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Abstract

The present thesis consists of two main parts, both concerned with proper-
ties of solutions to nonlinear hyperbolic systems:
In the first part we consider first-order nonlinear hyperbolic systems with a
general source and prove that for appropriately chosen smooth initial data the
lifespan of the associated C1-solution u cannot be infinite. We employ ideas of
John (1974) and Hörmander (1987) to show that the derivative ux of u becomes
unbounded in finite time.
In the second part we report a proof that under natural assumptions shock
profiles viewed as heteroclinic travelling wave solutions to a second-order hy-
perbolically regularized system of conservation laws are spectrally stable if the
shock amplitude is sufficiently small. This means that an associated Evans
function E : Λ→ C with Λ ⊂ C an open superset of the closed right half plane
H+ ≡ {κ ∈ C : Reκ ≥ 0}, has only one zero, namely a simple zero at 0. The
result is analogous to the one obtained by Freistühler and Szmolyan (2002) and
Plaza and Zumbrun (2004) for parabolically regularized systems of conservation
laws, and also distinctly extends findings of Plaza and Zumbrun (2004), Mascia
and Zumbrun (2009) and Ueda (2009) on hyperbolic relaxation systems.
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Introduction

Let n ∈ N. In this thesis we are concerned with nonlinear hyperbolic systems
of the form

A0(u)ut + A1(u)ux = B[u] (u ∈ Rn) (1)

with temporal variable t ∈ R and a one dimensional spacial variable x ∈ R. The
first-order partial differential operator on the left-hand side of equation (1) is
of hyperbolic type. This will usually mean that the smooth coefficient matrices
A0, A1 have real entries, i.e. A0(u), A1(u) ∈ Rn×n, with invertible A0(u) such
that in a neighborhood of a reference state u∗ ∈ Rn the eigenvalues of A1(u)
with respect to A0(u) are real and simple. The operator A0(u)ut + A1(u)ux is
strictly hyperbolic.

The term B[u] on the right-hand side in (1) has one of the two following
shapes regularizing in both cases the nonlinear hyperbolic operator on the left-
hand side of (1) in a certain sense:
In the first case it is a smooth function B[u] = B(u) ∈ Rn of u and in this
way (1) becomes a first-order quasi-linear hyperbolic system with source term.
Compared to the homogeneous system

A0(u)ut + A1(u)ux = 0 (2)

the augmentation of (2) by a nontrivial source term can have interesting con-
sequences: While it is known that classical solutions of (2) tend to develop
singularities in finite time [48] a source term can suppress the formation of a
singularity and solutions of (1) with small initial data exist for all positive times
(e.g. [97]).
In the second case B[u] is a second-order hyperbolic operator of the form

B�u := B(uxx − utt)

with a symmetric positive definite matrix B ∈ Rn×n. System (1) is now a
second-order semilinear hyperbolic partial differential equation. It consists of
a first-order nonlinear hyperbolic operator and a linear second-order operator
which is essentially the d’Alembertian. Each of these operators has its own
characteristic speeds. If these speeds are in an appropriate relation to each
other then (1) is dissipative in the sense that an associated linearization has
decaying Laplace modes for all nonzero wave numbers [25].

In Chapter 1 we consider the first case where B[u] = B(u) is a source term.
The main result of this part of the thesis, Theorem 1.0.1, shows that if there is a
genuinely nonlinear eigenvalue of A1 with respect to A0 at some reference state
u∗ ∈ Rn, and B(u∗) = 0, then one can construct a class of (large) data giving



2

rise to solutions of (1) whose gradients blow up in finite time, regardless of a
possible smoothing effect caused by the source term B. The strategy of proof
follows the works of John [48] and Hörmander [41]. Because we also provide
proofs for the local existence and uniqueness theory we consider Chapter 1 to
be self-contained.

In Chapter 2 the operator B[u] is of the form B�u with symmetric positive
definite B ∈ Rn×n. Furthermore, the matrix-valued functions A0 and A1 in (1)
are assumed to be symmetric and given by the Jacobian matrices Dg = A0 and
Df = A1 of two smooth functions g = g(u) ∈ Rn and f = f(u) ∈ Rn. Note
that under these assumptions the first-order part in (1) is now in conservation
from given by g(u)t + f(u)x. Under a suitable sub-characteristicity condition
Theorem 2.4.8 states that small amplitude shock profiles of (1) are spectrally
stable if the underlying shock is a Lax shock which is associated to a genuine
nonlinear eigenvalue of Df w.r.t. Dg. This main result is set within Evans
function theory and is proved following the geometric approach presented in
[26, 27] on spectral stability of shock profiles in viscous conservation laws. The
scope of the basic material needed for Chapter 2 is quite large and at most
places we will refer to the existing literature but let us point out the detailed
discussion of Grassmannian flows in Section 2.1 as an exception to this rule.

In order to avoid repetitions as well as jumping back and forth we do not
go into further details of the discussed problems at this point. The reader
can find more information on the content, the background material and the
literature of each chapter in the respective introductory sections (for Chapter 2
see also Section 2.3). The results presented in this thesis have been submitted
or published in the following way: The introduction to Chapter 1 and Sections
1.2, 1.3 and 1.4 form the basis of a paper which is to appear in Nonlinear
Analysis: Real World Applications with an online version available under [5].
Sections 2.1, 2.3, 2.4, 2.6 and 2.7 are currently submitted as a paper to a journal.
Preprints of these papers can be found on the arXiv-server under the numbers
arXiv:2204.12101 and arXiv:2208.12165, respectively.

Before continuing with our specific subjects let us give a selection of text-
books covering many topics in the theory of hyperbolic equations. The list is
by no means complete and is just meant to serve as an orientation. Hyperbolic
partial differential equations are a vital part of most introductory textbooks on
partial differential equations such as [18]. A detailed presentation of first-order
hyperbolic systems can be found in [7]. More specific texts are [12, 68] on hy-
perbolic conservation laws, [78] on geometric optics, and [44] with a focus on
nonlinear hyperbolic equations. A classic in wave propagation is [95], and for
the theory of shock waves the reader may consult [86].

Structure of the thesis and some notation
This thesis consists of two main chapters, Chapter 1 and Chapter 2. Each
chapter is divided into sections of which only Section 2.6 and Section 2.7 are
divided into further subsections. At the beginning of each chapter the reader
finds an introduction to the problem at hand and some background information
as well as an outline of the chapter with short summaries of the content of each
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section of the respective chapter. More detailed summaries are placed at the
beginning of each section.

The literature of Chapter 1 is discussed in its opening words while the bulk
of the literature and references of Chapter 2 is to be found at the end of Section
2.3.

Some background material for Chapter 1 is revised in Section 1.2 together
with proofs of the local existence theory. Preliminaries on Grassmannian flows
and geometric singular perturbation theory that are important for the devel-
opments in Chapter 2 are contained in Sections 2.1 and 2.2. We also want
to highlight the fact that for each problem an explicitly solvable example is
presented in Section 1.1 and Section 2.5, respectively.

The proof of the main result on the formation of singularities in solutions
to nonlinear hyperbolic systems with general sources, Theorem 1.0.1, is given
in Sections 1.3 and 1.4. The second main result, Theorem 2.4.8, on spectral
stability of shock profiles for hyperbolically regularized systems of conservation
laws is proved in Section 2.7.

As additional information Section 1.5 provides an example for a hyperbolic
relaxation system with a genuine nonlinear eigenvalue, and Section 2.6 discusses
the meaning of the spectral stability result for the resolvent kernel of the lin-
earized problem at hand.

We fix some notation used throughout this text. Let k, n,m ∈ N and K =
R,C. The real and imaginary part of a complex number a are denoted by Re a
and Im a, respectively. The complex conjugate of a is a.

The entries of a matrix A ∈ Kn×m are given by Aij for 1 ≤ i ≤ n, 1 ≤ j ≤ m,
and sometimes brackets are added, (A)ij. The transposed of A is denoted by At
with (At)ij = Aji, and the adjoint of A is denoted by A∗ with (A∗)ij = Aji. The
real part of a matrix A is defined as ReA = 1/2(A + A∗). If B ∈ Km×k then
AB ∈ Kn×k is the matrix product of A and B. The matrix diag(x1, . . . , xn) ∈
Kn×n has xi ∈ K as its i-th diagonal element, and 1n = diag(1, . . . , 1) ∈ Kn×n

is the unit matrix of dimension n. The unit vector along the i-th coordinate in
Kn is usually denoted by ei ∈ Kn×1.

The closure of a subset Ω ⊂ X of a topological space X is given by Ω, and
if X is metrizable, like all manifolds in this text, then we use d to denote some
metric on X that metrizes the topology of X. Let X, Y be K-vector spaces.
Given x1, . . . , xm ∈ X then span {x1, . . . , xm} is the subspace of X spanned by
the vectors x1, . . . , xm. If X is endowed with a scalar product 〈·, ·〉 then we
assume that 〈·, ·〉 is linear in the first and anti-linear in the second component.
If there is a commonly used scalar product on X we will usually not specify it
any further. The norm induced on X by a given scalar product is denoted by
|| · ||. In case X = Kn we will use | · | for the Euclidean norm induced by the
standard scalar product on X. For a normed space (X, || · ||) the subset Br(x)
is the open ball of radius r > 0 centered at x ∈ X. If we are given the norms
|| · ||X and || · ||Y on X and Y and a linear map L : D(L) ⊂ X → Y defined on
some linear subspace D(L) of X then ||L|| = sup||x||X=1,x∈D(L) ||L(x)||Y is the
operator norm of L. The subset kerL ⊂ X is the kernel of L, ρ(L) ⊂ C is its
resolvent set and σ(L) its spectrum.
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Let K ∈ N0 ∪ {∞}, and let f : Ω → Km be a continuously differentiable
function defined on an open subset Ω ⊂ Kn. Then Df denotes the differential of
f given at a point x ∈ Ω as a linear map Df(x) : Kn → Km. We will use Df(x)
also as the matrix representation of the linear map Df(x) with respect to the
standard bases on Kn and Km, i.e. its Jacobian matrix. The partial, directional
or distributional, derivative with respect to the i-th coordinate xi is denoted
by ∂xif or fxi . The space of K-times continuously differentiable functions on
Ω with values in Km is CK(Ω;Km). We write f ∈ CK

0 (Ω;Km) if the support
supp f of f is compact and f ∈ CK(Ω;Km).

If f : N → M is a smooth function defined on a smooth manifold N with
values in another smooth manifold M then Df is the differential of f which for
each x ∈ N is a linear map Df(x) : TxN → Tf(x)M for the tangent spaces TN
and TM of N and M .

Here and in general, we will use the term “smooth“ in the sense that the
necessary number of continuous derivatives of a particular object exist.

Let I ⊂ R be an interval with interior (a, b), a < b. We are often met with
functions u = u(t, x) defined on the Cartesian product I × R where the first
coordinate is denoted by t, the time, and the second coordinate is the position
in one dimensional space, denoted by x. The space CK

b (I × R;Km) contains
all continuous functions u whose partial derivatives of order less than or equal
to K exist on (a, b) × R and are given by continuous and bounded functions
∂αt,xu defined on all of I ×R where α ∈ N2

0, |α| ≤ K. The subspace consisting of
functions u ∈ CK

b (I ×R;Km) with compact support supp u b I ×R is denoted
by CK

0 (I × R;Km). If K < ∞ and u : I × R → Km is K-times continuously
differentiable then set

||u||CKb = sup
α∈N2

0,|α|≤K
sup

(t,x)∈I×R
|∂αt,xu(t, x)|.

If it is clear where a function takes its values we will at times suppress the
reference to the respective space in the above notation.
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Chapter 1

Formation of singularities in
solutions to nonlinear hyperbolic
systems with general sources

Let n ∈ N, and let U ⊂ Rn be an open subset of Rn with 0 ∈ U . We consider
quasi-linear systems of the form

ut + a(u)ux = B(u) on (0,∞)× R (1.1)

for u ∈ U and smooth functions a : U → Rn×n, B : U →∈ Rn. Systems like
(1.1) occur in gas dynamics, nonlinear optics, numerics of conservation laws
and many more applications (cf. [12]). We make three assumptions on the
coefficients in (1.1):

A1 a(0) has only real and simple eigenvalues;

A2 There is k ∈ {1, . . . , n} such that the k-th eigenvalue of a is genuinely
nonlinear at 0;

A3 B(0) = 0.

Assumption A1 makes the first-order differential operator ∂t + a(u)∂x a hyper-
bolic one. Assumption A2 is Lax’s genuine nonlinearity condition and means

〈Dλk(0), rk(0)〉 6= 0

where a(u)rk(u) = λk(u)rk(u) (see Section 1.2). It is this non-degeneracy con-
dition that will drive the blow-up mechanism in (1.1). By A3 we find that 0 is
an equilibrium solution of (1.1).

We will be concerned with the formation of a singularity in C1-solutions of
(1.1), i.e. the finite life span of classical solutions of (1.1) for certain smooth
initial data.

If B ≡ 0 then it is well-known that solutions u to quasi-linear hyperbolic
systems of the form

ut + a(u)ux = 0 (1.2)

may develop singularities over time. In [48] John showed that for a large class
of C1

b -small initial data the life span of the classical solution of (1.1) is finite,
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extending an earlier result by Lax [60] for n = 1, 2 to arbitrary system sizes
n ∈ N. His results were then further generalized by Liu in [65], and reproved
with some elegant simplifications in [41] .

A heuristic explanation for the formation of a singularity is the following:
The initial data u0 is propagated by (1.2) along certain curves in (t, x)-space
called characteristics. If after some time these curves meet at a point in space
then the solution u accumulates there resulting in a loss of regularity of u. Due
to this focusing a singularity has formed.

If however B 6≡ 0 then the situation can be dichotomous in the sense that

D1 for small data a smooth solution to (1.1) exists for all time while

D2 for some large initial data the smooth solution of (1.1) must develop a
singularity.

For systems like (1.1) there can be a competition between a destabilizing effect
induced by the nonlinear hyperbolic operator ∂t+a(u)∂x and a dissipative effect
caused by the source term B. In the words of [14]:

The prevailing conjecture is that dissipation manages to restrain
waves of small amplitude but is incapable of preventing the breaking
of waves with large amplitude.

While property D1 is known to hold for quite general classes notably of relax-
ation systems [6, 8, 13, 56, 70, 97, 98] (cf. also, e.g., [24, 63, 81]), blow-up results
D2 have been shown in particular cases by ad-hoc constructions, see e.g. [4, 45,
63].

Hence, by D1, if B 6= 0 then we cannot in general expect a blow-up result
for a class of C1

b -small data like in [48]. The main theorem of this part of the
thesis shows that, independently of the nature of the source B and property
D2, it is the genuine nonlinearity of the differential operator ∂t + a(u)∂x that
by itself entails the breakdown of certain smooth solutions. By adapting ideas
of F. John [48] and L. Hörmander [41] we will prove:

Theorem 1.0.1. If A1, A2, A3 hold then there exist smooth compactly sup-
ported functions u0 : R 7→ U such that, while remaining bounded, the unique
C1-solution u of (1.1) with data u(0, ·) = u0 exists only for finite time.

Theorem 1.0.1 applies to all systems considered in [6, 8, 56, 70, 97, 98] if
the space dimension is equal to one and the assumptions A1-A3 are satisfied.
The result is sharp in the sense that there exist significant relaxation systems
with linear principal part ∂t+a∂x − and nonlinear equilibrium system − whose
solutions remain smooth for all times, see e.g. [63], Sec. 4. (This sharpness of
course does not cover the general linearly degenerate case.) Finally, compared
to the blow-up results in [57] our assumptions on B, namely only assumption
A3, are quite weaker than those placed on B in [57] where A3, DB(0) = 0, and
a further condition are required to hold in order to prove that the C1-solution
to (1.1) for certain initial data develops a singularity in finite time.
Outline of the chapter:
In Section 1.1 a textbook example for (1.1) consisting of Burgers’ equation with
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a linear source term is discussed.
In Section 1.2 the method of characteristics is applied to (1.1) and we derive a
set of partial differential equations satisfied by the gradient ux of a solution u of
(1.1) that will be central for the estimates in the following sections. A lemma
by Hörmander in [41] is adapted to our situation, and the reader also finds a
discussion of the local existence and uniqueness theory for (1.1).
A class of data that initiate C1-solutions of (1.1) with finite life span is con-
structed in Section 1.3. Some smallness properties of solutions for a scaled
version of (1.1) are stated and proved, too.
The main finding of this chapter is contained in section 1.4. We show a gradi-
ent blow-up of smooth solutions of the (scaled) version of (1.1) with the afore
constructed initial data.
Finally, Section 1.5 briefly discusses a well-known model for a gas in thermal
non-equilibrium by Y. Zeng which is in the form of (1.1).
A short read of the chapter would consist of Section 1.2 skipping the proofs of
local existence theory, and Sections 1.3 and 1.4.

1.1 A relaxed Burgers’ equation
This section discusses a textbook example for equations like (1.1) built from
Burgers’ equation relaxed by a linear source term. The example can be found,
e.g., in the books [12, 95]. It serves to illustrate the dichotomy D1, D2 that can
be present in equations of the form (1.1), and to motivate the strategy employed
in the proof of Theorem 1.0.1

Let η ∈ R and consider the scalar balance law

ut + uux = −ηu, u(0, x) = u0(x), (1.3)

which is a relaxed Burgers’ equation. Note that the assumptions A1-A3 are
satisfied with

λ(u) = u, r(u) = −1, and − ηu|u=0 = 0.

For given T > 0 and a solution u ∈ C1
b ([0, T ] × R) the characteristic curve

C(x0) through a point x0 ∈ R is defined as the graph

C(x0) := {(t, x) ∈ R2 : t ∈ [0, T ], x = X(t;x0)}

where X(t;x0) is the solution of

X ′(t) =
d

dt
X(t;x0) = λ(u(t,X(t;x0)) = u(t,X(t;x0), X(0;x0) = x0.

One finds that ((t, x) 7→ eηtu(t, x)) is constant along characteristics. This easily
leads to a proof of the following proposition.
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Proposition 1.1.1. Let K ∈ N, u0 ∈ CK
b (R), and for (t, x) ∈ R2 define

χt(x) :=

{
x+ u0(x)η−1

(
1− e−ηt

)
if η 6= 0,

x+ u0(x)t if η = 0.
(1.4)

There exist T > 0 and a unique solution u ∈ CK
b ([0, T ] × R) of (1.3) with

initial data u(0, x) = u0(x) such that χt is invertible for all t ∈ [0, T ] with
χt(x) = X(t;x), and

u(t, x) = e−ηtu0(χ−1
t (x)). (1.5)

If

η > sup
x
|∂xu0(x)| (1.6)

then the above holds for any T ∈ [0,∞).

Hence, if η > 0 then D1 in the previously discussed dichotomy holds for
(1.3). But also D2 is satisfied regardless of the sign of η:

Proposition 1.1.2. Let u0 ∈ C1
b (R). If for some x0

∂xu0(x0) < −|η| (1.7)

then the life span of the unique C1-solution of (1.3) with u(0, x) = u0(x) is
bounded from above by

0 < T ∗ =

{
− η−1 ln

(
1 + η(∂xu0(x0))−1

)
if η 6= 0,

− (∂xu0(x0))−1 if η = 0.
(1.8)

Proof. Let u0 ∈ C1
b (R). The unique C1-solution u of (1.3) with initial data u0

is given by (1.5) as long as χt is strictly monotonic. Differentiating the solution
formula (1.5) yields

∂xu(t,X(t;x0)) =
e−ηt∂xu0(x0)

∂xχt(x0)
.

Because ∂xχT ∗(x0) = 0 one finds that u cannot exist longer than T ∗ as a classical
solution of (1.3) since otherwise the gradient ∂xu would be unbounded on [0, T ∗).

A sharp estimate for the lifespan of u in the above propositions is obtained
by setting

0 < Tmax := inf{t ∈ (0,∞) : ∃x ∈ R : ∂xχt(x) = 0}.

We see from (1.6) that if the source term is strong enough compared to the
derivative of the initial data (and has the correct sign) then no singularities
form. If however the blow-up driven by genuine nonlinearity dominates the
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effect of the source term, as quantified in (1.7), then the classical solution can
only exist for finite time.

The proof of Proposition 1.1.2 hinges on the exact solution formula (1.5)
which is something that is usually not available for more general systems of
the form (1.1). But we find the heuristics of meeting characteristics that we
mentioned before explicitly present in the above calculations: By (1.4) and in
the easiest case η = 0 the characteristics are straight lines with possibly different
slopes. If at some point x0 ∈ R the gradient of the initial data ∂xu0(x0) is
negative then some of these lines meet in finite time implying the end of the
classical solution.

There is an alternative route to the proof of Proposition 1.1.2 which can be
extended to general systems (1.1) quantifying the above focusing of characteris-
tics. Suppose we are given a C2-solution u of (1.3) with initial data u(0, ·) = u0.
Set w := −ux. Differentiation of (1.3) with respect to x gives

∂tw + u∂xw = w2 − ηw.

Along the characteristic C(x0) we find the Bernoulli equation

d

dt
w(t,X(t;x0)) = ∂tw + u∂xw = w2 − ηw (1.9)

since X ′(t;x0) = u(t,X(t;x0)). The explicit solution formula for (1.9) with
w(0, x0) = −∂xu0(x0) is

w(t,X(t;x0)) = −e
−ηt∂xu0(x0)

∂xχt(x0)

which again proves the previous proposition for C2-data.
The strategy for general systems (1.1) will be to choose appropriate initial

data, and then to mimic the above procedure for w obtaining a Bernoulli-type
differential inequality which leads to a logarithmic lifespan estimate similar to
(1.8). In doing so we need to deal with n waves wi each solving a characteristic
partial differential equation. The ideas in [41, 48] will be key when estimating
these waves and their interactions. Furthermore, a rescaling of the independent
variables t, x will help to control the contributions coming from the source term
B.

1.2 The method of characteristics
In this section we deduce the characteristic partial differential equations satisfied
by the gradient w = ux of a smooth solution u of (1.1) with w being decomposed
along eigenvector fields of a. A geometric lemma of Hörmander for systems (1.1)
with B ≡ 0 is extend to (1.1) with general source terms, and we prove some local
existence and uniqueness results for (1.1) using the method of characteristics.
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Fix a k ∈ {1, . . . , n} satisfying assumption A2. By A1 there are δ > 0 and
smooth functions

λi :B2δ(0) ⊂ Rn → R,
ri :B2δ(0) ⊂ Rn → Rn×1,

li :B2δ(0) ⊂ Rn → R1×n,

for all i ∈ {1, . . . , n} which satisfy for all u ∈ B2δ(0) and all i, j

li(u)a(u) = λi(u)li(u), a(u)ri(u) = λi(u)ri(u), and λi(u) < λj(u) if i < j.

We normalize the above eigenvectors of a such that for all i, j

|li| = 1 and lirj = δij, (1.10)

and such that, by assumption A2, it holds

〈Dλk(0), rk(0)〉 < 0. (1.11)

Set

cλ := min
i6=k

inf
u∈Bδ(0)

|λi(u)− λk(u)| > 0. (1.12)

Fix T > 0 and a solution

u ∈ C2([0, T ]× R) (1.13)

of (1.1) with

|u(t, x)| < δ. (1.14)

By differentiation of (1.1) the x-derivative of u

w(t, x) := ux(t, x)

satisfies the equation

wt + a(u)wx = DB(u)w + γ(u,w) (1.15)

where γ is a quadratic form in w. Decompose w with respect to {rj(u)}j to
obtain

w(t, x) =
∑
j

wj(t, x)rj(u(t, x)). (1.16)

The component functions wi satisfy certain partial differential equations along
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the i-th characteristic curves. The latter are determined by the ordinary differ-
ential equations

d

dt
Xi(t;x) = λi(u(t,Xi(t;x))), Xi(0;x) = x, (1.17)

which may be solved under the above hypothesis on [0, T ] for all x ∈ R. The
i-th characteristic curve Ci(x) starting at (0, x) is given by the trace of

t 7→ (t,Xi(t;x)).

For given i and (t, x) ∈ [0, T ] × R let zi = zi(t, x) be the unique element of R
such that the i-th characteristic curve starting at (0, zi) runs through (t, x), i.e.

(t, x) ∈ Ci(zi).

If f : [0, T ] × R → R is a differentiable function then let Li(u)f denote the
derivative of f with respect to t along the i-th characteristic of u:

Li(u)f(t, x) := ft(t, x) + λi(u(t, x))fx(t, x).

Then for all i and x ∈ R

d

dξ
(f(ξ,Xi(ξ;x))) = Li(u)f(ξ,Xi(ξ;x)). (1.18)

We will drop the reference to u in the operator Li = Li(u) and simply write
Lif whenever it is clear which function is to be inserted into the eigenvalue
functions λi = λi(u).

From (1.15) one obtains a system of partial differential equations:

Liwi =
∑
j,m

γijm(u)wjwm +
∑
m

Bim(u)wm (1.19)

where γijm are given in [48] and below; they satisfy for all i, j

γijj(u) = −δij〈Dλi(u), ri(u)〉. (1.20)

The functions Bim will be discussed below, too. There are constants γ,B > 0
such that

max
i

sup
u∈Bδ(0)

∑
j,m

|γijm(u)| ≤ γ

max
i

sup
u∈Bδ(0)

∑
m

|Bim(u)| ≤ B.

In the above discussion the decomposition (1.16) of w along {rj(u)}j led to
a diagonalization of the first-order hyperbolic differential operator on the left-
hand side in (1.15). The waves {wj}j now solve a system of scalar equations
as given in (1.19) coupled by a zero-order right-hand side. According to (1.18)
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each of these characteristic PDEs can be integrated along the respective char-
acteristic. In this way one obtains information on a given solution at positive
times from its initial data and a time integral of the lower order coupling terms.
In other words, instead of analyzing the PDE (1.15) one now investigates n
implicit integral equations, one for each wi, with no derivatives of w entering.
This leads, amongst other things, to a-priori estimates and finite speed of prop-
agation results that are presented below. We employ the so-called method of
characteristics (see e.g. [78]).

As a first application of this method we follow [41] in proving a lemma that
simplifies the arguments of [48] in an elegant geometric way. Calculate the
differential of wi(dx− λi(u)dt) and obtain by (1.19)

d(wi(dx− λi(u)dt)) =

(∑
j,m

Γijm(u)wjwm +
∑
m

Bim(u)wm

)
dt ∧ dx (1.21)

where the Γijm are like in [41]. In particular for all i, j one has

Γijj(u) = 0. (1.22)

There is a constant Γ > 0 such that

sup
i

sup
u∈Bδ(0)

∑
j,m

|Γijm(u)| ≤ Γ.

Expressions and relations for the coefficient functions cijm, γijm,Γijm and Bim

are given at the end of this section. We use (1.21) to prove the following
statement which is a straightforward extension of Lemma 1.2.2 in [41] to systems
with sources.

Lemma 1.2.1. Let T > 0 and let i ∈ {1, . . . n}. Suppose u ∈ C2([0, T ] × R)
solves (1.1) with |u(t, x)| < δ. Let τ be a C1-arc in [0, T ]×R intersecting the i-th
characteristic curves transversally, and let Ai(τ) be the open region bounded by
τ , the orbits of Li through the end points of τ and an interval τi0 where {t = 0}.
Then∫

τ

|wi(dx− λi(u)dt)| (1.23)

≤
∫
τi0

|wi|dx+

∫
Ai(τ)

∣∣∣∣∣∑
j,m

Γijm(u)wjwm +
∑
m

Bim(u)wm)

∣∣∣∣∣ dxdt.
Proof. The statement of Lemma 1.2.1 in case of B ≡ 0 is Lemma 1.2.2 in [41].
The proof for general sources B remains essentially the same as in [41] using
(1.21) and Stokes’ formula. Let us just comment on the case when wi does not
have constant sign on τ . Then one considers the (relatively) open set

τ̃ := τ ∩ {wi 6= 0}.
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Use a compact exhaustion {τj}j∈N, τj ⊂ int τj+1,∪jτj = τ̃, of τ̃ and note that
each τj consists of finitely many path-wise connected components. Then apply
the considerations holding when wi has constant sign on τ to each of these
components.

This closes our considerations on a solution (1.13), (1.14). Next the method
of characteristics is used to show uniqueness and local existence of solutions to
(1.1) for small initial data. Since A3 is not used in the following we allow for
general smooth source terms B for the rest of this section.

Lemma 1.2.2. Consider (1.1) satisfying A1 and A2 with smooth source term
B. Let T > 0 and c, d ∈ R with c < d. Suppose u, v ∈ C1([0, T ]×R) solve (1.1)
with

u(0, x) = v(0, x) for x ∈ I := [c, d].

Furthermore, suppose v ∈ C1
b and |v(t, x)| < δ for all (t, x) ∈ [0, T ]×R. Define

Dv,I := {(t, x) ∈ [0, T ]× R : x ∈ [Xn(t; c), X1(t, d)]}

where Xi are characteristics of v. Then

u|Dv,I = v|Dv,I .

Proof. Consider the difference V := v − u. Then subtracting the equations for
v and u from each other we obtain

Vt + a(v)Vx = H̃(u, v, ux)V

for some smooth H̃ = H̃(u, v, w) ∈ Rn×n. Decompose V along {rj(v)}j to
obtain

V (t, x) =
∑
j

Vj(t, x)rj(v(t, x)).

The components Vi solve

Li(v)Vi =
∑
j

Hij(u, v, ux, vx)Vj (1.24)

with appropriate Hij = Hij(u, v, ux, vx) satisfying

sup
i;(t,x)∈Dv,I

∑
j

|Hij(u, v, ux, vx)(t, x)| ≤ H <∞.

Define for t ∈ [0, T ] with Xn(t; c) ≤ X1(t; d) the quantity

M(t) := sup
j;x∈[Xn(t;c),X1(t;d)]

|Vj(t, x)|.
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For i ∈ {1, . . . , n} and (t, x) ∈ D let x0 = zi(t, x), and note (s,Xi(s;x0)) ∈ Dv,I

for all s ∈ [0, t]. Integrating (1.24) along the characteristic Ci(x0) yields

|Vi(t, x)| ≤ |Vi(0, x0)|+H

t∫
0

M(s)ds = H

t∫
0

M(s)ds

since x0 ∈ I and Vi(0, x0) = 0. One finds

M(t) ≤ H

t∫
0

M(s)ds,

and Gronwall’s Lemma implies M(t) = 0 for all t under consideration. This
shows

V |Dv,I = 0.

As a corollary of Lemma 1.2.2 we find that C1-solutions to (1.1) are uniquely
determined by their initial data at t = 0, and that supports get propagated by
(1.1) if A3 holds.

Corollary 1.2.3. Consider (1.1) satisfying A1 and A2 with smooth source term
B. Let T > 0. Suppose u, v ∈ C1([0, T ]×R) are solutions of (1.1), and v ∈ C1

b

with |v(t, x)| < δ.

(i) If u(0, x) = v(0, x) for all x ∈ R then u = v.

(ii) If B satisfies A3 and for some c̃ < d̃ we have

suppu(0, ·) ⊂ [c̃, d̃]

then for all t ∈ [0, T ] it holds

suppu(t, ·) ⊂ [c̃+ λ1(0)t, d̃+ λN(0)t].

Proof. (i): For (t, x) ∈ [0, T ] × R apply Lemma 1.2.2 with I = [c, d] such that
(t, x) ∈ Dv,I .
(ii): Apply Lemma 1.2.2 with v ≡ 0 and I = [c, c̃] resp. I = [d̃, d] for arbitrary
c < c̃ resp. d > d̃. Note that assumption A3 is needed for 0 to be a solution of
(1.1).

A local existence result for (1.1) is stated in the next lemma. For later use
note that there is a constant c1 = c1(δ) ≥ 1 such that for all u ∈ Rn, v ∈ Bδ(0)
and uj ∈ R with u =

∑
j ujrj(v) it holds

c−1
1 |u| ≤ sup

j
|uj| ≤ c1|u|.
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Lemma 1.2.4. Consider (1.1) satisfying A1 and A2 with smooth source term
B. Let C > 0, δ1 ∈ (0, c−2

1 δ) and K ∈ N ∪ {∞}. Then there is a time T =
T (δ, δ1, C) such that for all u0 ∈ CK

b (R) with ||u0||C0
b
≤ δ1 and ||∂xu0||C0

b
≤ C

the system (1.1) has a unique solution u ∈ CK
b ([0, T ] × R) with initial data

u(0, ·) = u0 and ||u||C0
b
< δ.

Proof. We give a detailed proof adapting the strategy sketched in [41] for the
case B ≡ 0. Also note [61] and [78] on how to deal with strictly hyperbolic
systems in one space dimension.

Let K ∈ N and fix δ1 ∈ (0, c−2
1 δ) and C > 0. The proof has three steps:

First one considers data in C∞b (R) proving Lemma 1.2.4 in case of K = ∞.
This is followed by an approximation procedure using the result of the first step
to deal with data u0 ∈ CK

0 (R). Then one concludes by exploiting the finite
speed of propagation property given in Lemma 1.2.2.

Step 1: Let u0 ∈ C∞b (R) with |u0(x)| ≤ δ1 and |∂xu0(x)| ≤ C. Set u0(t, x) =
u0(x) and w0(t, x) = ∂xu0(x) for (t, x) ∈ R2 and denote by u0

i , w
0
i the i-th

component of u0, w0. By the linear theory for strictly hyperbolic systems with
smooth and bounded coefficients (see e.g. [78]) there exists a unique solution
u1 ∈ C∞([0,∞)× R) of the Cauchy problem

u1
t + a(u0)u1

x = B(u0), u1(0, ·) = u0, (1.25)

with bounded derivatives on [0, T ] × R for all T > 0. Set w1 = ∂xu
1 and

decompose u1, w1 along {rj(u0)}j to obtain

u1(t, x) =
∑
j

u1
j(t, x)rj(u

0(t, x)) and w1(t, x) =
∑
j

w1
j (t, x)rj(u

0(t, x)).

The waves u1
i , w

1
i each satisfy a characteristic PDE given by

Li(u
0)u1

i = h10
i (u0) +

∑
j,p

g10
ijp(u

0)w0
ju

1
p, (1.26)

Li(u
0)w1

i =
∑
j

h11
ij (u0)w0

j +
∑
j,p

g11
ijp(u

0)w0
jw

1
p. (1.27)

with smooth coefficients h10
i , h

11
ij , g

10
ijp, g

11
ijp uniformly bounded on Bδ(0). For

t ∈ [0,∞) define

M1
0 (t) := sup

{
|uij(t, x)| : i ∈ {0, 1}, j ∈ {1, . . . , n}, x ∈ R

}
,

M1
1 (t) := sup

{
|wij(t, x)| : i ∈ {0, 1}, j ∈ {1, . . . , n}, x ∈ R

}
.

By integrating (1.27) along the i-th characteristics of u0 we find

|w1
i (t, x)| ≤M1

1 (0) + c11

t∫
0

(1 +M1
1 (s))M1

1 (s)ds
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for a constant c11 = c11(δ) > 0 depending only on δ. Hence it holds

M1
1 (t) ≤M1

1 (0) + c11

t∫
0

(1 +M1
1 (s))M1

1 (s)ds, (1.28)

and by Gronwall’s Lemma we deduce

M1
1 (t) ≤ 1

(M1
1 (0)−1 + 1) e−c11t − 1

(1.29)

as long as the denominator on the right is non-zero. We have

M1
1 (0) ≤ c1||∂xu0||C0

b
≤ c1C.

By (1.29) there exists T1 = T1(δ, C) > 0 such that for all t ∈ [0, T1]

M1
1 (t) ≤ 2c1C. (1.30)

By integration of (1.26) along the i-th characteristic of u0 we find analogously
for t ∈ [0, T1] that

|M1
0 (t)| ≤M1

0 (0) + c10

t+

t∫
0

2c1CM
1
0 (s)ds

 . (1.31)

for a constant c10 = c10(δ). Because c2
1||u0||C0

b
≤ c2

1δ1 < δ there is a possibly
smaller T1 = T1(δ, δ1, C) such that for all t ∈ [0, T1] and x ∈ R the inequality
(1.31) implies by Gronwall’s Lemma

|u1(t, x)| ≤ c1M
1
0 (t) ≤ c1(c1||u0||C0

b
+ c10T1)e2c10c1CT1 < δ. (1.32)

Let u2 ∈ C∞b ([0, T1]× R) be the solution of

u2
t + a(u1)u2

x = B(u1), u2(0, ·) = u0.

Decompose u2 and w2 := ∂xu
2 along {rj(u1)}j with

u2(t, x) =
∑
j

u2
j(t, x)rj(u

1(t, x)) and w2(t, x) =
∑
j

w2
j (t, x)rj(u

1(t, x)).

Again we find characteristic PDEs given by

Li(u
1)u2

i =h̃10
i (u0, u1, u2) +

∑
j,p

g20
ijp(u

0, u1)w1
ju

2
p, (1.33)

Li(u
1)w2

i =
∑
j

h̃11
ij (u0, u1)w1

j +
∑
j

h21
ij (u0, u1)w2

j (1.34)

+
∑
j,p

g21
ijp(u

0, u1)w1
jw

2
p,
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with smooth coefficient functions uniformly bounded for |u0|, |u1|, |u2| < δ. Here
the equation u1

t = B(u0)−a(u0)w1 for u1 was used, too. Setting for all t ∈ [0, T1]

M2
0 (t) := sup

{
|uij(t, x)| : i ∈ {0, 1, 2}, j ∈ {1, . . . , n}, x ∈ R

}
,

M2
1 (t) := sup

{
|wij(t, x)| : i ∈ {0, 1, 2}, j ∈ {1, . . . , n}, x ∈ R

}
,

and integrating (1.33) and (1.34) along characteristics of u1 we obtain in analogy
to (1.28) and (1.30)

M2
1 (t) ≤M2

1 (0) + c21

t∫
0

(1 +M2
1 (s))M2

1 (s)ds, (1.35)

with c21 = c21(δ) ≥ c11, and for T2 = T2(δ, C) ∈ (0, T1)

M2
1 (t) ≤ 1

(M2
1 (0)−1 + 1) e−c21t − 1

(1.36)

and

M2
1 (t) ≤ 2c1C. (1.37)

Furthermore, in analogy to (1.31) and (1.32) we find for all t ∈ [0, T2] the
relations

|M2
0 (t)| ≤M2

0 (0) + c20

t+

t∫
0

2c1CM
2
0 (s)ds

 (1.38)

with c20 = c20(δ) ≥ c10, and by choosing T2 = T2(δ, δ1, C) small enough

|u2(t, x)| ≤ c1M
2
0 (t) ≤ c1(c1||u0||C0

b
+ c20T2)e2c20c1CT2 < δ (1.39)

for all (t, x) ∈ [0, T2]× R.
Now using (1.39) we successively define a sequence {um}m∈N of functions

um ∈ C∞b ([0, T2]× R) solving

umt + a(um−1)umx = B(um−1), um(0, ·) = u0.

For m ≥ 2 the characteristic PDEs of um and wm := ∂xu
m are given by (1.33)

and (1.34) with u0, u1, u2, w1 and w2 replaced by um−2, um−1, um, wm−1 and wm,
and decompositions

um =
∑
j

umj rj(u
m−1) and wm =

∑
j

wmj rj(u
m−1).

The quantities

Mm
0 (t) := sup

{
|uij(t, x)| : i ∈ {0, . . . ,m}, j ∈ {1, . . . , n}, x ∈ R

}
,

Mm
1 (t) := sup

{
|wij(t, x)| : i ∈ {0, . . . ,m}, j ∈ {1, . . . , n}, x ∈ R

}
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satisfy the inequalities (1.35)-(1.39) withM2
0 andM1

0 replaced byMm
0 andMm

1 .
In particular, |um(t, x)| < δ for all m ∈ N0 and (t, x) ∈ [0, T2]× R.

Uniform estimates for higher order derivatives of um are obtained by differ-
entiation of (1.34) for each iterative wm. Successively increasing the order of
derivatives one finds that for all K ′ ∈ N there are smooth and monotonically
increasing functions dK′ : R→ [0,∞) with dK′(0) = 0 such that for all m ∈ N0

||um||C0
b
< δ, (1.40)

||∂xum||CK′−1
b
≤ dK′(||∂xu0||CK′−1

b
). (1.41)

For m ≥ 1 set

V m := um+1 − um,

decompose V m according to

V m(t, x) =
∑
k

V m
j (t, x)rj(u

m(t, x)),

and define for t ∈ [0, T2]

Mm
V (t) := sup

{
|V i
j (t, x)| : i ∈ {0, . . . ,m}, j ∈ {1, . . . , n}, x ∈ R

}
.

The waves V m
i satisfy

Li(u
m)V m

i =
∑
j

H1
ij(u

m, um−1, umx )V m−1
j (1.42)

+
∑
j

H2
ij(u

m, um−1, umx )V m
j

with coefficients uniformly bounded on Bδ(0) × Bδ(0) × B2c21C
(0). Integrating

(1.42) along characteristics of um and Mm
V (0) = 0 yields for all t ∈ [0, T2]

Mm
V (t) ≤ c1V

t∫
0

Mm−1
V (s)ds+ c2V

t∫
0

Mm
V (s)ds (1.43)

with constants c1V = c1V (δ, C) and c2V = c2V (δ, C). Setting cV := c1V e
c2V T2 an

application of Gronwall’s Lemma to (1.43) gives for m ≥ 2 and all t ∈ [0, T2]

Mm
V (t) ≤ cV

t∫
0

Mm−1
V (s)ds ≤ 2c1δ1

(cV t)
m−1

(m− 1)!

if for s ∈ [0, T2] it holds

Mm−1
V (s) ≤ 2c1δ1

(cV s)
m−2

(m− 2)!
.
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Since M1
V (t) ≤ 2c1δ1 we find that {Mm

V (t)}m is summable uniformly for all
t ∈ [0, T2] . Hence {um}m is a Cauchy sequence in C0

b ([0, T2] × R) with limit
u ∈ C0

b ([0, T2] × R). For all α ∈ N2
0 there is a uniform modulus of continuity

of {∂αt,xum}m because the derivatives of um satisfy the uniform estimates (1.40),
(1.41). We find that u is a classical solution of

ut + a(u)ux = B(u), u(0, ·) = u0,

with u ∈ C∞b ([0, T2] × R) and derivatives bounded by the constants in (1.41).
Lemma 1.2.4 is proved for u0 ∈ C∞b (R).

Step 2: With T2 like above consider u0 ∈ CK
0 (R) with ||u0||C0

b
≤ δ1 and

||∂ux||C0
b
≤ C. Let φ ∈ C∞0 (R) with 0 ≤ φ ≤ 1 and

∫
R φ(x)dx = 1. Set

φm(x) := mφ(mx) and mollify u0 by defining

um0 (x) := φm ∗ u0(x) =

∫
R

φm(y)u(x− y)dy.

Then um0 ∈ C∞0 (R) with

||∂k′x um0 ||C0
b

= ||∂k′x u0||C0
b

for k′ ≤ K. In particular, we have |um0 (x)| ≤ δ1 and |∂xum0 (x)| ≤ C, and

||um0 − u0||CKb → 0 for m→∞. (1.44)

By the first step of the proof we define a sequence {um}m of functions um ∈
C∞b ([0, T2]× R) by letting um be the solution of

umt + a(um)umx = B(um), um(0, ·) = um0

with

||um||C0
b
< δ (1.45)

||∂xum||CK′−1
b
≤ dK′(||∂xum0 ||CK′−1

b
) = dK′(||∂xu0||CK′−1

b
) (1.46)

for all K ′ ≤ K. Applying the method of characteristics and using (1.45) and
(1.46) with K ′ = 1 we find that for m1,m2 ∈ N

||um1 − um2||C0
b
≤ c(||u0||C1

b
)||um1

0 − um2
0 ||C0

b
.

From (1.44) we deduce that {um}m is a Cauchy sequence in C0
b ([0, T2] × R)

with limit u ∈ C0
b ([0, T2] × R). The uniform bounds (1.45), (1.46) imply u ∈

CK−1
b ([0, T2]× R).
In order to show that u is a classical solution of

ut + a(u)ux = B(u), u(0, ·) = u0 (1.47)

in CK
b ([0, T2]×R) we proceed by extending the above a-priori estimates to the

modulus of continuity for the derivatives of u of order K. To this end letm ∈ N.
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Then um ∈ C∞b ([0, T2]× R) solves

umt + a(um)umx = B(um), um(0, ·) = um0

and the estimates (1.45), (1.46) hold. The derivative wm = ∂xu
m with decom-

position wm =
∑

j w
m
j rj(u

m) satisfies by (1.19)

Li(u
m)wmi =

∑
j,p

γijp(u
m)wmj w

m
p +

∑
j

Bij(u
m)wmj . (1.48)

We concentrate on the case K = 1. If K > 1 then for α ∈ N2
0 with |α| = K − 1

apply ∂αt,x to (1.48) and find

∂tw
mα
i + λi(u

m)∂xw
mα
i =

∑
j

Hmα
ij (t, x)wmαj +Gmα

i (t, x)

for wmαi = ∂αwmi and functions Hmα
ij , Gmα

i ∈ C1
b ([0, T2] × R) depending on

derivatives of um of order ≤ K − 1 with a global Lipschitz constant which can
be chosen independent of m by the uniform bounds (1.45), (1.46).

The moduli of continuity e0 and e1 of u0 and ∂xu0 are well-defined due to
the compact support of u0 and are given by

e0(r) = sup{|u0(x1)− u0(x2)| : |x1 − x2| < r},
e1(r) = sup{|∂xu0(x1)− ∂xu0(x2)| : |x1 − x2| < r},

for r > 0. Define the modulus of continuity of wm at t ∈ [0, T2] for r > 0 by

ε(wm, t, r) := sup{|wmi (t, x1)− wmi (t, x2)| : i ∈ {1, . . . , n}, |x1 − x2| < r}.

Note that for all t, r

ε(wm, t, r) <∞

because wm has bounded derivatives. Let i ∈ {1, . . . , n} and denote by Ψm
i the

flow of the backwards characteristics equation{
t′ = −1

x′ = −λi(um(t, x)).
(1.49)

Let r > 0 and x1, x2 ∈ R with |x1 − x2| < r. By continuous dependence on the
data of solutions to (1.49) there is N ∈ N for all m (by (1.45),(1.46)) such that

|Ψm
i (s, (t, x1))−Ψm

i (s, (t, x2))| ≤ |x1 − x2|N ≤ Nr
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for all 0 ≤ s ≤ t ≤ T2. Let t ∈ [0, T2]. Integrating (1.48) along Ci(zi(t, x1)) and
Ci(zi(t, x2)) and taking differences yields

|wmi (t, x1)−wmi (t, x2)| ≤

≤ ε(wm, 0, Nr) + c(||u0||C1
b
)

Nr +

t∫
0

ε(wm, s, Nr)ds


≤ Nc(||u0||C1

b
)

e0(r) + e1(r) + r +

t∫
0

ε(wm, s, r)ds


where we have used

ε(wm, s, Nr) ≤ Nε(wm, s, r)

and

ε(wm, 0, r) ≤ c(e0(r) + e1(r))

uniformly in m. Proceeding like above for all indices i and again applying
Gronwall’s Lemma gives

ε(wm, t, r) ≤ c(||u0||C1
b
) (e0(r) + e1(r) + r)

for all t ∈ [0, T2] (with a possibly different constant c(||u0||C1
b
)).

Let (t1, x1), (t2, x2) ∈ [0, T2] × R with |(t1, x1) − (t2, x2)| < r and t2 < t1
(otherwise interchange the indices). Set (t2, xi,1) = Ψm

i (t1 − t2, (t1, x1)). By
integration of (1.49) from 0 to t1 − t2 with initial data (t1, x1) there is M ∈ N
depending only on ||u0||C1

b
such that

|(t1, x1)− (t2, xi,1)| ≤M |t1 − t2| ≤Mr.

We find

|wmi (t1, x1)− wmi (t2, x2)| ≤|wmi (t1, x1)− wmi (t2, xi,1)|
+ |wmi (t2, xi,1)− wmi (t2, x2)|

≤c(||u0||C1
b
)(|t1 − t2|+ (M + 1)ε(wm, t2, r))

≤c(||u0||C1
b
)(r + e0(r) + e1(r)) =: ε(r),

i.e. for all m ∈ N the modulus of continuity of wm is bounded from above by
ε(r). We conclude by Arzela and Ascoli’s Theorem that u ∈ CK

b ([0, T2] × R)
and that u solves (1.47).

Step 3: Finally, choose T = T (δ, δ1, 2C) > 0 such that the conclusion
of Lemma 1.2.4 holds for all initial data u0 ∈ CK

0 (R) with ||u0||C0
b
≤ δ1 and

||∂xu0||C0
b
≤ 2C.

Let u0 ∈ CK
b ([0, T ] × R) with ||u0||C0

b
≤ δ1 and ||∂xu0||C0

b
≤ C. We make

use of the finite speed of propagation property as stated in Lemma 1.2.2 by
considering a cut-off function χ ∈ C∞0 (R) with 0 ≤ χ ≤ 1, χ ≡ 1 on [−1, 1] and
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suppχ ∈ [−2, 2]. Set for m ∈ N

χm(x) := χ(m−1x) and um0 = χmu0.

Then for all m ≥ m′ with m′ large enough we have um0 ∈ Ck
0 (R), ||um0 ||C0

b
≤ δ1

and ||∂xum0 ||C0
b
≤ 2C. By the previous steps there is a unique solution um ∈

CK
b ([0, T ]× R) of

umt + a(um)umx = B(um), um(0, ·) = um0 .

With the notation of Lemma 1.2.2, for (t, x) ∈ [0, T ] × R define u = u(t, x) by
choosing m so large that (t, x) ∈ Dum,[−m,m] and setting

u(t, x) := um(t, x).

Invoking Lemma 1.2.2 we find that u is well-defined and the unique solution of

ut + a(u)ux = B(u), u(0, ·) = u0,

with u ∈ CK
b ([0, T ]× R) and |u(t, x)| < δ.

Lemma 1.2.4 finishes our discussion on local-in-time classical solutions to
(1.1). In the following sections we are interested in how far one can extend
these local solutions, and proving Theorem 1.0.1 will show that in fact for some
initial data the classical solution to a system (1.1) satisfying A1-A3 can only be
extended up to a finite time.

This section is closed with some relations and expressions concerning certain
coefficient functions appearing in the above analysis. From [48], p. 380, we have

cijm(u) =

(
d

ds
(li(u)a(u+ srm(u))rj(u)

)
s=0

and ([48], p. 383)

γijm = γimj, γiii = −ciii,

2γiim = −ciim − cimi +
∑
j,j 6=i

λi − λm
λj − λi

cijm〈lj, li〉 if m 6= i,

2γijm = −λj − λm
λj − λi

cijm −
λm − λj
λm − λi

cimj if j 6= i,m 6= i.

The coefficients Γijk are determined by the requirement (pp. 219-220, [41])∑
j,m

γijm(u)wjwk +
∑
m

wiwm〈Dλi(u), rm(u)〉 =
∑
j,m

Γijm(u)wjwm
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for all w ∈ Rn. An explicit expression for Bim may be obtained from the
requirement that for all w ∈ Rn it holds∑

m

Bim(u)wm =
∑
m

liDB(u)rmwm

+
∑

j,m,j 6=i

1

λj − λi
cijm(u)(lmB(u))(〈lj, li〉wi − wj).

1.3 Initial data and smallness properties
In this section a class of initial data that will entail the formation of a sin-
gularity in the associated classical solution of (1.1) is constructed. We prove
some smallness properties of solutions of a scaled version of (1.1) attaining the
constructed data at t = 0, and state a first consequence of these properties. For
the rest of this chapter we consider source terms B satisfying A3.

Let us begin with the construction of the special initial data. Let U : I →
Bδ(0) be an integral curve of rk through 0 defined on an open interval I ⊂ R
with 0 ∈ I:

U ′(ξ) = rk(U(ξ)) (ξ ∈ I), U(0) = 0.

Let α ∈ C∞0 (R) with α(R) ⊂ I, suppα ⊂ (−1/2, 1/2) and max
x
|α′| = max

x
α′ >

0. For ε ∈ (0, 1] define

u0ε(x) = U(εα(x)) (x ∈ R).

Then u0ε ∈ C∞0 (R).

Remark 1.3.1. For B ≡ 0, these data give rise to a breaking simple-wave (see
[48]). The idea of using the same data for the system with non-vanishing source
is that the associated blow-up of the quantity wk persists if the source term is
small.

The main purpose of this section consists in showing the following lemma.

Lemma 1.3.2. For any fixed T ∈ (0,∞) there exist constants cJ , cM , cS, cV > 0
and ν > 0 such that if for ε, κ ∈ (0, ν] and

0 < T ≤ Tε−1

a function u ∈ C2([0, T ]× R) solves the Cauchy problem{
ut + a(u)ux = εκB(u),

u(0, x) = u0ε(x).
(1.50)
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then for all t ∈ [0, T ] the quantities

J(t) := sup
s∈[0,t]

dk(s)∫
ck(s)

|wk(s, x)|dx,

M(t) := sup
(s,x)∈[0,t]×R

|u(s, x)|,

S(t) := sup
s∈[0,t]

dk(s)− ck(s),

Ṽ (t) := max
i6=k

sup
(s,x)∈[0,t]×R

|wi(s, x)|,

W out
k (t) := sup

(s,x)∈[0,t]×R,
(s,x)6∈Rk(t)

|wk(s, x)|,

V (t) := W out
k (t) + Ṽ (t),

satisfy

J(t) < cJε, (1.51)
M(t) < cMε < δ, (1.52)
S(t) < cS, (1.53)
V (t) < cV ε

2. (1.54)

Here we have set

ck(t) := Xk(t;−1/2),

dk(t) := Xk(t; 1/2),

Rk(t) := {(s, x) ∈ [0, t]× R : x ∈ [ck(s), dk(s)]}.

Remark 1.3.3. Since we expect the solution u to be of the same size as u0ε

we find that J and M should be comparable to u0ε, too, hence of order ε. The
quantities Ṽ and W out

k are initially equal to zero, and, thinking of the idea of
perturbing the simple wave, we hope that the interaction between wi, i 6= k,
and wk is weak, and that wk along the k-th characteristics outside Rk remains
small compared to wk inside Rk by the propagation properties of the hyperbolic
differential operator in (1.50).

Proof. Let T > 0. For

c := max

{
1,max

i
sup

u∈Bδ(0)

∑
j,m

|cijm(u)|

}
,

r := sup
u∈Bδ(0)

∑
m

|rm(u)|,
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set

cJ := 2 max
x

α′(x),

cV := 2Bc−1
λ cJ(1 +B T ),

cS := 2c(1 + cJT ),

cM := 2r(cJ + cV (1 + T (λN(0)− λ1(0)))).

Take ν so small that

cMν < δ (1.55)

holds. Let ε, κ ∈ (0, ν] with ν to be determined further later on, and let T ∈
(0, T ε−1]. Suppose we are given a solution u ∈ C2([0, T ] × R) of the Cauchy
problem (1.50). By Corollary 1.2.3 we find that u ∈ C2

0([0, T ]×R). At t = 0 it
holds

|u(0, x)| = |u0ε(x)| =

∣∣∣∣∣∣
x∫

−∞

εα′(y)rk(U(εα(y))dy

∣∣∣∣∣∣ ≤ εrcJ ≤
cM
2
ε < cMε (1.56)

Because u ∈ C2
0 the function M is continuous on [0, T ] and we find a t1 ∈ (0, T ]

such that (1.52) holds for all t ∈ [0, t1] since the stronger inequality (1.56)
holds at t = 0. Hence, on [0, t1] the functions J, S, V, Ṽ,W out

k are well-defined,
continuous and increasing. We will show that the set

E1 := {t ∈ [0, T ] : (1.51)− (1.54) hold on [0, t]}

is non-empty, open and closed, hence equal to [0, T ]. We have by

ux(0, x) = εα′(x)rk(u(0, x)) = wk(0, x)rk(u(0, x))

that initially the waves wj satisfy

wi(0, x) = 0 if i 6= k, (1.57)
wk(0, x) = εα′(x). (1.58)

By (1.57), (1.58) and the compact support of α in (−1/2, 1/2) we find 0 ∈ E1

since

J(0) ≤ εmax
x

α′ = ε
cJ
2

S(0) = 1 ≤ cS
2

V (0) = 0 ≤ cV
2
.
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By continuity and monotonicity of J,M, S and V the set E1 is open in [0, T ].
It remains to show that E1 is closed which is by monotonicity equivalent to:

If for T ′ ∈ (0, T ] (1.51)-(1.54) hold on [0, T ′) then (1.51)-(1.54) hold at t = T ′.

Suppose for T ′ ∈ (0, T ] we have [0, T ′) ⊂ E1 and let t ∈ [0, T ′). Note that
M(T ′) < δ by (1.52). For s ∈ [0, t] it holds (compare [48] p. 394)

d

ds
(dk(s)− ck(s)) =

dk(s)∫
ck(s)

∑
m

ckkm(u(s, x))wm(s, x)dx

≤ c(Ṽ (s)S(s) + J(s)).

Integrating the last relation over [0, t] we find by t ≤ Tε−1 and [0, t] ⊂ E1 that

S(t) ≤ S(0) + c(Ṽ (t)S(t)t+ J(t)t)

≤ c(1 + cJT ) + cTcV εS(t).

If ν satisfies

1− cTcV ν ≥
2

3
(1.59)

then

S(t) ≤ 3

2
c(1 + cJT ) < cS

which shows S(T ′) < cS.
To estimate J(t) we use Lemma 1.2.1 with τ = {s}×[ck(s), dk(s)] for s ∈ [0, t]

to obtain

dk(s)∫
ck(s)

|wk(s, x)|dx ≤ J(0) +

∫
Ak(τ)

∣∣∣∣∣∑
j,m

Γkjm(u)wjwm + εκ
∑
m

Bim(u)wm

∣∣∣∣∣ dxdt.
By (1.22) we see that the terms involving Γkjm(u)wjwm are essentially linear
and we get

J(t) ≤ J(0) + Γ[Ṽ (t)2S(t)t+ Ṽ (t)J(t)t] + εκB[Ṽ (t)S(t)t+ J(t)t]

≤ ε
cJ
2

+ ε3Γc2
V cST + ε2κBcV csT + J(t)[εΓcV T + κB T ].

If ν satisfies

ν2(Γc2
V cST +BcV csT ) ≤ 1

8
cJ , (1.60)

1− ν(ΓcV T +B T ) ≥ 5

6
(1.61)
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then

J(t) ≤ 3

4
cJε < cJε

implying J(T ′) < cJε.
We estimate u(s, x) for all (s, x) ∈ [0, t]× R using Corollary 1.2.3 by

|u(s, x)| =

∣∣∣∣∣∣
x∫

−∞

ux(s, y)dy

∣∣∣∣∣∣
≤

1/2+λN (0)s∫
−1/2+λ1(0)s

|ux(s, x)|dy

≤ r(J(t) + V (t)(1 + t(λN(0)− λ1(0))))

≤ εr(cJ + cV (1 + T (λN(0)− λ1(0))))

= ε
cM
2

yielding M(T ′) ≤ ε cM
2
< εcM < δ.

The estimates for V (t) are the longest ones. We begin with an estimate of
W out
k (t): Let (s, x) ∈ [0, t] × R with (s, x) 6∈ Rk(t). Then for zk = zk(s, x) and

all σ ∈ [0, t] we find

(σ,Xk(σ, zk)) 6∈ Rk(t) (1.62)

because the k-th characteristic curves Ck(y) may not cross for different choices
of y ∈ R since they are defined through solutions of (1.17) with i = k. Further-
more, by (1.58) it holds

wk(0, zk) = 0. (1.63)

Integrating Lkwk along Ck(zk) and using (1.19), (1.62) and (1.63) yields

|wk(s, x)| =

∣∣∣∣∣∣
s∫

0

∑
j,m

γkjm(u)wjwm + εκ
∑
m

Bim(u)wmdσ

∣∣∣∣∣∣
≤ tγ(V (t) + εκB)V (t),

and therefore by [0, t] ⊂ E1

W out
k (t) ≤ T (γcV ε+Bκ)V (t). (1.64)

We turn to the estimate for Ṽ (t). Let i 6= k and (s, x) ∈ [0, t] × R. For
zi = zi(s, x) define

ωi(s, x) := {σ ∈ [0, t] : (σ,Xi(σ; zi)) ∈ Rk(t)}.
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Then ωi(s, x) is a (possibly empty) closed interval in [0, t] and the trace of

ωi(s, x) 3 σ 7→ (σ,Xi(σ; zi))

defines a smooth arc τi(s, x) in [0, t] × R intersecting the k-th characteristic
curves transversally by the separation of eigenvalues of a (1.12). We have
wi(0, zi) = 0 by (1.57) and integrating the equation (1.19) for Liwi along Ci(zi)
gives

|wi(s, x)| =

∣∣∣∣∣∣
s∫

0

∑
j,m

γijm(u)wjwm + εκ
∑
m

Bim(u)wmdσ

∣∣∣∣∣∣ .
Using the relations (1.20) for the coefficients γijm yields

|wi(s, x)| ≤ (γV (t) + εκB)

tV (t) +

t∫
0

|wk(σ,Xi(σ; zi))|dσ.

 (1.65)

We need to estimate the integral of |wk| along Ci(zi). To this end we make use
of Lemma 1.2.1 and (1.12):∫ t

0

|wk(σ,Xi(σ; z))|dσ (1.66)

≤W out
k (t)t+

∫
wi(s,x)

|wk|
λi(u)− λk(u)

λi(u)− λk(u)
dσ

≤V (t)t+ c−1
λ

∫
τi(s,x)

|wk(dx− λk(u)dt)|

≤V (t)t+ c−1
λ J(0)

+ c−1
λ

∫
Ak(τi)

∣∣∣∣∣∑
j,m

Γkjm(u)wjwm + εκ
∑
m

Bim(u)wm

∣∣∣∣∣ dxdt
≤V (t)t+ c−1

λ

[
cJε+ t(ΓV (t) + εκB)(V (t)S(t) + J(t))

(
]

where the relations (1.22) for Γkjm were used in the last step. Combining the
estimates (1.64)-(1.66) we find a function Q = Q(ε, κ) given by

Q(ε, κ) =3T (γcV ε+Bκ) + γεc−1
λ [cJ + T (ΓcV ε+Bκ)(cV cSε+ cJ)]

+Bκc−1
λ Tε(Γ(cV cSε+ cJ) +BcSκ),

and a constant Q := Q(1, 1) such that for all ε, κ ∈ (0, ν] we have Q(ε, κ) ≤ Qν
and

V (t) ≤ Q(ε, κ)V (t) + κBc−1
λ cJ(1 + κB T )ε2

≤ QνV (t) +
cV
2
ε2.
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If ν satisfies

1− νQ ≤ 3

4
(1.67)

then

V (t) ≤ 2

3
cV ε

2 < cV ε
2.

Hence T ′ ∈ E1 follows if ν satisfies the smallness conditions (1.55), (1.59),
(1.60), (1.61) and (1.67).

As a first application of Lemma 1.3.2 we prove that any C1-solution of (1.50)
on [0, T ] must be a C2-solution of (1.50) on [0, T ] if T is smaller than a certain
ε-depended bound.

Lemma 1.3.4. Let T ∈ (0,∞). There exists ν > 0 such that if for ε, κ ∈
(0, ν] and T ∈ (0, T ε−1] a function u ∈ C1([0, T ] × R) solves (1.50) then u ∈
C2([0, T ]× R).

Proof. Let ν > 0 be so small such that the statement of Lemma 1.3.2 holds
with a constant cM > 0, and such that c2

1cMν < δ. For ε, κ ∈ (0, ν] and
T ∈ (0, T ε−1] suppose u ∈ C1([0, T ] × R) solves (1.50). By Corollary 1.2.3
we have u ∈ C1

0([0, T ] × R) and there is a constant C > 0 such that for all
(t, x) ∈ [0, T ]× R

|ux(t, x)| ≤ C.

Let ∆T = ∆T (δ, cMν, C) be a local time of existence of a C2-solution to (1.50)
like in Lemma 1.2.4. Note that the replacement of the source term (B 7→ εκB)
allows for a ε, κ-uniform choice of ∆T if εκ ≤ 1 since only upper bounds of the
source term and its derivatives play a role in the proof of Lemma 1.2.4.

We argue by continuous induction. Set

E3 := {T ′ ∈ [0, T ] : u ∈ C2([0, T ′]× R)}.

We show that E3 is non-empty, relatively open and closed. By Lemma 1.2.4
there is a C2-solution on [0,∆T ] of (1.50) because u0ε ∈ C2

0(R) with ||u0ε
x ||C0

b
≤

C and ||u0ε||C0
b
≤ εcM by Lemma 1.3.2. By Corollary 1.2.3 the C2-solution has

to be equal to u on [0,∆T ], i.e. ∆T ∈ E3.
Let T ′ ∈ E3. Because u(T ′, ·) ∈ C2

0(R), ||ux(T ′, ·)||C0
b
≤ C and ||u(T ′, ·)||C0

b
<

εcM , by Lemma 1.3.2, there is a solution ũ ∈ C2([T ′, T ′ + ∆T ]× R) of

ut + a(u)ux = εκB(u) (1.68)

with ũ(T ′, x) = u(T ′, x) for x ∈ R. Uniqueness again yields u ≡ ũ on [T ′, T ′ +
∆T ] ∩ [T ′, T ]. We conclude that E3 is open in [0, T ].

Let T ′ ∈ [0, T ]. We show that if [0, T ′) ⊂ E3 than T ′ ∈ E3. This implies
the closedness of E3. Because E3 6= ∅ the case T ′ = 0 follows immediately.
Therefore suppose T ′ > 0 and [0, T ′) ⊂ E3. Then u ∈ C2([0, T ′) × R). Set
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T̃ := T ′ − min{T ′,∆T}
2

. By T ′ ≤ T ≤ Tε−1, Lemma 1.3.2 and continuity of u on
[0, T ], we find for all (t, x) ∈ [0, T ′]× R that

|u(t, x)| ≤ εcM < δ.

Because |ux(T̃, x)| ≤ C, too, there is a C2-solution of (1.68) on [T̃, T̃ + ∆T ]
with initial data u(T̃, ·). By T̃ < T ′ < T̃ + ∆T we find u ∈ C2 on [0, T ′], i.e.
T ′ ∈ E3.

1.4 The gradient blow-up
Making use of the smallness properties found in the previous section we are now
ready to prove the key finding of this chapter:

Proposition 1.4.1. Set

T :=
4

γkkk(0) maxα′
.

There exists ν ∈ (0, 1] such that if for ε, κ ∈ (0, ν] and T > 0 a function
u ∈ C2([0, T ]× R) solves (1.50) then T must satisfy

T < Tε :=
3

4
Tε−1. (1.69)

Proof. Let z ∈ R such that α′(z) = max
x

α′ and let ε, κ ∈ (0, ν] for ν = ν(T )

and cM , cV > 0 like in Lemma 1.3.2. Suppose u ∈ C2([0, Tε]× R) solves (1.50).
Then the statement of Lemma 1.3.2 applies to u since Tε ≤ Tε−1. For t ∈ [0, Tε]
define

W (t) := wk(t,Xk(t; z)).

Then W (0) = εα′(z) > 0 and W satisfies (1.19) with Bim replaced by εκBim:

W ′ =
∑
j,m

γkjm(u)wjwm + εκ
∑
m

Bkm(u)wm.

Set

cW := 2
cV
α′(z)

.

Let ν be so small such that for all ε ∈ (0, ν] and for all (t, x) ∈ [0, Tε]× R

γkkk(u(t, x)) >
1

2
γkkk(0) (1.70)

which is possible by |u(t, x)| < cMε (see (1.52)). We find

W ′ >
1

2
γkkk(0)W 2 − γ(V 2 + V |W |)− εκB(V + |W |).
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We claim that for ν small enough the relations

W (t) >
W (0)

2
> 0 (1.71)

V (t) < εcWW (t) (1.72)

hold for all t ∈ [0, Tε]. Like in the proof of Lemma 1.3.2 we proceed by contin-
uous induction. Set

E2 := {t ∈ [0, Tε] : (1.71) and (1.72) hold on [0, t]}.

Again E2 will be non-empty, open and closed in [0, Tε]. Since

W (0) = εα′(z) >
W (0)

2
> 0,

V (0) = 0 < ε
cW
2
W (0) < εcWW (0)

we find by continuity of W and V a t > 0 with [0, t] ⊂ E2.
Let t ∈ E2\{0}. We show that if ε and κ are small enough then for all

s ∈ [0, t] the stronger inequalities

W (s) ≥ W (0) (1.73)

V (s) ≤ ε
cW
2
W (s) (1.74)

hold. By continuity this implies that E2 is open in [0, Tε], and by the procedure
in the proof of Lemma 1.3.2 it also implies its closedness in [0, Tε]. For s ∈ [0, t]
(1.72) gives

W ′(s) >

(
1

2
γkkk(0)− γcW ε(1 + cW ε)

)
W (s)2 − εκB(1 + cW ε)W (s).

If we choose ν so small that

1

2
γkkk(0)− 2γcWν >

3

8
γkkk(0), (1.75)

νcW + 1 < 2 (1.76)

then

W ′(s) >
3

8
γkkk(0)W (s)2 − 2εκBW (s). (1.77)

If ν satisfies

3

16
γkkk(0)α′(z)− 2νB >

1

8
γkkk(0)α′(z) (1.78)
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then we obtain by (1.71)

W ′(s) >

(
3

16
γkkk(0)α′(z)− 2κB

)
εW (s)

>
1

8
γkkk(0)α′(z)εW (s)

> 0.

Hence W increases on [0, t] and W (s) ≥ W (0) holds for all s ∈ [0, t]. Further-
more, by (1.54) we find for all s ∈ [0, t]

V (s) < cV ε
2 =

cV
α′(z)

εW (0) ≤ cV
α′(z)

εW (s) =
cW
2
εW (s)

which concludes the proof of the inequalities (1.73) and (1.74) if ν satisfies the
conditions (1.75), (1.76) and (1.78).

Finally let y be the solution of

y′ =
3

8
γkkk(0)y2 − 2εκBy, y(0) = W (0). (1.79)

Then by Gronwall’s Lemma and (1.77) we have

y(s) ≤ W (s)

as long as y and W exist. Solving (1.79) explicitly and using (1.78) we see that
the lifespan of y is given by

T ∗(ε, κ) = − 1

2εκB
ln

(
−2κB

3
8
γkkk(0)α′(z)

+ 1

)
(1.80)

≤ ε−1

(
8

3

1

γkkk(0)α′(z)
+ cκ

)
where the constant c > 0 may be chosen uniformly for all κ, ε ∈ (0, ν]. If ν is
so small that

8

3

1

γkkk(0)α′(z)
+ cν <

3

γkkk(0)α′(z)
=

3

4
T (1.81)

then T ∗(ε, κ) < Tε and W cannot be continued as a differentiable function on
[0, Tε].

Remark 1.4.2. In (1.80) we find a logarithmic estimate for the lifespan of the
solution u to (1.50) just like in Section 1.1 for solutions to Burgers’ equation
with linear source term (1.3) and focusing initial data. Furthermore, the role
of κ is highlighted by the fraction in the logarithm in (1.80): Taking κ small
ensures that the contributions of the source term B, represented by B in (1.80),
is small compared to the quantities driving the blow-up, i.e. γkkk(0) and α′(z)
in (1.80).
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The obvious scaling

(t, x) 7→ ((εκ)−1t, (εκ)−1x)

yields

Corollary 1.4.3. There exist ν such that for all ε, κ ∈ (0, ν] the maximal time
of existence Tmax > 0 for the unique solution u ∈ C1([0, Tmax) × R) of the
Cauchy problem {

ut + a(u)ux = B(u),

u(0, x) = u0ε((εκ)−1x)
(1.82)

is finite. The solution u satisfies

|u(t, x)| < δ for all (t, x) ∈ [0, Tmax)× R (1.83)

and Tmax is bounded by

Tmax < Tκ.

Proof. Choose ν ∈ (0, 1] so small such that the statements of Lemma 1.3.2
and Proposition 1.4.1 hold, and such that c2

1cMν < δ. By Lemma 1.2.4 and
||u0ε||∞ ≤ εcM < δ the set

E4 := {T ∈ [0, Tκ) : ∃u ∈ C1([0, T ]× R) : u solves (1.82)}

is non-empty, in particular there is T ′ > 0 such that [0, T ′] ⊂ E4. Let T ∈
E4\{0}. Then there is u ∈ C1([0, T ] × R) solving (1.82) and 0 < T ≤ Tκ.
We find u ∈ C2([0, T ] × R) by Lemma 1.3.4 and |u(t, x)| < εcM < δ for all
(t, x) ∈ [0, T ] × R by Lemma 1.3.2. Applying Lemma 1.2.4 there is a ∆T > 0
such that u can be extend as a C2-solution of (1.82) onto [0, T + ∆T ]. We
deduce that E4 is open and of the form E4 = [0, Tmax) for some Tmax ∈ (0, Tκ].
In summary: The unique C1-solution u on [0, Tmax) of (1.82) is in fact a C2-
solution on [0, Tmax) and satisfies |u(t, x)| < δ for all (t, x) ∈ [0, Tmax) × R.
Finally, Proposition 1.4.1 yields Tmax ≤ 3

4
Tκ < Tκ.

Proof of Theorem 1.0.1. Choose ν > 0 like in Corollary 1.4.3 and let ε, κ ∈
(0, ν]. Then by Corollary 1.4.3 the unique C1-solution u of (1.1) with initial
data

u(0, x) = u0
ε,κ(x) := u0ε((εκ)−1x)

can only exist up to a maximal time Tmax ∈ (0, Tκ). On [0, Tmax)× R, u takes
its values in Bδ(0). Hence, each one of the initial data u0

ε,κ with ε, κ ∈ (0, ν]
provide an example that proves the statement of Theorem 1.0.1.

Remark 1.4.4. Note that the data in Corollary 1.4.3 are in general not small
in C1: The first derivative of these data has its supremum bounded from below
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by

ν−1 max
x

α′min
|u|≤δ
|rk(u)| > 0.

1.5 Genuine nonlinearity in a model by Y. Zeng
A well-known model for gas dynamics in thermal non-equilibrium was intro-
duced by Y. Zeng in [98]. The main objective of this section is to show the
existence of a simple genuinely nonlinear eigenvalue in this model. We restrict
ourselves to the necessary facts needed in the following calculations and refer
the reader to [98] for more details.

The equations considered in [98] can be written as

wt + f(w)x = B(w) (1.84)

where

w =


v
u

e+ u2

2

q

 , f(w) =


−u
p
pu
0

 ,

with a smooth nontrivial source term B. The pressure p is given as a function
p = p(v, e1) = p(v, s1) where v is the specific volume, and e1, s1 and T1 are the
total specific energy, the total specific entropy and the common temperature all
associated to translational and rotational modes. One assumes pv < 0, and the
differentials satisfy

de1 = T1ds1 − pdv. (1.85)

There are also thermodynamic quantities with subscript 2 which are associated
to vibrational modes but with the exception of the total specific energy q of
these modes we do not need them here.

The differential Dwf of f is given by

Dwf =


0 −1 0 0
pv −pe1u pe1 −pe1
pvu −pe1u2 + p pe1u −pe1u
0 0 0 0

 .

Using the identity pv = pv−ppe1 one finds that Dwf has two simple eigenvalues
cf and −cf with speed of sound cf =

√
−pv, and a semi-simple eigenvalue 0

of multiplicity 2. An eigenvector for the simple eigenvalue λ = −cf and the
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differential of λ are given by

r(w) =


1
cf

ucf − p
0

 and Dwλ(w) = (2cf )
−1


pvv + pvs1s1v

−pvs1s1vu
pvs1s1e1

−pvs1s1e1

 .

We find that if pvv 6= 0, for instance if p is a convex pressure law, then λ is
genuine nonlinear since

〈Dwλ(w), r(w)〉 = (2cf )
−1pvv 6= 0

using ps1e1 = s1v from (1.85).
Although Dwf is not strictly hyperbolic some elementary calculations show

that there are smooth left and right eigenvectors {li}i and {ri}i satisfying the
relations in (1.10). Since a straightforward extension of our result also holds
for systems (1.1) with a possessing smooth left and right eigenbases satisfying
(1.10) as well as a simple genuinely nonlinear eigenvalue, and with source term B
satisfying A3, (cf. the Outlook) we find that Theorem 1.4.1 applies to Y. Zeng’s
system (1.84).
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Chapter 2

Spectral stability of shock profiles
for hyperbolically regularized
systems of conservation laws

Let n ∈ N. Partial differential equations of the form

g(v)t + f(v)x = 0 (2.1)

with (t, x) ∈ R2, v ∈ Rn and g(v), f(v) ∈ Rn are called conservation laws for one
dimensional space. They appear in many applications modelling for instance
fluids and traffic flow (cf. [12]). For different purposes (2.1) is augmented by a
differential operator B[v] yielding

g(v)t + f(v)x = B[v]. (2.2)

The operator B[v] can regularize (2.1) in the sense that the augmented system
(2.2) is dissipative (e.g. [12, 25]) and the formation of singularities is suppressed
and a global solution of (2.2) exists for small data (e.g. [93]). One often refers
to B[v] as a artificial, numerical or physical viscosity (e.g. [12, 47]), depending
on the context. We will consider the second-order hyperbolic operator

B[v] = B�v := B(∂2
xv − ∂2

t v)

with a symmetric and positive definite matrix B ∈ Rn×n. System (2.2) with
B�v on its right-hand side will be called a hyperbolically regularized system of
conservation laws. In this form, we think of system (2.2) as

(a) an alternative to the more common artificial parabolic viscosity ∆v = ∂2
xv

(cf. [35]), and

(b) a simple model for the equations of relativistic fluid dynamics with hy-
perbolic dissipation as introduced in [29].

Note the different sign convention in �v compared to the usual d’Alembertian
operator.

A shock profile of (2.2) is a smooth curve connecting two shock end states
v−, v+ ∈ Rn with a certain shock speed s ∈ R. Shock profiles define self-similar
solutions of (2.2) called heteroclinic travelling waves, and it is the spectral
stability of those solutions of (2.2) that we are interested in. In shock wave
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theory spectral stability is defined using an Evans function (e.g. [70, 99]), an
analytic function defined on an open neighborhood of the closed right half of
the complex plane. Under suitable conditions on the fluxes f and g and for
sufficiently small shock amplitudes, we will prove the spectral stability of shock
profiles for

g(v)t + f(v)x = B�v (2.3)

by showing the existence of an associated Evans function which satisfies the
Evans function condition: The found Evans function has exactly one zero in
the closed right half of the complex plane, namely at 0, and this zero is of
first order. Our result is analogous to the ones obtained in [26, 77] on viscous
conservation laws, and also distinctly extends findings on hyperbolic relaxation
systems in [73, 77, 92]. The strategy of proof follows the work in [26, 27] and
rests on the direct construction of (rescaled) Evans bundles for the shock profile
at hand.
Outline of the chapter:
Section 2.1 is of preliminary type. We recall some basics on Grassmannian flows
and extend results found in [26].
The following Section 2.2 is a preliminary one, too, and is concerned with the
theory of normally hyperbolic manifolds containing basic definitions and a col-
lection of important theorems.
In Section 2.3 we specify the assumptions on the coefficient functions f and g
that appear in the hyperbolically regularized conservation law (2.3). The shock
profiles are constructed in standard fashion and the dynamical system that will
be at the center of the studies thereafter is derived. We give some more details
of the general strategy of proof and briefly revise the existing literature.
The reader finds the precise statement of our main result, Theorem 2.4.8, in
Section 2.4 where also an appropriate version of Evans function theory for sys-
tems like (2.3) is given.
Section 2.5 contains the discussion of an example of (2.3) based on the Burgers’
equation hyperbolically regularized by �v. The stability problem for a partic-
ular standing shock profile is explicitly solved by obtaining a concrete Evans
function.
In section 2.6 we show how the Evans function appears in the resolvent kernel
associated to the linearization of (2.3).
Finally, our main result on spectral stability of shock profiles for hyperbolically
regularized systems of conservation laws is proved in the three subsections of
Section 2.7 where each subsection treats a different spectral regime.
A short read of the chapter would consist of Sections 2.3, 2.4 and 2.7.

2.1 Grassmannian flows
An important tool in the following investigations are flows on Grassmann manif-
olds that are induced on the latter by the flow of a linear ordinary differential
equation (see [2]). In this section the definitions and results needed in the later
analysis are presented including a derivation of the well-known algebraic Riccati
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equation that governs the evolution of vector spaces under a linear differential
equation. More background material may be found in many geometry text-
books, such as [38, 62, 94]. Furthermore, flows on Grassmannian manifolds
are a popular topic in control theory, see e.g. [15], where the algebraic Riccati
equation is treated, too. In [23] the reader may find a nice overview of the
topic and some characterizations of smoothness of functions taking values in
Grassmannian manifolds. Finally, two references on complex analysis are the
textbooks [42, 80].

Let d,m ∈ N with m ≤ d. Set

Md,m := {B ∈ Cd×m : rankB = m}

and for B ∈Md,m denote by spanB the m-dimensional subspace of Cd spanned
by the columns of B. For any matrix B ∈ Cd×m we will write

B =

(
B1

B2

)
for appropriate matrices B1 ∈ Cm×m and B2 ∈ C(d−m)×m, and B = (bj)j will
mean that bj ∈ Cd is the j-th column of B. Md,m is an open subset of Cd×m

and is endowed with the standard analytic structure as an open submanifold of
Cd×m. The set

G d
m(C) := {X : X is an m dim. subspace of Cd}.

can be given an analytic structure yielding a compact complex analytic manifold
of dimension (d−m)m which is called a Grassmann or Grassmannian manifold.
For an ordered basis B = (b1, . . . , bd) of Cd canonical local coordinates of G d

m(C)
centered at X = span {b1, . . . , bm} are defined by

φB : C(d−m)×m → G d
m(C)

T 7→ spanMB
(
1m
T

)
where

MB = (b1 . . . bd) ∈ GLd(C)

and GLd(C) is the set of the invertible elements of Cd×d. Note φB(0) = X. The
analytic manifolds Md,m and G d

m(C) are connected by the fact that

πd,m : Md,m → G d
m(C), B 7→ spanB

is an analytic quotient map.
Let A ∈ Cd×d and consider the linear ordinary differential equation

ξ′ = Aξ (ξ ∈ Cd) (2.4)
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with flow ((t, ξ) 7→ eAtξ). For X ∈ G d
m(C) with basis BX = (b1, . . . , bm) the

Grassmannian flow on G d
m(C) associated to (2.4) starting in X is defined by

X(t) = πd,m((eAtbj)j≤m) = span (eAtbj)j≤m.

The definition of (t 7→ X(t)) is independent of the choice of basis of X and
gives rise to a flow ((t,X) 7→ Φ(t,X)) on G d

m(C) by letting (t 7→ Φ(t,X)) be
the Grassmannian flow on G d

m(C) associated to (2.4) starting in X. Augment
BX to a basis B = (b1, . . . , bd) of Cd. Then the map

Φ̃B : R× C(d−m)×m →Md,m

(t, T ) 7→ eAtMB

(
1m
T

)
is smooth in t and analytic in T . For all (t, T ) ∈ R × C(d−m)×m we have by
definitions

Φ(t, φB(T )) = πd,mΦ̃B(t, T ) (2.5)

which shows that Φ is smooth in t and analytic in X w.r.t. to the analytic
structure of G d

m(C). We give a local representation of the vector field induced
by Φ on G d

m(C) by calculating the derivative

Γm(A)(X) :=
∂

∂t

∣∣∣∣
t=0

Φ(t,X) ∈ TG d
m(C).

in φB-coordinates. First we are interested in the differential of ψ := φ−1 ◦ π|U
where φ = φB, π = πd,m and U := π−1(φ(C(d−m)×m)) is open. For B ∈ U there
is a T ∈ Cd−m×m with spanB = φ(T ). Hence, we may find E ∈ Cm×m such
that

MB

(
1m
T

)
= BE ⇔

(
1m
T

)
= B̃E

with B̃ = M−1
B B. We deduce that B̃1 is invertible since B̃1E = 1m, and that

T = B̃2B̃
−1
1 holds. Vice versa, if for B ∈ Md,m the matrix B̃ = M−1

B B has
invertible submatrix B̃1 then

span B̃ = span
(

1m
B̃2B̃

−1
1

)
because multiplying B̃ by B̃−1

1 from the right results only in a change of basis
of spanB. This implies spanB = φ(B̃2B̃

−1
1 ) and we have found

U = {B ∈Md,m : B̃1 ∈ GLm(C) where B̃ = M−1
B B}.
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From these considerations we find that the map ψ is given by ψ = ψ̃ ◦M−1
B

where

ψ̃ : Ũ := M−1
B U → C(d−m)×m,

B̃ 7→ B̃2B̃
−1
1 .

The differential of ψ̃ at B̃ ∈ Ũ is calculated to be

Dψ̃(B̃) : Cd×m → C(d−m)×m, E 7→ E2B̃
−1
1 − B̃2B̃

−1
1 E1B̃

−1
1 . (2.6)

If B̃1 = 1m then

Dψ̃(B̃)E = E2 − B̃2E1 = (−B̃2,1d−m)E.

We find

∂

∂t

∣∣∣∣
t=0

(φ−1 ◦ Φ)(t, φ(T )) =
∂

∂t

∣∣∣∣
t=0

(ψ ◦ Φ̃B)(t, T )

= Dψ(Φ̃B(0, T ))
∂

∂t

∣∣∣∣
t=0

Φ̃B(t, T )

= Dψ̃

(
M−1
B MB

(
1m
T

))
M−1
B AMB

(
1m
T

)
= (−T,1d−m)AB

(
1m
T

)
where AB ∈ Cd×d is the representative of A with respect to B, i.e. AB =
M−1
B AMB. Hence, in canonical local coordinates φB the Grassmannian flow

consists of solutions to the Riccati-type equation

T ′ = (−T,1d−m)AB

(
1m
T

)
on C(d−m)×m. (2.7)

The global expression for the vector field associated to Φ reads

X ′ = Γm(A)(X) on G d
m(C). (2.8)

The fact that the Grassmannian flow induced by a linear ordinary differential
equations is locally of Riccati-type is of course well-known. This is summarized
in the following lemma which is also a more general form of Lemma 3 (i) in [26].

Lemma 2.1.1. Let B be an ordered basis of Cd. Then in canonical local co-
ordinates φB the Grassmannian flow on G d

m(C) associated to (2.4) consists of
solutions to the Riccati-type equation

T ′ = (−T,1d−m)AB

(
1m
T

)
on C(d−m)×m (2.9)
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where AB ∈ Cd×d is the representative of A w.r.t. the basis B. If AB is diagonal
with

AB = diag(µ1, . . . , µd)

then (2.9) reads for 1 ≤ j ≤ d−m, 1 ≤ k ≤ m

(T )′jk = (µm+j − µk)(T )jk.

On C(d−m)×m let 〈〈·, ·〉〉 denote the Frobenius inner product given by

〈〈E,F 〉〉 =
d−m∑
j=1

m∑
k=1

(E)jk(F )jk (E,F ∈ C(d−m)×m)

and let || · || be the norm on C(d−m)×m induced by 〈〈·, ·〉〉. We give some useful
consequences of Lemma 2.1.1.

Corollary 2.1.2. Let B = (b1, . . . , bd) be an ordered basis of Cd such that X :=
span {b1, . . . , bm} and Y := span {bm+1, . . . , bd} are complementary invariant
subspaces of A. Then

AB =

(
AX 0
0 AY

)
for appropriate AX ∈ Cm×m, AY ∈ C(d−m)×(d−m) and the local representation of
(2.8) at X in φB-coordinates is given by the linear ordinary differential equation

T ′ = −TAX + AY T. (2.10)

If there exist cX , cY ∈ R with cX + cY > 0 and for all ηX ∈ Cm, ηY ∈ Cd−m{
Re 〈ηX , AXηX〉 ≥ cX |ηX |2

Re 〈ηY , AY ηY 〉 ≤ −cY |ηY |2
(2.11)

then X is a hyperbolic attractor for the Grassmannian flow Φ. For any r > 0
the set φB(Br(0)) is a positively invariant neighborhood of X in G d

m(C).

Proof. The assertion on AB and the local form of Γm follow immediately by
linear algebra and (2.7). Denote by

F (T ) := −TAX + AY T

the local representation of the vector field Γm as given in (2.10). X is a fixed
point of Φ since φB(0) = X and F (0) = 0. We show that DF (0) is negative
definite and that for any r > 0 the function

L : Br(0)→ R
T 7→ ||T ||2
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is a strict Lyapunov function for (2.7). The differential of F at 0 is

DF (0)E = −EAX + AYE (E ∈ C(d−m)×m).

For E ∈ C(d−m)×m denote by Ẽi the i-th row of E and by Ej the j-th column
of E. Then

2Re 〈〈E,DF (0)E〉〉 =− 〈〈E,EAX〉〉 + 〈〈E,AYE〉〉
− 〈〈EAX , E〉〉 + 〈〈AYE,E〉〉

=−
d−m∑
i=1

〈Ẽi, (AX)tẼi〉 +
m∑
j=1

〈Ej, AYEj〉

−
d−m∑
i=1

〈(AX)tẼi, Ẽi〉 +
m∑
j=1

〈AYEj, Ej〉

=2

(
−

d−m∑
i=1

Re 〈Ẽi, (AX)tẼi〉 +
m∑
j=1

Re 〈Ej, AYEj〉

)

≤2

(
−cX

d−m∑
i=1

|Ẽi|2 − cY
m∑
j=1

|Ej|2
)

=− 2(cX + cY )||E||2,

i.e. DF (0) is negative definite and X a hyperbolic fixed point of Φ since cX +
cY > 0. Note that for the last inequality we have used

〈η, Atη〉 = 〈η, Aη〉.

for η ∈ Cm. By exactly the same calculation we find

L(T )′ = 2Re 〈〈T, T ′〉〉 = 2Re 〈〈T, F (T )〉〉 ≤ −2(cX + cY )||T ||2

showing that L is a strict Lyapunov function and Br(0) is positively invariant
for (2.10).

Corollary 2.1.3. Let m1,m2 ∈ N such that m + m1 + m2 = d. Let B =
(b1, . . . , bd) be an ordered basis of Cd such that X := span {b1, . . . , bm}, Y :=
span {bm+1, . . . , bm+m1} and Z := span {bm+m1+1, . . . , bd} are complementary
invariant subspaces of A. Then

AB =

AX 0 0
0 AY 0
0 0 AZ


for appropriate AX ∈ Cm×m, AY ∈ Cm1×m1 , AZ ∈ Cm2×m2 and the local rep-
resentation of Γm(A) at X in φB-coordinates is given by the linear ordinary



44 Chapter 2. Spectral stability of shock profiles

differential equation

T ′ = −TAX +

(
AY 0
0 AZ

)
T. (2.12)

If kerA = X and for some c > 0 and all ηY ∈ Cm1 , ηZ ∈ Cm2{
Re 〈ηY , AY ηY 〉 ≤ −c|ηY |2

Re 〈ηZ , AZηZ〉 ≥ c|ηY |2
(2.13)

then AX = 0 and X is a hyperbolic saddle of Φ.

Proof. The first part follows from the same arguments as used in the beginning
of the proof of Lemma 2.1.2. Suppose kerA = X and (2.13) hold. Set

V Y :=

{
E ∈ C(d−m)×m

∣∣∣ ∃E1 ∈ Cm1×m : E =

(
E1

0

)}
,

V Z :=

{
E ∈ C(d−m)×m

∣∣∣ ∃E2 ∈ Cm2×m : E =

(
0
E2

)}
.

Let F (T ) =

(
AY 0
0 AZ

)
T . Then

DF (0)E =

(
AY 0
0 AZ

)
E

and V Y resp. V Z are complementary invariant subspace of DF (0) of dimension
m1m resp. m2m. With a similar calculation as in the proof of Lemma 2.1.2 one
finds

Re 〈E,DF (0)E〉 ≤ −c||E||2 for all E ∈ V Y ,

Re 〈E,DF (0)E〉 ≥ c||E||2 for all E ∈ V Z .

Hence, X is a hyperbolic saddle for Φ with an m1m-dimensional stable manifold
and an m2m-dimensional unstable manifold for Φ at X.

This section is closed by a variant of Lemma 6 in [26] replacing diagonal-
ization by a suitable block-diagonalization which will be used in the proof of
spectral stability of small amplitude shock profiles of (2.3) in the outer and
outmost spectral regime (see section 2.7).

Lemma 2.1.4. For every d ∈ N there exists a constant c = c(d) such that the
following holds: Let c>, c< : J → R be functions with c>(τ) + c<(τ) > 0, τ ∈ J,
and let A,R : J → GL2d(C) be smooth functions such that

R(τ)−1A(τ)R(τ) =

(
A>(τ) 0

0 A<(τ)

)
∈ C2d (τ ∈ J) (2.14)
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with A≷(τ) ∈ Cd×d and{
Re 〈η, A>(τ)η〉 ≥ c>(τ)|η|2,
Re 〈η, A<(τ)η〉 ≤ −c<(τ)|η|2,

(2.15)

for all η ∈ Cd and τ ∈ J . With χ : R→ (−1, 1) being the solution of

χ′ = (1− χ2)h(χ), χ(0) = 0, (2.16)

for some smooth function h : J → (0,∞) consider the equation

X ′ = Γd(A(χ))(X) on G 2d
d (C) (2.17)

which is the associated Grassmannian version for d-dimensional vector spaces
of the non-autonomous linear system

ξ′ = A(χ)ξ (2.18)

for ξ ∈ C2d. Let U(τ), S(τ) denote the invariant subspace of A(τ), τ ∈ J,
spanned by the first d resp. last d columns of R(τ) and define X± : R→ G 2d

d (C)
as the two solutions of (2.17) with

X−(−∞) = U(−1), X+(+∞) = S(+1). (2.19)

If ∣∣∣∣R(0)−1 d

dτ
R(τ)

∣∣∣∣ ≤ c (τ ∈ J) (2.20)

then

X−(+∞) = U(+1), X+(−∞) = S(−1). (2.21)

Remark 2.1.5. If in the above lemma the constants c>, c< are larger than zero
then U(τ) resp. S(τ) is the unstable resp. stable subspace of A(τ).

Proof. We treat X−. Fix a τ ∈ J . Let φτ : Cd×d → Sτ be the canonical
coordinates on a maximal portion Sτ ⊂ G 2d

d adapted to the columns of R(τ)
as an ordered basis of C2d and centered at span (R(τ)j)1≤j≤d. Then equation
(2.17) reads in local coordinates

T ′ = (−T,1n)Ã(τ)

(
1n
T

)
=: Fτ (T ) (2.22)

where T ∈ Cd×d and Ã(τ) is the representative of A(τ) with respect to the basis
given by the columns of R(τ), i.e.

Ã(τ) = R(τ)−1A(τ)R(τ) =

(
A>(τ) 0

0 A<(τ)

)
.
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In particular,

Fτ (T ) = −TA>(τ) + A<(τ)T.

The point 0 corresponds in ϕτ -coordinates to the subspace U(τ). Using Corol-
lary 2.1.2 we find that the differential DTFτ (T ) of Fτ (T ) with respect to T at
T = 0 is negative definite. In particular, if τ = −1 then the coupled system
(2.16)-(2.17) has exactly one repelling direction at (−1, U(−1)) coming from the
χ-equation. To see this note that {τ = −1} is an invariant set for the system
(2.16)-(2.17), and in local id1× φ−1-coordinates the vector field for the coupled
(τ,X)-equations has its differential given by(

2h(−1) 0
∗ DTF−1(0)

)
at (−1, 0). Using the stable manifold theorem we find a unique orbit giving rise
to the solution X− of (2.17) satisfying (2.19).
Furthermore, Corollary 2.1.2 tells us that for any σ > 0 the ball Bσ(0) of radius
σ centered at 0 is a positively invariant set for the local representation

T ′ = (−T,1n)Ã(τ)

(
1n
T

)
of the Grassmannian flow induced by A(τ) on G 2d

d (C) in φτ -coordinates. There-
fore the construction of an appropriate Lyapunov function for the coupled
(τ,X)-system carries over from the proof of Lemma 6 in [26], and we find

X−(+∞) = U(+1).

2.2 Geometric singular perturbation theory
In subsection 2.7.1 the general spectral stability problem for (2.3) is reduced
for small frequencies to a canonical problem provided by (a variant of) the
Burgers’ equation. Following [26] this reduction rests on geometric singular
perturbation theory (GSPT) in the sense of Fenichel [22, 50, 90] which is based
on the perturbation theory for normally hyperbolic invariant manifolds [19, 40].
This section first recalls the notion of normal hyperbolicity and states a theorem
on the existence and persistence of stable and unstable manifolds [19, 20, 21, 40,
96]. Then we follow the general coordinate-free development of GSPT in [22],
and a local form of GSPT is presented along the lines of [50]. For the basics in
differential geometry we refer the reader to, e.g., the textbooks [62, 87].

Let r ∈ N ∪ {∞} and let M be an n-dimensional Cr-manifold. Suppose
we are given a Cr-vector field X on M , i.e. X is a Cr-section of TM . Denote
by F = F t(m) the flow of X. This means that for each m ∈ M the map
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γ : t 7→ F t(m) is the maximal integral curve of

γ′ =
d

dt
γ = Xγ (2.23)

through γ(0) = m. The flow domain is an open subset of R ×M and F is a
Cr-function. We also use the common short hand (t,m) 7→ m · t = F t(m) for
the flow F . For a point m ∈M and an interval J ⊂ R such that {m} × J is in
the domain of F set

m · J := {m · t : t ∈ J}.

A subset V ⊂M is called locally invariant if there exists a neighborhood U ⊂M
of V such that for all m ∈ V and t ∈ [0,∞) the inclusion m · [0, t] ⊂ U implies
m · [0, t] ⊂ V , and the inclusion m · [−t, 0] ⊂ U implies m · [−t, 0] ⊂ V . It is
called positively invariant if m · [0,∞) ⊂ V for all m ∈ V , negatively invariant
if m · (−∞, 0] ⊂ V for all m ∈ V , and invariant if m · (−∞,∞) ⊂ V . For any
subset U ⊂M define

A+(U) := {m ∈ U : m · [0,∞) ⊂ U}
A−(U) := {m ∈ U : m · (−∞, 0] ⊂ U}
I(U) := {m ∈ U : m · (−∞,∞) ⊂ U}

called, in the above order, the maximal positively invariant set in U , the max-
imal negatively invariant set in U , and the maximal invariant set in U . An
element m ∈ M is called a fixed, or equilibrium, point of X if X(m) = 0. If a
subset U ⊂ M consists only of fixed points then it is called a critical set of X.
A critical set of X is a simple example for an invariant set of F .

Define some Riemannian metric for TM on M with associated norm ||v|| =
||v||m for m ∈M, v ∈ TmM .

Definition 2.2.1. Let V be an invariant compact embedded Cr-submanifold
of M . For t ∈ (−∞,∞) and m ∈ V let

DF t(m) : TmM → TF t(m)M

be the differential of F t at m. Then V is called a normally hyperbolic invariant
manifold of X if there exist a continuous splitting

TM |V = Nu ⊕ TV ⊕N s,

with DF t(m)N
u/s
m ⊂ N

u/s
F t(m) for all t ∈ (−∞,∞),m ∈ V, and constants ν > ρ ≥

0 and C > 0 such that for all t ∈ [0,∞),m ∈ V and nu ∈ Nu
m, v ∈ TVm, ns ∈ N s

m
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the estimates

||DF−t(m)nu||F−t(m) ≤ C||nu||me−νt,
||DF−t(m)v||F−t(m) ≤ C||v||meρt,
||DF t(m)v||F t(m) ≤ C||v||meρt,
||DF t(m)ns)||F t(m) ≤ C||ns||me−νt

hold. We refer to the constants ρ and ν as exponential rates.

Remark 2.2.2. The above definition of normally hyperbolicity of a compact
invariant manifold V does not depend on the chosen metric on M due to com-
pactness of V .

The estimates in Definition 2.2.1 mean that, on V , the differential of F
expands Nu faster than TV while contracting N s faster than TV . This gives
normally hyperbolic invariant manifolds certain stability properties which is
why they are interesting from a mathematical and from a modelling point of
view (cf. [96]). We will encounter normally hyperbolic invariant manifolds only
in the form of critical sets. In this case we can choose ρ arbitrarily small in
Definition 2.2.1, and we will simply speak of a critical manifold. Nonetheless,
in the following theorem we also allow for noncritical manifolds but with empty
boundary.

Theorem 2.2.3. Let V ⊂M be a normally hyperbolic invariant manifold of X
with hyperbolic splitting TM |V = Nu⊕TV⊕N s and exponential rates ν > ρ ≥ 0.
Suppose V has empty boundary, and let K ⊂ M be precompact and open with
V ⊂ K. If

ρ

ν
≤ 1

r

then there exist a neighborhood U of V in M and Cr-manifolds W u and W s

with boundary called a local unstable manifold and a local stable manifold for
V , respectively, such that

(i) W u = A−(U) and W s = A+(U), and

(ii) W u is tangent to Nu⊕TV along V and W s is tangent to TV ⊕N s along
V .

There are Cr-families of manifolds with boundary {W u(m)}m∈V , {W s(m)}m∈V
invariant in the sense that for all (t,m) ∈ [0,∞)× V

(iii) F−t(W u(m)) ⊂ W u(F−t(m)) and F t(W s(m)) ⊂ W s(F t(m)).

They define foliations of

(iv) W u = ∪m∈VW u(m) and W s = ∪m∈VW s(m),

with m ∈ W s/u(m) for all m ∈ V , and

(v) W u(m) is tangent to Nu
m at m ∈ V and W s(m) is tangent to N s

m at
m ∈ V .
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If Y is another Cr-vector field on M sufficiently close to X in C1 on K then
there is a unique normally hyperbolic manifold of Y , Cr-diffeomorhpic to V ,
and the above objects persist for Y in place of X satisfying (i)-(v) and being
Cr-diffeomorphic to their X-counterparts.

Remark 2.2.4. Let V be a locally invariant submanifold V of M . Then one
calls a family of submanifolds {S(m) : m ∈ V } a Cr-family of manifolds if

S∗ := {(m,m′) : m ∈ V,m′ ∈ S(m)}

is a Cr-submanifold of M ×M (cf. section 8 in [22]).

Theorem 2.2.3 is similar to Theorem 4.1 in [40] and summarizes Theorems
4.5.1 and 5.6.1 of [96] in the case of an invariant manifold without boundary.
The latter two theorems state, and slightly improve, results from [19, 20, 21]
for normally hyperbolic manifolds. Asymptotic estimates of the flow F on the
leaves W u/s(m) can be found in [20, 21, 96].

Turning to the case of critical sets we continue with the coordinate-free
description of GSPT as found in sections 6-9 of [22] (see also Section 2 in [90]).
In the following we assume that M is a Cr+1-manifold. Let φ : U → V ⊂ Rn

be a coordinate chart of M and denote by

Φ : TM |U → V × Rn,

(m, v) 7→ (φ(m), Dφ(m)v)

the canonical local trivialization of TM over U associated to the chart (U, φ).
For z = φ(m) the local representation of the differential equation (2.23) in
z-coordinates reads

z′ = Xφ(z) := Dφ(φ−1(z))X(φ−1(z)). (2.24)

The variational equation of (2.24) along a solution z is

δz′ = DXφ(z)δz (δz ∈ Rn) (2.25)

where we think of the differential DXφ(z) of Xφ at z as its associated Jacobi
matrix. Usually the coefficient matrix DXφ(z) in (2.25) is coordinate dependent
due to second derivatives of coordinate changes appearing when comparing the
coefficient matrix in (2.25) in different charts. However, if m0 = φ−1(z0) is an
equilibrium point of X, i.e. X(m0) = 0, then DXφ(z0) transforms by similarity
and

LX(m0) : Tm0M → Tm0M,

v 7→ Dφ−1(φ(m0))DXφ(φ(m0))Dφ(m0)v

is a well-defined linear map on Tm0M which we call the linearization of X atm0.
With this construction in mind we turn to a global formulation of geometric
singular perturbation theory.
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Remark 2.2.5. The above is a precise version of Fenichel’s short hand in
[22] and shows that on a critical set the linearization of X can be defined in a
coordinate-free way.

Let {Xε}ε∈(−ε0,ε0) be a family of vector fields on M such that (m, ε) 7→
Xε(m) is a Cr-function. Let E be a Cr-submanifold of M consisting entirely of
equilibrium points. Denote by 0 the zero vector field on (−ε0, ε0), and define
a vector field Xε × 0 on M × (−ε0, ε0) in the canonical way. The flow of both
Xε and Xε × 0 is denoted by (t,m) 7→ m · t. Since X0 vanishes on E the
tangent space TmE is in the kernel of the linearization LX0(m) of X0 at all
m ∈ E . For all m ∈ E the vector space TmE is invariant under LX0(m), and
the linearization LX0(m) induces a linear map

QX0(m) : TmM\TmE → TmM\TmE

on the quotient space TmM\TmE . The eigenvalues of QX0(m) are the non-
trivial eigenvalues of LX0(m).

Let ER ⊂ E be the open set where all non-trivial eigenvalues of LX0(m) are
non-zero, and denote by EH ⊂ ER the open set where all these eigenvalues have
non-vanishing real parts. There is a Cr−1-splitting TM |ER = TE |ER ⊕N where
the bundle N consists of the unique complement Nm of TEm that is invariant
under LX0(m). The associated projection map πE : TM |ER → TEER is Cr−1.
In ER the reduced vector field XR is defined by

XR(m) = πE ∂/∂εXε(m)|ε=0

and is itself a Cr−1-vector field on ER.
We need some notions from invariant manifold theory. Let K ⊂ E be a com-

pact subset such that for m ∈ K the quotient map QX0(m) has ks eigenvalues
with real parts smaller than zero, ku ones with real parts larger than zero, and
kc purely imaginary eigenvalues, all counted with multiplicities. Consequently,
for all m ∈ K, the linearization L(Xε × 0)(m, 0) has a ks dimensional stable
subspace Es

m, a n − (ks + ku) + 1 dimensional center subspace Ec
m, and a ku

dimensional unstable subspace Es
m in T(m,0)M × (−ε0, ε0).

Definition 2.2.6. A manifold C s is called a center-stable manifold for Xε × 0
near K if K × {0} ⊂ C s, C s is locally invariant under the flow of Xε × 0, and
C s is tangent to Es

m ⊕ Ec
m at (m, 0) for all m ∈ K.

One obtains the definitions of an unstable-center manifold C u and of a center
manifold C for Xε × 0 near K by replacing Es

m ⊕ Ec
m by Eu

m ⊕ Ec
m and Ec

m in
Definition 2.2.6, respectively.

Definition 2.2.7. Let C s be a center-stable manifold for Xε × 0 near K. A
family {F s(p) : p ∈ C s} is called a Cr2-family of Cr1-stable manifolds for C s

near K if

(i) F s(p) is a Cr1-manifold for each p ∈ C s,

(ii) p ∈ F s(p) for each p ∈ C s,
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(iii) F s(p) and F s(q) are disjoint or identical for each p and q in C s,

(iv) F s(m, 0) is tangent to Es
m at (m, 0) for each m ∈ K,

(v) {F s(p) : p ∈ C s} is a positively invariant Cr2-family of manifolds.

Given a center-unstable manifold C u near K one defines in the same manner
a Cr2-family of Cr1-unstable manifolds {F u(p) : p ∈ C u} for C u near K by
replacing Es

m by Eu
m in (iv) and positive invariance by negative invariance in

(v) of Definition 2.2.7. We are now ready to state the central result of global
GSPT which is Theorem 9.1 in [22].

Theorem 2.2.8. Let M be a Cr+1-manifold with 1 ≤ r < ∞. Let Xε, ε ∈
(−ε0, ε0), be a family of vector fields on M such that (m, ε) 7→ Xε(m) is a Cr-
function, and let E be a Cr-submanifold of M consisting entirely of equilibrium
points of X0. Let ks, kc and ku be fixed integers, and let K ⊂ E be a compact
subset such that QX0(m) has ks eigenvalues with real parts smaller than zero, ku
eigenvalues with real parts larger than zero and kc purely imaginary eigenvalues
for all m ∈ K. Then the following statements hold:

(i) There are a Cr-center-stable manifold C s, a Cr-center-unstable manifold
C u and a Cr-center manifold C for Xε× 0 near K. There is a neighbor-
hood U of K × {0} such that A−(U) ⊂ C u, A+(U) ⊂ C s and I(U) ⊂ C .

(ii) There is a Cr−1-family {F s(p) : p ∈ C s} of Cr-stable manifolds for C s

near K. If p ∈ M × {ε} then F s(p) ⊂ M × {ε}. Each manifold F s(p)
intersects C transversally in exactly one point. There is a Cr−1-family
{F u(p) : p ∈ C u} of Cr-unstable manifolds for C u near K. If p ∈M×{ε}
then F u(p) ⊂M × {ε}. Each manifold F u(p) intersects C transversally
in exactly one point.

(iii) Let Ks be larger than the real parts of the eigenvalues of QX0(m) in the
left half of the complex plane for all m ∈ K. Then there is a constant Cs
such that if p ∈ C s and q ∈ F s(p) then

d(p · t, q · t) ≤ Cse
Kstd(p, q)

for all t ≥ 0 such that p · [0, t] ⊂ C s. If p ∈ A+(C s) then

F s(p) = {q ∈ U : d(p · t, q · t) ≤ Cse
Kstd(p, q) for all t ≥ 0}.

Let Ku be larger than the real parts of the eigenvalues of QX0(m) in the
right half of the complex plane for all m ∈ K. Then there is a constant
Cu such that if p ∈ C u and q ∈ F u(p) then

d(p · t, q · t) ≤ Cue
Kutd(p, q)

for all t ≤ 0 such that p · [t, 0] ⊂ C u. If p ∈ A−(C u) then

F u(p) = {q ∈ U : d(p · t, q · t) ≤ Cue
Kutd(p, q) for all t ≤ 0}.
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(iv) If K ⊂ EH define for (m, ε) ∈ C

XC (m, ε) :=

{
ε−1Xε(m) if ε 6= 0,

XR(m) if ε = 0.

Then XC is a Cr−1-vector field on C near K × {0}.

From among the conclusions of Theorem 2.2.8 we want to highlight state-
ment (iv): If K is a subset of the normally hyperbolic part EH of E then one
can investigate the flow FC of XC × 0 on C which is defined by the maximal
integral curves τ 7→ (γ(τ), ε) of the differential equation

γ̇ :=
d

dτ
γ = XC (γ, ε),

ε̇ :=
d

dτ
ε = 0,

on C . If r > 1 we may expand XC in orders of ε and gain information on
the flow FC by analyzing the reduced vector field XR and applying regular
perturbation theory. For ε > 0 this information translates to the the original
dynamics induced by Xε× 0 on M × (−ε0, ε0) by the simple scaling τ 7→ τε−1.
Hence, two time scales are present, and the time scale given by t is called fast
whereas the one given by τ is called slow. The dynamics of XC are usually
easier to cope with since the dimension of the original problem n is diminished
to n− (ks + ku) and often the reduced vector field XR is of particularly simple
form. One carries out a center manifold reduction.

Moving to the local picture and following the exposition of GSPT in [50] will
make the above comment more transparent. We will apply GSPT to families
of vector fields that in a suitable coordinate chart define ordinary differential
equations of the form {

x′ = εf(x, y, ε),

y′ = g(x, y, ε),
(2.26)

where ′ = d/dt, x ∈ Rl, y ∈ Rk with l+ k = n, and f, g are Cr-functions defined
on U × (−ε0, ε0) with U an open subset of Rn and ε0 > 0. Changing the time
scale to τ = εt we find that system (2.26) reads{

ẋ = f(x, y, ε),

εẏ = g(x, y, ε),
(2.27)

with · = d/dτ . The system (2.26) is called the fast system, and (2.27) is called
the slow system. One refers to x and y as the slow variable and the fast variable,
respectively. Let us set Xε(x, y) := (εf(x, y, ε), g(x, y, ε)).

There are natural limit problems as ε→ 0 to each of the systems (2.26) and
(2.27). Taking the limit ε → 0 one obtains from (2.26) the so-called reduced
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problem {
x′ = 0,

y′ = g(x, y, 0),
(2.28)

and from (2.27) the so-called layer problem{
ẋ = f(x, y, 0),

0 = g(x, y, 0).
(2.29)

In (2.28) the slow variable x remains constant and enters as a parameter into
the differential equation for y. The layer problem (2.29) can be solved under
suitable non-degeneracy conditions by first solving the constraint g(x, y, 0) = 0
for y in terms of x, and then plugging the result into ẋ = f(x, y, 0) which
yields a differential equation for x alone. Note that the set {(x, y) ∈ U :
g(x, y, 0) = 0} is the set of fixed points for (2.28). A goal achieved by GSPT is
to find a perturbation of the layer problem (2.29), which enables one to deduce
information on the dynamics of (2.26) from those of (2.29), and to describe the
flow of the fast equations (2.26) near compact (normally hyperbolic) critical
sets of (2.28) by combining properties of the solutions to the limiting problems
(2.28) and (2.29).

More concretely, letK ⊂ Rl be a compact contractible domain whose bound-
ary is an l−1 dimensional embedded Cr-submanifold of Rl, and let h0 : K → Rk

be a Cr-function. Let ks, ku be integers such that ks + ku = k. Suppose that
all elements (x, y) of the graph

M0 := {(x, y) : y = h0(x)}

satisfy g(x, y, 0) = 0 while the differential Dyg(x, y, 0) is invertible possessing ks
eigenvalues with real parts smaller than zero and ku eigenvalues with real parts
greater than zero. Then M0 is a normally hyperbolic invariant manifold of the
vector field X0 = (0, g(x, y, 0)) consisting only of fixed points of X0. Thus M0

is a critical manifold of X0. We find a center manifold like the one in Theorem
2.2.8 which is given, for constant ε, as a graph over K.

Theorem 2.2.9. If ε > 0 is sufficiently small then there is a function y = hε(x),
defined on K, such that the graph

Mε := {(x, y) : x ∈ K, y = hε(x)}

has a locally invariant interior under the flow of (2.26). Moreover, hε is Cr

jointly in ε and x

Theorem 2.2.9 is Theorem 2 of [50]. One calls the manifold Mε a slow
manifold. The reduced vector field XR is easily calculated using the function
hε and defines in the slow time scaling the so-called slow equations

ẋ = f(x, hε(x), ε). (2.30)
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The limit ε → 0 is well-defined for the slow equations and solutions to (2.30)
with ε = 0 solve the layer problem (2.29). If r is sufficiently large then regular
perturbation theory is applicable to (2.30) in order to deduce information on
how these solutions of the layer problem perturb onMε as ε is varied away from
zero.

By a change of variables we may assume h0 ≡ 0. Furthermore, splitting
the fast variable y = (a, b) ∈ Rks × Rku we will encounter system (2.26) in the
special form 

x′ = εf(x, y, ε),

a′ = A(x)a+G1(x, y, ε),

b′ = B(x)b+G2(x, y, ε),

(2.31)

with matrices A(x) ∈ Rks×ks , B(x) ∈ Rku×ku such that for all x ∈ K and
(a, b) ∈ Rks × Rku and some constants Ks < 0 < Ku the inequalities

〈a,A(x)a〉 ≤ Ks|a|2,
〈b, B(x)b〉 ≥ Ku|b|2,

hold, and with Cr-functions Gi such that

Gi(x, y, ε) = O(ε)

uniformly for (x, y) in a compact neighborhood of K × {0} ⊂ Rn. We will say
that system (2.26) is in Fenichel normal form if it is of the form (2.31) with the
stated properties.

This closes our review of GSPT as well as our preliminary discussion on
some of the basic mathematical material used in the following sections.

2.3 Hyperbolically regularized systems of con-
servation laws

Let us continue by specifying the assumptions that will be imposed on the coef-
ficients of the hyperbolically regularized conservation law (2.3) in the remaining
sections of this chapter. Then we construct the shock profiles and deduce the
dynamical system that will be at the center of our stability studies. At the end
of this section the reader finds some background information and a brief review
of the literature.

Let V ⊂ Rn be open with v∗ ∈ V , and let k ∈ {1, . . . , n}. We consider a
hyperbolically regularized conservation law of the form

g(v)t + f(v)x = B�v = B(vxx − vtt) (v ∈ Rn) (2.32)

for (t, x) ∈ R2 with smooth f, g : V → Rn and B ∈ Rn×n satisfying

B1 ∀v ∈ V : B and the Jacobian matrices Df(v) and Dg(v) of f and g at v
are symmetric with B and Dg(v∗) being positive definite;
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B2 Df(v∗) has only real and simple eigenvalues w.r.t. Dg(v∗);

B3 The k-th eigenvalue of Df w.r.t. Dg is genuinely nonlinear at v∗;

B4 Sub-characteristicity: Dg(v∗)±Df(v∗) is positive definite.

Let us briefly discuss assumptions B1-B4:
Assumption B1 is classical: Symmetric hyperbolic conservation laws are

ubiquitous in mathematical physics [30, 36]. In fact, choosing appropriate vari-
ables one may often assume that f and g possess potentials [9, 36, 82]. Thus
we think of f and g as gradient fields which justifies assumption B1.

Assumption B2 means that there are n pairwise distinct real numbers µi ∈ R
and n vectors ri ∈ Rn\{0} such that

Df(v∗)ri = µiDg(v∗)ri.

Hence, the conservation law g(v)t+f(v)x = 0 is a hyperbolic partial differential
equation (near v∗). Furthermore, B2 is equivalent to strict hyperbolicity of

Dg(v∗)
−1/2Df(v∗)Dg(v∗)

−1/2

which is a common assumption on the flux of hyperbolic conservation laws.
Assumption B3 states that the k-th eigenvalue of Dg−1/2DfDg−1/2 is gen-

uinely nonlinear at v∗. This genuine nonlinearity in the sense of Lax [59] is used,
on the one hand, to show the existence of shock profiles [37, 69] determining
in the spirit of an entropy condition the direction in which the end-states of a
shock can be smoothly connected. On the other hand it also enters in various
contexts in the proofs on stability of said shock profiles enabling, vaguely speak-
ing, control of contributions that emerge along the k-th eigenvector field (see
e.g. [26, 37, 77, 89]). Assumption B3 will play a similar role in the following
analysis. (For results beyond genuine nonlinearity the reader may consult, e.g.,
[28, 31, 51, 64].)

By assumption B4 we find

σ(Dg(v∗)
−1/2Df(v∗)Dg(v∗)

−1/2) ⊂ (−1, 1) (2.33)

which is a typical stability condition for hyperbolic equations with wave hier-
archy: If the characteristic speeds of the lower order hyperbolic operator lie
in-between those of the higher order hyperbolic operator then the compound
equation is linearly stable (see [95]). In our case the higher order operator
is (essentially) the d’Alembertian with symmetrically distributed characteristic
speeds −1 and 1 bounding by (2.33) the respective speeds of the lower order
operator in (2.32). On the linearized level B4 makes system (2.32) dissipative
which in our case is, quite remarkably, equivalent to causality of (2.32) [25]. The
sub-characteristicity condition B4 (cf. [88]) is inspired by the notion of dissipa-
tivity in hyperbolic-parabolic systems introduced by Shizuta and Kawashima
in [85] and is thereby closely related to considerations concerning hyperbolic
relaxation systems (see e.g. [56, 66, 97, 98]). Hence one expects the dispersion
curves of shock profiles of system (2.32) to look similar to the ones in the case
of hyperbolic relaxation systems [70] (see Section 2.4).
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Without loss of generality we may assume

f(v∗) = g(v∗) = 0 and v∗ = 0.

The above discussion of assumptions B1-B4 readily leads to:

Lemma 2.3.1. If B1-B4 hold then there exist δ > 0 and functions µi ∈
C∞(Bδ(0);R), ri ∈ C∞(Bδ(0);Rn\{0}) for i = 1, . . . , n such that for all v ∈
Bδ(0) ⊂ Rn the matrices Dg(v) and Dg(v) ± Df(v) are positive definite, and
for all v, w ∈ Bδ(0) and i, j

Df(v)ri(v) = µi(v)Dg(v)ri(v),

ri(v)tDg(v)rj(v) = δij,

where δij denotes the Kronecker delta, and

〈Dµk(0), rk(0)〉 < 0. (2.34)

Furthermore, for all v, w ∈ Bδ(0) and i, j we have

|µi(v)| < 1 (2.35)

and

µi(v) < µj(w) if i < j. (2.36)

Multiplying (2.32) from the left by B−1/2 and changing variables via ṽ =
B1/2v we may assume, and do so from now on, that

B = 1n

in (2.32) while keeping the assumptions B1-B4 (and the conclusions of Lemma
2.3.1).

Definition 2.3.2. A triple (v−, v+, s) ∈ V × V × R is called a shock of the
conservation law g(v)t + f(v)x = 0 if the Rankine-Hugoniot condition

f(v+)− f(v−) = s(g(v+)− g(v−))

is satisfied. It is called a (Lax-)p-shock for p ∈ {1, . . . , d} if Lax’s inequalities

µp(v
+) < s < µp(v

−)

and

(µj(v
−)− s)(µj(v+)− s) > 0 for j 6= p,

hold.
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We will move into the rest frame of a given p-shock (v−, v+, s) with s ∈
(−1, 1) by the Lorentz-boost(

t
x

)
7→
(
γ(s)(t− sx)
γ(s)(x− st)

)
of speed s where for s ∈ (−1, 1) one has

γ(s) := (1− s2)−1/2.

Under such a transformation the hyperbolically regularized conservation law
(2.32) keeps its form.

Lemma 2.3.3. Let s ∈ (−1, 1). Then a Lorentz-boost of speed s transforms
(2.32) into

gs(v)t + fs(v)x = B�v

where

gs(v) := γ(s)(g(v)− sf(v))

fs(v) := γ(s)(f(v)− sg(v)).

The assumptions B1-B4 hold with f and g replaced by fs and gs. For δ > 0 like
in Lemma 2.3.1 the eigenvalues of Dfs w.r.t. Dgs on Bδ(0) are given by

µj;s =
µj − s
1− µjs

(j ∈ {1, . . . , d}) (2.37)

with eigenvectors rj and satisfy (2.34), (2.35), (2.36).

Proof. The claimed transformation of equation (2.32) with the given fs and gs
is a direct calculation. Assumption B1 for fs and gs follows immediately, too.
Using formula (2.37) and the fact that suitable eigenvectors are still given by
rj, yields B2 and B3 for fs and gs as well as (2.34) and (2.36). B4 for fs and
gs, implying (2.35), is a direct calculation.

Since |µk(0)| < 1 we can perform a Lorentz-boost of speed s = µk(0), and
in view of Lemma 2.3.3 we assume from now on without loss of generality that

µk(0) = 0

by making the replacements f → fµk(0) and g → gµk(0). To simplify our set-up
further we prove a small lemma.

Lemma 2.3.4. Let F ∈ Rn×n be symmetric. If there are c > 0 and a splitting

V − ⊕ kerF ⊕ V + = Rn
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such that for all η− ∈ V − and η+ ∈ V +

〈η−, Fη−〉 ≤ −c|η−|2,
〈η+, Fη+〉 ≥ c|η+|2,

then, counting with multiplicities, F has exactly dimV − negative and dimV +

positive eigenvalues.

Proof. Let W− resp. W+ be the maximal F -invariant subspace of Rn such that
F |W− resp. F |W+ is negative resp. positive definite. Obviously,

W− ⊕ kerF ⊕W+ = Rn.

Assume dimW− > dimV −. Then W− ∩ (kerF ⊕ V +) is non-trivial, so we can
pick w = v0 + v+ ∈ W− ∩ (kerF ⊕ V +)\{0} with v0 ∈ kerF and v+ ∈ V +.
Since w 6∈ kerF we find v+ 6= 0 and

〈w,Fw〉 = 〈v+, Fv+〉 ≥ c|v+|2 > 0,

a contradiction to the negative definiteness of F |W− . Hence, dimW− ≤ dimV −.
In the same way one shows dimW+ ≤ dimV +. Since dimW− + dimW+ =
dimV − + dimV + we find dimW− = dimV − and dimW+ = dimV +.

Lemma 2.3.5. Let δ, µi and ri be like in Lemma 2.3.1. Then there is an
orthogonal change of variables leaving (2.32) invariant such that

Df(0) = diag(λ1, . . . , λd)

with

λk = 0 and λj < 0 < λj′ if j < k < j′,

and

ek =
rk(0)

|rk(0)|

where ek ∈ Cn is the unit vector along the k-th axis. With respect to this change
of basis it holds

〈Dµk(0), rk(0)〉 = |rk(0)|3(∂2
kf(0))k. (2.38)

Proof. Set F := Df(0), G := G(0), and

V − := span {rj(0)}1≤j<k and V + := span {rj(0)}k<j≤d.

The matrix F is symmetric and kerF = span {rk(0)}. Then V −⊕kerF ⊕V + =
Rn. On G1/2V − resp. G1/2V + the matrix G−1/2FG−1/2 is negative resp. positive
definite. Because G is positive definite, too, this implies F being negative
resp. positive definite on V − resp. V +. An application of Lemma 2.3.4 shows
that there is an orthonormal set of eigenvectors of F with the k-th eigenvector
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equal to rk/|rk| inducing a change of basis that diagonalizes F in the claimed
way.
To show (2.38) use the above change of basis and apply the differential operator
〈rk(0), Dv〉 = |rk|∂k to the identity (cf. [86])

rk(v)t(Df(v)− µk(v)Dg(v))rk(v) = 0 for v ∈ Bδ(0).

From now on fix δ, µi, ri like in Lemma 2.3.1 and change basis like in Lemma
2.3.5. For small enough ε0 ∈ (0, 1] consider a smooth family of triples

{(v−ε , v+
ε , s(ε))}ε∈[0,ε0] ⊂ V × V × (−1, 1)

such that:

(i) For ε > 0 the triple (v−ε , v
+
ε , s(ε)) is a k-shock of g(v)t + f(v)x = 0;

(ii) s(0) = 0 and s′(0) = 0;

(iii) v±ε = ±ε(ek +O(ε));

(iv) v−ε and v+
ε are the only solutions of

f(v)− s(ε)g(v) = f(v−ε )− s(ε)g(v−ε )

for v ∈ B3ε(0).

Remark 2.3.6. One can construct such a family of k-shocks by the usual (local)
structure of the Rankine-Hugoniot locus

{v ∈ V| ∃s ∈ R : f(v)− sg(v) = f(v−ε )− sg(v−ε )}

at v−ε (see [61], and for a proof e.g. [18]). Note µk(0) = 0.

For simplicity we only consider shocks with end-states symmetrically distributed
over the k-th direction, i.e.

(iii)′ (v±ε )k = ±ε.

Definition 2.3.7. We call φ ∈ C∞(R) a shock profile for a shock (v−, v+, s) ∈
V × V ∈ (−1, 1) of g(v)t + f(v)x = 0 if φ is a solution of the boundary value
problem

φ′ = fs(φ)− fs(v−), φ(±∞) = v±. (2.39)

For ε ∈ [0, ε0] set

cε := fs(ε)(v
−
ε ) and γε = γ(s(ε)).

Viewing the construction of shock profiles by Majda and Pego [69] from a geo-
metric perspective one can obtain a smooth family of shock profiles {φε}ε for
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the family of shocks {(v−ε , v+
ε , s(ε)}ε by a slow-fast decomposition like in [26].

To make the slow-fast structure apparent set εu = φ in (2.39) for the shock
(v−ε , v

+
ε , s(ε)). Then u must solve

u′ = f̃ε(u), u(±ε) = u±ε (2.40)

where

f̃ε(u) := ε−1fs(ε)(εu)− ε−1cε for ε ∈ (0, ε0], u ∈ B3(0),

and

u±ε := ε−1v±ε .

A Taylor expansion shows

ε−1fs(ε)(εu) =diag(λ1, . . . , λd)u+
ε

2
D2f(0)[u, u]

+O(ε2)

and

ε−1cε =O(ε) with (ε−1cε)k = εa+O(ε2)

for

a :=
1

2
(∂2
kf(0))k < 0.

Hence, f̃ε(u) and u±ε extend smoothly onto ε = 0 and (2.40) is in Fenichel
normal form (2.31). The fast variables are uj for j 6= k, the slow variable is
uk. The set {uj = 0}j 6=k ∩ B3(0) is a normally hyperbolic critical manifold for
(2.40) and Theorem (2.2.9) shows (see also [50, 90]):

Lemma 2.3.8. For ε0 small enough there exists a smooth function u = uε(τ)
for ε ∈ [0, ε0], τ ∈ J := [−1, 1], with uε(τ)j = O(ε) if j 6= k and (uε(τ))k = τ
defining a slow manifold uε(J) of (2.40) with slow flow given by

τ ′ = ε(1− τ 2)hε(τ) (2.41)

for a smooth function h = hε(τ) = (−a+O(ε)).

We obtain a smooth family of shock profiles {φε}ε connecting v−ε to v+
ε by

letting φε be the solution of

φ′ = fs(ε)(φ)− cε, φ(0) = εuε(0).

They correspond to solutions χε of the equations

χ′ε = ε(1− χ2
ε)hε(χε), χε(0) = 0, (2.42)
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via

φε = εuε(χε).

The profiles φε define travelling wave solutions vε of (2.32) with

vε(t, x) = φε(γε(x− s(ε)t)).

We apply a Lorentz-boost of speed s(ε) to move into the rest frame of vε. Then
(2.32) reads

gs(ε)(v)t + fs(ε)(v)x = �v. (2.43)

Linearizing (2.43) at vε(t, x) = φε(x) yields

Dgs(ε)(φε)vt + (Dfs(ε)(φε)v)x = �v. (2.44)

The Laplace modes eκtp(x), κ ∈ C, of (2.44) are defined by solutions p of

lκ,εp := pxx − (Dfs(ε)(φε)p)x − (κ21n + κDgs(ε)(φε))p = 0.

Setting q = px −Dfs(ε)(φε)p the above Laplace-mode differential equation has
a first-order formulation

ξ′ = As(ε),κ(φε)ξ (2.45)

for ξ = (p, q) ∈ C2n and

As,κ(v) =

(
Dfs(v) 1n

κ21n + κDgs(v) 0

)
∈ C2n×2n.

The study of the non-autonomous, parameter depending and linear ordinary
differential equation (2.45) is the main objective of the following sections. (The
reader can find more information on ordinary differential equations and dynam-
ical systems in, e.g., [10, 79, 91], and specifically on systems like (2.93) in [11,
39, 83].)

We will follow the work of Freistühler and Szmolyan on hyperbolic-para-
bolic conservation laws in [26] and [27]: Instead of treating the Laplace-mode
equation (2.45) as a non-autonomous system one couples (2.45) to the reduced
profile equation (2.41) and obtains an autonomous system in τ and ξ which
depends on the parameters ε and κ. Then invariant manifold theory is applied:
Inspired by the construction of the shock profiles φε one uses normally hyper-
bolic theory [19, 40], most times in the form of geometric singular perturbation
theory [22, 50, 90]. Making use of the linear structure of (2.45) the evolution
of vector spaces is tracked by the associated Grassmannian flows (cf. [2], see
Section 2.1 for some basics concerning flows on Grassmann manifolds). Since
the resulting state space is invariant and compact, normally hyperbolic theory
yields unique invariant manifolds perturbing smoothly from the initial mani-
folds. By considering three spectral regimes (see Section 2.7) in combination
with various rescalings a detailed construction of Evans bundles for the profiles
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φε is achieved.
The use of spectral theory to answer questions on the stability of travelling

waves has become popular in the last five decades starting with the fundamen-
tal work of Evans on nerve axon equations [17]. The Evans function method
was further developed by Jones [49] and Alexander et al. [2], and since then
Evans function theory has been applied successfully to reaction-diffusion equa-
tions, e.g. [2, 32, 33, 49], viscous conservation laws, e.g. [26, 34, 51, 71, 77, 99],
and hyperbolic relaxation systems, e.g. [70, 72, 77], yielding stability results in
many different contexts. When studying the stability of travelling wave solu-
tions associated to shocks of, e.g., viscous conservation laws one is met with the
problem of the absence of a spectral gap in the sense that the essential spectrum
touches the imaginary axis. At first glance this limits the scope of results of
an ansatz by Evans function theory since an analytic extension of the Evans
function into the essential spectrum is necessary [32, 76]. But after the discov-
ery that Evans bundles of shock profiles have suitable analytic extensions [34,
53], it was Zumbrun and collaborators that showed the profound importance
of spectral stability: Under natural assumptions spectral stability implies lin-
earized and nonlinear orbital stability of shock profiles for hyperbolic-parabolic
conservation laws [71, 99] and hyperbolic relaxation systems [70, 72]. Whether
these implications also hold for hyperbolically regularized systems of conserva-
tion laws such as (2.32) is an open research question. However the reader may
find a discussion of the associated resolvent kernel in Section 2.6. We view our
results as the first steps towards other stability results such as linearized and
nonlinear orbital stability.

Parallel to developments within the Evans function framework non-standard
energy methods are used in the stability analysis of travelling waves. Along the
lines of Sattinger [84], Matsumura and Nishihara [74] and Goodman [37] this
ansatz was employed to great success, e.g. [31, 55, 67, 89, 92], often solving
directly the nonlinear stability problem. The proofs are tailor-made for the
specific problem at hand yielding strong results in the particular situation but
are often difficult to generalize.

Despite the similarities to hyperbolic relaxation systems our result is not
contained in the results on (spectral) stability of shock profiles for such systems
[46, 64, 70, 72, 73, 77, 92]. This is due to the fact that in general g need
not be the identity, and hence it seems not possible to transform (2.32) into
a relaxation equation of Jin-Xin-type [47] (cf. [58, 92]). Furthermore, in the
setting of special relativity as in [29] we need to allow for g 6= id since by Lemma
2.3.3 the assumption g = id is in general not invariant under a Lorentz boost.
Finally, we want to mention the work of Lattanzio et al. [58] where stability
of travelling waves for the Allan-Cahn model with relaxation is discussed. The
underlying model being a scalar semi-linear damped wave equation they also
arrive at a quadratic nonlinear eigenvalue problem. The dispersion curves of
the latter equation lie entirely in the left half of the complex plane and do not
touch the imaginary axis which is a major qualitative difference to the models
considered here.
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2.4 Evans function theory for second-order hy-
perbolic operators

Some important definitions of Evans function theory for second-order hyperbolic
operators like the one defining (2.32) are given in the following as well as the
notion of spectral stability of shock profiles used in our setting. The section
concludes with a statement of our main result, Theorem 2.4.8.

We begin with a definition and a lemma on dispersion curves for certain
families of holomorphic, matrix-valued functions.

Definition 2.4.1. LetA = {A(κ)}κ∈C ⊂ C2n×2n be a smooth family of matrices
and denote by U(κ) resp. S(κ) the unstable resp. stable subspace of A(κ). Then
a domain of constant splitting Λ̃ for A is an open subset of C with

dimU(κ) = n = dimS(κ) for all κ ∈ Λ̃.

Lemma 2.4.2. Let F,G ∈ Rn×n satisfy the following assumptions:

C1 F,G are symmetric, and G is positive definite;

C2 G± F is positive definite.

For κ ∈ C define

A(κ) := AF,G(κ) :=

(
F 1n

κ21n + κG 0

)
and set A := {A(κ)}κ∈C. Then

Λ̃ := Mν :=

{
κ ∈ C

∣∣∣∣ − ν (Imκ)2

1 + (Imκ)2
< Reκ

}
(2.46)

is a domain of constant splitting for A. Furthermore, zero is not an element of
any domain of constant splitting for A.

Proof. We invoke the results on dissipative symmetric hyperbolic-hyperbolic
systems as found in [25]. Let κ ∈ C. Then A(κ) is not hyperbolic iff for some
ξ ∈ R

iξ ∈ σ(A(κ))

which is equivalent to the dispersion relation

det(κG+ iξF + κ21n + ξ21n) = 0. (2.47)

But (2.47) holds iff eκt+iξx solves

Gvt + Fvx = �v.
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By Theorem 3 and Proposition 1 in [25] there exists a constant ν > 0 such that
the last statement implies

Reκ ≤ −ν ξ2

1 + ξ2
.

As is easy to see, there exists a constant c > 0 such that for all solutions
(κ, ξ) ∈ C× R of the dispersion relation (2.47) it holds

|κ| ≤ c|ξ|,

in particular

|Imκ| ≤ c|ξ|.

By shrinking ν > 0 if necessary we find that κ ∈Mν implies

iR ∩ σ(A(κ)) = ∅.

Therefore, by continuity, the real parts of the eigenvalues of A(κ) may not
change signs on Mν , and considering large κ ∈ (0,∞) one finds that the stable
space S(κ) and the unstable space U(κ) of A(κ) satisfy

dimS(κ) = n = dimU(κ)

if κ ∈Mν .

Definition 2.4.3. (cf. [2]) Let A = {(A−(κ), A+(κ))}κ∈C ⊂ (C2n×2n)2 be a
smooth family of pairs of matrices, and set A± = {A±(κ)}κ∈C. Let Λ̃± be a
domain of constant splitting for A±. Then a domain of consistent splitting
Λ ⊂ C for A is defined as the intersection

Λ = Λ̃− ∩ Λ̃+.

Suppose we are given a shock (v−, v+, s) ∈ V×V×(−1, 1) of g(v)t+f(v)x = 0
with end-states v± connected by a smooth shock profile φ : R → V . Consider
the system

ξ′ = As,κ(φ(x))ξ on C2n. (2.48)

Set at the end-states

A±κ := As,κ(v
±) = ADf±s ,Dg±s (κ)

with

Df±s := Dfs(v
±) and Dg±s := Dgs(v

±),

and let A := {(A−κ , A+
κ )}κ∈C. Then Df±s , Dg±s satisfy C1, C2 of Lemma 2.4.2,

and as a direct consequence we obtain:
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Corollary 2.4.4. There exists ν ∈ (0,∞) such that Λ := Mν is a domain of
consistent splitting for A. In particular, setting H+ := {κ ∈ C| Reκ ≥ 0} we
have

H+\{0} ⊂ Λ.

Note 0 6∈ Λ.

Let Λ be a domain of consistent splitting as found in Corollary 2.4.4. For
κ ∈ Λ there are unique n-dimensional subspaces [11]

H±(κ) ⊂ G 2n
n (C)

such that any solution ξ of (2.48) with ξ(0) ∈ H±(κ) decays to zero at ±∞.
Here G 2n

n (C) denotes the complex Grassmann manifold consisting of all n -
dimensional subspace of C2n (see Section 2.1). On Λ the subspaces H±(κ)
depend analytically on κ [2, 83]:

Definition 2.4.5. The analytic bundles

H± : Λ→ G 2n
n (C)

are called Evans bundles for the shock profile φ. An Evans function

E : Λ→ C

is the Wronskian determinant of an analytic choice of bases for H− and H+ on
Λ.

Later on we will restrict attention to the bundles H± on H+\{0}.

Remark 2.4.6. In the construction of Evans bundles H±ε for the shock profile
φε we will use the characterization that for ξ0 ∈ C2n\{0} and κ ∈ H+\{0}, hence
for κ being an element of a domain of consistent splitting, one has ξ0 ∈ H− if
and only if the solution ξ of (2.48) starting in ξ(0) = ξ0 satisfies

dist(span {ξ(−x)}, U−ε,κ)→ 0 as x→∞,

and analogously with “−“ and U−ε,κ replaced by “+“ and S+
ε,κ (cf. [83, 27]). Here

U−ε,κ and S+
ε,κ are the unstable subspace of As(ε),κ(v−ε ) and the stable subspace of

As(ε),κ(v
+
ε ), respectively, and dist(span {ξ(−x)}, U−ε,κ) is the distance of the point

span {ξ(−x)} from the set U−ε,κ in G 2n
1 (C).

Definition 2.4.7. The shock profile φ is called spectrally stable if the Evans
bundles H± possess analytic extensions on H+, and an Evans function E which
is defined by taking the Wronskian determinant of an analytic choice of bases
of the extensions of H− and H+ on H+ satisfies the Evans function condition
(see [70]):

(∀κ ∈ H+ : E(κ) = 0 ⇔ κ = 0) and (E ′(0) 6= 0). (2.49)
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With the above definitions we can give a short statement of the central result
of this chapter:

Theorem 2.4.8. For sufficiently small ε > 0, the shock profile φε is spectrally
stable.

Theorem 2.4.8 is proved in section 2.7 by construction of holomorphic bun-
dles H±ε on H+ which vary smoothly in ε and are rescaled versions H±ε (ζ) =
H±ε (ε2ζ) of the Evans bundles H±ε of φε.

2.5 A hyperbolic Burgers’ equation
Before we continue the discussion of spectral stability of shock profiles for sys-
tem (2.32) let us consider a scalar example, the hyperbolic Burgers’ equation,
where spectral stability of a standing shock profile can be verified by explicit
expressions for the Evans bundles and an Evans function without relying on the
general developments in the following sections. One obtains concrete objects
for the notions introduced in the previous section. Furthermore, the parabolic
version of Burgers’ equation will be important in the stability analysis for shock
profiles of (2.32) as a canonical equation appearing in the singular limit of (2.45)
(cf. [26]). The spectral stability of a particular shock profile to the parabolic
Burgers’ equation will be passed on to shock profiles of (2.32) in the small
frequency regime. Following [3] we treat both a hyperbolic and a parabolic
version of Burgers’ equation in the same vein, with focus on the first of the two
equations.

For v ∈ R consider the scalar equation

vt −
1

4
(v2)x = �v = vxx − vtt (2.50)

on (t, x) ∈ (0,∞) × R consisting of a conservation law on the left side with
flux f(v) = −(1/4)v2 and the d’Alembertian on the right side. We call (2.50)
a hyperbolic Burgers’ equation. The factor 1/4 ensures that for |v| ≤ 1 the
conservation law on the left of (2.50) is sub-characteristic with respect to the
d’Alembertian.

A standing viscous shock profile τ for (2.50) connecting the states v− = −1
and v+ = 1 satisfies the boundary value problem

τ ′ =
1

4
(1− τ 2), τ(±∞) = ±1. (2.51)

The solution of (2.51) with τ0(0) = 0 is given by τ0(x) = tanh(x/4).

Remark 2.5.1. Note f(−1)−f(1) = 0 and f ′(v−) = 1/2 > 0 > −1/2 = f ′(v+),
in particular compare |f ′(v±)| < 1 to assumption A4.

The linearization of (2.50) at τ0 is

vt −
1

2
(τ0v)x = vxx − vtt. (2.52)
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and the Laplace modes etκp(x) of (2.52) solve the ODE

lκp := pxx +
1

2
(τ0p)x − (κ2 + κ)p = 0

with a first order formulation

ξ′ = Aκ(τ0)ξ (2.53)

where ξ = (p, q) and

Aκ(τ) =

(
−1

2
τ 1

k(κ) 0

)
for κ ∈ C, τ ∈ [−1, 1] and k(κ) := κ2 + κ. Note that replacing �v by ∂2

xv in
(2.50) gives the parabolic Burgers’ equation, and the same deductions as above
lead to an ODE (2.53) with k(κ) replaced by kpar(κ) := κ.

The asymptotic values of Aκ(τ) are

A±κ = Aκ(±1) =

(
∓1

2
1

k(κ) 0

)
, (2.54)

and the eigenvalue problem for A±κ readsµv1 = ∓1

2
v1 + v2,

µv2 = k(κ)v1,
(2.55)

for µ ∈ C and v = (v1, v2) ∈ C2. From (2.55) we find the quadratic equation

µ2 ± 1

2
µ− κ− κ2 = 0. (2.56)

Purely imaginary eigenvalues µ = iη, η ∈ R, of A±κ define the dispersion curves
κ±(η) which lie in the set

D := {κ ∈ C| ∃η ∈ R : iη ∈ σ(A+
κ ) ∪ σ(A−κ )}.

If µ = iη one gets from (2.56)

κ±1 (η) = −1

2
+
√

1
4
− η2 ± i1

2
η, κ±2 (η) = −1

2
−
√

1
4
− η2 ± i1

2
η, (2.57)

where
√
· is the branch of the square root with

√
1 = 1. It is not hard to see

that

Reκ±1,2(η) < 0 (η 6= 0),

i.e. the dispersion curves of A±κ lie in the left half plane of C and intersect
the imaginary axis only at the origin. Note that here the aforementioned sub-
characteristicity is important.
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Next the expansions of κ±1,2(η) at |η| → 0 and |η| → ∞ are given. Since
κ±1 (η) + κ±2 (η) = −1 the expansion at 0 is only given for κ±1 . One gets

κ±1 (η) = ±i1
2
η − 3

4
η2 +O(|η|3) (2.58)

which is in leading order a parabola in C opened towards the left. The expan-
sions at infinity are

κ±1 (η; τ) = iη − 2∓ 1

4
+O(|η|−1), κ±2 (η; τ) = −iη − 2± 1

4
+O(|η|−1)

showing asymptotic approximation of κ±1,2 to lines which are parallel to the
imaginary axis and pass through either −1/4 or −3/4.

A domain of consistent splitting Λ is given by the open and simply connected
subset of C lying to the right of all the dispersion curves (2.57). We have
H+\{0} ⊂ Λ, and by (2.58) the boundary of Λ touches the imaginary axis at 0
to second order.

  

ℝ

iℝ

Λ

parabolic

hyperbolic

hyperbolic

D

Figure 2.1: The essential spectrum of lκ touches the imagi-
nary axis at the origin the latter being in the extended point

spectrum.1

The situation is sketched in Figure 2.1. We see a portion of the complex
plane centered at the origin. The orange curves stands for the right-most dis-
persion curve in D touching the imaginary axis at the origin to second order.
The origin itself is highlighted by an orange circle since the operator l0 has τ ′0 as
an eigenfunction, i.e. τ ′0 ∈ ker l0. Furthermore, there are two circles splitting the
complex plane into three parts: For small frequencies |κ| � 1 we have k(κ) ≈ κ
and we expect solutions of (2.53) to behave w.r.t κ as if we were considering
a viscous, or parabolically regularized, conservation law. For large frequencies
|κ| � 1 the hyperbolic nature of equation (2.50) kicks in and the dispersion
curves ran parallel to the imaginary axis. Remembering the domains of consis-
tent splitting Mν in Lemma 2.4.2 we see that Figure 2.1 captures the situation

1This figure was generated on www.desmos.com/calculator and edited with Libre Office
5.1.6.2.
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in the general context, too (see also the discussion of the inner and the outmost
regime in Section 2.7).

From the quadratic relation (2.56) we find that the eigenvalues of A±κ are
given by

µ±,u(κ) = ∓1

4
+

√
1

16
+ k(κ), µ±,s(κ) = ∓1

4
−
√

1

16
+ k(κ),

with corresponding eigenvectors

R±,u(κ) =

(
1

−µ±,s(κ)

)
, R±,s(κ) =

(
1

−µ±,u(κ)

)
.

An expansion of µ±,u/s for large κ ∈ H+ gives

µ±,u(κ) = κ+
2∓ 1

4
+O(|κ|−1), µ±,s(κ) = −κ− 2± 1

4
+O(|κ|−1).

With κ = iη we see that the asymptotic matrices A±iη have some uniform hy-
perbolicity left at the boundary of H+ if η � 1 (compare this to the treatment
in Subsection 2.7.3).

To compute the Evans bundles we must find solutions to{
p′ = −1

2
τ0p+ q

q′ = k(κ)p
(2.59)

with the appropriate decay properties. By [3] an appropriate choice for p is

p±κ (x) =

(
−1

4
τ0(x)∓

√
k(κ) +

1

16

)√
τ ′0(x)e∓x

√
k(κ)+ 1

16

where the signs indicate the decay in x to 0 at + or − infinity. q may be read
off the first line in the ODE-system (2.59) and is given by

q±κ (x) = k(κ)
√
τ ′0(x)e∓x

√
k(κ)+ 1

16 .

For all κ ∈ Λ we know that the real part µ+,u(κ) is non-zero. For κ ∈ (0,∞)
it holds µ+,u(κ) > 0. By continuity the real part of µ+,u(κ) may not change its
sign in Λ and we deduce

Re

(√
k(κ) +

1

16

)
>

1

4
(κ ∈ Λ).

This shows for ξ±κ = (p±κ , q
±
κ ) that

ξ±κ (x)→ 0 for x→ ±∞ and κ ∈ Λ.

The absolute value of the decay rate is larger than 1/4 for κ ∈ Λ.
Furthermore, in the spirit of evolving subspaces we find that span{ξ±κ (x)}
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approaches the stable resp. unstable subspace of A±κ at ±∞ since (read for +:
first superscript s; for −: second superscript u):

span{ξ±κ (x)} = span

{(
−1

4
τ0(x)∓

√
k(κ) + 1

16

k(κ)

)}

→ span

{(
∓1

4
∓
√
k(κ) + 1

16

k(κ)

)}
for x→ ±∞

= span
{(

µ±,s/u(κ)
k(κ)

)}
= span

{
R±,s/u(κ)

}
.

The limits are understood in the topology of the Grassmannian manifold G 2
1 (C).

Hence, ξ±κ = (p±κ , q
±
κ ) are indeed the desired solutions and the Evans bundles

are given by

H±(κ) := span

{(
∓
√
k(κ) + 1

16

k(κ)

)}
(2.60)

with Evans function

E(κ) := 2k(κ)

√
k(κ) +

1

16
. (2.61)

The Evans function E satisfies the Evans function condition (2.49) and τ0 is a
spectrally stable shock profile of (2.50).

We close this section by giving expressions for the Evans bundles and an
Evans function for the parabolic Burgers’ equation (2.50) with ∂2

xv instead of
�v. This amounts to simply replacing k by kpar in (2.60) and (2.61):

h±p,par(κ) := ∓
√
κ+ 1/16 (2.62)

h±q,par(κ) := κ (2.63)

H±par(κ) := span
{(

h±p,par(κ)
h±q,par(κ)

)}
(2.64)

Epar(κ) := 2κ
√
κ+ 1/16 (2.65)

2.6 Resolvent kernel
The use of a spectral approach towards stability of shock profiles in regularized
conservation laws is at first obstructed by the fact that the essential spectrum
touches the imaginary axis at the origin hindering an extension of the resolvent
of the linearized problem as a meromorphic function into the left half of the
complex plane. Furthermore, at the frequency κ = 0 there is an eigenfunction
given by the derivative of the shock profile but 0 cannot be an isolated eigen-
value since it is embedded in the essential spectrum (see also Figure 2.1). This
problem can be elegantly taken care of by considering the so-called resolvent
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kernel instead. The resolvent kernel is a meromorphic function whose isolated
poles coincide on a domain of consistent splitting with those of the resolvent but
with a well-defined meromorphic continuation into the left half of the complex
plane. It also allows for an extended notion of point spectrum (see [99]). The
precise analysis of the properties of the resolvent kernel lies at the heart of the
program of Zumbrun and collaborators where the verification of linearized and
nonlinear orbital stability of shock profiles is reduced to proving their spectral
stability (see the sketch below).

nonlinear orbital stability
⇑

linearized orbital stability
⇑ (⇓)

spectral stability

The program is complete for, e.g., Lax shocks in viscous conservation laws and
hyperbolic relaxation systems [26, 70, 72, 77, 99].

This section discusses the appearance of an Evans function in the construc-
tion of the resolvent kernel for the linearized system (2.44) thereby giving a
meaning to the Evans function condition in Definition 2.4.7. As discussed above,
following [99] this marks the starting point of an extended spectral theory for
the linear operator associated with (2.44) yielding an extension of its resolvent
into the essential spectrum while characterizing the latter’s regularity as well.
For the definitions of the various parts of the spectrum we refer the reader to
the textbooks [39, 52] (see also [54]). The relevant information on distribution
theory and Sobolev spaces can be found in [1, 43], and treatments of semi-group
theory are given in, e.g., [16, 75].

2.6.1 Semi-group theory

Suppose that we are given a tuple (v−, v+, s) ∈ V ×V × (−1, 1) and φ ∈ C∞(R)
such that

S1 dg(v±), dg(v−)± df(v−) and dg(v+)± df(v+) are positive definite;

S2 df(v±) is strictly hyperbolic w.r.t. dg(v±);

S3 (v−, v+, s) is a p-shock for g(v)t + f(v)x = 0;

S4 φ is a shock profile of (2.32) for the shock (v−, v+, s).

A Lorentz boost of speed s turns φ into a stationary solution of

gs(v)t + fs(v)x = �v

Linearizing at φ yields

Gvt + (Fv)x = �v. (2.66)

where we have set

G(x) := Dgs(φ(x)) and F (x) := Dfs(φ(x)).
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We will discuss the semi-group theory of (2.66) and its resolvent kernel. Asso-
ciated to (2.66) we define the closed linear operator

D(L) := H2(R;Cn)×H1(R;Cn),

LV :=

(
V2

∂2
xV1 − ∂x(FV1)−GV2

)
,

on the Hilbert space

H = H1(R;Cn)× L2(R;Cn),

〈V,W 〉H := 〈V1,W1〉L2 + 〈∂xV1, ∂xW1〉L2 + 〈V2,W2〉L2 .

L is equal to A+B where

D(A) := D(L), AV :=

(
V2

∂2
xV1

)
and

D(B) := H, BV := −
(

0
∂x(FV1) +GV2.

)
Here Hm,m ∈ N, denotes the usual L2-based Sobolev space of order m. By
Theorem 4.5 in Chapter 7 of Pazy’s book [75] A is the generator of a C0-group
{eAt}t∈R on H satisfying

||eAt|| ≤ e|t|.

The operator B is a linear and bounded operator on H and therefore L is
a perturbation of A by the bounded linear operator B. By Theorem 1.1 in
Chapter 3 of [75] L is the generator of a C0-group {eLt}t∈R of operators on H
satisfying

||eLt|| ≤ e(1+||B||)|t|.

Hence, we arrive at

Lemma 2.6.1. (Corollary 7.5, Chapter 1, [75]) Let eAt be the group of operators
generated by L in H. If γ > 0 is large enough then for all V ∈ D(L2) it holds

eAtV =
1

2πi

∫ γ+i∞

γ−i∞
eκt(κ− L)−1V dκ ∈ D(L) (2.67)

and for every 0 < δ < 1, the integral converges in H uniformly in t for |t| ∈
[δ, 1/δ].

Remark 2.6.2. (i) Note D(L2) = {V ∈ H : V ∈ D(L), LV ∈ D(L)}.
Ellipticity of ∂2

x implies D(L2) = H3(R;Cn)×H2(R;Cn).
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(ii) The integral in (2.67) is a principal value integral in the sense that for all
U ∈ D(L2) the line integral∫ γ+iK

γ−iK
eκt(κ− L)−1V dκ

converges for K →∞ in H uniformly in t for |t| ∈ [δ, 1/δ].

The Green’s function G(t) = G(t, x, y) for ∂t − L is defined by its action on
test functions h, k ∈ C∞0 (R;Cn)× C∞0 (R;Cn) via

G(t)(h, k) := (k, eLth)

where for h, k ∈ L2(R;Cn)× L2(R;Cn) ∼= L2(R;C2n) we have used the pairing

(h, k) =

∫
R
h(x)tk(x)dx ∈ C.

On the resolvent set ρ(L) of L the resolvent kernel Gκ = Gκ(x, y) is similarly
defined by

Gκ(h, k) = (k, (L− κ)−1h).

Hence, for γ > 0 large enough one finds, in the sense of distributions,

G(t) = − 1

2πi
P.V.

∫ γ+i∞

γ−i∞
eκtGκdκ.

For κ ∈ ρ(L) the resolvent kernel is the uniquely defined distribution satisfying

(L− κ)Gκ = δ0(x− y) and Gκ(h) ∈ H.

Here δ0 is the Dirac distribution at 0 and for h, k ∈ C∞0 (R;C2n) the expression
δ0(x−y) denotes the distribution defined by inserting h, k into the pairing (·, ·),
i.e.

δ0(h, k) = (h, k).

Remark 2.6.3. As customary we frequently switch between interpreting Gκ as
a distribution acting on test functions in C∞0 (R2;C2n) and as a map taking
test functions C∞0 (R;C2n) to distributions acting on C∞0 (R;C2n). Since Gκ

is constructed from Dirac distributions and measurable functions there is no
difficulty in changing between these view points.

2.6.2 Construction of the resolvent kernel

For κ ∈ C let

D(lκ) := H2(R;Cn) ⊂ L2(R;Cn)
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and define the closed linear operator

lκv := ∂2
xv − (Fv)x − κ(κ+G)v, v ∈ D(lκ),

on L2(R;Cn). For κ ∈ C with 0 ∈ ρ(lκ) let gκ be the uniquely defined distribu-
tion satisfying

lκgκ = δ0(x− y) and gκ(h) ∈ L2,

where again for h, k ∈ C∞0 (R;Cn)

δ0(h, k) =

∫
R
h(x)tk(x)dx.

We find that indeed gκ is well-defined and for h ∈ C∞0 (R;Cn) we have

gκ(h) = l−1
κ h.

In particular, gκ(h) ∈ H2. We refer to gκ as the resolution kernel of lκ.

Lemma 2.6.4. Let κ ∈ C. Let Sκ : H → H denote the bounded multiplication
operator

Sκ(V )(x) =

(
1n 0

κ+G(x) 1n

)
V (x),

If 0 ∈ ρ(lκ) then the linear operator(
0 l−1

κ

idn κl−1
κ

)
◦ Sκ : H → H

is a bounded inverse of L− κ. If κ ∈ ρ(L) then the linear operator

(idn, 0)(L− κ)−1

(
0
idn

)
: L2(R;Cn)→ L2(R;Cn)

is a bounded inverse of lκ. In particular, it holds

0 ∈ ρ(lκ) ⇔ κ ∈ ρ(L).

Proof. By elementary algebraic manipulations we have(
f1

f2

)
∈ ker(L− κ) ⇔ f1 ∈ ker lκ and κf1 = f2.

In particular,

ker(L− κ) = {0} ⇔ ker lκ = {0}.
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Since for 0 ∈ ρ(lκ) a bounded right inverse for L− κ is given by(
0 l−1

κ

idn κl−1
κ

)
◦ Sκ,

and for κ ∈ ρ(L) a bounded right inverse for lκ is given by

(idn, 0)(L− κ)−1

(
0
idn

)
,

the claim follows.

By the previous lemma, or by direct calculation and use of definitions, we
obtain for κ ∈ ρ(L) the fundamental relation

Gκ(x, y) =

(
gκ(x, y)(κ1n +G(y)) gκ(x, y)

δ0(x− y) + κgκ(x, y)(κ1n +G(y)) κgκ(x, y)

)
. (2.68)

Hence, a representation of gκ leads directly to a representation of Gκ. In the
following we construct gκ in standard fashion from appropriately decaying so-
lutions (p, p′)t where p solves lκp = 0: Consider the linear non-autonomous
ordinary differential equation

ξ′ = Ãκ(x)ξ (ξ = (p, p′)t ∈ C2n) (2.69)

with coefficient matrix

Ãκ(x) =

(
0 1n

κ(κ1n +G(x)) + F ′(x) F

)
.

The differential system (2.69) is the standard first-order formulation of lκp = 0.
Set F± := Dfs(v

±), G± := Dgs(v
±) and Ã±κ := Ãκ(±∞). Note that F± is

invertible because (v−, v+, s) is a p-shock. For any m ∈ N0 there is a constant
θ > 0 such that

lim
x→±∞

(|(∂mx (F (x)− F±)|+ |∂mx (G(x)−G±)|)eθ|x| = 0,

i.e. the coefficient matrix Ãκ in (2.69) is asymptotically constant with exponen-
tial rate. Because

Ã±κ ∼ AF±,G±(κ) =

(
F± 1n

κ(κ+G±) 0

)
and F±, G± satisfy the assumptions of Lemma 2.4.2 there exists ν > 0 such
that Λ := Mν is a domain of consistent splitting for {(Ã−κ , Ã+

κ )}κ. On Λ the
spectral projections P±,Sκ and P±,Uκ onto the n-dim. stable subspace S±κ and the
n-dim. unstable subspace U±κ of Ã±κ are well-defined and holomorphic in κ. The
next lemma shows that these spectral projections have holomorphic extensions
in a small neighborhood of zero.



76 Chapter 2. Spectral stability of shock profiles

Lemma 2.6.5. Let F,G satisfy the assumptions of Lemma 2.4.2. Suppose in
addition that F is invertible, and let λ1, . . . , λm be the eigenvalues of F counted
without their multiplicities. Denote by ν1, . . . , νm̃ the eigenvalues of F−1G(∼
G1/2F−1G1/2) with corresponding projections p1, . . . , pm̃. Set A(κ) := AF,G(κ)
and A := {A(κ)}κ, and let Λ̃ be a domain of constant splitting for A as found in
Lemma 2.4.2. On Λ̃ denote by P S = P S(κ) resp. PU = PU(κ) the holomorphic
spectral projection onto the stable resp. unstable subspace of A = A(κ). Then
for some γ ≥ 1 the slow eigenvalues of A(κ) expand as

νjk(κ) = −νjκ+ βjkκ
2 +O(κ2+ 1

γ )

with total projection Pj = Pj(κ) where βjk are the eigenvalues of

−(1− (νj)
2)pjF

−1pj|R(pj) = νj((νj)
2 − 1)pjG

−1pj|R(pj)

with sgn ν = sgn βjk, and the fast eigenvalues of A(κ) expand as

λj(κ) = λj +O(κ).

For |κ| � 1 denote by P<(κ) the total projection belonging to the λj-groups
with λj < 0 and by P>(κ) the total projection belonging to the λj-groups with
λj > 0. Then

dim

P>(κ) +
∑
νj<0

Pj(κ)

 = n = dim

P<(κ) +
∑
νj>0

Pj(κ)

 ,

and if in addition κ ∈ Λ then

P>(κ) +
∑
νj<0

Pj(κ) = PU(κ),

P<(κ) +
∑
νj>0

Pj(κ) = P S(κ).

In particular, P> +
∑

νj<0 Pj is a holomorphic extension of PU into a small
neighborhood of 0, and likewise for P< +

∑
νj>0 Pj and P

S.

Proof. Since F is symmetric hyperbolic we may assume without loss of gener-
ality that F = diag(λ1, . . . , λm) where the eigenvalues λj appear according to
the ordering λj < λj′ , j < j′, counted with multiplicities. A matrix consisting
of eigenvectors of A(0) is given by

W :=

(
1n 1n
0 −F

)
.

W ∈ R2n×2n is invertible with inverse

W−1 =

(
1n F−1

0 −F−1

)
.
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Use W−1 to change basis and write A as

T (κ) :=W−1A±(κ)W

=

(
F 0
0 0

)
+ κ

(
C C
−C −C

)
+ κ2

(
F−1 F−1

−F−1 −F−1

)
:= T (0) + κT (1) + κ2T (2)

where C := F−1G. We are interested in the 0-group of T . Notice that the
structure of T is almost the same as in [88] and we refer to the results therein
after making sure that the technique carries over (almost word by word). By
hyperbolicity of F we may separate the n-fold eigenvalue 0 of T (0) from the
eigenvalues of F and define for |κ| small enough the total projection P0(κ) for
the 0-group of eigenvalues of T (κ) by the usual Dunford formula. One has

P0 := P0(0) =

(
0 0
0 1n

)
.

In order to apply the reduction process to expand T (κ)P0(κ) consider

T0(κ) :=
1

κ
T (κ)P0(κ)

which is holomorphic by semi-simplicity of the eigenvalue 0. In particular it
holds

T0(0) = P0T
(1)P0 =

(
0 0
0 −C

)
.

Because G is positive definite and

C ∼= G1/2F−1G1/2

with the right hand side being symmetric and invertible we see that C has
only the pairwise distinct semi-simple eigenvalues {ν1, . . . , νm̃} ⊂ R\{0}. In
fact, the eigenvalues of C are exactly the reciprocal eigenvalues of F w.r.t. G,
and by G ± F > 0 we find |νj| > 1. Again the total projections Pj(κ) of the
−νj-group of T0 are defined and holomorphic for |κ| small enough and satisfy
P0(κ) =

∑
j Pj(κ). If pj is the eigenprojection of the eigenvalue νj of C one has

Pj := Pj(0) =

(
0 0
0 pj

)
.

Carrying on as in the proof of Proposition 2.2. and Corollary 2.3. in [88] yields
the claimed expansions of the eigenvalues of A(κ) for small κ.
For |κ| � 1 and κ ∈ Λ̃ ∩ R we deduce from the signs of the leading coefficients
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in the eigenvalue expansions that

P>(κ) +
∑
νj<0

Pj(κ) = PU(κ),

P<(κ) +
∑
νj>0

Pj(κ) = P S(κ).

By analytic extension and the fact that the real parts of the eigenvalues of
A(κ) may not change sign in Λ̃, the above equalities of projections hold true for
all small enough κ ∈ Λ̃. Because nearby projections have images of the same
dimensions by Lemma 4.10 in[54] and dimPU(κ) = n = dimP S(κ), we find for
|κ| small

dim

P>(κ) +
∑
νj<0

Pj(κ)

 = n = dim

P<(κ) +
∑
νj>0

Pj(κ)

 .

For fixed j the coefficients βjk have as eigenvalues of

−(1− ν2
j )pjF

−1pj = −(1− ν2
j )pjCG

−1pj

= νj(ν
2
j − 1)pjG

−1pj,

restricted to the range R(pj) of pj the same signs as the eigenvalue νj of C =
F−1G since |νj| > 1 and G−1 is positive definite.

Remark 2.6.6. In analogy to Remark 2.2. in [99] we call

B±eff :=
∑
j

pj(G
±)−1pj

an “effective artificial viscosity matrix“.

Using Lemma 2.6.5 with Ã±κ ∼ AF±,G±(κ) standard techniques in asymptotic
ODE-theory (e.g. [34, 70, 99]) imply:

Lemma 2.6.7. Let r > 0 so small that the conclusions of Lemma 2.6.5 hold.
Let κ0 ∈ Λ ∪ Br(0). Then there exists locally in Λ ∪ Br(0) analytic solutions
φ+
j (x;κ), φ−n+j(x;κ), j = 1, . . . , n, of (2.69) such that

(i) span {φ−n+j(x;κ)}j → U−κ for x → −∞, and span {φ+
j (x;κ)}j → S+

κ for
x→ +∞;

(ii) If κ0 ∈ Λ then there exists θ0 > 0 such that for all |κ − κ0| � 1 the
solutions φ+

j , φ
−
n+j decay according to |φ+

j (x;κ)| = O(e−θ0|x|), x ≥ 0, and
|φ−n+j(x;κ)| = O(e−θ0|x|), x ≤ 0.

Following [99] gκ has to satisfy the jump condition[
gκ ∂xgκ
∂ygκ ∂x∂ygκ

]
x=y

= J(y) :=

(
0 −1n
1n F (y)

)
.
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Moreover, setting

Φ+ = (φ+
j )1≤j≤n and Φ− = (φ−n+j)1≤j≤n

one finds for x > y(
gκ ∂xgκ
∂ygκ ∂x∂ygκ

)
= (Φ+(x;κ), 0)(Φ+(y;κ),Φ−(y;κ))−1J(y)

and for x < y(
gκ ∂xgκ
∂ygκ ∂x∂ygκ

)
= −(0,Φ−(x;κ))(Φ+(y;κ),Φ−(y;κ))−1J(y).

Because the solution propagator of (2.69) is holomorphic in κ with values in
GL2n(C), the regularity of gκ in κ and the position and order of its poles are
determined by the local Evans function

E (κ) = det(Φ+(0;κ),Φ−(0;κ))

where the zeros of E correspond to poles of gκ. Summarizing we obtain the
analogue of Proposition 4.7 [99]:

Proposition 2.6.8. For θ > 0 small enough the distribution gκ(x, y) is mero-
morphic on H+ − θ = {κ ∈ C| Reκ ≥ −θ} with isolated poles of finite multi-
plicity corresponding in position and multiplicity to the zeros of a local Evans
function of (2.69). On Λ\σ(L) the distribution gκ agrees with the resolution
kernel of lκ.

Using the relation (2.68) we obtain as a corollary of the previous proposition:

Corollary 2.6.9. For θ > 0 small enough the distribution Gκ(x, y) defined
through gκ by (2.68) is meromorphic on H+−θ with isolated poles of finite mul-
tiplicity corresponding in position and multiplicity to the zeros of a local Evans
function of (2.69). On Λ\σ(L) the distribution Gκ agrees with the resolvent
kernel of L.

2.7 Spectral stability: Proof of main theorem
Let us turn to the proof of Theorem 2.4.8, our main result on spectral stability
of shock profiles. Set

Aε,κ(τ) := As(ε),κ(εuε(τ)).

Instead of the non-autonomous ordinary differential equation (2.45) it will be
convenient to consider the autonomous system{

τ ′ = ε(1− τ 2)hε(τ),

ξ′ = Aε,κ(τ)ξ,
(2.70)
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on J × C2n with the obvious correspondence between solutions of (2.70) and
(2.45). Making use of the linear structure of the ξ-equations in (2.70) Grass-
mannian versions

X ′ = Γm(Aε,κ(τ))(X) on G 2n
m (C) (2.71)

of the ξ-equations in (2.70), still coupled to the dominant τ -equation, are in-
vestigated for various m ∈ {1, . . . , 2n}. Here the Grassmannian flow is again
defined by taking the span of the ξ-part of appropriately many solutions to the
system (2.70) with linearly independent ξ-initial values. With this point of view
the Evans bundles H±ε (κ) are constructed in a way that, besides analyticity in
κ, implies the smooth dependence on ε, too. In fact, certain rescalings of κ
and ε will lead to rescaled bundles revealing different properties of the Evans
bundles in each of the following three spectral regimes (cf. [26, 27]):
Inner regime: For all r0 > 0 and small ε0 = ε0(r0) > 0 consider all ε ∈ (0, ε0]
and κ ∈ H+ with

0 ≤ |κ| ≤ r0ε
2;

Outer regime: For some r0, r1 > 0 and ε0 > 0 consider all ε ∈ (0, ε0] and
κ ∈ H+ with

r0ε
2 ≤ |κ| ≤ r1;

Outmost regime: For all r1 > 0 and small ε0 = ε0(r1) > 0 consider all
ε ∈ (0, ε0] and κ ∈ H+ with

r1 ≤ |κ|.

The different regimes are treated in the following subsections. Before we enter
into the considerations regarding the spectral regimes let us give a useful block-
diagonalization of

(ε, u) 7→ Dfs(ε)(εu)

where u ∈ Br(0) for some r > 0 and ε ≤ ε0 = ε0(r). Here and in the following
subsections we make use of regular perturbation theory as presented in [54].

Lemma 2.7.1. Let r > 0. Then there exist ε0 = ε0(r) and smooth functions

W : [0, ε0]×Br(0)→ SOn(R),

M< : [0, ε0]×Br(0)→ R(k−1)×(k−1),

M0 : [0, ε0]×Br(0)→ R,
M> : [0, ε0]×Br(0)→ R(n−k)×(n−k),
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such that for all u ∈ Br(0)

W (0, u) = 1n,

M<(0, u) = diag(λ1, . . . , λk−1),

M0(0, u) = 0,

∂εM
0(0, u) = etk∂vkDvf(0)u,

M>(0, u) = diag(λk+1, . . . , λn),

and all (ε, u) = [0, ε0]×Br(0)

W (ε, u)tDfs(ε)(εu)W (ε, u) =

M<(ε, u) 0 0
0 M0(ε, u) 0
0 0 M>(ε, u)

 .

Proof. Let r > 0 and consider all ε ≥ 0 such that Bεr(0) ⊂ V . Define the
smooth function F (ε, u) := Dfs(ε)(εu). Then F (0, u) = diag(λ1, . . . , λn) for all
u with

λj < 0 = λk = 0 < λj′ for j < k < j′.

Hence, for ε small enough there are total spectral projections

P<(ε, u) =
1

2πi

∫
Γ<

(z − F (ε, u))−1dz,

P 0(ε, u) =
1

2πi

∫
Γ0

(z − F (ε, u))−1dz,

P>(ε, u) =
1

2πi

∫
Γ>

(z − F (ε, u))−1dz,

onto the algebraic eigenspaces of the groups of eigenvalues of F (ε, u) with real
parts smaller, close-to and larger than zero. Γ≷,Γ0 are suitably chosen closed
curves enclosing the respective group of eigenvalues. The above projections are
smooth in (ε, u), form a disjoint partition of unity in the sense that

P< + P 0 + P> = 1n,

P<P 0 = P 0P< = 0,

P>P 0 = P 0P> = 0,

P<P> = P>P< = 0,

and for all u it holds

P<(0, u) = Π< :=

(
1k−1 0

0 0

)
∈ Cn×n,

P 0(0, u) = Ekk ∈ Cn×n,

P>(0, u) = Π> :=

(
0 0
0 1n−k

)
∈ Cn×n,
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where for j = 1, . . . , n we have set

Ejj := eje
t
j.

Because F (ε, u) is real symmetric, we find

P≷, P 0 ∈ Symn(R).

Following Chapter 2.4. in [54] on the construction of transformation functions
adapted to several (disjoint) projections set

Q = (∂εP
<)P< + (∂εP

0)P 0 + (∂εP
>)P>.

Then Q is again smooth in (ε, u) and real skew-symmetric. For u ∈ Br(0) let
W = W (ε, u) solve

∂εW (ε, u) = Q(ε, u)W (ε, u), W (0, u) = 1n. (2.72)

Because solutions of linear ordinary differential equations depend smoothly on
parameters, W is smooth in (ε, u), and detW > 0. Since Q is real skew-
symmetric we find

W−1 = W t,

i.e. W ∈ SOn(R). Furthermore, for all (ε, u) the relations

W (ε, u)P≷(0, u)W (ε, u)t = P≷(ε, u),

W (ε, u)P 0(0, u)W (ε, u)t = P 0(ε, u),

hold. We find

M(ε, u) :=W (ε, u)tF (ε, u)W (ε, u)

=Π<M(ε, u)Π< + EkkM(ε, u)Ekk + Π>M(ε, u)Π>

=

M<(ε, u) 0 0
0 M0(ε, u) 0
0 0 M>(ε, u)

 .

The functions M≷,M0 are smooth in (ε, u) with

M<(0, u) = diag(λ1, . . . , λk−1),M0(0, u) = 0,M>(0, u) = diag(λk+1, . . . , λn)

for all u. A direct calculation shows

∂εM
0(0, u) = (∂εF (0, u))kk = etk∂vkDvf(0)u.

Set

Fε(τ) := Dfs(ε)(εuε(τ)), Gε(τ) := Dgs(ε)(εuε(τ)),
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and F0 := F0(0), G0 := G0(0). For appropriate νε > 0 let

Λε := Mνε

be a domain of consistent splitting for {(Aε,κ(−1), Aε,κ(+1))}κ as guaranteed
to exist by Corollary 2.4.4.

2.7.1 Inner regime

Let r0 > 0 and set

Dr0 := {κ ∈ H+ : |κ| ≤ r0}.

The scalings

ε2ζ = κ and εq̃ = q

yield

AIε,ζ(τ) =

(
Fε(τ) ε1d

ε3ζ21d + εζGε(τ) 0

)
with

AIε,ζ(τ) ∼ As(ε),ε2ζ(τ) if ε > 0.

Hence, for ε > 0 we can consider{
τ ′ = ε(1− τ 2)hε(τ),

ξ′ = AIε,ζ(τ)ξ,
(2.73)

on J×C2n instead of (2.70). First we are interested in the splitting of eigenvalues
and eigenspaces of AIε,ζ(τ) at the end points τ = ±1 for ζ ∈ Dr0 and small ε ≥ 0.
Fix some notation by setting

F±ε := Fε(±1),

G±ε := Gε(±1),

G0 := (G0)−1
kkG0,

AI0 := AI0,0(0),

AI,±ε,ζ := AIε,ζ(±1).

Lemma 2.7.2. (i) For any r0 > 0 there exists ε0 = ε0(r0) such that for
ε ∈ [0, ε0] there are holomorphic mappings

S±,fε : Dr0 → G 2n
k−1(C), S±,sfε : Dr0 → G 2n

1 (C), S±,ssε : Dr0 → G 2n
n−k(C),

U±,fε : Dr0 → G 2n
n−k(C), U±,sfε : Dr0 → G 2n

1 (C), U±,ssε : Dr0 → G 2n
k−1(C),
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and

N±ε : Dr0 → G 2n
n+1(C)

depending smoothly on ε such that for all ζ ∈ Dr0 their images define a
splitting of C2n consisting of invariant subspaces of AI,±ε,ζ :
For all ε ∈ [0, ε0] and ζ ∈ Dr0 it holds

C2n = S±,fε,ζ ⊕N
±
ε,ζ ⊕ U

±,f
ε,ζ

and

N±ε,ζ = S±,sfε,ζ ⊕ S
±,ss
ε,ζ ⊕ U

±,sf
ε,ζ ⊕ U

±,ss
ε,ζ .

Furthermore, for all ζ ∈ Dr0

S±,f0,ζ = Sf0 := Ck−1 × {0}n−k+1 × {0}n,
U±,f0,ζ = U f

0 := {0}k × Cn−k × {0}n,

and

N±0,ζ = N0 := {0}k−1 × C× {0}n−k × Cn.

The super-slow invariant subspaces are constant on {ε = 0}, i.e.

S±,ss0,ζ = Sss0 := S+,ss
0,0 ,

U±,ss0,ζ = U ss
0 := U+,ss

0,0 .

(ii) The eigenvalues

{µ±,S,fj;ε,ζ }j<k, {µ
±,U,f
j;ε,ζ }j>k, µ

±,S,sf
ε,ζ , µ±,U,sfε,ζ , {µ±,S,ssj;ε,ζ }j>k, {µ

±,U,ss
j;ε,ζ }j<k

of AI,±ε,ζ expand as

λj +O(ε) for j < k

λj +O(ε) for j > k

ε(µ̃S,sfζ +O(ε))

− εζ(G0)kk(µ̃
S,sf−1
ζ +O(ε))

εζ(G0)kk(µ̃
S,sf−1
ζ +O(ε))

− ε(µ̃S,sfζ +O(ε))

− ε2ζ(µ−1
j /2 +O(ε)) for j > k

− ε2ζ(µ−1
j /2 +O(ε)) for j < k



on



S±,fε,ζ

U±,fε,ζ

S+,sf
ε,ζ

U+,sf
ε,ζ

S−,sfε,ζ

U−,sfε,ζ

S±,ssε,ζ

U±,ssε,ζ


where

µ̃
U/S,sf
ζ := a±

√
a2 + ζ(G0)kk
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satisfy

−ζ(G0)kk = µ̃S,sfζ µ̃U,sfζ ,Re µ̃U,sfζ > 0 and Re µ̃S,sfζ ≤ a < 0 for ζ ∈ H+\{0}.

(iii) There is a smooth choice of bases

{R±,S,fj;ε,ζ }j<k, {R
±,U,f
j;ε,ζ }j<k, R

±,S,sf
ε,ζ , R±,U,sfε,ζ , {R±,S,ssj;ε,ζ }j>k, {R

±,U,ss
j;ε,ζ }j<k

for the above invariant subspaces of AI,±ε,ζ such that for ε = 0 the fast
subspaces are spanned by

R±,S,fj;0,ζ = ẽj :=

(
ej
0

)
for j < k,

R±,U,fj;0,ζ = ẽj :=

(
ej
0

)
for j > k,

the slow-fast subspaces by

R+,S,sf
0,ζ =

(
ek

−µ̃U,sfζ G0ek

)
,

R+,U,sf
0,ζ =

(
ek

−µ̃S,sfζ G0ek

)
,

R−,S,sf0,ζ =

(
ek

µ̃S,sfG0ek

)
,

R−,U,sf0,ζ =

(
ek

µ̃U,sfG0ek

)
,

and the super-slow subspaces by

R±,S,ssj;0,ζ =

(
0

G0rj

)
for j > k,

R±,U,ssj;0,ζ =

(
0

G0rj

)
for j < k.

Proof. Let r0 > 0. We only consider the right end τ = +1, i.e. only the
+-superscript, since the arguments in the case τ = −1 are the same modulo
obvious modifications. Let ε0 > 0 be so small that Lemma 2.7.1 holds, and in
its notation we may assume

Fε =

M<
ε (+1) 0 0

0 M0
ε (+1) 0

0 0 M>
ε (+1)


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for

M<
ε (τ) := M<(ε, uε(τ)),

M0
ε (τ) := M0(ε, uε(τ)),

M>
ε (τ) := M>(ε, uε(τ)).

For ε = 0 we find that

AI0,ζ = AI0 =

(
diag(λ1, . . . , λn) 0

0 0

)
is independent of ζ and of diagonal form. Hence, for small ε and ζ ∈ Dr0 the
total projections

P S,f
ε,ζ , P

s
ε,ζ and P

U,f
ε,ζ

onto the eigenvalues with real part (strongly) smaller, close-to and (strongly)
larger than zero are well-defined and smooth in their parameters. For ε = 0
they have constant values

P S,f
0 := P S,f

0,ζ =

(
Π< 0
0 0

)
, (2.74)

P s
0 := P s

0,ζ =

(
Ekk 0
0 1n

)
,

PU,f
0 := PU,f

0,ζ =

(
Π> 0
0 0

)
. (2.75)

We apply Kato’s reduction process [54] to the 0-group. A Taylor expansion
shows that

AI,sε,ζ :=
1

ε
AIε,ζP

s
ε,ζ

defines a smooth function with

AI,s0,ζ = P s
0∂εA

I
0,ζP

s
0 .

From Lemma 2.7.1 and uε(τ) = ετek +O(ε2) one finds ∂εM0
0 = 2a, and hence

AI,s0,ζ =

(
2aEkk Ekk
ζG0Ekk 0

)
.

For ζ ∈ Dr0 the matrix AI,s0,ζ has two slow-fast eigenvalues given by

µ̃
U/S,sf
ζ = a±

√
a2 + ζ(G0)kk (2.76)

and an 2(n− 1)-fold zero eigenvalue. It holds for all ζ ∈ Dr0 that

Re µ̃S,sfζ < a < 0 ≤ Re µ̃S,sfζ
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implying that for ε small and all ζ ∈ Dr0 there is a spectral gap of size a/2
separating a stable simple eigenvalue µ̃S,sfε,ζ from all other eigenvalues of AI,sε,ζ .
We find a stable slow-fast eigenvalue µS,sfε,ζ of AIε,ζ with

µS,sfε,ζ = ε(µ̃S,sfζ +O(ε))

and one dimensional eigenprojection P S,sf
ε,ζ which is smooth in ε and holomorphic

in ζ.
To get a hold of the slow-fast eigenvalue associated to µ̃U,sfζ let us consider

AI,U,sfε,ζ = AI,sε,ζ(12n − P S,sf
ε,ζ ).

Using the Dunford formula we find at ζ = 0

P s
ε,0 =

(
Ekk −εF̃−1

ε

0 1n

)
where

F̃−1
ε =

M<
ε (+1)−1 0 0

0 0 0
0 0 M>

ε (+1)−1


which leads to

AI,sε,0 = ε−1AIε,0P
s
ε,0 =

(
M0
ε (+1)
ε

Ekk Ekk
0 0

)
and

P S,sf
ε,0 =

(
Ekk

ε
M0
ε (+1)

Ekk
0 0

)
.

We obtain for all small ε

AI,U,sfε,0 = AI,sε,0(12n − P S,sf
ε,0 ) = 0. (2.77)

Set ∆sf
ζ := µ̃S,sfζ − µ̃U,sfζ and

R̃ :=
(
(rj)j<k, 0, (rj)j>k

)
∈ Rn×n

with rj from Lemma 2.3.1. By the just quoted lemma and Lemma 2.3.5 the
columns of

R̃ + (G0)−1
kkEkk

are eigenvectors of F0 w.r.t. G0, and

(R̃t + Ekk)G0(R̃ + (G0)−1
kkEkk) = 1n.
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Diagonalize AI,s0,ζ via

Rζ :=

 1n Ekk

− µ̃S,sfζ

(G0)kk
G0Ekk G0

(
R̃− µ̃U,sfζ

(G0)kk
Ekk

) , (2.78)

R−1
ζ :=

1n − µ̃S,sfζ

∆sf
ζ

Ekk − 1

∆sf
ζ

Ekk

µ̃S,sfζ

∆sf
ζ

Ekk R̃t + 1

∆sf
ζ

Ekk

 ,

to find

R−1
ζ AI,s0,ζRζ =

(
µ̃U,sfζ Ekk 0

0 µ̃S,sfζ Ekk

)
.

Hence, at ε = 0 the slow-fast stable projection is given by

P S,sf
0,ζ = Rζ

(
0 0
0 Ekk

)
R−1
ζ . (2.79)

A calculation shows

AI,U,sf0,ζ = µ̃U,sfζ PU,sf
ζ = −ζ (G0)kk

µ̃S,sfζ

PU,sf
ζ (2.80)

where

PU,sf
ζ = Rζ

(
Ekk 0
0 0

)
R−1
ζ . (2.81)

By combining (2.77) and (2.80) there exists a ε-smooth and ζ-holomorphic
function H = H(ε, ζ) such that for ε small and ζ ∈ Dr0

AI,U,sfε,ζ = µ̃U,sfζ PU,sf
ζ + εζH(ε, ζ).

We find an unstable slow-fast eigenvalue µU,sfε,ζ of AIε,ζ with ε-smooth and ζ-
holomorphic one dimensional eigenprojection PU,sf

ε,ζ and

µU,sfε,ζ = −εζ

(
(G0)kk

µ̃S,sfζ

+O(ε)

)
,

PU,sf
0,ζ = PU,sf

ζ .

For the last reduction step consider

AI,ssε,ζ :=
1

εζ
AI,U,sfε,ζ (12n − PU,sf

ε,ζ ) =
1

εζ
AI,sε,ζ(12n − P sf

ε,ζ)
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where P sf = P S,sf + PU,sf . Noting

F̃−1
0 =

(M<
0 (+1))−1 0 0

0 0 0
0 0 (M>

0 (+1))−1


and

∂εA
I
0,ζ =

(
∂εF0(1) 1n
ζG0 0

)
,

∂2
εA

I
0,ζ =

(
∂2
εF0(1) 0

ζ∂εG0(1) 0

)
,

∂εP0;0,ζ =

(
0 −F̃−1

0

−ζG0F̃
−1
0 0

)
,

P sf
0,ζ =

(
Ekk 0
0 G0Ekk

)
,

one finds with pss := 1n −G0Ekk that

AI,ss0,ζ =
1

2

(
0 0

0 −pssG0F̃
−1
0 pss

)
.

Because

(R̃t + Ekk)p
ssG0F̃

−1
0 pssG0(R̃+(G0)−1

kkEkk)

= diag(µ−1
1 , . . . , µ−1

k−1, 0, µ
−1
k+1, . . . , µ

−1
n )

we find one dimensional eigenprojections P S,ss
j;ε,ζ , j > k, and PU,ss

j;ε,ζ , j < k, asso-
ciated to n − k stable eigenvalues µS,ssj;ε,ζ , j > k, and k − 1 unstable eigenvalues
µU,ssj;ε,ζ , j < k, of AIε,ζ satisfying

µ
S/U,ss
j;ε,ζ = −ε2ζ

(
µ−1
j

2
+O(ε)

)
,

P
S/U,ss
j;0,ζ =

(
0 0

0 G0R̃EjjR̃
t

)
. (2.82)
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For ε small enough and all ζ ∈ Dr0 the vectors

RS,f
j;ε,ζ = P S,f

ε,ζ

(
ej
0

)
for j < k,

RU,f
j;ε,ζ = PU,f

ε,ζ

(
ej
0

)
for j > k,

RS,sf
ε,ζ = P S,sf

ε,ζ

(
ek

−µ̃U,sfζ G0ek

)
,

RU,sf
ε,ζ = PU,sf

ε,ζ

(
ek

−µ̃S,sfζ G0ek

)
,

RS,ss
j;ε,ζ = P S,ss

j;ε,ζ

(
0

G0rj

)
for j > k,

RU,ss
j;ε,ζ = PU,ss

j;ε,ζ

(
0

G0rj

)
for j < k.

define ε-smooth and ζ-holomorphic choices of bases for the invariant subspaces
of AIε,ζ which are given by the images of the respective (total) projections. Using
the explicit expressions (2.74), (2.75), (2.79), (2.81), (2.82) at ε = 0 finishes the
proof of the lemma.

Remark 2.7.3. By Corollary 2.4.4 we have

H+\{0} ⊂ Λε.

Hence, in the situation of Lemma 2.7.2 the real parts of AI,±ε,ζ may not change
signs as (ε, ζ) is varied in (0, ε0] × (Dr0\{0}), and the eigenvalues with super-
script S resp. U indeed have real parts smaller resp. greater than 0 if ε, ζ 6= 0.

With the help of Lemma 2.7.2 and singular perturbation theory we give
a detailed construction of the (rescaled) Evans bundles for φε following [26].
Define the one dimensional submanifolds

CS,f0 = J × {Sf0 } ⊂ J × G 2n
k−1(C),

CU,f0 = J × {U f
0 } ⊂ J × G 2n

n−k(C),

N0 = J × {N0} ⊂ J × G 2n
n+1(C).

The statement for the fast part reads:

Lemma 2.7.4. For all r0 > 0 there exists ε0 = ε0(r0) such that for all ε ∈ [0, ε0]
there are holomorphic mappings

H+,f
ε : Dr0 → G 2n

k−1(C),

H−,fε : Dr0 → G 2n
n−k(C),

depending smoothly on ε and the solutions X+ and X− of

X+′ = Γk−1(AIε,ζ(χε))(X
+), X+(0) = H+,f

ε (ζ), on G 2n
k−1(C),

X−
′
= Γn−k(AIε,ζ(χε))(X

−), X−(0) = H−,fε (ζ), on G 2n
n−k(C),
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converge on the left and right ends:

X+(±∞) = S±,fε,ζ ,

X−(±∞) = U±,fε,ζ .

Proof. Let r0 > 0 and choose ε0 so small such that the conclusions of Lemma
2.7.2 hold. Since

AI0,ζ(τ) = AI0 :=

(
diag(λ1, . . . , λn) 0

0 0

)
we find by Corollary 2.1.2 that CS,f0 is a repelling normally hyperbolic critical
manifold for the system{

τ ′ = ε(1− τ 2)hε(τ),

X ′ = Γk−1(AIε,ζ(τ))(X),
on J × G 2n

k−1(C). (2.83)

By Fenichel Theory [22], i.e. Theorem 2.2.8, and compactness of J × G 2n
k−1(C)

it perturbs smoothly to a unique repelling slow manifold CS,fε,ζ . Because CS,f0 is
the graph of

CS,f
0 (τ) := Sf0

we deduce from Theorem 2.2.9 that for ε small enough there exists an ε-smooth
and ζ-holomorphic function

CS,f
ε,ζ : J → G 2n

k−1(C)

such that CS,f
0,ζ = CS,f

0 and CS,fε,ζ is a graph of CS,f
ε,ζ for all ζ ∈ Dr0 . Since

(±1, S±,fε,ζ ) are fixed points of (2.83) and S±,fε,ζ is ε-close to Sf0 we find

(±1, S±,fε,ζ ) ∈ CS,fε,ζ and CS,f
ε,ζ (±1) = S±,fε,ζ .

In a similar fashion one finds a unique attracting slow manifold CU,fε,ζ of{
τ ′ = ε(1− τ 2)hε(τ),

X ′ = Γn−k(AIε,ζ(τ))(X),
on J × G 2n

n−k(C) (2.84)

which perturbs from CU,f0 and is given as the graph of a smooth function CU,f
ε,ζ

with CU,f
0,ζ (τ) = U f

0 and

CU,f
ε,ζ (±1) = U±,fε,ζ .

With an appropriately small choice of ε0 > 0 define for all (ε, ζ) ∈ [0, ε0]×Dr0

the fast bundles by setting

H−,fε (ζ) := CU,f
ε,ζ (0) and H+,f

ε (ζ) := CS,f
ε,ζ (0).
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From their definitions the bundlesH−,fε andH+,f
ε inherit the desired smoothness

properties form CU,f
ε,· and CS,f

ε,· . Because H−,fε (ζ) resp. H+,f
ε (ζ) are ε-close to

U f
0 resp. Sf0 , transversality of the fast bundles follows from transversality of Sf0

and U f
0 .

Let r0 > 0 and choose ε0 > 0 so small that the conclusions of Lemma 2.7.2
hold. We turn to the slow part of the Evans bundles. By Corollary 2.1.3, N0 is
a hyperbolic saddle for the constant coefficient equation

X ′ = Γn+1(AI0)(X) on G 2n
n+1(C).

Hence, the manifold

N0 = J × {N0} ⊂ J × G 2n
n+1(C)

is a normally hyperbolic critical manifold of the system{
τ ′ = ε(1− τ 2)hε(τ),

X ′ = Γn+1(AIε,ζ(τ))(X),
on J × G 2n

n+1(C). (2.85)

Again by Fenichel theory and compactness of J × G 2n
n+1(C) the critical mani-

fold N0 perturbs to a unique slow manifold Nε,ζ depending smoothly on ε and
holomorphically on ζ. It is the graph of a smooth function

Nε,ζ : J → G 2n
n+1(C).

Set p̂ := (p1, . . . , pk−1, pk+1, . . . , pn)t ∈ Cn−1 for p ∈ Cn. By choosing an appro-
priate canonical chart for G 2n

n+1(C) centered at N0 there is a function

Ñε,ζ : J → C(n−1)×(n+1)

depending smoothly on ε and holomorphically on ζ such that

Nε,ζ(τ) =

{(
p
q

)
∈ C2n

∣∣∣∣ p̂ = Ñε,ζ(τ)

(
pk
q

)}
.

In linear (pk, q)-coordinates the slow equations associated to (2.85) on Nε,ζ read

τ̇ = (1− τ 2)hε(τ),

ṗk = 2aτpk + qk +O(ε)

(
pk
q

)
,

q̇j = ζ(G0)jkpk +O(ε)

(
pk
q

)
,

with pj, j 6= k, being the fast variables and pk, q1, . . . , qn being the slow variables.
By the eigenvalue expansions in Lemma 2.7.2 we obtain the analogue of Lemma
4 (ii) and Corollary 3 in [26]:

Lemma 2.7.5. For all r0 > 0 there exists ε0 = ε0(r0) such that the following
two statements hold:
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(i) There are unique holomorphic bundles

H+,s
ε : Dr0 → G 2n

n−k+1(C),

H−,sε : Dr0 → G 2n
k (C),

depending smoothly on ε such that for all ε > 0 and ζ ∈ Dr0 the solutions Y +

and Y − of

Y +′ = Γn−k+1(AIε,ζ(χε))(Y
+), Y +(0) = H+,s

ε (ζ), on G 2n
n−k+1(C),

Y −
′
= Γk(AIε,ζ(χε))(Y

−), Y −(0) = H−,sε (ζ), on G 2n
k (C),

converge on the right resp. left end:

Y +(+∞) = S+,s
ε,ζ ,

Y −(−∞) = U−,sε,ζ .

(ii) Restrict (2.73) on the slow manifold Nε,ζ, i.e.

τ̇ = (1− τ 2)hε(τ), ξ̇ = ε−1Ãε,ζ(τ)ξ,

on Nε,ζ, and consider the 1-dimensional Grassmannian version of the restricted
flow:

Ż = ε−1Γ1(AIε,ζ(χε))(Z), Z(0) ∈ {V ∈ G 2n
1 (C) : V ⊂ Nε,ζ(0)}.

Then there are unique holomorphic bundles

H±,sfε : Dr0 → G 2n
1 (C)

depending smoothly on ε ∈ [0, ε0] such that the solutions Z± of

Ż± = ε−1Γ1(AIε,ζ(χε))(Z
±), Z±(0) = H±,sfε,ζ ,

satisfy

Z+(+∞) = S+,sf
ε,ζ and Z−(−∞) = U−,sfε,ζ .

Furthermore, at ε = 0 we have

H+,s
0 (ζ) = H+,sf

0 (ζ)⊕ Sss and H−,s0 (ζ) = H−,sf0 (ζ)⊕ U ss.

Proof. Let r0 > 0, and choose ε0 > 0 so small such that the conclusions of
Lemma 2.7.2 hold, and such that the slow manifold Nε,ζ exists for all (ε, ζ) ∈
[0, ε0] × Dr0 depending smoothly on its parameters. We shall only treat the
right end τ = +1, the statement on the bundles with asymptotics at τ = −1 is
proved in a similar fashion with obvious modifications.
It is convenient to change basis such that N+

ε,ζ is constant and spanned by the
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vectors (
ek
0

)
,

(
0
e1

)
, . . . ,

(
0
en

)
∈ Cn+1,

and such that the (linear) slow (pk, q)-flow is given by a diagonal matrix at
τ = +1. To this end let S +

ε,ζ be the ε-smooth and ζ-holomorphic solution of

∂εS
+
ε,ζ = Q+

ε,ζS
+
ε,ζ , S +

0,ζ = 12n

where

Q+
ε,ζ :=(∂εP

+,S,f
ε,ζ )P+,S,f

ε,ζ + (∂εP
+,U,f
ε,ζ )P+,U,f

ε,ζ

+ (∂εP
+,S,sf
ε,ζ )P+,S,sf

ε,ζ + (∂εP
+,U,sf
ε,ζ )P+,U,sf

ε,ζ

+
∑
j>k

(∂εP
+,S,ss
j;ε,ζ )P+,S,ss

ε,ζ +
∑
j<k

(∂εP
+,U,ss
j;ε,ζ )P+,U,ss

ε,ζ

and the above projections have been constructed in the proof of Lemma 2.7.2.
Then setting

W+
ε,ζ = S +

ε,ζR
+
ζ

with R+
ζ = Rζ from (2.78) the change of basis

W+
ε,ζξ

+ = ξ

gives the desired equality

N+
ε,ζ = span

{(
ek
0

)
,

(
0
e1

)
, . . . ,

(
0
en

)}
for all ε and ζ. In fact we have fixed the space

S+,sf
ε,ζ = {0}k−1 × {0} × {0}n−k × {0}k−1 × C× {0}n−k,

U+,sf
ε,ζ = {0}k−1 × C× {0}n−k × {0}k−1 × {0} × {0}n−k,
U+,ss
ε,ζ = {0}k−1 × {0} × {0}n−k × Ck−1 × {0} × {0}n−k,
S+,ss
ε,ζ = {0}k−1 × {0} × {0}n−k × {0}k−1 × {0} × Cn−k,

at constant values, too. The system (2.73) reads{
τ ′ = ε(1− τ 2)hε(τ),

ξ+′ = AI,+ε,ζ (τ)ξ+,
(2.86)

with

AI,+ε,ζ (τ) = (W+
ε,ζ)
−1AIε,ζ(τ)W+

ε,ζ .
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At ε = 0 we still have

AI,+0,ζ (τ) = AI0.

Hence, with ξ+ = (p+, q+) the fast variables are again p+
j , j 6= k, and the slow

variables are p+
k , q

+
1 , . . . , q

+
n . The slow equations for the system (2.86) on Nε,ζ

in (p+
k , q

+)-coordinates read
τ̇ = ε(1− τ 2)hε(τ),

˙(
p+
k

q+

)
= Ã+

ε,ζ(τ)

(
p+
k

q+

)
,

(2.87)

with a matrix-valued function Ã+
ε,ζ(τ) ∈ C(n+1)×(n+1) depending smoothly on ε

and τ , and holomorphically on ζ. At τ = +1 we have

Nε,ζ(+1) =
{

(p, q) ∈ C2n | p̂ = 0
}
,

and

AI,+ε,ζ (+1) = diag(AI,+,Sε,ζ , µ+,U,sf
ε,ζ , AI,+,Uε,ζ , (µ+,U,ss

j;ε,ζ )j<k, µ
+,S,sf
ε,ζ , (µ+,S,ss

j;ε,ζ )j>k)

for appropriate matrices

AI,+,Sε,ζ ∈ C(k−1)×(k−1) and AI,+,Uε,ζ ∈ C(n−k)×(n−k).

Hence, we find for ε and ζ that at the right end the matrix describing the linear
slow (p+

k , q
+)-flow in (2.87) is given by the diagonal matrix

Ã+
ε,ζ(+1) = ε−1diag(µ+,U,sf

ε,ζ , (µ+,U,ss
j;ε,ζ )j<k, µ

+,S,sf
ε,ζ , (µ+,S,ss

j;ε,ζ )j>k). (2.88)

In (p+
k , q

+)-coordinates the (constant) spaces S+,sf
ε,ζ , U+,sf

ε,ζ , S+,ss
ε,ζ and U+,ss

ε,ζ have
unique constant counter parts give by

S̃+,sf
ε,ζ = S̃+,sf

0 := {0} × {0}k−1 × C× {0}n−k,
Ũ+,sf
ε,ζ = Ũ+,sf

0 := C× {0}k−1 × {0} × {0}n−k,
S̃+,ss
ε,ζ = S̃+,sf

0 := {0} × {0}k−1 × {0} × Cn−k,

Ũ+,ss
ε,ζ = Ũ+,ss

0 := {0} × Ck−1 × {0} × {0}n−k.

Consider the Grassmannian flow{
τ̇ = (1− τ 2)hε(τ, )

Ỹ ′ = Γn−k+1(ÃI,+ε,ζ (τ))(Ỹ ),
on J × G n+1

n−k+1(C) (2.89)

associated to (2.87). Like in [26] we need to distinguish between the two cases
O(ε+ |ζ|) and O(ε) with ζ ∈ Dr0\{0} uniformly bounded away from zero.
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To treat the first case define

C+,s = {+1} × {Ỹ ∈ G n+1
n−k+1(C)| S̃+,sf

0 ⊂ Ỹ }

which is an invariant manifold of (2.89) for all ε and ζ by (2.88). For ε = 0 and
ζ = 0 one has

ÃI,+0,0 (+1) = diag(0, . . . , 0, 2a, 0, . . . , 0) (2.90)

with a < 0. Invoking Lemma 2.1.1 we find that C+,s is a critical manifold
without boundary for (2.89) with the τ -direction being attracting and C+,s being
repelling in {τ = 1}. Applying the theory on normally hyperbolic manifolds
in the form of Theorem 2.2.3 shows that if ε and |ζ| are small enough then
there is a stable manifold W S

ε,ζ(C+,s) possessing an invariant fibration with one
dimensional leaves W S

ε,ζ((1, Ỹ )) each based at some point (1, Ỹ ) ∈ C+,s. If the
base point of the leaf is a fixed point of (2.89) then the leaf is itself invariant
under the flow of (2.89). The intersection of {τ = 0} with the leafW S

ε,ζ((1, S̃
+,s))

based at the fixed point

S̃+,s
0 := S̃+,sf

0 ⊕ S̃+,ss
0

varies smoothly in ε and holomorphically in ζ. Hence, by setting

H̃+,s
ε (ζ) := W S

ε,ζ((1, S̃
+,s
0 )) ∩ {τ = 0}

we obtain a holomorphic bundle depending smoothly on ε, and the solution
(τ, Ỹ +,s) of (2.89) starting at (0, H̃+,s

ε (ζ)) satisfies

(τ, Ỹ +,s)(+∞) = (1, S̃+,s
0 ).

To treat the second case, O(ε) and ζ 6= 0, consider arbitrary r1 ∈ (0, r0). Instead
of (2.90) we have

ÃI,+0,ζ (+1) = diag(µ̃+,U,sf
ζ , 0, . . . , 0, µ̃+,S,sf

ζ , 0, . . . , 0),

with µ̃
+,S/U,sf
ζ = µ̃

S/U,sf
ζ from (2.76). There exists a constant c > 0 such that

for all ζ ∈ H+, r1 ≤ |ζ| ≤ r0, the inequalities

Re µ̃+,U,sf
ζ ≥ c > 0 > a > Re µ̃+,S,sf

ζ

and

Re (µ̃+,U,sf
ζ − µ̃+,S,sf

ζ ) = 2Re
√
a2 + (G0)kkζ ≥ c

hold. Replacing C+,s by

C̃+,s = {+1} × {Ỹ ∈ G n+1
n−k+1(C)| S̃+,sf

0 ⊂ Ỹ ⊂ {0} × Cn}

one finds that C̃+,s is a critical manifold for (2.89) for ε = 0 and all ζ ∈ H+, r1 ≤
|ζ| ≤ r0. One argues like above with the difference that the direction associated
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to the eigenvalue µ̃U,sfζ belongs to the normally hyperbolic repelling part, too.
Noting that with our choice of basis we have

S+,s
ε,ζ = {0}n−1 × S̃+,s

0

and returning to the full system (2.86) we find the desired slow Evans bundle

H+,s
ε (ζ) :=

{(
p
q

)
∈ C2n

∣∣∣∣ (pkq
)
∈ H̃+,s

ε (ζ), p̂ = Nε,ζ(0)

(
pk
q

)}
.

This proves part (i) of the lemma. We continue with the resolution of the
slow bundle H+,s

ε (ζ) at ε = 0. Using the definition of the reduced vector field
associated to (2.86) on the slow manifold Nε,ζ one finds after a short calculation
that at ε = 0 the slow flow is given by

ÃI,+0,ζ (τ) =

(
∗ ∗etk
∗ek ∗Ekk

)
(2.91)

where each ∗ stands for some (different) holomorphic scalar-valued function.
From (2.91) we see that the spaces

V := C× {0}k−1 × C× {0}n−k

Ũ ss
0 := {0} × Ck−1 × {0} × {0}n−k

S̃ss0 := {0} × {0} × {0} × Cn−k

are a splitting for Cn+1 and define disjoint invariant sets

J × V, J × Ũ ss
0 , J × S̃ss0

of the slow equations (2.87). By the asymptotics

Ỹ +,s(+∞) = S̃+,s
0 = S̃+,sf

0 ⊕ S̃+,ss
0

the holomorphic bundle H̃+,s
0 (ζ) ∩ V must be one dimensional, and

S̃ss0 ⊂ H̃+,s
0 (ζ).

Finally, let us consider the Grassmannian flow{
τ̇ = (1− τ 2)hε(τ),

Ỹ ′ = Γ1(ÃI,+ε,ζ (τ))(Ỹ ),
on J × G n+1

1 (C). (2.92)

associated to (2.87). Since the matrix ÃI,+0,ζ (τ) at τ = 1 is of diagonal form given
in (2.90) and there is a positive spectral gap between the eigenvalue µ̃+,S,sf

ζ and
the other n eigenvalues of ÃI,+0,ζ (1), we find by Lemma 2.1.1 that {1} × S̃+,sf

0 is
a hyperbolic fixed point of (2.92) for all ζ. At {1} × S̃+,sf

0 the τ -direction is
attracting and in {1} × G n+1

1 (C) the point {1} × S̃+,sf
0 is repelling. Applying
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the stable manifold theorem yields a unique holomorphic bundle

H̃+,sf
ε : Dr0 → G n+1

1 (C)

depending smoothly on ε such that the solution (τ, Z̃+,sf ) of (2.92) starting at
(0, H̃+,sf

ε (ζ)) satisfies

Z̃+,sf (+∞) = S̃+,sf
0 .

In particular, by sharp asymptotics we find

H̃+,sf
0 (ζ) = H̃+,s

0 (ζ) ∩ V.

Embedding H̃+,sf
ε into the full phase space like H̃+,s

ε before yields the slow-fast
bundle H+,sf

ε and finishes the proof of the lemma.

From the slow equations and the decay properties in Lemma 2.7.5 we can
resolve the structure of the bundles H±,sε (ζ) at ε = 0 by determining the slow-
fast bundle H±,sf0 (ζ):

Lemma 2.7.6. Setting ζ̃(ζ) = (4a)−2(G0)kkζ for ζ ∈ Dr0 it holds

H±,sf0 (ζ) = span
{(

h±p,par(ζ̃(ζ))ek
4|a|h±q,par(ζ̃(ζ))G0ek

)}
with h±p/q,par from (2.62), (2.63).

Proof. We use the results on the standing shock profile τ0 for the parabolic
Burgers’ equation from B. Barker’s master thesis [3] presented in Section 2.5.

For ε = 0 the slow equations are

τ̇ = (1− τ 2)|a|,
ṗk = 2aτpk + qk,

q̇j = ζ(G0)jkpk.

Rescaling the independent variable with 4|a|, setting ζ̃ = (4a)−2(G0)kkζ and
changing basis via (

pk
q

)
7→
(

1 0
0 4|a|G0

)−1(
pk
q

)
yields the system

τ̇ =
1

4
(1− τ 2),

ṗk = −1

2
τpk + eTkG0q,

q̇j = δjkζ̃pk.

The subsystem for (τ, pk, qk)-variables is exactly the system (2.59) for the stand-
ing shock profile τ0 of the parabolic Burgers’ equation discussed in Section 2.5.
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With (
h±p,par(ζ̃)

h±q,par(ζ̃)

)
∈ C2

from (2.62), (2.63) spanning the Evans bundles for τ0 we find by changing back
to original variables that the dynamical parts of the slow bundles are

H±,sf0 (ζ) = span
{(

h±p,par(ζ̃(ζ))ek
4|a|h±q,par(ζ̃(ζ))G0ek

)}
with ζ̃(ζ) = (4a)−2(G0)kkζ.

The previous considerations yield:

Corollary 2.7.7. Let r0 > 0 and choose ε0 = ε0(r0) such that the statements of
Lemma 2.7.4 and Lemma 2.7.5 hold. For ε ∈ [0, ε0] define holomorphic bundles

H±ε := H±,fε ⊕H±,sε on Dr0 .

If ε > 0 then the bundles H±ε are rescaled versions of the Evans bundles H±ε of
φε via

H±ε (ε2ζ) = H±ε (ζ)

with corresponding Evans functions

det(H−ε (κ),H+
ε (κ)) =: Eε(κ) = Eε(ζ) := det(H−ε (ζ), H+

ε (ζ))

for κ = ε2ζ. At ε = 0 there is c ∈ R\{0} such that

E0(ζ) = cEpar(ζ̃(ζ))

with Epar from (2.65). If ε→ 0 then

H±ε → H±0 and Eε → E0

as holomorphic functions on Dr0. For ε small enough the Evans function con-
dition on Dr0

Eε(ζ) = 0 for ζ ∈ Dr0 iff ζ = 0, and E ′ε(0) 6= 0

holds.

Proof. Using

H−,f0 (ζ) = {0}k × Cn−k × {0}n,
H+,f

0 (ζ) = Ck−1 × {0}n−k+1 × {0}n,
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the form of H±,s0 (ζ) in Lemma 2.7.6 and the basis of U ss
0 and Sss0 in Lemma

2.7.2 one finds

E0(ζ) = c̃|a| det

h−p,par(ζ̃(ζ)) h+
p,par(ζ̃(ζ)) 0

h−q,par(ζ̃(ζ)) h+
q,par(ζ̃(ζ)) 0

∗ ∗ Css


= c̃|a| det

(
h−p,par(ζ̃(ζ)) h+

p,par(ζ̃(ζ))

h−q,par(ζ̃(ζ)) h+
q,par(ζ̃(ζ))

)
detCss

= cEpar(ζ̃(ζ))

where c̃ ∈ {−1, 1} and Css ∈ GLn−1(C) consists of the n − 1 non-zero rows of
(G0rj)j 6=k ∈ Cn×(n−1), namely all but the k-th row. Because Epar satisfies the
Evans function condition (2.49) so does E0, in particular E ′(0) 6= 0. Hence, we
deduce from Eε → E0 as ε→ 0 that E ′ε(0) 6= 0 for ε small enough.

Let ε > 0. It remains to show that Eε(0) = 0 in order to verify that Eε
satisfies condition (2.49) on Dr0 for small ε. If ζ = 0 then system (2.73) is given
by 

τ ′ = ε(1− τ 2)hε(τ),(
p
q

)′
=

(
Fε(τ) ε1n

0 0

)(
p
q

)
.

(2.93)

The set J×{q = 0} is invariant for (2.93). Furthermore, sinceAIε,0(τ)C2n ⊂ {q =

0} we find that U−,sfε,0 resp. S+,sf
ε,0 is a subset of {q = 0} with an unique counter

part Ũ−,sfε,0 resp. S̃+,sf
ε,0 in Cn. The counter part is the invariant subspace of

Fε(−1) resp. Fε(+1) associated to the slow-fast eigenvalue µ−,U,sfε,0 resp. µ+,S,sf
ε,0 .

On J × {q = 0} (2.93) reduces to{
τ ′ = ε(1− τ 2)hε(τ),

p′ = Fε(τ)p.
(2.94)

Consider the Grassmannian flow{
τ ′ = ε(1− τ 2)hε(τ),

X ′ = Γ1(Fε(τ))(X),
on J × G n

1 (C), (2.95)

and note that by F0(τ) = diag(λ1, . . . , λn) and Lemma 2.1.1 the manifold

M0 := J × {span {ek}}

is a one dimensional normally hyperbolic critical manifold for (2.95). It gives
rise to a slow manifoldMε. Because

Ũ−,sf0,0 = span {ek} = S̃+,sf
0,0

the fixed points (−1, Ũ−,sfε,0 ) and (+1, S̃+,sf
ε,0 ) of (2.95) are elements ofMε. For

ε > 0 there is a point (0, H̃sf
ε ) ∈ Mε such that the solution (τ,X) of (2.95)
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starting in (0, H̃sf
ε ) satisfies

X(−∞) = Ũ−,sfε,0 and X(+∞) = S̃+,sf
ε,0 .

Returning to full phase space we find by Lemma 2.7.5 (ii) and sharp asymptotics
that

H−,sfε (0) = H̃sf
ε × {0}n = H+,sf

ε (0),

i.e. H−ε (0) ∩H+
ε (0) 6= {0} and

Eε(0) = 0.

Remarks on the application of GSPT

We give some local representations of the Grassmannian versions of the above
vector fields and make a comment on analyticity of the objects obtained by
GSPT.
Local representation of (2.85): Remember that (ẽ1, . . . , ẽ2n) form a basis of
C2n consisting of the unit vectors of C2n pointing into the respective coordinate
directions. Consider the ordered basis

B = (ẽk, ẽn+1, . . . , ẽ2n, ẽ1, . . . , ẽk−1, ẽk+1, . . . , ẽn)

of C2n. Then (2.85) reads in the canonical chart of G 2n
n+1(C) adapted to B and

centered at N0 as 
τ ′ = ε(1− τ 2)hε(τ),

T ′ = (−T,1n−1)(AIε,ζ(τ))B

(
1n+1

T

)
,

(2.96)

on J × C(n−1)×(n+1). At ε = 0 we find{
τ ′ = 0,

T ′ = diag(λ1, . . . , λk−1, λk+1, . . . , λn)T.

The local representation of N0 given by J ×{0} ⊂ J ×C(n−1)×(n+1) is obviously
a critical manifold for the vector field (2.96). The directions {Tij}1≤i≤k−1 are
normally attracting, and the directions {Tij}k≤i≤n−1 are normally repelling. The
local form of GSPT as given in Theorem 2.2.9 yields the existence of a smooth
function Ñε,ζ : J → C(n−1)×(n+1) depending smoothly on ε and holomorphically
on ζ with Ñ0,ζ ≡ 0. The graph of Ñε,ζ is a compact invariant slow manifold for
(2.96) near J×{0} with dimension equal to 1. Returning to the compact phase
space J × G 2n

n+1(C) and noting that any slow manifold of (2.85) near N0 is of
dimension 1 and must contain the maximal invariant subset of a neighborhood
of N0 (see (i) in Theorem 2.2.8) we find that any such slow manifold must be
equal to the image of the aforementioned graph under the coordinate map φB.
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Local representation of (2.89): For i ∈ {1, . . . , n + 1} denote by êi ∈ Cn+1

the unit vector in the i-th coordinate direction. Consider an ordered basis

B = (êk+1, êi1 , . . . , êin)

of Cn+1 where (i1, . . . , in) is a rearrangement of (1, . . . , k, k + 2, . . . , n + 1). In
canonical local coordinates of G n+1

n−k+1 adapted to B and centered at

span {êk+1, êi1 , . . . , êin−k}

the system (2.89) reads
τ ′ = ε(1− τ 2)hε(τ),

T ′ = (−T,1k)(ÃI,+ε,ζ (τ))B

(
1n−k+1

T

)
,

(2.97)

on J ×Ck×(n−k+1). The portion of C+,s in the chosen coordinates of G n+1
n−k+1(C)

is given by the set

C+,s
B = {T ∈ Ck×(n−k+1)|Ti1 = 0, 1 ≤ i ≤ k}.

If ε = 0 and ζ = 0 we find that the T -equation in (2.97) is given by

T ′ = −Tdiag(2a, 0, . . . , 0)

and C+,s
B ∩ BR(0) is a critical manifold of (2.97) for any R > 0 with repelling

normal directions {Ti1}i and attracting τ -direction. As exponential rate in the
τ -direction one may choose a positive number smaller than 2|a|. Since C+,s can
be covered by finitely many balls BR(0) in charts of G n+1

n−k+1 like the one above,
with R > 0 large enough, we find that Theorem 2.2.3 is applicable. In this way
one may also show that C+,s is indeed an embedded submanifold of G n+1

n−k+1 by
invoking the slice chart criterion (see [62]). This covers the case O(ε+ |ζ|).
Local representation for the case O(ε) with ζ uniformly bounded away from 0
can be obtained by considering an ordered basis of the form

B = (êk+1, êi1 , . . . , êin−k , ê1, êin−k+1
, . . . , êin−1)

of Cn+1 where (i1, . . . , in−1) is a rearrangement of (2, . . . , k, k + 2, . . . , n + 1).
Like above we obtain a local representation of the vector field in (2.89) with
T -equation given by

T ′ = −Tdiag(µ+,S,sf
ζ , 0, . . . , 0) + diag(µ+,U,sf

ζ , 0, . . . , 0)T.

if ε = 0. The portion of C̃+,s in the chosen coordinates of G n+1
n−k+1(C) is given by

the set

C̃+,s
B = {T ∈ Ck×(n−k+1)|Ti1 = 0, 1 ≤ i ≤ k & T1j = 0, 1 ≤ j ≤ n− k + 1}.
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We see that C̃+,s
B is a critical manifold for (2.97) with repelling normal directions

{Ti1}i and {T1j}j, and attracting τ -direction. We conclude similar to the case
of O(ε+ |ζ|) above.
A comment on analyticity: The theorems in Section 2.2 do not address
complex manifolds, or analytic dependence of the objects obtained by geomet-
ric singular perturbation theory. When applying GSPT to systems like (2.73)
with complex linear ξ-equation or its Grassmannian versions like (2.83) whose
local representation is complex and algebraic in T (see Lemma 2.1.1) we first
think of the real versions via C ∼= R2 of the aforementioned equations. Complex-
ifying again yields the desired objects such as slow manifolds for the originally
considered equations (see [2] for a similar comment).

Addressing the issue of holomorphic dependence first note that in (2.73)
and (2.83) there is a hierarchy present: The τ -equation is independent of the
complex variables ζ and ξ and dominates in this way the ξ-equation and its
Grassmannian version. One finds that the flows of (2.73) and (the local repre-
sentation) of (2.83) conserve analyticity on ζ since they depend in an algebraic,
hence analytic, fashion on ξ and T , respectively. The (locally) invariant man-
ifolds in the Theorems 2.2.3 and 2.2.8 are constructed locally as graphs via
contraction mappings. These mappings themselves are graph transforms built
from the flows of (2.73) and (2.83) which is why the contractions conserve ana-
lyticity as well. This allows for sequences of iterates depending holomorphically
on ζ (and smoothly on ε) converging uniformly on compacta. Therefore the
unique limiting objects of these sequences inherit their smoothness properties
from the iterates.

2.7.2 Outer regime

Set for κ ∈ C and ε ∈ [0, ε0] (cf. [27])

β2 = |κ|, ε = αβ, and κ̃ =
κ

|κ|
if κ 6= 0.

Then finding appropriate r0, r1 > 0 and ε0 > 0 for the outer regime r0ε
2 ≤

|κ| ≤ r1 translates to finding r1, r
−1
0 small enough:

β ≤ r
1/2
1 ,

α ≤ r
−1/2
0 .

We consider

AIIα,β,κ̃(τ) :=

(
Fαβ(τ) β1n

β3κ̃21n + βκ̃Gαβ(τ) 0

)
for α, β ≥ 0 and

κ̃ ∈ ∂D+
1 := {κ ∈ H+ : |κ| = 1}.
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If β > 0 then

AIIα,β,κ̃(τ) ∼ Aαβ,β2κ̃(τ).

The task is to find α0, β0 > 0 small enough such that for all

(α, β, κ̃) ∈ [0, α0]× (0, β0]× ∂D+
1

the non-autonomous system

ξ′ = AIIα,β,κ̃(χαβ)ξ (ξ ∈ C2n) (2.98)

has Evans bundles with trivial intersection. First we make an observation on
the spectrum of AIIα,β,κ̃(τ).

Lemma 2.7.8. There are α0, β0 > 0 such that for all

(α, β, κ̃, τ) ∈ [0, α0]× (0, β0]× ∂D+
1 × J

the stable subspace Sα,β,κ̃(τ) and the unstable subspace Uα,β,κ̃(τ) of AIIα,β,κ̃(τ)
satisfy

dimSα,β,κ̃(τ) = n = dimUα,β,κ̃(τ).

In particular, iR ∩ σ(AIIα,β,κ̃(τ)) = ∅.

Proof. Let (α, β, κ̃, τ) ∈ [0, α0] × (0, β0] × ∂D+
1 × J with α0β0(= ε0) small

enough. Because Fαβ(τ), Gαβ(τ) satisfy the assumptions of Lemma 2.4.2 there
exists a ν > 0 such that Λ̃ := Mν is a domain of constant splitting for
{AFαβ(τ),Gαβ(τ)(κ)}κ with

H+\{0} ⊂ Λ̃. (2.99)

Because β > 0 we have AIIα,β,κ̃(τ) ∼ Aαβ,β2κ̃(τ) = AFαβ(τ),Gαβ(τ)(β
2κ̃) and β2κ̃ ∈

H+\{0}, thus the claim follows from (2.99).

With the above lemma in mind we can hope to apply Lemma 2.1.4. To this
end we need slowly varying block-diagonalizers for AIIα,β,κ̃(τ) splitting the latter
into a contracting and an expanding part of dimension n.

Lemma 2.7.9. There exist α0, β0 > 0 and smooth functions

R : [0, α0]× [0, β0]× ∂D+
1 × J → GL2n(C),

A> : [0, α0]× [0, β0]× ∂D+
1 × J → Cn

A< : [0, α0]× [0, β0]× ∂D+
1 × J → Cn,

such that for all (α, β, κ̃, τ) ∈ [0, α0]× [0, β0]× ∂D+
1 × J it holds

R−1
α,β,κ̃(τ)AIIα,β,κ̃(τ)Rα,β,κ̃(τ) =

(
A>α,β,κ̃(τ) 0

0 A<α,β,κ̃(τ)

)
,
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and if β > 0 then

ReA<α,β,κ̃(τ) < 0 < ReA>α,β,κ̃(τ).

Furthermore, there is a constant such that

|Rα,β,κ̃(0)−1| ≤ c,

|∂τRα,β,κ̃(τ)| ≤ c(α + β).

Proof. We proceed in a similar fashion as in the proof of Lemma 2.7.2. Let
r > 0 such that uε(τ) ∈ Br(0) for all ε ∈ [0, ε0], and, if necessary, shrink ε0 such
that the statement of Lemma 2.7.1 holds. Then we may assume that with the
notation of the latter lemma

Fαβ(τ) =

M<
αβ(τ) 0 0

0 M0
αβ(τ) 0

0 0 M>
αβ(τ)


for

M<
αβ(τ) = M<(αβ, uαβ(τ)),

M0
αβ(τ) = M0(αβ, uαβ(τ)),

M>
αβ(τ) = M>(αβ, uαβ(τ)).

For β = 0 we find that

AIIα,0,κ̃(τ) =

(
diag(λ1, . . . , λn) 0

0 0

)
is independent of (α, κ̃, τ) and of diagonal form. Hence for small β the total
projections

P S,f
α,β,κ̃(τ), P s

α,β,κ̃(τ) and PU,f
α,β,κ̃(τ)

onto the eigenvalues with real part (strongly) smaller, close-to and (strongly)
larger than zero are well-defined and smooth in their parameters. For β = 0
they have constant values

P S,f
0 := P S,f

α,0,κ̃(τ) =

(
Π< 0
0 0

)
,

P s
0 := P s

α,0,κ̃(τ) =

(
Ekk 0
0 1n

)
,

PU,f
0 := PU,f

α,0,κ̃(τ) =

(
Π> 0
0 0

)
.
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We apply Kato’s reduction process [54] to the 0-group. A Taylor expansion
shows that

AII,sα,β,κ̃(τ) :=
1

β
AIIα,β,κ̃(τ)P s

α,β,κ̃(τ)

defines a smooth function with

AII,sα,0,κ̃(τ) = P s
0∂βA

II
α,0,κ̃(τ)P s

0 .

From Lemma 2.7.1 and uε(τ) = ετek + O(ε2) one finds ∂βM0
0 (τ) = 2αaτ and

hence

AII,sα,0,κ̃(τ) =

(
2αaτEkk Ekk
κ̃G0Ekk 0

)
.

For small α ≥ 0 and all (κ̃, τ) the matrix AII,sα,0,κ̃(τ) has two non-zero simple
eigenvalues

µ̃
U/S,sf
α,κ̃ (τ) = αaτ ±

√
(αaτ)2 + κ̃(G0)kk

Hence, for small α ≥ 0, β > 0 there is a simple unstable and a simple stable
slow-fast eigenvalues µU/S,sfα,β,κ̃ (τ) of AIIα,β,κ̃(τ) with

µ
U/S,sf
α,β,κ̃ (τ) = β

(
µ̃
U/S,sf
α,κ̃ (τ) +O(β)

)
and smooth one dimensional eigenprojections PU/S,sf

α,β,κ̃ (τ). For α ≥ 0, β > 0
small enough we have for all (κ̃, τ)

ReµU/S,sfα,β,κ̃ (τ) = β
(
±Re

√
κ̃(G0)kk +O(α + β)

)
≷ 0.

Let P ss
α,β,κ̃(τ) be the total projection onto the group of eigenvalues of AII,sα,β,κ̃(τ)

associated to the 2(n − 1)-fold semi-simple zero eigenvalue of AII,sα,0,κ̃(τ). Set
∆sf
α,κ̃(τ) := µ̃S,sfα,κ̃ (τ)− µ̃U,sfα,κ̃ (τ) and remember

R̃ =
(
(rj)j<k, 0, (rj)j>k

)
∈ Rn×n.

The matrices

Rα,κ̃(τ) =

(
1n Ekk

− µ̃S,sf

(G0)kk
G0Ekk G0

(
R̃− µ̃U,sf

(G0)kk
Ekk

))
,

Rα,κ̃(τ)−1 =

(
1n − µ̃S,sf

∆sf Ekk − 1
∆sfEkk

µ̃S,sf

∆sf Ekk R̃t + 1
∆sfEkk

)
,
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diagonalize AII,sα,0,κ̃(τ) to

Rα,κ̃(τ)−1AII,sα,0,κ̃(τ)Rα,κ̃(τ) =

(
µ̃U,sfα,κ̃ (τ)Ekk 0

0 µ̃S,sfα,κ̃ (τ)Ekk

)
.

With the help of the above diagonalizers we find

PU,sf
α,κ̃ (τ) :=PU,sf

α,0,κ̃(τ)

=Rα,κ̃(τ)

(
Ekk 0
0 0

)
Rα,κ̃(τ)−1,

P S,sf
α,κ̃ (τ) :=P S,sf

α,0,κ̃(τ)

=Rα,κ̃(τ)

(
0 0
0 Ekk

)
Rα,κ̃(τ)−1,

P ss
0 :=P ss

α,0,κ̃(τ)

=Rα,κ̃(τ)

(
1n − Ekk 0

0 1n − Ekk

)
Rα,κ̃(τ)−1

=

(
1n − Ekk 0

0 pss

)
,

where pss = 1n − G0Ekk. Carrying on with the reduction process define the
smooth function

AII,ssα,β,κ̃(τ) =
1

β
P ss
α,β,κ̃(τ)AII,sα,β,κ̃(τ)P ss

α,β,κ̃(τ).

With

F̃−1
0 =

(M<
0 (0))−1 0 0

0 0 0
0 0 (M<

0 (0))−1


it holds

AII,ssα,0,κ̃(τ) =
1

2

(
0 0

0 −κ̃pssG0F̃
−1
0 pss

)
where we have used

∂βP
s
α,0,κ̃(τ) =

(
0 −F̃−1

0

−κ̃G0 0

)
.

Like in the previous treatment of the inner regime we have

(R̃t + Ekk)p
ssG0F̃

−1
0 pssG0(R̃+(G0)−1

kkEkk)

= diag(µ−1
1 , . . . , µ−1

k−1, 0, µ
−1
k+1, . . . , µ

−1
n ),
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and the non-zero and simple eigenvalues of AII,ssα,0,κ̃(τ) are

{−κ̃(2µj)
−1}j 6=k.

Hence, there are n− 1 simple eigenvalues of AII expanding as

µU,ssj;α,β,κ̃(τ) = β2(−κ̃(2µj)
−1 +O(β)) (j < k)

µS,ssj;α,β,κ̃(τ) = β2(−κ̃(2µj)
−1 +O(β)) (j > k)

with smooth eigenprojections P S/U ;ss
j;α,β,κ̃ (τ). For small β > 0 the inequalities

ReµS,ssj;α,β,1(τ) < 0 < ReµU,ssj;α,β,1(τ)

hold. Furthermore, the super-slow projections are given for β = 0 by

P
S/U ;ss
j := P

S/U ;ss
j;α,0,κ̃ (τ) = Rα,κ̃(τ)

(
0 0
0 Ejj

)
Rα,κ̃(τ)−1 =

(
0 0

0 G0R̃EjjR̃
t

)
.

Set

Q =∂βP
S,fP S,f + ∂βP

U,fPU,f + ∂βP
S,sfP S,sf + ∂βP

U,sfPU,sf

+
∑
j>k

∂βP
S,ss
j P S,ss

j +
∑
j<k

∂βP
U,ss
j PU,ss

j ,

and for (α, κ̃, τ) let Sα,β,κ̃(τ) solve

∂βSα,β,κ̃(τ) = Qα,β,κ̃(τ)Sα,β,κ̃(τ), Sα,0,κ̃(τ) = 12n.

Define

Rα,β,κ̃(τ) := Sα,β,κ̃(τ)Rα,κ̃(τ)

and note that for all (κ̃, τ)

R0,0,κ̃(τ) = R0,κ̃(τ) = Rκ̃ := R0,κ̃(0),

which implies the claimed properties of R by smoothness of R, the compactness
of the parameter domain and the identity

Rα,β,κ̃(τ) = Rκ̃ +

∫ 1

0

∇α,βRyα,yβ,κ̃(τ)dy

(
α
β

)
.

After taking care of rearrangements by multiplication of R with an elemen-
tary matrix, and naming the resulting product R again, we find that

R−1AIIR =

(
A> 0
0 A<

)
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where

A> =

(
A>,f 0

0 diag(µU,ss1 , . . . , µU,ssk−1, µ
U,sf )

)
,

A< =

(
A<,f 0

0 diag(µS,sf , µS,ssk+1, . . . , µ
S,ss
n )

)
with A>,f = A>,fα,β,κ̃(τ) ∈ C(n−k)×(n−k) and A<,f = A<,fα,β,κ̃(τ) ∈ C(k−1)×(k−1)

satisfying

A>,fα,β,κ̃(τ) = diag(λk+1, . . . , λn) +O(β),

A<,fα,β,κ̃(τ) = diag(λ1, . . . , λk−1) +O(β).

Furthermore, for α ≥ 0, β > 0 small enough and all (κ̃, τ) the inequalities

ReµS,sf ,ReµS,ssj < 0 < ReµU,sf ,ReµU,ssj

hold because these inequalities are true for κ̃ = 1 and β > 0 small, and, by
continuity, real parts of eigenvalues of AIIα,β,κ̃(τ) may not change signs as κ̃
is varied in ∂D+

1 . The latter argument applies by Lemma 2.7.8 which states
iR ∩ σ(AIIα,β,κ̃(τ)) = ∅ if β > 0. Hence we find for β > 0 small enough the
desired inequalities

ReA<α,β,κ̃(τ) < 0 < ReA>α,β,κ̃(τ). (2.100)

Combing Lemma 2.7.9 and Lemma 2.1.4 the parametrization ε = αβ and
β2 = |κ| in the outer regime yields:

Corollary 2.7.10. There exist r0, r1, ε0 > 0 such that for ε ∈ (0, ε0] and ζ ∈ H+

with ε2r0 ≤ ε2|ζ| ≤ r1 the rescaled Evans bundles

H±ε (ζ) = H±ε (ε2ζ)

are transversal:

H−ε (ζ) ∩H+
ε (ζ) = {0}.

Remark 2.7.11. It is in the outer regime where assumption B2, strict hyper-
bolicity of Df w.r.t. Dg, enters in an essential way yielding an eigenbasis for
the super-slow eigenvalues and ruling out the existence of Jordan blocks that
might hinder the important estimates in (2.100). We think that small amplitude
shock profiles of (2.32) continue to be spectrally stable if B2 is replaced by a
weaker assumption, such as simplicity of the genuinely nonlinear eigenvalue µk,
but the necessary modifications in the outer regime are not obvious.
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2.7.3 Outmost regime

The main purpose of this subsection is to show that Lemma 2.1.4 is applicable
to the system

ξ′ = Aε,κ(χε)ξ (2.101)

in a large portion of the outmost regime: r ≤ |κ|,Reκ ≥ 0 for r > 0 large
enough. The connection to the entire outmost regime r1 ≤ |κ| with boundary
defined by arbitrary r1 > 0 is then an easy consequence of uniform hyperbolicity
of Aε,κ on the compact set r1 ≤ |κ| ≤ r [11, 39, 83].
In order to apply Lemma 2.1.4 we need to find appropriate block-diagonalizers
Rε,κ(τ) for all ε ∈ [0, ε0], τ ∈ J and all κ with |κ| large enough. First note that
by changing basis via (

1n 0
0 κ

)
for κ 6= 0 and then via (

1n 1n
1n −1n

)
one arrives at the representation

Aε,κ(τ) ∼ AIIIε,κ (τ) = κ

(
1n 0
0 −1n

)
+

(
B>
ε (τ) B>

ε (τ)
B<
ε (τ) B<

ε (τ)

)
where

B≷ε (τ) :=
1

2
(Fε(τ)±Gε(τ)) .

By assumption A4, if ε0 is small enough then there are constants c≷ > 0 such
that for all ε ∈ [0, ε0], τ ∈ J and η ∈ Cn it holds

Re 〈η,B>
ε (τ)η〉 ≥ c>|η|2, (2.102)

Re 〈η,B<
ε (τ)η〉 ≤ −c<|η|2. (2.103)

For r > 0 set

H+
r := {κ ∈ H+| |κ| ≥ r}.

Lemma 2.7.12. There exist r, ε0 > 0 and smooth functions

R : [0, ε0]×H+
r × J → GL2n(C),

A< : [0, ε0]×H+
r × J → Cn×n,

A> : [0, ε0]×H+
r × J → Cn×n,
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such that for all (ε, κ, τ) ∈ [0, ε0]×H+
r × J it holds

Rε,κ(τ)−1AIIIε,κ (τ)Rε,κ(τ) =

(
A<ε,κ(τ) 0

0 A>ε,κ(τ)

)
and

ReA<ε,κ(τ) < 0 < ReA>ε,κ(τ).

Furthermore, there is a constant c > 0 such that

|Rε,κ(0)−1| ≤ c,

|∂τRε,κ(τ)| ≤ cε.

Proof. We will carry out the matrix bifurcation of

Bε,λ(τ) =

(
1n 0
0 −1n

)
+ λ

(
B>
ε (τ) B>

ε (τ)
B<
ε (τ) B<

ε (τ)

)
uniformly in ε and τ for |λ| ≤ r−1. Note that for κ 6= 0 the identity

AIIIε,κ (τ) = κBε,κ−1(τ)

holds. For ν > 0 small and r > 0 large enough the total projections

P
U/S
ε,λ (τ) :=

1

2πi

∫
∂Bν(±1)

(z12n −Bε,λ(τ))−1dz

are well-defined, smooth in ε and τ and holomorphic in λ. Then

Pε,0(τ) = PU
0 :=

(
1n 0
0 0

)
,

Pε,0(τ) = P S
0 :=

(
0 0
0 1n

)
,

and a short calculation shows

∂

∂λ
P
U/S
ε,0 (τ) = ±1

2

(
0 B>

ε (τ)
B<
ε (τ) 0

)
.

Following again Kato’s reduction process [54] let

Qε,λ(τ) := (∂λP
U
ε,λ(τ))PU

ε,λ(τ) + (∂λP
S
ε,λ(τ))P S

ε,λ(τ)

and let Sε,λ(τ) be the solution of

∂λSε,λ(τ) = Qε,λ(τ)Sε,λ(τ), Sε,0(τ) = 12n.
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Then

P
U/S
0 = Sε,λ(τ)−1P

U/S
ε,λ (τ)Sε,λ(τ),

and Bε,λ(τ) is given with respect to the transformation Sε,λ(τ) by

Mε,λ(τ) = Sε,λ(τ)−1Bε,λ(τ)Sε,λ(τ)

= PU
0 Mε,λ(τ)PU

0 + P S
0 Mε,λ(τ)P S

0

which is of the form (
M>

ε,λ(τ) 0

0 M<
ε,λ(τ)

)
.

We expand Mε,λ(τ):

Mε,λ(τ) = Mε,0(τ) + λ
∂

∂λ
Mε,0(τ) +O(λ2)

=

(
1n 0
0 −1n

)
+ λ

(
B>
ε (τ) 0
0 B<

ε (τ)

)
+O(λ2),

hence

M≷
ε,λ(τ) = ±1n + λB≷ε (τ) +O(λ2).

By choosing r > 0 large enough we find by setting

Rε,κ(τ) := Sε,κ−1(τ)

and

A≷ε,κ(τ) := κM≷
ε,κ−1(τ) = ±κ1n +B≷ε (τ) +O(|κ|−1)

that for all ε ∈ [0, ε0], τ ∈ J and |κ| ≥ r

Rε,κ(τ)−1AIIIε,κ (τ)Rε,κ(τ) =

(
A>ε,κ(τ) 0

0 A<ε,κ(τ)

)
.

We have for r > 0 large enough and |κ| ≥ r,Reκ ≥ 0, that for all η ∈ Cn

Re 〈η, A>ε,κ(τ)η〉 = Reκ|η|2 + Re 〈η,B>
ε (τ)η〉 + Re 〈η,O(κ−1)η〉

≥ (Reκ+ c> +O(|κ|−1))|η|2

≥ 1

2
c>|η|2,

Re 〈η,A<ε,κ(τ)η〉 = −Reκ|η|2 + Re 〈η,B<
ε (τ)η〉 + Re 〈η,O(κ−1)η〉

≤ (−Reκ− c< +O(|κ|−1))|η|2

≤ −1

2
c<|η|2.
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Since Sε,κ−1(0)−1 is a continuous function and ε and κ−1 range over a compact
set there is a constant c1 > 0 such that

|Rε,κ(0)−1| ≤ c1.

Furthermore, since Sε,τ (κ
−1) is continuously differentiable in τ and ε (and its

arguments range, again, over a compact set) there is a constant c2 > 0 such
that ∣∣∣∣ ∂2

∂ε∂τ
Rε,κ(τ)

∣∣∣∣ ≤ c2.

By R0,κ(τ) = R0,κ(0) (for ε = 0 there is no τ dependence of AIIIε,κ (τ)) we deduce
from

Rε,κ(τ) = R0,κ(0) + ε

1∫
0

∂

∂ε
Rsε,κ(τ)ds

that ∣∣∣∣ ∂∂τ Rε,κ(τ)

∣∣∣∣ ≤ εc2.

Combining the estimate on Rε,κ in Lemma 2.7.12 gives∣∣∣∣Rε,κ(0)−1 ∂

∂τ
Rε,κ(τ)

∣∣∣∣ ≤ c1c2ε,

and Lemma 2.1.4 is applicable if ε is small enough. Finally, note that Lemma
2.1.4 makes a statement on the evolution of vector spaces which is independent
of the choice of basis, hence its conclusions hold for the equations (2.42) and
(2.101), i.e. for

χ′ε = ε(1− χ2
ε)hε(χε),

ξ′ = Aε,κ(χε)ξ.

This proves:
Corollary 2.7.13. For any r1 > 0 there exists ε0 = ε0(r1) such that for all ε ∈
(0, ε0] and all ζ ∈ H+ with r1 ≤ ε2ζ the rescaled Evans bundles are transversal:

H−ε (ζ) ∩H+
ε (ζ) = {0}.

Proof of Theorem 2.4.8. Choose r0 > 0 in Corollary 2.7.7 large enough and r1 >
0 in Corollary 2.7.13 small enough such that for small ε0 > 0 the statement of
Corollary 2.7.10 holds for the constants r0, r1, ε0. With this choice of constants
the three spectral regimes addressed in the Corollaries 2.7.7, 2.7.10 and 2.7.13
connect to cover all of H+, and we find that if ε is small enough then φε is
spectrally stable in the sense of Definition 2.4.7.
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Remark 2.7.14. We close with the side remark that for ε > 0 small enough
there exists a dε > 0 such that the Evans bundles H±ε and an Evans function Eε
are holomorphically defined on

H+ − dε = {κ ∈ C| Reκ ≥ −dε}

with the Evans function condition holding on the above superset of H+, too.
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Outlook

A natural extension of the result in Chapter 1 on the formation of singularities in
solutions to nonlinear hyperbolic systems is to prove the statement of Theorem
1.0.1 for systems (1.1) with assumptions A1 and A2 replaced by

A1’ There exist δ > 0 and functions

λi ∈ C∞(B2δ(0);R), li ∈ C∞(B2δ(0);Rn×1) and ri ∈ C∞(B2δ(0);R1×n)

which satisfy for all u ∈ B2δ(0) and all i, j

li(u)a(u) = λi(u)li(u), a(u)ri(u) = λi(u)ri(u), and λi(u) ≤ λj(u) if i ≤ j.

Furthermore, the normalization

|li| = 1 and lirj = δij

holds.

A2’ There is k ∈ {1, . . . , n} such that the k-th eigenvalue of a is simple and
genuinely nonlinear at 0.

In fact it suffices to show that the relations (1.20) and (1.22) for the coefficiens
γijm and Γijm continue to hold under the assumptions A1’, A2’. In the case
B ≡ 0 this is easily done using simple waves like in [41] which then translates
to arbitrary source terms B since the quadratic coefficients in (1.19) and (1.21)
do not depend on B. Hence, Theorem 1.0.1 holds with A1 and A2 replaced by
A1’ and A2’.

Concerning the results on spectral stability of shock profiles in hyperbol-
ically regularized conservation laws there are numerous directions for further
research that fall into the line of the findings presented in Chapter 2:
A first extension would be to prove Theorem 2.4.8 for planar small amplitude
shock profiles in systems like (2.32) with multiple space dimensions comparable
to the results in [27] on multi-dimensional viscous conservation laws. Presum-
ably only profiles of extreme shocks will be spectrally stable (see [27]).
It is also desirable to consider more general hyperbolic operators B[v] then the
d’Alembertian �v, for instance suitable quasi-linear second-order hyperbolic
operators like in [29].
Last but not least, in the case of hyperbolically regularized systems of con-
servation laws the entire program whether spectral stability implies linearized
and nonlinear orbital stability of shock profiles is an interesting open research
question.
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Deutsche Zusammenfassung
(German summary)

Sei n ∈ N. Die vorgelegte Arbeit setzt sich aus zwei Hauptbestandteilen zusam-
men:
Sei U ⊂ Rn offen und 0 ∈ U . Im ersten Teil, Kapitel 1, werden quasi-lineare
hyperbolische Gleichungen erster Ordnung mit allgemeinen Quelltermen in der
Form

ut + a(u)ux = B(u) (u ∈ U) (1’)

mit (t, x) ∈ R2 und glatten Funktionen a : U → Rn×n, B : U → Rn betrachtet.
Unter den Voraussetzungen

A1 Die Eigenwerte von a(0) sind reell und einfach;

A2 Für ein k ∈ {1, . . . , n} ist der k-te Eigenwert von a echt nicht-linear,
„genuine nonlinear“, bei 0;

A3 B(0) = 0;

zeigen wir mit Theorem 1.0.1 die Existenz von glatten Funktionen u0 : R→ U
mit kompakten Träger, sodass die eindeutige C1-Lösung u von (1’) mit An-
fangswerten u(0, ·) = u0, obwohl sie beschränkt bleibt, nur für endliche Zeiten
existieren kann. Die Methode der Charakteristiken findet Anwendung und die
Beweisstrategie folgt den Ideen von John [48] und Hörmander [41], die Sin-
gularitätenbildung in C1-Lösungen von (1’) mit B ≡ 0 behandeln. Außerdem
werden Beweise zur lokalen Existenztheorie klassischer Lösungen ausgeführt und
beispielhaft wird die echte Nichtlinearität eines einfachen Eigenwerts in einem
bekannten hyperbolischen Relaxationssystem [98] gezeigt.

Sei k ∈ {1, . . . , n}, und sei V ⊂ Rn offen mit 0 ∈ V . Im zweiten Teil, Kapitel
2, untersuchen wir hyperbolisch regularisierte Systeme von Erhaltungsgleichun-
gen in der Form

g(v)t + f(v)x = B�v = B(∂2
xv − ∂2

t v) (v ∈ V) (2’)

mit (t, x) ∈ R2, glatten Funktionen f, g : V → Rn und einer Matrix B ∈
Rn×n. Wir fordern, dass die Koeffizienten in (2’) die folgenden Voraussetzungen
erfüllen:

B1 ∀v ∈ V : B und die Jacobi-Matrizen Df(v) und Dg(v) von f und g bei v
sind symmetrisch mit positiv definiten B und Dg(0);

B2 Die Eigenwerten von Df(0) bezüglich Dg(0) sind reell und einfach;
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B3 Der k-te Eigenwert µk von Df bezüglich Dg ist echt nicht-linear bei 0;

B4 Sub-Charakterizität: Dg(0)±Df(0) ist positiv definit.

Ohne Einschränkung der Allgemeinheit können wir f(0) = g(0) = 0, B = 1n
und µk(0) = 0 annehmen. Nach einer geeigneten Wahl einer Basis von Rn

betrachten wir eine glatte Familie {(v−ε , v+
ε , s(ε))}ε∈[0,ε0], ε0 > 0, von Lax-k-

Schocks zur Erhaltungsgleichung g(vt) + f(v)x = 0 mit dazugehöriger glatter
Familie von Schockprofilen {φε}ε∈[0,ε0] von (2’). Wir nehmen

s(0) = s′(0) = 0 und v±ε = ±ε(ek +O(ε)) mit (v±ε )k = ±ε

an. Mit den Methoden aus [26, 27] wird gezeigt, dass für genügend kleines ε das
Schockprofil φε, aufgefasst als selbst-ähnliche Lösung von (2’), spektral stabil
im Sinne der Theorie der Evans-Funktionen ist, d.h. es gibt ein zu φε gehörende
Evans-Funktion Eε : Λ → C, die analytisch auf einer Umgebung Λ ⊂ C der
abgeschlossenen rechten komplexen Halbebene H+ ist und die Evans-Funktion-
Bedingung [70, 99] erfüllt:

(∀κ ∈ Λ : Eε(κ) = 0 ⇔ κ = 0) und (E ′ε(0) 6= 0).

Das Hauptresultat, Theorem 2.4.8, ist analog zu den Resultaten in [26, 77]
für parabolisch regularisierte Erhaltungsgleichungen, und erweitert in gewisser
Weise die Ergebnisse in [73, 77, 92] über Schockprofile in hyperbolischen Relax-
ationssystemen. Wir führen die Begrifflichkeiten der Evans-Funktionen The-
orie für (2’) ein, und ziehen die Verbindung zwischen spektraler Stabilität
der Schockwelle φε und dem Resolventkern der Linearisierung von (2’) bei φε.
Außerdem wird in die Theorie der geometrischen singulären Störungsrechnung
eingeführt, und grundlegendes zu Flüsse auf Grassmann-Mannigfaltigkeiten be-
wiesen, wobei einige Ergebnisse aus [26] verallgemeinert werden.

In beiden Kapitel findet sich ein explizit lösbares Beispiel, welches die jew-
eilige Problematik veranschaulicht.
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