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ANALYTIC CONTINUATION OF log-exp-ANALYTIC
GERMS

TOBIAS KAISER AND PATRICK SPEISSEGGER

ABSTRACT. We describe maximal, in a sense made precise, -
analytic continuations of germs at +o0o of unary functions defin-
able in the o-minimal structure Rap oxp on the Riemann surface L of
the logarithm. As one application, we give an upper bound on the
logarithmic-exponential complexity of the compositional inverse of
an infinitely increasing such germ, in terms of its own logarithmic-
exponential complexity and its level. As a second application, we
strengthen Wilkie’s theorem on definable complex analytic continu-
ations of germs belonging to the residue field R o1y, of the valuation
ring of all polynomially bounded definable germs.

INTRODUCTION

The o-minimal structure Ry, exp, see van den Dries and Miller [12] or
van den Dries, Macintyre and Marker [10], is one of the most impor-
tant regarding applications, because it defines all elementary functions
(with the necessary restriction on periodic ones such as sin or cos).
Holomorphic functions definable in R,;, exp have turned out to be cru-
cial in applications to diophantine geometry, see for instance Pila [7]
and Peterzil and Starchenko [6].

It is known [I2] [I0] that every function definable in the o-minimal
structure Ry, exp is piecewise analytic. This implies that, if f is the
germ at 400 of a one-variable function definable in Ry, cxp, also called
a log-exp-analytic germ here, there is an open domain U C C and a
complex analytic continuation f : U — C of f, or an open domain 4 C
L and an L-analytic continuation § : {{ — L, where L is the Riemann
surface of the logarithm (see Section [Blfor details). Concerning complex
analytic continuations f : U — C of f, it is shown by Kaiser [3|
Theorem C] that f can be chosen to be definable. Wilkie [I3] Theorem
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1.11] characterizes those f for which f extends definably on some right
translate of a sector properly containing a right half-plane of C; he then
applies this continuation result to a diophantine problem.

The aim of this paper is to describe L-analytic continuations f§ :
i — L: we find a maximal 4 (in a sense to be made precise) such
that f is half-bounded, that is, either f or 1/§ is bounded (see the
Continuation Corollary, Theorem below). We obtain this state-
ment from the more precise Continuation Theorem below, which
only applies to infinitely increasing f, that is, those f for which
lim, o f(x) = +00 holds.

These LL-analytic continuations of f depend on two integer-valued
quantities associated to f: the exponential height eh(f) of f and the
level level(f) of f. The former measures the logarithmic-exponential
complexity of f; roughly speaking, if f is unbounded, then eh(expof) =
eh(f) + 1, while if f is bounded, then eh(expof) = eh(f) (see Section
for details). The latter measures the exponential order of growth of
the germ f; we refer the reader to Marker and Miller [5] for details
and to Facts[4.Il to recall the main properties. The level extends to all
log-exp-analytic germs in an obvious manner, see Section M| below.

Remark. We show in Section 2 that level(f) < eh(f), for all log-exp-
analytic germs f. The two are not equal in general: we have level(z +
e ) =0#1=ch(x+e7).

What we find in the Continuation Corollary is that, if § : Y —
L is a maximal, half-bounded IL-analytic continuation of f, then the
size (in a sense to be made precise) of Ll is determined by eh(f) and,
conversely, that the size of 4l determines an upper bound on eh(f).
Moreover, if f is infinitely increasing, we also find that § is injective
and, in this case, level(f) determines the size of the image f(Ll); see
the Simplified Continuation Theorem [ below. The Continuation
Theorem is more technical, but it is the central result of this paper,
as our applications actually rely on these extra technicalities. Finally
we also describe, in the Complex Continuation Corollary [7.6] below, the
resulting maximal complex continuations of germs in H.

We include two applications of the Continuation Theorem and its
corollaries. In Application [L3] we give an upper bound on eh(f™!), in
terms of eh(f) and level(f), of an infinitely increasing log-exp-analytic
germ f, where f~! denotes the compositional inverse of f. In Ap-
plication [[5, we strengthen Wilkie’s theorem [I3] Theorem 1.11] on
definable complex analytic continuations of germs belonging to the
residue field Rpoy of the valuation ring of all polynomially bounded
log-exp-analytic germs.
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The main motivation for us to prove the Continuation Theorem,
however, is to show that all principal monomials of H, as defined to-
wards the end of Section 2] below, can be used in asymptotic expansions
to obtain a quasianalytic Ilyashenko field K extending the Ilyashenko
field F constructed in Speissegger [0]. The details of this application
(which also relies on Corollary BI0 below), its motivations and the
construction of I are the subject of a forthcoming paper.

The paper is organized as follows: in Section [I we introduce some
of the terminology needed and state the main results (except for Con-
tinuation Theorem [T.3)). In Section 2 we give a description of the set
H of all log-exp-analytic germs and introduce the formal equivalent
of convergent LE-series, in the spirit of van den Dries, Macintyre and
Marker [I1, Remark 6.31]. We introduce the notions needed for the
Continuation Theorem in Sections [3, M and [ and give its proof in
Sections [0l and [7l Applications and are discussed in Sections [}
and [9 respectively.

1. STATEMENTS OF RESULTS AND SOME IDEAS

One of the main issues is that the language needed to state our
results has to be developed from scratch. To illustrate some of the
notions involved, we now briefly describe that of an n-domain, the
type of domain in IL that the sets il above are selected from, and we
state the precise Continuation Corollary and a simplified version of
the Continuation Theorem that we call the Simplified Continuation
Theorem below; the full statement of the Continuation Theorem is
deferred to Section [7}

We denote by L := {(r,0) : » >0, 0 € R} the Riemann surface of
the logarithm with its usual covering map 7 : . — C\ {0} defined by
7(r,0) = re?. We let |(r,0)| := r be the modulus and arg(r, ) := 0
be the argument of (r,6). We usually write x = (|z|,argx) for an
element of L, and we identify the positive real half-line (0,4o00) with
the set {z € L: argz = 0}.

To define an n-domain, we first introduce real domains in Section
as the sets of the form

Uy = {zx € Hp(a) : |argz| < h(|z])},
where a > 0,
Hi(a) ={xelL: |z|>a}

and h : (a, +00) — (0,400) is continuous. Identifying I with the set
(0,400) x R, a real domain &, is definable in R, exp if and only if A
is a log-exp-analytic germ. Considering two real domains ;, and i,
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equivalent if there exists a > 0 such that 4, NHy (a) = U,NHL(a), and
calling the corresponding equivalence classes of real domains germs at
oo of real domains, we get a bijective map h +— 8, : H™ — G52 (L),
where H>? is the set of all positive log-exp-analytic germs and G5¢.(IL)
denotes the set of all germs at oo of definable real domains. This
bijection satisfies h; < hg if and only if 4, C U, as germs at oo; in
particular, any measure of size on H>°, such as valuation or level, can
be transferred to G3.(L).

To understand what measure of size on H>? is appropriate for our
purposes, we consider the analytic continuations on IL of the elementary
functions (Section 2): scalar multiplication

m,(z) :==rz
and the power function

pr(z) == 2",
for r > 0 and = > 0, as well as exp and log. It is easy to see that m,
and p, have definable, biholomorphic continuations m,,p, : L — L,
respectively, while exp has a holomorphic continuation erp : L — L

that is neither definable nor injective. However, log has a definable,
biholomorphic continuation log : Hy (1) — Sp(7/2), where

Sip(a) :={zel: |argz| <a}

for a > 0. Indeed, one of our reasons for working with L-analytic
rather than complex analytic continuations is that the definable, bi-
holomorphic restriction of exp to Sp(7/2) has a larger domain than
any definable, biholomorphic complex continuation of exp in the right
complex half-plane.

It is not hard to show (see Section[3]) that each of these biholomorphic
continuations maps definable real domains to definable real domains.
But for any f € H>?, if g € H>? is such that 4, = log(4l;), then
g is bounded, as #; is a subset of Sy (7/2) (as germs at oco). This
“big crunch” indicates that none of the measures of size mentioned
earlier are quite right to describe the behaviour of log. We show in
Section Ml (especially Proposition [A10) that there is a decreasing map
al : H”Y — N U {1}, called angular level, such that the following
hold for f € H>° and r > 0:

(i) if g € H”Y is such that 4, = m, (L), then al(g) = al(f);
(i) if g € H>? is such that &, = p, (&), then al(g) = al(f);

(iii) if g € H0 is such that 4, = log(Ll;), then al(g) = al(f) + 1;

(iv) if f < 1/log, then al(f) = level(f) + 1.

This angular level is related to the usual level, as point (iv) indicates,
but takes into account the “big crunch” of log mentioned earlier.
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Finally, not all f € H>? are as well behaved as the elementary ones
above: if t,(x) := x 4+ a for a > 0 and x > 0, then ¢, has an injective,
holomorphic continuation ¢, : . — L that is periodic in arg x, hence is
not definable and, in general, maps definable real domains to domains
that are neither definable nor real. However, it is easy to see that,
given f € H>Y there are g1, g, € H”° such that al(f) = al(g1) = al(gs)
and U, C t,(Lhy) C 4y,. This leads to our desired definition: given a
domain 4 C L and n € NU{—1}, we call  an n-domain if there exist
g1, g2 € H7° such that al(g;) = al(g2) = n and

Uy, CUCU,,.

Every definable, real domain is an 7-domain, for some appropriate 7,
and the maps m, p,, as well as t,, map n-domains to n-domains, while
log maps n-domains to (7 + 1)-domains.

Denoting by H the set of all log-exp-analytic germs, we are now
ready to state the Simplified Continuation Theorem, which describes
biholomorphic continuations of all infinitely increasing log-exp-analytic
germs in the spirit of those of the elementary germs described above.
A map ¢ : U — L, with & C L, is called angle-positive if

sgn(arg ¢(r)) = sgn(arg x)
for all z € 4.

Theorem 1.1 (Simplified Continuation). Let f € H be infinitely
increasing, and set n := max{0,eh(f)} and A := level(f). Then there
exist an (n—1)-domain i, an (n—1—\)-domain U and an angle-positive,
biholomorphic continuation | : s — U of f that maps k-domains to
(k — X)-domains, for k > n — 1.

This theorem was what we wanted to prove originally, but we were
unable to do so without making the statement considerably more pre-
cise. Therefore, we defer to the end of Section [] to give an outline
of the proof of the Continuation Theorems (simplified or not), where
enough additional terminology is available to do so.

For arbitrary germs in ‘H, we have the following consequence of the
Continuation Theorem:

Corollary 1.2 (Continuation). Let f € H andn € N. Theneh(f) <
n if and only if there exist an (n — 1)-domain $ and a half-bounded,
analytic continuation f : 4 — K of f, where K is either C or L.

The left-to-right implication of this corollary is a straightforward
consequence of the Continuation Theorem (see Corollary [74). We
obtain the right-to-left implication of the Continuation Corollary by
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combining the Continuation Theorem with a consequence of the Phrag-
mén-Lindel6f principle found in Ilyashenko and Yakovenko [2, Lemma
24.37], see Proposition B3] below.

We now give two applications of the Continuation Theorem and its
corollary. The first of these considers the following question: if f is
infinitely increasing, and if f~! denotes the compositional inverse of f,
is there a bound on eh (f~!) described in terms of eh(f)? (Note that
this question with level in place of exponential height has the natural
answer level(f~!) = —level(f), see [5].) What we find (see Corollary
BI0((1) below) is the following more general statement:

Application 1.3. Assume that f is infinitely increasing. Then

ch (go f_l) < max{eh(g) + eh(f) — 2level(f),eh(f) — level(f)},

where g is any log-exp-analytic germ.

In Section B, we also call a log-exp-analytic germ simple if eh(f) =
level(f), and we establish several consequences of Application for
such germs.

The second application concerns the definability of the analytic con-
tinuations obtained in the Continuation Theorem and its corollary.
Wilkie [13, Theorem 1.11] obtains complex definable continuations for
the germs contained in the subset R oy of H (see Section @), in fact
characterizing Rpoy as the set of all f € H that have a definable,
complex continuation f on some right translate of a sector properly
containing a right half-plane of C.

Building on the Continuation Theorem [7.3] we determine exactly
which restrictions of our maximal L-analytic continuations are defin-
able: we call a set & C L angle-bounded if the set {|argz|: = € &}
is bounded.

Theorem 1.4 (Definability). Let f € H be infinitely increasing,
and set 1 := max{0, eh(f)} and X := level(f). Let f : Y — U be one
of the biholomorphic continuations of f obtained from the Simplified
Continuation Theorem, and let ${" C $ be a definable domain. If (1)
is angle-bounded, then f|y is definable.

As a consequence, we obtain a similar (but not identical) character-
ization of membership in Ry, that strengthens the complex continu-
ation part of [13, Theorem 1.11]:

Application 1.5. Let f € H. Then f € Ry if and only if there exist
a (—1)-domain $l and a half-bounded, analytic continuation f : {{ — C
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of f such that, for every angle-bounded, definable domain " C {, the
restriction f[y is definable.

We note that the continuations in Application [I.5 are complex-valued
analytic continuations on domains in L.

Finally, in the Complex Continuation Corollary below, we give a
description of complex analytic continuations of the germs in H implied
by the Continuation Theorem and Corollary. For a > 0, we set

H(a) :={2€C: Rez>a}.

We denote by arg the standard branch of the argument on C\ (—oc, 0]
and, for a € (0, 7], we set

S(a):={z€C: |argz| < a}.

The following special case of Corollary is worth writing down, as it
avoids all L-related terminology introduced earlier:

Corollary 1.6. Let f € H be such that eh(f) <0.

(1) There are a > 0 and a half-bounded complex analytic continu-
ation f : H(a) — C of f.

(2) If f € T and f < 22, there are a > 0, a domain V C C\ (—o0, 0]
and a biholomorphic complex continuation f : H(a) — V of f
such that

(a) [f(2)] — oo as |z| — oo, for z € H(a);
(b) sgn(argf(z)) = sgn(argz) = sgn(Im z) = sgn(Imf(z)) for

z € H(a);
(c) if eh(f) < O then, for every o > 0, there exists b > a such
that V. N H(b) C S(a). O

Indeed, in our forthcoming paper generalizing the construction of
Ilyashenko algebras in [9], the only results we need from this paper are
Corollary [[L6l and Application L3l

2. A DESCRIPTION OF THE HARDY FIELD OF Ry, exp

One of the main results of [I0] is that every function definable in
Ran,exp 1s piecewise given by La, explog-terms. Working from this result,
the goal of this section is to describe the set H of all germs at +oo
of unary functions definable in R, x, in the spirit of the LE-series in
[11].

We let C be the ring of all germs at +o0o of continuous functions
f:R— R (sothat H CC). A germ f € C is

small if lim f(z) =0,

T—+00
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large if lim |f(z)] = o0
T—r+00

and

infinitely increasing if lir}rq f(x) = +o0.
T—>+00

To compare elements of C, we use the dominance relation < found in
Aschenbrenner and van den Dries [1], Section 1], defined by f < g if and
only if g(z) # 0 for all sufficiently large = and lim, , . f(z)/g(z) =0
or, equivalently, f(x) = o(g(x)) as x — 4o00. Thus, f < ¢ if and only
if f(x) = O(g(x)) as x — +o0, and we write f < g if and only if f < g
and g < f. Note that the relation = is an equivalence relation on C, and
the corresponding equivalence classes are the Archimedean classes
of C; we denote by Il : C — C/~ the corresponding projection map.
For h € H, we set

h(+o0) = liril h(z) € RU{—o00, +00},

and we denote by Z the set of all infinitely increasing germs in H, that
is,

IT:={feH: f(+o0)=+00}.

Note that Z is a group under composition.

We start by defining the exponential height for germs defined by
Lan exp-terms. To do so, we define the set £ C H of L, exp-germs and
associated exponential height ¢h : £ — N U {—o0} and exponen-
tial level el : £ — N U {—o0}. More precisely, we fix n € NU{—o0}
and define, by induction on n, the following sets:

e the set PM,, of pure exponential monomials of exponential
height n;

e the set M,, D PM,, of exponential monomials of exponen-
tial height at most n;

e the set £, DO M, of Ly, exp-germs of exponential height at
most n;

o the set PE, C &, of pure L, xp-germs of exponential height
n, and its subset PE° of all purely infinite L, ¢xp-germs;

such that the following hold:
(E1),, PM, U{1} is a multiplicative subgroup of H,

PM, =expoP&E2, ifn>1,

the sets PM_, PM,, ..., PM,, are pairwise disjoint and, for
m € PM,, and n > 0, there exists a nonzero v € N such that
exp, () > m > exp, (z'/*) or exp, (z¥) > 1/m > exp, (z'/¥);
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(E2),, M,, is a multiplicative subgroup of H and, for n > 0, we have
M, 1 € M, and for m € M,, there are unique I = I(m) C
{0,...,n} and m; = m;(m) € PM,, for i € I, such that m =
[L;c; m:i (where we make the convention that [],., m; = 1), and
we have m < 1 if and only if m = 1;

(E3),, &, is an R-subalgebra of H and, if n > 0, then &, 1 C &,
and for nonzero f € &,, there exist a unique countable ordinal
«, unique monomials mg € M, and unique nonzero 73 € R,
for f < a, such that mg < m, for v < 8 < a and the sum
<o TsMs(T) converges absolutely to f(r) on some interval
(a,+00), and such that f =< my;

(E4),, PEX U{0} and PE, U {0} are R-vector subspaces of H, PEX°
is closed under multiplication, the sets PE_.., P&, ..., P&, are
pairwise disjoint and, for large f € P&, and n > 0, there exists
a nonzero v € N such that exp, (V) > |f| > exp, (z'/¥).

In the situation of (E3),, above, we call the monomials mg the princi-
pal monomials of f, write

M(f) = {my: B <a)
and let
hﬂ(f) =My

be the leading principal monomial of f.
For the definition of these sets, we distinguish three cases:

Case n = —oo: Weset PM_oo = M_o :={1}, PE_. o =& =R
and PEX_ := (). We leave the (easy) verification of (E1)_.—(E4)_ to
the reader.

Case n = 0: We define
PM, = {xk kel nonzero},

where x denotes the identity function on R, and we set Mg := PMyU
{1}. Then (E1)q and (E2), follow immediately, and we define

1 . .
Ey:=1<p|—): pisaconvergent Laurent series  ;
x

then (E3) also follows immediately, so we set
PE ={f €& : 0€eI(m) for every m € M(f)},

i.e., P&y consists of those elements of & with zero constant coefficient,
and

PE == {f € P& : every m € M(f) is large},
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i.e., PES® consists of all polynomials in z with zero constant coefficient.
(E4)o is now straightforward as well.

Case n > 0: Assume that PM;, M;, & and PE; have been defined
with the required properties, for ¢ = —00,0,...,n — 1. First, we define

PM,, :=expoPE?,.

Proof of (E1),.. (E1), follows from (E4),_1: we only prove the last
assertion. Let m € PM,,, and let f € PE>X | be such that m =expof.
By (E4),,_1, there exists a nonzero v € N such that exp,_,(z") > | f|
exp,_,(zY"). If f(oo) = +oo, then it follows that exp,(z¥) > m
exp,, (x/"); if f(00) = —oo, then exp, (z) > 1/m > exp, (z'/V).

NV,

Second, we set

M, = {Hmi: IC{0,...,n} and m; EPMZ}.
il
Proof of (E2),,. We first prove the uniqueness of I(m) and of m;(m)
for i € I. Let m;y € PM; U{1}, for i = 0,...,n be such that
m = [[_,m; = 1. Since M, and each PM; U {1} are multi-
plicative subgroups of H, it suffices to show that m; = 1 for each
1. Suppose, for a contradiction, that m; # 1 for some i, and fix the
largest such ¢ € {0,...,n}. Since m; = m if i = 0, we must have
i > 0. By (E1);_; and (E1);, there exists a nonzero v € N such that
m = H;;lo m; satisfies exp,_;(z¥) > max{m’, 1/m'} > exp,_;(z'/*),
while exp,(2¥) > max{m;, 1/m;} > exp,;(z'/¥). Tt follows that m # 1,
as desired. A similar argument also shows that m = 1 if and only if
m =< 1. U

Third, we define
&, = {p(ml,...,mk,Ml,...,Ml) cpeR{Xy,..., Xy} [Th,..., T},
mi,...,mp € M, are small and M,,..., M; € M,, are large},

where R{Xj,..., X} denotes the set of convergent power series. Note
that this definition produces the &, defined above in the case n = 0.

Remark 2.1. Let f = p(mq,...,mg, My,...,M;) € &,. Since p is
polynomial in Ti,...,7;, the infinite sum p(my,...,my, My, ..., M)
converges absolutely on some interval (a,+o00) (with a depending on
f). Writing p = >~ e set Prs X7T° with X = (Xy,..., X)) and T' =
(Ty,...,T;), and writing m = (mq,...,mg) and M = (M,..., M),
note that, for u € N¥ and v € N/, the set

Ayp(m, M) == {(r,s) e N**' o " M* = m“M"}
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is finite and Z (ra5)e Ao (moat) Prs M? = pama, where A=A, ,(m, M),
my =m*M" € ./\/l and p4 € R only depend on A. On the other hand,
the collection A = A(m, M) := {A,,(m, M) : (u,v) € N} is a par-
tition of NF* so the sum > ,_,pama is absolutely convergent on
(a, +00). So we set

S(m, M) : U{AGAmM):pA;éO}

and

q:= Z PrsX 17
(r,s)eS(m,M)

Since the support of ¢ is contained in the support of p, the series ¢
belongs to R{X}[T], and we have f = q(m,M). Replacing p by
q if necessary, we may therefore assume that ps # 0 if and only if
ANsupp(p) # 0, for all A € A. In particular, for n € M,,, we may
assume that n € M(f) if and only if n = m"M" for some (u,v) €
supp(p)-

Proof of (E3),,. Let f = p(mq,...,my, Mq,...,M;) € &,, and adopt
the corresponding notations from Remark 2.1l Since m 4 # mp for any
two distinct A, B € A, we conclude from (E2),, that m4 % mp for any
two distinct A, B € A. In other words, the relation < linearly orders
the set {m4 : A € Aand py # 0}. Since p is polynomial in 7" and
my, ..., my are small, this ordering is a reverse well-ordering, so we let
a be its reverse-order type and rewrite ) ., pama as Y5, Ppmg.

Finally, we claim that f =< mg: to see this, it suffices to show that
ZO<B<a ppmpg = f — pomo < mg. Note first that

Z pTS 7

reNF seN!

since we can assume, by Remark 2.1 that my is the maximal monomial
in the support of p, it follows that each mrﬂg—; is bounded, so that the

convergence to nﬁz) is not only absolute, but also uniform in x for

sufficiently large x. Therefore, ), <f<a pgﬁﬁ—((mm)) converges absolutely

o)mnats)
mo(x
convergence means that there exists a finite I C « \ {0} such that

Ims| €
E p <z
| ﬁ|| ol 2

0<fB<a, BEI

and uniformly to So let € > 0; absolute and uniform
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as germs at +00. On the other hand, since [ is finite and each mg/my,
for > 0, is small, we have

|mB| €
E \pﬁ\ >
Bel 2

f=pomo
mo

Hence < €, and since € > 0 was arbitrary, the claim and (E3),
follow. O

Fourth, we set
PE, :={f€&,: nel(m)for every m € M(f)}

and

PEX :={f € PE,: every m € M(f) is large} .

Proof of (E4),,. We verify that PE> is closed under multiplication,
leaving the other closure properties for the reader to check. Given
f=pim,M) and g = q(m, M) in PE>* we may assume, by Remark
2.1 that every monomial m®M?, with (a, ) € supp(p) U supp(q), is
large. In addition, we have n € I(m®MP?) for these monomials, so that

m*MP =ml, 5 n.s

with m/, , € M,_; and n,g € PM, large, for (o, ) € supp(p) U
supp(q ) Therefore the product of any two such monomials is of the
same nature, that is, every principal monomial m of fg is of the form
m=m'n With m' € ./\/ln_l and n € PM,, large, so that fg € PE>.
Finally, if f € P&, is large, the estimate for |f| follows from the
observation in (E3), that f < Im(f) and the estimates in (E1),,. O

This finishes the inductive construction of the sets &,. We now set
E=Ué&, M:=, M, and define eh : £ — NU {—o0} by
eh(f):=min{k: f€&}.
We leave it to the reader to check that, for f € £, we have
eh(f) = max{eh(m): m e M(f)}.

Remarks 2.2. (1) The estimates in (E4), imply that every f €
PEX has level n, as defined by Marker and Miller in [5]; in
particular, level(m) = eh(m) for m € M. Also, for f € &, since
f =< Im(f), the levels of f and of lm(f) are the same if f is
infinitely increasing. Thus, for infinitely increasing f € &£, we
have

(2.1) level(f) = level(Im(f)) = eh(lm((f)) < eh(f).
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(2) Let [ > 1 and m € M;\ M;_4, and let k < [. If n € My, then
mn € M;\ M;_y; that is, [ € I(mn). Thus, if f € &, then
mf € PE&. It follows that:

(a) if g € P& and f € &, then fg € PE;
(b) if g c 51 \ 81_1 and f S gk, then fg € 51 \ 81_1.

(3) Let f € &, be nonzero. The proof of (E3),, shows that there
are a nonzero a € R and a small € € &, such that

f=alm(f)(1—e).

To see this, take a := pg and € := —% in the notation
used there; this € belongs to &,, because &, is an R-algebra

containing M,,.

Lemma 2.3. Let f € &, be small.

(1) Thereexist k € N, G € R{ Xy, ..., Xy} and small my, ..., my €
M,, such that G(0) =0 and f = G(mq,...,my).

(2) Let T be a single indeterminate and P € R{T'}. Then Po f €
En.

Proof. (1) If n = 0, the proof is straightforward, so we assume that
n > 0. Let k, A € N, small mq,...,m, € M, large My,..., My e M,
and p € R{X}[T] besuch that f = p(m, M), where X = (X1,...,X,),
T=(Ty,...,Ty), m = (my,...,m,) and M = (M,..., M,). Chang-
ing p if necessary, we may assume that M;, ..., M, are infinitely
increasing. By Remark 2.1l we may assume that m“M? € M(f), for
every (u,v) € supp(p). Since f is small, every monomial in M(f)
is small, so m*M?" is small for every (u,v) € supp(p); in particular,
(0,0) ¢ supp(p).

On the other hand, since p is polynomial in 7', there is a finite set
B C supp(p) and, for each (u,v) € B, there is a unit pq,,) € R{X},
such that

PXT) = D X'Tpuwm(X).

(u,v)EB

Fori =1,...,|B|, we let X.,; be a new indeterminate, and we fix a
bijection ¢ : {1,...,|B|} — B and put k := k + |B|. Then the series

|B|

Q(Xb s an) = Z Xfi"l"ipb(i)(Xl? <o >Xn)

i=1
belongs to R {Xj, ..., X} and satisfies ¢(0) = 0, the monomials m,; :=
(mM)*®) are small for each i, and we have f = q(m4, ..., my), as re-
quired.
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Since the collection of convergent power series is closed under com-
position, part (2) follows from part (1). O

Lemma 2.4. Let n >0 and f € £,. Then f' € &,.

Proof. By induction on n; the case n = 0 follows from the fact that the
set of convergent Laurent series is closed under differentiation. So we
assume n > 0 and the lemma holds for lower values of n. If f € PM,,,
then f = exp(g) for some g € PEX |, so that

fr=explg)-g'=f9g"
in this case, f’ € &, by the inductive hypothesis and (E3),,. From this,
the inductive hypothesis and the product rule, the lemma follows easily

if f € M, and hence, by the chain rule and the definition of &,, for
general f. O

Corollary 2.5. Fach &,, and hence &, is a differential subfield of H.

Proof. Let f € &, be nonzero; by Lemma 2.4l it suffices to show that
1/f € &,. By Remark 2.2(3), there are a nonzero a € R and a small
€ € &, such that f = alm(f)(1 —¢€). It follows from Lemma 23] that
Goe € &, where G(T) is the geometric series; hence 1/f = aﬁ?&)
belongs to &,, as claimed. O

Lemma 2.6. Let f € £. Then there are unique f; € PE;, for j =
—00,0,...,eh(f), such that fus) # 0 and

J=fot fot++ feni)
Moreover, if f is infinitely increasing, then
level(f) = max {j = —00,0,...,eh(f): f; € Z}.

Proof. If f € &, we let f_, be the constant term of f and set fy :=
f — f-x- So we assume that f € &, with n > 0. Let k,l € N, small
mi,...,my € M,, large My,...,M; € M,, and p € R{X}[T] be
such that f = p(m, M), where X = (Xy,...,Xy), T = (T1,...,T)),
m = (mq,...,mg) and M = (My,..., M;). By Remark 2T, we may
assume that m*M? € M(f), for every (u,v) € supp(p). Thus, we have
eh(m"M?®) < eh(f) for (r,s) € supp(p). So for v = —00,0,...,eh(f),
we set
S, :={(r,s) € supp(p) : eh(m"M?®) =v}

and

Dy = Z pr,sXTTs-
(r,8)€Sy
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Then each p, belongs to R{X} [T, pen(s) # 0, and we have f = f_; +
-+ fen(y), where f, := p,(m, M) belongs to PE, for each v.

Finally, if f is infinitely increasing, then at least one of the f; is
also infinitely increasing, so it follows that Im(f) = Im(f;,) with jo

max{j: f; € Z}. O
For n > 0, we also consider the vector space
PEY .= {f € PE, : every m € M(f) is small}.

Arguing as in the proof of (E4),,, we see that PE? is an R-algebra and,
as R-vector spaces, we have PE, = (PEX U{0}) @ PEY. Lemma
now gives the following:

Corollary 2.7. We have
£ =P, =P @ (PEF U{O}) @ PEY)

neN
as R-vector spaces. [l

Behaviour under composition. It follows from part (5) of the first
proposition in [5] and Remark [2.2[(2) that for any f, g € Z we have

(2.2) level(f o g) = level(f) + level(g).

A corresponding formula does not hold for the exponential height in
general: take g(z) = z+exp(—z) and f(z) = exp(z). Then eh(fog) =
1 # 2 =eh(f) + eh(g). This example is a special case of the situation
described in Proposition below. Nevertheless, there is a conditional

summation formula for the exponential height, see Corollary 2. 11] be-
low.

Proposition 2.8. Let f € £ be large. Then expof = mg € £, where
m € Mievei(f)4+1 \ Mievei(s) and g € En(yy is bounded, and we have

_Jeh(f) if level(f) < eh(f),
chiexpof) = {eh( £ 41 if level(f) = eh(f).
Moreover, if eh(f) = level(f), then expof € PEuy(f)+1-

Proof. Let f € € be large, and let f_o, € R and f? € PE and f> €
PEX UA{0}, for i =0,...,eh(f), be such that
f=fo+ [+ 0+ + eo}?(f)_'_feoh(f)a

so that
eh(f)

expof = (expofo)- || (expof®) - (expofy).

~

@
Il
=)
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We define
m:=expo (fo°+ -+ fap)
and
g =expo (fooo + fo + -+ fop) -

Since f is large, we have f© = 0 for i > level(f) while Siovel(p) # 0.
It follows that m € Mieel(f)+1 \ Mievel(s) by definition of M;. On

the other hand, g = F o (fg +-+ ffh(f)) € Een(p) by Lemma 2.3(2),

where FE is the Taylor expansion of exp at f_.,. This proves the first
statement.

Assume now that level(f) = eh(f). Then m € Menpy41 \ Men(p),
while eh(g) < eh(f). It follows from Remark 2.2(2a) that eh(expof) €
PEen(f)+1 in this case.

So we assume for the rest of the proof that level(f) < eh(f), so
that «Sh(f) # 0 and eh(expof) = eh(mg) < eh(f). If level(f) =
eh(f) — 1, then eh(expof) > level(expof) = eh(f) by inquality (2.1])
and equation (Z2]), so that eh(expof) = eh(f) in this subcase. So we
also assume from now on that level(f) < eh(f) — 1, and we further
factorize g = g1go, where

g1 :=expo (fooo+ fo + -+ fé)h(f)—l) and g, := exp Ofeoh(f)‘

Note that eh(gi) < eh(f) by Lemma 23(2), while f§ ;) # 0 implies
that eh(ga) = eh(f). But eh(m) < eh(f) in this last subcase, so
eh(expof) = eh(g) = eh(g2) = eh(f) by Remark 2.2](2a). O

Lemma 2.9. Let n € N and g € PE° be infinitely increasing.

(1) For nonzero k € 7, we have g* € PEX if k > 0, and g* € PE°
itk <O0.

(2) If f € PES®, then foge PEX.

(3) If f € P&, then fog € PE,.

Proof. (1) Since PEX and PE? are closed under multiplication, it suf-
fices to show that 1/g € PEY for g € PEX. Let g € PEX; by Remark
2.2(3), we can write g = alm(g)(1 —€), with a € R nonzero and € € &,
small; in particular, every principal monomial of € is small. Hence

1/g = Tﬁf&), where G is the geometric series. Since n € I(Im(g))

and Im(g) is large, and since every principal monomial of € is small, it
follows that 1/g € PEL. Parts (2) and (3) follow from part (1). O

Lemma 2.10. Let p,n € N with p > 1, f € PM,, and g € PE?° be
infinitely increasing. Then fo g &€ PMy.,.
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Proof. Let fo € PEX, be such that f = expofy; we proceed by in-
duction on p. If p = 1 then, by Lemma R2.9(2), fo 0o g € PEX, so
fog € PMiy, by definition, as required. So we assume p > 1 and
the lemma holds for lower values of p. By the inductive hypothesis
and (E3),-1, we have m € M(fy) if and only if mo g € M(fy o g).
It follows, also from the inductive hypothesis, that foog € PEX, .
Hence fog € PM,,, by definition. O

We set PEX := (J, oy PES.

Corollary 2.11. (1) Let f € £ and g € PE™ be infinitely increas-
ing. Then eh(f o g) = eh(f) + eh(g), and if f € P&e(y), then

[ 09 € P&en(f)+en(g)-
(2) & C Epy10log forn € N.

Proof. Part (1) is trivial if eh(f) = —oo, follows from Lemma [2.9(3) if
eh(f) = 0 and follows from the definition of eh(f) and Lemma if
eh(f) > 0. For part (2), given f € &,, we have foexp € &,,1 by part
(1), so that f = foexpolog € &, olog. O

Proposition 2.12. Let f € H. Then f € £ if and only if f is definable
by some Ly, exp-term.

Proof. 1t is clear from the definition of £ that every f € £ is definable
by some L,y exp-term. For the converse, since £ is an R-subalgebra of
H and z,exp € &, it suffices to show the following:

(i) ifp e R{Xy,..., Xk} and fi,..., fx € € are such that the point
(f1(00), ..., fr(c0)) lies in the domain of convergence of p, then
p(fla .- afk) € 87

(i) if f € £, then expof € .

For (i), after replacing p by its convergent Taylor series at the point
(f1(00), ..., fr(c0)) if necessary, we may assume that fi,..., fi are
small. The claim now follows from Lemma 2.3(2).

For (ii), we may assume by (i) that f is large; so (ii) follows from
Proposition 2.8 O

Closing under log. We obtain H from £ by composing with log on
the right:

Lemma 2.13. Let f € &, besuch that f > 0. Thenlogof € &, 0log.

Proof. The conclusion is trivial if n = —o0, so we assume n > 0. By
Remark[2.2)(2), there exist m € M,, and g € &, such that g < 1 and f =
mg. So logof = logom + log og, and log og belongs to &, C &,1 o log
by Corollary ZI1[(2). On the other hand, if n = 0, then m = z* for
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some nonzero k € 7Z, so logom € &y olog. If n > 0, then by definition
m = expoh for some h € &, 1, so logom = h € £,y C &,11 o log,
which finishes the proof of the lemma. O

Proposition 2.14. We have H = | J, . £ olog,; in particular, for large
f € H, there exist k,l,v € N such that level(f) = k — [ and
expy, () o log; > | | > expy(z'") o log;

Proof. Since £ C £ olog C £ olog, C ---, it follows from Lemma
and Proposition 212 that | J, .y € 0log, contains all functions of # that
are defined by Lanexp,og-terms. Equality between the two sets then
follows from [I0], Corollary 4.7]. The estimates follow from (E4). O

In view of the previous proposition, for h € H and k € Nand f € £
such that h = f olog,,, we let

M(h) :={molog,: me M(g)}
be the set of principal monomials of A and
Im(h) :=lm(g) o log,
be the leading monomial of h.
Lemma 2.15. Let g1, 9> € € and kq, ks € N be such that ky < ko and
g1 0log,, = g2 olog,,. Then eh(gs) = eh(g1) + ko — ki.

Proof. The hypothesis implies that g, oexp,, _,, = g2, so the conclusion
follows from Corollary ZTT)(1). O

Justified by Lemma [2.15] we extend eh uniquely to all of H as follows:
given f € H, choose g € £ and k € N such that f = g olog,, and put

eh(f) :=eh(g) — k.

Corollary 2.16. (1) Let f € H. Then eh(foexp) = eh(f)+1 and

eh(f olog) =eh(f) — 1.
(2) Let f € H be infinitely increasing. Then

level(f) = eh(lm(f)) < eh(f).
(3) For k € N the set
Hep:={f €eH: eh(f) <k}
is a differential subfield of H.

Proof. (1) Let g € £ and k € N be such that f = g olog,. Note that
eh(f olog) = eh(f) — 1 by definition of eh. If & > 0, the same is true
for f o exp; whereas if £k = 0, then f € £ and eh(f oexp) =eh(f) +1
by Corollary 2.TT|(1).
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Part (2) follows from the definition of eh(f) and inequality (2.1]).
For part (3), let k € Nand f € H<i. Let alsod,j € Nand g € & be
such that f = golog;. Then
1 g

"—(q" olog. = log: € Hs,
f (90og])logo_._logj_1 expj._.exploog] <k

so part (3) follows from Corollary O

For each i € Z U {—o0}, we set
H,={feH: eh(f)=1}U{0}.

By Corollary 2.11(1), each H; is an R-vector subspace of H, and we
have H; NH; = {0} for i # j.

Corollary 2.17. As R-vector spaces, we have

H= P #H. O

neZJU{—oo}
Finally, we set
£ =P (Per u{o})
neN
and
U:= U E>* ology;
keN

the germs in U are called purely infinite. This set I/ is an R-vector
subspace of H and, by Corollary 2.7] and Proposition 2.14, we have

H=U®®DB,

where B is the R-vector subspace of all bounded germs of H. We set
L :=expol,

a multiplicative R-vector subspace of H>°.

Proposition 2.18. (1) £ = Uyen M olog, that is, L is the set of

principal monomials of H.

(2) We have h < lm(h), for h € H; in particular, every Archimedean
class of H>? contains exactly one representative from L.

(3) Every h € H is of the form p(m, M), where p € R{X}[Y],
X =(Xy,...,Xp), Y = (1,...,Y)) for some k,l € N, m =
(mq,...,my) and M = (M,..., M,;) with each m; € L small
and each M; € L large.
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Proof. (1) By definition, we have
(2.3) expo ™ = H (PMyiq U{1}) C M,

neN

so that £ = (J,cy(exp 0€%)olog; C |, ey Molog,. On the other hand,
we have x = exp olog € (exp o€>)olog, while Lemma 2.T0 implies that
E>Xoexp C £, so that exp o> C exp o€ olog. Since exp o€ olog is
a multiplicative group, it follows from the equality in (2.3]) that M C
exp o€ olog. Therefore, we get | J,cny Molog,, € [Jen(expo€)olog,,
which proves part (1).

(2) Let h € H, and let g € £ and k € N be such that h = g o log,.
Then ¢g =< lm(g) by (E3), so that h < Im(g) o log; = Im(h). On the
other hand, no two distinct germs in M are in the same Archimedean
class by (E2). Also, by Lemma 210, we have M = M oexpolog C
Molog C Molog, C -, so it follows from part (1) that no two
distinct germs in £ are in the same Archimedean class.

(3) follows from the definition of £, part (1) and Proposition .14 [

3. REAL DOMAINS

In this section, we introduce real domains and study the LL-analytic
continuations of some elementary germs in H. We let Log : L — C
be the biholomorphic map

Logx :=log |z| +iargx,
and we let Exp : C — L be its inverse. Corresponding to this chart,
we define

d(z,y) := | Logx — Logy|

and set B(z,s) :={yeL: d(z,y) < s} forz € L.
Here is a general observation about analytic continuations on L:

Lemma 3.1. Let U C C\ {0} be a domain and f : U — C\ {0}
be holomorphic, and assume that 7=*(U) is simply connected. Then f
lifts to a unique holomorphic f : #=(U) — LL such that fom = wof.

Proof. Note that exp(Log(7~(U))) = U and that V := Log(7~1(U))
is a simply connected domain in C. By assumption, both f oexp :
V — C\ {0} and 1/foexp: V — C\ {0} are holomorphic, so by
[8, Theorem 13.11], there exists a holomorphic g : V' — C such that
f oexp = expog. Now define f := Exp og o Log; since 7 o Exp = exp
and exp o Log = m, it follows that fom =mo . U

Examples 3.2. Particular examples of the previous lemma include:
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(1) f € C(X) and U = D(a), where a > 0 is such that Z(f) :=
{zeC: f(2) =0} C B,(0) ={w e C: |w| <a} and

D(a) ={z€C: |z| >a};

(2) for a € R, the injective map ¢, : D(]a]) — C\ {0} defined by
to(2) :== z+ a. Note that, in this case, the corresponding lifting
extends to a biholomorphic map t, : L\ 77 !(—a) — L\ 7 (a)
with compositional inverse t_;

(3) f € R{T} is nonzero, where T is a single indeterminate, and
a > 0 is sufficiently small such that f(z) # 0 for z € U =
B,(0) \ {0}. In this situation, if f(0) = 0, then |f(z)| — 0 as
|x| — 0; while if f(0) = a # 0, then d(f(z),a) — 0 as |z| — 0;

(4) The map exp : C\{0} — C\{0}; we denote the corresponding
analytic continuation by exp : L — L\ {(1,0)}. Note that
erp = Expom.

However, we need more precise information on the kinds of simply
connected domains on which definable functions have analytic contin-
uations. We set

H(a):={2€C: Rez >a},
for a € RU{—o0}, and

S::{zeC: \Imz\<g}.

We denote by log : H(0) — S the main branch of the logarithm on
H(0) and by arg : H(0) — (—Z%, %) the main branch of the argument;
note that, for a > 1, we have log H(a) C H(loga).

Definition 3.3. A set U C H(0) is a real domain if there exist a > 0

and a continuous function f = fyay : (a, +00) — (0, 5] such that
UNH(a)={z€ H(a): |argz| < f(|z|)}.
Note that U is definable if fi ., is definable.

Examples 3.4. The following are definable real domains:
(1) H(a) for a > 0;
(2) for 0 < a < 7, the sector S(a) :={z € H(0): |argz| < a}.

A special class of definable real domains are the following:

Definition 3.5. A set U C H(0) is a standard domain if there exist
a > 0 and a continuous function f = fym : (a, +00) — (0, +00) such
that

UNH(a)=U; :={2z€ H(a): |Imz| < f(Rez)}.
Note that U is definable if fy 1, is definable.
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us

For example, every sector S(a), for a < 7, is a definable standard
domain; but the half-planes H(a), for a > 0, are not standard domains.

Lemma 3.6. Let U C H(0). If U is a definable standard domain,
then U is a definable real domain. Moreover, if V' C U is a definable
real domain, then V is a definable standard domain.

Proof. Assume there exist b > 0 and a definable g = fym : (b, +00) —
(0, 4+00) such that

UNHb)={z€ H®b): |Imz| <g(Rez)}.
The functions pg, 8, : (b, +00) — (0, 4+00) defined by

py(z) :=+/22 +g(x)? and 0,(z) = arctan(g(z)/x)

are definable, and p, is infinitely increasing. So there exists ¢ > b such
that pgl(c.+00) Is injective with compositional inverse p,* : (a, +-00) —
(¢, +00). Therefore, we set

g = egopg_la
and we have U N H(a) = {z € H(a) : |argz| <§,(]2])}.

Moreover, let d > a and f : (d,+00) — (0,7/2) be such that
Up CU; then f < fuag = & Define ny : (d, +00) — (0,400) by

ng(x) :==x - (cosof)(x).

Note that, for z € OU, we have Rez = |z| - (cosof,)(|z|); since U
is a definable standard domain, it follows that the function z — =z -
(cos o&y)(x) is infinitely increasing. Since cos| (g x/2) is decreasing and 7y
is definable, it follows that 7 is infinitely increasing as well. Increasing
d if necessary, we may assume that 7; is strictly increasing with image
(e,4+00), for some e > 0, and we denote by 77]71 : (e, +00) — (d, +00)
its compositional inverse. Then

VNH(e)={zeH(e): [Imz] < (n;' (sinof on;')) (Rez)},
which shows that V is a standard domain. O

It is convenient to talk about germs of sets in H(0) at oo: for two
subsets A, B C H(0), we set A ~ B if and only if there exists a > 0 such
that AN D(a) = BN D(a). The corresponding equivalence classes of
subsets of H(0) are called germs of subsets of H(0) at co. We will not
explicitely distinguish between subsets of H(0) and their germs at oo
when the meaning is clear from context. In this sense, every definable
real domain U corresponds to a unique element f = fyag € (0, 5]n,
where

(O,W/Q]H::{hG'H: 0<h§g},
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and we write U = Uy in this sense; the standard domains correspond
to

Hse :={f € (0,7/2]3 : f = fuarg for some standard U} .
It follows from Lemma that:

Corollary 3.7. H is a cut in (0,7/2)y. O

The notion of real domain also makes sense on the Riemann surface
L of the logarithm: for a > 0, we set

Hy(a) :={(r,p) €eL: r>a}.

Definition 3.8. Let ¢ C L. We call U is a real domain if there exist
a > 0 and a continuous function f = fy uy : (@, +00) — (0, 4+00] such
that

U= :={z€ H(a): |argz| < f(|2])}-
Note that 4 is simply connected, and that il is definable if and only if
fu is. We call U angle-bounded if fi is bounded.

For example, for a > 0, the set Hy,(a) is a definable real domain and,
for a > 0, the strip or sector
Sp(a) :={zelL: |argz| < a}

is a definable and angle-bounded real domain.
We call a real domain Y C Sy (7/2) a standard domain if 7(4) C
H(0) is a standard domain.

Lemma 3.9. Let 4,0 C L be real domains and ¢ : U — L be
holomorphic and injective. Assume that 4 C U and p(4) and p(0)
are real domains. Then fy < fy if and only if f ) < fom)-

Proof. 1t is straightforward to see that & C U if and only if fy < fy.
Since ¢ is injective, it follows that fy < fy iff & C U iff p(L) C o (V)
iff fowy < forw)- m
Example 3.10. Note that Log(Hy(1)) = H(0) and, for = € Si(7/2),
we have Log(xz) = log(m(x)). Thus we define log : Hy(1) — SL(7/2)
by
log() := (Tls(x/2) " (Log(x));
note that explg, (x/2)= log™".
For real r > 0, we also define the power function p, : L — L by

p(s,0) = (s",10)
and the scalar multiplication m, : L — L by

m,(s,0) :=(rs,0).
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Thus, if ¢ is any of log, p, or m,. we have ¢ : L. — L, while exp :
Uﬂ—/g — L.

We also work near oo, in the following sense: two sets 2, B C LL are
called equivalent at oo if there exists R > 0 such that AN Hy(R) =
Y8 N HL(R). The corresponding equivalence classes are called the
germs at oo of subsets of L. We will not explicitely distinguish be-
tween subsets of L and their germs at oo when the meaning is clear from
context. In this sense, every definable real domain 4 C I corresponds
to a unique element f = fy € H>9 := H>° U {+oc}, where

H:={heH: h>0},

and we write 4 = 4 in this sense.

Given germs 4,0 at co of domains in L, we write “p : 4 — L” to
mean that ¢ is a map defined on some domain in . whose germ at oo
is 4l and taking values in some domain in L. whose germ at oo is *U.

Basic images. Our first goal is to understand images of definable real
domains under power functions, log and exrp.

Example 3.11. Let & C Hp (1) be a definable real domain. Then
direct computation shows that log(l) is a definable standard domain.

Definition 3.12. Let U be germs at oo of domains in I and ¢ :
U — .
(1) If @[y is injective and (') is (the germ at oo of) a real do-

main, for every real domain ' C &I we say that ¢ maps real

. . . 1
domains to real domains and write ¢ : ${ = .

(2) If ply is injective and p(4') is a definable real domain, for every

definable real domain ' C 4, we say that ¢ maps definable

real domains to definable real domains and write ¢ : &l LN

7.
(3) If h € H>0 and ¢ : 4y, % 93, we denote by vy : (0,h)y — HO
the map defined by
Vo(9) = fo(sy)-
If, moreover, we have that ¢ is an analytic continuation of f €

H, we set vy = v,.

Examples 3.13. Let f € H>°.

(1) For r > 0, the maps m,. and p,. are injective, and direct compu-
tation shows that

er(.f) = .foml/r
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and
Vpr-(f) =m,;o .f Opl/T
where my : R — R and pj : [0,00) — [0,00) are defined

by ms(x) = sx and ps( ) == 2% for s > 0. In particular,

L2 Loand p, : L 25 L; moreover, p, : Hy,(1) ar, Hy,(1).

(2) We define piog(f) := /log® +f2 and O, (f) := arctan(f/log).
Then pio(f) € Z, and

Viog () = bhog(f) © (Prog ()™ € Hs.

)
It follows that log : Hy, (1) ar, Si(m/2) with veg : H70 — He.

Since expl s, (r/2= (logl . ))_ it follows that exp : Sy (7/2) <5
Hy (1), that both vjg and Ve, : Hsy —> H7° are injective and
Vexp 15 the compositional inverse of vjo.

(3) Fora € R, an elementary calculation shows that, if f is bounded,
real

then t, : 4y — Uy and ¢, : Uy an, Uy, so that v, : H7\Z —
H>\ Z; moreover, we have v, ' = v4_,. On the other hand, if
f € Z, then t,(4l) is not a definable real domain—in fact, it is
not even a real domain in general. However, the same calcula-
tion as for bounded f shows that, for f € Z and real € > 0, we
have (as germs)

(3.1) Ugor_, C ta(thy) C Upor, .

The next lemma, together with the previous examples, can be used
to describe v, for every finite composition w of exp, log and p, with
r > 0—at least in principle. As we do not need the details here, we
leave it to the reader to explore this.

Lemma 3.14. Let g,h € H>?, §l the germ at oo of some domain in L,

o 4, 2 8L, and 1 - uhd—ﬁ;u Then 1 o ¢ : 41, 2% &1 and

I/wogp = l/w o ch'
Proof. Straightforward; we leave the details to the reader. O
4. ANGULAR LEVEL

To describe the analytic continuation properties of germs in H, we
need a rough measure of the size of a real domain. We first recall the
main properties of level.

Facts 4.1 (the Proposition in [5]). Let f,g € Z.

(1) level(exp) = 1, level(log) = —1 and, for real r > 0, level(p,) =
0.
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(2) If f < g, then level(f) <level(g).

(3) level(f o g) = level(f) + level(g).

(4) level(fg) = level(f + g) = max{level(f),level(g)}.

(5) If u € H is such that 0 < u(+00) < 400, then level(fu) =

level(f).

We extend the level to all of H>0 as follows: we set

Di={1/f: feT},

and for n € Z, we let Z,, be the set of all f € Z of level n, and we set

D, ={1/f: feL,}.

For f € D, we define the level of f to be the unique n € Z such that
[ €D,. Furthermore we set H=! := H>O\ (ZUD) and level(f) := —o0,
for f € H='. Note that BNH> = = UD.

Proposition 4.2. Let f, g € H>°.

(1) If f,g e ZUH=! and f < g, then level(f) < level(g).

(2) If f,g € DUH™ and f < g, then level(f) > level(g).

(3) If g € Z, then level(f o g) = level(f) + level(g).

(4) level(fg) < max{level(f),level(g)}; equality holds whenever
level(f) # level(g).

(5) If f,g € D and h is a nonzero R-linear combination of f and g,
then level(h) > max{level(f),level(g)}.

(6) If f,g € U and h is a nonzero R-linear combination of f and g,
then level(h) < max{level(f),level(g)}.

(7) If f < g, then level(f) = level(g).

Proof. Parts (1)—(3) follow directly from Facts 4.1l we leave the details
to the reader. For part (4), we assume that f € Z and g € D; all
other cases follow easily from Facts £l The desired inequality clearly
holds if level(fg) = —o0, so we also assume that level(fg) € Z. In this
situation, if fg € Z, then the equality f = (fg)/g implies
max{level(f),level(g)} > level(f)
= max{level(fg),level(g)}

> level(fg),
while if fg € D, the equality 1/g = f/(fg) implies
max{level(f),level(g)} > level(g)

= max{level(fg),level(f)}
> level(fg).
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Moreover, in the first case, if level(g) # level(f), then level(g) <
level(f) and level(fg) = max{level(f),level(g)}; a similar argument
works in the second case, and (4) is proved.

For (5) and (6), note that M(h) C M(f)U M(g).

For (7), note that f = (f/g) - g and apply (4). O

Example 4.3. For an example where equality fails in Proposition
[A2(4), let n € N be at least 2, and set f := log/log, € ZN (D - log)
and g := 1/log € D. Since y/log > log,,, we have log > f > +/log, so
that level(f) = level(g) = —1; but level(fg) = —n.

What we are looking for is a notion of “angular level” al : H> — Z
that mirrors some of the properties of level, but where composition in
Proposition [1.2(3) is replaced by the application of v, in the following
sense: we want al(vg(f)) = al(f) + 1, al(vexp(f)) = al(f) — 1 and
al(v,, (f)) = al(f). The level does not do this, since for any f €
Z\ D - log, the germ 1,,(f) has level —oco (because Oi,,(f) ¢ D in
this case). However, the next two lemmas show that this is the only
situation where the level is not adequate.

Lemma 4.4. Let f,g € H>" and 0 < r < s be real numbers.

(1) If f < g, then 0 < v, (f) < Vm,.(9), 0 < v, (f) < 1, (g) and

Vlog(f) < Vlog(g)'
(2) If f or g is strictly decreasing and sf > rg then, for any t,u > 0,

we have vy, om, (9) < Vpsomu(f) and Vip,op, (9) < Vmuozis(f)'

Proof. Part (1) follows from Examples B.I3 and Lemma For part
(2), assume that sf > rg and let t,u > 0. Since py/0my s > p1/s0M1/u,
it follows that

Vmyopr (9) = rgopi/omy < Sfopl/roml/t < Sfopl/soml/u = Vmu0ps(f)a
if f is strictly decreasing, while
Vingop, (9) = Tgop1/rOMyr < TgOP1/sOMy sy < Sfop1/som sy = Vimyops ()

if ¢ is strictly decreasing; this proves the second inequality in (2). The
proof of the first inequality is similar. U

Remark. Part (2) of the previous lemma is false if f is increasing and

g=1r.

Lemma 4.5. Let f € D -log. Then there exists u = ujog(f) € H such
that u ~ 1 and

Viog (f) ~ é oexp(py - u).
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Proof. As f is fixed in this proof, we simply write p, § and u in place of
Prog(f)s Orog(f) and vieg(f) as in Example B.13(2). From the definition
of p and 6, and since f/log € D, arctanx = x + o(z) as x — 0 and 6
is bounded, we get

(4.1) p ~ log
and

f
(4.2) g

By (&1), there exists v € H such that v(4+00) = 1 and p = log-v.
Composing on the right with v := p~! yields p; = (logow) - (v o ),
so there exists u € H such that u(+o0) = 1 and p; - u = logor).
Composing on the left with exp now gives

(4.3) exp(p - u) = 1.
We get from ([@2]) and (@3] that
v==0o ~ io;b: ioe:x;p(pl -u),
log log
as required. O

The previous two lemmas imply that the level comes close to behav-
ing like the angular level we are looking for:

Corollary 4.6. (1) Forr > 0, the mapv,, : H”® — H>" is an in-
creasing bijection with inverse v, , , and we have level (v, (f)) =
level f.

(2) The map vos : H”® — Hg is an increasing bijection with
inverse Veyp,, and we have

level (f/log)+1 if f € D-log,

—00 otherwise.

level (t0g(f)) = {

Proof. Examples 313, Proposition 2] and Lemmas 4] and O

The previous corollary suggests a definition of angular level, at least
for f € D-log of level at least 0; since then level(f/log) = level(f), we
could take al(f) = level(f) for such f (or, more appropriately as we
shall see below, as al(f) = level(f) + 1). To figure out how to define
angular level for the remaining f, we let k € Z and set

Dsy:={f €D: level(f) > k}.
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Note that, for £ > 0, we have Dy, - log = Dy, while D_; C D_; - log
contains y/log, which is infinitely increasing. Indeed, we have
H7O =T\ (D_;-log) U D_;-log U Dsy.

Since D_; - log is convex and D>y = D> - log, it follows that

Lemma 4.7. We have (H=*UD)\ D>y C D_; -log. O
From Corollary [4.6] we obtain:

Corollary 4.8. We have
T
Viog (H>0 \ (DZ—l ’ lOg)) = <Ov 5)7{ \ DZO - D—l . log,

Viog (D_1 -log) = Dy
and
Vlog(Dk) = Dk+1> for k 2 0. O

Definition 4.9. In view of the above, the angular level al : H>? —
{—1,0,...} is defined as

al(f) : = max {—1,level(vog(f))}
)1 if feH"\ (Ds_;-log),
level(viog(f)) if f € D>_1 -log.
From Proposition and Corollary [4.8 we obtain:

Proposition 4.10. The angular level is decreasing and, for f, g € H>°,
we have

(1) al(veg(f)) = al(f) + 1

(2) if f € D>_; - log, then al(f) = max{0, level(f) + 1};
(3) ifal(f) > 1, then f € D and f has level at least 0;
(4) ifr,s > 0, then al(f) = al(m,. o f omy);

(5) for r > 0, we have al(v,,(f)) = al(f).

Proof. For part (1), since vog(f) € H=' U D, we have from Corollary
[46(2) that

al(Vog(f)) — 1 = level (g (V10g(f))) — 1
= max{0, level(rog(f)) + 1} — 1
= max{—1, level(4(f))}
—al().

Parts (2) and (3) follow similarly. For part (4), note that if f = g-log,
then

(4.4) m, o fomg = (m,ogomy)- (logs+ log),
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which is greater than (m, /20 gomy)-log and less than (ms, 0 gomy)-log.
Thus, if g € Dy, then m,/; 0 g om, and my, o g om, belong to Dy, and,
since the latter is an interval, part (4) follows in this case. If g ¢ D
then, by equation ([£4), neither is m,. o f o my, so part (4) also follows
in this case.

For part (5) and r > 0, note that v, (log) = log, which implies that
Vp, (D1 -log) = D_; - log. O

Examples 4.11. (1) If f 6 H=! then level(f) = —oo and f €
D> -log, so that al(f) = Thus if 4 C L is a standard power
domain, then fiag(00) = %, so that al (fya) = 0.

(2) If f € Z, then al(f) € {— 1 ,0}; in particular, if f > log, then

al(f) = —1.
(3) If f €D, then al(f) > 0; in particular, if f < =, then al(f) =

level(f) + 1. Thus, al(1/exp,_;) =k, for k € N

Nk

The angular level provides us with a way to assign size to certain
domains in L:

Definition 4.12. For k € NU {—1}, we set
He:={heH": al(h) =k};

in particular, H™® = H>\ (D>_; - log) and Hy"® = D_; - log. A
domain $f C L is called a k-domain if there exist f,g € H;"® such
that $4; C 4 C 81,

It follows from Example AIT(1) that every standard power domain
is a 0-domain.

Angular level for maps. Based on the notion of angular level, we
can now define a notion of angular level for maps on L.

Definition 4.13. Let A € Z, 4,°0 C L be domains and ¢ : 4 — .
We say that ¢ has angular level ) if, for £ > A—1 and every k-domain
W C M, the image p(4) is a (k — A)-domain.

Example 4.14. It follows from ExamplesB.I3[(1)—(3) and Proposition
that m,,p, : L — L have angular level 0, for » > 0, that log :
Hi(1) — Sp(7/2) has angular level —1, and that exp : Sp(7/2) —
Hy,(1) has angular level 1. Also, by Example[3.13(4), the map t, : L —
L has angular level 0, for a > 0; it is in order to include maps like the
latter (which are analytic continuations of definable maps!) that the
notions of k-domain and angular level for such maps are defined in such
generality.
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Finally, we can define the kind of analytic continuation property we
are ultimately interested in.

Definition 4.15. Let n € N and A € Z be such that A <.

(1) Let 44,8 C L and ¢ : 4 — U. We call ¢ an (1, A\)-map if the
following hold:
(a) Lis an (n — 1)-domain, ¥ is an (n — A\ — 1)-domain and ¢
is biholomorphic of angular level \;
(b) for £ > n — 1 and every (k — \)-domain U’ C U, there
exists a k-domain L' C 8l such that (') C U';
(c) there exist hy, ho € T of level A such that

ha(lz]) < le(@)] < ho(|z]),

for all sufficiently large x € U.
(2) Let f € Z. The function f is called (1, A\)-extendable if there
exists an (1, A\)-map f : & — U that extends f. In this situa-
tion, we refer to § as an (1, A)-extension of f.

Example 4.16. By Example .14l for » > 0 the maps m, and p, are
(0, 0)-extendable, exp is (1, 1)-extendable and log is (0, —1)-extendable.

Lemma 4.17. If f; € T is (n;, \;)-extendable, for i = 1,2, then fyo0 f
is (n, A\1 + A2)-extendable, where 1 := max{n;,n2 + A1 }.

Proof. Let f; : i — U, be an (n;, \;)-extension of f;, for each 7. If
U, C Uy then, by definition, fs o f; is an (11, A\; + A2)-extension of
f20 fi. So assume that U; € iy, and let L[] be an (12 + A — 1)-domain
such that f1(4}) C Uy (which exists by part (1b) of Definition [£.I5]).
Then, again by definition, f; o (fi[y;) is an (12 + A1, A1 + Ag)-extension
of fo0 fi. 0

Brief outline of how we obtain extendability. Given f € Z, we
set 1 := max{0,eh(f)} and A := level(f) < n; our goal (see Contin-
uation Theorem [Z.3] below) is to show that f is (n, A)-extendable. To
prove this, we may assume f € £ by Proposition 2.14] and Lemma [4.17],
because we already know that log is (0, —1)-extendable. For f € &£, we
will proceed by induction on eh(f); in the inductive step, we first ob-
tain extendability for principle monomials, which is straightforward
from the inductive hypothesis and Lemma .17, because we already
know that exp is (1,1)-extendable. Then we show that multiplying
by a unit preserves the extension property of the principle monomials,
which requires us to track additional properties introduced in the next
section.
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5. CONTINUITY AND ANGULAR ORIENTATION PROPERTIES

A crucial step in proving the Continuation Theorem [7.3 involves
simultaneously establishing two “opposing” continuity properties for
the analytic continuations of units in € (which are D-Lipschitz, see
Proposition below) and of infinitely increasing germs in £ (which
are expansive, see Proposition below).

The upshot of these additional properties is that (the analytic con-
tinuation of) an infinitely increasing f € £ and the product of f with a
unit v in £ are “almost the same”; for instance, the analytic continua-
tion of fu is still expansive. As a result, establishing the extendability
properties of f reduces to establishing those of the leading monomial
of f, which can be handled using the inductive hypothesis.

However, the distance d on L.? makes L into a multiplicative metric
space, which makes the corresponding definitions of continuity and
differentiability unfamiliar to work with. We will therefore often work
in one of the following two charts:

The standard chart. We denote by 7 the injective restriction of m
to Sp(m), and we call 1y : Sp,(m) — C\ (—o0, 0] the standard chart
on L. Recall that, for h € H>°, we have

h <7 ifand only if 75" (mo(Uy)) = U.
For k > 0 and U C C\ (—o00,0], we call U a k-domain if and only if
75 H(U) is a k-domain.
The Log-chart. Recall that Log : . — C is the biholomorphic map
Logx :=log |x| + iargx
with compositional inverse Exp : C — L, and that
d(z,y) := |Logz — Logy|

defines the corresponding distance function on L, making (L, d) into
a multiplicative metric space. Given a domain 4 C L and a map
¢ : 4 — L, we denote by % : Log({) — C the holomorphic map

@ := Logoypo Exp.

If, in addition, ¢ is holomorphic, then the derivative ¢’ : { — L. of ¢
in the sense of the Log chart is given by

¢ = Expo () oLog.
Note that Re % = log || o Exp and, if ¢ is holomorphic, that ¢’ = (7).
Remarks 5.1. Let h € H>°.
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(1) The set U := Log(i,) is (the germ of) a definable standard
domain such that h := fyp, = hoexp € H>; in particular, if
V := Log(ty,/2), we have fym = (h/2) oexp = h/2.

(2) If h is bounded, the derivative of h(x) approaches 0 as x —
+00, so we have B (z,min{1,h(Rez)/3}) C Log(l,) for all
z € Log(U/2) with sufficiently large real part. On the other
hand, if A is infinitely increasing, then B(z,1) C Log(,) for
all z € Log(4l,/2) with sufficiently large real part. Finally, for
r € L and z = Logz, we have h(Re z) = h(|z]). It follows that

B (z,min {1, h(|z])/3}) € Uy
for all sufficiently large x € Uy, /5.

Example 5.2. Let & C L be a domain and ¢ : 4 — L, and let a > 0
be a real constant. Recall that ¢ is a-Lipschitz if

(5.1) d(p(z),¢(y) < a-d(x,y) forz,y el
Note that ¢ is a-Lipschitz if and only if |3(2) — P(w)) < a- |z — w| for
z,w € Logil, that is, if and only if @ is a-Lipschitz.

We now define two continuity properties of holomorphic maps on
L inspired by the previous example, as well as an angular orientation
property that will come in handy later.

Definition 5.3. Let 4 C IL be a domain and ¢ : 3 — L.
(1) The map ¢ is D-Lipschitz if there exists p € D such that

d(p(x), p(y)) < p(min{|z], [y[}) - d(z,y) for z,y € 4

in this situation, we say more precisely that ¢ is p-Lipschitz.
(2) The map ¢ is expansive if there exists a real a > 0 such that

d(p(x),0(y)) = a-d(z,y) forz,y e

in this situation, we say more precisely that ¢ is a-expansive.

(3) The map ¢ is angle-positive if, for all x € 4, argz and
arg ¢(x) have the same sign. The map ¢ is angle-negative
if, for all x € 4, argx and arg ¢(x) have opposite sign.

Remarks. We shall use the following observations without explicit men-
tion: in the setting of the previous definition, the map ¢ is p-Lipschitz
if and only if

[P(2) = P(w)] < (poexp)(min{Rez, Rew}) - [z — w]

for z,w € Log(4l). Since 1/p = —5, it follows that ¢ is p-Lipschitz if
and only if 1/ is.
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Next, ¢ is a-expansive if and only if

P(2) =p(w)| = a- |z = wl

for z,w € Log(4l). In particular, if ¢ is expansive, then ¢ is injective;
the converse does not hold, as erp is injective on Si(7/2) but is not
expansive there (note that erp = exp).

Finally, ¢ is angle-positive if and only if 1/¢ is angle-negative, and
in both cases we have ¢(R) C R. Conversely, if il is a real domain, ¢ is
continuous and injective and ¢(R) C R, then ¢ is either angle-positive
or angle-negative (because R topologically separates {1\ R).

Examples 5.4. (1) For r > 0, the maps m, and p,. are expansive,
because m, is translation by log r, while p,. is multiplication by
r. Moreover, exrp is expansive on Sy (7/2) N Hy (1), as the next
lemma shows.
(2) For r > 0, both m, and p, are angle-positive, and both erp and
log are angle-positive as well.

Lemma 5.5. The map exp is expansive on Sy (m/2) N Hy(1).
Proof. Since erp = exp, we work with exp on the set
Seo = Log (SL(7/2) N Hy.(1)) = {z €C: Rez>0,|Imz| < g} .

For z,w € C, we have

e* — eW | © (Z o w)n—l
—er () =ev |1 koA
c—w ( z—w ) ‘ ( +Z n! )
Let R > 0 be such that >°°, R"™*/n! = 1/2; it follows that, if z,w €
S~o with |z — w| < R, we have

>|ew\ >1
- 2 2’

e —ev

Z—Ww

On the other hand, set A := 1 —e 2 > 0 and let B > 0 be the
distance between 1 and the complement in C of the sector S(R/2).
Write 2 = x + iy and w = u + v, and assume that z,w € S.y with
|z —w| > R. Then |z —u| > R/2 or |y —v| > R/2; in the former case,
we get [~ — 1| > A, so that

A

R;

e — eV

v

Z—w
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in the latter case, since |y — v| < m, it follows that e*=" belongs to the
complement in C of the sector S(R/2), so we get

e —e B
>
z—w | R
in this case. This proves the lemma. O

Three of these properties are preserved under composition:

Lemma 5.6. Let 4,0 C L be domains and let ¢ : {4 — U and
YU — L.
(1) Let p,o € D. If p is p-Lipschitz and v is o-Lipschitz, then 1o
is po-Lipschitz.
(2) Let a,b > 0. If p is a-expansive and v is b-expansive, then 1) o
is ab-expansive.
(3) If both ¢ and 1 are angle-positive, then so is ¥ o .

Proof. For distinct z,y € 4, we have

d((¢Y o p)(x), (Wop)(y) _ dl(Woe)(x), (Yop)(y) die(z),e(y)

d(z,y) o dlp(),e(y) dz,y)
so parts (1) and (2) follow. Part (3) is straightforward. O

Crucial for us is the following observation that “expansive trumps
D-Lipschitz” under multiplication:

Lemma 5.7. Let 8 C I be a domain at oo and ¢, : 4 — L be
such that ¢ is expansive and v is D-Lipschitz. Then there exists R > 0
such that @1 is expansive on U N H,(R).

Proof. Let p € D and a > 0 be such that ¢ is a-expansive and v is
D-Lipschitz. Let R > 0 be such that p(t) < a/2 for t > R. Then, for
distinct x,y € UN Hy(R), we have

d(ev(x), e¥(y)) _ |Log(py(x)) — Log(pt(y))]

d(z,y) d(z,y)
o [Logp(x) — Logp(y)| — [Log¢(z) — Log ¥(y)|
- d(z, y)
> a — p(min{|z|, |y[})
>
=2
as required. 0

Definition 5.8. Let U C L be a domain at oo and ¢ : U — L be a
map. We call ¢ a unit at oo if d(p(z),1) — 0 as |z| = oo.
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Example 5.9. Let u € R{X} be such that u(0) = 1. Then, by
Example B.2(3), u has a analytic continuation

u: 7 (B,(0)) — L,

for some sufficiently small a > 0, such that uop_; : H (1/a) — L is
a unit at oo.

Finally, here is what happens when we combine all four properties:

Lemma 5.10. Let k > —1, 4 C L a k-domain, ¥ C L a (—1)-
domain and ¢ : 4 — U be continuous, surjective, expansive and
angle-positive. Let also ¢ : 4 — 1L be a D-Lipschitz unit at oo such
that (AN R) C R. Then there exists v > 0 such that:

(1) ¢Ylynm. () Is expansive and angle-positive;

(2) for x € 4N Hy,(r), we have

! arg o(@)] < |ars(004) ()| < 5 axg o(a).

Proof. (1) It follows from Lemma [5.7] that, after replacing 4 by N
Hy,(r) for some r > 0 if necessary, the map ¢ is expansive; in par-
ticular, ¢ is injective. Moreover, since 9 is a unit at oo, there exists
A > 0 such that, for all € Y with |z| sufficiently large, we have
|largy(z)| < A. Since U = ¢(U) is a (—1)-domain, there exist arbi-
trarily large x € 4 such that argx > 0 and arg ¢(z) > A; in particular,
arg(¢y(z)) > 0 for arbitrarily large € 4. On the other hand, since
¢ [r is continuous and unbounded, there exist r,s > 0 such that
¢((r,00)) = (s,00). Since ¢t is injective, it follows that ¢ [yqmy ()
is angle-positive as well.

(2) Note that 12 is also a unit at co. Moreover, since ¢2 = 21, the
map 12 is also D-Lipschitz. Therefore, applying part (1) with ¢? in
place of ¥ we get, for sufficiently large x € U with argz > 0, that

0 < arg(¢y*(z)) = arg ¢(z) + 2 arg(z);
that is,

(5.2) argy(r) > —arg ¢(z)/2,

for sufficiently large = € { with argx > 0. Similarly, since 1/1) is also
a unit at oo, and since 1/1) = —1) we obtain, from (5.2) with 1/¢ in
place of ¢, that

(5.3) arg Y (z) < arg ¢(x)/2,
for sufficiently large z € 4 with argz > 0. The two inequalities (5.2))

and (B.3]) together prove part (2) for argz > 0; the case argz < 0
follows by a symmetric argument. O
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6. UNITS IN £ ARE D-LIPSCHITZ

The aim of this section is to show—see Proposition below—that
units v € &£ have D-Lipschitz analytic continuations that are units
at oo, provided that all large principle monomials m of u are (u, p)-
extendable, where i = level(m). (This last assumption will be obtained
from our inductive hypothesis in the proof of Proposition [I.2])

The first step towards establishing Proposition involves first de-
scribing the complex-valued analytic continuations of small germs in
&, see Proposition below.

We define arg : C — (—m, 7] to be the standard argument in C \
(—o0, 0] and equal to m on (—o0, 0].

Remark 6.1. For z,w € H(0), we have
Jang(z +w)| < max{| arg 2|, arg ]},

Lemma 6.2. Let u € R{X,..., Xy} be such that u(0) = 1. Then
there exists B > 0 such that

|largu(zy, ..., 2x)| < B-max{|argz|,...,|argz|}
for sufficiently small z = (zy, ..., 2,) € CF.

Proof. Writing z; = z; + iy;, * = (z1,...,2,) and y = (y1,...,Yk),
and since u has real coefficients, there are R, I € R{X,Y} such that
u(z) = R(x,y) + il(x,y). Since the restriction of u to RF is real-
valued, we have I(X,0) = 0, so there are I; € R{X,Y} such that
I(X,)Y) =VL(X,)Y)+ -+ Y[, (X,Y). It follows that there are
Ay, ..., A > 0 such that

| Imu(z)] < Ay|Imz| 4+ -+ + Ag| Im 2|

for sufficiently small z € C*. On the other hand, for z € C we have
Im z = |z| - sin(arg z). Since u(0) = 1, it follows for sufficiently small
z € CF that

| _ [Tmu(z)|
[sin(arg u(=))| = =7

< 2(Ap| Im 2| + -+ - 4+ Ag| Im 2 |)
< 2(Aq|sin(arg z1)| + - - - + Ag| sin(arg 2| ).
Since |sint| < |t| for t € R, the lemma follows. O

Remark. Let G € R{Xy,..., Xy} be such that G(0) = 0, and let
a > 0 be sufficiently small and g be the complex-valued holomorphic
map defined by G on B(0,a)*. Then go m is a complex-valued holo-
morphic map on ;' (B(0,a)*), where m; : L* — CF is defined by
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(1, .., xx) = (w(z1),...,7(zx)). Moreover, there is a K > 0 such
that

|(gome)(zy,...,z)| < Kmax{|xy|,..., |xk|}
for sufficiently small zq,...,z, € L: this follows, because the assump-

tion G(0) = 0 implies that there exist I € N, nonzero ay,...q; € NF
and Gy,...,G € R{Xy,..., X}} such that G = X1 G + -+ X“G,.

Proposition 6.3. Let G € R{Xj,..., X} be such that G(0) = 0,
let k,n € N and mq,...,my € M, \ M,_1 be large, and set s :=
G(1/mq,...,1/my). Assume that each m; is (n,n)-extendable. Then:

(1) if n = 0, there exist R, B > 0 and a analytic continuation s :
.= Hy(R) — C of s such that |s(z)| < B/|z| for x € Hy(R);

(2) if n > 1, there exist an (n — 1)-domain 3 C Hy (1), a analytic
continuation s : 34 — C of s and an e € T of level n such that
Is(z)| < 1/e(|z|) for z € L.

Remark. By Lemma [2.3] every small germ in P&, is of the form s as
in the previous proposition.

Proof. (1) Assume n = 0; without loss of generality, we may assume
that £ = 1 and m; = p;. So part (1) follows in this case from the
previous remark.

(2) Assume n > 1, and choose an (n — 1)-domain 4 C L. and (n,n)-
extensions m; : U — Y, of m;, for i =1,... k. Let e € Z be of level
n such that |m;(z)| > e(|z|) for all sufficiently large x € 4. By the
previous remark, there exists K > 0 such that [(g o m)(z1,...,zx)] <
Kmax{|z1],..., |z} for sufficiently small xy,...,2; € L. Hence s :=
(gom)(1/my,...,1/my) is a analytic continuation of s on 4 such that
Is(z)| < K/e(|x|) for sufficiently large = € l. O

Next, we fix n € N and let u € &, be a unit at +oo; it follows that
logou belongs to &, and is small. Hence, by Lemma [2.6] there are
small u,, v, € PE,, for n=0,...,n, such that

u=1+wuy+---+u, and logou=1vy+---+v,.

By Lemma 23] for each n, there are large my, 1, ..., mp g, € My\ M1
and G,, H, € R{Xy,...,X},} such that G,(0) = H,(0) = 0 and
U = Gp(/myq, ..., 1/ myy, ) and v, = Hy(1/my 1, ..., 1/ my k).
Below, we consider the assumption
(%), every large m € M, \ M,_1 is (n,n)-extendable, for n =
0,...,m.
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Corollary 6.4. Assume that (), holds. Then there exists an (n—1)-
domain i and a analytic continuation u : 3{ — 1L of u that is a unit
at oo.

Proof. By Proposition 63 for n = 0,...,n, there exist an (n — 1)-
domain 4, and a analytic continuation u, : 4, — C of u, such
that |u,(2)] < 1/e,(|z]) < 1/]z|, where e, € T is of level n. Define
u:y, — Chy

u(z) :==14+ug(z) + - - +u,(2);

then u(z) — 1 as|z| — oo in i, so we define u := 7 'ou on Lf,NHy (a),
for some sufficiently large a > 0. U

We now fix a analytic continuation u : ${ — LL that is a unit at oo, as
obtained from Corollary It remains to show that u is D-Lipschitz.

Lemma 6.5. Assume that (x), holds. Then, for sufficiently small

h € H;™, there exists o € D such that

(6.1) d(u(z),u(y)) < olz|) - d(z,y)
for x € Uy /o and y € B (z,min {1, h(|z|)/3}).

Proof. We work in the Log-chart and show that

(*) for sufficiently small h € H;™, there exists p € D such that
[u(z + w) —u(z)| < p(Rez) |w\ for z € Log(Hy/2) and w €
B (z, min {1, h(|z[)/3});
taking o := polog then finishes the proof of the lemma. We distinguish
two cases:

Case 1: 1 = 0; note that ’Hang CZ, u=1+uyand logou = vy in
this case. By Proposition -( ) there exist R, B > 0 and a analytic
continuation v : Hy,(R) — C of log o u such that |vo(z)| < B/|z| for
x € Hy(R). Since Ugr= vg o exp, it follows from the identity theorem
for holomorphic functions that it = v o Exp on Log(4) N H(log R); in
particular, we have

B
2 u < —
02 [ <
Now let h € H,™ be such that U, C U. Let also z € Log(l/2) with
Rez > 1+ logR be sufficiently large so that B(z,1) C Log(Lly,) (see

Remark 5.11(2)), and let w € B;(0). From the Taylor series of U at z,
we get

for z € Log(Y) with Rez > log R.

n

(IR

o) 00 ﬁn+1
u(z +w) — Z "=w- Z (n+1
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By the Cauchy estimates and (6.2)), we have ‘ﬁ( } < Cxp(g% S0
for |w| < 1/2, we get

A+ w) 5| < ol D = ] - —2DC
= =1 exp(Rez—l)_w exp(Rez)’

so we can take p(t) := f}fﬁ for sufficiently large ¢t > 1 + log R.

Case 2: 1 > 0. By Proposition [6.3(2), for n € {0,...,n}, there exist
e, € I of level n and, for sufficiently small h, € H.™, a analytic
continuation v,, : U, — C of v, such that |v,(z)| < 1/e,(|z|) for
r € Yy,; without loss of generality, we may assume that &, = &L
Since U [g= vy 0 exp+--- + v, o exp on R, the identity theorem for

holomorphic functions and Remarks imply that
u=vooExp+---+v,okExp

on Log(L) N H(r), for some sufficiently large r € R; it therefore suffices
to prove (x) with each n and u, := v, o exp in place of n and w.

So we fix n € {0,...,n} and a sufficiently small h € H,"%. The case
n = 0 follows from Case 1, so we assume that n > 0 and h is bounded.
From the assumptions we have

(6.3) [Ta(2)] = |(va 0 Bxp)(2)] < !

(e, oexp)(Rez)

for z € Log(y).

Set h := hoexp, and let z € Log(ly/2) be such that
B (z,h(Rez)/3) C Log(th),

which happens by Remark B.1i(2) as soon as Re z is sufficiently large,
and let w € B (0,h(Rez)/3). By the Cauchy estimates and (6.3), we
get
il 3
(en o exp) (Rez — h(Rez)) - h(Re z)’
il - 3¢
<
(en 0 exp) (Rez/2)) - h(Rez)t

(@) (2)] <

From the Taylor series of 1, at z, we therefore get, for |w| < h(Re z2)/6,
that

6
(en 0 exp) (Rez/2)) - h(Rez)

Now note that level(h) < n — 2 by Proposition ILI0(2), so we have
level (h) < n — 1. Since level(e, o expomy s) = n + 1, it follows that

[t (2 + w) = U (2)| < [w| -
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we can take
6
pi= = o log,
(en 0 expomyys) - h

which finishes the proof. U

Proposition 6.6. Assume that (x), holds. Then, for sufficiently small

h € H,™,, the restriction of u to i, is D-Lipschitz.

Proof. Let g € H,™ and ¢ € D be such that 4, C 4l and (G.I)) holds
with g in place of h. Set h := g/2 and v := uly,, and set g := g o exp
and h := hoexp = g/2.

Let z,y € . First, if argz = argy then the horizontal seg-
ment [z,y] is contained in ;. If also |z| < |y|, say, we choose x =
xo, ..., Ty =y in Ly such that argzg = -+ = argx, and d(z;11, ;) <
g(|z;])/3, for i =0,...,n— 1. Then by (6.1]), we have

d(v(x),v(y)) = [Logv(z) — Logv(y)|

n—1
< Z | Log v(2i41) — Log v(;)|
i=0
-1

<> o(jail) - [log |zi1] — log ||

i=0
< o(lz]) - |log || —log|y]
= o(|z]) - d(z,y)
in this case. Second, if |x| = |y|, then the vertical segment [z,y] is

contained in 4. Interpolating along this segment as in the first case,
we obtain

d(o(z),0(y)) < o(|z]) - d(z,y)
in this case. In general, there are a vertical segment S; C 4, and
a horizontal segment Sy C 4l;, whose union joins x and y. Since the
hypotenuse of a rectangular triangle is at least as long as either of the
other sides, we have

| log x| —log|y|| + |arg z — argy| < 2d(z,y),
so by the above two cases, v is p-Lipschitz with p := 20. U
7. INFINITLY INCREASING GERMS IN £ ARE EXPANSIVE AND

ANGLE-POSITIVE

We are almost ready to tackle Proposition [[.2l The next lemma
details how the combination of extendability, expansiveness and angle-
positivity is preserved under multiplication by a unit.
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Lemma 7.1. Let n € N and | : { — U be an expansive, angle-
positive (n,n)-map. Let alsou : {{ — 1L be a holomorphic, D-Lipschitz
unit at oo. Then there exists r > 0 such that fulynp, () IS an expansive,
angle-positive (n,n)-map.

Proof. By Lemma [5.10(1), fu is expansive and angle-positive, so it re-
mains to show that fu is an (n,7)-map. The clauses below refer to
Definition [4.15

To establish Clause (1a) for fu, we fix £ > n — 1 and a k-domain
I C . First, we show that fu(') D &, for some h € ”Hzrign: since
f(el) is a (k — n)-domain, there exists hy € H;™ such that 8, C
f(&); we may assume that cl(Uy,) C §(&'). Since f is biholomorphic,
the preimage $I” := §7'(4l;,) is a simply connected domain such that
oU’" = §7104Uy,), where A denotes the topological boundary of A.
Since f maps R into R and [f(z)| — oo as |z| — oo, it follows that 1"
is a simply connected domain containing all sufficiently large positive
reals, mirror symmetric with respect to the real line (by the Schwartz
reflection principle) and bounded in {argz > 0} by the image of the
curve t — f71(¢, hy(t)). Since fu is also biholomorphic, maps R into R
and satisfies |[fu(z)| — oo as |z| — oo, the same argument gives that
P" := fu(Ul”) is such a domain with boundary curve

t fu (571t ha(2))

However, for sufficiently large o = §71(¢, hi(t)), we get from Lemma
BI0(2) and 2[fu(z)| = [f(z)| =t = 5lfu(z)| that

arg(fu(z)) = hi(t)/2 = h([fu(x)]),

where h := my /5 0 hy o m. belongs to H;Ilgn, by Proposition .10, with
c= % if hy is increasing and ¢ = 2 if hy is decreasing. Arguing similarly
for sufficiently large x = §71(¢, —h4(t)), we conclude that f;, C fu(L'),
as required.

Second, we show that fu(t') C i, for some h € H™ : since f(U') is a
(k—n)-domain, there exists hy € H,™% such that |argf(z)| < hi(|f(z)])
for x € 4. Arguing as above, it follows from Lemma [B.10(2) that

| arg fu(x)] < 2ha(clfu(z)])

for sufficiently large x € Y’, where ¢ = % if Ay is decreasing and ¢ = 2
if h; is increasing. In particular, we have fu({') C U, where h :=
my o hy o m; this h belongs to H;™ by Proposition 110, as required.

To establish Clause (1b) for fu, we let h € H;™ and set h; :=
myje © h o my., where ¢ = % if h is decreasing and ¢ = 2 if h is

increasing. Then h, € H," by Proposition ILI0 and, since § is an
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(1, n)-map, there exists a k-domain ' C U such that (') C i,. The
argument of the previous paragraph now implies that fu(l') C 4L, as
required.

Finally, Clause (1c) for fu follows from the corresponding clause for
f, because u is a unit at oco. U

Proposition 7.2. Let n > 0 and f € £,NT be of level A € {0,...,n}.
Then f has an expansive, angle-positive (1, \)-extension f : 4 — Q.

Proof. By induction on the pair (n,n—\) > (0,0), ordered lexicograph-
ically.

If n =0, then A = 0, and we distinguish two cases: if f € M, then
f = p» for some r > 0, so f has an expansive, angle-positive (0,0)-
extension on L by Examples [£.14] and 5.4} in particular, it follows that
(%) holds. In general, we have f = amu for some a € R, m € Mg and
u € & a unit at +o0o. By the earlier-mentioned examples and Lemmas
417 and (.6l the function g := am has an expansive, angle-positive
(0,0)-extension g : 4 — U. On the other hand, after shrinking &l if
necessary, we get from Corollary and Proposition that u has a
holomorphic and D-Lipschitz extension u : 4 — L that is a unit at
0o. It follows from Lemma [1] that gu is an expansive, angle-positive
(0,0)-extension of f.

Assume now that (n,7—\) > (0, 0) and that the proposition holds for
lower values of (n,n—\). If f € M,, then A\ =7 > 0 and f = expog for
some g € &,_1, so f has an expansive, angle-positive (7, )-extension on
U by Examples [1.14] and (.4] Lemmas [4.17] and and the inductive
hypothesis; in particular, it follows that (), holds. In general, we have
f = amu for some a € R, m € M, and u € &, a unit at +00. As
before, the product g := am has an expansive, angle-positive (1, A)-
extension g : Y — Y, and by Corollary and Proposition [6.0] the
germ u has a holomorphic and D-Lipschitz extension u : 4 — L that
is a unit at oco. It follows from Corollary 5.7l that gu is expansive, so it
remains to show that gu is an angle-positive (7, A)-map.

If A = n, it follows from Lemma [7.]] that gu is an angle-positive
(n,m)-map, so we assume from now on that A < 7. By Proposition
2.8, the function exp of also belongs to &, and, since it has level A +1,
the inductive hypothesis gives an expansive, angle-positive (7, A 4+ 1)-
extension h : U — U’ of expof. It follows from the identity theorem
for holomorphic functions, Examples 414 and £.4] and Lemmas [4.17
and that gu = logob is an angle-positive (1, A)-map. O
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Theorem 7.3 (Continuation). Let f € Z, and set
n = max{0,eh(f)} and X:=level(f) <n.
Then f has an angle-positive (1, \)-extension f : 4l — 0.

Proof. By Proposition 2.14] there exist £ € N and g € &, such that
f = golog,. By Proposition [[.2] the germ g has an expansive, angle-
positive (n+k, \+k)-extension g : f' — U’. By Examples[d.I4 and 5.4l
and Lemmas 17 and 5.0 log;, has an angle-positive (0, —k)-extension
log, : U — U”; in particular, we may assume that $1” C . Hence,
again by Lemmas [.17 and 5.6, the map g o log,, : 4 — B := g(U") is
an angle-positive (7, A)-extension of f. O

The following gives the left-to-right implication of the Continuation
Corollary:

Corollary 7.4. Let f € H and set n := max{0,eh(f)}. Then there
exist an (n — 1)-domain l and a half-bounded, analytic continuation
f: U — L of f.

Proof. It f € Z, the conclusion follows from the Continuation Theorem,
so we assume from now on that f ¢ Z. Then there exists ¢ € R
such that # € Z. By the Continuation Theorem, there is an (7, \)-

extension g : U — U, where \ := level (ﬁ) Therefore, 1/g : 4 —

L is a half-bounded, analytic continuation of f — ¢; in particular, we
are done if ¢ = 0. So assume also that ¢ # 0, and let r > 0 be such
that |1/g(x)| < |c|/2 for x € UN Hy(r). If ¢ > 0, we set o, := 7y, while
if ¢ < 0, we let 0. be the restriction of 7 to {z € L: 0 < argz < 27}.
Then the map §: 4N Hy(r) — L defined by

Hz) = ot ((ﬁ 0 é) () + c)

is a half-bounded, analytic continuation of f. U

Complex continuation. For n > —1, we call a set U C C an n-
domain if there exists an n-domain ${ C IL such that U = 7(Y). For
example, the half-plane H(a) is a 0-domain, for a > 0.

Remark 7.5. Because n-domains in I are connected and each of the
lines {argz = 7} and {argx = —n} topologically separates L, a set
U C C\ (—00,0] is an n-domain if and only if there is an n-domain
L C Sp(m) such that U = mo(4). Thus, if U C C is an n-domain, then
n > 0 implies U C C \ (—o0, 0], while U C C\ (—o0, 0] implies n > 0.
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Corollary 7.6 (Complex Continuation). Let f € H, set n :=
max{1,eh(f)} and X := level(f).

(1) There are an (n—1)-domain U C C\(—o0, 0] and a half-bounded
complex analytic continuation f : U — C of f.

(2) If f € Z, there are an (n — 1)-domain U C C \ (—o0,0], an
(n—A—1)-domain V C C and a complex analytic continuation
f:U — V of f such that
(a) [f(2)] = oo as |z| — oo, for z € U;

(b) for every k-domain W C U, the image f(W) is a (k — \)-
domain, and if f(W) C C\ (—o0,0], then the restriction
flw: W — £(W) is biholomorphic and we have

sgn(argf(z)) = sgn(arg z) = sgn(Im z) = sgn(Im f(z))

for z € W;
(c) if f < po, then f(UN H(0)) C C\ (—o0,0].

In each of these situations, if eh(f) < 0, we can choose U such that
H(a) C U for some a > 0.

Proof. (1) Let §: f — L be an L-analytic continuation of f obtained
from Continuation Corollary [[.2], and define U := m(4) and f : U —
C by

f(2) = m(f(mg ' (2)))-

(2) Let f : sf — U be an L-analytic continuation of f obtained
from the Simplified Continuation Theorem [[L1], and define U := my(Ll),
Vi=n(¥)and f: U — V by

f(2) = 7 (f(mg ' (2)))-

Since § is biholomorphic, after replacing 4 by an (n — 1)-domain U
such that cl(0) C 4 if necessary, the continuity of f~! on the closure
of 4l implies that preimages under f of compact sets are compact; in
particular, |f(z)|] — oo as |xr| — oo, for z € 4, which implies (a).
Second, (b) follows from the facts that f is biholomorphic, maps k-
domains to (K — \)-domains and is angle-positive, and from Remark
[(.Ol

Third, assume that f < py, so that h :=po/f € Z. Let h : U —
¥’ be an L-analytic continuation of A obtained from the Simplified
Continuation Theorem [Tl Since eh(h) < 0, we may assume that
' = Y. Since h is angle-positive we have, for x € U with argx > 0,
that

0 < argh(z) = 2argz — argf(x).
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Since f is also angle-positive, it follows that 0 < argf(z) < 2argz for
such z € Y. Arguing similarly for z € U4 with argx < 0, we obtain

|argf(z)| < 2|argz| for z € 4,

in particular, we have f({4 N Sy (w/2)) C Si(7), that is, £(U N H(0)) C
C\ (—o0, 0], which proves (c).

Finally, if eh(f) < 0, then 4l is a (—1)-domain; in particular, 4l is
not angle-bounded, so that H(a) C U for some a > 0. O

8. UPPER BOUNDS ON EXPONENTIAL HEIGHT AND SIMPLE GERMS

In this section, we consider the following question: given germs f, g €
Z, what can be said about eh (f o g7') in terms of eh(f) and eh(g)?

Example 8.1. Let f,g € Z be such that eh(f),eh(g) <0 and g > f.
Then z > fog ! and A := level(f o g7') < 0, but we do not know
eh(f o g7'). Nevertheless, by the Continuation Theorem, there are a
(0, level(f))-extension f : &y — Uy of f and a (0, level(g))-extension
g : Uy —> Uy, by the definition of angular level for maps, we may
assume that 4y C ;. Hence fog™t : Uy — Y, is analytic continuation
of fog~!. Note, however, that U, can be arbitrarily small, even if
level(f) = level(g); moreover, we do not know if fo g=! is an (n, \)-
extension of f o g~!, for some appropriate 7.

The goal of this section is to get a better result than in the pre-
vious example, at least for certain germs in Z. To get a handle on
compositional inversion, we note the following uniqueness principle:

Proposition 8.2. Let £k > —1, U C L be a k-domain and f : 4 — C
be a bounded holomorphic function. Assume that there exists h € D
of level k 4+ 2 such that

If(z)] = O(h(x)) asx — oo in R.

Then f = 0.
Proof. Replacing 4 by a smaller k-domain if necessary, we may assume
that U = log,_,(U) for some (—1)-domain ¥ C L. Then, replacing
by U, f by f o log,,, and h by holog, if necessary, we may assume
that k£ = —1.

Next, let [ € N and g € £ of level [+ 1 be such that h = golog,;, and
let v € N be nonzero such that |g| < 1/(exp;,; op1/,). Then

|h o exp, op, o log; ops| < 1/(exp ops);

replacing 4 by the (—1)-domain p;2(exp;(p1/,(log;(44)))) and f by f o
erp; op, o log; ops, we may assume that h = 1/(exp opy).
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Now the restriction of f to my ' (H (a)), for a sufficiently large a > 0, is
bounded, holomorphic and satisfies |f(z)| = o(exp(—nx)) as © — +oo
in R, for all n € N. Therefore, f = 0 by [2, Lemma 24.37] and the
identity theorem for holomorphic functions. U

From Proposition and the Continuation Theorem, we obtain the
right-to-left implication of the Continuation Corollary:

Proposition 8.3. Let f € H and n € N, and assume that f has a
half-bounded analytic continuation f : { — K, where 34 C L is an
(n — 1)-domain and K = C or K = L. Then eh(f) <n.

Proof. Replacing f by 1/f if necessary, we may assume that f is
bounded; in particular, every principle monomial of f is either a con-
stant or small. Hence by Lemma [2.6] there exist a € R and f, fo € D
such that eh(f1) < n and every m € M(f2) is small and satisfies
eh(m) > n, and such that f = a+ f; + fo. We claim that fo = 0, which
then proves the proposition.

To see the claim, by Corollary 2.T6(3), the germ 1/f; € Z has ex-
ponential height at most 7, so by the Continuation Theorem 1/f; is
(n,level( f1))-extendable. So after shrinking $[ if necessary, f; has a
bounded analytic continuation §; : 44 — L. Therefore, f; has a
bounded analytic continuation f; : { — C defined by

£ mof—a—mof, fK=L,
2 f—a—mof it K =C;

on the other hand, since eh(m) > n + 1 for every principle monomial
of fy, we have level(fy) > n + 1. Hence f, = 0 by Proposition B2 in
particular, fo =0, as claimed. O

Recall from Corollary 2.16(3) that H<o = {f € H: eh(f) <0} isa
Hardy field.

Corollary 8.4. The Hardy field H< is stable under composition; that
is, given f,g € H<o such that g € Z, we have f o g € H<o.

Proof. Assume first that f € Z, and let k := level(f) and [ := level(g).
By the Continuation Theorem, f has a (0, k)-extension §: tfy — U
and g has a (0,l)-extension g : Uy — Y. Condition (b) of the
definition of (0, /)-map implies that there exists a (—1)-domain 4, C $l,
such that g(4ly) C &1;. Hence fog : &, — L is a half-bounded analytic
continuation of fog, so eh(fog) < 0 by Proposition 83 and Corollary

2I0(3).
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If f ¢ Z, then there exists ¢ € R such that ﬁ € Z, so the corollary
follows from the previous case and Corollary 2.16)(3). O

Corollary 8.5. Let f € Z, set n :== max{eh(f),0} and A := level(f) <
1. Then

eh (f71) <n—X
in particular, f~' is (n — A\, —\)-extendable.
Remark. Note that the compositional inverse of an (1, \)-map is not a
priori an (n — A\, A\)-map.

Proof. Let § : 4 — U be an (1, A)-extension of f. Since § is biholomor-
phic, the germ f~! has a analytic continuation §~! : 0 — 4; since U
is an (n — A — 1)-domain, it follows from Proposition 8.3 and Corollary
2.16((3) that eh (f~') <n— A O

Definition 8.6. We call f € H simple if level(f) = eh(f).

Example 8.7. If f € H is purely infinite then, by definition, we have
eh(f) = eh(Im(f)) = level(f), that is, f is simple.
Lemma 8.8. Let f € Z be simple. Then foexp and folog are simple.
Proof. Corollary 2.16(1) and Fact [4.1](3). O
We denote by S the set of all simple f € Z and set
So:={feS: level(f) =0}.

Proposition 8.9. The set Sy is a compositional subgroup of T.

Proof. Let f,g € Sy. Theneh (f~1) > level (f~1) = 0 and, by Corollary
BH we also have eh (f~!) <0, so that f~! € §;. Moreover, we have

0=level(fog) <eh(fog) <0
by Corollary 85| so fog e Sp. O

Corollary 8.10. Let f € H, g € Z and set i) := eh(f) > X := level(f)
and k := eh(g) > | := level(g). Then

(1) eh (fog™) <max{n+k—2l,k—1};
(2) if f,ge Sandn >k, then fogteS;
(3) ifge S and k <0, then g~' € S.
Proof. (1) By Proposition 2.8, the germ exp,_; og is simple; since

eh (fog_l) =¢h (fog_1 ologk_l) +k -1,
we may assume that g is simple and show that
eh (fog™') <max{n—10}
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in this case. Since g is simple, the germ g o log, is simple by Lemma
R.8 and since

fog™t = (folog,)o(golog,)™,
we may even assume that k = [ = 0. But then ¢~ € Sy by Proposition
B9 so g~tis (0,0)-extendable, and we set i’ := max{n,0}.

Next, assume that f is large. Since 7 = max{n, 0}, we get from the
Continuation Theorem that f or —f is (1, A\)-extendable; it follows
from Lemma T7 that fog™ or —fog™!is (i, \)-extendable as well.
Corollaries and 2.5 now imply that eh(f o g7') <7/, as required.

Finally, if f is bounded, there exists ¢ € R such that fic is large, so
the previous subcase and Corollary also give the claimed conclusion
in this subcase.

Part (2) follows from part (1), since level (fog™) =n—k =1n"in
this case, and part (3) follows from part (2) with f = p;. O

Example 8.11. In the setting of Example R assume in addition
that f and g are simple. Then we get from Corollary BI0(1) that
eh(fog™) <0, so by the Continuation Theorem, the germ f o g~!
is (0,level(f) — level(g))-extendable. This holds irrespective of what
level(g) actually is, which represents a big improvement over the ob-
servation in Example R.11

9. DEFINABLE ANALYTIC CONTINUATIONS

In this section, we study the definability of the analytic continuations
obtained from the Continuation Theorem. We call a set & C I angle-
bounded if there exists K > 0 such that & C Sy (K).

Remark. If 4,8 C L are angle-bounded, then the sets A8 and 2A/B
are angle-bounded.

Lemma 9.1. Let k € N and P € R{X;,..., Xy}, and let r > 0 and
P : By(r)* — C be a sum of P. Let iy, ..., C BL(r) be definable
domains and set 4 := $l; X --- X ;. Then PJy is definable if and only
if each ; is angle-bounded.

Proof. This follows from the fact that P is periodic in each variable. [
The next proposition implies the Definability Theorem.

Proposition 9.2. Let f € Z, set n := max{0,eh(f)} and X\ :=
level(f), and let f : 4 — ¥ be an (n, \)-extension of f. Let also
' C U be a definable domain. If f({') is angle-bounded, then fy is
definable.



50 Tobias Kaiser and Patrick Speissegger

Remark. The converse does not hold for f = exp, as erp is definable
but has angle-unbounded image.

Proof. Note that the conclusion holds if f = log, because log is defin-
able. In general, there are & € N and g € Ep(p)4r such that f = golog,.
We claim that if the proposition holds with g in place of f, then it holds
for f.

To see the claim, assume the proposition holds with ¢ in place of
f, and let g : 44 — By be an (eh(f) + k, A\ + k)-extension of g.
Intersecting ' with Hy (R) for some sufficiently large R > 0, we may
assume that

4= logy (80) C Hy(1);
in particular, log, [y and $” are definable. Now, since f(l') is angle-
bounded, we have

g(U") = g(log, (81)) = f(UU')
is angle-bounded. So by hypothesis, the restriction gl is definable;
but then

flw= (g o log,)lw= (glu) o (logylw)
is definable as well, which proves the claim.
By the claim, we may assume that f € £ and, in this case we prove,
by induction on n = eh(f), that
(%) if (L) is angle-bounded, then Y’ is angle-bounded and f[y is
definable.

Case n = 0: If f € My, then f = p; for some k € Z, which has
definable (0,0)-extension py : L — L. The same goes for f = m,
with a € R, which has definable (0, 0)-extension m, : L. — L. Hence
m, o pi is a definable analytic continuation of m, o p, and both the
image and preimage under m, o p; of any angle-bounded domain are
angle-bounded.

On the other hand, if f is a unit at +oo, then f = 1 4 g with
g € & small. By Lemma 2.3(1), there is a P € R{T} such that
g(x) = P(1/z) for sufficiently large = > 0. Let r > 0 be such that
|P(2)| < 1/2 for |z| <, and let P : By (r) — C be the corresponding
analytic continuation of P. Then

z = f(x) =71 (1+P(1/2)) : H(1/r) — L

is a analytic continuation of f that has image contained in Sy, (7/2)
and, by Lemma[0.T] the restriction of § to any definable, angle-bounded
domain is definable.

In general, f = (m, opg)u for some nonzero a € R, k € Z and u € &
such that w is a unit at +oco. Assume that f({') is angle-bounded;
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since the analytic continuation u of u has image contained in Sy,(7/2),
and since (m, o pg)(U') C F(U')/u(l), it follows that (m, o py)(Ll') is
angle-bounded as well. So by the above, (m, o py)[yw is definable and
1" is angle-bounded, so that ufy and hence f[y is definable as well.

Case 1 > 0: Assume that (%) holds for g € &, and that f(&l') is
angle-bounded. If f € M,, then f = expog for some g € &,_;; let
g: U — By bean (n—1, A —1)-extension of g. Since ; is an (n—2)-
domain, we may assume that ' C $l;; and since |f(z)| — oo uniformly
in |z|, we may assume that f({') C Hy (1). Then

g(8l') = log(f(80)) C log(Hy(1)) = Si(7/2);
so that ' is angle-bounded and g [y is definable, by the inductive
hypothesis, and exp [4sv) is definable. Hence f[w= erp [qu) oglw is
definable as well, as claimed.

On the other hand, if f is a unit at 400, then f =14 g with g € &,
small. By Lemma [2.3[1), there are k& € N, small my,...,m; € M,,
an (n — 1)-domain 4 and a P € R{Xy,..., X}} such that g(z) =
P(my(x),...,mg(z)) for sufficiently large z € &l;, where g : j —
C and my,...,m; : Yy — L are analytic continuations of ¢g and
ma, ..., mg, respectively, and P : By(r) — C be the corresponding
analytic continuation of P, for some sufficiently small > 0. Then

z - f(x) =71 (1 +P(my(z), ..., me(z))) : H(1/r) — L
is a analytic continuation of f that has image contained in Sp(7/2)
and, by Lemma[@.T]and the previous paragraph, if each m;(l') is angle-
bounded, then fly is definable as well.

In general, f = (m,on)u for some nonzeroa € R, n € M, andu € &,
such that u is a unit at +00. Assume that f(4l') is angle-bounded; since
the analytic continuation u of u has image contained in Sp(7/2), and
since (m, o n)(LW) C f(W')/u(l), it follows that (m, o n)(Ll') is angle-
bounded as well. So by the above, (m, o n) [y is definable and ' is
angle-bounded, so that u[y is definable as well. U

As an application of this proposition, we obtain a variant of Wilkie’s
theorem [13] Theorem 1.11] on definable complex continuations: set

Hpoly :={f € H: |f| < py for some n € N}

and
1
Rpoly := {f eH: m, - € Hpoly for every m € M(f)} :

Then H,qy is a convex subring of H with maximal ideal
Moty :={f € H: |f|] < pnfor every n € N}.
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Consequently, Ryoly is a subring of Hpe,. Moreover, if P € R{T"} and
[ € Rpoly is small, then Po f € R,qy; it follows that Ry is a field.
Finally, it follows from (E4) and Proposition 2.T4] that

Hpoly = Rpoly D mpoly

as R-vector spaces; in particular, Rpely is isomorphic to Hpoly /Mpoly-
It follows from Kuhlmann [4, Theorem 6.46] that R, is the same as
the subfield with the same name in Wilkie [13].

Remark. Let f € Ryoy. Then every m € M(f) has comparability class
equal to or slower than that of the identity function. It follows that
eh(f) < 0so, by the Continuation Corollary, there exist a (—1)-domain
U; and a half-bounded, analytic continuation f: {{ — L.

To characterize the germs in R,qy in terms of definable analytic
continuations, we need another lemma.

Lemma 9.3. Let f € Z be such that eh(f) < 0. Then f maps angle-
bounded domains into angle-bounded domains if and only if the com-
parability class of f is equal to or slower than that of the identity
map.

Proof. Assume first that the comparability class of f is equal to or
slower than that of the identity map. Then f < p, for some n € N, so

that #= € Z. Since eh (p"—f“) = eh(f) < 0, there are a (—1)-domain

i and angle-positive, analytic continuations f,g : &4 — L of f and

%, respectively. Thus, for x € Y with argz > 0, we have

0 <argg(xz) = (n+1)argz — arg f(x),

that is, 0 < arg f(z) < (n+ 1) argz, which proves one direction.
Conversely, assume that the comparability class of the identity map

is strictly slower than that of f, and fix an angle-positive, analytic

continuation § : 4 — L of f. Let n € N; then pi € Z, so there are

a (—1)-domain i, C 4 and an angle-positive, annalytic continuation
g YU, — L of pin. Fix ¢ > 0, and let x € 4,, be such that argx = ¢;

then
0 < argg,(z) = argf(x) —nargx = argf(x) — nc,
so that argf(xz) > ne. Since n € N was arbitrary, this means that we

can find z, € 4, for n € N, such that argz,, = ¢ and argf(x,) — +oo
as n — 00, which proves the other direction. 0

Proof of Application 2. First assume that f € Ryoy. Then eh(f) <0
so, by the Continuation Corollary, there are a (—1)-domain # and a
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half-bounded, analytic continuation f : f — L. Also, the comparabil-
ity class of f is equal to or slower than that of the identity function,
so by Lemma [0.3] f maps angle-bounded domains into angle-bounded
domains. Thus, if 4’ C il is an angle-bounded, definable domain, then
f(Ll') is angle-bounded, so by Proposition[@.2] the restriction of f := mwof
to U is definable.

Conversely, assume that there exist a (—1)-domain 4 and a half-
bounded, analytic continuation f : &{ — C of f such that, for every
angle-bounded, definable domain ' C 4, the restriction fy is defin-
able. Replacing f by f — ¢ for some appropriate ¢ € R if necessary,
we may assume that f is small or large; again replacing f by 1/f if
ncecessary, we may assume that f is small; finally, replacing f by —f
if necessary, we may also assume that f > 0. Note that, in this case, f
is bounded.

Since f € Hpoly, there are small f; € Rpory and fo € Mpay such that
f = fi + f2; we need to show that fo = 0. By the left-to-right impli-
cation, after shrinking 4l if necessary, there exists a bounded, analytic
continuation f; : 4 — C of f; such that, for every angle-bounded,
definable domain {1’ C ${, the restriction f;[y is definable. Therefore,

f2::f—f1:11—>(C

is a bounded, analytic continuation of f. Since 4l is a (—1)-domain,
it follows from Proposition that eh(fy) < 0; so by the Contin-
uation Corollary and after shrinking &l again if necessary, f; has a
half-bounded, analytic continuation fs : 4 — L.

Assume now, for a contradiction, that f, # 0. Then by definition,
the comparability class of the identity function is stictly slower than
that of fy, hence that of 1/ f,. By Lemmal[0.3] there is an angle-bounded
domain W' C U such that (') is not angle-bounded; in particular,
(7 o f2)[w is not definable. But 7 o fo = f5 by the identity theorem for
holomorphic functions, so that fy[y is not definable. This contradicts
the assumption that both f[y and f;[y are definable. O
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