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Abstract

Temperature of the surface layer of temperate lakes is reconstructed by means of a simplified model on the
basis of air temperature alone. The comparison between calculated and observed data shows a remarkable
agreement (Nash–Sutcliffe efficiency indices always larger than 0.87, mean absolute errors of approximately 1uC)
for all 14 lakes investigated (Mara, Sparkling, Superior, Michigan, Huron, Erie, Ontario, Biel, Zurich, Constance,
Garda, Neusiedl, Balaton, and Baikal, in west-to-east order), which present a wide range of morphological and
hydrological characteristics. Differently from a pure heat flux balance approach, where the different fluxes are
determined on the basis of independent relationships, the input data directly inform parameters of a simple model
that, in turn, provides meaningful information about the properties of the real system. The dependence of the
model parameters on the main morphological indicators is presented, which allows for a quantitative description
of the strong influence of the mean depth of the lake on the thermal inertia and the hysteresis pattern between air
and lake surface temperatures.

The temperature of the surface layer is a crucial factor
for the hydrodynamics and ecology of lakes. Water
temperature changes may have important direct and
indirect ecological effects via their influence on the life-
history processes of organisms (metabolism, growth,
reproduction) and the properties of the habitats (Winder
and Sommer 2012). Temperature variations affect food-
web structures and the availability of nutrients for the
biological systems in a lake. The effects of temperature on
physical and chemical characteristics of lakes may also
modify the distribution of individual taxa from the
microbiological to the top predator scale (Eggermont and
Heiri 2012; Wojtal-Frankiewicz 2012; De Senerpont Domis
et al. 2013).

Surface temperature is the result of heat fluxes at the lake
surface (short-wave solar radiation, long-wave radiation
from and to the lake, sensible and latent heat exchange)
and at the boundaries (inflows and outflows, groundwater
exchange, precipitation, etc.), and of heat transport due to
mixing within the lake. All these fluxes depend on several
variables (solar radiation, air temperature, wind speed and
direction, cloudiness, relative humidity, etc.), some of
which may be difficult or expensive to measure reliably
and with sufficient precision. Moreover, some of the
variables can change significantly over the lake surface
and in time (e.g., wind), and reconstructing their spatial
variation can be a particularly hard task. Predicting water
temperature is nonetheless a desired goal and models of

different types and of different complexity have been
proposed, ranging from simple regression models (Living-
stone and Lotter 1998; Sharma et al. 2008) to more
complex process-based numerical one-dimensional (Gouds-
mit et al. 2002; Perroud et al. 2009; Thiery et al. 2014) and
three-dimensional models (Wahl and Peeters 2014).

In this work, we aim at obtaining results that are
accurate enough to reliably predict the annual cycle of lake
surface temperature and its interannual variability, using
a simple model that requires a minimum amount of
information. In particular, we assume that air temperature
is a proxy for the integrated effect of the relevant processes
and fluxes (Livingstone and Padisák 2007) and that can be
used as the unique input variable of the model. A similar
assumption has been introduced also in studies concerning
other environments, like rivers, estuaries, and bays (Morrill
et al. 2005; Cho and Lee 2012).

We apply a simple lumped model (Piccolroaz et al. 2013)
that has been developed to estimate water temperature in
the well-mixed surface layer (approximately corresponding
to the epilimnion) as a function of air temperature only to
several different lakes. The model is based on physical
considerations, but it is elaborated in the simple form of an
ordinary differential equation that contains a small number
of parameters (from four to eight in different versions).
These parameters summarize the role of several processes in
the heat budget, and are calibrated solely with records of
air and water temperature data, ideally covering a
sufficiently long time window to capture full interannual
variability. The fact that the model is data driven, while*Corresponding author: marco.toffolon@unitn.it
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being based on physical grounds, allows for the direct
acquisition of information about the studied system. The
variable role of the different heat fluxes is implicitly
reconstructed by the calibration of the parameters, which
hence assume a descriptive character that can be used to
classify the thermal behavior of each lake.

Various classifications of lakes have been proposed in
the past (Hutchinson and Löffler 1956; Lewis 1983; see also
Boehrer and Schultze 2008, for a review on stratification
patterns) that are generally formulated in qualitative terms
or are mainly descriptive. Here we show that the thermal
dynamics can vary significantly with the morphological
features. In particular, the average depth plays a crucial
role in the response of the lake surface temperature to air
temperature: e.g., shallow lakes usually react more rapidly
to the seasonal change of the atmospheric conditions
compared with large and deep lakes. Although this may
seem an obvious consideration, the identification of the
main parameters affecting the thermal response of lakes is
not trivial and represents the only possibility to attain
prediction capabilities. This is especially important in
ungauged lakes.

In the following sections, we briefly describe the model
and the lakes used as case studies. Then we analyze the
performance of the model in reproducing lake surface
temperature dynamics and present the dependence of the
parameters on the main hydromorphological quantities.
Finally, we interpret the role of the parameters in the light
of a simplified analytical solution and discuss the implica-
tions of the results for a thermal characterization of lakes.

Methods

Formulation of the model—We are interested in exploit-
ing a simplified model to determine medium- and long-term
variations (from seasonal to decadal) of surface tempera-
tures in natural lakes when a limited amount of measured
data is available. To this aim, we adopt the air2water model
that has been recently proposed by Piccolroaz et al. (2013)
and that relies on air temperature as the only external
meteorological forcing.

In general, the surface heat budget affects only a portion
of the whole lake volume. Referring to this layer, the heat
balance can be presented in the following form:

Vs

dTw

dt
~A

Wnet

rcp
ð1Þ

where t is time, r is the water density, cp is its specific heat, Vs

is the volume of the surface layer for which the temperatureTw

is representative, A is the surface area of the lake, and Wnet is
the net heat flux per unit surface through the lake surface area.
The heat flux exchange with the deep water or the sediments is
not explicitly considered, but the calibration of the model
parameters can implicitly account for this contribution
(Piccolroaz et al. 2013). By defining the average depth of the
surface layer Ds 5 VsA21, Eq. 1 can be rewritten as:

dTw

dt
~

Wnet

rcpDs

~
1

d

Wnet

rcpDr

ð2Þ

where we introduce d~Vs V
{1
r as the ratio between the

volume of the surface layer,Vs, and a reference volume,Vr. d
can also be interpreted as the ratio between the average
depth of the surface layerDs and the average reference depth
Dr 5 VrA21. Equation 2 suggests that the rate of change of
lake surface temperature is inversely proportional to the
mean depth of the volume affected by the heat exchange. It is
worth noticing that Vs typically varies in time due to its
dependence on the thermal stratification of the water
column, which plays a crucial role in the heating process.
The right-hand side of Eq. 2 represents the effective
contribution of the heat fluxes to the lake surface
temperature dynamics, and can be expressed as the sum of
several components (short- and long-wave radiation, sensi-
ble and latent fluxes, inflows and outflows, etc.). Therefore,
estimating the net heat flux requires the precise consider-
ation of all contributing fluxes. For this purpose, process-
based models are generally used, which allow for an accurate
description of the independent processes. However, this kind
of model requires a large amount of information (e.g., wind
forcing, air temperature, net solar radiation, humidity,
cloudiness) that is not always easy to gather, especially over
long time periods.

The model air2water is based on a simplification of the
heat budget (Eq. 1) in which it is assumed that Ta can be
considered as the main factor driving the change of Tw. In
particular, with reference to temperate lakes, the model
assumes that Ta is a proxy for almost all the relevant
processes affecting the net heat flux (Piccolroaz et al. 2013).
In this way, after suitable simplifications, Eq. 2 can be
rewritten in the form of an ordinary differential equation
depending on a reduced number of parameters. Here we
present the model in two different formulations, consider-
ing four and eight parameters, respectively.

In this work, we reformulate the eight-parameter version
of the model in the following equivalent form:

dTw

dt
~

1

d
a1za2Ta{a3Twza5 cos 2p

t

ty
{a6

� �� �� �

ð3Þ

where ty is the duration of a year in the adopted units,
which reflects the assumption that the sum of the external
forcing can be described with a sinusoidal term character-
ized by a primary annual period, and a1 to a6 are model
parameters. In the model, d is estimated as a function of the
difference of surface temperature and the temperature Th of
the hypolimnion (4uC for dimictic lakes, and the minimum
or maximum water temperature for warm and cold
monomictic lakes, respectively):

d~exp {
Tw{Th

a4

� �

for Tw§Th

d~exp {
Th{Tw

a7

� �

zexp {
Tw

a8

� �

for TwvTh

ð4Þ

The volume ratio d is theoretically defined in the range
between 0 and 1, with the value 1 corresponding to the
maximum volume of the surface layer, and decreasing values
accounting for increasingly strong stratification, which
reduce the water volume affected by the surface heat budget.

2186



We note that Eq. 3 is slightly different from the
corresponding original equation presented in Piccolroaz
et al. (2013), while maintaining the same mathematical
meaning: the parameter a1 corresponds to p3 in that paper,
a2 to p4, a3 to p4-p5, a4 to p6, a5 to p1, a6 to p2, a7 to p7, and
a8 to p8. The physical meaning of the parameters can be
summarized as follows: Parameters a5 and a6 describe the
amplitude and the phase of the overall annual external
meteorological forcing term, parameters a2 and a3 account
for the processes that depend on air temperature and lake
surface temperature, respectively, and indirectly on the
difference Ta 2 Tw, whereas a1 includes the residual effect.
The parameter a4 corresponds to the scale of lake surface
temperature that determines the strength of the thermal
stratification (for temperatures warmer than Th). The
parameter a7 has the same meaning but it is used to
reproduce the inverse stratification for temperatures lower
than Th, and the parameter a8 accounts for the effect of
heat flux reduction during the ice-covered period by means
of a fictitious increase of the effective volume d. Moreover,
a lower bound is imposed on lake surface temperature by
introducing a threshold value that is assumed to represent
ice formation on the surface. This threshold is generally
0uC when the water temperature is measured close to the
surface, but it can be higher for those cases where
temperature is measured at higher depths (e.g., Lake
Baikal; see also next section).

The second version that we consider here is the simplest
one, the four-parameter model, which does not include the
externally imposed sinusoidal forcing,

dTw

dt
~

1

d
a1za2Ta{a3Twf g ð5Þ

and is based on the assumption that the volume ratio does
not vary for temperatures lower than Th:

d~exp {
Tw{Th

a4

� �

for Tw§Th

d~1 for TwvTh

8

<

:

ð6Þ

In this case the physical meaning of the parameters differs
from the case of the eight-parameter version, and the terms
including Ta and Tw, which both have an annual
periodicity, indirectly take into account the periodicity of
external meteorological forcing. These assumptions allow
for a more strict identification of the parameter values as
will be discussed later.

Both versions of the model are reminiscent of the physics
of the phenomena, but the mathematical formulation is in
general highly simplified, so that it is not possible to choose
the values of the parameters in a deterministic way.
However, reasonable ranges can be defined for the
parameters on the basis of physical considerations, so they
can be effectively calibrated using long-term records of
measured air and lake surface temperatures. Given the
simplicity of the model, a Monte Carlo calibration
procedure can be performed using a large number of
randomly chosen sets of parameters (108 realizations in the
examined cases). The objective function during the
calibration is the Nash–Sutcliffe efficiency index E (Nash

and Sutcliffe 1970): a value E 5 1 corresponds to a perfect
match between measured and simulated values, whereas E
5 0 indicates that the model prediction is as accurate as the
mean of observations (negative values would indicate that
the mean of observations is a better estimator than the
model itself). The calibration has been performed in two
steps: first, a wide range of the parameter values was
explored; then, a narrower range was selected around the
sets giving the highest values of E to find the best
simulation with a higher degree of accuracy.

It is important to note that the models given by Eqs. 3
and 5 are characterized by a very general structure; thus the
calibration of the parameters is the essential element of
the procedure by which the model is informed by the
measurements. As a whole, the model is able to respond to
variable climatic conditions, suggesting that, despite the
simple formulation, the most important processes are
included.

Morphological characterization of the selected lakes and
data availability—In the present study we consider 14 lakes.
Following the west-to-east order indicated in Fig. 1:
Lake Mara (a southern arm of Lake Shuswap, in Canada),
Lake Sparkling (a small lake in northern Wisconsin), Lake
Superior, Lake Michigan, Lake Huron, Lake Erie, and
Lake Ontario (Great Lakes at the border between U.S.A.
and Canada), Lake Biel and Lake Zurich (Switzerland),
Lake Constance (at the border of Germany, Switzerland,
and Austria), Lake Garda (northern Italy), Lake Neusiedl
(a very shallow lake at the border between Austria and
Hungary), Lake Balaton (a very shallow lake in Hungary),
and Lake Baikal (the deepest and most voluminous lake on
Earth, located in Siberia, Russia). All these lakes are
temperate and are located in a relatively narrow range of
latitudes, but they significantly differ with respect to
morphological features and mixing regimes, thus repre-
senting an interesting data set for the presented analysis.

In Table 1 we present the main geometrical quantities
characterizing these lakes: volume V, surface area A,
maximum depth H, mean depth D 5 VA21, equivalent
diameter of a circle having the same surface as the lake
L~2

ffiffiffiffiffiffiffiffiffiffiffiffiffi

A p{1
p

, relative depth HL21 (Wetzel and Likens
1991). We also include the hydraulic residence time tr 5
VQ21, where Q is the reference value of the outflow
estimated from available data sets. Supplementary infor-
mation is presented in Fig. 2 for a visual overview of the
extreme differences among the lakes’ geometrical charac-
teristics. Apart from an obvious growing trend of the
volume with the surface, we can see that there are no
obvious relationships for the other parameters. For
instance, the relative depth HL21 is independent from the
area and some of the lakes appear to be relatively shallow
despite being deep in absolute terms (e.g., Superior,
Michigan, Ontario, Huron). The residence time is quite
variable too, and very small lakes like Sparkling can have a
very long tr comparable with much larger lakes. As a
whole, the extreme variability of the characteristics of the
examined lakes represents a challenge for a simple model.

The data sets of air and lake surface temperatures for the
selected lakes were not uniform. For some of them long
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records could be used (e.g., daily time series of 27 yr for
Lakes Superior, Michigan, and Erie, and 36 yr for Lake
Neusiedl), whereas for other cases only short, discontinu-
ous series or series with low temporal resolution (e.g., single
measurements with monthly frequency) were available.
Moreover, for some lakes we considered both in situ
measurements (buoy or shoreline stations) and temperature
reconstruction on the basis of satellite imagery. The data
sets are described in Table 2.

We applied the model air2water in the eight-parameter
and four-parameter versions to the selected lakes, with a
daily computational time step. For those cases for which
long historical time series of daily air and lake surface
temperatures were available, the calibration of the param-
eters was performed using two-thirds of the data set and
leaving one-third for the validation, whereas in the other
cases the whole record was used for model calibration
and no validation was performed (Table 2). When only
monthly lake surface temperature measurements were
available, the model was applied with a daily time step,
and the Nash–Sutcliffe efficiency index E was evaluated
using those single monthly values (if the date of the
measurement was known) or monthly averages (if the
available data were averages or no information was
available about the date of measurement). Given the
limited amount of information, in these cases the entire
data set was used for model calibration, with the exception
of Lake Balaton, which boasts a 49 yr long historical

record. Finally, for the case of Lake Baikal, since the data
of air and lake surface temperatures available for the
analysis overlap only for 2 yr (Table 2), the calibration has
been performed by referring to the mean annual cycles of
air and lake surface temperatures.

Results

Application of the model—For all the lakes examined, a
satisfactory reproduction of both seasonal and interannual
fluctuations of lake surface temperature has been achieved,
as demonstrated by the high values of E reported in Table 3
for the eight-parameter model and in Table 4 for the four-
parameter model. The root mean-square errors (RMSEs)
and the absolute mean errors are relatively small as well,
and comparable with those obtained by using process-
based models (Stefan et al. 1998; Peeters et al. 2002; Thiery
et al. 2014), which, however, require a complete set of
meteorological data as input, whereas our formulation
needs air temperature only. As an example, we report a
direct comparison of model performances with the Sim-
Strat model (Goudsmit et al. 2002), which has been
adopted by Peeters et al. (2002) for the interpretation of
long-term historical data of lake surface temperatures in
Lake Zurich. The RMSE at the lake surface reported by the
authors is 0.77uC for SimStrat, to be compared with 0.92uC
for air2water (see Table 4).

Fig. 1. Approximate geographical locations of the selected lakes.

Table 1. Morphological characteristics of the selected lakes.

No. Lake A (km2) V (km3) H (m) D (m) L (km) HL21 (1023) tr (yr)

1 Mara 19 0.35 46 18 5 9.4 2
2 Sparkling 0.64 0.0088 20 14 1 22.2 10
3 Superior 82,100 12,000 406 146 323 1.3 191
4 Michigan 58,000 4900 281 84 272 1.0 99
5 Huron 59,600 3543 229 59 275 0.8 22
6 Erie 25,667 480 64 19 181 0.4 2.6
7 Ontario 19,000 1640 244 86 156 1.6 6
8 Biel 39.3 1.2 74 30 7 10.5 0.2
9 Zurich 67.3 3.3 136 49 9 15.4 1.2
10 Constance 536 48 254 90 26 9.7 4.3
11 Garda 370 50 346 135 22 15.9 26.8
12 Neusiedl 315 0.325 1.8 1 20 0.1 1.5
13 Balaton 593 1.9 12.2 3 27 0.4 2
14 Baikal 31,722 23,615 1642 744 201 8.2 330
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Figure 3 shows an example of the application of the
model (eight-parameter version) to two lakes characterized
by marked differences in the thermal response: Lake
Michigan and Lake Neusiedl. Overall, the model is able
to reproduce the annual trend satisfactorily, to distinguish
between cold and warm seasons (e.g., 1997 vs. 1998
summers in Lake Michigan), and to reproduce correctly
short-term fluctuations (e.g., Lake Neusiedl). The major
deviations, which can be seen in the case of Lake Michigan
during the falling limb of 1995 and in the rising limb of
1996, are likely due to the absence of air temperature
measurements (as input of the model) in the two periods,
which have been replaced with extrapolated values on the
basis of the average year statistics. It is worth noting that,
despite this partial lack of data, the model is able to well
reproduce the observed lake surface temperatures.

A synthetic information about the air–water temperature
behavior can be obtained by considering Tw–Ta diagrams
for the mean year (i.e., the data are averaged for each day
of the year over the entire data set). Figure 4 shows the
hysteresis curves between measured air temperature and
both measured and simulated lake surface temperature for
some of the examined lakes. The model is able to properly
account for the thermal inertia of the water mass and thus
to follow the hysteresis between air temperature and lake
surface temperature. The qualitative difference between
deep lakes (e.g., Lake Superior) and shallow lakes (e.g.,

Lake Neusiedl) is preserved, as expected, and also well
reproduced. In general, the occurrence of the hysteretic
behavior depends on the phase lag between the annual
variation of air temperature and that of lake surface
temperature. The amplitude depends on the thermal inertia
of the water volume (the lake surface temperature in larger
lakes reacts more slowly to variations of air temperature),
whereas the shape (and in particular deviations from
elliptic) depends on the variation of the surface layer
thickness during the year. Both these aspects will be
addressed in the Discussion section.

Some specific features related to the different character-
istics of the data sources are, however, worthy of
consideration. Lake surface temperatures in Lake Spark-
ling never go below 1.75uC at 1 m depth, although the lake
presumably freezes in winter: in this case, on the basis of
the available data, the threshold for ice formation has been
assumed as this minimum measured temperature. This
produces a hysteresis with a lower limit of Tw that is higher
than expected. Satellite data have been considered for Lake
Superior because buoy measurements were not available
during winter. The lake surface temperature record in Lake
Zurich has a monthly frequency, but it is given by
occasional measurements, so the dispersion of the points
is larger than for other cases. Conversely, monthly values in
Lake Balaton are averages, so the trend is smooth. Lake
Constance presents a peculiar inversion of the trend of air

Fig. 2. Variation of the morphological characteristics of the selected lakes as a function of their surface area A (km2) in a log-log
plane: (a) volume V (km3); (b) mean depth D (m); (c) relative depth HL21 (-); (d) residence time tr (yr).
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temperature during winter, which produces a strange
feature in the lower part of the hysteresis cycle. Finally,
the mean year in the case of Lake Baikal has been
smoothed with a moving average filter to avoid the
spurious oscillations due to the short record of lake surface
temperature; moreover, a threshold for ice formation
higher than 0uC has been considered also in this case
because of the relatively large depth of the near-surface
sensor (i.e., about 17 m on average; Piccolroaz and
Toffolon 2013).

In the ensuing sections we will try first to establish a
relation between model parameters and morphological
characteristics, and subsequently to discuss the potential
use of the model parameters for the interpretation of the
main features of the thermal processes characterizing the
different lakes.

Defining the surface layer—The model is formulated in
such a way that some of the parameters are inversely
proportional to the depth of the surface layer, as is
suggested for instance by the comparison of Eq. 2 with
Eq. 3. In the latter, the temporal variability of the surface
volume Vs is included in the volume ratio d, but the actual
value of the reference volume Vr (or the corresponding
average depth) is not specified. Moreover, Eq. 2 suggests
that a1, a2, a3, and the amplitude of the sinusoidal term a5
are likely to depend inversely on Dr 5 VrA21 However, this
dependence is not strict, nor is it possible to establish an a
priori estimate of the reference depth. There is no
theoretical reason for which Vr should be exactly the whole
volume V of the lake: in principle it can be smaller, if only
part of the water column reacts to variations of the surface
temperature (as can be the case in very deep lakes), or even
larger, for instance in those very shallow lakes (e.g., Lake
Neusiedl or Lake Balaton) where the thermal inertia of the
surface layer may include the effect of a portion of the
sediment layer.

To test the capabilities of the model to predict the
surface layer thickness we consider here a case study for
which long time series of water temperature profiles are
available. This is the case of Lake Constance, where
temperature profiles have been measured for the years
1992–2000 and 2004–2007. Using these measurements, we
estimated the depth of the epilimnion as the smallest depth
at which the water density exceeds the density at the surface
by 0.2 kg m23, or alternatively from temperature itself, as
the smallest depth at which the water temperature is 1uC
lower than that at the lake surface. Then, we calculated the
volume of the surface layer extending down to the
epilimnion depth using the hypsometric curve of the lake.
Dividing the surface volume by the entire volume V of the
lake provides an estimate of the volume ratio d, which
changes seasonally (symbols in Fig. 5). The observed d is
limited to values , 0.84 as a consequence of the fact that
the deepest available point of the water temperature profile
(140.5 m depth) does not coincide with the bottom of the
lake (254 m depth). The volume ratio determined from
the temperature data is compared with the d obtained with
the eight-parameter and four-parameter versions of the
model. Despite the approximations introduced in Eqs. 4
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ió
fo
k

(s
it
u
a
te
d
3
m

a
b
o
v
e
la
k
e
le
v
el
)
a
n
d
K
es
zt
h
el
y
(l
o
ca
te
d
1
2
m

a
b
o
v
e
la
k
e
le
v
el

b
ef
o
re

1
9
6
5
,
1
1
m

in
th
e
p
er
io
d
1
9
6
6
–
1
9
9
5
,
a
n
d
1
0
m

a
ft
er

1
9
9
5
).
L
a
k
e

m
o
n
it
o
ri
n
g
p
o
in
ts

a
re

lo
ca
te
d
a
t
th
e
sh
o
re
li
n
e;

th
u
s
m
ea
su
re
m
en
ts

a
re

n
o
t

n
ec
es
sa
ri
ly

re
p
re
se
n
ta
ti
v
e
o
f
th
e
w
h
o
le

la
k
e.

B
a
ik
a
l

N
A
{

N
A

H
o
u
rl
y

V
a
ri
a
b
le

fr
o
m

9
to

3
0

(a
v
er
a
g
e

1
6
.9
)

2
C

A
ir
te
m
p
er
a
tu
re

is
p
ro
v
id
ed

fr
o
m

th
e
E
u
ro
p
ea
n
C
en
te
r
fo
r
M
ed
iu
m
-R

a
n
g
e

W
ea
th
er

F
o
re
ca
st
in
g
,
a
n
d
re
fe
rs

to
th
e
4
0
y
r
re
a
n
a
ly
si
s
d
a
ta

se
t
E
R
A
-4
0
fo
r

th
e
p
er
io
d
1
9
5
7
–
2
0
0
2
w
it
h
a
te
m
p
o
ra
l
re
so
lu
ti
o
n
o
f
6
h
;
la
k
e
su
rf
a
ce

te
m
p
er
a
tu
re

is
a
v
a
il
a
b
le

fo
r
9
y
r
(2
0
0
0
–
2
0
0
8
)
fo
r
a
th
er
m
is
to
r
ch
a
in

in
st
a
ll
ed

3
.2

k
m

fr
o
m

th
e
n
o
rt
h
er
n
sh
o
re

o
f
th
e
S
o
u
th

B
a
si
n
(P
ic
co
lr
o
a
z
a
n
d
T
o
ff
o
lo
n

2
0
1
3
).
A
v
er
a
g
e
y
ea
rs

fo
r
w
a
te
r
a
n
d
a
ir
te
m
p
er
a
tu
re

(c
a
lc
u
la
te
d
o
v
er

th
e

o
b
se
rv
a
ti
o
n
p
er
io
d
s)

a
re

u
se
d
in

th
e
a
n
a
ly
si
s.

*
N
o
ta
ti
o
n
C

+
V

re
fe
rs

to
th
e
ca
se
s
in

w
h
ic
h
b
o
th

ca
li
b
ra
ti
o
n
a
n
d
v
a
li
d
a
ti
o
n
a
re

p
er
fo
rm

ed
;
C

re
fe
rs

o
n
ly

to
ca
li
b
ra
ti
o
n
.

{
In

th
is
ca
se

su
b
sc
ri
p
ts

1
a
n
d
2
in
d
ic
a
te

th
a
t
tw

o
d
if
fe
re
n
t
se
ri
es

o
f
a
ir
te
m
p
er
a
tu
re

(P
IL

M
4
a
n
d
S
T
D
M
4
)
h
a
v
e
b
ee
n
u
se
d
fo
r
L
a
k
e
S
u
p
er
io
r
in

th
e
co
m
p
a
ri
so
n
w
it
h
b
u
o
y
d
a
ta
.

{
N
A
,
n
o
t
a
v
a
il
a
b
le
.

2191



and 6, the agreement between measured and simulated d is
fair (Fig. 5), suggesting that the model is able to correctly
follow the seasonal variation in the thickness of the surface
layer. Notable is the estimation of the degree of summer
stratification (small values of d), which is particularly

critical because in this period the thermal response of the
lake is much faster (due to the smaller volume affected by
the surface heat flux) than during the well-mixed season.
The reproduction of the destratification dynamics in
autumn (increasing d) is also satisfactory, whereas a delay

Table 3. Estimated parameters of the eight-parameter model, efficiency index (E), root mean-square error (RMSE), and mean
absolute error (MAE) for the calibration and validation periods; when the values are not provided for the latter, the whole record was
used for calibration.

Lake

Parameters Calibration Validation

a1
(uC d21)

a2
(d21)

a3
(d21)

a4
(uC)

a5
(uC d21)

a6
(-)

a7
(uC)

a8
(uC) E

RMSE
(uC)

MAE
(uC) E

RMSE
(uC)

MAE
(uC)

Mara 0.184 0.0189 0.0327 32.97 0.138 0.59 7.71 0.35 0.95 1.70 1.37 — — —
Sparkling 0.214 0.0348 0.0466 15.95 0.191 0.538 14.57 0.09 0.99 0.86 0.61 — — —
Superior (B1) 0.00957 0.00472 0.00493 2.84 0.0204 0.315 14.40 0.37 0.90 1.40 1.08 0.88 1.76 1.35
Superior (B2) 0.00147 0.00618 0.0065 3.08 0.0135 0.262 14.41 0.31 0.90 1.40 1.03 0.89 1.71 1.27
Superior (S) 0.0213 0.00629 0.00879 3.72 0.0229 0.435 14.84 0.49 0.95 1.17 0.88 0.97 1.01 0.69
Michigan (B) 0.026 0.0105 0.0108 6.50 0.0174 0.348 14.08 0.41 0.94 1.67 1.24 0.95 1.57 1.19
Michigan (S) 0.0525 0.00898 0.0128 6.49 0.0369 0.495 11.81 0.41 0.97 1.31 0.97 0.98 1.08 0.78
Huron (B) 0.00616 0.0231 0.0238 9.65 0.0191 0.767 14.72 0.36 0.97 1.27 0.97 — — —
Huron (S) 0.0537 0.0144 0.018 7.74 0.0171 0.442 11.64 0.37 0.98 1.06 0.80 — — —
Erie (B) 0.0892 0.0627 0.0719 22.45 0.174 0.62 12.74 0.46 0.98 0.93 0.69 0.98 0.94 0.70
Erie (S) 0.13 0.0224 0.0322 10.61 0.104 0.606 12.49 0.47 0.97 1.44 1.05 0.99 0.84 0.64
Ontario (B) 0.00987 0.0217 0.0238 9.84 0.0507 0.63 14.99 0.49 0.94 1.63 1.17 — — —
Ontario (S) 0.0611 0.00922 0.0139 9.24 0.0595 0.48 11.99 0.48 0.98 1.11 0.82 — — —
Biel 0.187 0.0321 0.0413 11.43 0.079 0.64 4.33 0.09 0.98 0.88 0.68 — — —
Zurich 0.113 0.0198 0.0236 7.85 0.0356 0.619 8.74 0.28 0.98 0.90 0.72 — — —
Constance 0.157 0.0166 0.0283 5.40 0.0764 0.633 10.82 0.25 0.96 1.18 0.89 0.94 1.34 0.96
Garda (B1) 0.0265 0.00175 0.00375 10.11 0.0328 0.416 10.01 0.19 0.95 0.94 0.66 — — —
Garda (B2) 0.0452 0.00574 0.00899 9.51 0.0142 0.444 1.53 0.23 0.87 1.81 1.17 — — —
Neusiedl 0.881 0.153 0.23 16.17 0.983 0.519 12.27 0.20 0.96 1.61 1.22 0.95 1.72 1.35
Balaton 0.105 0.115 0.124 18.78 0.22 0.505 14.42 0.41 0.99 0.81 0.60 0.98 1.10 0.90
Baikal 0.0251 0.00379 0.00609 3.40 0.0087 0.43 14.75 0.06 1.00 0.17 0.13 — — —

Table 4. Estimated parameters of the four-parameter model, efficiency index (E), root mean-square error (RMSE), and mean
absolute error (MAE) for the calibration and validation periods; when the values are not provided for the latter, the whole record was
used for calibration.

Lake

Parameters Calibration Validation

a1 (uC d21) a2 (d21) a3 (d21) a4 (uC) E RMSE (uC) MAE (uC) E RMSE (uC) MAE (uC)

Mara 0.0344 0.0232 0.0237 34.98 0.95 1.68 1.36 — — —
Sparkling 0.159 0.0537 0.0527 17.58 0.99 0.99 0.75 — — —
Superior (B1) 0.0245 0.00529 0.00785 2.30 0.88 1.57 1.10 0.86 1.91 1.39
Superior (B2) 0.0141 0.00587 0.00810 2.77 0.89 1.50 1.07 0.88 1.77 1.33
Superior (S) 0.0260 0.00963 0.0124 3.53 0.95 1.21 0.91 0.96 1.08 0.79
Michigan (B) 0.0368 0.0116 0.0126 5.75 0.94 1.68 1.24 0.95 1.61 1.22
Michigan (S) 0.0459 0.0148 0.0168 6.39 0.97 1.36 1.03 0.97 1.09 0.82
Huron (B) 0.0106 0.0193 0.0197 9.27 0.97 1.27 0.97 — — —
Huron (S) 0.0536 0.0189 0.0224 8.67 0.98 1.03 0.78 — — —
Erie (B) 20.0187 0.0564 0.0541 24.65 0.98 0.94 0.70 0.97 0.99 0.73
Erie (S) 0.0292 0.0291 0.0302 14.25 0.97 1.46 1.03 0.99 0.85 0.61
Ontario (B) 20.0116 0.0216 0.0207 9.85 0.94 1.65 1.20 — — —
Ontario (S) 0.0456 0.0162 0.0184 7.03 0.98 1.19 0.93 — — —
Biel 0.0673 0.0236 0.0245 10.18 0.98 0.85 0.64 — — —
Zurich 0.0650 0.0226 0.0222 9.46 0.98 0.92 0.72 — — —
Constance 0.0435 0.0150 0.0170 6.22 0.95 1.24 0.92 0.93 1.49 1.07
Garda (B1) 0.0343 0.00605 0.00889 7.92 0.94 0.98 0.72 — — —
Garda (B2) 0.0542 0.00915 0.0129 10.21 0.87 1.79 1.17 — — —
Neusiedl 20.0862 0.182 0.171 16.66 0.94 1.89 1.44 0.94 1.87 1.47
Balaton 20.131 0.134 0.121 20.20 0.99 0.83 0.62 0.98 1.09 0.87
Baikal 0.0345 0.00470 0.00798 3.72 1.00 0.19 0.15 — — —
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can be noticed in the stratification buildup in spring
(decreasing d), which, however does not jeopardize the
overall quality of the results. Notice that the choice of the
lake volume V as a scale for making d dimensionless is
arbitrary and may influence the comparison. As a whole,
however, the comparison suggests that considering Vr > V
is reasonable, which corresponds to assuming the average
depth as a reference depth (Dr > D).

Of course, the choice of the average depth may not be
appropriate for all cases. For instance, Lake Neusiedl
consists of epilimnion only and offers a good example for
an intensive heat exchange between air and water. The
small water volume has a low heat storage capacity so there
are rapid adaptations to short-term weather changes
(Fig. 3b). However, the heat exchange between the
epilimnion and the soft lake sediment should be considered
additionally. Therefore, in this case the effective volume
affected by the heat flux can be larger than the mere lake
water volume.

Characterization based on model parameters—Aimed at
identifying possible scaling features, we analyzed the
dependence of the model parameters on all the morpho-
logical characteristics of the lakes listed in Table 1.
Figures 6 and 7 show a selection of the most relevant

dependences for the whole set of parameters. We tested two
types of relationships. First, on the basis of the derivation
of Eq. 3, some of the parameters (a1, a2, a3, a5) are expected
to depend inversely on depth. This would suggest the use of
a power law regression of the type

ai~kiX X niX ð7Þ
where i indicates the considered parameter, X is the generic
morphological variable (e.g., D, A, tr, and V) and kiX and
niX suitable regression coefficients. Equation 7 is linear in a
double-logarithmic plot and the coefficient R2 shown in the
figures refers to the least-squares regression between the
logarithms of ai and X. The second type of relationship
considered in the analysis is a linear function of the
logarithm of X:

ai~piXzqiX ln Xð Þ ð8Þ

with piX and qiX being suitable regression coefficients This
relationship accounts for the limited region of existence of
some of the parameters (e.g., between 0 and 1 for the phase
a6) as opposed to the variation of the morphological
variable X, which changes over several orders of magni-
tude. In this case the coefficient R2 refers to the least-
squares regression based on Eq. 8. The values of the

Fig. 3. Time series of air and lake surface temperature for: (a) Lake Michigan; (b) Lake Neusiedl. The observed surface temperature
(Tw obs.) has been registered from satellite data (for Lake Michigan) and by a shoreline station (Lake Neusiedl). The modeled surface
temperature has been obtained with the eight-parameter model (Tw 8 par.). The observed air temperature (Ta obs.) is also indicated
(dotted lines in [a] denote reconstruction of missing periods).
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coefficients niX and qiX of Eqs. 7 and 8 are summarized in
Table 5 together with the value of R2 used as a measure of
the quality of the regression. Notice that the regressions are
calculated on 21 members, which include those cases where
different sources of information are present (i.e., lake
surface temperature from different buoys and from satellite
images, air temperature from weather stations located at
different heights over the lake) for the same lake (Table 3).

As a preliminary comment, we note that some variability
in model parameters exists for the lakes in which different
data sources are adopted. This variability is, on the one hand,
a positive feature of the model, which can adapt to different
sources, but on the other hand may limit the validity of the
morphological relationships. However, the mean values of
the parameters that have been obtained are consistent with
the general trends that are discussed in detail below.

As expected, for some parameters (primarily a2, a3, a5) a
significant correlation was found with the average depth D
(Table 5). This implies that the lake volume V is a
reasonable estimate for the reference volume Vr (i.e., the
maximum volume that can be affected by the surface heat
flux during complete overturn periods), which is in
accordance with the discussion in the previous section.
The exponents niX of the power laws are negative but are
not equal to the value 21 that would follow from the
structure of Eq. 3. The strongest correlations (highest
values of R2) exist for a2, a3, and a5. The cause for the
dependence of the parameters a2 and a3 on the mean depth
is clear (Fig. 6a,b): these parameters are involved in the
thermal response of the lake to variations of air temper-
ature (a2) and to the resilience of lake surface temperature
(a3), as will be more widely discussed in the next section.

Fig. 4. Hysteresis cycles between air and lake surface temperatures in Lakes Mara, Sparkling, Superior (satellite), Zurich,
Constance, Neusiedl, Balaton, and Baikal. Measured and modeled (eight-parameter model) lake surface temperatures are represented
with orange squares and black dots, respectively. The range of the axes is the same for all plots with the exception of Lake Baikal.
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In the eight-parameter model, the sinusoidal term with
amplitude a5 and phase a6 sums up all the contributions to
the heat budget with the exception of the direct effect of air
temperature. Typically, it is primarily associated with the
amplitude of the annual variations of the solar radiation.
The examined lakes are located approximately at the same
latitude; thus the incoming solar heat flux is similar. In this
case the value of the amplitude a5 is highly correlated with
the mean depth (R2 5 0.83, Table 6; Fig. 6c), which is the
ratio between the volume, i.e., the heat capacity, and the
surface through which the flux is transferred. The phase a6
is distributed around the value 0.5 for almost all lakes. This
is consistent with the actual maximum of the solar
radiation, which occurs toward the end of June (given the
origin of time at 1 January). Interestingly, the strongest
correlation in this case is with the residence time tr
(Fig. 6d): higher values of a6 are noted when the influence
of the inflows is stronger (shorter tr), suggesting that the
income of external water tends to postpone the time at
which the maximum of the sinusoidal term occurs. Notice
that this is consistent with the observation that maximum
temperature in rivers occurs much later than the maximum
solar radiation.

The parameter a1, which according to its definition
should depend inversely on depth, has been nonetheless
analyzed by means of Eq. 8 because it also presents
negative values that cannot be included in power law
relationships. In this case, different behaviors can be
identified for the eight-parameter and four-parameter
versions of the model, respectively. In the first case an
apparent correlation is observed with the mean depth D,
which, however, is primarily due to one single value of a1
(Lake Neusiedl; if this lake is not included in the regression
analysis, the dependence practically disappears). In the
second case a correlation is observed with the relative depth

HL21 (see Table 5), but a weak dependence on D is also
present (see Fig. 7a).

The parameter a4 is related to the intensity of the
stratification and hence the volume that is affected by the
heat exchange. The analysis of the correlations evidences
that this parameter is controlled by several factors (tr, D,
and V; Table 5). The dependence on D is shown in Fig. 7b.

The parameters a7 and a8 can be defined only for those
lakes for which lake surface temperature falls below 4uC
and has been measured throughout the whole winter (the
latter condition is not frequent because of the common
removal of buoys to avoid damage caused by ice). These
parameters do not show clear trends with any of the
morphological parameters (Table 5), mainly because of
the limited number of data that can be used to inform
model parameters during the winter periods. Only a
mild correlation (R2 , 0.3) can be noted between a7
and the residence time tr, and between a8 and the area A
(Fig. 7c,d).

Discussion

Simplified analytical solution—In the previous section we
have shown that both the eight-parameter and the four-
parameter versions of the model are able to capture the
main dynamics of temperature variations in all the lakes
considered in the present study (Tables 3, 4). Thus, it is
interesting to interpret the role of the different parameters
and further investigate their dependence on the morpho-
logical characteristics of the lakes. With this aim, we
derived an analytical solution for the simpler model, the
four-parameter model described by Eq. 5, by introducing
some simplifying assumptions. Although the assumptions
may be unrealistic, the possibility to obtain an analytical
solution allows understanding of the qualitative behavior in

Fig. 5. Seasonal variation of the volume ratio d: comparison between model results (solid lines) and estimates obtained from
measured temperature profiles (symbols) for Lake Constance during 3 yr (1996–1998). Different symbols refer to different methods:
squares for estimates based on a threshold directly applied to temperature profiles, crosses based on a threshold on water density.
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a more evident way. In particular, we assume that the
variation of air temperature is sinusoidal, i.e., Ta 5 Ta0 +

Ta1sin(vt), where v 5 2p/ty is the frequency corresponding
to annual variation, Ta0 is the average temperature over the
whole year, Ta1 is the amplitude of the oscillation, and for
sake of convenience the origin of time is set in spring when
the air temperature is equal to the average temperature. In
addition, we impose a constant value of d 5 d0, which
means that we consider a fixed value of the average depth
of the surface layer. With these assumptions, the parameter
a4 disappears and Eq. 5 can be rewritten in a simplified
form,

dTw

dt
~

1

d0
a1za2 Ta0zTa1 sin v tð Þ½ �{a3Twf g, ð9Þ

which can be solved analytically by imposing the initial
condition Tw (t 5 0) 5 Twi, obtaining the following
expression:

Tw~Twi exp {
t

td

� �

zTw0 1{exp {
t

td

� �� �

zTw1 sin v t{wð Þz 1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1z v tdð Þ{2
q exp {

t

td

� �

2

6

4

3

7

5

ð10Þ

In Eq. 10 the timescale of the adaptation process is

td~
d0

a3
ð11Þ

Fig. 6. Relationships between (a) parameter a2 and mean depth D in a log-log plane; (b) parameter a3 and mean depth D in a log-log
plane; (c) parameter a5 andmean depthD in a log-log plane; and (d) parameter a6 and residence time tr in a semi-log plane. Black circles refer
to values obtained from the eight-parameter model, orange squares from the four-parameter model; filling refers to data source: empty for
buoy, filled for satellite, internal cross for a different third source that has been considered for a few lakes. Solid lines represent regressions
that have been performed with Eq. 7 for a2, a3, and a5, and with Eq. 8 for a6; R2 values indicated in the legend are calculated accordingly.
Dotted lines indicate deviations of 50% from the solid lines. Numbers at the top refer to the lakes’ identification number as in Table 1.
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and represents the decay time of the initial condition. The
annual average lake surface temperature, Tw0, is related to
Ta0 through the following linear relationship:

Tw0~
a1

a3
z

a2

a3
Ta0 ð12Þ

with a2 a
{1
3 being the slope ratio. The amplitude of the

sinusoidal oscillation of lake surface temperature, Tw1 5

aTa1, is proportional to that of air temperature through the
parameter

a~
a2=a3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1z v tdð Þ2
q ð13Þ

Eq. 13 suggests that, besides the contribution of a2 a
{1
3 , the

amplitude Tw1 is controlled also by the adaptation time td,
especially when this becomes larger than a few months

(e.g., when vtd 5 2ptd/ty < 1). Finally, the phase lag
between the air temperature variations and the lake surface
temperature response is

Q~arctan v tdð Þ ð14Þ

Despite its limitations, Eq. 10 can provide some insight in
the process and allows clarification of the role of the
different parameters. In particular, exploiting the fact that
d0 is constant, it is possible to express the oscillations of
lake surface temperature after the initial adaptation in a
very simple form: for t .. td Eq. 10 simplifies into

Tw~Tw0zTw1 sin v t{Qð Þ ð15Þ
According to Eq. 15, when the phase Q is different from zero
a hysteresis develops between air and lake surface temper-
ature, and the breadth of such a hysteresis cycle increases
with Q as the adaptation timescale td becomes longer.

Fig. 7. Relationships between (a) parameter a1 and mean depth D in a semi-log plane; (b) a4 and mean depth D in a log-log plane; (c)
a7 and residence time tr in a semi-log plane; and (d) a8 and surface area A in a semi-log plane. Notation is the same as in Fig. 6.
Regressions are performed with Eq.7 for a4 and with Eq. 8 for a1, a7, and a8.
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Understanding the role of the parameters—The hysteresis
cycle is a suitable descriptor of the lake thermal dynamics
and it is therefore interesting to examine how it is affected
by the different parameters. For sake of simplicity, we refer
to the case of Lake Constance and limit the analysis to the
four-parameter model (Eqs. 5 and 6). We consider a
variation of the parameters a1, a2, a3, and a4 of 6 20% with
respect to the best values identified in Table 4 and we
graphically analyze the modifications of the hysteresis cycle
in Fig. 8: (1) an increase (or decrease) of a1 produces a rigid
shift toward higher (or lower) lake surface temperatures; (2)
variations of a2 and a3 determine similar changes, although
in opposite directions, with modifications of both mean
lake surface temperature and shape of the hysteresis; and
(3) a variation of a4 produces a deformation of the
hysteresis without a significant change of mean lake surface
temperature, as one may expect because of its effect on d
only.

As we have observed in Fig. 6, the depth D exerts a
strong control on the values of the parameters a2 and a3,
and ultimately on the hysteresis cycle. In particular, the
structure of Eqs. 10 and 11 suggests that a3 is a good
candidate for the synthetic description of the thermal
inertia of the lake. Large values of this parameter
correspond to small values of td and hence to a fast
adaptation to the external conditions: this behavior is
typical for shallow lakes (Fig. 6b). Estimates of the
adaptation time td based on Eq. 11 with the assumption
that d0 5 1 are shown in Fig. 9a: the increasing trend with
D is clear, and is dominant with respect to the correlation
with the other morphological variables (see Table 5).
Similarly, the estimate of phase lag Q based on Eq. 14

grows with D (Fig. 9b), suggesting that more time is needed
to warm up the water temperature of the surface layer in
deep lakes and that these lakes will show wider hysteresis
cycles.

The ratio between the increase of Tw and the increase of
Ta depends on a2 a

{1
3 , as suggested by Eqs. 12 and 13.

Shallow lakes are characterized by values of a close to 1
(Fig. 9c), so lake surface temperature closely follows the
variation of air temperature. On the contrary, in deep lakes
a tends to become smaller, suggesting that strong annual
variations of air temperature reflect into more modest
oscillation of lake surface temperature (Lakes Superior and
Baikal in Fig. 4). However, this is not the only factor
involved because the timing of the stratification is
important as well. For instance, an anticipated develop-
ment of the stratification in spring reduces the depth of the
surface layer (i.e., d) and could enhance the warming
process during summer, possibly causing exceptionally high
lake surface temperatures. This is, for example, the case of
Lake Superior in 1998 (Austin and Coleman 2007).

The intensity of the stratification and hence the volume
that is affected by the heat exchange is controlled by the
parameter a4. According to Eqs. 4 and 6, for the same
difference of temperature between surface (Tw) and deep
water (Th), small values of a4 tend to produce a stronger
reduction of d with values that become progressively close
to 0. This implies that smaller volumes of water contribute
to the heat exchange, thus producing higher changes of
temperature as a result of the same net heat flux. This is
reflected by the shape of the hysteresis curves, which is
thinner for lower values of a4 and broader for larger values
(Fig. 8d). The fact that d varies during the year is a major

Table 5. Results of the regression: exponent niX, defined in Eq. 7, or qiX, defined in Eq. 8, and coefficient R2 for the parameters (par)
a1 to a8 and for the other variables defined in the main text, as a function of the morphological properties D, V, tr, A, HL21. Best fits are
denoted by an asterisk.

Parameter Regression Version

D V tr A HL21

ni qi R2 ni qi R2 ni qi R2 ni qi R2 ni qi R2

a1 Eq. 8 (8-par) 20.10 0.56* 20.03 0.35 20.04 0.22 20.02 0.18 20.03 0.10
(4-par) 0.02 0.20 0.00 0.01 0.00 0.02 0.00 0.08 0.02 0.46*

a2 Eq. 7 (8-par) 20.67 0.79* 20.14 0.32 20.38 0.51 20.11 0.11 20.22 0.13
(4-par) 20.64 0.90* 20.15 0.42 20.34 0.50 20.12 0.17 20.20 0.13

a3 Eq. 7 (8-par) 20.66 0.83* 20.16 0.41 20.39 0.58 20.13 0.18 20.19 0.10
(4-par) 20.54 0.90* 20.12 0.42 20.27 0.45 20.10 0.17 20.19 0.16

a4 Eq. 7 (8-par) 20.33 0.54 20.11 0.50 20.24 0.55* 20.11 0.33 20.01 0.00
(4-par) 20.36 0.55 20.12 0.51 20.26 0.57* 20.12 0.34 20.01 0.00

a5 Eq. 7 (8-par) 20.73 0.83* 20.20 0.53 20.42 0.53 20.18 0.28 20.22 0.11
a6 Eq. 8 (8-par) 20.03 0.12 20.01 0.14 20.04 0.48* 20.01 0.10 0.01 0.04
a7 Eq. 8 (8-par) 0.33 0.06 0.18 0.15 0.58 0.29* 0.25 0.16 20.37 0.08
a8 Eq. 8 (8-par) 0.00 0.00 0.01 0.17 20.01 0.01 0.02 0.27* 20.03 0.11
a1 a321 Eq. 8 (8-par) 0.07 0.00 20.20 0.20 20.22 0.05 20.33 0.33 0.56 0.25*

(4-par) 0.74 0.46* 0.05 0.02 0.34 0.19 20.05 0.01 0.55 0.37
a2 a321 Eq. 8 (8-par) 20.01 0.00 0.01 0.08* 0.01 0.01 0.02 0.15 20.02 0.08

(4-par) 20.08 0.63* 20.02 0.30 20.05 0.56 20.02 0.13 20.02 0.04
td Eq. 7 (8-par) 0.66 0.83* 0.16 0.41 0.39 0.58 0.13 0.18 0.19 0.10

(4-par) 0.54 0.90* 0.12 0.42 0.27 0.45 0.10 0.17 0.19 0.16
a Eq. 8 (8-par) 20.11 0.49* 20.02 0.18 20.07 0.46 20.01 0.05 20.02 0.03

(4-par) 20.16 0.77* 20.04 0.41 20.10 0.61 20.03 0.18 20.03 0.05
Q (2p)21 Eq. 7 (8-par) 0.49 0.88* 0.11 0.42 0.26 0.50 0.09 0.18 0.17 0.15

(4-par) 0.42 0.89* 0.10 0.40 0.19 0.36 0.07 0.15 0.17 0.21
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difference between the simplified solution (Eq. 10) and the
actual behavior. The abrupt variations of d in the transition
from well-mixed to stratified conditions (Fig. 5) determines
the fact that the slope of the curve Tw–Ta in the hysteresis
loop changes, producing a local bending in some deep lakes
(e.g., Lake Superior) characterized by relatively small
values of the parameter a4. Conversely, large values of a4
determine a milder variation of d and hence a more regular
shape of the hysteresis loop. This is the case for shallow
lakes (Fig. 7b), where the water column becomes easily well
mixed (this is especially evident in polymictic lakes like
Lakes Neusiedl and Balaton) and d remains not far from 1
throughout the year. Just as an example let us consider a
shallow lake (Balaton) and a deeper lake (Constance) with
the same maximum difference between Tw and Th of
approximately 15uC. Using the values of a4 presented in
Table 4, Eq. 4 provides an estimate of d equal to 0.48 for
Lake Balaton and 0.09 for Lake Constance. In spite of the
large difference in d values, during the period of maximum
stratification the adaptation time td~d a{1

3 is similar
(between 4 and 5 d) in the two cases, suggesting that the
volume affected by the superficial heat budget is compa-
rable, as further confirmed by the similar slope in the upper
part (warm season) of the hysteresis curves shown in Fig. 4.

Identifiability of parameters—The selection of the
appropriate model formulation requires a robust sensitivity
analysis, as typically used in hydrological applications. In
particular, we adopted the generalized likelihood uncer-
tainty estimation methodology (Beven and Binley 1992;
Majone et al. 2010), which allows for the identification of
most important parameters controlling the performance of
the model simulation. In our work, the application of the
methodology to the various lakes showed that parameter
identifiability is better in the four-parameter version than in
the eight-parameter version (see the case of Lake Superior
analyzed in Piccolroaz et al. 2013), although the results of
the latter model produce slightly higher Nash–Sutcliffe
indices (Tables 3, 4). The problem arises from the possible
overparameterization of the mathematical structure of the
eight-parameter model presented in Eq. 2, where the
forcing terms are essentially three: the term a2Ta, the term
a3Tw, and the sinusoidal term proportional to a5. If we
assume that d 5 1 and Ta is characterized by an
approximately sinusoidal variation along the year, we can
obtain an analytical solution for Tw that is sinusoidal and
has the same structure as in Eq. 15 but with a more
complex formulation for the coefficients Tw0, Tw1, and Q,
which now depend on the five parameters a1, a2, a3, a5, a6.

Fig. 8. Effect of a variation of a1, a2, a3, and a4 on the simulated hysteresis curve for the case of Lake Constance (four-parameter
model). With respect to the reference case (dashed line), the hysteresis cycles are modified by increasing and decreasing (6 20%) each of
the four parameters reported in Table 4, independently.
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However, if the measurements are approximately sinusoi-
dal, three coefficients are enough to describe the trend,
leading to an overparameterization of the problem. On the
contrary, this is not the case for the analytical solution (Eq.
15) of the four-parameter model derived under the same
assumptions, which is characterized by only three param-
eters (a1, a2, a3). Of course, the annual variation of Ta and
Tw is never exactly sinusoidal in reality, thus justifying the
adoption of the eight-parameter model, which requires
longer time series and, possibly, a higher degree of
interannual variation for a proper calibration.

Accounting for variable d in the eight-parameter model
is in general not a problem for the identifiability of the
parameters, except for the cases in which no data are
available during winter season, making it impossible to
identify a7 and a8 in dimictic lakes. Even if these data are
available, a7 and a8 are not fully independent in the model
formulation, which results in a generally poor identifia-
bility. This suggests that a further improvement of the
model should focus on a more appropriate parameteriza-
tion for d in the case of inverse stratification. The relatively
high values derived for a7 (Table 3), which imply d , 1 for
Tw , 4uC, support the simplification d 5 1 during inverse
stratification.

Further developments—In this paper we have applied
air2water, a model to convert air temperature into surface
temperatures in lakes, to 14 temperate lakes characterized
by different morphological characteristics. The lake surface
temperature reconstructed by the model was shown to
reproduce the measured values satisfactorily in all the
proposed formulations (eight- and four-parameter ver-
sions) and also when a limited amount of observed lake
temperature data is available. Starting from the more
complete data sets with daily values of both air and lake
surface temperature, the model has been applied even in
those cases where only monthly occasional values were
available and for short series (Lake Garda), or considering
the mean years for air and lake surface temperature
obtained from different periods (Lake Baikal). In particu-
lar, the temporally varying relation between air and lake
surface temperature, which is due to the thermal inertia of
the water mass, was suitably reconstructed both in the case
of strong hysteresis and in the case of almost linear
relationship.

The parameters of the model are determined through a
data-driven calibration that allows for an assimilation of
the actual processes occurring in the lake, without the need
to look for a detailed description of the various heat fluxes
as performed in purely deterministic approaches. In this
way we can learn from the values of the parameters, and
use them as indicators of the main characteristics of the
lake’s thermal behavior. The parameters show clear trends
suggesting the possibility to define a thermal classification
on the basis of lake morphology, where the mean depth
plays a major role in determining the lake surface
temperature response to varying air temperature signals.

These considerations open new directions: (1) the use of
this model to construct regionalization relationships
between model parameters and thermal dynamics in

Fig. 9. Estimates of the functions (a) td from Eq. 11, (b) Q
from Eq. 14, and (c) a from Eq. 13, imposing d0 5 1 as a function
of the mean depth D. Notation is the same as in Fig. 6, but the
regression for a is performed with Eq. 8.
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ungauged lakes. For this aim, the model should be applied
to several other different lakes, following the approach
discussed in this work and possibly including lakes at
different latitudes (e.g., tropical and polar lakes). (2) The
possibility to estimate the response of different lakes to air
temperature variations in climate change effect assess-
ments. In this case, the aim is to provide a simple tool that
could be used in contexts where the uncertainty associated
with the simplified structure of the model and the
determination of the parameters may become negligible
with respect to the strong uncertainties present in the future
climate projections. (3) The possibility of coupling air2-
water with atmospheric circulation and weather prediction
models. Recent attempts in adopting complex one-dimen-
sional lake models (e.g., using k-e turbulence model as in
Goyette and Perroud 2012) have shown some limitations:
expensive computational cost, the need of ground infor-
mation, and the possible feedbacks between erroneous
reproduction of the stratification and unrealistic heating of
the surface layer. Simpler models have also been adopted to
this aim (dating back to Hostetler et al. 1993), but
inevitably require the entire set of meteorological data to
infer the heat fluxes on the basis of uncertain empirical
relationships. Conversely, the simplicity (i.e., the use of air
temperature only) and robustness (i.e., the behavior is
controlled by the simple structure of the model) of our
formulation makes air2water a good candidate for being
adopted as a lumped lake model in meteorological
simulations.
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