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Chapter 1

Introduction

Jump-diffusion models are nowadays widely used in financial modeling. In contrast
to the famous Black-Scholes model, in which sample paths are assumed to be con-
tinuous, they are able to capture discontinuities in the underlying assets. These
”jumps” have been empirically proven and therefore been incorporated into the
model dynamics. Jump-diffusion models combine a jump process and a diffusion
process. They are therefore able to represent asset price movements including ”mar-
ket crashes” more realistically. Also realistic volatility skews can be constructed.
This comes at the cost of an incomplete market, which makes perfect hedging im-
possible. Hence hedging has to be reconsidered and new approaches need to be
taken in order to measure these ”risks that one cannot hedge even by continuous
time trading”1.

Further improvements of the jump-diffusion models include the use of a local
volatility function. Here the volatility is not constant, but can be fitted to quoted
market prices. Using these models option prices can be calculated by solving a so-
called partial-integro differential equation (PIDE). The arising non-local terms make
jump-diffusion models numerically challenging. Furthermore using implicit methods
for the time discretization results in dense matrices. After we introduce the model,
on which our analysis is based, the main part of this thesis consists of the numerical
approach. An efficient solution is given by the use of a preconditioned generalized
minimum residual (GMRES) algorithm.

In practical applications often exotic options are of interest. For the determi-
nation of their fair price, the model must be calibrated correctly in order to be
further used in e.g. a Monte-Carlo simulation. Model calibration is out of scope
of this thesis, but represents a further application of the methods mentioned here.
It involves a constrained optimization problem, where in a non-linear least-squares

1Quote from Cont [8], p. 325
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1.1. MOTIVATION

formulation the error between the market prices and model prices is minimized. In
order to solve the optimization problem efficiently, model order reduction (MOR) is
applied. Using proper orthogonal decomposition (POD) a low-dimensional model is
derived, which drastically reduces the effort of solving the optimization problem.

In the following section we will illustrate how POD works by giving an example of
image compression. Note that all calculations were done in MATLAB on a desktop
PC with a Intel Core i7-920 2.66 GHz processor and 15GB RAM.

1.1 Motivation

Nowadays simulation is present in many different fields. It can be used to validate
experiments or give predictions of processes. As these models often include many
variables, the goal of MOR is to simplify them while making a decent computational
effort and an adequate memory capacity for the calculations possible. Realistic sim-
ulations however require the model error to be small. Operational MOR tackles this
task by incorporating physical characteristics into the model before performing the
calculations. Compact MOR uses detailed insight of the problem and the solutions
to design efficient models with reduced complexity.

Often, as it is in our case, we do not have a-priori information about the prob-
lem. First this information must be obtained. ”Model Order Reduction tries to
quickly capture the essential features of a structure. This means that in an early
stage of the process, the most basic properties of the original model must already be
present in the smaller approximation. At a certain moment the process of reduction
is stopped. At that point all necessary properties of the original model must be
captured with sufficient precision.”2

In our case we deal with a PIDE, where we apply the finite element (FE) method
as space discretization. In a reduced order model the FE basis functions are replaced
by a few problem-specific functions. These do not span the whole function space,
which is usually H1

0 , but a lower-dimensional subspace. We use the example of image
compression to demonstrate the functioning of POD.

Figure 1.1 shows our original image in the bottom right. It is a black and white
picture with 1920 x 1080 pixels. Each shade can be represented with a number
between 0 (black) and 1 (white). Hence our image can be described by a matrix of
dimension 1920× 1080, each entry containing information about one pixel. In total

2Quote from Schilders [32], p.8
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1.1. MOTIVATION

this leads to 2.07mn numbers.

Table 1.1: Approximation of the original image with different numbers l of basis
functions

Each column of the matrix can be interpreted as a linear combination of unit
vectors, which in this example represent the basis functions. We want to replace
these by more complex functions containing the important information. As we can
see the essential feature of the picture is the bright top and the dark ground. Hence

3
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advanced basis functions should represent this. They are obtained using singular
value decomposition (SVD). Then the matrix columns can be represented as a linear
combination of this new basis. As the image is represented in a compressed way, it
needs much less memory.

Using only the first basis function l = 1 we need to store its values (1920×1 num-
bers) as well as the weights for each column (1080× 1 numbers). This corresponds
to 0,14 % of the original memory storage. Figure 1.1 shows the results of the image
approximation for different numbers l of basis functions. While in the first picture,
only the basic structure of the original image is reproduced, more and more details
can be reconstructed by increasing the number of basis functions. For l = 100, while
only needing 14,47 % of the original memory space, the original picture is already
well recovered.

The given example illustrates the concept of MOR in a way that is understand-
able even for people without mathematical background. It shows that in some cases
only few characteristics are needed to describe the model. In our case the model
will be the option pricing equation. The solution at one time step corresponds to
one column of the matrix described in the example and the finite element basis
functions correspond to the unit vectors. We will replace this basis by a POD basis
consisting of only a few, e.g. 10, functions. As the considered equation is parabolic,
the solution in one time step does not differ much from the solution in the previous
time step. In general the solutions are smooth, making a good approximation by a
reduced basis possible.

1.2 Outline

This thesis consists mainly of four parts: the derivation of the considered PIDE, the
numerical solution of it, the application of POD and the consideration of random
input data. In the following we will outline each part.

In Chapter 2 we first give an introduction to options. Our focus will be on
European call options. Afterwards two pricing models are considered. Firstly, the
Black-Scholes model is described. As this model suffers from well-known weaknesses,
we secondly present an extension of it, Merton’s jump diffusion model. Our final
model of choice will be the jump-diffusion model with a local volatility function as
introduced in [1]. Then our focus will lie on the derivation of the PIDE, which can
be used to price options. We end up with a Dupire-like version of it dependent on
maturity and strike price. As certain parameters in the PIDE are unknown, we state

4
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furthermore the calibration problem and its importance in pricing more advanced
options. On this the need of a very efficient solution of the PIDE is found.

Chapter 3 focuses on the numerical solution of the PIDE. First, a weak formu-
lation in a weighted Sobolev space is established and an existence and uniqueness
theorem invoked. Afterwards, the finite element method is used as spatial discretiza-
tion with basis functions in the space H1

0 . The non-local integral term yields hereby
a dense stiffness matrix. As the problem is known to be stiff the use of an implicit
scheme is preferred as time discretization. In order to achieve second order con-
vergence a damping procedure (cf. [29]) is applied in order to smooth oscillations
arising from the non-smooth initial condition. The implicit scheme yields dense
linear systems of equations, which are taken care of by a preconditioned GMRES
method. Finally the efficiency of the presented algorithm is shown with numerical
results.

As mentioned earlier the calibration problem requires a fast computation of the
objective function. Even though we do not go further into details regarding model
calibration, we will present in Chapter 4 a technique to obtain a reduced order
model. Through POD an advanced basis of the solution space can be obtained,
which afterwards can be used in a POD Galerkin approach. As this approximation
introduces an error, we are interested in its bounds. A-priori error estimates are
derived. It is shown that with a full basis the error for the Crank-Nicolson scheme
is of order O∆T 4. This result is confirmed with numerical experiments.

Chapter 5 gives insight into the case of random input data following [4]. In our
case the jump intensity is considered as stochastic variable with assumptions on
its distribution. Further numerical approaches such as multiple snapshot sets and
a greedy algorithm are described. Lastly, these methods are implemented and a
comparison between the standard POD method and the POD-greedy algorithm is
performed.

In the end, Chapter 6, we give a conclusion, where we summarize the results and
mention further applications.

5



Chapter 2

Option Pricing

Since the 1970’s the role of private finance in the economy has increased tremen-
dously, not only its share of the economy but also in its influence on the real economy
and society. In developed economies financial services has become a key industry
with a large share of the Gross Domestic Product. The number and types of finan-
cial derivatives have grown enormously. A derivative is a financial instrument whose
value is derived from its underlying asset. Derivatives are mainly used for hedging,
i.e. the mitigation of risk in the underlying, or speculation, the try of earning profit.

In this chapter, we will first give an introduction to options. Options are formally
defined and the payoff of a European call is considered (Section 2.1). To determine
the fair value of such an option, two option pricing models are discussed: the fa-
mous Black-Scholes-model (cf. [3]), where the asset price is modeled as exponential
Brownian motion (Section 2.2.1), and its extension, Merton’s jump diffusion model
(cf. [24]), where jumps are added to the pure diffusion process in order to account
for large movements of the asset price (Section 2.2.2). In Section 2.3 the stochastic
differential equation (SDE) describing the underlying’s behavior in Merton’s jump
diffusion model is transformed to a PIDE in order to compute option prices. Since
these are sensitive to the parameters included in the model, the efficient calibration
of model parameters is of great importance and is discussed in Section 2.4.

2.1 Introduction to Options

In contrast to futures or forward contracts, options give the holder the right, but not
the obligation, to employ a certain transaction by the maturity date. Options can
be traded on exchanges or over-the-counter. Underlying assets include stocks, stock
indices, bonds, currencies, commodities, interest rates, and the weather. Options
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2.2. OPTION PRICING MODELS

can be distinguished by the right to buy and sell the underlying, as well as the
specific time.

Definition 2.1.1 (Option)
An option gives the holder the right to buy (call option) or sell (put option) the
underlying asset from the writer of the option at the strike price up to maturity
(American option) or at the maturity date (European option).

Another option style is Bermudan, which allows one to exercise the option only
at specific prescribed times before the maturity date. Put and call options are basic
options and referred to as ”plain Vanilla options”. Other options are called ”exotic
options” and have more complicated payoff functions. Examples for path-dependent
exotic options include barrier options (payoff depends on whether or not the under-
lying price has touched a prescribed bound), Asian options (payoff is determined
by an average underlying price) and look-back options (strike price is the lowest or
highest underlying price over some period). For more details on options we refer to
[19]. We will focus on European call options in this thesis. Often the value of the
American counterpart can be derived from the European option price.

Let us now consider the payoff function of a European call option with strike
price K and maturity T . Let S = S(t) be the value of the underlying asset at time
t. If at maturity the price of the underlying exceeds the strike price, i.e. S > K, a
rational option holder will exercise the option and receive S −K. If S ≤ K holds,
it is cheaper to buy the underlying on the market. Therefore the option will not be
exercised and the payoff is zero. Let Ct = C(t, S) be the value of the option at time
t. The payoff function at maturity is

CT = h(ST ) := max{ST −K, 0} =: (ST −K)+. (2.1)

Due to the typical form, which is illustrated in figure 2.1, h is also called hockey
stick function.

Since the payoff at maturity is non-negative, it is clear that the option must cost
a price at acquiring. Option pricing models try to estimate this fair value. To do so
they make assumptions about the behavior of the underlying.

2.2 Option Pricing Models

In this section we model the uncertain underlying price. We start with the market
assumptions needed to derive the Black-Scholes model. Then the concept of risk-
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2.2. OPTION PRICING MODELS

Figure 2.1: Payoff of a European call option with strike price K=30

neutral valuation is applied. We discuss the models’ strengths and weaknesses.
Afterwards, we analyze Merton’s jump diffusion model, which is a modification of
the Black-Scholes model: what could be improved and which weaknesses do remain.

2.2.1 Black-Scholes model

The first breakthrough in option pricing was the model derived by Fisher Black and
Myron Scholes in 1973 (cf. [3]). In the model the underlying stock price is assumed
to follow an exponential Brownian motion. They derived a closed form solution for
the price of European call and put options. This led to a boom in options trading.
The Black-Scholes model is one of the fundamental concepts of modern financial
theory and is the origin of many options pricing models that are used today. Due
to its simplicity, the model is still used today. Although, well-known inconsistencies
such as the “volatility skew” exist.

The Black-Scholes model is derived under the assumption of an ”ideal” market.

Assumption 2.2.1 (Market assumptions)
In the Black-Scholes model the market is assumed to incorporate the following char-
acteristics:

a) The short-term interest rate is constant over time.

b) The log return of the stock price follows a Gaussian random walk in continuous
time with a variance rate proportional to the square root of the stock price. The
variance rate of the return on the stock is constant.

8



2.2. OPTION PRICING MODELS

c) The stock pays no dividends.

d) There are no transaction costs.

e) The market is frictionless.

f) There are no penalties for short selling.

g) Options are of European option style.

h) Arbitrage is not possible.

Without further notice we shall assume throughout the whole thesis that As-
sumption 2.2.1 holds.

We will now define a standard Brownian motion, which is the driver of the
underlying asset price process in the Black-Scholes model.

Definition 2.2.2 (Standard Brownian motion)
A stochastic process W = {Wt; t ≥ 0} adapted to a filtration F = {Ft; t ≥ 0} is
called standard Brownian motion on a probability space (Ω,F ,P) if

(a) W0 = 0 P-almost sure,

(b) W has independent increments, i.e. Wt −Ws and Fs are independent for all
0 ≤ s < t,

(c) W has stationary and normally distributed increments, i.e.
Wt −Ws ∼ N(0, t− s) for all 0 ≤ s < t,

(d) the mapping t→ Wt is continuous P-almost sure.

Throughout this thesis P shall denote the physical probability measure.

Let Wt be a standard Brownian motion, µ the expected rate of return on the
stock per year and σ the volatility of the rate of return per year. The following SDE
describes the dynamics of the stock price in the Black-Scholes model

dSt
St

= µ dt+ σ dWt. (2.2)

Note that the return of the stock is modeled, not the stock price. The uncertain
stock return consists of two parts: the deterministic amount of µ dt and the random
amount of σ dWt.

9



2.2. OPTION PRICING MODELS

The market offers a riskless asset, called bond Bt, which earns the risk-free rate
r

dBt = r Bt dt.

The solution to this ordinary differential equation is Bt = B0 e
r t. In the market

unlimited riskless investment is possible with continuously compounded interest re-
turn r.

We will now define the risk-neutral measure or also called equivalent martingale
measure (EMM), which we need for risk-neutral valuation.

Definition 2.2.3 (Equivalent Martingale Measure)
Let (Ω,F , (Ft)0≤t≤T ,P) be a filtered probability space. A probability measure Q on
(Ω,FT ) is called a risk-neutral measure or martingale measure if the discounted asset
price process X is a Q-martingale, i.e.

EQ[Xt] <∞ and Xs = EQ[Xt|Fs] for all 0 ≤ s ≤ t ≤ T.

If in addition

Q ∼ P on FT , i.e. Q(A) = 0⇔ P(A) = 0 for all A ∈ FT ,

holds, Q is called an equivalent martingale measure.

The next theorem, the Fundamental Theorem of Asset pricing (FTAP), states
the condition under which an EMM exists.

Theorem 2.2.4 (Fundamental Theorem of Asset Pricing)
Let (Ω,F ,P) be a given probability space. The market model is arbitrage-free if and
only if the set of all equivalent martingale measures to P is non-empty.

Proof. See [14].

Under the no-arbitrage Assumption 2.2.1 h) Theorem 2.2.4 guarantees that an
EMM Q exists.

The following risk-neutral pricing formula gives us an formula on how to calculate
the price of a European call option. Note that in the Black-Scholes framework the
market is complete, which means every contingent claim is attainable.

Theorem 2.2.5 (Risk-Neutral Pricing Formula)
In an arbitrage-free complete market arbitrage prices of contingent claims are their

10



2.2. OPTION PRICING MODELS

discounted expected values under the risk-neutral (equivalent martingale) measure
Q.

Proof. See [14].

Under the EMM Q the discounted asset price S̃t = St/Bt = e−rtSt is a martin-
gale. We calculate

dS̃t = e−rtdSt − rSte−rtdt

= σS̃t

(
µ− r
σ

dt+ dWt

)
.

For the drift to be zero, we define

WQ
t = θt+Wt with θ := µ− r

σ

where WQ
t is a standard Brownian motion under Q and the EMM Q is characterized

through the Radon-Nikodym derivative

dQ
dP
|t = exp

(
−θ2t− θWt

)
1.

Applying Itô’s lemma to (2.2), changing from the physical probability measure
P to the EMM Q and integrating, we arrive at

St = S0 e
(r−σ

2
2 ) t+σWQt . (2.3)

Stochastic processes which fulfill 2.3 are called ’exponential Brownian motion’.

The risk-neutral pricing formula states that the value of a European option is
the discounted expected value of the payoff at maturity under the EMM

Ct = e−r (T−t) EQ[(ST −K)+]. (2.4)

Equation (2.4) can be used to derive a closed-form solution for the price of a
European call option.

Theorem 2.2.6 (Black-Scholes formula)
The price of a European call option with asset price S at time t, maturity T , strike

1cf. p.276 [14]
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2.2. OPTION PRICING MODELS

price K, interest rate r and volatility σ in a Black-Scholes model is given by

CBS(t, S;T,K, r, σ) = S Φ(d1)− K

er(T−t)
Φ(d2), 0 ≤ S, 0 ≤ t < T, (2.5)

where Φ is the cumulative probability distribution for the standardized normal dis-
tribution

Φ(z) = 1√
2π

∫ z

−∞
e−s

2/2ds, z ∈ R,

and
d1/2 =

ln( S
K

) + (r ± σ2

2 )(T − t)
σ
√
T − t

.

Proof. See [3].

The closed-form solution for European call and put option prices is one of the
advantages of the Black-Scholes model. It is easy to calculate and a useful approx-
imation to real option prices. But only European-style options can be priced with
this formula. The model is very restrictive. Dividends are excluded in the model.
Through the use of a standard Brownian motion, paths of the underlying are as-
sumed to be continuous (cf. 2.2.2 d)). That means that discontinuities in the stock
price are ruled out. But it is known that different financial assets exhibit jumps.
Exchange rates for example frequently jump. This can be the response to the actions
of central banks. Stock market crashes, like e.g. in 1987, provide also evidence that
large market movements do happen. Empirical studies, e.g. [5], confirmed a jump
component in the underlying S&P 500 index process.

Another weakness of the Black-Scholes model is the constancy of parameters. In
practice, interest rates vary not only by tenor, but also over time. The volatility is
the only parameter in the Black-Scholes formula, which is not given or directly ob-
servable. Vanilla options are often quoted in the so-called implied volatility, i.e. the
volatility with which the Black-Scholes model price equals the market price. Since
the Black-Scholes model price of a European call option is monotonic increasing in
σ, the implied volatility is unique.

Remark 2.2.7 (Implied Volatility)
Let C∗(t, St;T,K) ∈ ] (St −K e−r (T−t))+, St [ be the market price of a European call
option with (asset price St at time t), maturity T , strike price K, interest rate r.
Then there exists a unique volatility σimpl > 0 with

C∗(t, St;T,K) = CBS(t, St;T,K, r, σimpl)2. (2.6)
2Due to the lack of a closed-form solution, the implied volatility has to be calculated via

numerical methods.
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Proof. See [8].

According to the Black-Scholes model the volatility of options on the same un-
derlying with different maturities and strike prices is the same. Studies have shown
that this is not the case. Implied volatilities strongly depend on strike price and
maturity. When we plot the implied volatility against the strike price two patterns
are typical depending on the market. Foreign currency options for example ex-
hibit the ’volatility smile’. In-the-money or out-of-the money options have a higher
implied volatility than at-the-money options3. This smile is more pronounced for
short-term maturity options and flattens out as maturity increases. For stock and
stock index options on the other hand exists a negative relationship between implied
volatility and strike price. With constant maturity the implied volatility decreases
as strike price increases. That means that out-of-the money put options trade at
higher implied volatilities than out-of-the money call options. This ’volatility skew’
became apparent after the crash of 1987 and ever since characterizes these mar-
kets. The skew is often attributed to the fear of large downward market movements.
With increasing maturity the steepness of the skew normally decreases. Volatil-
ity ’term structure’ describes the dependence of implied volatilities on maturity:
implied volatility increases with maturity.

The volatility smile sometimes is explained by the ’fat tail phenomenon’. Ex-
treme tails of assets’ return distributions contain more relative frequency than would
be expected under the Gaussian hypothesis. Furthermore distributions exhibit small
skewness and higher kurtosis than the normal distribution. For more details we refer
to the study of [13].

To capture this feature of options, volatility skews, extensions to the Black-
Scholes model were made. They can be grouped into three approaches.

One approach consists of the ’stochastic volatility models’. Here the variance of
the stochastic process of the underlying is a random variable itself. Famous models
are the Heston model (cf. [16]) and Hull-White model (cf. [18]). From a numerical
point of view these models are hard to handle even though for the Heston model a
closed-form solution exists.

Another approach consists of the ’local volatility models’ developed by Dupire
[11] and Derman and Kani [10]. Here the volatility is a deterministic function of
time and stock price. Dupire showed the existence of a forward equation where the
call option price is a function of maturity and strike price. This allows to deduce

3A call option is ’out-of-the money’ when St < K and ’in-the money’ when St > K (vice versa
for put options). Options are ’at-the money’ when St ≈ K.
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2.2. OPTION PRICING MODELS

the local volatility from known option prices and therefore precise fitting to quoted
market prices. Another advantage is the models’ simplicity and the fact that they
are easy to handle from a numerical point of view.

Both mentioned models are able to produce a multitude of volatility skews, but
only by incorporating unrealistic mechanisms.

The third approach consists of the is the so-called ’jump-diffusion models’. Jumps
are added to the diffusion process in the Black-Scholes model. These models provide
probability distributions that typically fit market data better (than those of the
simple diffusion process) at the cost of an incomplete market model. With a jump-
diffusion model various volatility skews can be generated. We analyze here Merton’s
Jump Diffusion model.

2.2.2 Merton’s Jump-Diffusion model

Merton [24] proposed in 1976 a model to describe the asset price as a Lévy process of
jump-diffusion type. Lévy processes are a more general concept of Brownian motion.

Definition 2.2.8 (Lévy process)
A cadlag4 stochastic process X = (Xt)t≥0 adapted to a filtration
F = {Ft; t ≥ 0} on a probability space (Ω,F ,P) with values in Rd is called a Lévy
process if

(a) X0 = 0 P-almost sure,

(b) X has independent increments, i.e. Xt −Xs and Fs are independent for
0 ≤ s < t,

(c) X has stationary increments, i.e. the law/distribution of Xt+h − Xt does not
depend on t,

(d) X is stochastic continuous, i.e. ∀ ε > 0 limh→0P(|Xt+h −Xt| ≥ ε) = 0.

Note that the distribution of the increments is not specified, i.e. increments do
not need to be normally distributed. Another difference to a Brownian motion is
that the sample paths are not continuous. Jumps are permitted, but only at random
times.

The compound Poisson process belongs to the class of Lévy processes5.
4right-continuous and with left limits
5Proof: cf. Proposition 3.3 [8]
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2.2. OPTION PRICING MODELS

Definition 2.2.9 (Compound Poisson process)
A compound Poisson process with intensity λ > 0 and jump size distribution f is
a stochastic process Xt = ∑Nt

i=0 Yi, where the jump sizes Yi are independent and
identically distributed (i.i.d) with distribution f and (Nt) a Poisson process with
intensity λ, independent from (Yi)i≥1.

Remark 2.2.10 (Counting process)
Nt is a counting process. It counts the number of times that jumps occurred up to
time t and is finite almost sure. For every t > 0 Nt follows a Poisson distribution
with intensity λt. The jump sizes are determined by the distribution of Yi.

In Merton’s jump diffusion model there is a positive chance of non-local changes
in the asset price. Due to announcements or the arrival of new information jumps in
the asset price can occur. The following dynamics model the asset price S(t) under
the physical probability measure P

dS

St−
= µ dt+ σ dWt + d(

Nt∑
i=1

(eYi − 1)), (2.7)

where Wt is a standard Brownian motion, Nt a Poisson process with intensity λ, µ
the expected rate of return on the stock, σ > 0 the volatility of the expected rate
of return and St− = limu↗t Su. The compound Poisson process ∑Nt

i=1(eYi − 1) adds
jumps to the process in the Black-Scholes model. It is assumed that the compound
Poisson process is independent of the Brownian motion. The stock price evolves like
a exponential Brownian motion between jumps and at each jump the stock price is
multiplied by eYi . This is eYi − 1 is the percentage change in the stock price if a
jump occurs. Let τ i be a point in time, where a jump occurs, then

Sτ i = Sτ i− e
Yi .

To define the model completely, the distribution of jump sizes must be specified.
Merton assumes that the jump sizes eYi are log-normally distributed, i.e.
Yi ∼ N(µj, σ2

j ) i.i.d. with µj ∈ R, σj > 0 and density function

f(y) = 1√
2πσj

exp
{
−(y − µj)2

2σ2
j

}
. (2.8)

Now we will establish the risk-neutral dynamics in Merton’s jump diffusion model.
FTAP 2.2.4 guarantees the existence of an EMM, but in an incomplete market the
EMM is not unique. The next lemma will be of help in establishing an EMM and
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2.2. OPTION PRICING MODELS

the distribution of the jump sizes under that EMM.

Theorem 2.2.11
Let P and Q be equivalent measures. Consider a probability measure space (Ω, F, (Ft), P )
such that Ft is the natural filtration generated by a standard Brownian motion Wt

and a compound Poisson process ∑Nt
i=0 Ji with intensity λ > 0 and a Radon-Nikodym

derivative given by

dQ
dP
|t = exp

(
−θ2t− θWt +

Nt∑
i=0

(γJi + ν)− λk′t
)
, (2.9)

where γ ∈ R, ν ∈ R and k′ = eνEP [eγJ ] − 1. Then the standard Brownian motion
Wt has drift −θ under the measure Q and the compound Poisson process ∑Nt

i=0 Ji

under the measure Q has a new intensity rate λ̃ = λ(1 + k′) and a new distribution
for the jump-sizes, where the moment generating function is given by

MQ(x) = MP(x+ γ)
MP(γ) (2.10)

Proof. cf. Lemma 1 [6].

We know that under an EMM the discounted price process is a martingale.
Hence an EMM can be determined by the choice of the parameters γ, ν in the
Radon-Nikodym derivative (2.9), with θ determined by the martingale condition
after γ, ν have been set. We choose γ = 0, ν = 0. Then k′ = 0 and according to
Theorem 2.2.11 the intensity of the compound Poisson process under Q is λ̃ = λ.
We calculate

dS̃t = e−rtdSt − rSte−rtdt

= σS̃t

(
µ− r
σ

dt+ dWt + 1
σ
d(

Nt∑
i=1

(eYi − 1)
)

and find θ

θ := µ− r + λξ

σ
, where ξ = EQ[eY − 1].

Then WQ
t = θt + Wt is a standard Brownian motion under Q and the EMM Q is

characterized through the Radon-Nikodym derivative 2.9. The distribution of the
jump sizes is characterized by 2.10. Through our choice of γ, ν the distribution of
Y under Q corresponds to the distribution under P , i.e. Y ∼ N(µj, σ2). Therefore
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2.2. OPTION PRICING MODELS

the average jump size is

ξ = EQ[eY − 1] =
∫
R
(ey − 1) f(y) dy = eµj+

σ2
2 − 1.

Under the EMM Q the risk-neutral stock price process is given by

dS

St−
= (r − λξ) dt+ σ dW̃t + d(

Nt∑
i=1

(eYi − 1)). (2.11)

Merton’s jump diffusion model is an exponential Lévy model with solution

St = S0 e
Xt ,

where Xt is the Lévy process

Xt = (r − σ2

2 − λξ) t+ σ W̃t +
Nt∑
i=1

Yi.

Merton uses a PDE approach to develop a semi-analytical solution expressed in
terms of a series of weighted Black-Scholes model prices conditional on the number
of jumps.

Theorem 2.2.12 (Merton semi-analytical solution)
Given the Merton jump-diffusion model specified by (2.7) and (2.8) with volatility
σ > 0, jump intensity λ, mean jump size µj and volatility of the jump size σj. Then
today’s price of a European call option with maturity T, strike price K, interest rate
r and current stock price S0, is given by

CM(0, S0) =
∞∑
n=0

e−λ̄ T
(λ̄T )n
n! CBS(t, S0;T,K, r̄n, σ̄n2) (2.12)

where λ̄ = λ(ξ + 1), r̄n = r − λξ + n ln(ξ+1)
T

, σ̄n2 = σ2 + nσ2
j

T
, ξ = eµj+

σ2
j

2 − 1
and CBS(0, S0;T,K, r̄n, σ̄n2) is today’s Black-Scholes price with interest rate r̄n and
volatility σ̄n2 (see 2.5).

Proof. Cf. [24].

This semi-analytical solution is an advantage of Merton’s jump diffusion model,
since jump-diffusion models are known to be numerically challenging. This model
is consistent with the observed skewness and the leptokurtosis in the distribution of
stock prices. By setting the mean of the jump process to be negative, steep short-
term volatility skews, which are typical in practice, can be produced quite easily.
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One weakness of the model is that while fitting the few parameters to market prices
often large errors occur.

To overcome remaining weaknesses combinations of models have been proposed.
Andersen [1] argues that ”the most reasonable model of stock prices would likely
include both stochastic volatility and jump diffusion [...]. From the perspective of the
financial engineer, such a model would, however, not necessarily be very attractive
as it would be difficult to handle numerically and slow to calibrate accurately to
quoted prices”6. We will follow his approach of a jump-diffusion model with local
volatility. Through the jump component we are able to generate volatility skews and
with the local volatility we can fit quoted market prices accurately. In fact with this
model we overcome the unrealistic appearance of the local volatility surface in the
case of a pure diffusion model when we try to incorporate steep short-term skews
and obtain a reasonable volatility function.

The stock price is modeled by the following SDE

dS

St−
= (r(t)− λξ) dt+ σ(t, St−) dW̃t + d

(
Nt∑
i=1

(eYi − 1)
)
, (2.13)

where σ > 0 is a bounded time- and state-dependent deterministic local volatility
function. The constant risk-free rate r is generalized to a time-dependent interest
rate r(t), which is given by the market.

So far we established analytical and semi-analytical formulas in different models
for the price of a European call option. We have to remark that analytical solutions
can only be established for European-style options. For pricing other options e.g.
exotic ones, we have to use numerical methods. Main approaches here are Monte-
Carlo methods and the numerical solution of the PIDE’s. We will pursue the latter.

2.3 Option Pricing using Partial Differential Equa-
tions

Due to the local volatility function no analytical solution is available. For a numer-
ical solution, we transform SDE (2.13) into a PIDE. In the end we will work with
a log-moneyness version of this PIDE. We first we obtain the following backward
PIDE.

6Quote from Andersen [1], p. 233
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2.3. OPTION PRICING USING PARTIAL DIFFERENTIAL EQUATIONS

Theorem 2.3.1 (Backward PIDE)
Let a jump-diffusion model be given where the stock S evolves according to (2.13).
Then the price C(t, S) of a European call option on the underlying S with maturity
T and strike price K satisfies the following PIDE

Ct(t, S) + (r(t)− λξ) S CS(t, S) + σ2(t, S)
2 S2CSS(t, S)

− (r(t) + λ) C(t, S) + λ
∫
R
C(t, yS)f(y) dy = 0

(t, S) ∈ [0, T )× (0,∞)

with end condition C(T, S) = (S −K)+ S ∈ (0,∞),

(2.14)

where λ > 0 is the constant jump intensity and f the density function of the jump
size distribution.

Proof. See [1].

A partial differential equation with an integral term needs to be solved in order
to obtain the call price. Normally the call price today, i.e. C(0, S0), is desired.
When we set r constant and λ = 0, which means no jumps in the underlying, we
obtain the well-known Black-Scholes equation, a linear parabolic equation of second
order.

Ct(t, S) + σ2

2 S2CSS(t, S) + r S CS(t, S)− r C(t, S) = 0,

(t, S) ∈ [0, T )× (0,∞)

with end condition C(T, S) = (S −K)+ S ∈ (0,∞)

(2.15)

To solve (2.15) we need boundary conditions. Economic arguments lead to
limS→0C(t, S) = 0 for all t ∈ [0, T ] and limS→∞

C(t,S)
S

= 1 for all t ∈ [0, T ]. With
these conditions we can solve (2.15).

Note that in the Black-Scholes model the risk free rate is constant. Even when it
is generalized to r(t) as in (2.14), it is given at the market. The strike price K and
maturity T are fixed in the contract. Hence in general unknown variables in (2.14)
are the volatility σ(t, S), the jump intensity λ and the jump density f (we specified
f). These can be derived from market prices. Since we want to use the PIDE to
calculate new option prices, the accurate calibration of model parameters is crucial.
The parameters are calibrated such that the error between market prices and prices
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resulting from the model is minimized. Formulating this as an optimization problem,
the PIDE has to be solved for each pair of maturity and strike (Ti, Ki) making one
function evaluation itself numerically expensive. To avoid this we will show the
existence of a forward equation with T and K as variables and t and S occurring
in the initial condition. Then the PIDE has to be solved only once for a function
evaluation in a least-square formulation.

Theorem 2.3.2 (Forward PIDE)
Let D̃(T,K) be the solution of the PIDE

D̃T (T,K)− σ2(T,K)
2 K2 D̃KK(T,K) + (r(T )− λξ) K D̃K(T,K)

+ λ(ξ + 1) D̃(T,K)− λ
∫
R
D̃(T,K/ey) ey f(y) dy = 0

(T,K) ∈ [t0, Tmax)× (0,∞)

with initial condition D̃(t0, K) = (S0 −K)+ K ∈ (0,∞).

(2.16)

Then the following holds:
D̃(T,K) = C(t0, S0),

where C(t, S) is the solution of (2.14) with maturity T and strike price K.

Proof. See [1].

In literature the terms moneyness, i.e. K/S0, and log-moneyness, i.e. log(K/S0),
are frequently used. Because of numerical reasons we eliminate K from the PIDE
via a variable transformation.

Theorem 2.3.3
Let D(T, x) be the solution of

DT (T, x)− σ̄2(T, x)
2 Dxx(T, x) +

(
r(T )− λξ + σ̄2(T, x)

2

)
Dx(T, x)

+ λ(ξ + 1)D(T, x)− λ
∫
R
D(T, x− y) ey f(y) dy = 0

(T, x) ∈ [0, Tmax)× (−∞,∞)

D(0, x) = (1− ex)+ =: D0(x) x ∈ (−∞,∞).

(2.17)

Then
D̃(T,K) = S0D

(
T, ln

(
K

S0

))
solves (2.16) with σ(T,K) = σ̄(T, ln

(
K
S0

)
).
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2.4. CALIBRATION OF MODEL PARAMETERS

Proof. Consider the variable transformation x = ln
(
K
S0

)
. Then the derivatives of D̃

are given by

D̃T = S0DT , D̃K = S0

K
Dx, D̃KK = S0

K2Dxx −
S0

K2Dx.

A scaling of the PIDE as well as the initial condition by S−1
0 yields the desired

result.

In the next chapter we will solve this PIDE numerically. First we give a brief
summary of model calibration in the next section.

2.4 Calibration of Model Parameters

To estimate the value of exotic options with a given model, first the model param-
eters have to be calibrated carefully. This is usually done via a non-linear least-
squares-formulation where the error between quoted market prices DM

i for pairs of
maturity and strike (Ti, Ki), i = 1, . . . ,M, and model prices D(Ti, Ki) is minimized:

(σ∗, λ∗, f ∗) = argmin
M∑
i=1
|DM

i −D(Ti, Ki)|2 s.t. D solves (2.16). (2.18)

In a jump-diffusion model the jump density function f , the jump intensity λ and
the local volatility function σ(·, ·) have to be calibrated. In our case we specified the
jump density function. We assume that we know the mean jump size and volatility
of the jump sizes as well as the jump intensity. Then the local volatility function is
implied. The efficient numerical solution of PIDE (2.16) is the basis for solving the
constrained optimization problem. Concrete methods for an efficient and accurate
model calibration are beyond the scope of this thesis.
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Chapter 3

Numerical Solution

In this chapter the details of the numerical solution of PIDE (2.17) are carried out.
In Section 3.1 we first derive a variational formulation and prove that under certain
assumptions a unique solution exists. When we restrict the infinite space domain on
a bounded interval, we have to take into account that due to the non-local integral
term in PIDE (2.17) the boundary conditions have to be expanded (cf. Section 3.1).
In Section 3.2 we discretize the problem. We use a Galerkin method with piecewise
linear functions on the spatial variable. The non-local integral term leads to dense
matrices which have to be taken into account. The time domain is discretized using
the implicit Crank-Nicolson scheme. We use a damping procedure to smooth out
the irregular initial condition. The arising dense linear systems of equations are
solved with a preconditioned GMRES method. In the last Section 3.3 numerical
results are presented.

3.1 Weak Formulation

In order to be able to apply the finite element method, we first need to derive a
variational formulation of PIDE (2.17). This will be the topic of this section. We
furthermore prove the existence of a unique solution of the variational problem.

First we note that the initial condition in (2.17) is not L2-integrable, since
limx→−∞D0(x) = 1. Analogous to [23] we will therefore work with weighted function
spaces.

Definition 3.1.1 (Weighted Sobolev spaces)
We define the weighted Sobolev spaces

H1
−µ(R) := {v ∈ L1

loc(R) : v(x)e−µ|x|, v′e−µ|x| ∈ L2(R)}
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3.1. WEAK FORMULATION

with inner product

〈v, w〉H1
−µ(R) := 〈v, w〉L2

−µ
+ 〈v′ , w′〉L2

−µ

and
L2
−µ(R) := {v ∈ L1

loc(R) : v(x)e−µ|x| ∈ L2(R)}

with inner product
〈v, w〉L2

−µ
:=
∫
R
v(x)w(x)e−2µ|x|dx.

Remark 3.1.2
The spaces L2

−µ(R) and H1
−µ(R) are Hilbert spaces with their induced norms.

It is easy to show that D0(·) ∈ H1
−µ(R) for all µ > 0. Let w be an arbitrary test

function in C∞0 (R). When we multiply (2.17) with w(x)e−2µx, where µ > 0 is fixed,
and integrate over R, we get

∫
R
DT (T, x)w(x)e−2µxdx−

∫
R

σ̄2(T, x)
2 Dxx(T, x)w(x)e−2µxdx

+
∫
R

(
r(T )− λξ + σ̄2(T, x)

2

)
Dx(T, x)w(x)e−2µxdx

+
∫
R
λ(ξ + 1)D(T, x)w(x)e−2µx dx

− λ
∫
R

∫
R
D(T, x− y)w(x)e−2µx ey f(y) dy dx = 0

with initial condition
∫
R
D(0, x)w(x)e−2µxdx =

∫
R
D0(x)w(x)e−2µxdx.

Integrating the second term by parts we arrive at the following equation
∫
R
DT (T, x)w(x)e−2µxdx+ a−µ(T ;D(T, ·), w(·)) = 0,

where for each constant µ > 0 and T > 0 the bilinear form
a−µ(T ; ·, ·) : H1

−µ(R)×H1
−µ(R)→ R is defined via

a−µ(T ; v, w) :=
∫
R

σ̄2(T, x)
2 v

′(x)w′(x)e−2µxdx

+
∫
R

(
r(T )− λξ + σ̄2(T, x)

2 + (σ̄2(T, x))x
2 − σ̄2(T, x)µ sgn(x)

)
v
′(x)w(x)e−2µxdx

+
∫
R
λ(ξ + 1) v(x)w(x)e−2µx dx− λ

∫
R

∫
R
v(x− y)w(x)e−2µx ey f(y) dy dx.

(3.1)

Here λ and ξ are given constants and r and σ are assumed to be sufficiently regular.
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Next we define a function space containing the solutions of the weak formulation
of (2.17).

Definition 3.1.3
Let V be a Hilbert space, V ∗ its dual space and a, b ∈ R. Then we define

W ([a, b], V ) := {u ∈ L2((a, b), V ) : u′ inL2((a, b), V ∗)}.

We can now formulate the weak formulation of PIDE 2.17

Definition 3.1.4 (Weak formulation)
Find D ∈ W ([0, Tmax], H1

−µ(R)) such that for all T ∈ (0, Tmax]

d

dT
〈D(T, ·), w〉L2

−µ(R) + a−µ(T ;D(T, ·), w) = 0 ∀w ∈ H1
−µ(R)

with initial condition

〈D(0, ·), w〉L2
−µ(R) = 〈D0(·), w〉L2

−µ(R) ∀w ∈ H1
−µ(R)

(3.2)

holds.

We want to show that under certain assumptions a unique solution of the above
weak formulation exists. For this we will make use of the following theorem.

Theorem 3.1.5 (Unique solution)
Let (V,H, V ∗) be a Gelfand triple and D0 ∈ H,F ∈ L2([0, Tmax], V ∗). If the bilinear
form a(T ; ·, ·) : V × V → R is continuous and V-elliptic for all T ∈ [0, Tmax], then
for all T ∈ (0, Tmax]

d

dT
〈D(T, ·), w(·)〉H + a−µ(T ;D(T, ·), w(·)) = 〈F (T ;w(·)), w(·)〉H ∀w ∈ V

with initial condition

〈D(0, ·), w(·)〉H = 〈D0(·), w(·)〉L2
−µ(R) ∀w ∈ V

(3.3)

has a unique solution D ∈ W ([0, Tmax], V ).

Proof. See [9].

We will now state the assumptions under which the weak formulation 3.2 has a
unique solution.

Assumption 3.1.6
We assume that for each T ∈ [0, Tmax] σ(T, ·) is continuously differentiable on R.
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Furthermore constants rmax, σmin, σmax, σder exist such that

0 ≤ r(T ) ≤ rmax ∀T ∈ [0, Tmax]

0 < σmin ≤ σ(T, x) ≤ σmax ∀(T, x) ∈ [0, Tmax]× R

|σx(T, x)| ≤ σder ∀(T, x) ∈ [0, Tmax]× R.

Lemma 3.1.7
The normal density function f satisfies for µ > 0

∫
R
ey+µ|y| y f(y) dy <∞. (3.4)

Proof. It is clear because f decays exponentially with e−y
2 .

Remark 3.1.8
It is important to note that the normal density function specified by Merton for the
jump sizes satisfies 3.1.6 b).

With the above assumptions we can establish properties of the bilinear form a−µ,
which ensure a unique solution of the weak formulation problem.

Theorem 3.1.9
If assumptions 3.1.6 hold, then there exist constants ccont, cell > 0, c ∈ R independent
of T ∈ [0, Tmax] such that for all T ∈ [0, Tmax] the bilinear form a−µ is continuous,
i.e.

|a−µ(T ; v, w)| ≤ ccont ||v||H1
−µ(R)||w||H1

−µ(R) ∀v, w ∈ H1
−µ(R),

and the Garding inequality, i.e.

a−µ(T ; v, w) + c||v||2L2
−µ(R) ≥ cell ||v||2H1

−µ(R) ∀v, w ∈ H1
−µ(R),

holds.

Proof. This result is derived in [34].

The boundedness and weak coercivity of the bilinear form a−µ guarantees the
existence and uniqueness of a solution of 3.2.

Theorem 3.1.10
The weak formulation (3.2) possesses a unique solution D ∈ W ([0, Tmax], H1

−µ(R)),
if Assumption 3.1.6 holds.
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Proof. Let us define a new bilinear form ã−µ on L2
−µ(R) for all T ∈ [0, Tmax] via

ã−µ(T ; v, w) = a−µ(T ; v, w) + C 〈v, w〉L2
−µ(R).

It is clear that ã−µ is continuous and coercive on H1
−µ(R). With the Gelfand triple

(H1
−µ(R), L2

−µ(R), H1
−µ(R)∗) 3.1.5 states, that there exists a unique solution D̃ ∈

W ([0, Tmax], H1
−µ(R)) for all T ∈ (0, Tmax] of

d

dT
〈D̃(T, ·), w(·)〉L2

−µ(R) + ã−µ(T ; D̃(T, ·), w(·)) = 0 ∀w ∈ H1
−µ(R)

with initial condition

〈D̃(0, ·), w(·)〉L2
−µ(R) = 〈D0(·), w(·)〉L2

−µ(R) ∀w ∈ H1
−µ(R).

Then D(T, x) = eCT D̃(T, x) solves the variational problem (3.2).

Localization

Since PIDE (2.17) is posed on the whole real line, the space domain is infinite.
For a numerical solution we must truncate the PIDE to a bounded space domain
Ω = (x, x̄). This process is called ’localization’. To do so we have to analyze the
behavior of the solution at the boundaries. It is easier if we consider D̃(T,K) before
the variable transformation when K takes extreme values close to zero or to infinity.

If the strike price K approaches infinity, it is almost sure that the underlying
asset price will be lower than K. Then the option holder will not exercise the option
and the payoff and therefore the value of the option are zero

D̃(T,K)→ 0 for K →∞.

On the other hand if K tends to zero, the underlying asset price will almost
surely be higher than the strike price K and the option holder will almost surely
exercise the option at maturity. Under the no-arbitrage assumption the value of a
claim equals the value of a perfect hedge. The option writer will have to deliver
the underlying at maturity a.s.. To hedge this risk he has to buy the underlying
at t = 0 for the stock price S0. At maturity t = T when he delivers the option,
he receives the strike price K from the option holder. Discounting K, this is worth
Ke−

∫ T
0 r(τ)dτ at t = 0. The value of the hedge and therefore the call is

D̃(T,K)→ S0 −Ke−
∫ T

0 r(τ)dτ for K → 0.
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After the variable transformation x = ln(K
S0

) and D̃(T,K) = S0D(T, x) we arrive at
the following boundary conditions

D(T, x) ≈ 1− ex−
∫ T

0 r(τ)dτ , D(T, x̄) ≈ 0. (3.5)

The integral term in PIDE (2.17) is non-local. This means that in order to
evaluate the PIDE at x we need to know D not only in a neighborhood of x but for
all values to which the process can jump to from x: {x−y : y ∈ supp(f)}. Since the
normal density function f specified in (2.8) has support R (as is the case in many
models), values of D at all points of R are used to evaluate the PIDE at x. In the
case of a PDE like the Black-Scholes-equation the boundary conditions (3.5) would
be used as Dirichlet boundary conditions and error estimates could be derived using
the maximum principle. In our case the boundary conditions must be extended to
{x− y : x ∈ [x, x̄], y ∈ supp(f)}, i.e. R\Ω.

Let Db(T, x) be a function in the solution space fulfilling the boundary conditions
(3.5) on (−∞, x] and [x̄,∞). Then we can rewrite the variational formulation in the
following way:

Lemma 3.1.11
Let Db ∈ W ([0, Tmax], H1

−µ(R)) fulfill the boundary conditions (3.5) on (−∞, x],
[x̄,∞) and D ∈ W ([0, Tmax], H1

−µ(R)) be a solution of (3.2). Then
Dh ∈ W ([0, Tmax], H1

−µ(R)) defined via Dh := D −Db solves

d

dT
〈Dh(T, ·), w(·)〉L2

−µ(R) + a−µ(T ;Dh(T, ·), w(·)) = F−µ(T ;w(·)) ∀w ∈ H1
−µ(R)

with initial condition

〈Dh(0, ·), w(·)〉L2
−µ(R) = 〈Dh

0 (·), w(·)〉L2
−µ(R) ∀w ∈ H1

−µ(R)
(3.6)

where Dh
0 (·) := D0(·)−Db(0, ·) ∈ H1

−µ(R) and ∀T ∈ (0, Tmax]
F−µ(T ; ·) := − d

dT
〈Db(T, x), ·〉L2

−µ(R) − a−µ(T ;Db(T, x), ·) ∈ (H1
−µ(R))∗.

Proof. By construction of Dh.

It is clear that F−µ ∈ (H1
−µ(R))∗∀µ > 0. By construction of Dh the following

holds
Dh(T, x)→ 0, for x→ ±∞. (3.7)

In a localized problem, the solution D̄ will be defined only on the bounded com-
putational domain Ω. But then the non-local integral becomes meaningless, unless

27



3.2. DISCRETIZATION

we extend D̄ beyond its domain of definition. The value of the non-local integral
depends on the extension and differs with it. Considering (3.7) we will assume that
D̄ ≡ 0 on R\Ω. Then we can define a localized problem on H1

0 (Ω) in the following
way.

Definition 3.1.12 (Localized variational problem)
Find D̄ ∈ W ([0, Tmax], H1

0 (Ω)) such that for all T ∈ (0, Tmax]

d

dT
〈D̄(T, ·), w(·)〉L2 + a(T ; D̄(T, ·), w(·)) = F (T ;w(·)) ∀w ∈ H1

0 (Ω)

with initial condition

〈D̄(0, ·), w(·)〉L2 = 〈Dh
0 (·), w(·)〉L2 ∀w ∈ H1

0 (Ω)

(3.8)

holds. Here a(T ; ·, ·) : H1
0 (Ω) ×H1

0 (Ω) → R is defined via a(T ; v, w) := a0(T ; ṽ, w̃),
where ṽ, w̃ denote the extension of v,w by zero to all of R, i.e. v|R\Ω = w|R\Ω = 0.
Analogously F (T, ·) : H1

0 (Ω)→ R is defined via F 0(T, ·).

Remark 3.1.13
The localized variational problem has the following properties:

a) Dh
0 |Ω ∈ H1

0 (Ω) by construction of Db.

b) The linear operator L−µ is well-defined for µ = 0 under Assumption 3.1.6.

c) We identify the Gelfand triple as V = H1
0 (Ω), H = L2(Ω), V ∗ = H−1(Ω). Then

the localized variational problem admits a unique solution.

Remark 3.1.14 (Localization error)
The restriction of R to Ω introduces a localization error e := ˜̄D − Dh). Matache
[23] considers a backward PIDE with constant volatility. Using a-priori estimates
Matache [23] showed that the localization error decays exponentially with the size of
the truncation domain.

3.2 Discretization

In this section we will discretize (3.8). First we discretize H1
0 (Ω) using the finite

element method in Section 3.2.1. The resulting ordinary differential equations are
discretized with a Crank-Nicolson scheme in Section 3.2.2. To account for the dense
matrices, an approach using preconditioned GMRES method is carried out in Section
3.2.3.
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3.2.1 Spatial Discretization

To approximate the solution of the localized problem, we use a special Galerkin
method, the finite elements method. We approximate H1

0 (Ω) by a finite-dimensional
subspace VG of continuous, piecewise linear functions and determine the coefficients
of the corresponding approximate solution. The Galerkin problem is then defined
as: find DG ∈ W ([0, Tmax], VG) such that for all T ∈ (0, Tmax]

d

dT
〈DG(T, ·), w(·)〉L2 + a(T ;DG(T, ·), w(·)) = F (T ;w(·)) ∀w ∈ VG

with initial condition

〈DG(0, ·), w(·)〉L2 = 〈Dh
0 (·), w(·)〉L2 ∀w ∈ VG

(3.9)

holds.

Let us consider a uniform mesh Ωh := {i∆x : i = 1, · · ·nx} on Ω such that
x =: x0 < x1 < · · · < xnx+1 := x̄. Now we use Lagrange finite elements and define

VG := {w ∈ C(Ω) : w|(xi,xi+1) ∈ P 1((xi, xi+1)) for i = 1, · · · , nx, w|∂Ω = 0}.
(3.10)

Here P k(Ω) is the space of polynomials with degree less or equal to k on Ω. It is
clear that Vh ⊂ H1

0 (Ω) since it consists of continuous piecewise C1 functions. Then
{Φi}nxi=1 with

Φi(x) =


(x−xi−1)

∆x xi−1 ≤ x < xi
(xi+1−x)

∆x xi < x ≤ xi+1

0 else

is a nodal basis of VG. Note that the basis functions have local support, which leads
to sparse matrices. We can express DG in terms of the Galerkin ansatz functions

DG(T, x) =
nx∑
i=1

αi(T ) Φi(x) ≈ D̄(T, x), (3.11)

where the coefficient functions αi(·) have to be determined. It is enough to ensure
(3.9) for the basis functions. If we plug in 3.11 in 3.9, we get the following semi-
discretized problem.

Remark 3.2.1 (Semi-discretized problem)
Let VG be a Galerkin approximation to H1

0 (Ω) as defined in (3.10). Then the semi-
discretized problem of (3.8) is to find coefficient functions
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αi(·) ∈ H1([0, Tmax]), i = 1, · · · , nx such that for all T ∈ (0, Tmax]

nx∑
i=1

α̇i(T )〈Φi,Φj〉L2 +
nx∑
i=1

αi(T )a(T ; Φi,Φj) = F (T ; Φj) ∀j = 1, · · · , nx

holds with inital condition
nx∑
i=1

αi(0)〈Φi,Φj〉L2 = 〈Dh
0 ,Φj〉L2 ∀j = 1, · · · , nx

(3.12)

To simplify the above semi-discretized problem we will rewrite it in vectorial
form.

Remark 3.2.2 (Vectorial semi-discretized problem)
Let us define the mass matrix M via Mij = 〈Φj,Φi〉L2 and the stiffness matrix A(T )
via Aij(T ) = a(T ; Φj,Φi). Also let Fj(T ) = F (T ; Φj), Bj = 〈Dh

0 ,Φj〉L2 hold for
i, j = 1, · · · , nx. Then the equivalent matrix form of 3.12 is given by

Mα̇(T ) + A(T )α(T ) = F (T ), T ∈ (0, Tmax]

Mα(0) = B,
(3.13)

with M,A ∈ Rnx×nx , B, α(T ), F (T ) ∈ Rnx.

We now examine above given matrices closely. First we note that the local
support of the basis functions Φi leads to a sparse mass matrix. Particularly, M is
symmetric and of tridiagonal structure with the entries

Mii = 2
3∆x, Mi,i+1 = Mi+1,i = 1

6∆x.

Due to the integral term in (2.17), the time-dependent stiffness matrix A(T ) is more
complicated. For an analysis we split A(T ) into two parts: the part AI resulting
from the double integral in the bilinear form, and the time-dependent part ANI

containing the remaining terms in the bilinear form

A(T ) = ANI(T ) + AI(T ).

For the local volatility function σ(T, x), which depends on x, a numerical integration
method has to be used. We will apply Gaussian integration of order one. Then the
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entries of ANI(T ) are as follows

ANIii (T ) = 1
2∆x(σ2

i−1(T ) + σ2
i (T ))

+ 1
4(σ2

i−1(T )− σ2
i (T ) + σ2

x,i−1(T )− σ2
x,i)(T )) + 2

3λ(1 + ξ),

ANIi,i+1(T ) = − 1
2∆xσ

2
i (T ) + 1

2(r − λξ + σ2
i (T )
2 +

σ2
x,i(T ))

2 ) + ∆x
6 λ(1 + ξ),

ANIi+1,i(T ) = − 1
2∆xσ

2
i (T )− 1

2(r − λξ + σ2
i (T )
2 +

σ2
x,i(T ))

2 ) + ∆x
6 λ(1 + ξ),

(3.14)

where σ2
i (T ) := σ2(T, xi + ∆x

2 ) and σ2
x,i(T ) := (σ2(T, xi + ∆x

2 ))x.

Let us now consider the matrix AI . It is not sparse, but we can establish a special
structure, called ’Toeplitz’. Considering the local support of the basis functions and
defining g(y) := eyf(y), we get

AIi,j = −λ
∫ xi+1

xi−1

∫ x−xj−1

x−xj+1
Φj(x− y)Φi(x)g(y) dy dx

= −λ
∫ xi+1

xi−1

∫ x−xj−1

x−xj+1
Φj+1(x+ ∆x− y)Φi+1(x+ ∆x)g(y) dy dx

= −λ
∫ xi+2

xi

∫ z−xj+2

z−xj
Φj+1(z − y)Φi+1(z)g(y) dy dz

= AIi+1,j+1 ∀i, j = 1, · · · , nx − 1,

where we used the variable transformation z = x+ ∆x. Note that the fact
Φi(x) = Φi+1(x+ ∆x) only holds for equidistantly distributed grid points.

Remark 3.2.3
For an uniform mesh matrix AI has Toeplitz structure,

AI =



a0 a1 · · · anx−1

a−1
. . . . . . ...

... . . . . . . a1

a−nx+1 · · · a−1 a0

 ,

i.e. AIij = aj−i i, j = 1, · · · , nx, a−nx+1, · · · , anx−1 ∈ R.

Due to the inner integral and the translation Φi(x − y) and the fact that f
has support on whole R, usually none of the entries of AI equal zero. The double
integral has to be approximated via numerical integration. Therefore we divide the
two-dimensional area into four squares each of size ∆x×∆x and use again Gaussian
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quadrature of order one. Thus

AIij = −λ∆x2

4 (g((i− j − 1)∆x) + 2g((i− j)∆x) + g((i− j + 1)∆x)) .

Even though ANI(T ) is sparse (tridiagonal structure) and AI is of Toeplitz structure,
the matrix A(T ) = ANI(T ) + AI has none of the properties. The local volatility
function σ(T, x) is in general space-dependent and hence destroys the constancy on
the diagonals of ANI .

We now turn to the matrix F (T ). Since f has support R, the double integral
arising in F (T ) is not restricted to a bounded interval:

− λ
∫
R

∫
R
Db(T, x− y)Φi(x)g(y) dy dx

= −λ
∫ xi+1

xi−1

∫ ∞
x−x

Db(T, x− y)Φi(x)g(y) dy dx

= −λ(1− ex−
∫ T

0 r(τ)dτ )
∫ xi+1

xi−1
Φi(x)

∫ ∞
x−x

g(y) dy dx.

In the case of Merton’s choice of f ∼ N(µj, σ2
j ), we use quadratic completion and a

transformation onto the standard normal distribution to verify

∫ ∞
x−x

g(y)dy = eµj+σ
2
j /2
∫ ∞
x−x

1√
2πσ2

j

e
−

(y−(µjσ
2
j

))2

2σ2
j dy

= eµj+σ
2
j /2
∫ ∞
x−x−(µj+σ2

j
)

σj

1√
2π

e−
z2
2 dz

= eµj+σ
2
j /2N

(
−x+ x+ µj + σ2

j

σj

)
,

where N(·) is the cumulative distribution function of the standard normal distribu-
tion and therefore N(−x) = 1−N(x) for all x in R holds. The calculation of F (T )
and B takes place through numerical integration with Gauss quadrature of order
one.

3.2.2 Time Discretization

For the time discretization of (3.12) we use the θ-method. This is a finite differences
method of order two. Consider an initial value problem given

ẏ(t) = f(t, y(t))

y(0) = y0.
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Then for any θ ∈ [0, 1] the discretization with a θ-method is given through

yk+1 − yk
∆t = θf(tk+1, yk+1) + (1− θ)f(tk, yk),

where ∆t is the step size, tk := k∆t and the solution y is approximated via y(tk) ≈ yk.
The forward Euler scheme (θ = 0) is an explicit method. All methods with θ 6= 0 are
implicit. Special cases are the Crank-Nicolson method (θ = 1

2) and the backward
Euler θ = 1. We will use a combination of both. We will now define the fully
discretized problem.

Remark 3.2.4 (Fully discretized problem)
Let θ ∈ [0, 1] be given. Define a uniform mesh on [0, Tmax] via Tk := k∆T, k =
1, · · · , nT such that TnT = Tmax. Then the fully discretized problem to 3.12 consists
in finding αk ∈ Rnx for all k = 0, · · · , nT such that

(M + ∆TθA(Tk+1))αk+1 = (M −∆T (1− θ)A(Tk)), αk

+ ∆T (θF (Tk+1) + (1− θ)F (Tk))

Mα0 = B.

(3.15)

Diffusion problems often contain irregular initial or boundary data, which destroy
the solution’s regularity locally. This may result in a reduced global accuracy of the
discretization scheme. In our case we have a non-smooth initial condition which leads
to oscillations. It is known that the vectorial problem (3.13) is very stiff. An unstable
explicit Euler scheme would require a restrictive step size condition to guarantee
sufficient accuracy. The implicit Crank-Nicolson method is the preferred choice
considering the quadratic convergence which leads to a smaller time discretization
error. To smooth irregularities Rannacher [29] approach is a damping procedure
which preserves the order of the discretization: the first two initial time steps use
backward Euler half-time stepping followed by Crank-Nicolson full-time stepping to
yield full second order convergence away from the singularities and not increase the
computational costs. Giles and Carter [15] modify Rannacher’s start-up procedure
to four initial backward Euler full-time or quarter-time steps.

3.2.3 Efficient solution of the fully discretized problem

In the fully discretized problem (3.15) we need to solve a linear system of equations,
Ãx = b, in each time step. We established before that the stiffness matrix A(T ) is
neither sparse nor Toeplitz or symmetric , and so the matrix Ã is as well not sparse,
Toeplitz or symmetric. Through splitting of A(T ) we can achieve a matrix vector
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product in O(nx log2 nx) (cf. [34]).
We will use the generalized minimum residual iteration proposed by Saad and

Schultz [31] for solving non-symmetric linear systems of equations. This algorithm
belongs to the Krylov subspace methods (for details cf. [30] and [20]).

In the next section we will show numerical results for Merton’s jump diffusion
model using the following parameters

x = −5, x̄ = 5, Tmax = 2, r = 0.03, ∆T = 0.01,

σ = 0.3, λ = 0.5, µj = 0, σj = 0.5,
(3.16)

where Tmax is expressed in years and r and σ are annualized.

The condition number is an important quantity which influences the numerical
solution of a linear system of equations. Often the convergence behavior of the solver
depends on the condition number. While a large condition number indicates poor
convergence behavior, a small condition number signals good convergence behavior.
Table 3.1 displays the condition number of the matrix Ã, κ2(Ã), for different spatial
step sizes ∆x. We see that the condition number grows with decreasing spatial step
size. In fact, when ∆x is halved, κ2(Ã) quadruples.

∆x κ2(Ã) κ2(P−1Ã)
0.02 2.584 1.003
0.01 9.334 1.003
0.005 36.332 1.003
0.0025 144.325 1.003

Table 3.1: Condition number for different step sizes ∆x of the unpreconditioned and
the preconditioned system

Furthermore we look at the eigenvalue distribution. In the upper graph of Figure
3.1 the eigenvalue distribution of Ã is displayed for the spatial step sizes nx = 499
and nx = 999. Here the imaginary part is omitted, because it is insignificantly small.
The eigenvalues are evenly spread over an interval, which broadens with the number
of spatial steps.

We will use a preconditioner to reduce the condition number and improve the
eigenvalue distribution. The rate of convergence for most iterative linear solvers,
including GMRES, increases with decreasing condition number. A preconditioner
P should fulfill ||I − P−1Ã||2 = ρ < 1. We will use P := M + ∆TθANI(Tk+1),
which satisfies this requirement. Since M and ANI(Tk+1) are tridiagonal matrices, a
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Figure 3.1: Eigenvalue distribution of the unpreconditioned and preconditioned ma-
trix for different space step sizes ∆x

linear system is solved in O(nx). Applying the preconditioner the condition number
κ2(P−1Ã) is reduced to almost 1. In Table 3.1 we see that the condition number of
the preconditioned system is mesh-independent. In the lower graph of Figure 3.1 we
see that the location of the eigenvalues is independent of the number of spatial steps
and that they accumulate around one. The numerical results in the next section
underpin the efficiency of the preconditioner. We remark that as initial guess for the
linear system of equations, the solution from the previous time step is used. Since
we consider a parabolic problem, the solution in time step Tk will not differ much
from the solution in the previous time step Tk−1 and this approach seems natural.

3.3 Numerical results

In this section numerical results for solving PIDE (2.17) are provided. We will first
summarize the procedure which needs to be taken in order to compute option prices.

Algorithm 1

a) Space discretization: finite element method using a uniform mesh on the spatial
domain

b) Time discretization: Crank-Nicolson method with Rannacher smoothing (first
time step using four backward Euler quarter steps)
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c) Solving dense linear systems of equations Ãx = b: using GMRES method with
the sparse part of Ã as a preconditioner

Figure 3.2 shows a finite element solution with parameter setting according to
3.16 and ∆x = 0.0025 and ∆T = 0.01. For T = 0 we see the non-smooth initial
condition. Due to the strong smoothing properties of parabolic problems the kink
at x = 0 is smoothed out as maturity increases.

Figure 3.2: FE-solution with Rannacher smoothing ∆x = 0.0025,∆T = 0.01

We use a constant volatility instead of a time- and space-dependent volatility
to be able to compare the finite element solution with the semi-analytical solution
stated in (2.12), which is the exact pricing formula for European call options in Mer-
ton’s jump diffusion model. Tests have shown that the convergence of the infinite
series is fast and a truncation at n = 50 provides sufficient accuracy.

Figure 3.3 shows the pointwise error between the semi-analytical solution and
the finite element solution with Crank-Nicolson discretization (left graph) and Ran-
nacher smoothing (right graph) on the domain Ω = [−1.5, 4]. We point out that the
error increases when we reach the lower boundary which negatively effects the speed
of convergence. Due to the irregular initial condition oscillations arise, especially at
the non-differentiable point x = 0. As expected Rannacher smoothing reduces the
oscillations significantly.

The L2(Ω)-error for maturities T = 1 and T = 2 between the semi-analytical
solution and the finite element solution with Crank-Nicolson discretization and Ran-
nacher smoothing, respectively, is displayed in Table 3.2. Here the spatial step size
∆x is fixed and the time step size ∆T varies. The convergence order is computed
based on the log-log plot of the L2(Ω)-error against the time step size ∆T . We
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Figure 3.3: Pointwise error between FE-solution and closes-form solution of the
Merton model with ∆x = 0.0025,∆T = 0.01

see that the convergence order can be improved through the Rannacher damping
procedure. While the Crank-Nicolson method does not show quadratic convergence,
Rannacher smoothing does. Note that we set the error tolerance for the GMRES
algorithm to 1e− 8.

discretization L2(Ω)-error effort
∆x ∆T T = 1 T = 2 Time iter

0.0025 0.08 1.77e-5 9.49e-6 4.95 4.2
0.04 4.16e-6 2.30e-6 9.89 3.8
0.02 9.90e-7 7.03e-7 17.94 3.0
0.01 2.67e-7 4.82e-7 36.37 3.0

Table 3.3: L2(Ω)-error at T = 1 and T = 2 between closed-form solution and
finite element solution with Rannacher smoothing, computing times and GMRES-
iterations per time step for different time step sizes ∆T and fixed space step size
∆x

Table 3.3 is structured the same way. The quadratic convergence of the Ran-
nacher smoothing method O(∆T 2) in time is confirmed. In the third column the
computational effort is shown. The calculation is due to the non-local integral term
expensive. The computing time increases linearly with decreasing time step size.
In the last column the average number of GMRES-iterations needed per time step
is displayed. For the initial grid, which is broad, on average 4 iterations per time
step are needed. When we decrease the time step, the GMRES method’s first guess
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discretization L2(Ω)-error effort
∆x ∆T T = 1 T = 2 Time iter
0.02 0.01 1.41e-5 1.54e-5 1.04 3.0
0.01 3.44e-6 3.87e-6 3.17 3.0
0.005 8.14e-7 1.05e-6 9.25 3.0
0.0025 2.67e-7 4.82e-7 36.46 3.0

Table 3.4: L2(Ω)-error at T = 1 and T = 2 between closed-form solution and
finite element solution with Rannacher smoothing, computing times and GMRES-
iterations per time step for different spatial sizes ∆x and fixed time step size ∆T

improves and on average only 3 iterations are needed.

Table 3.3 is designed analogous to the previous table, except that now ∆T is kept
fixed and ∆x changes. Here the quadratic convergence O(∆x2) is reported. We can
see that for all spatial steps the average number of iterations is 3. The calculation
time increases over-linearly with decreasing spatial step size.

The finite element solutions with Rannacher smoothing and a jump intensity
λ = 0.01 and λ = 1 respectively are displayed in Figure 3.4. We can see how the
parameter λ effects the shape of the solution.

Figure 3.4: FE-solution for different jump intensity with ∆x = 0.0025,∆T = 0.01

The difference between these is displayed in Figure 3.5. We can see that the
difference is increasing when we approach x = 0 from either side and when maturity
is increasing.
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Figure 3.5: Difference between FE-solution with λ = 5 and λ = 0.01 for ∆x =
0.0025,∆T = 0.01

Overall, numerical results proof efficiency of the implemented algorithm.
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Chapter 4

Model Order Reduction via POD

The numerical results of the previous section showed that the implemented algorithm
is efficient. But until now we have not taken into account the computational effort.
Since we want to solve the PIDE for a multitude of different maturities and strike
prices, numerical calculation can take several hours. Therefore we need to reduce the
computational cost. An approach is model order reduction. The idea of MOR is to
approximate a high-dimensional, complex model by a model with a low-dimensional
state space. This reduced model has a significantly lower computational complexity
and can hence be solved in adequate time. Naturally the accuracy will decrease.
Still, the approximation error should be kept small. The goal of the reduced order
model is to capture the essential properties of the original model.

In the proposed finite element method in section 3.2.1 the whole solution space
H1

0 (Ω) is approximated. But often (as in our case of a parameter-dependent dif-
ferential equation) a lower-dimensional subspace already holds the solutions. The
basis functions {φi}nxi=1 spanning VG were chosen out of convenience rather than
consideration of the actual problem. We will use proper orthogonal decomposition
to find special basis functions, which represent a reduced basis spanning the men-
tioned lower-dimensional subspace. According to [17] POD was developed in the
field of fluid mechanics in the context of turbulence. Other applications include
image processing, signal analysis and data compression. POD is one famous model
order reduction method and can be applied to non-linear initial value problems. It
is strongly connected to singular value decomposition (SVD). For details we refer
to [2]. There Antoulas describes the POD method among other things in the chap-
ter of SVD-based approximation methods. The POD problem is developed as an
constrained optimization problem and can be solved in a Lagrangian framework.
The optimal basis functions are extracted from an information set, stored in vectors
called ”snapshots”, available through experimental data or numerical simulation.
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The basis functions are optimal in the sense that they approximate the given in-
formation set best. They are subsequent used in a Galerkin approach that yields
a low-dimensional model. Summarizing our approach, model order reduction via
POD: Solving the PIDE with the finite element method (or using the closed-form
solution (2.12)), we obtain snapshots. Then optimal basis functions are obtained
through POD. These are used as a reduced basis in a Galerkin approach.

The outline is as follows. First we describe the POD method (Section 4.1).
Afterwards a-priori error estimates are derived in Section 4.2. In Section 4.3 we
will show numerical results and the efficiency of MOR regarding the reducing of
computing time.

4.1 Proper Orthogonal Decomposition

In this section we give an introduction to POD. Hereby we follow closely [36]. POD
is also known as Principal Component Analysis or Karhunen-Loeve Decomposition.

Let H be a real, separable Hilbert space with inner product 〈·, ·〉H and the
induced norm || · ||H :=

√
〈·, ·〉H . Given snapshots yi ∈ H, i = 1, · · · , n, span the

snapshot set Y := span{y1, · · · , yn} with dimension d > 0. The goal of POD is to
find an orthonormal basis {Ψ1, · · · ,Ψd} of Y with the following characteristic: For
each l ∈ {1, , · · · , d} the (partial) POD basis Ψ1, · · · ,Ψl of rank l is optimal in the
sense of representing an average element of Y /in the mean the columns {yi}nj=1 of
Y as a linear combination by an orthonormal basis of rank l for any other set of
orthonormal vectors {Ψ̂i}li=1.

First we note that the projection of any element v ∈ Y onto the space spanned
by orthonormal functions {Ψi}li=1 can be computed through

v̄ =
l∑

j=1
〈v,Ψj〉HΨj.

Now we will formally define a POD basis.

Definition 4.1.1 (POD Basis)
Let y1, . . . , yn ∈ H be given snapshots. Let the dimension of the snapshot set Y =
span(y1, . . . , yn) be d > 0. Then, for any l ∈ {1, . . . , d} the solution {ψi}li=1 of

min
ψ1,...,ψl∈Y

n∑
i=1

γi

∥∥∥∥yi − l∑
i=1
〈yi, ψj〉Hψj

∥∥∥∥2

H
s.t. 〈ψj, ψk〉H = δjk ∀j, k = 1, . . . , l (4.1)
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with weights γi > 0, i = 1, · · · , n is called ’POD basis of rank l’.

In the above definition the POD basis is characterized through the minimization
of the projection error. We can establish an equivalent maximization problem. The
POD basis can also be defined as the functions which capture most features of the
model’s structure.

Lemma 4.1.2
Let y1, · · · , yn ∈ H be given snapshots. Let the dimension of the snapshot set Y =
span(y1, . . . , yn) be d > 0. Then, for any l ∈ {1, . . . , d} the solution {ψi}li=1 of

max
ψ1,...,ψl∈Y

n∑
i=1

γi
l∑

j=1
〈yi,Ψj〉2H s.t.〈Ψj,Ψk〉H = δjk ∀j, k = 1, . . . , l. (4.2)

solves (4.1) and vice versa.

Proof. For every summand in (4.1) we have

||yi −
l∑

j=1
〈yi, ψj〉Hψj||2H =

〈
yi −

l∑
j=1
〈yi, ψj〉Hψj, yi −

l∑
j=1
〈yi, ψj〉Hψj

〉
H

= 〈yi, yi〉H − 2
〈
yi,

l∑
j=1
〈yi, ψj〉Hψj

〉
H

+
〈

l∑
j=1
〈yi, ψj〉Hψj,

l∑
j=1
〈yi, ψj〉Hψj

〉
H

= 〈yi, yi〉H − 2
l∑

j=1
〈yi, ψj〉2H +

l∑
j=1
〈yi, ψj〉H

l∑
k=1
〈yi, ψk〉H〈ψj, ψk〉H

= ||yi||2H −
l∑

j=1
〈yi, ψj〉2H .

Thus it is clear that minimizing 4.1 is equivalent to maximizing the last term in
above equation.

We will now define a weighted inner product which is used to replace the inner
product in the nx-dimensional finite element space VG by an inner product in Rnx .
Out of convenience we will write m instead of nx.

Definition 4.1.3 (Weighted Inner Product)
Let W ∈ Rm×m be a symmetric, positive definite matrix. Then the weighted inner
product 〈·, ·〉W on Rm is defined via

〈v, u〉W := vTWu ∀v, u ∈ Rm.

Remark 4.1.4
Consider two elements uh, vh ∈ V h with coefficients u = (ui)mi=1 and
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v = (vi)mi=1 ∈ Rm, respectively, s.t.

uh(x) =
m∑
i=1

uiφi(x), vh(x) =
m∑
i=1

viφi(x).

Then we have
〈uh, vh〉H = 〈u, v〉W and ||uh||H = ||u||W ,

where W is the symmetric, positive definite mass matrix
Wji = 〈φi, φj〉H for i, j = 1, . . . ,m.

We replace in (4.1) and (4.2) the inner product 〈·, ·〉H with the weighted inner
product 〈·, ·〉W and use the weighted inner product from now on.

We will solve the constrained optimization problem (4.2) in a standard La-
grangian framework. It can be shown that the necessary first-order optimality
conditions are transformable to an eigenvalue problem.

Theorem 4.1.5 (Optimality conditions)
The necessary first-order optimality conditions for (4.2) are given by the symmetric
eigenvalue problem

W Y ΓY T Wψi = λiWψi for i = 1, . . . , l, (4.3)

where Γ = diag(γ1, . . . , γn) ∈ Rn×n.

Proof. We introduce the Lagrangian L : Rm × . . .× Rm × Rl×l through

L(ψ1, . . . , ψl,Λ) =
l∑

i=1
γi

n∑
j=1
〈yj, ψi〉2W +

l∑
i,j=1

λij(δij − 〈ψi, ψj〉W ).

Then, the first-order optimality conditions are given by

∂L
∂ψk

(ψ1, . . . , ψl,Λ) = 0 ∀k ∈ {1, . . . , l}. (4.4)

Writing this out, we get

∂L
∂ψk

(ψ1, . . . , ψl,Λ) = ∂

∂ψk

n∑
i=1

γi
l∑

j=1
(yTi Wψj)2 +

l∑
i,j=1

λij(δij − ψTi Wψj)

=
n∑
i=1

γi · 2 · (yTi Wψk) yTi W −
l∑

i=1
λikψ

T
i W −

l∑
j=1

λkjψ
T
j W

T

=
n∑
i=1

yTi W γi · 2 · (yTi Wψk)− 2
l∑

i=1
(λik + λki)ψTi W ∀k = 1, . . . , l.
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Thus we arrive with W T = W at

n∑
i=1

W Tyi γi y
T
i Wψk =

l∑
i=1

(λik + λki)W Tψi ⇔ (4.5)

W Y ΓY T Wψk =
l∑

i=1
(λik + λki)Wψi. (4.6)

Now we proceed by induction. We assume that for l ≥ 1 the first-order optimality
conditions are given by

W Y ΓY TWψk = λkWψk for all k ∈ {1, . . . , l}. (4.7)

Note that due to the fact that W is invertible (since it is symmetric and positive
definite by assumption) (4.7) is equivalent to

Y ΓY TWψk = λkψk for all k ∈ {1, . . . , l}. (4.8)

For l = 1 we fulfill (4.7) with λ1 = 2λ11

W Y ΓY T Wψ1 = λ1Wψ1.

Now we have to show that the first-order optimality conditions for a POD basis of
rank l + 1 are given by

W Y ΓY T Wψk = λkWψk for all k ∈ {1, . . . , l + 1}.

By our induction hypothesis (4.7) this holds for k ∈ {1, . . . , l}. Thus we only have
to prove

W Y ΓY T Wψl+1 = λkWψl+1.

Due to (4.6) we know

W Y ΓY T Wψl+1 =
l+1∑
i=1

(λi,l+1 + λl+1,i)Wψi. (4.9)

The POD basis functions {ψi}l+1
i=1 are orthonormal with respect to the weighted

product, thus 〈ψl+1, ψj〉W = 0 for all j = 1, . . . , l. Using (4.8), the symmetry of
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Y ΓY T W and (4.9) we get for any j ∈ {1, . . . , l}

0 = λj〈ψl+1, ψj〉W = 〈ψl+1, Y ΓY TWψj〉W
= 〈Y ΓY TWψl+1, ψj〉W

=
l+1∑
i=1

(λi,l+1 + λl+1,i)〈ψi, ψj〉W

= (λj,l+1 + λl+1,j),

and thus
λj,l+1 = −λl+1,j. (4.10)

Inserting (4.10) into (4.9) delivers

W Y ΓY T Wψl+1 =
l∑

i=1
(λi,l+1 − λi,l+1)Wψi + 2λl+1,l+1Wψl+1

= λl+1Wψl+1,

when we set λl+1 = 2λl+1,l+1.

We will provide a short introduction to SVD (cf. [36]). Let
Y = [y1, . . . , yn] ∈ Rm×n be a given matrix with rank d ≤ min{m,x}. SVD
guarantees the existence of orthogonal matrices Ψ = [ψ1, . . . , ψm] ∈ Rm×m and
Φ = [φ1, . . . , φn] ∈ Rn×n and real numbers σ1 ≥ . . . ≥ σd > 0 such that

ΨTY Φ =
 D 0

0 0

 =: Σ ∈ Rm×n,

where D = diag(σ1, . . . , σd) and ’0’ denote zero matrices of appropriate dimension.
The matrix Y can be factorized as Y = ΨΣΦT . The columns {ψi}di=1 of Ψ and
{ψi}di=1 of Φ, respectively satisfy

Y φi = σiψi and Y Tψi = σiφi for all i = 1, . . . , d.

Furthermore they are eigenvectors of Y Y T and Y TY , respectively with eigenvalues
λi = σ2

i > 0 for i = 1, . . . , d. The columns {ψi}mi=d+1 of Ψ and {ψi}ni=d+1 of Φ are
eigenvectors of Y Y T and Y TY , respectively with eigenvalue 0 (if d < m respectively
d < n).

The following theorem describes how the POD basis can be computed via SVD.
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Theorem 4.1.6 (SVD)
Let Y ∈ Rm×n be a given matrix with rank d ≤ min{m,x}, W a symmetric, positive
matrix and Γ = diag(γ1, . . . , γn) with γi > 0 for all i = 1, . . . , n. Further let
Ȳ = W 1/2Y Γ1/2 and l ∈ {1, . . . , d}. The singular value decomposition of Ȳ is given
by Ȳ = Ψ̄Σ̄Φ̄T . Here Ψ̄ = [ψ̄1, . . . , ψ̄m] ∈ Rm×m and Φ̄ = [φ̄1, . . . , φ̄n] ∈ Rn×n are
orthogonal matrices and

Σ̄ = Ψ̄T Ȳ Φ̄ =
 D 0

0 0

 ∈ Rm×n,

where D = diag(σ1, . . . , σd) and σ1 ≥ . . . ≥ σd > 0. Then the vectors

ψi = W−1/2ψ̄i, i = 1, . . . , l

solve (4.2) (are a POD basis of rank l).

Proof. Cf. [36].

We now summarize the possibilities we have to compute the POD basis.

Remark 4.1.7
A POD basis can be computed by each of the following methods, having its one
strengths and weaknesses.

a) SVD
Computing the singular value decomposition of Ȳ , we get Ψ̄. In Matlab this is done
via

[Ψ̄, Σ̄, Φ̄] = svd(Ȳ ).

Note that the whole system is solved.
Then we can calculate the POD basis vectors via

ψi = W−1/2ψ̄ii = 1, . . . , l.

b) n× n eigenvalue problem (method of snapshots)
If n < m solve the symmetric eigenvalue problem

Ȳ T Ȳ φ̄i = λiφ̄i, i = 1, . . . , l ⇔

Γ1/2Y TWY Γ1/2φ̄i = λiφ̄i, i = 1, . . . , l
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and set

ψi = W−1/2ψ̄i = λ
−1/2
i W−1/2Ȳ φ̄i = λ

−1/2
i Y Γ1/2φ̄i, i = 1, . . . , l.

Note that here neither W 1/2 nor W−1/2 need to be calculated. Matlab offers the
functions ’eig’ and ’eigs’ to compute φ̄i and the eigenvalues λi. With ’eig’ the whole
system is solved. Therefore one prefers an iterative method for larger systems. Using
’eigs’ we can pass the rank l of the POD basis

[Φ̄,Λ] = eigs(Γ1/2Y TWY Γ1/2, l)

and only the largest l eigenvalues are computed.

c) m×m eigenvalue problem
If m < n solve the symmetric eigenvalue problem

Ȳ Ȳ T ψ̄i = λiπ̄i, i = 1, . . . , l ⇔

W 1/2Y ΓY TW 1/2ψ̄i = λiψ̄i, i = 1, . . . , l

and set
ψi = W−1/2ψ̄i i = 1, . . . , l.

At last we give a result regarding the minimization error when computing the
POD basis. It can be shown that this approximation error can be estimated over
the sum of remaining eigenvalues. Therefore the error depends on the eigenvalues
or more precisely its magnitude on the decay rate of the eigenvalues.

Theorem 4.1.8 (Truncation error)
Let y1, . . . , yn ∈ H be given snapshots. Let the dimension of the snapshot set Y =
span(y1, . . . , yn) be d > 0 and {ψi}li=1 be a POD basis of rank l. Then the following
holds for the truncation error

arg min
n∑
i=1

γi||yi −
l∑

i=1
〈yi, ψj〉Hψj||2W =

d∑
i=l+1

λi. (4.11)

Proof. Since the POD basis of rank d span Y , we can write

yi =
d∑
j=1
〈yi, ψj〉Wψj, ∀i = 1, . . . n.
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Using the result in the proof of lemma 4.1.2, we get

n∑
i=1

γi||yi −
l∑

i=1
〈yi, ψj〉Hψj||2W =

n∑
i=1

γi

〈yi, yi〉W − l∑
j=1
〈yi, ψj〉2W


=

n∑
i=1

γi

〈 d∑
i=1
〈yi, ψj〉Wψj, yi

〉
W

−
l∑

j=1
〈yi, ψj〉2W


=

n∑
i=1

γi

 r∑
i=1
〈yi, ψj〉2W −

l∑
j=1
〈yi, ψj〉2W


=

n∑
i=1

r∑
j=l+1

γi〈yi, ψj〉2W

=
d∑

j=l+1
λj.

The sum
d∑
i=1

λi is sometimes referred to as the ’energy’ of the system or the
snapshot set. Thus it is natural to choose l such that the quotient

E(l) =

l∑
i=1

λi

d∑
i=1

λi

. (4.12)

exceeds a specific boundary, e.g. E(l) ≥ 99%. Even though this criterion is of
interest, in practice the dominator in (4.12) is generally unknown.

4.2 Error Estimates

In this section we will provide a-priori error estimates. First we will describe the
idea behind reduced order modeling.

Consider V and H two real, separable Hilbert spaces with 〈·, ·〉V and 〈·, ·〉H and
|| · ||V and || · ||V denoting the inner products and induced norms respectively. Let
V ∗ and H∗ denote the dual spaces. Then we have the Gelfand triple

V ↪→ H=̃H∗ ↪→ V ∗

with dense embeddings. Furthermore let T > 0 define the final time and assume
a : [0, T ]× V × V → R and F ∈ L2(0;T, V ∗) to be given.
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In Theorem 3.1.5 we stated that under certain assumptions on the bilinear form
the following general case of an initial value problem in parabolic form admits a
unique solution.

Remark 4.2.1 (Continuous problem)
For given y0 ∈ H find y ∈ W ([0, T ], V ) such that y solves

d

dt
〈y(t), w〉H + a(t; y(t), w) = 〈F (t;w), w〉H ∀w ∈ V

with initial condition

〈y(0), w〉H = 〈y0, w〉H ∀w ∈ V

(4.13)

Now assume we have calculated a POD basis {ψi}li=1 of rank l. We define the
subspace V l := span{ψ1, · · · , ψl} and the Galerkin approximation

yl(t) :=
l∑

i=1
ηi(t)ψi(x) ≈ y(t)

with coefficient functions ηi : [0, T ]→ R, i = 1, . . . , l. Through a Galerkin projection
we get a a low dimensional model for (4.13).

Remark 4.2.2 (Reduced order model)
For given y0 ∈ H find yl ∈ W ([0, T ], V ) such that

d

dt
〈yl(t), w〉H + a(t; y(t), w) = 〈F (t;w), w〉H ∀w ∈ V l

with initial condition

〈yl(0), w〉H = 〈y0, w〉H ∀w ∈ V l

(4.14)

holds.

Now we can apply a time discretizaztion to (4.14). We use an equidistant time
grid

ti = i∆t ∀i = 0, · · · , n, ∆t = T

n
.

Using the θ-method we will end up with the following discretized problem.
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Remark 4.2.3 (Discretized reduced order model)
For given y0 ∈ H find {yli}n0 ⊂ V l such that

〈∂̄yli, w〉H + θ a(ti; yli, w) + (1− θ) a(ti−1; yli−1, w) =

θ 〈F (ti;w), w〉H + (1− θ) 〈F (ti−1;w), w〉H ∀w ∈ V l, i = 1, · · · , n

with initial condition

〈yl0, w〉H = 〈y0, w〉H ∀w ∈ V l

(4.15)

holds.

Note that ∂̄ is used as an abbreviation for the finite difference quotient

∂̄yli := yli − yli−1
dt

.

Referencing [9] we state that under further assumptions on a and F problem
4.15 admits a unique solution.

We want to note that in practical applications the solution y often is unknown.
Therefore a discretization must be applied to (4.13). In our case we used as spatial
discretization a Galerkin approach with basis functions {φi}nxi=1. In this case to
reduce the dimension we replace the basis functions {φi}nxi=1 by a POD basis {ψi}li=1

with l� nx.
We will now describe the arising errors depending on how the POD basis is

calculated: with snapshots from the closed-form solution y or obtained from a finite
element method yFE.

Error 1

Let y denote the solution of (4.13). Using the solution y at time instances ti as
well as the corresponding finite differences, the POD basis is calculated. Hence the
2n+ 1 snapshots are given by

ȳi = y(ti−1), i = 1, · · · , n+ 1

ȳi = ∂̄y(ti−m−1), i = n+ 2, . . . , 2n+ 1.

The POD solution of the discretized reduced order model (4.15) will be called yl,1

and the average error is given by

ERR1 =
n∑
i=1

γi||y(ti)− yl,1i ||2H . (4.16)
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Error 2

Let yFE denote the solution of (4.15), where the space domain is discretized using
the finite element method and V l is replaced with VG. As snapshots the finite
element solution at time instances ti as well as the corresponding finite differences
are used. The POD solution of (4.15) will be called yl,2 and the average error is
given by

ERR2 =
n∑
i=1

γi ||yFEi − yl,2i ||2H . (4.17)

As we are mainly following [34] in this section, the finite difference quotients were
included in the snapshot set, because this simplifies the proof of the error estimates.
At the end we will also provide an error bound without including the time derivatives.

For V l ⊂ V we define the H-projection operator Πl
H via

Πl
H : V → V l ⇔ 〈P lu− u,w〉H = 0∀w ∈ V l

Furthermore let S ∈ Rd×d denote the stiffness matrix, i.e.

Sij = 〈ψj, ψi〉V , i, j = 1, . . . , d.

Schu [34] also assumes that y0 ∈ V . Then we can state the main results for the
average errors. For details we refer to [34].

Theorem 4.2.4 (POD error 1)
Let y(t) be the solution of (4.13), {yl,1}ni=0 the solution of (4.15). Then with appro-
priate constants Ci(i = 0, 1, 2), independent of n, we have

1
n

n∑
i=1
||y(ti)− yl,1i ||2H ≤ C0||y(t0)− Πl

Hy(t0)||2H + C1∆tj + C2||S||2
d∑

i=l+1
λj (4.18)

with j = 2 for the implicit Euler method assuming ytt ∈ L2([0, T ];H) and j = 4 for
the Crank-Nicolson method assuming ytt ∈ L2([0, T ];H) and ∆t sufficiently small.
Furthermore, for some constant C we have

||y(t0)− Πl
Hy(t0)||2H ≤ nC

d∑
i=l+1

λj
1.

We note that the error consists of two parts: the projection error and the error

1Quote of Theorem 4.2.6, p. 69, in Schu [34]. We changed r to d to be consistent with our
notation. Note that the weights are γi = 1

n , i = 1, . . . , n.
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resulting from the time discretization. When we use the maximum number of POD
basis functions, the first one vanishes and our error bound becomes C1∆tj. Hence
as expected using Crank-Nicolson discretization instead of implicit Euler results in
a better order.

Theorem 4.2.5 (POD error 2)
Let {yFE}ni=0 be the finite element solution using the finite element space VG in the
Galerkin approximation. Let {yl,2}ni=0 be the solution of problem (4.15) based on
the FEM snapshots. Then with appropriate constants C̃0, C̃1 independent of n, we
have for the implicit Euler method and,for sufficiently small ∆t, also for the Crank-
Nicolson method

1
n

n∑
i=1
||yFEi − yl,2i ||2H ≤ C̃0||yFE0 − Πl

Hy
FE
0 ||2H + C̃1||S||2

d∑
i=l+1

λj (4.19)

where
||yFE0 − Πl

Hy
FE
0 ||2H ≤ 3n

d∑
i=l+1

λj
2.

In above estimate we compare the POD solution with the finite element solution.
Both contain an error induced by the time discretization. Hence using the maximum
number of POD basis functions results in an error of zero.

The error estimate without time derivatives is taken from [33]. In the paper
Singler considers the nonlinear evolution equation

d

dt
〈y(t), w〉H + a(t; y(t), w) + b(y(t), y(t), w) = 〈F (t;w), w〉H ∀w ∈ V,

y(0) = y0

(4.20)

where b(u, v, w) = 〈B(u, v), w)〉 and B : V × V → V ∗ quadratic nonlinear, and the
reduced order model

d

dt
〈yl(t), w〉H + a(t; y(t), w) + b(yl(t), yl(t), w) = 〈F (t;w), w〉H ∀w ∈ V l

yl(0) = yl0

(4.21)

The POD basis is determined within the continuous framework: for given y ∈
L2(I;H) with I = (a, b),−∞ ≤ a < b ≤ ∞ find an orthonormal basis {ψi} ⊂ H

2Quote of Theorem 4.2.8, p. 73, in Schu [34]. We changed r to d and Hnx to VG to be consistent
with our notation. Note that the weights are γi = 1

n , i = 1, . . . , n.
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minimizing ∫
I
||y(t)−

l∑
i=1
〈y(t), ψi〉Hψi.

It can be shown that the POD basis functions are the singular vectors of the compact
linear operator K : L2(I) → H defined as Ku =

∫
I y(t)u(t)dt. Furthermore let

PH
l : H → V l be defined by: for x ∈ H, PH

l x minimizes infxl ∈ V l||x− xl||H .

Theorem 4.2.6
Let T > 0, f ∈ L2(0, T ;H), and y0 ∈ V , and let y be the exact solutions of the
problem (4.20). Let {σk, fk, ψk} ⊂ R × L2(0, T ) × H be the singular values and
singular vectors of the operator K : L2(0, T ) → H. Define V l = span{ψ1, . . . , ψl}.
Let yl be the exact solutions of the problem (4.21). If ||yl0||H is bounded independent
of l, then there exists a constant C, independent of l, such that

||y − yl||L2(0,T ;V ) ≤ C1(T )||yl0 − PH
l y0||H + C2(T )

∑
i>l

σ2
i ||φi||2V

 1
2

.3 (4.22)

Note that for increasing number of POD basis functions the error bound con-
verges to zero.

4.3 Numerical results

Before we present numerical results for the POD method, we will show how to
determine the POD basis in our approach.

Computation of POD Basis

To compute a POD basis, we first need snapshots. In our case these can be either
determined by computing the semi-analytical expression (2.12) or through a finite-
element solution of the PIDE (2.17). For this we need a time discretization. We use
an equidistant grid with points

Ti = i∆T, ∆T = T/n, i = 0, . . . , n− 1. (4.23)

Then the snapshots y1, . . . , yn are given through

yi = D(Ti−1), i = 1, . . . , n, (4.24)

3Quoting Singler [33], Theorem 6, p.22
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where D(Ti) is the solution of the PIDE at Ti. As weights we choose γi = 1/n. Note
that the weights represent a certain integral discretization. We could also use other
weights, e.g. the trapezoidal rule, i.e.

γ1 = ∆T
2 , γi = ∆T

2 i = 2, . . . , n− 1, γn = ∆T
2 . (4.25)

Given weights γi > 0, i = 1, . . . , n we define Γ = diag(γ1, . . . , γn). VG is spanned by
the basis functions φ1, . . . , φnx . Then we can write

yi(x) =
nx∑
j=1

Sjiφj(x) ∀i = 1, . . . , nx, (4.26)

where S ∈ Rnx×n denotes the coefficient matrix and Ȳ = M1/2SΓ1/2 with M rep-
resenting the symmetric, positive definite mass matrix. Then we have to solve the
eigenvalue problem

Ȳ TY vj = λjvj. (4.27)

Since we only want to find the l largest eigenvalues, we use MATLAB’s iterative
solver ’eigs’, where the parameter l can be input. Then we get λ1, . . . , λl and corre-
sponding eigenvectors v1, . . . , vl. Then we are able to compute the coefficient matrix
P ∈ Rnx×l via

P·,j = 1√
λj
SΓ1/2vj

and the POD basis functions are given as

ψj(x) =
nx∑
k=1

Pkjφk(x) ∀j = 1, . . . , l.

With the POD basis functions we are able to solve a reduced-order model using
them in a Galerkin approach. For this we compute the lower-dimension matrices
Ml, Al(T ) ∈ Rl×l and the vectors Bl, Fl ∈ Rl via

Ml = P TMP, Al(T ) = P TA(T )P, Bl = P TB,Fl(u;T ) = P TF (u, T ). (4.28)

Then the semi-discretized problem is given as

Mlη̇(T ) + Al(T )η(T ) = Fl (4.29)

Mlη(0) = Bl, (4.30)
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where η = (ηi)li=1 are the coefficient functions from the Galerkin ansatz

yl(T, x) =
l∑

i=1
ηi(T )ψi(x). (4.31)

Algorithm 2

a) POD basis computation: Computing the closed-form solution (2.12) at the time
grid or solving PIDE 2.17 with the finite element method, we obtain snapshots
y1, . . . , yn. Using MATLAB’s ’svd’ solver we compute the POD basis of rank l.

b) Space discretization: Galerkin method using POD basis functions

c) Time discretization: Crank-Nicolson method with Rannacher smoothing (first
time step using four backward Euler quarter steps)

d) Solving dense linear systems of equations Ãx = b using MATLAB’s direct solver
’ \’.

We will now show numerical results using the same parameters as in (3.16)

x = −5, x̄ = 5, Tmax = 2, r = 0.03, ∆x = 0.0025, ∆T = 0.01,

σ = 0.3, λ = 0.5, µj = 0, σj = 0.5.

Figure 4.3 shows the eigenvalues in semi-logarithmic scale. Their fast decay is
observable: the fifth eigenvalue already has a magnitude of less than 10-5 and the
tenth less than 10-10.

Table 4.1: Eigenvalues in semi-logarithmic scale

In Figure 4.3 we see the actual value of different eigenvalues.
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Nr. Eigenvalue
1 1,34e-1
5 2,22e-5
10 3,34e-7
15 7,25e-9
25 8,97e-12
50 4,10e-17
200 8,59e-18

Table 4.2: Different eigenvalues

In Figure 4.1 POD basis functions for l = 10 are displayed. Although the plot
of single basis functions does not provide much information, the whole plot shows,
that the POD basis functions are mainly active around the origin. This is expected
and desired, since our region of interest is around x = 0, where the non-smooth
initial condition is smoothed out over time.

Figure 4.1: POD basis functions for l = 10

In Table 4.3 we analyzed the approximation error and sum of remaining eigen-
values for different values of l, the number of POD basis functions. First we used
the closed form solution (2.12) to compute snapshots y(t0), . . . , y(tnt). Note that we
make two errors here: the infinite series is truncated at n = 50 and the space steps
are finite. We then compute a POD basis, which we use in a Galerkin approach.
As time discretization we apply the Crank-Nicolson method. We notice that the
error ERR1 = 1

n

∑n
i=1 ||y(ti)−yl,1i ||2H decays until 1.81e-9 and then stays around this

magnitude. This is approximately of order ∆T 4. The remaining sum of eigenvalues∑d
i=l+1 λi decays fast and overall.

We then computed the finite element solution of the PIDE with Crank-Nicolson
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time stepping yFEi at time instances ti. This is used as a new snapshot set to
compute the reduced order model solution with Crank-Nicolson time stepping. We
observe that now the error ERR2 = 1

n

∑n
i=1 ||yFEi − yl,2i ||2H decays for all l.

At last we used the finite element solution with Rannacher smoothing as snap-
shot set. As time discretization for the reduced order model Rannacher smoothing is
also used. In the last section of the previous chapter we showed how applying Ran-
nachers damping procedure smoothes out the non-smooth initial condition. This
feature influences the reduced order model solution. The remaining sum of eigen-
values decay faster and hence also the error than with Crank-Nicolson time stepping.

Figure 4.2: Pointwise error between the FE solution and POD solution for different
basis sizes l with ∆x = 0.00125 and ∆T = 0.005

Figure 4.2 shows the pointwise error between the FE solution using Rannacher
smoothing and POD solution using Rannacher smoothing with l = 5 basis functions
(left) and l = 15 basis functions (right). We can see that the error is concentrated
at T = 0 and with fewer basis functions the amplitude of the oscillation at x = 0
is much higher. Overall, we note that the POD solution can approximate the finite
element solution well.

Not only the approximation error is of interest, but also the computation time.
Table 4.3 shows a comparison between the finite element and the POD method.
While the calculation time of the FE method increases almost quadratically with
increasing time or spatial steps, the calculation time of the POD method increases
less than linearly. The POD method requires the calculation of the POD basis only
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discretization time
∆T ∆x FEM POD
0.01 0.005 9.92 0.44

0.0025 35.98 0.62
0.00125 138.49 1.01

discretization time
∆T ∆x FEM POD

0.005 0.005 17.32 0.84
0.0025 65.09 1.33
0.00125 241.68 2.12

Table 4.4: Overall computing times for finite-element method and POD-method
with l = 10 for different spatial sizes ∆x and fixed time step size ∆T

once per discretization. Furthermore the dimension of the system is always reduced
to l × l. When we look at the absolute values, the reduction of the computational
effort becomes visible. This is especially apparent for a fine grid: with discretization
∆T = 0.005 and ∆x = 0.00125 using the POD method instead of the finite element
method decreases the computational time by a factor more than 100.
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Chapter 5

Treatment of distributed
uncertainties

Up to now we have considered fixed input data and developed a deterministic nu-
merical approach. In our model we chose values for the incorporated parameters.
In this chapter we focus on random input data. To be precise we consider the jump
intensity λ to be a stochastic variable and make assumptions on the distribution.

In section 5.1 we first present the theory behind distributed uncertainties. In
section 5.2 we describe the numerical approach we will use: an extension to the
POD method based on a greedy algorithm. In the last section 5.3 we discuss the
numerical findings.

5.1 Theory

Nowadays modeling of uncertainties is a of great importance. In particular the
effects of uncertainties on the system output need to be analyzed and quantified.
Uncertainty is normally introduced through the input data, e.g. model parameters
or initial and boundary conditions. In practical applications the input values are
usually determined from experiments. Since these experiments possess uncertain-
ties, it is clear that the input data naturally holds uncertainty as well. To cope with
model and data uncertainty and to provide numerical accuracy in the presence of
it, the design of the system has to be adapted. To be able to compute with the
stochasticity involved, we first need to understand how the solution is effected by
the uncertainties and then include this into the model system.

Borzi et al. [4] describe PDE constraint optimization with uncertainties involved.
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Using PDE’s to describe models is a standard procedure. Often this PDE is a con-
straint in an optimization problem. Model parameters are usually unknown and
therefore the implemented system is exposed to a priori uncertainties. In their pa-
per Borzi et al. discuss different methods for solving optimization problems with a
PDE constraint subject to stochasticity and show their robustness against this. For
an efficient implementation algorithm, structures in the underlying problem need to
be taken into account and made use of. Now stochasticity presents a new structure.
A probability distribution for the uncertainty is assumed and needs to be taken
account of in the model design. In practice,the true distribution is often unknown,
so that an estimate for it must be used.

We now consider the following problem

min
y,u

J(y, u) s.t. c(y, u) = 0. (5.1)

Here J denotes the real-valued differentiable objective function and c the PDE
constraint with y being the state variable and u the optimization variable. We
assume that cy(y(u), u) is invertible, which implies that for fixed u a unique y = y(u)
exists solving the PDE constraint. Let σ denote the uncertainty. We assume that
σ is a mapping ζ : O → Rn, with (O,A,P) denoting a probability space. Then the
expected value of ζ is given through

ζo := E[ζ] =
∫
O

ζ(ω)dP(ω).

In the following we will discuss three different approaches in dealing with the
stochastic uncertainty ζ:

uo := arg min {J(y, u, ζo) | c(y, u, ζo) = 0 }

ū := E[ arg min
u
{J(y, u, ζ) | c(y, u, ζ) = 0 }]

û := arg min
u

E[{J(y, u, ζ) | c(y, u, ζ) = 0 }]

(5.2)

In general the methods lead to different solutions, i.e. uo 6= ū 6= û 6= uo.
In the first design, the expected value ζo of the random variable ζ is used. Thus,

this method performs a deterministic optimization within which no unknown or
stochastic variables are calculated. We did this in section 4.3. In the second method
the optimization needs to be done for different values of the stochastic variable in
order to estimate the mean. Already existing PDE constrained optimization solver
can be used. In the next section this approach will be implemented. The last method
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is out of scope of this thesis. For more details we refer to [4].

For the second method in (5.2) we will first introduce an extension to the POD
method described in section 4.1. There we computed the POD basis based on one
snapshot set with a fixed value of ζ (the mean). For the second method in (5.2)
the solver needs to be applied to the problem for different values of the stochastic
variable. Hence, the question arises if the determined POD basis is still well suited.
This question will be dealt with in section 5.3. In the next section we describe
a method to determine a POD basis for multiple snapshot sets corresponding to
different values of ζ.

5.2 Numerical Approach

Following closely [21], we discuss when and how multiple snapshot sets can be used
(Section 5.2.1). Afterwards a greedy algorithm is presented with which we can
extract a POD basis from the combined snapshot set (Section 5.2.2).

5.2.1 Multiple snapshot sets

The POD method introduced in 4.1 is based on a single snapshot set. There the
model parameters were kept fixed. Many applications though generate multiple
snapshot sets for different sets of parameters. We now consider the case that for
different values of the parameter ζ corresponding snapshot sets are available. This
means that for each value ζ1, . . . , ζNs a simulation of the system was performed in
order to get snapshot sets Y1, . . . , YNs , where Yj = [yζj1 , . . . , y

ζj
nt ], j = 1, . . . , Ns. We

assume that the spatial and time discretization is the same for all parameter values
and therefore the snapshot sets have same size nx × nt.

Using the standard approach we would apply the POD method straight to the
multiple snapshot sets. This means that all snapshot sets are considered equal and
one snapshot Y is set up via Y = [Y1, . . . , YNs ] having dimension nx × nt ·Ns. The
procedure of calculating the POD basis stays the same, only the weighting matrix
Γ̃ = diag(Γ, . . . ,Γ) ∈ Rnt·ns×nt·ns is now a block diagonal matrix. As described
before one can either perform singular value decomposition or solve an eigenvalue
problem. For the eigenvalue problem we need to compute the matrices

Ȳ T Ȳ = Γ̃1/2Y TWY Γ̃1/2 ∈ Rnt·ns×nt·ns
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or respectively
Ȳ Ȳ T = W 1/2Y Γ̃Y TW 1/2 ∈ Rnx×nx .

The first matrix can become very large if Ns is large. Therefore using the second
matrix can be the better choice if nx < nt · Ns. Even though the matrices W 1/2

and W−1/2 need to be calculated, this computational effort normally is negligible
compared the achieved smaller dimension. However in both cases the computational
effort can be very high. Thus we will focus on another approach.

5.2.2 Greedy algorithm

We will now describe the POD-greedy algorithm, which we will use in the next
section to determine the POD basis. According to [21] for parametrized systems
the POD basis used in ROM is often computed via a greedy algorithm. In time-
dependent problems this is a POD-greedy algorithm. The algorithm is shown below.

Algorithm 3: POD-Greedy

Require: Ns snapshot sets Yj = [yζj1 , . . . , y
ζj
n ] associated with different parameter

values ζj, initial parameter value ζi, initial basis rank l, tolerance εPOD for the
projection error

1. Ψ← PODl(Yi), L = l

2. Compute projection errors for all ns snapshot sets

Ej = wj ||Yj − PΨ(Yj)||2W , j = 1, . . . , ns

3. while max(Ej) > εPOD do

4. k ← arg maxj=1,...,ns Ej

5. Ψ̄← PODl(Yk − PΨ(Yk)), Ψ← Ψ ∪ Ψ̄, L = L+ l

6. Compute projection errors Ej for all ns snapshot sets using Ψ

7. end while

8. return POD basis Ψ1

1This algorithm is taken from [21], p. 50. We included the initial basis rank l in the required
inputs. We do not necessarily start the POD-greedy algorithm with the first snapshot set Y1, but
with the snapshot set corresponding to the initial parameter value ζi. Therefore we added this
parameter to the required inputs. Furthermore we added weights wj > 0 when calculating the
projection error.
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In the above algorithm PODl means determining the POD basis with rank l

according to (4.1). Each of the approaches discussed in 4.1.7 can be used to extract
the l basis functions corresponding to the l largest eigenvalues. We start with an
initial snapshot set and calculate the corresponding POD basis with rank l. Note
that the snapshot sets are computed beforehand the POD-greedy algorithm, making
it computational efficient. This is the main difference to the standard reduced basis
method where the snapshot sets are calculated within the algorithm. As next step
the approximation error for all snapshot sets is computed. The error is given by

Ej = wj||Yj − PΨ(Yj)||2W = wj
n∑
i=1

γi

∥∥∥∥yζji − l∑
i=1
〈yζji , ψj〉Wψj

∥∥∥∥2

W
j = 1, . . . , Ns,

where wj > 0 are weights depending on the parameter value ζj. Here PΨ is the
orthogonal projection onto the subspace spanned by Ψ with respect to the weighted
inner product. Note that the errors depend only on the particular snapshot sets
which are already computed. Therefore the evaluation can be done parallel making
the implementation highly efficient. Our algorithm belongs to the strong greedy
algorithms as the true error is calculated and not an suitable error estimate as in
the case of weak greedy algorithms (cf. [28]). As long as the maximum error exceeds
the error tolerance, in each run l basis functions are added to the POD basis. This
means that the basis is build iteratively and the (final) size of the POD basis is
not required as input in the algorithm. In order to find a global optimum greedy
algorithms make the locally best choice at each step. In our case first the snapshot set
which is approximated worst is determined. Then the POD basis is supplemented by
the basis functions computed based on the difference between this snapshot set and
its projection. Because the basis computation is based on the projection residuals,
which are orthogonal to the current basis, the basis is orthonormal in each run.
Even if a snapshot set is chosen more than once, this orthonormality is still given.
But due to numerical errors, an orthogonalization procedure is practical. In order to
improve the numerical results, we chose a Gram-Schmidt-procedure (cf. [26]). After
obtaining the POD basis Ψ̄ and complementing the POD-basis from the previous
run in step 5, the Gram-Schmidt procedure is applied and the basis orthogonalized.

5.3 Numerical results

In this section we will compare the POD basis gained from the standard approach
and the POD-greedy algorithm.
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We use the following parameters:

x = −5, x̄ = 5, Tmax = 2, r = 0.03, ∆x = 0.0025, ∆T = 0.01,

λmin = 0.01, λmax = 5,∆λ = 0.01, σ = 0.3, µj = 0, σj = 0.5

For the stochastic parameter λ we now have a grid

λmin = λ0 < λ1 < . . . < λnλ−1 < λnλ = λmax with λi = λ0 + i∆λ, i = 1, . . . , nλ.

For the POD-greedy algorithm to be efficient, the multiple snapshot set has to be
computed beforehand. Using the finite element method with Rannacher smoothing
we first calculated the snapshot sets associated with each λi and then build the mul-
tiple snapshot set. Note that the computational time needed is very high. For each
value of λ the full system has to be solved with nx discretization steps in space and
nt in time, i.e. dimension 3999 × 201. One calculation takes approximately half a
minute, so the construction of the multiple snapshot took over 5 hours. Furthermore
note that also the required memory space is high as Y has dimension 3999×100500.

In order to determine the weights in the POD-greedy algorithm we need to
assume a distribution for the jump intensity. We compared two assumptions:

1. uniform distribution λ ∼ U [λmin, λmax]

2. normal distribution λ ∼ N(0.5, 2)

For both runs we set the initial basis rank l = 2. For the initialization of the
POD-greedy algorithm we calculated the POD basis with the snapshot correspond-
ing to the mean of the distribution. As tolerance for the projection error we set
εPOD = 1e− 4 ≈ min{∆T,∆x}

2 ·min{wj|j = 1, . . . , nλ}.

We first discuss the results assuming 1. λ is uniformly distributed. For the
initialization λmin+λmax

2 = λ250 = 2.5 was used. The weights in the POD-greedy
algorithm are determined from the probability density function of the distribution,
i.e. wj = 1

λmax−λmin
, j = 1, . . . , nλ. With the standard POD approach we needed to

set l = 4 in order to reach the projection error tolerance. Figure 5.1 displays in the
right panel the initial errors using the POD-greedy algorithm and the final errors
Ej and in the left panel the errors for the standard POD approach. The minimum
error for the initial errors of the POD-greedy and the standard POD approach is at
λ = 2.5. This is only natural as the initial POD basis was calculated with this value.
The error grows monotonically with λ diverging from its mean. As λ is uniformly
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Figure 5.1: Projection errors for the uniform distribution

distributed over [λmin, λmax] a good basis should deliver good approximations in the
whole interval. For the POD-greedy approach one iteration, with the maximum
error at k = 500, was needed to reach the tolerance, resulting in a basis of rank 4.
We can see that the error of the final basis is much smoother in [2, 5] than with the
standard POD approach. Note that the initial rank of the basis has to be chosen
carefully. Increasing l might lead to fewer iterations, but we could also end up with
a basis bigger than necessary. Performing the POD-greedy approach with l = 3
takes again one iteration, but results with a basis of rank 6.

Figure 5.2: Projection errors for the normal distribution

Now we assume 2. λ is normally distributed with mean 0.5 and variance 2. The
weights are computed as wj = f(λj), j = 1, . . . , nλ, where f is the density function of
the normal distribution with mean 0.5 and variance 2 (compare (2.8)). Figure 5.2 is
structured the same as Figure 5.1. Here also the minimum error for the initial errors
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is at the mean. But since the normal weights are not identical as in the case of the
uniform distribution, the POD-greedy basis will be in general computed differently.
One iteration was needed, but with now the maximum error at k = 350. This yields
a basis of rank 4, while with the standard POD approach l = 6 basis functions were
needed to reach the projection error tolerance. It is clear, that we want to determine
the POD basis such, that the projection error is small in a neighborhood of the mean.

After having determined the POD basis (with 1. uniform weights and 2. nor-
mally distributed weights), we computed the sample mean
E[ arg minu {J(y, u, ζ | c(y, u, ζ) = 0 }]. For this we need to make an assumption on
the distribution of λ. We draw nsim = 100 random values of λ from a

a) uniform distribution on [λmin, λmax]

b) normal distribution N(0.5, 2)

and computed the corresponding weights. For case a) MATLAB offers the com-
mand rand. In case b) we sampled standard normal distributed random variables
ζ̃ - MATLAB offers the command randn - and transformed these to the normal
distribution via ζ = 0.5 + 2ζ̃. Then we computed the finite element solution using
Rannacher smoothing based on the sampled value. Using each of the 4 determined
POD basis, the reduced system was solved for each sampled value of λ and the error

ERR
ζj
2 =

n∑
i=1

γi ||y
FE,ζj
i − yl,2,ζji ||2W , j = 1, . . . , nsim

was computed.
Then the sample mean was calculated via

µ̄ = 1
nsim

nsim∑
j=1

wj ERR
ζj
2 .

Error weights POD-greedy standard POD
1. uniform 1.07e-5 1.72e-5
2. normal 5.90e-5 4.52e-5

Table 5.1: Sample mean with nsim = 100 simulations of a a) uniform distribu-
tion using the POD-greedy algorithm and the standard POD method with different
weights

Table 5.3 shows the results for case a) uniform distribution. The sample mean
was calculated with the POD-greedy basis and the standard POD basis computed
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with 1. uniform weights and 2. normal weights. We make several observations.
Firstly, as expected the POD-greedy basis computed with normal weights performed
worse than the POD-greedy basis computed with uniform weights. When trying to
approximate the finite element solution, the POD basis should be computed with
the same underlying distribution. Secondly, the POD-greedy algorithm outperforms
the standard POD approach when using weights corresponding to the sample mean
distribution. Thirdly, we note that when using weights other than from the sample
mean distribution, the standard POD approach provides a smaller error than the
POD-greedy method.

Error weights POD-greedy standard POD
1. uniform 1.59e-5 1.56e-5
2. normal 6.06e-6 1.91e-5

Table 5.2: Sample mean with nsim = 100 simulations of a b) normal distribution us-
ing the POD-greedy algorithm and the standard POD method with different weights

Table 5.3 is structured the same way. Here a normal distributed was simulated.
It gives the same findings as the uniform distribution were.

To show the differences between different values of the initial basis size l, we
run the POD-greedy algorithm again with now a lower projection error tolerance
εPOD = 5e− 7 ≈ min{∆T,∆x}2

2 ·min{wj|j = 1, . . . , nλ}.

Figure 5.3: Projection errors of the POD-greedy algorithm for the uniform distribu-
tion for different initial basis rank sizes l

Figure 5.3 displays the errors in each iteration for l = 7 (left panel) and l = 10
(right panel). We can see that for the uniform distribution the maximum error is
obtained at the same λj. With 7 initial basis functions two iterations were needed,
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5.3. NUMERICAL RESULTS

resulting in a basis of rank 21. Using l = 8, 9 requires also two iterations yielding
basis of bigger size. Hence l = 10 is the preferred choice of the initial basis rank as
only one iteration is needed, yielding a POD-greedy basis of rank 20.

Figure 5.4: Projection errors of the POD-greedy algorithm for the normal distribu-
tion for different initial basis rank sizes l

For the normal distribution we compared initial basis sizes l = 4, 5, 6. In Figure
5.4 we can see that through the not equal normal weights, the maximum error is
obtained for different values of λ, even though they are close together for all three
basis sizes. With l = 4 three iterations are needed and the final basis has rank 12.
Using l = 5 and l = 6 two iterations are needed yielding a basis of rank 10 and 12
respectively. Hence l = 5 is the preferred choice in both computing time and basis
rank size.

The initial rank parameter has to be chosen with care considering the computing
time of the POD-greedy algorithm it defines and the final size of the basis.
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Chapter 6

Conclusion

After giving an introduction to the financial concept of options, we presented as first
option pricing model the famous Black-Scholes-model. Here we showed the concept
of risk-neutral pricing. The pure diffusion model was a major breakthrough in option
pricing theory, but is known to suffer from several drawbacks. Not incorporating
the volatility skew should be mentioned here. As an extension to the Black-Scholes
model Merton’s jump diffusion model was derived. Adding jumps to the simple dif-
fusion process allows for producing volatility skews. Also a semi-analytical solution
is available. As our model of choice we equipped the jump diffusion model with a
deterministic local volatility function. This makes precise fitting to quoted market
prices possible.

For pricing purposes we derived a partial-integro differential equation. Then a
variational formulation of the PIDE was established as well as well-posedness and
uniqueness of a solution. Here we had to work in weighted Sobolev spaces in order
to account for the non-L2-integrable initial condition arising with European call
options.

A major part of this thesis dealt with the numerical solution of the localized
problem. First, we applied a Galerkin approach. Via finite elements the spatial
variable was discretized. The time variable was discretized using Crank-Nicolson
scheme, where we replaced the first four time steps with four quarter implicit Euler
time steps to smooth out oscillations. The arising dense linear systems of equations
were solved with a preconditioned GMRES-algorithm. Even though the numerical
results showed the quadratic convergence in both time and space, the computational
cost is still high.

Thus in another important part of the thesis we outlined reduced-order modeling
via proper-orthogonal decomposition. Through replacing the nx basis functions
spanning the finite element spaceH1

0 (Ω) by only a few POD basis functions we
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are able to reduce the computational effort enormously. A-priori estimates for the
projection error were furthermore derived. The numerical experiment at the end of
Section 5.3 shows the efficiency of the implemented algorithm.

Further numerical approaches included the treatment of λ as a random variable.
For different values of the jump intensity snapshots were computed and a multiple
snapshot set was build. Based on this a POD-greedy algorithm was applied. Calcu-
lations showed that for varying λ the POD basis derived from the greedy algorithm
beats the standard POD method in terms of the projection error.

Further applications include model calibration as done in [34] and implementa-
tion and analysis of strategy three in (5.2), where the sample mean is minimized.
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