partition of unity with
desired properties is not trivial; for the case n = 2 it was done in Chapter 4
of [9].

Due to this difficulty, the application of microlocalization techniques is
not completely standard, and so we prefer to treat variable coefficients (and
non-stationary problems) in a separate paper.
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