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Low Frequency Expansion in Thermoelasticity with Second
Sound in Three Dimensions*

Yuka Naito, Reinhard Racke and Yoshihiro Shibata

Abstract

We consider the initial-boundary value problem in hyperbolic thermoelasticity with sec-
ond sound in a three-dimensional exterior domain. The low frequency expansion of solutions
to the corresponding stationary resolvent problem is given and the limit to the classical ther-
moelastic problem is investigated.

1 Introduction

In this paper, we consider the low frequency expansion of the resolvent problem correspending to
linear thermoelasticity with second sound in a three-dimensional exterior domain. The modeling
of the second sound effect turns the classical hyperbolic-parabolic thermoelastic system in a
purely hyperbolic one with a damping term. Thus the physical paradox of infinite propagation
of heat pulses is removed.

Let 2 be an exterior domain in R? with C''! boundary I'. The linear hyperbolic thermoelastic
system with second sound in 2 is formulated as follows:

uy — pAu — (p+ A)Vdivu + V0 =0
0y + vdiv g + ddivu; =0
Toqt + ¢+ kVEO =0 (1.1)

in © x (0,00) subject to the initial condition:
u(z,0) = up(z), u(z,0) =ui(z), 6(z,0) =0y(z), q(z,0) =qo(x) in
As boundary condition in this paper, we consider the Dirichlet condition:
u=0, 6=0 onTI x(0,00)

Here, u, 8, v, 0 and k are positive constants while A is a constant such that 2p + A > 0, and
u and ¢ are three vectors of unknown functions while # is a unknown scalar function. 79 > 0
is the so-called relaxation parameter, while 79 = 0 leads to the classical hyperbolic-parabolic
thermoelastic equations in §2:

ug — pAu — (p+ \)Vdivu + gV =0
0 — yrAO + ddivu =0 (12)

*Supported in the DFG-project “Hyperbolic Thermoelasticity” (RA 504/3-3).
9AMS subject classification: 35 L 50, 74 F 05, 74 G 50




in 2 x (0, 00) subject to the initial condition:
u(z,0) = up(z), u(z,0) =ui(z), 6(z,0)=0y(zr) inQ
and the boundary condition:
u=0, =0 onI x(0,00)

For a survey on results in classical thermoelasticity see [7], for a survey on hyperbolic heat
conduction models see [1]. Results on the well-posedness both for linear and nonlinear thermoe-
lasticity with second sound in one or three dimensions, and on the time-asymptotic behavior
for bounded domains or for the Cauchy problem are given in and [8, 9, 5, 4, 16, 10, 11] also
the references therein. The time-asymptotic behavior in exterior domains for the system with
second sound has not yet been studied. For this purpose the low frequency expansion for the as-
sociated resolvent problem is of interest. For an expansion in classical thermoelasticity (79 = 0)
see [2].

We are interested in the low frequency expansion of the corresponding resolvent problems
to (1.1) and (1.2), which is especially important to investigate the decay property of solutions
to (1.1) and (1.2) as time goes to infinity, cp. [6, 12, 13, 14, 15].

Moreover, we will discuss some convergence property of the resolvent as 79 tends to zero.
We remark that it has been observed ([3]) for other systems that the behavior for 79 > 0 and
that for 79 = 0 might be quite different. Here we show that the systems are close to each other.

To state our results precisely, we consider the resolvent problem corresponding to (1.1) and
(1.2), which is formulated as follows:

k*u — pAu — (p+ N\)Vdivu + V0 = f in Q

kO + vydivg + dkdivu = g in
Tokq+q+ KkVO =h in Q
u=0, =0 onT (1.3)
and
k2u — pAu — (p+ \)Vdivu + V0 = f in Q
kO — vy A0 + dkdivu = g in
u=0, =0 on T, (1.4)
respectively.

As main results we shall obtain the low frequency expansion in Theorem 3.3 and Theorem
3.4, and the conclusion in Section 4 on the continuous dependence of the parameter 7g.

The paper is organized as follows: In Section 2 we consider the spectral analysis for the
Cauchy problem where 2 is all of R3, in Section 3 the case of an arbitrary exterior domain € is
considered, and in Section 4 the conclusion on the dependence of the relaxation parameter 7
is presented.



2 Spectral analysis of the thermoelastic equations with second
sound for ) = R3
In this section, we consider the resolvent problem in all of R3:

k?u — pAu — (p+ \)Vdive + V0 = f in R?
kO + ydivq + dkdivu =g in R?

mokq+q+KkVO="h inR? (2.1)
From the third equation of (2.1) we have
q = (rok + 1) (h — kV0) (2.2)
and therefore, inserting this formula into the second equation in (2.1), we have
k?u — pAu — (p+ \)Vdivu + VO = f in R?
kO — vk(tok + 1) A0 + dkdivu = g — y(rok + 1) "'divh in R3 (2.3)

Therefore, for the simplicity instead of (2.3) we consider the following equation:
k?u — pAu — (p+ N\)Vdivu + V0 = f  in R?
kO — yr(tok + 1)1 AQ + Skdivu = g in R3 (2.4)

To solve (2.4), we introduce the Helmholtz decomposition. In general, given f = (f1, fa2, f3) €
Ly(R3)Y we set

@) (2.5)

where f = F [f] and F~! stand for the Fourier transform and its inversion formula, respectively;
P(¢) is the 3 x 3 matrix given by the formula:

> g]ﬁf 1 ] = E)
P(e :(5-5——>, 8j0 = .
©=0rJge) %=\0 e
and - stands for the usual inner product in R3. Using these symbols, we have
f=Pf+VQf (2.6)
In particular, we know from Fourier multiplier theorems that
divPf =0, [IPfl, o <CIFl, (2.7)

provided that 1 < p < oo.
Applying P and @ in (2.4) and using the fact that divu = AQu,we have

k*Pu — pAPu = Pf in R?
k2Qu — (2 4+ N AQu + 30 = Qf in R3
kO — vk(tok + 1)1 A0+ 0kAQH = g in R (2.8)

M denotes the transposed M



We can solve the first equation of (2.8) easily. In fact, we have
L[ POF©
_ 1
Pu=F; [k‘2 n M|§’2} (x) (2.9)

On the other hand, to solve the 2nd and 3rd equations in (2.8), for the notational simplicity we
set

w=Qu, F=Qf, G=g (2.10)
And then, we have
Ew — (2u+ N)Aw + 0 = F
kO — yk(tok + 1)1 A0 + 6kAw = G (2.11)
in R3. Note that w and @ are both scalor functions, so that (2.11) is a 2 system of partial

differential equations. Applying the Fourier transform to (2.11), we have 2 system of linear
equations:

(K + (2u + N[EP)w(€) + BOE) = F(¢)
(k + va(rok + 1) HEP)O(E) — Sk[E[Pw(€) = G(&)

Setting
i ey — (K7 Qut Vg s
ae= ("G b 0oe)
we finally arrive at the linear equation:
i w(©)] _ [F(©)
a0 56 = e (2:12)

To obtain the low frequency expansion in R?, we start with the analysis of the inverse matrix
of Ax(§). We have

det Aj(€) = (2u 4+ N)yr(rok + 1) 7HE* 4+ (2 + A+ 68)k + yr(mok + 1) 71ED) |€)? + &3
= (2p+ A)yr(rok + 1) P(t k) (t=[¢]%) (2.13)
where we have set
P(t, k) =t* + ((2p+ X)yr) " (70k + D2 + A + 38)k + vk (rok + 1) T k]t
+ ((2p + A)ye) " (rok + 1)K3

2u+X+43 k2 (tok + 1)k3
=2 ——(nk+ Dk + t
( (21 + Nk (70 ) 2p + )\) 2u+ Nk

We start with the following lemma.

Lemma 2.1. Let P(t, k) be the polynomial defined as above. Then, there exist two functions
wi(k,m0) (j =1,2) such that

P(t. k) = (t+ pa (k, m0)) (¢ + M2(k‘ To))

2u+)\+56 5H) oo

k - J k‘]+2
p2(k, o) = 2—|—>\—|—5ﬁ Z



Here, s; Yro) and s?(m) are polynomials in 19 and the expansion formulas converge absolutely
when |k| < ko and |19| < 1 for some positive constant ko which is independent of T¢.

Proof. To obtain the formula for uq(k, 79), we set t = ks, and then we have

9 2,u—|—)\+553 {( 1 2,u+)\+5ﬂT> 1 }
2+ Nyk 2u+X (2u+ Ak 0 (2u+ N)yk
SRS M 2.14
2u+ Nk (2.14)

If we set

2u+>\+6ﬁ
k
s(h. o) = (2p+ Mk Z:S o)k

we have s; (7'0) (1)~ sU)(0,79), and therefore differentiating (2.14) j times, setting k = 0 in
the resultant equation and writting s¢)(0,79) = sU) (j > 1) for simplicity, we have

5(0.70)s ”+2Z< )(a 00 4 2BEATB )

(2p + A)yk
. 1 2,u+)\+5ﬁ (-1 014 20970
+ J=1) + J J -
J (2,u +X 0 2u+A)k 0) ° u+ Ny 2u+ MNyk
Since 2+ N+68 2+ A+ 6B
1 u
25(0,79) + A TATOT_ EHTATOD
5(0,70) (2u+ M)k (2u + M)k
we have

7j—1 .
s 2M+)\+6ﬁ{ <\ ¢ 5 +]<2u—|—)\ (2M+A)wm>5
(51]‘ i 2(5]‘27'() }
2u+XNve  (2u+ A)yk

1 =1 1 j=2
015 = ) , 05 = .
0 Jj#1 0 Jj#2

From this formula we see that s\/) are polynomials in 7y for all j > 1, which implies the assertion
for py(k,m0) = ks1(k,10).
To obtain the formula for us(k,70), we set t = k?s, and then we have

~
Il

+

where we have set

2u4+ A+ 00 1
s+
2+ N)yk 2u+ Nk
1 2#4‘)\4‘55 T0
kd s? =0 2.15
+ {S + (2u+)\+ (2u 4+ M)yk TO>S+ (2u+)\)7/§} ( )
If we set

_ 1 > 2 7
52(]{;77_0)_ 2M+A+5ﬂ+j§::18](7—0)k



differentiating (2.15) j times and setting & = 0 in the resultant equation, we have

2u+X+98 )
(20 + A)y k2 (0,70)

d\i-1 9 1 2+ A+ 60 To B
+](dk) {SQ(k’TO) + <2u+)\ * (2u + M)k )SZ(k’TO) + (2u+)\)'ym} ’kzo— 0

from which the assertion for ug(k,7) follows analogously. This completes the proof of the
lemma. O

Now, we shall give a solution formula. Since

ANEED k + yr(Tok+) €| -p
407 = S A ( k€2 K+ <2u+A>|§!2>
det Ag(€) = (21 + A)ys(rok + 1) P([¢]%, k)
we have
D = 1 T K|€IPVE — B(7 §
w(E) = @+ M PUEEE) {(rok + 1)k + vk[€7}F(§) — B(mok + 1)G(§)]
Tok + 1

6(¢) = {SKIEPF(E) + (K + (2 + NEP)G(€)} (2.16)

(20 + AP (€2, k)
From (2.6) and (2.10), we have u(x) = Pu(z) + VQ(x) = Pu(x) + Vw(x), and then using (2.9)
and (2.16) we have

PE)f(6) i€
R+l 2+ \)ysP(lg], k)

aE) = {(rok + 1)k + ys|€PLE(€) — Blrok + 1)G(E)] (2.17)

Recalling (2.5) and (2.10) and denoting the j-th component of P(€)f(£) by P(&)f(£)];, we have

P©)f(€) Z&fﬁfe _ =—ZZ&§|2 L Gle) = 4(9)

finally we arrive at the following formulas:

3 3

iy () =52 - a3 (b + DREEE 7 (¢

K2 ul€? & (k2 1 el 2+ \yrP(IEP, k)€
3 .
§iée poo Bk +1)§
+Z(2M+)\) Pleri T s apeb(er
3

R . (rok +1)0kE - (Tok + 1)k? . (tok + 1)[€]2 .
0 — _ / — AR b
== G armb e Ot i b 7 ©  epien by 1

(2.18)
From (2.18) we have the following theorem.

Theorem 2.2. Let1 < g < oo and 0 < 19 < 1. Then, for any small € > 0 there exist a constant
oo > 0 depending on € and an operator Sy € Anal(Usyc, B(Lg(R?) x Ly(R?), W2(R3)3 x
WZ(R?))) such that for any (f,g) € Lg(R*)? x Ly(R?) , (u,0) = Sk(f,g) solves equation (2.4).

6



Here, for two Banach spaces X and Y, B(X,Y) denotes the set of all bounded linear operators
from X into Y, Uy, . denotes an open set in C defined by the formula:

Uso.e = {k € C\{0} | |argk| < (7/2) —¢, |k| < o0}

and Anal (Uy, ¢, X) denotes the set of all holomorphic functions defined on Uy, with their
values in X.

Proof. In view of Lemma 2.1, we see that for any small € > 0, there exists a constant c¢. > 0
depending only on € such that

€ + k%) = ce(plé]? + [k[?)

provided that |argk| < (7/2) —e. In view of Lemma 2.1,we also see that there exist positive
numbers og and c. depending on € such that

[P k)| > ce(€ + [k (€1 + K[?)

provided that |argk| < (7/2) — € and |k| < 09 whenever 0 < 79 < 1. Therefore, if we define an
operator S by the formula:

Sk(f,9) = (F¢ i), Fe ], F¢ i), e '0)

where 4;(¢) (j = 1,2,3) and §(€) are functions given in (2.18), then applying the Fourier
multiplier theorem, we see that Sy is a holomorphic function with respect to k € {k € C| Rek >
0 and |k| < g } with values in B(Lq(R?)? x Ly(R?), W2(R?)? x WZ(R?)) and (u,0) = Si(f,g)
solves (2.4) for (f,g) € Ly(R3)? x L,(R3). O

Now, we shall discuss some expansion formula of Sy in a neighborhood of the origin: k£ =0
of a complex plane, which can be done by shrinking the definition domain of S; and widening
the range of Sk in a suitable sense (see Vainberg [13, 14, 15]). Main theorem will be stated in
the end of this section. To give an expansion formula for Sk, we shall give several lemmas in
what follows.

Lemma 2.3. Let Re+/a > 0. Then, we have

1 67\/6|x‘ 1 1
e W= T e )@ = o 2.1
7o el @ =T % el @ =5 (2.19)
_ 1 1 lz|  \alz|? /1 B
%[%@Mmﬂw Irva st em ), B0 o (220)
Proof. The formulas in (2.19) are well-known, so that we may omit its proof.
Since
1 ;1(; _ L)
(€F +aleF ~ o \[EPva P
by (2.19) we have
1 1
= )= —— (e Vel _q
&[MMMWW) mm@ )

Making an integration by parts two times, we have

1 1
e—valzl _ 1 — /de—m:c|d9:_\/a|m|/ c—0Valzl g
0 do 0

7



1
= —Valel{[~(1 - 0)e VAR — ala /0 (1 - 0)e~ k1 ap
1
~Valal + (vala)? [ (1= o)kl ap

1
= —Valel + 5(Valal? - 5(Valel)* [ (10 lan  (221)

Therefore, we have

; 7_#_ 1 2_13/2 3/1 _ \2,—0v/a|z]
(e o) @ = ~rjafe | VeIl + gelel® = el [[ (1% as

1 [ | Valz* [ 2 —0y/ala|
NG 87r+ 8w /0(1 b)e b

al

This shows (2.20), which completes the proof of the lemma. O

Lemma 2.4. When Rek > 0, we have the following formulas:

1 1 1 k / Lo lal
— — 2.22
7e [k2+u|€!2]($) dmpla] ~ Ampd Jy @ (2:22)
_ §i&e 1 /650 xjay
o ; _ Lo kG ok, 2.23
T e @ = g (o~ o) HGatilaD (2.23)
where we have set
-1 ! 9 Ty
Gunlh ) = g5 | (1= 072280 = b/ V)0 (37 + 6l
n 92(k/\/ﬁ)2xm}e—9<k/ﬁ>lml df (2.24)

Proof. Since k* + p|¢|? = p(|€|* + (k//1)?), by (2.19) with a = k/,/u we have

1 o (k/y/mlal
-1 - v
7 e e Il
By (2.21) we have
e EIVDI 1 _ (1 /5) \xl/ o/ vilal gg

Summing up, we have proved (2.19).
To prove (2.23), using (2.20) we observe that

Y PN 41 VAN PR S 1
7 T e @ = iaman e T o e

2 2 1
1 9 2] — k 0 |x2/ (1_0)26—9(k/\/ﬁ)|x|d0}
0

()

8w Ox; 01, 8mud/2 Ox 0z,
To proceed we observe that
0? d; ; 0
2l = =, ol = 2 - ol =23,
8x] |:c| 0z ;0xy lz|  |x]37 Ozj



O e 0o/ ymal _ T (k) el
8x]8:1:g‘x| _25J57 871'] - (k/f)‘ |

~0(k/ )zl — _ (k/f)(i _ w> O/ 4 g2 (k) /)2 I =0/ VRl

x| [z |22

82
(%Ujaa:g

In particular, we have
82

O0xj0xy
Ty Tjy

= {230 = 45O ) — 008/ ) (85l = T ) 4+ 0% e oIV

= {25je - (k/\/ﬁ)9(3% + 6je\x|) + 0%(k/\/n)? xjxg}e— (k/vi)le]

Therefore, defining Gj¢(k, |x|) by the formula (2.24), we have (2.23), which completes the proof
of the lemma. ]

[|x‘2€—9(k/\/ﬁ)\xl}

In the following two lemmas, we treat the other terms.

Lemma 2.5. Let P(t, k) and pj = puj(k,m0) be the same functions as in Lemma 2.1. Set
1
Hy(z) = yg;|2/ (1 — 0)2e fmekmo)lal gg - p— 1 2 (2.25)
0

Then, we have the following formulas:

pooey R S PSS S . B 1 CO Ry G (2.26)
§ Lp(lel2. k). - 1/2 /2y & 8y — o) :
(€% k) A (py" 4 puy'”) H1 — 2
. ] 3/2 3/2
_ 1€ T; I OH; 7 0H,
T ) @ = ~5r t e z) = 2 z 2.27
& el )@ = "Smial T 8e(m ) 02, ©) " Sx(m o) O, (227)
3/2 3/2
o[58 (= Sy i PH i P
¢ LP(gR, k) 8rlx| = 8mlx|3  8m(u1 — p2) Ox;0x, 8 (11 — p2) Ox;0xy
(2.28)
2 1 M1/2 ” B
Fl L (x) = Ll WY SR LI
3 [P(|§27k)] Arlz| 4w Jy dre (e 1/2+N;/2)
11 M3/2M2 ,u5/2
| - =l — 2 ____H 2.2
" ! 8m(p1 — p2) o)+ gy (11 — p2) 2(e) (2.29)

Lemma 2.6. Let P(t,k) and puj = pj(k,70) be the same functions as in Lemma 2.1. Set
1
Hy'(z) = / (1 — 0)2gmeOreka) Pzl go - p— 1 2 m=0,1,2. (2.30)
0

Then, we have

-1 —&i8e e .
¢ [quy?,w] )= & (m i2) 20,0V Y (2) — /i HS (2))
- (390,;? +5je|1?!>(u1H1(ﬂf)*uzﬂzl(w)H%fﬂe( SPHY () — S HE(2)) (2.31)



A Proof of Lemma 2.5 To obtain (2.26), we write

1 _ 1 _ 1 [ 1 _ 1
P(l€)2, k) (€12 +p) (€7 4+ p2)  po—pa LEP + 1 €2+ po
M1 1 2 1

T — 2 (G )IER i — 2 (€2 + o) €2

By (2.20) we have (2.26) immediately. From (2.26), we have (2.27) and (2.28) by the following
observation:

I (x):i].‘*l 1 ()
¢ [P(M?,k)] Oy ¢ [P<|5127k>}
_ 1‘j n ,u:f/z 8H1 ) — ug/Q BHQ T
87lx|  8m(u1 — p2) Ox; 8m(p1 — p2) Oz
] & 0t 1
7 B )@ = e e @
:i[_ 2 w'? oy p”? 9Hy
Oxgl 8mlx|  8m(p1 — p2) Oz 8m(p1 — p2) Oz
(5j Ty ,U,:I)/Q 82H1 ,u,g/Q 82H2

= - + T T
8rlx| 8z 8m(p — p2) Ox;0x, 8 (p1 — po) Oxj0xy
To show (2.29), we write

€2 €2 €12 4 po — p2 1 142

PR k) (P +u0)(EP +m2)  (EP+p0)(€EP +12)  [€RP+p1 P(ER k)

Combining (2.19) and (2.26) and writing
B 1/2|m| 1/2 1 o 1/2|m|
et =1—p/ x| [ e 7 *1do
0

we have (2.29). This completes the proof of Lemma 2.5. O

A Proof of Lemma 2.6 To show (2.31), we write

| 1 1
P2 k) —p2 LGP+ €12+ pe

and then by (2.20) we have

_ —&;i&e
f 1 _ J
¢ [P(|€\2,k‘)|€|2

—1 0 ! 21 12 0
= — —0y/plz| _ —0y/pzl|
87T(,U,1 - MQ) 890]-89@ { /O (1 0) |ZL‘| (me \//726 ) da}

|@)

We observe that

0 . 0?

2
x> = 26;
c%zjaxg ’x‘ it

10



) 5 o
7(\//716_9\/’71“5' —\//Be“’\/’T?'“f') :_9‘?;’(,“16 OVilal _ 1, e=0Vl |>

8$j

0?2 1) Tix _ . _ .
) <38 ) )

J

2X5T¢ 3/2 —0y/mlz| _ ,,3/2, -0/
+0 =P ' e n<e

By Leibniz’s formula, we have

s @) = "1 — 0125, e—OVillel _ =0yl
g [15(|§’27k)’§’2]( )_SW(M—M)/O 1-9) [2(5]5(\//71 : Ve tVE )

)2 (s VA 0

dig  Tixyp _ . _ .
el -0 (12 = 2 ) (e VI = et Vi)

Ty _ T 3/2 _— x
a0 (e OV — i Remtvia) | ag

3T,

- m 20¢(v/ii Hy (x) — /i H3 () —( 2] +5jz!$|)(M1H11(x) — uoHj (2))

3/2 3 2
+ ey H @) — iy " H3 ()|
This completes the proof of the lemma.

Applying Lemmas 2.4, 2.5 and 2.6 to (2.18), we have

() = — Vi)lz| . J J ‘
’LLJ(.I) |:47TM|:E| 47_(_#3/2 /O € d@} *f] Z[87T,UJ<|LE| |I|3) +kGJ€(k7 |$‘)j| *

1 ’ (tok + 1)k
+8W(M1—M2)Z(2u+)\) |28/ HY (@) — Vi H3 (x)

B (3% +6j£\x\>(M1H1 (w) = paH3 (2) + e (3 > HE (2) — 1> H3 (2 ))} Je

3
5jg .%'jl'g 1 3/2 82H1 3/2 82[‘[2
+287r 2u+)\ [( x x3> _,ul—ug ('ul 8x-€)xlg(x) H 8$‘8$5($))] * e
J J

(To]{?—l- 1) xj 1 3/20H1 B 3/26H2
ST o e Ty @ g )]
3
. Tok‘—|— 1 ok Ty B 1 3/26H1 _ 3/28H2
_Z; 8m(21 + ) 'ym{|x| 1 — 2 ('ul Oxy (@) = s Oxy (2 ))} L
(Tok+1)k2 2 1 3/2 3/2
— H — H
+ (871'(2/.1,—1—)\)"}//{[ 1/2 M;/Q ‘$| + (1 — o (lul 1(3:) iu2 2(.13')):| *g

Tok+1|: / —0/pi1 x|
+ -2/ r“d@—i—kugx
8myk Lzl Ml/ _'_M;/? =1

1
M1 —

(1 e (0) = " o)) | 5 g

11



Here and hereafter, * stands for the usual convolution operator, namely

frglx / flz—y) y)dyz/RSf(y)g(w—

Let f € L11oc(R?) and g € Ly(R3). Assume that 1 < ¢ < oo and that g(z) = 0 for |z| > R.
Then, by Holder’s inequality we have

pro@is [ ire-wiswlas {[ ise-nia} ([ e -nlsera)”

where ¢’ = ¢/(q — 1). Then, for any L > 0 we have

[ eo@ras [ ([ we-oia)™ [ el

)

= {/x|<R+L ’f(.%‘)’ dx}q/q, /|y<R </|:c|<L |f(x a y)’ dx) ’g(y)]q dy
< {/x|§L+R @) dx}lJr(q/q’){/]RS |g(y)|qdy}1/q

which implies that
1 % allycm) < 10y 6,

Moreover, by Lemma 2.1 we can write

Vit = E2g(k,10) + K 2 gia(k, 1), iz = kga (k, 0) + E2gaa (K, o)

with some holomorphic functions g;¢(k, 79) which are defined on U, := {k € C| |k| < o}. Here,
o is a rather small positive number which is chosen independently of 7y whenever 0 < 75 < 1.
From this observation, u;(z) and #(z) depend on k € U, analytically as quloc( 3) function
provided that and (f, g) € L,(R?)3 x L,(R3) and (f, g) vanishes for |z| > R. Moreover, we have

3
' 1 dje wya 1 dje Ty
uj () = 47w|x\ ;8 (m |x|3) fé+287r 2u+)\)(\x| |x\3) * e
g Ly 1/2
— O(|k
+8 (20 + N)yk |2 * g+ O(kI)
0(x) = x g+ O(|k|'/?)

Aryk|z|
Summing up, we have proved the following theorem.

Theorem 2.7. Let 1 < g<o00,0<e<m/2,0<79<1and R >0. Let o9 and Sy, be the same
number and solution operator as in Theorem 2.2, respectively. Set

Lyr(R) = {(f,9) € Ly(R?)’ x Ly(R?) | (f,9) vanishes for |z| > R}
WQ,IOC( ) W210c( ) X W210C( )
Then, there ezist a o (0 < o < 09) and G;(k) € Anal (Uy, B(Ly r(R?), Wy10c(R?))) (j = 0,1)

such that when (f,g) € L, r(R3), Gp(f,g) = (k'/2Go(k) +G1(k))(f, g) solves equation (2.4) for
ke U, and Gk(f,g) = Sk(f7g) fOT’ ke Ua,e-
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Moreover, if we set (ug,0p) = G1(0)(f,g), then (uo,00) € Wyi0c(R?) and (ug,bo) solves the
equation

—puAu — (p+ NVdivug 4+ VO = f  in R?

and
3 3
1 1 5jg Ty 1 5jf Ly
. - + oo L\ T
ug () drplz] “1i - Z 87ru(]a;| |z|3 ) * fe ; 8m(2p + A) <|$’ |3 ) i
B Ly
I
872 + Nye 2]
1
g _ 2.
(o) =g+ (2.33)

To end this section, we shall derive the solutions formula (2.33) to the equation (2.32)

1
directly. Since PP is a fundamental solution to —A, we see that
|z
A2(—m) = §(z) inR3 (2.34)
8
1
Therefore, we formally define F~! [@} (x) = —|§U‘, below. To solve (2.32), we apply P and Q
T

0 (2.32), and then we have
—pAPuy=Pf inR3
—2u+NAQu+ 0 =Qf inR3
—kyA=g inR3 (2.35)
Applying the Fourier transform to (2.35) and using (2.5), we have

(€)
i€ f(©)
GE

~ A~

pl€? Pu(€) = < )
(2p + N)[EPPQu(e) + B0(¢) =
vk[€[20(€) = §(¢)

and therefore we have

=~ > 1€y 2 B .
Qu(§) = — ; mfz(f) - mg(ﬁ)

1
13§

0(z) :473%(@ v9)

1
47 |x|

]

Using the formulas: F~ { , we have

J(@) = g7 o0 7 i ) = -

87|z
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1
Puj(@) =g Z 8% 72, 1 f0)

3 1 5
Q) =3 37 0y 10+ g 19
3
_ 1 20 p
= m<m ' fé) * m(\wl *9)

Recalling that ©w = Pu + VQu, finally we have the following solution formula to (2.32):

1 3 1 TiXyp ¢ Tjxy
uj(w)zélﬂulx\*f 2871'/1(@_‘;?) f+z 2u+)\ (ﬁ_ﬁ>*ﬁ

g ]
* 87(21 + A)vk |z i
1
0 =
(@) Aryk|x| w9

Of course, this formula coincides with (2.33).

3 Spectral analysis of the thermoelastic equations with second
sound in Q C R3

In this section, we consider the resolvent problem:

k*u — pAu — (p+ N Vdivu + V0 = f  in Q
k6 + ~vdivq + dkdivu =g in Q2
Tokq+q¢+rkVO=h in (3.1)

subject to the boundary condition:

u=60=0 onTl (3.2)

where T' denotes the boundary of 2 of C%! class. Since ¢ = (14 m0k) 1 (h — £V0), inserting this
formula into the second equation of (3.1) we have

k*u — pAu — (p+ N)Vdivu + gV = f in Q
kO — vk(tok + 1) A0 + dkdivu = g — y(rok + 1) " divh in Q

subject to the boundary condition (3.1). Therefore, for the simplicity we consider the following
boundary value problem below:

E*u — pAu — (p+ N Vdivu + VO = f  in Q
kO — yr(tok 4+ 1)"LAQ + Skdivu =g in Q

14



u=60=0 onT (3.3)

We shall discuss the low frequency expansion of solutions to (3.3) in this section, which cor-
responding to Theorem 2.7 in section 2. For this purpose, we shall construct a parametrix of
(3.3). Let R > 0 be a fixed large number such that R3\ Q ¢ Br = {z € R?| |z| < R}. Set

Lqr(Q) = {(f,9) € Ly(2)® x Ly() | (f, g) vanishes for |z| > R}
Wg,loc(Q) = qu,loc(Q)3 X W(]Q,IOC(Q)

Let o, Sk, Go(k) and G1(k) be the same constant and operators as in Theorem 2.7 and set
Gr, = kY?Go(k) + G1(k) (3.4)

We always assume that 0 < 79 < 1 throughout this section. By Theorem 2.7, we know that
given (f,g) € L, r(R3), Gi(f, g) solves equation (2.4) for k € U, and that G(f,g) = Sk(f,9)
for k € Uy,. In particular, Gi(f,g) € W(IQ(R3)4 whenever k£ € U, ., because it follows from
Theorem 2.2 that Si(f,g) € W2(R?)*. We also know that

Go(k), Gi(k) € Anal(Us, B(Lq,r(R?), W;10c(R?)))
As an auxiliary problem, we consider the boundary value problem:

—pAU — (p+ A\)VdivU + VO = f  in Qpys
—kyAO =g in Qpis
U=6=0 on 89R+5 (3.5)

where Qprys = QN Bris and 0Qr.5 denotes the boundary of Qr,5 which is given by the
formula: 9Qpy5 = SpysUT with Sgis5 = {z € R3| || = R+5}. It is well-known that equation
(3.5) admits a unique solution (U, ©) € VVqQ(QRJrg,)3 X WqQ(QR+5) for any (f,9) € Ly(Qr45)? x
Ly(Qp+5). We define a linear operator T : Ly(Qry5)% X Ly(Qpts) — WqZ(QR+5)3 X WqQ(QR_%)
by the formula: T(f,g) = (U,0). Let ¢ = ¢(x) be a function in C§°(R3) such that p(z) = 1
for || < R+ 2 and ¢(z) =0 for |x| > R+ 3. Given a function f defined on 2, fy denotes the
zero extension of f to the whole space and R f the restriction of f to Q2ry5. Now, let us define
the operator A by the formula:

Ar(f,9) = (1 = ©)Gk(fo, 90) + ¢T(Rf, Rg)

for (f,g9) € L4,r() and we write Ag(f,g) = (A}C(f,g),Ai(f,g)) = (ug,0). Since Gk(fo,90)
and T(Rf,Rg) satisfy equations (2.4) and (3.5), replacing (f,g) by (fo,90) and (Rf, Rg),
respectively, we have

k2up, — pAuy, — (4 NVdivuy, + V0, = f + Bi(f,g) in Q
k), — vr(rok + 1) "LAO, + dkdivuy, = g + Bi(f,g) in Q
U = 9k =0 onI' (3.6)
where we have set
Bi(f,9) =pk°U + p{2(Vur — VU)(V) + (Ap) (ug — U)}
+ (1 + A{VI(Ve) - (w = U)] + (Vo) (divuy, — divU)} + B(Ve) (0, — O)
Bi(f,9) =pk® + yr(rok + 1) (V) - (VO — VO) + (Ap) (6x — O)] = 5k(V) - (u, — U)
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We see that Bi(f, g) (j = 1,2) are compact operators on L, r(2), because they belong to
W, (Q)* and vanish for |z| > R+ 3. Set By(f, ) = (BL(f,9), Bi(f,g)) and

Pr(u,0) = (—pAu — (u+ N\)Vdivu + 8V0, —yk(rok + 1) A0 + Skdiv u)
for the sake of notational simplicity. By Theorem 2.7 and (3.6) we see that
(K*ug, kOr) + PrAR(f,9) = (I + Br)(f,9) inQ, Pi(f,9)=(0,0) onT.  (3.7)

and
Lim | Bk(f,9) — Bo(f, 9L, =0 (3.8)

where I denotes the identity operator on (L, r(Q))*. If we show the existence of the inverse
operator (I + By)™! of I + By on (£, r(R2)), then Agx(I + By)~! is the solution operator of
(3.3). In view of (3.8), to prove the existence of (I + By,)~! it suffices to show the existence of
(I + By)~!. Therefore, the main task of this section is to prove the following lemma.

Lemma 3.1. Let 1 < ¢ < co. Then, (I+By)™! exists as a bounded linear operator on L p(£2).

Proof. Since By is a compact operator on (£q7R(Q))4, to prove the lemma it suffices to show
the injectivity of I + By. Let (f, g) be in L4 zr(€2) such that (I + By)(f,g) = 0. By (3.7) with
k = 0 we see that

POAO(f?g) = (070) in , AO(fa g) = (070) on I. (39)
Set (u,0) = Ao(f,g), and then we can write (3.9) componentwise as follows:

—pAu — (p+ N)Vdivu + V=0 in Q
YA =0 in

u=6=0 onT (3.10)
Moreover, by (2.33) in Theorem 2.7 we have
1 21 Oiv XXy 3 1 Oiv  xixy
SIS SIS oI YL T AT o B S A
) =gy 09~ 2 (b~ o) o+ 2 s (ol ) o
B T
+ I 3.11
87(21 + A)vk |z 90 (3:11)
1
O(z) = 3.12
(@) =y < (312)

for |x| > R+ 3, because Ao(f,g9) = G1(0)(fo,90) for |x| > R + 3. Here and hereafter, we write
fo ="(fo1, fo2, fo3). To complete the proof of the lemma, we shall use the following well-known
facts.

Theorem 3.2. Let 1 < g<oo. (1) Letfe WilOC(Q) satisfy the homogeneous equation:
AO=0 mnQ, 6=0 onl
and the radiation condition:

0(z) = O(|z|™"), VO(z)=0(|z|™?) as|z| — o0 (3.13)
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then 0 must vanish identically.
(2) Letu € ngoc(ﬂ)?’ satisfies the homogeneous equation:

—pAu— (p+ANVdivu=0 inQ, u=0 onT (3.14)
and the radiation condition:
w(z) =O(lz|™"), Vu(z) =O0(|z[7%) as|z| - oo (3.15)

then uw must vanish identically.

Since (fo, go) vanishes for |z| > R + 3, it follows from (3.12) that 6 satisfies the radiation
condition (3.13), so that by Theorem 3.2 we see that § = 0. If we insert this into the first
equation of (3.10), then we see that u satisfies (3.14). Therefore, our task is to show that u also
satisfies (3.15) to conclude that v = 0. From (3.12), we have

1
Oz*goz/ 90(y) dy
R

|z| s | —y
/ ( ! 1)9 (y) dy + ! / go(y)dy for || > R+3 (3.16)
ri N\ —yl |z || Jrs
If we write
/ / 51 (w) — 0y))y 20
Ifﬂfyl 90 I$*9y\ |z — Oy|?
using the fact that go(y) =0 for ly| > R+ 3, we have
1 1
’/ - f)go(y) dy‘ < Cglz|™2 for |z| > R+ 4
g3 Mz —yl 2|

which combined with (3.16) implies that

/ go(y) dy = 0. (3.17)
R3
Therefore, if we write
p Iy p / i —Y 2
_— d
8m(2p + N)vk |z *90 = 87 (2 + N)vk Rs( lz—y| |z )go(y) 4

in the formula (3.11), we see that
u(@) = O(lz]™), Vu(z) = O(|z|7%) as|z] — oo

which combined with the assertion (2) of Theorem 3.2 implies that u(x) also vanishes identically.
Now, we have Ay(f,g) =0, from which it follows that

(1= ¢)Go(fo,90) + ¢T(Rf,Rg) =0 inQ (3.18)
If we write Go(fo,g0) = (uo,00) and T(Rf,Rg) = (U,©), then (3.18) reads as follows:

(I—plup+eU =0, (1—p)r+¢O© =0 inQ (3.19)
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Since ¢(x) =1 for |x| < R+ 2 and ¢(x) = 0 for |x| > R+ 3, from (3.19) we have

up=0, Og(x)=0 for|z|]>R+3 (3.20)
U=0, O(x)=0 for|z|]<R+2 (3.21)

Note that (ug,fy) € WQIOC( 4 and (U,0) € T/I/qz((23+5)4 satisfy the equations:

—uAug — (1 + N Vdivug + VO = in R3
{ pAug — (p+ A\)Vdivug + BVl = fo  in (3.22)

—kyAfy =gy in R3

—pAU — (p+A)VdivU + VO =Rf in Qrys
—kyAO =Rg in Qpys (3.23)
U=60=0 on 8QR+5,
respectively. If we set (U, ©o)(z) = (U,0)(z) for x € Qpys and (Up, ©g)(z) = (0,0) for
r € R\ Q, then by (3.21) and (3.23) we have (Up, ) € WqQ(BR+5)4 and
—nAUy — (p+ AN)VdivUy + VO = fo  in Bgrys
—k7AOg = go in Brys
Uo = @0 =0 on SR+5 (3.24)
From (3.20) and (3.22) it follows that the restriction of (ug,6p) to Bris also satisfies (3.24),

which combined with the uniqueness of solutions to (3.24) implies that (ug,6y) = (Uy, Og) in
Bprys, that is (ug,0) = (U,0) in Qr45. Plunging this into (3.19), we have

OZUO+§0(U*U0):U0, 0:90+(p(®*90):90 in Q
which implies that (f,g) = 0 immediately. This completes the proof of the lemma. O

Combining Lemma 3.1 and (3.8), we see that there exists a small ¢’ (0 < ¢/ < o) such that
(I+By)™ =T — (T +Bo) ™ (Bo—Bp) "I+ Bo)™" = {D _((I+Bo) " (Bo—Br)) I +By)™"
j=0

when k € C and |k| < o’. Moreover, Aj(I + By)~! is a solution operator to (3.3) and the ana-
lytical property of Ay (I + Bj)~! inherits from that of G mentioned in Theorem 2.7. Therefore,
setting Hy, = Ap(I + Bi)~!, we have the following theorem.

Theorem 3.3. Let 1 < g < 0o and 0 < 19 < 1. Let R be a large fired number such that

R3\ Q C Bg. Then, there exists a small number o' (0 < o' < o) and an operator Hy, €
B(E%R,WQlOC( )) for each k € Uy = {k € C | |k| < o'} such that Hi(f,g) satisfies equation
(3.3) for any (f,g9) € Lq.r(2) and k € Uy has the expansion formula:

Hy, = kY2 Hy(k) + Hi(k)  for k€ Uy
where HY, H} € Anal(UJ/,B(ﬁ%R,W;IOC(Q))).

Since Sy = Gy, for k € Uy, we see that A(I+ By) " (f,g) € W2(Q)* provided that (f,g) €
L,r and k € U, . And therefore, combining the whole space solution with Ay (I + Bg)~'(f, g)
by cut-off technique we have the following theorem.
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Theorem 3.4. Let 1 < qg<o00,0<e<m/2 and 0 < 19 < 1. Let o' > 0 be the same constant
as in Theorem 3.3. Then, there exists an operator T € Anal (UUQG,B(Lq(Q)‘l,WqQ(Q)‘l) such
that Ty (f, g) satisfies equation (3.3) for any (f,g) € Ly(Q)* and k € Uy .

Proof. Let k € Uy . Let ¢ € C§°(R?) be a cut-off function such that ¢(z) =1 for |z| < R+ 2
and p(z) = 1 for |x| > R+ 3. For any (f, g) € Ly(R?)%, we set (v, k) = (1 — )Sk(fo, go), where
(fo0,90) denotes the zero extension of (f,g) to the whole space. Obviously, (v,k) € Wq4 (Q) and
satisfies the equation:

(K*v, k) + Pr(v, k) = (f,g) + (F,G) inQ, Py(u,0)=(0,0) onT.

for some (F,G) € L, r(Q). If we set (w,w) = A(I + Bg) "1 (F,G), then as noted after Theorem
3.3, (w,w) € W2(Q)*. Therefore, (u,0) = (v,x) — (w,w) € W2(Q)* and (u,0) solves equation
(3.3). In the above argument, obviously the dependence of (u,6) on k € Uy . is holomorphic,
which completes the proof of the theorem. O

4 Concluding Remark

Employing the same argument, we can show the theorems corresponding to Theorems 3.3 and
3.4 in the classical thermoelastic case (cf. (1.4)). Moreover, in view of Lemma 2.1 we see
that the solution operators Hj constructed in Theorem 3.3 and T}, in Theorem 3.4 depend on
70 € (0, 1] continuously, so that we can take the limit of Hy and Ty as 7o — 0, which converges
to the corresponding operators of the classical thermoelastic equations in the operator norm
of B(quR(Q),W;lOC(Q)) when k € Uy and B(Lg(Q)*, W7(2)*) when Rek > 0 and |k| < o,
respectively.
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