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The development of solid-state quantum technologies requires the understanding of quantum

measurements in interacting, non-isolated quantum systems.

In general, a permanent coupling

of detectors to a quantum system leads to memory effects that have to be taken into account in
interpreting the measurement results. We analyze a generic setup of two detectors coupled to a
quantum system and derive a compact formula in the weak-measurement limit that interpolates
between an instantaneous (text-book type) and almost continuous - detector dynamics-dependent -
measurement. A quantum memory effect that we term system-mediated detector-detector interaction
is crucial to observe non-commuting observables simultaneously. Finally, we propose a mesoscopic
double-dot detector setup in which the memory effect is tunable and that can be used to explore
the transition to non-Markovian quantum measurements experimentally.

Historically the interpretation of quantum measure-
ment uses the projection postulate implying an instanta-
neous collapse of the wave function in the measurement
process [I]. Whereas this scheme fits e.g. ideal photo-
detection very well, it is unsuitable in most other mea-
surement procedures. For instance, in a measurement
of a current in a solid-state environment, the system-
detector interaction is much weaker and a collapse is
avoided. A great deal of theoretical and experimental in-
vestigations have been carried out since von Neumann’s
work [IH3]. In particular, the limit of noninvasive mea-
surement processes has been studied theoretically [4] as
well as experimentally [5], [6]

In mesoscopic physics, the question of current noise in
the quantum regime has attracted a lot of of interest over
the years [7]. In particular, the question of measuring the
current correlator was addressed early on [8HI2]. While
most experiments address high-frequency correlations in
agreement with the symmetrized correlator [I3HI5], with
on-chip detectors the quantum non-symmetrized noise
can be extracted [I6HI8]. First theoretical strides to-
wards the measurement and interpretation of general un-
symmetrized operator orders have been reported [T9-24].

The goal of this Letter is to understand which sys-
tem correlations are obtained in a generalized quantum
measurement if two detectors coupled weakly and con-
tinuously to a system are read out independently. We
find that the measurement outcomes can be expressed
by noise and response functions of the system and the
detectors. Hence, these outcomes depend crucially on
the internal dynamics of the detectors and, therefore, by
suitably engineered detectors the measurement can be
tuned such that a specific operator order is measured.
We propose a mesoscopic double-dot detector setup to
explore the transition to non-Markovian quantum mea-
surements experimentally. Going beyond the usually dis-
cussed bath-induced non-Markovian self-interaction [25],
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FIG. 1: Non-Markovian cross-correlation measurement: Two
detectors a and b are coupled to a system for a finite time
and read out at times t, > t,. Detector b collects information
directly on the system and on detector a (which are transmit-
ted through the system). The presence of detector b after its
readout (light blue) also contributes to the information which
detector a collects on detector b at a later time ¢,.

we identify the system-mediated detector-detector inter-
action as crucial ingredient to observe non-commuting
observables simultaneously.

In the following, we will assume that two detectors are
coupled to a common system by small interaction Hamil-
tonians, which allows us to linearize the time-evolution
and obtain a microscopic expression for the observed
quantum correlation. The measurement procedure is il-
lustrated in Fig. Besides the direct influence of the
system onto the detector observables (green arrows), the
detectors influence each other mediated by the system
(blue and orange arrows). This influence depends on
the time-dependent response of the system and will lead
to interesting consequences. We start by deriving the
second-order cross correlation for a non-Markovian weak
quantum measurement from a microscopic model. We
will show that the different contributions can be under-
stood in terms of a linear-response interaction of the sub-
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FIG. 2: (a) Couplings and correlations between the different
variables. The inter-system couplings 7. connect the detector
variables D, to the system variables A and B at equal times.
Within the system and the detectors information is trans-
mitted non-locally in time via the response functions x. (b)
Schematic representation of the second-order processes which
contribute to the cross-correlation measurement. The straight
arrows indicate the direction and causality of the time flow.

systems involved. After making some general statements
on the properties and relevance of terms beyond the text-
book approach of symmetric operator order, we will il-
lustrate our findings in several examples.

Microscopic model. — The Hamiltonian of the system
to be measured is denoted as ﬁo, and we will consider
two independent detectors described by H, and H, that
are coupled to the system by H int- LThe total Hamiltonian
is given by

H= S Hat Fa (1)

a=0,a,b

The two detectors with detector variables D, and D, are
weakly and linearly coupled to the system observables A
and B,

Hint = 'r]af)ai4 + nb[)bB s (2)

where 7, and 7, denote small coupling parameters which
in general can be modulated in time. There are no re-
strictions on the detector Hamiltonians H, a-

In the following we will study the correlation mea-
surement scheme shown in Fig. The density matrix
of the total system is assumed to be in a product state
P = Popapp at the initial time ¢ty (not shown). The mea-
surement /readout procedure of the detectors is described
by Kraus operators IA(ml [3]. The first measurement ends
with the readout of detector b at time t; with result m,

By U(to)popappUT (t6) K,
Tr{ Ko, U(ts)popapp Ut (t) Ky }
The unitary time evolution operator can be separated as
U(t) = Up(t)Ur(t). Here, Up(t) = e (HotHatH)(t—t0)
generates the time evolution in the uncoupled subsys-
tems and Ul(t) — Te H Jig Hine (#)” describes the time

evolution in the interaction picture induced by Ffmt.
Here, 7 denotes the time-ordering operator. The sec-

ond measurement ends with the readout of detector a at

and the density matrix p' =

time t, > t, with result m,. The (unnormalized) total
state after this procedure is given by p’ = K, Ul(ta —
tb)ﬁ’UT(ta - tb)f(lna. Its trace Tr{p"} = p(maq, ta|me, ts)
gives the conditional probability of finding m, if m; has
been measured before; the unconditional probability is
obtained by applying Bayes’ theorem p(mg, tq;mep,tp) =
p(Ma, ta|me, ts)p(my, ty). To establish the relation be-
tween measurement results of the two detectors and op-
erator order of the corresponding observables we consider

C(taatb) :/dma/dmb Mg mbp(mavta;mbvtb)

—/dma map(ma,ta)/dmb my, p(my, ty). (3)

Using the weak-coupling assumption, expanding Ur to
second order in n and rescaling C — C/n,n, we find
that the correlation function can be written as the sum
of three contributions

C(ta,ty) = C™(ty, ty) + CI(ta, tp) + CI(ta, 1), (4)

with
O™ (1, 1) = / At ds x4 (tas X0 (b )% (1 ),
C((liet(tavtb) :/dtdSX?WD(tbaS)X%A(svt)S%D(taat)a

Cl()iet(tmtb) :/dtdsX%D(tuvt)X%B(tﬂs)S&D(thS)‘
(5)

Here we introduced the response functions

Xy (1) = —%9(?5 —t)([Xa(®), Ya(t))a,  (6)

and the symmetrized noise functions

Sk (61) = S (AR 0%al e (7)

The expectation values in Eqs. @ and @ are calculated
with the initial system density matrix py respectively the
density matrices po(t) = 0(to — t)pa + 0(t — to)pl, of
the detectors (o« = a,b), which can incorporate a change
of the detector state from p, to p, due to its readout
at time t,. The detector observable is given by M, =
[ dmg maf(jn K.

Equations and (5)) are the main result of our Letter.
The origin of the various terms is illustrated in Fig.
C™ describes the symmetrized correlation of the sys-
tem observables A and B which is transmitted to both
detectors via x* and x°. C’get corresponds to the inter-
nal correlation of Ma and D, in detector a where 15,1 is
measured by detector b via x° and x® (and similarly for
Cget). The system takes a new role as a linear-response
mediator here, since the commutators in the response



function Eq. @ make information accessible that is not
contained in the symmetrized noise, Eq. @

If system and detectors are initialized in stationary
states, Egs. @ and depend only on the time dif-
ferences and Eq. can be expressed in Fourier space as
C(w) = [d(t, — tp)e™te=1)C(t,, ;) with the result

O™ (w) =X p (W)X (—w)Sap W),
Ca(w) =Xhup (~w)xpa(-w)Sip (W),

Oy (w) =x%up (@)Xap (W) Shp(~w) - (®)

For simplicity we concentrate on the second-order cross-
correlation here, the generalization is discussed in [26].
Hence, in the frequency domain and for equal detectors
we have C™(w) = |xap(w)|>SYz(w). Thus, the non-
Markovian nature of our setup results in a simple fre-
quency filter effect for the symmetric part of the mea-
surement.

We will now focus on the system-mediated detector-
detector interactions C{°t and discuss their relevance and
properties, especially their effect on the finally measured
operator order. Since the detectors measure each other’s
noise in linear response through the system, the pres-
ence of the commutator in the response functions leads
to the appearance of antisymmetrically ordered system
terms in addition to the symmetrized expressions which
can combine in various ways. We find that (i) C9 is
a non-Markovian quantity as it depends on the memory
of the detector and the time history of the measurement
process. (ii) the response-to—noise ratio x/S of a de-
tector is a indicator of the relevance of C'9°* and there-
fore the measured operator order. (iii) Cd°* and Cget
can cancel with clever detector engineering. (iv) For cer-
tain systems, C'%* leads to observable effects even in the
Markovian coupling limit, i.e. for instantaneous interac-
tion of system and detectors. The observations (i)-(iv)
are illustrated in the corresponding examples in the fol-
lowing.

(i) Ladder-operator measurement: We study a system
that is assumed to be a harmonic oscillator with fre-
quency ). The detectors are assumed to be identical har-
monic oscillators with frequency €', and their memory is
controlled by the damping parameter A\. This damping
results from the dissipation to a bath, see [26]. The mea-
surement is taken at coinciding times ¢, = t;, = 0. We
are interested in the correlation of the ladder operators
a and a' of the system. Since they are not hermitian, we
have to perform two measurements in which the detectors
are coupled to the position in one measurement with the
resulting correlation function C,, and to the momentum
in the other measurement resulting in Cp,. The sum of
these correlators C' = (Cyq + Cpp)/2 corresponds to the
scalar relation aa* = (22 4+ p?)/2 with a = (z +ip)/V/2
and is given by

C= €s<{&v dT}> - §a<[&v dTD ) (9)

€
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FIG. 3: Ratio of the weights &, and &, of the antisymmetric
and symmetric contributions to Eq. @D as a function of the
detectors frequency ' and damping ) in units of the system
frequency () at zero detector temperature.

where & = 1 [dtds x4, p(£)X%p(s) cos(Qt — s)) and
S = [dtds8(s — 1) [y p (OS5 p(8) + X (O Sh(5)]
x sin(€(s —t)) are the weights of the symmetric and an-
tisymmetric contributions. The antisymmetric contribu-
tion is essentially determined by the system-mediated
detector-detector interaction Cget. Choosing the de-
tector variable D = p and the detector observable
M = & yields xup(t) = 60(t)e  cos(Vt) and
Sup(t) = e Msin(Q't)coth(BY/2)/2 with the detec-
tors inverse thermal energy 3. Figure [3] shows the ratio
of the weights &, and &, as a function of ' and \. If the
detector oscillators are only slightly damped (A < ),
i.e. have a long memory, the symmetric and antisymmet-
ric contributions are of the same size and lead to normal
order of the operators in the expression for C' oc (afa).
If the detector oscillators are overdamped (A > ), i.e.
approach the Markovian limit, the antisymmetric contri-
bution vanishes and the correlation function corresponds
to symmetrized operator order C oc ({a',a}).

(ii) Relevance of the system-mediated contributions:
The response to noise ratio x/S of the detector char-
acterizes the strength of the asymmetric system operator
order, which can be illustrated e.g. with a monochro-
matic laser beam. S and y resemble a harmonic oscilla-
tor in many respects, with the difference that the noise
is proportional to the photon number N whereas the re-
sponse is unaffected by it. Thus we have x/S ~ 1/N.
A single photon behaves very much like a harmonic os-
cillator and C®™ and the C%* contribute in the same
order with a fine tuning possible by damping and reso-
nance effects as shown in Fig. Multiple photons will
almost exclusively measure the system’s response func-
tion, i.e. neither symmetric nor normal ordering but the
antisymmetric operator order, C4¢t > CY™ and the di-
rect symmetric system measurement is negligible.

(i1i) Detector engineering: We now use the possibil-
ity to prepare the two detectors in different states. We
consider a mesoscopic electronic realization with two
(e = a,b) double quantum-dot detectors capacitively
coupled to the system as depicted in Fig. a). The two
dots in each detector are connected via a tunnel cou-
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FIG. 4: Sketch of the setup. (a) Two double-dot detectors are
capacitively coupled to a system and the occupation of one of
the dots is recorded via a bypassing current. (b) The state of
each detector can be set by additional contacts (not shown in
(a)) which are biased to adjust the occupation difference of
the high and low energy eigenstate n™ and n~. (c) Weights
&s and &, as a function of the occupation difference of the
energy eigenstates An, =n, —nt, ex = 0, no damping.

pling t, and the energy difference of the left and right
level €, can be tuned via a gate voltage. Both double
dots are capacitively connected to a quantum point con-
tact in which the current I, is measured. We assume
the current correlation function (I,(¢)Iy(t')) to be pro-
portional to the occupation number correlation function
(02(t)ob(t)) with 0% = n1 o — N2.0-

The state of the double dots is controlled via a bias
voltage, see Fig. b). It can be characterized by the
occupation difference of the energy eigenlevels An, =
n,, —nt. By tuning An, from positive to negative val-
ues, i.e. setting a level inversion, the detector can be
switched from absorption to emission mode. By using
the cross-correlation of two detectors one can combine
these modes to obtain the symmetrized noise not acces-
sible to a single detector in either mode. The rates in and
out of the dot are assumed to be low enough to allow the
detector to evolve undisturbed during the measurement,
i.e. we assume the tunneling rates to determine the ini-
tial state and the measurement taking place between two
successive tunneling events. The detector Hamiltonian is
given by fla = €,05 + 1,65, and the interaction Hamil-
tonian reads ﬁint = > na&‘jfl, where both detectors
measure the same system variable A. This leads to the
response function

2
X () = — Bt — )22 in(wy (t — ) An,
woc

and the noise

SO (14) =20 cos(wa(t — ) + 22 (1 - (Ana)?) |

oo T 22
with w, = 24/t2 + €2. For measuring the ladder op-
erators of a harmonic oscillator we can again write the
correlator in the form of Eq. @D The results for & and
¢, are shown in Fig. C). When both detectors are set to
the same occupation difference An,, = n;, —n} the noise
contributions of both detectors sum up and we obtain
normal order (anti-normal if both detectors are switched
to emission mode) near resonance and for sufficient low
damping. This regime was already explored in Fig.
Since Cd¢t « An,, tuning one of the detectors to level
inversion of the other An, = —An; results in a cancel-
lation of the terms C°* and we are able to measure the
pure symmetrized noise/correlation of the system. If one
of the An,, equals zero, not only the corresponding Cdet
but also S%Y™ vanishes. In this case the only remaining
contribution to C' is the linear-response measurement of
this detector’s noise by the other detector via the system,
i.e., C only contains information about the antisymmet-
ric operator order. Tuning the voltage that controls An,,
any of these regimes can be selected.

A regime to measure the antisymmetric system con-
tribution completely independent of the system state
can be explored by utilizing the constant term in the
noise. In the frequency domain C3¢(w = 0) will be di-
rectly proportional to the zero-frequency detector noise
S p(w = 0) = 8(€a/wa)?(1 — (Any)?) which is tunable
over a wide range by the gate voltage that controls €.
If we set a sufficiently large level difference e the mea-
surement outcome will be dominated by the detectors
measuring each other’s noise through the system. In this
way we obtain the pure antisymmetric system operator
order incorporated in x9 p(w).

(iv) Markovian limit: We now consider the correlation
in the limit of short coupling times, 7, — 0(t — t,) in
Eq. , in a stationary setup

C¥™ (tasts) =xirp(0)X3sp (0)SU 5 (ta — tb)
Ca® (tas tv) =xarp(0)S3rp(0)X Bty — ta)
O3 (ta tv) =x8rp(0)S3rp(O)XUp(ta —t) . (10)

Note that only one of the terms C4¢t will contribute de-
pending on whether t, > t, or t, > t,. For thermal detec-
tors x4 p(0) and S§;(0) are related via the fluctuation-
dissipation theorem and one finds a general requirement
on the detectors for measuring the symmetrized correla-
tion. If x%,p (without the Heaviside function) is symmet-
ric in ¢, e.g. in example (i), S§;p is antisymmetric in ¢
and therefore C¢°* = 0 and C reduce to the symmetrized
expression. This is independent of the frequency filter
effect of the detector or any system properties. How-
ever, any antisymmetric contribution in x4§,p will cause
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FIG. 5: Markovian coupling: The prefactors of S4 5 and X%, B
as a function of the angle ¢ for (6.) = 1 and (6.) = (64) = 0.

a finite value of C°. For non-thermal detector states
there are even less restrictions for C4° to remain in the
Markovian limit.

To be concrete, we consider two identical (a = b) two-
level detectors. The detector variable is set to D = Oy
and the detector observable points in direction M =75
with 7 = (cos(¢),sin(¢),0)T. We obtain xap(0) =

—sin(¢)(5.) and Sarp(0) = cos(¢) — (76)(6,). Figurels]

shows that by tuning the angle ¢ we can realize the full
range of operator orders from normal over symmetric to
antisymmetric order with continuous transitions.

Conclusion and Outlook. — In contrast to theoreti-
cal models which assume instantaneous measurements,
constantly coupled detectors appear naturally in many
experiments. In our work we include the non-Markovian
effects in such a setup and explore a variety of possi-
ble outcomes corresponding to non-symmetrized opera-
tor orders. Our results open the avenue to design tunable
quantum detection systems which can observe tailored
correlation functions.

We have proposed a quantum detector consisting of a
pair of double quantum dots which realizes such a tun-
able scheme in a mesoscopic nanostructured circuit. Ap-
plying our analysis to develop quantum detector setups
in the ultrafast optical domain [27H29] or in the optical
detection of coherence [30] appears to be a promising re-
search direction. Furthermore, a weak detection scheme
is potentially useful to perform a weak quantum process
tomography, which might present an alternative to the
standard route to test quantum algorithms [3I]. An-
other interesting future challenge will be to explore the
full statistics of quantum systems in a non-Markovian de-
tection scheme, eventually even going beyond the weak-
measurement limit.
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