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Patrick Kurth
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Abstract

We consider various initial-value problems for ordinary integro-differential
equations of first order that are characterized by convolution-terms, where
all factors depend on the solutions of the equations. Applications of such
problems are descriptions of certain glass-transition phenomena based on
mode-coupling theory, for instance. We will prove results concerning well-
posedness of such problems and the asymptotic behaviour of their solu-
tions.

Keywords: integro-differential equations, well-posedness, asymptotic behaviour,
glass-transition

1 Introduction

Mode-coupling theory of glass-transition lead to initial-value problems for ordi-
nary integro-differential equation ([12]), i.e. problems of the kind

O(t) + o(t) + /F(¢(t —8))p(s)ds =0 (t € (0,00)), 6(0)=1, (1)
0

where F' : R — R is a so-called kernel-function and ® : [0,00) — R is a
correlation-function. Especially the long-time limits of solutions (if they ex-
ist) are of physical interest, i.e. in case of lim;_, . ®(t) = 0, the considered
undercooled liquid stays viscous and in case of lim;_,o ®(¢) # 0, the liquid
transitions into a glass. Physically relevant kernel-functions are of polynomial
type, e.g. F(z) = vix + va2? (vi,v2 > 0). Problem (1) is equivalent to the
following integral equation

t

Mﬂ=ﬂ®+/ﬁ@@—@%@@ﬁh %)

0
with f(t) =1—1¢, g(x) =1 —z and h(z) = 1 4+ F(z). Further glass-forming
models work with more-parametric kernel-functions, i.e.

t
6(0) + 60 + [ F@(t—5).t - 5.5)0(s)ds =0 (L€ 0.00), 0(0) =1, (3

0



where F : R x [0,00) X [0,00) — R (see [6], [9], [15]), or with complex-valued
equations ([10]).

The kernels of the convolutions-terms of all three equations (1)—(3) are depend-
ing on the solutions of the equations, i.e. they are given by functions k = F(®)
resp. k = F(®,-). This is the main difference to integral equations as studied
extensively in literature (e.g. equations of Volterra-type, see [7], [8], [11] or [19])
and to mainly considered integro-differential equations from [1], [2], [3] and [4].
Until now, only two works are known to us that deal with integro-differential
equations whose convolution terms are of similar type as in problems (1)—(3),
namely [13] and [20]. In [13], well-posedness and asymptotic behaviour results
have been proved for problem (1) under the restriction, that F' is an absolutely
monotone function. In [20], integro-differential equations of second order were
studied, i.e. equations with semilinear structure which are essentially different
from the equations in (1)—(3).

In this work, we aim to prove results for the problems (1)—(3) for a wider class
of kernel-functions than introduced in [13]. In Chapter 2 we will extend the
class of kernel-functions from absolutely monotone functions to monotonically
increasing ones. In Chapter 3, we will present a class of kernel-functions that
lead to ill-posed problems, i.e. we will prove under certain assumptions the
existence of so called blow-up solutions, that are unbounded on a bounded in-
terval of time. In Chapter 4, we will follow an ansatz from [20], to obtain results
under smallness-conditions on the data. Problem (3) will be discussed in Chap-
ter 5. In Chapter 6 we will present some comments on systems with real- and
complex-valued equations. Examples and applications that use the results of
Chapters 2-6 are subject of Chapter 7.

This work is based on the Ph.D. thesis [16]. The techniques of Chapter 4 can be
extended to treat comparable problems of partial integro-differential equations
of first order (see [17]).

2 Monotone kernel-functions

In this chapter we consider the following problem for an ordinary integro-
differential equation

o(t) + (1) + / F(o(t— 5)d(s)ds =0 (t € (0,00)), 6(0)=1,  (4)
0

with a kernel-function F' : R — R. Problem (4) is equivalent to the following
fixed-point problem

o(t) =1+ /F(¢(S)) — ¢(s) — ¢(t — s)F(o(s))ds (t € [0,00)). ()
0
Theorem 1. Let F: R — R satisfy

(Z) 31‘0<1:F(ZEO)= Lo

1—1:0 ’

(i) Fl(z,1) is differentiable, monotonically increasing and locally Lipschitz-
continous.



Then problem (4) has a unique solution ¢ € C*([0,00),R), and ¢ is monotically
decreasing with xo < ¢(t) <1 for allt € [0,00).

Proof. We define F : R — R by

. F(1), z>1
F(z):=< F(z), zp<xz<l1
F(zg), = <o

Let (Fn)nen € CHR,R) be a sequence of monotonically increasing functions
such that

sup |F(z) — F,(z)] =3 0.

LRSI
Due to the boundedness of F;, for all n € N, one can easily prove by using
Banach fixed-point theorem that problem (5) with kernel-function F,, has a
unique solution ¢, € C?(]0,00),R) for alle n € N. Analogously we see that
problem (5) with kernel-function F' has a unique solution ¢ € C'([0,00),R).
Considering problem (4) with F, instead of F', differentiation of the equation

with respect to ¢ leads to
On(t) < —(1+ F(1))n(t),

for t € [0,t'), where

t,.{inf{t>0:q'5n(t)=0}7 {t>0:(;:5n(t)=0}75@}
T oo, {t>0:0,(t)=0}=0 [~

Using Gronwall’s inequality, we obtain for ¢ € [0,t)
bn(t) < —e~ ()T

If {t >0: bn(t) = 0} was not empty, this inequality would lead to (') <0,
which would contradict the assumption. It follows that ¢, is monotonically
decreasing for all n € N. By using Gronwall’s inequality one can easily prove
that for all N,e > 0 there exists a k > 0 only depending on N, € and F' such
that ~
sup |p(t) — dn(t)| < ksup |F — F,|.
0<t<N z€R

It follows that ¢ is monotonically decreasing and we obtain with (4)

t

o(t) = —o(t) / B(6(t — 8))d(s)ds > —F(ao)(6(¢) — 1),

0

ie. xo < @(t) < 1forall t € [0,00). We conclude F(¢(t)) = F(4(t)) for all
t € [0,00), so ¢ is a solution of (4) with kernel-function F. Uniqueness follows
from Banach fixed-point theorem applied to (5). O

Corollary 2. Let ¢ < 1 be the maximal fized point of F(xg) = 22—, then

1—220 ’

o(t) "=F 2.



Proof. From Theorem 1 we know that there exists a g > xo such that ¢(t) — g if
t — oo. This implies the existence of a sequence (t,)nen C [0, 00) with ¢, — oo,
¢(tn) — g and ¢(t,) — 0 if n — co. We have for every 0 < ¢; <t

/ F(6(t — 5))o(s)ds — F(g)(g — 1)
0

t1 t

< | [ Polt - 9)éloyds - Fla)lg - 1)| +| [ Flote— s)its)as
0 t1
=: Il + IQ.

We have for fixed ¢;
t—00

I — [F(g)llo(t1) — g

and
t—o0

I < Clo(t) — g+ [o(tr) — gl — Clo(tr) — gl,
where C' := sup,¢jg ooy [ F'(¢(t))|. For e > 0 arbitrary we choose ¢; large enough

such that
. € €
|p(t1) — gl < mln{”(g)|7 40}

lim I; + 15 < e.
t—o0

and it follows

Using (4) we obtain

and from Theorem 1: g = . O

We will now formulate a result concerning the rate of convergence in the
special case of g = 0. The case zy # 0 will be discussed later.

Theorem 3. Assume F € C*([0,1],R) is monotonically increasing and suppose
(i) F(x) < % for x € (0,1),
(ii) F(0) =0,

(iii) F'(0) < 1.

Then there exists a constant sg > 0 such that

lim e*‘¢p(t) = 0.

t—o00

Proof. One easily proves that there is a constant g € (0, 1) such that

Flz)< —2

> m = GEO(.%') (CC S [0, 1])

G, is an absolute monotone function and fulfils G_ (0) < 1. It has been shown
in [13] that there exist g > 0 and € € (0, 1) such that for alle n € N and z > z

/ 1 F(8(1))dt < / Gy (G(1))dt < (1 ¢) / (). (6)



Applying estimate (6) to the techniques of section 7 from [13] one proves

/ t"p(t)dt < co
0

for all n € N and finally the requested result. O

The restriction F(0) < 1 in Theorem 3 implies G (0) < 1, which was
needed for proving estimate (6). The question for rates of convergence in case
of F'(0) =1 is not answered yet. In the following theorem we will approach a
certain class of functions with that property.

Theorem 4. Let F € C°([0,1],R) be differentiable and monotonically increas-
ing with the following condition

dc e (0,1] Yz € ]0,1] : 0 < F(2) < cz.
Then the solution ¢ of (4) with kernel-function F fulfils for alle t € [0, c0)
o) <c

Proof. Applying variation of constants formula to (4) leads to

b(1) = et //F s — 1)o(r)drds

TS

M\»—l

<et e [ cop(s — r)d(r)drds
!
d
=e” £c/¢s—r)¢( Ydr — co(s) | ds
0

e_t—i—e_t/ec/(és—r drds—c/d)t—s ds—l—e_t/ “P(s)ds.
0

By using Gronwall’s inequality we obtain

ec/¢t—s s)ds < e

and due to the monotonicity of ¢ it follows
o(f) < e 5t
for all ¢ € [0, c0). O

Remark 5. (i) We consider problem (4) with F(x) = x (x € R) and we
assume that there are k, 6 > 0 such that for all t € [0, 00)
1

P(t) < km =: h(t).



It then follows
¢
o) >1— /h(t — s)h(s)ds.
0
It has been shown in [14] that there exists a constant k1 > 0 such that

t
1 t—o00
h(t — s)ds < kj——— — 0,

JECRICE N

0
so we have ¢(t) — ¢ (t — o) for a ¢ > 1, that contradicts the result of
Theorem 4. Due to this example, the rate of convergence in Theorem / is
optimal.

(ii) The results of Theorems 3 and 4 can be generalized to the case of a mazimal
fized point g # 0 of F(g) = ﬁ. This can be done in a similar way as
presented in [13] by defining

F(x) = [F((1-g)r+g) - F(g9)](1-g)

and
_9((1-g)t)—g
(t) == T

Then one has

)+ [ F(d(t— 5))o(s)ds = 0 (¢ € (0,00)),
O/ (7)

3(0) = 1.

Applying Theorems 3 and 4 to the problem (7) one abtains similar results
for the general case.

(i@i) The results of this chapter can easily be extended to more general (not nec-
essary physically relevant) cases with initial conditions ¢(0) # 1 and inho-
mogeneous right-hand sides f : [0,00) — R that fulfil f = lim; .o f(t) <
oo and f(0) < ¢(0)L. The fized-point equation from Theorem 1 then pro-
ceeds to

z—f
¢(0) —
To prove results concerning rates of convergence of the solutions as seen
in Theorems 3 and 4, it will be necessary to call for additional decay rates

of f.

F(z) =

3 Blow-up solutions

In the previous chapter we discussed the existence of global solutions of the
problem (4) under certain restrictions on the kernel-function F'. It is a natural

I This condition is necessary to obtain monotonically decreasing solutions.



question whether one can always expect global solutions or whether there are
kernel-functions such that related solutions are unbounded on a bounded inter-
vall [0,T) for a T > 0, i.e. they only exist on [0,7) and produce a so called
blow-up at time T'. In this chapter we will prove the existence of such blow-up
solutions under certain conditions on the kernel-function. We start quoting a
version of a lemma from [8] for volterra-integral equations.

Lemma 6. Let g € C1(R,R) be monotonically increasing with g(x) > 0 if
x>0, ke CH(0,00),R) be nonnegative and monotonically increasing with
K(x) :/k(s)d5>0 ifx >0
0
and assume f € C9([0,00),R) is nonnegative and monotonically increasing.
Furthermore, let g satisfy

i x
limsup — < oo
z—o0 9(T)

[555 (5ig) m

Ifu: [0,T) = R is a solution of the following volterra-integral equation

and

k(t — s)g(u(s))ds

I
=
S~—

I
&h
—
Nt
_|_

—

S o

with mazimal interval of existence |
then T < 0o and u(t) — oo if t = T.

,T) such that u(t) > 0 for all t € (0,T),

Theorem 7. Let F' € C'((—o0,1],R) be monotonically increasing with F(x) <
—1 for x € (—o0,1] and let there exist xg € (—o00,1] and € > 0 such that for
x € (—00,x0)

F(z) <ex—(e+1). (8)
Furthermore, let there exist 6 > 0 such that
-5
F'(z)/—
/ L;de < 0. 9)
J CFE@)?

Then there is a T > 0, so that problem (4) has a unique solution ¢ : [0,T) — R
that satisfies ¢(t) — —oo if t — T, i.e. there is no global solution for (4).

Proof. We assume that problem (4) has a global solution ¢ : [0,00) — R and
we aim to produce a contradiction with the help of Lemma 6. We define for
t,x € [0,00)
k(t) :=1—0(t), f(t):=t, u(t):=1—¢(t) and g(z) :== -1 — F(1 — z).
With this, u is a global solution of the following volterra-integral equation
t
u(t) = f(t) + /k(t — s)g(u(s))ds.

0



It is easy to see that (8) implies ﬁ < % for x > 1 — x, i.e.

) x
limsup — < oo
Due to F(z) < —1 (z € (—o0, 1]), one has by using (4): ¢(t) < —1, i.e. ¢(t) <
1—t (t €[0,00)). It follows k(t) > ¢ and from that K(z) > =z, so we obtain
for « € [0, )
K 1(z) < V2.

It follows

g(s) g(s) — F(z))?

The integral on the right-hand side is bounded because of (9) and

—5
’ (
[ oo, [,
(1—F 2 2 x)§
—0o0

where d; > § was chosen suitable. Using Lemma 6, we obtain a contradiction
of the assumption from the beginning. This finshes the proof. O

7¢@K4(8>%§V5jifWﬁ—xw

4 Kernels under smallness-conditions

In this chapter, we aim at results for well-posedness und asymptotic behaviour of
solutions of (4) without using monotonicity conditions on the kernel-functions.
This will be done by regarding the convolution-integral term in (4) as a small
perturbation of the linear equation, so that the exponential decaying solution
of the linear part will dominate. First of all, we consider the following related
linear problem

+/mt—s ds =0 (t € (0,00)), (10)
0

where m : [0,00) — R.
Theorem 8. Let m € C1([0,00),R) satisfy m(0) > —1, lim;_,o m(t) = 0 and
! (8)] < ket

for all t € [0,00), where k,c1 > 0 such that ¢(c; — ¢) > k with ¢ := 14+ m(0).
Then problem (10) has a unique solution ¢ € C1([0,0),R) that satisfies

. k—clep—e)y ( — C) k—c(cy— L)t
< c1—c d - 7 c1—c
9(0)] < e and [6(0) < = e



Proof. Problem (10) is equivalent to the following fixed-point equation

o) =1+ /m(s) — ¢(s) — m(s)p(t — s)ds. (11)
0

By using Banach fixed-point theorem, it is easy to prove that (11) has a unique
solution ¢ € C1([0, 00),R). Differentiation of (10) with respect to t and variation
of constants lead to

el(t) = —1 — /t /t e’ (s — r)dsd(r)dr.
0o r

Using the conditions on m, we obtain

t

/ ¢ b(r)|dr.

0

elo(t)] <1+

Ccip —C

By using Gronwall’s inequality, one has

k—c(c1—c) t

G(t)] < e e
and it follows the existence of a g € R such that

—(c1—¢)  Ezelaa=a)y
t) — < —_— c1—c
6(0) —g] < 7= e

By using similar techniques as presented in the proof of Corollary 2, it is easy
to see that

t—o0

lim m(t — s)¢(s)ds| = 0
/

and it follows g = 0. O

We will now discuss the nonlinear problem (10). Assume F € C'(R,R)
with F'(1) > —1 and let ¢ := 1+ F(1) and v2, 8 > 0, ¢; > ¢ constants chosen
arbitrary.

(i) Let k> 0 such that ¢(c1 —¢) > k > (¢ —1)(c1 — ),

(ii) let a > 0 satisfy (o + 1)5=sla—a < _¢

c1—cC

(iii) let v1 > 0 fulfil v; (M)a <k,

k—c(c1—c)

B
(iv) let a > 0 such that a > vq (%) and

(v) let b > 0 satisfy b < —Bw.

c1—cC



In addition to that, suppose that F' satisfies the smallness conditions
|F(2)] < vola|” und |F'(2)] < v |z[* (12)

for z € R. We define X := { f € C*([0,00),R)|f, f" are bounded} together with
the norm || f||x := max {|| f]lco, || f']lo } and the following subset of X

o k—cler1=c)y
O =" T
. k‘,—c(cl—c)t

[f'(B)] < e e

C:=< feX|f(0)=1,Vte|0,00)

C C X is bounded, closed, convex and due to (i) not empty. We define
T:C—C, vi>Tv:=uy,

where u, is the solution of the linear problem (11) with kernel-function m :=
Fov. Due to the conditions (i)—(v) and Theorem 8 we easily see that T' is well-
defined. By using Schauder fixed-point theorem, we obtain a fixed-point ¢ € C'
of T that is a solution of (4) with kernel-function F. Due to the equivalence of
(4) and (5), Banach fixed-point arguments on (5) lead to the uniqueness of the
solution ¢ of (4) in X. Altogether we have proved the following

Theorem 9. Assume F € C1(R,R) with F(1) > —1 and F(0) = 0. Further-
more let c:=1+ F(1) and ¢; > c.

(i) Let k > 0 such that c(c;1 —c¢) > k> (¢ —1)(c1 —¢),

(i) let o > 0 satisfy (o + 1)@ < —c¢; and

c1—cC
—(c1—¢) \“
(iii) let v1 > 0 fulfil v (m> < k.
In addition to that suppose

a-c —(c1 —¢)
k—clcp—c) “7k—cleg—c)

|F'(z)] < vi|z|® forz € [ +4,

for a § > 0. Then problem (4) has a unique solution ¢ € C*([0,00),R) that
satisfies

. k—cley—e), _(Cl — C) k—elej—c),
t) < c1—¢ d )< — c1—¢ .
9(8)] < e and Jofn)] < = O

Corollary 10. Let ¢ € (0,1) and f € C! ([—%,34—5} ,R) twice differentiable
in x = 0 and suppose f(0) = f/(0) = 0 and f(1) > —1. Then there exists a
constant ko € (0,1] such that the problem (4) with kernel-function F = K - f

has a unique solution ¢ € C*([0,00),R) for all k € (0, ko), with

4 3+3kf(1) . 343k f(1)
< o——ae” 7 land|p®) <e 3 L
60)] < 5 and |§(0)] < e
Proof. We define for a k > 0 to be determined later
L 3
¢ i =14+kf(1), a,:=1, k= §C“’ c1y = =c¢, and vy, = S—CK.



Let 1 > 0 such that for all s € (0, k1]
4

Due to k < k1 the constants defined above fulfil the conditions of Theorem 9.
In consequence of the conditions on f it is easy to show that there exists M > 0

such that |f/(z)| < Mlz| for all € [—3t, 5], Defining ko = 2e°4; and

Ko := min{k1, ko }, we obtain for all k € (0, ko] and z € [—i, ;fg]
Kl (@)] < vigle]
Application of Theorem 9 to the kernel-function « - f finishes the proof. O

As a consequence of Corollary 10, it is easy to prove the following

Corollary 11. Lete € (0,1) and F € C' ([— 4=, 5] ,R) with F(0) = F'(0) = 0,
-1<F(1)< 3 and

3 4 4
Fl(z)| < =1+ F(1))3 ==
P < 350+ FOPl o |5 ].
then problem (4) with kernel-function F has a unique continuously differentiable
solution, that decays exponentially.

Remark 12. The results of this chapter can easily be extended to the more gen-
eral case of inhomogeneous right-hand sides f and arbitrary initial conditions.
Under the additional assumptions that the derivative of f decays exponentially
and that the long-time limit of f is zero, one can construct a similar self-mapping
as above. The smallness-parameters on the kernel-function F will additionally
depend on the decay-parameters of ' and on ¢(0).

The condition F’(0) = 0 from Theorem 9 is too restrictive for some appli-
cations in physics. This restriction was necessary due to the fact that the con-
volution of an exponentially decaying solution with itself decays with a worse
rate than the function. We will see that under the weaker expectation of poly-
nomially decaying solutions, one can work without this restriction. We start
formulating a special case of Theorem 2.2 from [18].

Lemma 13. Letd > 0, n > 1 and f(x) :=
has

W for z € [0,00). Then one

x

/fu—vamyg

0

Theorem 14. Assume F € C'(R,R) with F(0) =0 and F(1) > —1. Further-

2, 2n—-2
more, let n > 1, K :=n", k> K and a > 0 with a < % In

addition to that suppose |F'(z)| < a for x € [ k k } Then

T (n—1)n"=1 (n—1)nn-1
there exists a unique solution ¢ € C1([0,00),R) of (4) with kernel-function F
that satisfies

on+2 1
(n—1)d»=1(d+ x)"’

x € [0, 00).

k 1
n—1(n+t)r-1"

[6(0)] < e and [0(0)] <

11



1 (n 1)z n—>oo
128 4nn?2

Remark 15. We easily see that a <
for ¢ need stronger restrictions on F'.

0, i.e. better rates of decay

Proof of Theorem 14. We define similar as in case of exponentially decaying
solutions X := {f € C'(]0,00),R)|f, f’ are bounded} with the norm | f|x :=
max{|| flloc, [l flloc} and

k
_ {f e x ‘f(O) — 1Vt [0,00): :}C(ff)'i(— ,{?W r and }

We consider the following mapping
T:C—C, v Tv = uy,

where u,, is the unique solution of the linear problem
t
U'U +uv +/mt—58 07 ¢(O):1a
0

with m(¢,s) := F(v(t))o(s) for t,s € [0,00). To show that T is well-defined, we
consider the following equation using variation of constants formula
t s t
Uy (t) = fe*t/e*“*s) /F'(v(sfr))ﬂ(sfr)i)(r)drdsf/ e~ P(1)i(s)ds.
0

0 0

Due to et < K —L for t > 0, Lemma 13 and the conditions on F, it follows

Enn

16K ak24™ AK|F(1)]2"k 1
- <K :
(1)) < ( MO ey e ) (n+1)"

Considering the conditions on the constants, we obtain u, € C 2. Using
Schauder fixed-point theorem, one can easily prove the existence of a fixed-
point ¢ € C of T, which is a solution of (4). Uniqueness follows with the same
argument as in case of exponentially decaying solutions by working with Banach
fixed-point theorem on problem (5). O

5 More-parametric kernel-functions

In this chapter we aim to apply the techniques from Chapter 2 and 4 to more-
parametric problems of the following kind
t
B(t) + d(t) + /F((I)(t —8)t—s,)B(s)ds = 0, t € [0, 00),
J (13
®(0) =1,
where F' : R x [0,00) x [0,00) — R. Physically relevant kernel-functions are
of separate type, like F(z,s,t) = f(x)g(s,t) + ¢ with functions f : R — R,
g : [0,00) x [0,00) — R and constants ¢ € R. We start formulating a result
based on monotonicity-methods from Chapter 2.

2To obtain an estimate for |u,(t)|, one can use similar techniques as used in the proof of
Theorem 8.

12



Theorem 16. Assume f:R — R, g:[0,00) x [0,00) = R, (s,t) — g(s,t) and
c € R and suppose the following conditions:

(i) 3g := tlggcg(t?t),

(ZZ) drg < 1: f(gco)g+c _ _mo

1—(L‘0 ’

(iii) f is differentiable and locally Lipschitz-continuous on [xg, 1],

(iv) g is partial differentiable with partial derivatives gy := % and go := %,

(v) g is locally bounded,
(vi) one of the two following conditions is fulfilled on [zg,1] x [0,00) X [0,00):

a) f'>0,9g>0and f>0,91 <0,91 + g2 <O,
b) f'<0,9<0and f<0,91>0,914 g2 > 0.

Then problem (13) with kernel-function F' := f - g+ ¢ has a unique solution
® € C1([0,00),R) that is monotonically decreasing with o < ®(t) < 1 for all
t €1]0,00).

f@, x>1
Proof. We define f:={ f(z), zo<z<1
flzo), x <z
Let (fu)nen € C°([0,00),R) be a sequence of differentiable locally Lipschitz-

t—o0 s

continuous functions that satisfies || f, — fllee — 0, fu(z)- f(z) >0 (z € R)
and
(@) >0, if condition (vi) a) is satisfied
n <0, else ’

Due to the boundedness of f and f,, and to the conditions (iii)~(v), one can easily
prove by using Banach’s fixed-point theorem that problem (13) with kernel-
function F), := f, - g + ¢ has a unique solution ®,, € C'([0,c0),R) for all n € N
and that problem (13) with kernel-function F := f- g+ chas a unique solution
® € C'([0,00),R). Furthermore, this proves the uniqueness of any solution
® € C*(]0,00),R) of (13). Differentiating the equation from (13) with kernel-
function F, with respect to ¢, one obtains due to @,(0) < 0 and condition
(vi)
@ < —(1+ fu(1)g(0,8) + )b (1)

for t € [0,t), where to > 0 is minimal such that &, () < 0 for all t € [0,t).?
Gronwall’s inequality leads to ty = oo, i.e. &, is monotonically decreasing
for all n € N. Using Gronwall’s inequality once again one can easily show by
considering the conditions (iii)~(v) that supy<;<y |®(t) — ®,,(t)] =3 0 for all
N > 0, i.e. ® is monotonically decreasing. With this one has for all s, s, 53 €
[0, 00) with so < s3

. (vi) (%), (vi) i
F(®(s1))9(s2,83) > f(xo)g(s2,83) = f(xo)tgr&g(t,t) W _*o

l—Io

3to = oo is possible.

13



Using this, (13) and Gronwall’s inequality, we obtain

t
= __1 14— T
O(t) >e 1—10t+/e g (79 20 g5 12 g,
0

i.e. one has xp < d(t) < 1forall t € [0,00). Due to f(®(s1))g(s2,53) =
F(®(s1))g(s2,s3) for all s1,s2,s3 € [0,00), P is a solution of (13) with kernel-
function FF = f-g+c. O

If the limit g satisfies lim; o, g(tL,12) = g for all sequences (t!,)nen C [0, 00)
with ¢, "% 50,1 = 1,2, one has the convergency of ¢ to the maximal & € [0, 1]

that fulfils

_ §
fE)g+e=1= ¢ (14)
This can be proved analogously to Corollary 2, by using
T f(®(t— 5))glt — 5,1) = [(D)g,
where ® is the limit of ® that exists due to Theorem 16.
Theorem 17. Assume additionally to the conditions of Theorem 16
.. _ <iH=, >0
o) g +ef S5 070 sl
(viit) f'(0)g <1,
) <0, f(z)>0 forallzel0,1],
(i) sl { S D200 e b see .
Then one has for alle n € N
Jlim @ (1) = 0. (15)
If additionally
(x) g=0= f(0)g(0,0) =0,
then one has the existence of a constant sg > 0 such that
lim e*'®(¢) = 0. (16)

t—o0

Proof. Due to Theorem 16 one has lim;_,o, ®(t) = 0. We define H(x) := f(z)g+
¢ (z € [0,1]). Similar to the proof of Theorem 3, we obtain using the conditions
(vii) and (viii) the existence of a £9 > 0 such that H(z) < G.,(z) < % for all
x € [0,1) and this leads to

36 € (0,1),t0 € [0,00) Yt > to : f(B())g(t,t) +c < (1 - 8)D(E),

which proves an analogue to estimate (6). Following the same steps as in the
proof of Theorem 3 resp. of the proof of Theorem 5 from [13], one can prove

14



(15). Doing this, the following equation comes up

/ Ot — 5))g(t — 5,t) 4+ ¢) D(s)ds
0

t

= [ F@sgl.0) + ) Blt = ) — (F@(s)gls,5) + ) ds
0

E:\&

/f ))ga(s,t)®(t — s)ds. (17)

Condition (ix) is needed to estimate the last integral-term of (17). To prove
(16), we distinguish between two cases. In case of g # 0 we obtain for = € [0, 1],
s,t € [0,00)

f(@)g(s,t) + ¢ < wH(z) < £Ge, (1),

where k := max {% SUD; te(0,00) 9(8: 1) 1}. In case of g = 0, one has ¢ = 0 and
(@)
f(x)g(s,t) < f(x)9(0,0) < sup |f'(x)|g(0,0).
z€[0,1]
Using this, one can use the techniques in section 7 from [13] to prove (16). O

Remark 18. Theorem 17 only considers the case of a mazimal fived-point § = 0
of (14), which leads to the limit of the solution ® = & = 0. In case of ® # 0,

we define (1) = HOTHI=2 (@) = J((1 - D) + D)(1 — ®), §ls.1) =
g((1 —®)s, (1 — ®)t) and & := —f()g(1 — ). Using (14), one has

t
B(t) + d(t) +/(f(ci>(t—s))g(t— 5,5) +¢) (s)ds =0, BO)=1. (18)
0
Applying Theorem 17 to (18), one obtains asymptotic results for this case.

We will now formulate a result for the problem (13) using smallness-conditions
based on Chapter 4. We start considering the related linear problem

+ /m(t — 5,1)®(s)ds = 0, ®(0) =1, (19)
0

where m € C1([0,00) x [0,00),R) is a fixed kernel. Problem (19) is equivalent
to the following problem of an integral-equation

= 1—|—/m(s,s)—@(s)—m(s,t)q)(t—s)ds—i—//mg(r,s)@(s—r)drds, (20)
0

00
where ma(s,t) := Lm(s,t) (mi(s,t) == Lm(s,t)). Banach’s fixed-point theo-
rem leads to a unique solution ® € C'*([0 [ ), R) of (20) resp. (19).
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Lemma 19. Assume the following conditions:
(i) m(0,t) > —1+¢ for ae >0 and for allt € [0,00).
(ii) |m(0,t)| < ¢ for a ¢ >0 and for all t € [0,00).

(#i) |mi(s,t) + ma(s, t)| < ke=®* for all s,t € [0,00), where ¢y > 1+ ¢ and
k > 0 such thatC 7 <e.
(iv) lm m(s,t) =0.

s,t—00

Then the solution ® of (19) satisfies for allt € [0, 00)

1 .
|D(t)] < ;efm and |<I>(t)| <e M

k

c1—c—1

with kK == ¢ — > 0.

Proof. Differentiation of (19) with respect to ¢ and variation of constants formula
lead to

W (t) = -1 +// () (my +ma)(s —r, 5)D(s)dsdr,
with e(¢ f 1+ m(0, s)ds. One has with (i) and (ii)

le(t) —e(s)] < (1+ )|t — s| and ¢(t) > et.

Using (iii), we obtain

t
“OLa(0)] < 14— [ |b(r)|ar
0

cit—c—1
Gronwall’s inequality and condition (iv) finish the proof. O
Using Lemma 19 we will extend the result to the nonlinear problem (13). As-
sume F € C1(R x [0,00) x [0,00),R) with derivatives Fi(z,s,t) = 8%F(av s,t),
Fy(z,s,t) == 2 F(z,s,t) and F3(z,s,t) == & F(z,s,t) and suppose F(1,0,t) >

—1+¢forae>0and for all ¢ € [0, c0).
(i) Let vs,vy > 0.

ii) Let & > 0 such that k := ¢ — —% — > 0 and x < 1 with ¢ := v3 and
c1—c—1
c1 >c—+ 1.

(iii) Let ag > 0 such that a3z < yx.

(iv) Let vi,va,, 3,a1,a2 > 0 such that vy =5 + vo % <k (a+1)k—a1>c1
and Bk —ag > c1.

Furthermore, let F satisfy the following smallness-conditions:

(V) ‘F(.’E,S,t” < U3‘m|’yeass7
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(Vi) |Fi(z, s,t)| < vi]z|*e™*,
(VH) ‘FQ(:Ev Svt) + Fg(.’b, S,t)| < ’U2|£C|ﬂea25,

(viii) VN, M > 03L > 0Vz,y € [-M,M]Vs,t € [0,N] : |F3(x,s,t)—F3(y, s, )]
Lijz —yl.

IA

We define X := {f € C1([0,00),R)|f, f are bounded}, with the norm || f||x :=
max{|[ f{loo, [|/"lloc} and

o ={rex|ro=1wwe 0150 < T < e .

We consider the following self-mapping
T:C—C, v Tv = uy,

where u, is the solution of the linear problem (19) with kernel-function m(s,t) :=
F(u(s),s,t). Due to the conditions (i)—(vii), T" is well-defined. Since C' C X
is bounded, closed and convex, Schauder’s fixed-point theorem leads to a fixed-
point ® € C of T, i.e. to an exponentially decaying solution of (13). Uniqueness
follows from condition (viii) by applying Banach’s fixed-point theorem to (20).
With this we have proved the following

Theorem 20. Assume F € C'(R x [0,00) x [0,00),R) and suppose F(1,0,t) >
—1+¢€ forae>0 (t€[0,00)) and the conditions (i)-(viii). Then there exists
a unique solution ® € C1([0,00),R) such that

|D(t)] < 167’” and |<I>(t)| <e "t
K
for allt € [0,00).

6 Comments on systems with real- and complex-
valued equations

In this chapter we consider the following problem for a system of a real- with a
complex-valued equation?

. t TN .
(4) ¢1(t)+w1¢1(t)+w1ffl((bl(tfsl)ﬁ;(ffs)’tfs)¢>1(8)ds = 0,
0
. ¢1(0) = (1)5 (21)
(i) Ga(t) + waalt) + wp [ LELEDERI=LENG, ()ds = 0,
2:(0) = o8,

where ¢ € C, ¢ € R, w; € C, wa,p1,p2 € R, f1 : C xR x [0,00) — C
and fo : R x R x [0,00) — R. The functions f; and fs are of linear type

fi(z1,22,8) = a1219(s) + aow2d(s) and fa(x1,22,8) = Bra1d(s) + Baz2d(s),
with a19,012 € (0,00) and ¢ : [0,00) — R is the solution of an ordinary

4See [10], R(z) denotes the real-part of a complex number z € C.
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integro-differential equation with kernel-function F(z) = vix + vaz? (v12 > 0)
that satisfies®
k 1 . k
—_— d 1) <
i@y w0l s G

o(1)] <

where k,d > 0 and n > 1.

We will sketch techniques which will lead to well-posedness and asymptotic
behaviour resuls for (21). As compared to Chapter 4, we will need to work with
the related linear problems

(i) ¢1(t) +wids(t) +wr jml(t —s,8)ds = 0, ¢1(0)=¢}eC,
% (22)

(i7)  Galt) + wadha(t) +ws [ ma(t —s,5)ds = 0, ¢2(0) = ¢} €R,
0
with my : [0, 00) X [0,00) — C and mag : [0, 00) X [0,00) — R both differentiable.

Lemma 21. (i) One has for allt € [0, 00)
" 1 " 1
et < (n) ——F x and e~w2t < (n) _—
w1 (l 4 t) w2 (l 4 t)
w1 w2

(i) There are My, My > 0 such that for all t € [0, 00)

1 M 1 M.
L and < 2

<£+t)”<(d+t)" (0 @rm

wa

Let
X1 :={f € C([0,00),C)|f, f" are bounded} and
X, = {f € C*([0,00),R)|f, f" are bounded},

with norms

1£1lx, = max {[flloc, [ /'llc} and | fllx, = max {[|flloc [Iflloc} -

To construct convenient self-mappings, we define the following constants:

C1. Let k; > 0 such that &y > (WL) My|69) and ky > (n — 1)d" 9.

C2. Let &1 = ky — (l) My|¢9].

w1

C3. Let ay,as > 0 such that

( n > 16w M1k14 (2&1 kik 12 kok 1)) < €1

w1/ |1 —ipi|(n—1)2d?"—2 dn=1(n—1) dr=1(n 27
n\" a1¢99(0) + a243¢(0) 2nt? €1
— M < —=.

(wl) i 1—ips m—Da1M S5

5See Theorem 14.
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C4. Let ky > 0 such that ky > ( )nM2|¢>8| and ko > (n — 1)d"1]¢9).

P
C5. Let g9 := ky — (ﬂ) M;|¢9|.

w2

C6. Let 1, P2 > 0 such that

(n) 16ws Mako4 (251 ok + 28 kik ><52

wy) |1+ pa|(n—1)2d2n—2 dr—1(n—1) dn=1(n—1) 2
n\" Bi1g98(0) + BaRelp(0) | 2n T 2
(LU2> w2 Mo 1 + p2 (n — 1)d"71 ke < 2"
We look for solutions (@1, ®Ps) € € x 62, where
/()] < gt
€ =< feXi:f0)=4¢, d+t) and
! { ! ( ) ! |f<t)| S nsil (d+t1)"_1
/()] < P2
=3 f € Xo: f(0) = 43, )
2 { 2: f(0) = oy IF(t)] < nsfjl e

Due to conditions C1 and C4, %1 and %> are not empty.
Let u € %, be arbitrary but fixed. We consider T} : 41 — %1, w +— Tjw solution
of (22(i)) with kernel-function

fi(w(t),u(t), tyi(s)
1—1p .

my(t,s) ==

Due to Lemma 13, Lemma 21 and conditions C1, C2 and C3, T3 is well-definied.
Applying Schauder fixed-point theorem, we obtain a fixed-point Fj(u) € €1 for
T;. With this, we define Tou as the solution of (22(ii)) with kernel-function

fa(u(t), R(F1(u)(?)),1)
1+ p2

mo(t,s) =

u(s).

By using conditions C4, C5 and C6, we obtain Tou € %5. This defines a self-
mapping Ty : 65 — %5, that has a fixed-point 5 € %5 as one can prove similarly
as for T. By construction, the pair (®1,®P5) € € x €2 with & := Fy(Py) is a
solution of (21). This proves the following®

Theorem 22. Let w; € C, wa,p1,p2 € R, ¢? € C and ¢ € R. Let ¢ €
CL([0,0),R) with

k 1 . k
n—1d+ir T and [¢(t)| < EDR

where k,d > 0 and n > 1. Furthermore, let My, My > 0 such that for all
t €1[0,00)

p(1)] <

1 M1 1 M2
and

(£+t>”<(d+t)" <&+t>"<(d+t)"'

6We skip proof of uniqueness here. For more details we refer the reader to [16, Lemma
6.1].
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(i) Let kv > 0 such that k; > (wﬂl)nM1|¢>(1)| and ky > (n — 1)d" Y| Y).

(ii) Let ey :=ky — (£> Mi|¢9].

wi

(iii) Let a1,z > 0 such that

(ﬂ) 16w1 M k14 <2a1 Rk o Icgnk 1))§51

wi/ |1 —ipi|(n —1)2d*"—2 d=1(n—1) dn=1( 27
ny\" a1096(0) + a209¢(0) | 27*2
— M k < —

(w1> wrih 1—ip (n—1)dn—1" 2

(tv) Let ko > 0 such that ko > (w%)nM2|¢8| and ko > (n — 1)d" |43

(v) Let eg := ko — (w%)nM2|¢8|

(vi) Let By, B2 > 0 such that
n\" 160.)2M2k’24n k k‘lk E2
_ < =
<UJ2) |1+ p2|(n — 1)2d?n—2 <2'Bld" I(n—1) Jr252d””(n—1)> -2’
n\" B1836(0) + B2Rfe(0)|  2*?
_ <
(CUz) . 1+po (n—1)d»—1 k2 2

Then there exists a unique solution (¢1,¢2) € C1([0,00),C) x C1([0,0),R) of
(21) that satisfies

k1 1
|¢’1(t)\§n_lma |1(1)] < (d+t) and
620 < e 601 < g

7 Examples and applications

Example 23 (results of Chapter 2).

(i) We consider problem (4) with kernel-function F(z) = Lsin(z). Applying
Theorem 8, we obtain a unique solution ® € C'([0,00),R) that decays
exponentially. In case of F(x) = sin(z) condition F'(0) < 1 is not fulfilled.
Using Theorem 4, we obtain ®(t) < t~2.

(ii) The rate of convergency for problem (4) with kernel-function F(z) = x+x?
is not answered, yet. With Corollary 2, we obtain ®(t) — 0 if t — co.

Example 24 (results of Chapter 3).

(i) Considering F(z) = —2* + 22 — 2 — 1 for 7 > 0, Theorem 7 proves the
existence of a unique solution ® € C*([0,T),R), with T € (0,00) such that
D(t) —» —oc0 if t = T, i.e. there is no global solution for problem (4).

(i) Condition (9) is not fulfilled for F(x) = x — 2, i.e. this condition can
be interpreted, that F' has to decay stronger than any linear function for
T — —00.
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Example 25 (results of Chapter 4).

(i) We consider for e € (0,1) the kernel-function

3 9e? 9 4
F.(z)= (6432—952> (x° —2%).

Applying Corollary 11 to F. and considering € — 1, one obtains the exis-
tence of a unique solution ® € C*(]0,00),R) for problem (4) with kernel-

function F(z) = fgs (2?2 — a*), that fulfils

()| < —e" 1t and |D(t)] < e i

ol i

(ii) Let wg > 0 be the unique real root of the polynomial P(x) = 3 — 73x +
922 — 323, In case of F(x) = twox? we obtain a unique solution ® €
C1([0,00),R) that satisfies

4 3-3w . 3-3w
1B(t)] < T and  |$(H)] < e TR
3— 311)0
(iii) Letn =2, K =4, k=8 and a = ﬁ. From Theorem 1/, every function
F : [-4,4 — R that satisfies |F'(x)| < a leads to a unique solution
® € C(]0,00),R) with
8 . 8
P(t) < —— d |1o0) < ——
B0 < 50 ad OIS Gy

e.g. F(z) = a0 or F(z) = £ (x + 22).

Remark 26. Some of the functions from Examples 23 and 25 are not absolutely
monotone on [0,1]. By this we see, that the results in this work extend the class
of kernel-functions introduced in [13].

Example 27 (results of Chapter 5).

(i) Let f(z) :==x+2*+71 (1 >0), g(s,t) := H-%’ ¢:=0. From Theorem 17
the solution ® of problem (13) with kernel-function F := f - g+ c satisfies

Yn € N: lim t"®(t) = 0.

t—o0
Condition () is not fulfilled.

(ii) In case of f(z) = x + 22, g(s,t) = 1—5-% +7 (r€]0,1)), c=0 one has

m e*'®(t) = 0.

dsg > 0: li
t—o0

(iii) Let f(x) := x + 2%, g(s,t) := 1+ 1—&-%’ ¢ := 0, then Theorem 17 is not
applicable. We have from Theorem 16

lim ®(t) = 0.

t—o0
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(iv) We consider the following physically relevant problem introduced in [9]:

f(@(t = 5))

D(t) + d(t) + J m

d(s)ds =0, @(0)=1, (23)

where y € R and f : [0,1] = R. If f is differentiable and locally Lipschitz-
continous such that f(x) > 0 and f'(z) > 0 for all x € [0,1], then ap-
plication of Theorem 17 to (23) proves the existence of a unique solution
® € C1([0,0),R) that is monotonically decreasing and satisfies

¥n e N: lim £°0(t) = 0.

— 00

If additionally f(0) =0, one has

Jsp > 0: lim e*'®(t) = 0.

li
t—o0

(v) We consider the following problem from [5]:

t
- f(@(t—5)) -
O(t) + P(t P(s)ds =0, P(0)=1 24
0+80)+ [ o b =0, 0 =1 (@)
0
with y,w € R, f : R = R. If one defines F(x,s,t) := M%ﬁl(ws), one

can apply Theorem 20 to problem (24). In case of w =~ =1 the kernel-
functions f(x) = £-2-22 and f(x) = £288 (22 + 2%) lead to unique

1324 3018752
solutions ® € C1([0,00),R) that satisfies
16 : . 5
[B(0)] < [pe 0 and |B(1)] < e HE

(vi) If f € C*(R,R) satisfies f(0) = f'(0) = 0 twice differentiable in x = 0,
one can prove the existence of a 19 € (0,1] such that problem (24) with
kernel-function f := 1of has a unique solution that decays exponentially
(see [16, Corollary 5.21]).

Example 28 (results of Chapter 6).

Let ® € C'([0,00),R) with ®(0) =1 and

8 . 8

[2(0)| < 57 and |2(t)] < 202

(compare Ezample 25(iii)). Furthermore, let ®) = ®) = 1, w; = wy = 2 and
pr=p2=1. Ifonesetsn =2, k=8, d=2, Mi =My =4,k =ky =5
and g1 = g5 = 1, then application of Theorem 22 to problem (21) proves under

solution (®1,®2) € C1([0,00),R) x C1([0,0),R) that satisfies

5

e (1)) < [CEE [p2(t)] <

the restrictions oq + oy < % and By + B2 < m the existence of a unique

5
(24+1)2°

and |(1)] <

5
610)] < 5

2+t
Remark 29.
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