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Abstract

The question of how to introduce thermal fluctuations in the equation of motion of a magnetic system is addressed.
Using the approach of the fluctuation-dissipation theorem we calculate the properties of the noise for both, the
fluctuating field and the additive fluctuating torque (force) representation. In contrast to earlier calculations we consider
the general case of a system of interacting magnetic moments. We show that the interactions do not result in any
correlations of thermal fluctuations in the field representation and that the same widely used formula can be used in the
most general case. We further prove that close to the equilibrium where the fluctuation-dissipation theorem is valid,
both, field and additive torque (force) representations coincide, being different far away from it. We also show that the
uncorrelated character of the noise is due to the form of the Landau-Lifshitz (or Gilbert) damping and under different

damping formalisms, the normal mode analysis is proper.
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1. Introduction

The problem of how to correctly introduce
temperature induced fluctuations into the equation
of motion of a magnetic system has gained in
importance as a result of technological require-
ments of magnetic recording industry [1-3]. This is
associated with the need to perform calculations of
magnetization dynamics at non-zero temperatures.
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Open problems include fast magnetization switch-
ing, thermal stability and magnetic viscosity,
among others. The correct solution of the problem
is still far from being understood. The main
difference between the magnetic problem and the
standard molecular dynamics approach is that
the magnetic moment dynamics is governed by the
Landau-Lifshitz equation which includes the
precession of a magnetic moment around the local
field direction. It comprises coupled first-
order equations for the magnetization compo-
nents, and the requirement of conservation of
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the magnetization magnitude. As a consequence,
no analogue of mass and kinetic energy exist in the
system, thus making it impossible to introduce the
temperature through this mechanism.

Consequently, the temperature is introduced
through small deviations from the equilibrium
configuration. Therefore, strictly speaking, this
approach is only valid when these deviations are
small and it cannot be used for fast magnetization
switching.

Let us briefly summarize the original approach
from Brown [4,5]. The underlying equation of
motion is the Landau-Lifshitz-Gilbert equation
which can be written in the form
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where y, is the gyromagnetic ratio, « the damping
constant, 7 the particle site and V; the particle
volume. The magnetic moment M is normalized to
the saturation value M. In writing Eq. (2), Oe
units are used which are conserved through out the
text. The energy E contains all the necessary
energy contributions: anisotropy, exchange, mag-
netostatic and Zeeman.

Brown proposed the inclusion of thermal
fluctuations via a random field, added to the
internal field, Eq. (2). He himself was considering
this choice as “formal concepts, introduced for
convenience... to produce fluctuations of M, and
OM,” [4]. For the caiculation of the properties of
the random field he outlined two methods: (i)
based on the fluctuation-dissipation theorem (see
also Ref. [6]) and (ii) by imposing the condition
that the equilibrium solution of the corresponding
Fokker-Planck equation is the Boltzmann distri-
bution (see also Ref. [7]). As a result of these the
thermal field statistical properties are given by
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where 2, fi denote Cartesian components x, y, z.
Different approaches based, for example, on the
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Landau-Lifshitz or Gilbert rather than on the
Landau-Lifshitz—Gilbert equation were also intro-
duced [7,8].

However, the properties of the thermal noise,
Eq. (3), were derived only for one isolated particle.
Nevertheless, in the past the formulas above
provided the basis for practically every numerical
method [2,9-11] for the computation of magneti-
zation dynamics taking into account thermal
fluctuations.

But the investigated magnetic systems usually
comprise interacting particles [12-17] due to
magnetostatic and/or exchange couplings. For
that case the thermal field may be expected to be
influenced by correlations between different parti-
cles [10]. The general theory, based on the linear
response of macrovariables to thermal internal
forces introduced by Onsager [18] for ‘“‘near
equilibrium processes” and reviewed by Kubo
[19] provides a way to relate the matrix of kinetic
coefficients for the irreversible processes and the
matrix representing dynamical coupling of the
variables. In fact, in interacting liquids and gases,
the requirement of thermal equilibrium often
imposes the correlation conditions on thermal
term [20]. This has led many authors to introduce
thermal fluctuations via the normal modes for
strongly interacting systems [6,21-23]. Hence, it is
necessary to generalize Brown's result to the case
of interacting magnetic moments. To the best of
our knowledge, this has never been done before.

2. Brownian dypamics

In what follows we start with the Brownian
dynamics approach (see Ref. [24]), based on the
kinetic coefficient theory by Onsager {18} which
was originally applied to magnetic systems by
Brown [4] and Lyberatos et al. [6,10]. However, we
consider the general case of an interacting system
with a non-axially symmetric potential around a
general stationary equilibrium M 5% which is not
necessary a saturation. All our calculations are
going to be valid indistinguishably for interacting
magnetic particles or for discretization units of a
continuous magnetic material {micromagnetics).
Following the standard approach, we introduce
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the temperature into the motion of the magnetic
moments as a result of the application of the
fluctuation-dissipation theorem (via its formula-
tion in the kinetic coefficient theory). Conse-
quently, this approach is only valid when small
deviations from equilibrium are considered.

The concrete realization of the approach de-
pends on the analytical form of the damping and
the concrete noise assumption. We first consider
the general formalism for the additive fluctuations.
In next section we consider the situation when
thermal fluctuations are introduced via the stan-
dard approach using the local field. All the
examples, we present here, refer explicitly to the
damping formalism which conserves the magneti-
zation magnitude.

2.1. Additive noise formalism

The general (linear response) Langevin equation
of motion is written in the form

dx oS
<= mem,x —5 “
g

where the y; are the so-called kinetic coefficients,
X; are variables which are thermodynamically
conjugate to x;, and § is the entropy of the
magnetic system. For a closed system in an
external medium
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In Eq.(4), f; is a random force representing
thermal fluctuations in the system having the
properties

fdtyy = 0 and {fiOW(D)) = p;6(0), (6)
where
By = Yy ¥ 7

{Onsager principle).
A linear equation of motion of the form
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with the associated energy

1
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can be rewritten as
dx, 1
K k

so that the matrix Ly is related to the kinetic
coefficients y, in the following way [6}:

1
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In micromagnetics the motion of a magnetic
moment M is governed by the deterministic LLG
equation (Eq. (1)). For the equilibrium state of the
system Brown’s condition

_ 0 ‘
MxH, =0 (12)

0 .
must be satisfied, implying that here H, and 3°
are parallel. Close to equilibrium, the LLG
¢quation can be linearized using small deviations

- . O
Mi=M - M, h=H,-HB)/M, (13
from their equilibrium values, yielding
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Here, the indices 7, j count the particles sites
1,..., N as well as their x, ¥, z coordinates. The
internal fields #; play the role of the variables
which are thermodynamically conjugate to m;
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Thus, the LLG equation should be rewritten in
the form

m,- MzV
dr kBT Z?}y (16)
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which is an easier way to calculate the kinetic
coefficients than the use of Eq.(11). The repre-
sentation of the LLG equation in the form of
Eq. (4) means that in what follows the thermal
fluctuations are introduced as a additive fluctuat-
ing torque (a generalized force rather than a
field). Later we will show that in the linear



approximation this is equivalent to the standard
fluctuating field representation. Alternatively,
Eq. (16) could be viewed as a polar representation
of the magnetization vector m! = 6;, m? = ¢,, in
this case the conjugate variables are the polar
projections of the internal fields (hy, A,) and the
fluctuations f; will stand for the random field polar
components.

We continue by writing the energy of the system
in the form

_ Aii o
E=Y (-M; Hi+3MM)VM, (17)
i
where 4; is the Lagrange multiplier, In the zero-
order approximation one obtains
1 =0

MM = =1 H. (18)
which corresponds to Brown’s condition, Eq. (]2).
The linear approximation leads to the equilibrium
condition
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which leaves us only the quadratic form for the
energy expression near the equilibrium
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where h({ni;}) is the deviation of the internal

field acting on the particle at site 7 from its

equilibrium value.

Most of the magnetic energy expressions are
quadratic in the magnetization components (apart
from the Zeeman term | which is included in
the equilibrium field A, and condition (19)).
In micromagnetic methods [25-27] the expressions
for discretized magnetic interaction matrix are
available explicitly. Some other terms, as for
example the cubic anisotropy, are not quadratic.
In this case the Taylor expansion around the
equilibrium should be made. These expressions
should be used in Eq.(11) to find the kinetic
coefficients. However, the remarkable form of
the Landau-Lifshitz—Gilbert equation make the
kinetic coefficients independent of the concrete
system under consideration. The only supposition
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we are making so far is that the energy has the
most general form of the quadratic expression

;g Z Bm

where Am? is the field due to the kinematic
interaction expressing the ferromagnetic con-
straints. Also from now on it is convenient to
separate the indices corresponding to different
particle sites (Latin} and to different magnetiza-
tion and field components (Greek). The value of
the Lagrange multiplier is normally found from
the equilibrium condition {19). However, its actual
value is not necessary for these calculations due to
the fact that the LLG equation conserves the
magnetization length.

The expressions for the kinetic coefficients are
normally obtained by using directly Expressions
(11) and the explicit form of Expression (21). In
this approach it seems that the final result could
also include correlations between different parti-
cles [10]. But in the particular case of the Landau-
Lifshitz—Gilbert damping the direct calculations
show that this is not true. Moreover, the kinetic
coefficients can easily be obtained by representing
the linearized LLG equation in the form of
Eqg. (16). Linearizing Eq.(1) and taking into
account the conservation of the magnitude of M,
we obtain an equation of the form of Eq. (16} in
which each term is proportional to the conjugate
variable k;, yielding
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The other coefficients can be obtained by
symmetry. Note, that there are no correlations
between different particles. Also, the kinetic
coefficients have obviously reversible parts (com-
ing from rotation) and irreversible parts (from
damping). The reversible antisymmetric parts do



32

not contribute to the thermal fluctuations after
adding the Kkinetic coefficients to calculate the
matrix u from Eq. (7), yielding

20(kBT

mt =5 [(M“}) + (M8, (26)
o 20ksT o 's
wy = MBV MM, @27

Once again, the others can be obtained by
symmetry. Note that in a general system of
coordinates there are correlations between differ-
ent magnetization components but no correlations
between different particles. However, if we choose
a local coordinate system such that the z-axis
coincides with the equilibrium magnetization
direction, M = 0, M?’y =0, MIO = 1, for each
magnetic moment, these correlations disappear
and we have the same thermal fluctuations in x
and y directions but no fluctuations in z direction

,u“- _'uy} 20(kBT
T T MY,

Thus, the additive torque fluctuations produce
effectively correlations between magnetization
components and different values of thermal
fluctuations in all other systems of coordinates
different from the special local system, where one
of the axes is parallel to the equilibrium magne-
tization direction and where the equation of
motion for this component disappears. We stress
that the expansion is made around any stationary
equilibrium solution, like, for example, a station-
ary domain wall. Use of the special local
coordinate system renders the p-matrix free of
the correlations between different components
according to Eqs. (26) and (27).

d; and uif = 0. (28)
y if

2.2. Field fluctuations

It is customary to introduce thermal fluctuations
in the field components (see Ref. [9] and originally
Brown [4]) instead of the additive noise as derived
above. The different ways of doing that could be
found in Refs. [7,8]. Alternatively, also the
customary approach is to introduce it as a
(multiplicative) torque fluctuation for the form of
the Gilbert damping. These types of damping are
chosen to assure explicitly (i) the conservation of

the magnetization magnitude, (ii) the absence of
the longitudinal relaxation. The more general (and
more correct) Bloch damping mechanism gets rid
of such limitations. In what follows we consider an
example of the Landau-Lifshitz—Gilbert case
described in Section 1.

Let us notice first that the representation of the
LLG equation in a spherical system of coordinates
gives the form of Eq. (4) and leads to an additive
noise (although with the absence of the equation
for the radial component).

The big difference for the field approach appears
far from the equilibrium where it has the multi-
plicative character versus the additive noise of the
approach presented above. This turns out to be
important for larger magnetization deviations (see
discussions in Ref, [7]). We will show that in the
local system of coordinate, the field fluctuations
act as an additive noise, as long as the magnetiza-
tion deviations from the equilibrium are small.
Consequently, the results of the previous subsec-
tions could be applied.

Let us use a decomposition of the field
components according to H!'— H|' + £, where
¢ are the components of the thermal fluctuation
part of the field and H! are the components of the
internal field at the ith particle. When this is done
we obtain the following expansion of the equations
of motion:

M’ o o )
5 = O MiH] —oH (MM~ 5]
'“‘ML v a&[M* 5C'1]
=AM}, H)) + B”‘(M,“)é? : (29)

where A! stands for the deterministic part of the
equation and B'“ stands for the thermal part. As
before, the Greek indices stand for the magnetiza-
tion components x, y, z and the Latin ones—for
the particle numbers. Furthermore, in the special
local system of coordinates we linearize the
magnetization by the decomposition M"— M +
m", where m" are small fluctuations around the
equ111br1um \La)llues M, and apply the constraint
condition, | M | = 1. For simplicity below we drop
in the formulas the particle index i.



The components in the specified coordinate
system are then
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where A({}) stands for the linearized determi-
nisti¢ part of the LL.G equation and
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The constraint condition implies that in a first-
order approximation it is m*(7) = 0,Vz. This is
compatible with Eq. (32) only if the field fluctua-
tions & can be considered to be small quantities, in
which case products of the & with the m' can be
ignored in Egs. (30) and (31). These equations
suggest that the field fluctuations contribute
additively. From Egs. (33) and (28) one can also
obtain Brown’s formulas for the field fluctuations
(Eq. 3)).

It is important to note that the equation m*(z) =
0,Vt is satisfied for any fluctuation field value due
to the character of the LLG damping term. Thus
the /* value {or &%) is in this case undefined. This is
different from what happens with the (additive)
torque fluctuations where the z component should
be set to zero explicitly following Eq. (28). In any
case the component & is not efficient since it acts
parallel to the magnetization direction. The
assumption made in the paper of Lyberatos and
Chantrell [9] is that the field components are
isotropic and that

CEP Y = LEYY = U, (34)

This assumption in the local coordinate system
(where the fluctvation-dissipation theorem is
applied) leads to the remarkable symmetry
(Eq. (34)) of the field components in all the
systems of coordinates and to the absence of
correlations. This can be checked by making
change to an arbitrary system or coordinates.
Furthermore, it is assumed that this property is
valid through the magnetization reversal.
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For the additive torque fluctuations the reason-
able hypothesis to mimic the field ones would be
the assumption that there are never torque (force)
fluctuations along the magnetization direction. In
this case the correlations between different noise
components would appear in all other systems of
coordinates different from the local one. While
equivalent near the equilibrium, these two ap-
proaches will be different far from it. At this point,
we would like to restate the fact that the whole
theory is valid for small fluctuations around the
equilibrium where both approaches coincide. In
the current state of art, the non-equilibrium
properties (as switching) rely on a hypothesis that
far from the equilibrium the functional form of
the noise and its statistics remain the same. For the
treatment of the multiplicative noise far from
the equilibrium we will refer to Ref. [7].

We should note here that the remarkable
property of the non-correlated noise is due to the
form of the Landau-Lifshitz—Gilbert equation in
which each term is linearly proportional to the
effective field and the absolute magnetization
value is conserved. The linearized form of the
Gilbert equation is the same (apart from the
additional multiplier (1 + «%)) and all the results
presented here are valid for this equation as well.
Even if the damping in this case is introduced in
form of the {multiplicative) torque (as in the case
of Ref. [8]) effectively, it falls into the class of the
field damping of the present paper, since due to its
functional dependence, the component parallel to
the magnetization direction could be chosen
arbitrarily.

2.3. Thermal fluctuations under a different damping
mechanism

We should recall that the Landau-Lifshitz-
Gilbert damping is just a phenomenological
model. Alternatively, many other phenomenologi-
cal damping mechanisms, as the famous Bloch
damping, were proposed [28-30]. In each case the
application of the fluctuation-dissipation theorem
should be checked separately. Consider, for
example, a phenomenological damping term

—_ . — -
G=-TMx(MxM% (35)
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which was derived by Garanin [28] from the
Fokker-Planck equation for a classical ferro-
magnet for small temperatures. In this case, the
damping term is not proportional to the internal
field, and the general formula (Eq. (11)) must be
used. As an example, let us consider a chain of
uniform magnetic particles with uniaxial aniso-
tropy and exchange coupling. The energy of the
chain is written as

K* )
E=VY (- S (M)~ T*MIM 141 - 32",-)2),
i

(36)

where J* is the effective exchange constant and K*
the effective uniaxial anisotropy constant. Direct
linearization of the equation of motion around the
equilibrium (0,0,1) gives the following equations:

dmy

= M~k +Tm), (37)
dt
s M - T, (39)
dr
dm;
Zi-o. (39)

The internal fields can be expressed through
magnetization as

=Tl = 2K+ TOml 4+ T (40)
for « = x,y and

h =0 4n
Consequently,

m'=B8"'n, w=58"W, m=0, (42)
where B is a band matrix with B; = —2(K* +J*)
and B;;| = B;;—y = J*. Using the notation B;; for

the elements of the inverse of the matrix B, we
obtain

" . Thkel
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Therefore, in this case the noise components
should contain correlations between different

particles. Of course, a transformation to normal
modes which will make the matrix B diagonal and
the corresponding noise components non-corre-
lated, may be performed. Note also that according
to Eq.(11), the mean squared deviation of the
thermal field for each individual normal mode in
the system of coordinates of normal modes is
going to be inversely proportional to its eigenva-
lue. Any non-local damping, as the one suggested
by Baryakhtar [30] or any damping which does not
conserve the length of the magnetization vector
would lead to the same effect.

3. Conclusions

In conclusion, the application of the Brownian
dynamics approach to the motion of a magnetic
particle system shows that interactions do not
introduce correlations into thermal fluctuations
introduced as both, either a fluctuating torque or a
fluctuating field when a standard damping of the
Landau-Lifshitz—Gilbert or the Gilbert form is
considered. Correlations may appear between
different magnetization components as a result of
the conservation of the value of the magnetic
moment. The reasonable hypothesis that all the
fluctuating field components are equivalent leads
to Brown’s well-known formulas for the fluctuat-
ing fields values without correlations. Our results
show that the uncorrelated fluctuations are com-
pletely in agreement with the fluctuation-dissipa-
tion theorem. The introduction of temperature
into normal modes should lead to the same
equilibrium properties, This validates all pre-
viously done micromagnetic calculations where
this kind of assumption was made. However,
different damping mechanisms may lead to the
appearance of correlations.
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