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Abstract

In this paper we investigate the compressible Navier-Stokes-Cahn-Hilliard equations
(the so-called NSCH model) derived by Lowengrub and Truskinowsky. This model
describes the flow of a binary compressible mixture; the fluids are supposed to be
macroscopically immiscible, but partial mixing is permitted leading to narrow transition
layers. The internal structure and macroscopic dynamics of these layers are induced
by a Cahn-Hilliard law that the mixing ratio satisfies. The PDE constitute a strongly
coupled hyperbolic-parabolic system. We establish a local existence and uniqueness
result for strong solutions.

Mathematics Subject Classification 2000: 76D05, 76N10, 35D35, 35K35
Keywords: Navier-Stokes-Cahn-Hilliard equations, compressible fluids, immiscible binary
fluids, diffuse interfaces, hyperbolic-parabolic systems

1. THE MODEL

One way to describe the flow of immiscible fluids and the motion of interfaces between these
fluids is based on the assumption that Euler or Navier-Stokes equations apply to both sides of
the interface and across this interface certain jump conditions are prescribed. However this
model breaks down when near interfaces a molecular mixing of the immiscible fluids occurs
in such a large amount that the model of sharp interfaces cannot be maintained. Another
problem of this model concerns the description of merging and reconnecting interfaces. One
way out is to replace the sharp interface by a narrow transition layer, that is, one allows a
partial mixing in a small interfacial region.

For this purpose one firstly introduces the mass concentrations ¢; = M;/M with M =
My + M,, where M; denotes the mass of the fluid 7 in the representative volume V. Notice
that this implies ¢; +co = 1 as well as 0 < ¢; < 1. A basic hypothesis is the identification of
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an order parameter ¢ with a constituent concentration, e.g. ¢ = ¢1, or with the difference of
both concentrations, ¢ = ¢; — ¢a = 2¢; — 1. Choosing the latter case, ¢ varies continuously
between —1 and 1 in the interfacial region and takes the values —1 and 1 in the absolute
fluids. Let w1, us denote the velocities of the corresponding fluids and p; := %, po = %
the associated apparent densities which both fulfil the equation of mass balance. Then,
introducing the total density p := p; + p2 and the mass-averaged velocity pu := pruq + pous,

we obtain the equation of mass balance for p and u,
Op+V-(pu) =0, (t,z)e JxQ.

The total energy Fg(t) in a volume G C € is to be given as the sum of kinetic energy and
(specific) Helmholtz free energy, that is, it is assumed that

1
Eol(t) == / SPlul 4 pule,p, V) dr.
G

Here 1 denotes the specific Helmholtz free energy density at a given temperature, which
may depend on p, ¢ and Ve. If we choose 9)(c, p, Ve) as follows

V(e p,Ve) == (e, p) + 2e(e, p)|Vel,

also being known as the Cahn-Hilliard specific free energy density, then the convected ana-
logue of the Cahn-Hilliard equation can be derived (using the second law of thermodynam-
ics/local dissipation inequality etc., see [16])

9,(pc) + V-(puc) = V-(vVu), (t,z) € J x Q.
The generalized chemical potential y is given by

_ oy _ —
p=04—p 'V (%w) =00 —p 'V-(epVe), O = (c,p) + 3ecle, p)|Vel’.
Here the parameter (¢, p) > 0 measures the interface thickness and (¢, p) > 0 the mobility
of the concentration field c¢. Further, it is supposed that the stress tensor 7 is given as the
sum of a viscous and non-viscous contribution, that is, 7 := S(p, u) + P(p, c) with

S :=2n(p)D(u) + A(p)V-uZ, D(u):=1(Vu+Vu'),

where 7 denotes the identity, S the Cauchy stress tensor with viscosity coefficients n(p) and
A(p), and P the non-hydrostatic Cauchy stress tensor, which is assumed to be of the form

oY —

P = —PQB,#/JI —pVe® e = —p28pr —peVe®@ Ve, 0,0 =00+ Le,(p,c)|Vel?.
The given function 7 := p?1), constitutes the pressure and the extra contribution fch(X)%
in the stress tensor represents capillary forces due to surface tension. Thus the Navier-Stokes
equations read as

at(pu) +V (pu ® u) -V (S(,D, ’LL) + P(pa C)) = pfezta (ta ‘T) €Jx Qa

where f.,: stands for external forces.
A complete derivation of this model can be found in [16], cf. also [9] and [2].
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2. MATHEMATICAL FORMULATION

To become more specific, we consider a bounded domain 2 C R"”, with compact boundary
I' := 09 of class C* decomposing disjointly as I' = I'yUI',, where each set may be empty. The
outer unit normal of T" at position x is denoted by v(x). Further, let J = [0, T| be a compact
time interval. The two-component (binary) viscous compressible fluid is characterized by
its total density (of the mixture) p : J x Q — R, velocity field v : J x Q — R”, and mass
concentration ¢ : J x @ — [—1,1], that is, we have chosen as order parameter c := 2¢; — 1.
Then the unknown functions p, u and ¢ are governed by the Navier-Stokes-Cahn-Hilliard
(NSCH) system reading

Oy(pu) + V-(pu@u) = V-8 = VP = pfest, (t,x) € J xQ, (2.1)
9,(cp) + V-(cpu) = V-(vV ) =0, (t,x) € J xQ,
Op+ V-(pu) =0, (t,x) € J x Q,
with
S =2n(p)D(u) + A(p)V-uZ, P=—-7T— p*c,|Ve]*T — pe(p,c)Ve® Ve, (2.4)
p=0.4—p 'V (e(p,c)pVe), ¢ =1(p,c)+ 3e|Vel’, w=p*0,0. '
These equations have to be complemented by initial conditions
U(O,JT) = UQ($), C(wa) = CO(x)a p(07x) = po(.’l?), S Qv (25)

and boundary conditions. Two natural boundary conditions are of interest for w, namely
the non-slip condition

u=0, (t,x)eJxTy (2.6)
and the pure slip condition
(ulv) =0, QS(u)-v=2n(p)QD(u)-v=0, (t,z)e JxT; (2.7)
with Q(z) :=7 — v(z) ® v(z). As boundary conditions for ¢, we consider
o,u(p,c)(t,z) =0, O,c(t,x)=0, (t,x)eJxT, (2.8)

meaning that no diffusion through the boundary occurs and the diffuse interface is orthogonal
to the boundary of the domain. Finally, the viscosity coefficients may depend on ¢, x and
p, the interface thickness ¢ as well as mobility v may depend on ¢, x, p and c.

2.1. FUNCTION SPACES AND MAIN RESULT

To begin with, let the compact time interval J and the domain 2 be as described before.
Then we are looking for solutions w := (u, ¢, p) of problem (2.1)-(2.8) in the regularity class
Z(J) = Z1(J) x Z2(J) x Z3(J) where the spaces Z;(J) are defined by

Z1(J) ==H2(J; Ly, (9 R™)) N H, (J; Hp (4 R™)) N Ly, (5 Hy (€ R™)),

Z5(J) :=H, (J; Ly (2)) N Ly (J; H (),

Z3(J) == Hy 4 (J; Ly () N B(J; H (),
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p € (1,00). As usual, here and in the sequel H; denote the Bessel potential spaces and W
the Slobodeckij spaces (W, = B,, Besov spaces). The space of bounded functions B(J) is
equipped with the norm || - ||oc := sup,c; | - ||. Furthermore, if F(I) is any function space
with I C Ry and 0 € I, then we set ,F(I) := {v € F(I) : v4—¢ = 0}, whenever traces exist.

Furthermore, we shall need the function spaces
Z(J) := Z1(J) x Zo(J) x Z3(J),
Z1(J) = HA(J; Ly (5 R™)) N L, (J; Hy(Q: R™),
Zy(J) == H,”(J; Lp()) N Ly (J; Hp (),
Z3(J) = HA(J; L, () N B(J; H}(Q).
Of course, the parameters p and r have to be restricted,
p € (p,o0), rell,c), p:=max{4,n}.

Regarding the coefficients 1 ,\, 7, € we have to prescribe positivity, that is, these functions
are subject to the condition

n(z), 2n(2) + A(2) >0, VzeJxQxR, £(2),7(2) >0, VzeJxQxR% (2.9)
with respect to their regularity,
n,\ € C?(J; Cﬁ(@ C*(R))) N C(J; Cz(ﬁ;iC“(]R)))7 B>1/2, (2.10)
v € C(J x ;C*(R?)), e C(J xQ;CHR?)).
Further, the external force f.,: has to be in
X1 (J;R") := HY?(J; L (O R™)) N Ly, (J; Hy (; R™)).

Our main result in the homogeneous case is the following.

Theorem 2.1 Let Q be a bounded domain in R™, n > 1, with compact C*-boundary T
decomposing disjointly as ' =T U, J =[0,T] with T € (0,00) and p € (p,00). Further,
let ¢ € C°~(R?) and assume (2.9), (2.10). Then for each f.i; € X1(J;R™) and initial data
(uo, co, po) in
_2 _a _
V=W, T(%RY) x W, () x {p € H3(UR,) : p(a) > 0, Vo € O}
satisfying the compatibility conditions
Uolry, = 07 (’U,0|l/)‘1"8 = 07 QS(U)|75:0,F3 Vi, = 07 81/00 = 07 ayﬂ(p()? CO) = 07
53
= V-S(w)ji=0,ry = V-Pli=o,ry + (Pfeat)jt=0,rs € Wp 7 (Ta; R™), (2.11)
23
— (V-S(u)p=o|V)r, = (V-Pli=o — poVuo - uo + pofeatjt=0lV)r. € Wp " (T's),
_3
— QS(V-S(u))ji=o,r, - Vv, = QS(V-P — pVu - u+ pfest)i=o,r, - Vr, € W, ?(Ts;R"),

there is a unique solution (u,c, p) of (2.1)-(2.8) on a mazimal time interval [0,T*), T* < T.
The solution (u,c, p) belongs to the class Z(Jy) for each interval Jy = [0, Ty with Ty < T*.
The mazximal time interval is characterized by the property:

hr%l* w(t) does not exist in V. (2.12)
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The solution map (ug,co,po) — (u,c,p)(t) generates a local semiflow on the phase space
V= {v €V : v satisfies (2.11) } in the autonomous case.

Remark 2.1 Our result is on the original Lowengrub-Truskinovsky system. A similar
model has recently been treated by Abels and Feireisl [2]. These authors simplify the
Lowengrub-Truskinovsky system by suppressing the factor p in the Helmholtz free energy
and show existence of global weak solutions for the modified system; they do not show
uniqueness or regularity. A similar model for incompressible fluids was studied by Boyer [4],
Liu and Shen [15], Starovoitov [22], and Abels [1].

Remark 2.2 The methods of this paper apply also to the Navier-Stokes and the Navier-
Stokes-Allen-Cahn system, cf. [12], [13].

Remark 2.3 (i) The purpose of this remark is supposed to clarify the choice of the solution
class Z(J) and the spaces Z;(J) as well as the conditions on p and ¢. First of all, the central
auxiliary means is the contraction mapping theorem, that is, we have to find a fixed point
formulation being equivalent to the starting problem, and to establish selfmapping and
contraction for this equation. Having in mind these both conditions, let us begin with the
regularity class Z3(J) which is of substantial interest. At first, observe that the Cahn-Hilliard
equation contains a third order term of p, and thus we need p € L, (J; H}(€)) at least, when
looking for strong solutions. Since p is governed by the hyperbolic equation (2.3), p only
inherits the spatial regularity prescribed by the data py and u. Hence we have to demand
po € H}(Q) and u € Ly(J; H,(Q2;R™)). On the other hand, to obtain such a high spatial
regularity for u, we are forced to study the Navier-Stokes equation in L,(J; H}(€;R")) at
least, which causes a strong coupling between (2.1) and (2.2). In fact, let us suppose that
p and all lower order terms of u are given and have sufficient regularity. Then, from the
maximal L,-regularity point of view the Cahn-Hilliard equation (2.2) can be uniquely solved
in Z5(J). Now, due to the mixed derivative theorem we deduce

8, Ve € Xy (J;RY) = HY2(J; Ly(R™) N Ly (J;H2(R™Y), i=1,...,n

which are the highest order terms of ¢ in the Navier-Stokes equation (2.1). Considering these
terms as input or, in other words, taking X;(J;R™) as the basic space for (2.1), we realise
that 0, Vc are of the same order as d,u and V-S(u) and thus responsible for the strong
coupling. Also notice that we might expect u € Z,(J) in view of maximal L,-regularity for
the Navier-Stokes equation. Of course, we left out of consideration a precise characterization
of the regularity of p, which is in fact essential, because several terms of p appear in (2.1)
and (2.2). But, if we for the time being neglect this circumstance then selfmapping does
work, since only first order terms of u appear in the Cahn-Hilliard equation (2.2) and this
input is compatible with the basic space X5(J) := L,(J;L,(€2)) which in turn gives rise to
the expected regularity Z5(J) for c.

(#3) Turning to the proof of contraction with the setting above, one realises that it seems
to be impossible to derive a contraction inequality for (2.3) in terms of the classes Z;(J),
Z5(J) and Z5(J), whereas in Z1(J), Z2(J) and Z5(.J) the situation changes completely, see
remark 3.1. Exactly on that account the second assembly of function spaces are of vital
importance for approaching contraction in this manner, see [8] taking up this idea as well.
Moreover, these spaces have another advantage over the classes Z;(J) due to the relation
Z,(J) C Z;(J), i =1,2,3, which truly results in fewer estimates.
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As remarked above, the contraction mapping principle is the central tool to tackle the
nonlinear problem (2.1)-(2.8). For this, we introduce the closed subset ¥ C Z;(J) x Z2(J),

Y i={(u,c) € Z1(J) x Z2(J) : (u,¢)(0) = (ug,co),
[(u, ) = (@, 0)|l,2, (1) x02>() < R}, (2.13)

in which solutions (u,c) of (2.3) - (2.8) are to be sought. Here the parameters Ry, T and
the reference function (@, ¢) can be chosen appropriate to make the proof of contraction and
selfmapping possible. As for the unknown p, we will see in Section 3.2 that there is a solution
operator L depending on u and pg such that p(t,x) = L[u, po](t, z) is the unique solution of
(2.3). Inserting this solution formula into the PDE for (u, ¢), the starting problem is reduced
to a nonlocal, fully nonlinear equation for (u, ¢), which is then locally solved by means of a
fixed point argument. Afterwards this unique solution (u, ¢) gives rise to p € Z5(J) according
to p = L{u, po].

Picking up the idea of showing the contraction inequality with respect to the topology
of Z(J), one has to ensure that ¥ is a closed subset in Z(J), which proves to be true if

Z(J) s Z(J) or Z(J) <% Z(J) with Z(J) reflexive.

Lemma 2.1 X C Z(J) is a closed subset regarding to the topology of Z(J).

Proof. The assertion of this lemma bases on one of the following more general statements:
Auxiliary Lemma A.1 Let X, Y be Banach spaces, such that, the identity operator I;q
belongs to K (Y, X), the set of all compact operators K : Y — X, K € L(Y,X). Then the
ball B.(0) :={y € Y : |lylly <r} is closed regarding to the topology of X.

Proof of the auziliary Lemma A.1. Let y, € B,-(0) be a sequence converging to y in X,
that is, ||yn — yllx — 0. Then we have to show y € B,(0). Since B,(0) is bounded in Y,
there exists a subsequence y,,, such that y,, — v weakly, y € Y. To see y = ¢, we consider
y — ¢ in X which can be estimated by

1y = 9llx < llyne = yllx + lyne = 9llx-

The first norm converges to 0 as k — oo, because of the assumption. Since I;4 : Y — X
is a compact mapping, weak converging sequences are mapped to strong converging se-
quences, that is, from y,, — ¢ weakly we may deduce ||yn, —9|lx = |1 lia(yn, —7)||x — 0, as
k — oo. Finally, it generally holds: |ly|ly <liminf, . ||yn||y and this shows y € B,.(0). O

Auxiliary Lemma A.2 Let X, Y be Banach spaces with Y — X densely, Y reflexive.
Then the ball B,-(0) :={y € Y : |ly|lly < r} is closed with respect to the topology of X.
Proof of the auziliary Lemma A.2. This time we reason with the difference y — g differ-

d
ently. In view of the assumption Y < X with Y reflexive, we know by [3, Proposition 1.4.8,

d
p. 271] that X’ — Y’ and (2'|y)x' x = («'|y)y vy for all y € Y, 2’ € X’. But this implies
Va' e X' (@ly — 9 x x = (@Y — yni)x x (@ Yy — Dyry <,

for all ¢ > 0, as y — yp, converges strongly in X and y,, — y weakly in Y. But this means
y—14=0. O

Thus, by the Auxiliary Lemma A.1, we only need to show that Z(J) is compactly em-
bedded into Z(J). But this follows from the mixed derivative theorem. For instance, it
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holds Z5(J) — Hy(J; H;' =" (Q)) for all & € (0,1). Now choosing § = 3/4 and 0 = 1/4,
we get Zo(J) — Hy/*(J;H () —— H/?(J;L,()) and Z9(J) — H/*(J;H(Q)) ——
Ly (J; H;(9)), respectively. The space Z1(J) can be treated similarly.

Considering unbounded domains, the compact embeddings used above are no longer valid,
but all embeddings are still dense. Therefore and by reflexivity of L,-spaces, p € (1, c0), the
Auxiliary Lemma A.2 gives rise to the wished result for unbounded domains as well.

O

Remark 2.4 If one aims at solving quasilinear problems strongly, it is required that all
coefficients belong to multiplier spaces associated to the chosen basic spaces. This fact
brings about the condition p > p. Note that if we switch over to constant coefficients 7, A,
v, € our problem stays quasilinear, because in any case p is present in front of J,u and 0,c.

Remark 2.5 At last we want to point out that an energy identity is available by means
of multiplying (2.1) with u, integrating over (2, integration by parts, and using the identity
V-P = —pV (¢ + pd,p) + puVe. This leads to the result

—EQ /Su ) )dm+/ (p ,c)|Vu|2dx:/pfeEt~udx, vt > 0.

Q Q

2.2. FORMULATION OF THE FIXED POINT EQUATION

In this section the nonlinear equations (2.1), (2.2) and their corresponding boundary condi-
tions are reformulated such that the left-hand side becomes linear and the starting problem
can be transferred to a fixed point equation. We point out that the linearisation is carried
out to such an extent that the elliptic operator, appearing in the Cahn-Hilliard, maintains
its divergence structure and can be viewed as the square of an elliptic operator. This feature
will be essential to accomplish a contraction inequality for (2.2) in the space Z(J), see
section 3.3. The governing equations for u and ¢ can be written as

pou — V-S(u) + p?E,Vé - Vie+ pEVe - [AcT + V3 = Fi(u,c,p), (t,z) € JxQ,
j=d,s: Bju=oju,p), (t,x) e J x T, (2.14)
u = ug, (t,x) € {0} x Q,

220,c+ V- (e0VV: (e0V)) = Fa(u, ¢, p), (tx) €T xQ,

0,c=0, 09,V-(egVec)=203,9(p,c) (t,x) e I x T, (2.15)

¢ = ¢y, (t,z) € {0} x Q,
where we have set ag := aj—¢ for a € {vy,e}, a := a(p,¢) for a € {¢,¢,} and S(u) =
27D(u) + A\V-uZ with & := aj,—5 for a € {p,n,A\}. Here the function (p,¢) belongs to
Z5(R4) x Z3(R4) and fulfils the constraints ¢—o = co, 0Fp(0) = 9Fp(0) for k = 0,1, 2.

Observe that 9Fp(0) for k = 0,1,2 is completely known due to the possibility of taking the
trace at ¢t = 0 in (2.1) and (2.3). This kind of approximation® is needed, for instance, as the

!For instance, let p be the solution of 8,5 + V- (pit) = 0, where @ € 2Z;(J) satisfies @(0) = uo and
0,u(0) = —Vug - ug + pal[S‘tZO + Pji=o] + flt=0] = 0,u(0). This is possible due to the ’high regularities’.
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boundary equations for v have to be considered in trace classes with high time regularity,
cf. condition 2. in Theorem 3.2. In the case of Cahn-Hilliard we are working in the ’usual
L,-setting’, which makes possible to take pg as approximation. The boundary operators B;
acting on I'; and the data o; are defined according to

Bqu :=ujr,, Bsu:= ((ulv)r,, QS (u) - yr,), QS (u) - Y, = 209QD(u) - vr,,
oa(u,p) =0, as(u,p) = (0, Q[S(u) — S(u)] -vr,) = (0,2(7 —17)QD(u) - yp,).
The nonlinearities F;, F» and g, given by
Fi(u, ¢, p) = (p = p)Oyu— pVu - u+ V-[S(u) = S(u)] - [, Ve — 57,V - Ve
— IV(p%e,)|Ve|? — [peVe — pEVE (AcT + V3e) — V(pe) - VeVe
+ pfeat,
Fy(u,c,p) := £2{0,([po — plc) — V-(cpu) + V-([r0 = 1]V(V-(e0Ve) + 9)) }
~ V(eoVg) = £V (22) - VIV (20Ve) - g,
g(p,c) == V-([e —e0]Ve) + p~'eVp - Ve — 0,0

(2.16)

comprise all nonlinear terms of lower order as well as perturbations of quasilinear terms. In
the following we want to associate (2.14) and (2.15) with the abstract equation

[,(U,C) = (£1U7[,20) = (‘Fl(an p)7u07‘7:2(u767 p)ch) = .F(U,C, p)a P = L[u7p0}7 (217)

i.e. L reflects the linear operator of the left-hand side (2.14), (2.15) splitting up to £; and
Lo due to decoupling of the associated linear problems, and L[u, pg] denotes the solution
operator to the equation of conservation of mass, see section 3.2. Further, F; comprises the
nonlinearity F; as well as the nonlinear boundary data,

Fi(u, e, p) = (Fi(u, ¢, p),o4(u, p),os(u, p)),
fl(uu ¢, p) = (FQ(U,C, p)70,(r“),,go(p7 C))

Then the equation (2.17) defines a nonlinear mapping G : Z1(J) x Z2(J) — Z1(J) x Z2(J)
according to

(2.18)

G:w:= (u,¢) — w = (UI,CI)7

L) = Fuse, Liu, pol), (2.19)

for which we want to prove selfmapping in ¥ and contraction regarding to the weaker
topology of Z.

3. PRELIMINARY RESULTS

3.1. MAXIMAL REGULARITY FOR CAHN-HILLIARD AND A VISCOUS FLUID

The isomorphism property of £ corresponds to prove maximal regularity for (2.14) and
(2.15) with given right-hand side. Since in this case the equations for u and ¢ decouple,
that is, one firstly solves the linear Cahn-Hilliard equation (2.15) and put this solution into
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(2.14), we are in the position to study separated problems. Therefore, in the formulation
below all terms in (2.14) involving ¢ are known and plugged into the data f.

The first result concerns the linear Cahn-Hillard problem (2.15). More precisely, the
linear operator reflected by these equations turns out to be an isomorphism between Z5(J)
and a certain basic space. The equations we have to study are

2L0.9,c 4 V-(e0VV-(e0Ve)) = f(t,z), (tx) € T xQ,
8,,0 = Ul(t,x), GVV (EOVC) = 02 ( ) (t7_'1:) cJx I‘, (31)
co(x), (t,z) € {0} x Q,

c

for which existence and uniqueness in Z5(J) can be proved.

Theorem 3.1 Let Q be a bounded domain in R™, n > 1, with compact C*-boundary T,
J =10,T] a compact time interval, and p > max{1, 5t wzthp # 3 5 5. Further, assume that

o, Y0, €0 € H(Q) and po(x), vo(x), eo(z) > 0 for all r € Q. Then problem (3.1) possesses
a unique solution ¢ € Z9(J) if and only if the data f, 0 = (01,02), ¢o satisfy the following
conditions

1. f € 2(J) i= Ly(Ji Ly(Q)); k

2. (01,02) € 1(J) x Vs(J) with Ve(J) = W, '

3. ¢ € Wp (Q),

_5 _5
4. 0,c0 = 01j4—0 in W;) ?(T) for p> 2 and 0,60Aco = o)1= in W; ?(T) forp > 5.

%‘\H

(J3 Ly(D) N Ly (J; Wy 3 (T));

Proof. This result is very well-known and follows from [5], also cf. [20] and [21]. O

The remainder equations of the linearization represent linear Navier-Stokes (without
density) supplemented with boundary conditions and initial data,

po,u — V-S(u)

u = O'd(t,f)v (tvx) € J x Ty, ((U‘V), ( )

I
;H

,x), (t,x) e Jx,
V) = 0o, ( z) (t,x)eJxTy  (3.2)
u=up(x), (t,z)€ {0} xQ

with S(u) = 27D (u) + A\V-uZ and o, = (01,09) € R x R™, for which the following (non-
standard) maximal regularity result can be proved.

Theorem 3.2 Let Q) be a bounded domain in R™, n > 1, with compact C*-boundary T
decomposing disjointly T' = Ty UDs. Let J = [0,T] and p > max{%, 3} with p # %,

3. Further, assume that p, 7, A\ € C°(J;C(Q)) N C(J;C*(Q)), B > 1/2, and 7, X €
Hy/2(J; H;(l) Loo (J5 H(S2)), as well as p(t,z), 7(t,z), 27(t,x) + A(t,z) > 0 for all
(t,x) € J x §2. Then problem (3.2) possesses a unique solution in

Zip(J)={veZ(J): BaweW, ¥ (J;L,(TyuRY),
B € W, ¥ (J;Ly(Ty) x Wy, (J; L, (Ts; R™)) },

if and only if the data f, 04, 05 = (01,02), ug satisfy the following conditions
1 feXr:= {peXi: gu—or, € W *7(Ta), (@j=olv)r, € W, */7(T),
QS(p)ji—o,r, € W27 (I's; R™) };
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2. (04,01,02) € Yo,a(J;R™) x Vo s(J) x Y1,s(J;R™) with Yy, ;(J; E) :=
_k_ 1 _e— 1
W, 7 (LT E) NLy,(J; W, ? (T E)), k=0,1,i=d,s, E € {R"R};

2

up € Wy 7 (4 R);

. 4-3
ugr, = Oqji—o n Wp " (La;R™);

3
P

. -3 ~ . 3
(uo|v)r, = o1j4=0 in Wp " (T's), QS(u)jt=0 - V|1, = Oajt=0 i Wy 7 (I's;R™);

~ _3
Plt=0r,9,0ajt=0 — V-S(u)t=0,r, = fli=o,r, in W, " (T R") and
~ o . 2-3 .
Pli=0,0,0,0111=0 — (V-S(u)u=ol¥) v, = (fli=o|v)ir, in Wy 7 (L) if p> 3;
8,7 Sy m 5 S/~ .
7. atUQ\t:O —( En)lt:O,FSCQlt:O - QS(p 1V'S(U))|t:0,rs ‘VIr, = QS(p 1f)|t:0,Fs “Vr, N

7
1-3
p

W, *(Ts;R") if p > 3.

S T

Proof. The crucial point is to verify the higher regularities of u. In fact, maximal L,-
regularity is very well-known, for instance, a consequence of [5].

(i) Necessity. The necessary part is only a consequence of trace theory, where one has to
be attentive in respect of all possible traces in the differential equation and thus additional
compatibility conditions for the data. Also note that the additional spaces in Z; g issue from
the “better” regularity of boundary data which would actually give rise to a more regular
solution u € H2 (J; Ly, (€ R™)) N L, (J; Hy (€ R™)).

(i1) Sufficiency. Since maximal L,-regularity for this problem in the ’usual setting’,
is very well-known, our task actually consists in recalculating the regularity of u on the
basis of a solution formula. For this, we have to go back to the associated half (and full)
space problems with constant coefficients, because in this case an explicit solution formula
is available. For the sake of brevity, we will only deal with the localised problem issuing
from the boundary I'. (The other case is even simpler and can be approached in the same
way.) As for the localization, we follow the strategy for general parabolic problems. The
starting point is localisation w.r.t. space: we choose a partition of unity ¢; € Cg(R"™),
j=1,...,N, with 0 < ¢; < 1 and suppp; =: Uj, such that the domain is covered
Qc U;\Ll U;. After multiplying all equations of (3.2) by each ¢, and commuting ¢; with
differential operators we obtain local problems for (u;,p;) = (¢;u,¢;p), j = 1,...,N.
Considering local coordinates in © N U; and coordinate transformations 6; which are C°~-
diffeomorphisms due to smoothness assumptions on the boundary, the original problem is
reduced to a finite number of so-called full-space problems related to U; C Q (U;noQ = 0)
and half-space problems for U; N 9Q # (). Further, the transformed differential operators
enjoy the same ellipticity properties etc. as before, i.e. the principal part remains unchanged.
Note that the transformation induces isomorphisms between Sobolev spaces, i.e.

0; : Wo(QNUy; E) — W, (R} N6;(U;); E), E any Banach space,

for each p € [1,00] and 0 < s < 4. For these (full- and half-space) problems unique solutions
will be available, and after summing up all local solutions we obtain a fixed point equation
which can be solved first on a small time interval(!). Proceeding in this way the problem can
be solved on the entire interval [0, T'] after finitely many steps. As to literature of localisation
techniques for bounded domains, we refer to [14], [6]; a very detailed description of these
techniques, with application to an example, can be found, for instance, in [25] and [11].

By means of localising and flattening the boundary, such that v = (0, —1)T, we obtain
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model problems in the half space R’} := R”~! x R, having the form

Opu+u— fAu — (5\ +7)VV-u = f(t,y,2), t>0, y>0 xR
fﬁyut =0(t,x), u" =49 x), t>0, y=0, xzeR"! (3.3)
UZUO(yw/E)) t=0, y>0, xeRn_lv
where we have set u = (uf,u") € R"™1 x R. The term u at the left side was inserted
to make —A, + I invertible, which is always possible as we localized a bounded domain.
At first, we point out that maximal L,-regularity in the 'usual setting’ gives u € Z(J) :=
Hy, (J; Ly (R R™)) MLy (J; H (R 5 R™)). Next let us transfer the regularity assumptions and
compatibility conditions to this half space problem. What is known about the data is the
following
fe (L Ly(RY)) N Ly (J; Hy (RY)),
frtL:O,y:O € WIQ)—3/:D (Rn)7 6yf\tt:0,y:0 € W}l)—3/p(Rn; Rn_l)’ Ug € W;)_Z/p (R:L-7 Rn)v
9 € WS P2 (J Ly (R)) ALy (J; Wi/ (R™Y), 929 € Yo(J)
0 c W;}s—l/p)%(J; Lp(Rn—l;Rn—l)) ) LP(J; W;—l/p(Rn—l;Rn—l))7 859 c YI(J§ Rn—l)7
Yi(J;E) =Wy (L (RS E)) MLy (S W (RL E)), i=0,1,
where 97 with 8 € N*, |3] < 2, denotes tangential derivatives up to order 2. Moreover, the
compatibility conditions take the form
u8|y:0 = 19|t:0 c W;_3/"(R"), _[ayuéhy:o — 9|t:0 c W;_3/p(R";Rn_l)7
0,010 + Vji=o — [AuG)jy=0 = (A +171)[8, V-uoljy=0 + [l y—o € W5 */"(R"), (34)
0,0)1—0 + 0j—0 + 1[0, Aug]jy—0 = — (71 + 5\)%Vavv'umy:o - 3yf|tt:o,y:o € W, */*(R";R" ).

As a first result, which can easily be verified by differentiating all equations of (3.3) with
respect to 92, we may claim 0%u € Z(J) and along with u € Z(J) this gives

w e Hy, (s Hp (R™; Ly (Ry.))) 0 Ly (3 H (R H (R+))).

Hence it is left to show that the normal derivatives 8§u, Jj € {1,2}, lie in Z(J) as well as
Oyu € Hy*(J; Ly(R;R™)) N Ly (J; H (R ;R™)). To establish this regularity, we provide a
solution formula of (3.3) from which the regularity can be read off. At first, it is useful to
consider v := V-u solving

O — 27+ NAv =V, f'+0,f", t>0, y>0, zeR"
n—1

—0,v =1, t>0, y=0, zeR" (3.5)
v = V-ug =: v, t=0, y>0, zeR"!

with ¢ = =V, - dyuf, o — 07l _ =V -0+ 20+ N [fli_y — 09 + 718,80 — (7+ V)V, - 0],
in view of the identity —(27 + 5\)8511” = A" 4 (7 + NV, - d,u" — dyu™ + f". Notice
that ¢ belongs to W2~/ (J; L (R™)) N Ly (J; W3~/7(R")) which comes from f; _, having
the least regularity. Further, the compatibility condition —[9,vo]|y—0 = 1= arises from
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the first three conditions of (3.4). A solution formula of (3.5) is very well-known, cf. [18],
however we need a presentation allowing a verification of higher spatial regularity. In fact,
the purpose is to establish the regularity 9,v, B/?v € HY?(J;L,(R7%)) N L, (J; H2(R%)),
as these terms will appear at the right side in the model problem for u, see below. For
this, let B = —A, + [ with domain D(B) = H}(R") and A,,, = iB— 92 with domain
D(Al/z) ={p € H3(R}) : ¢|y—o = 0} and ¢ denote the unique solutlon of

_ 1/2
~02¢+ 3By =e"B/D gy >0, g:=g(v) = [3Bvo — 2vo)jy—0  (3.6)
¢(0) = Vo|y=0

which is given by

¢ = D(y)vojy—o + LB~2®(y)g = ®(y)vop,—0 + (D + (3B)/3) 1A B)2d(y)g,  (3.7)

where ® denotes the analytical semigroup e~ (B/2)' %y, Further, we have set D = 0, with
domain D(D) = (H,(R; X), X any Banach space, and this operator is sectorial, invertible
and belongs to BIP (L,(Ry; X)) with power angle 7/2. Then ¢ belongs to W3~*/7(R" ) due
to the regularities vgjy,—o € W5 *?(R*') and g € W) ~*/?(R""!) as well as the mapping
properties of ®, see Proposition 6.1. In view of the construction of ¢, we easily see that
vo— @ € AL Da, , (1= 1/p,p) = {p € Wy /7(RY) : pym0 = Auapyy=o = 0}, if traces
make sense. We further define S,(t) := e=B/?* o = 27 + X\, and T,(t) := e~ 4" where
we have set A := B — 9, with domain D(A) = D(A,,). Let G = 9, with domain D(G) =
HL(J;X) = {p € Hy(J : X) : ¢y—0 = 0} and F, := (a™'G 4+ B)'/2, any a > 0,
with domain D(F,) = D(G'/?) N D(B'/?) = ;HY?(J; L,(R"~1)) N L, (J; HL(R"~1)). These
operators are sectorial, invertible and belong to BZP (Lp(J : LP(R”_l))) with power angles
0c < 7/2 and Op, < /4, respectively. Then v can be written as

v =11 + e*FayFaflw} _ 8yv1|y:0}, vy :=Tu(t)[vo — @] + So(t)d+
Ty {V-f = e (V- fly=o — Sa(t)V- fly=0,t=0) — Sa(E)@(Y)V- fly=0,t=0 } (£)+
tSa(t)®(Y)[V- fly=o.t=0 — 3 Buojy—o + Oyvojy—o] + e~ "V F, [V fly—o — Sa(t)V- fly—0,e=0]
To see that v possesses the regularity as mentioned, we remark that V - f belongs to
H;/‘*(J; L,(R%)) N Ly(J; Hl(]R")) and thus, by using trace theory, we obtain V - fi,_ €
W= (J; Ly (R 1)) Ly(J; Wy, te (R 1)), V- fit=0,y=0 € W;,*/”(]R”*l). The verifica-
tion of regularity for v is quite s1mllar to u! and can be adopted, see below.

The results above are very helpful to find a solution formula for u. More precisely, u can
be considered as the unique solution of

dut — AUt = N+ 7)Vev + fit,y,x) = A, t>0, y>0, zeR"
= (

O™ — nAu” A+ 77)(9 v+ f*(t,y,x) =2h", t>0, y>0, z¢€ R"L,
—9,u' =0(t,x), u"=9(t,x), t>0, y=0, xcR"!
ut = uh(y,x), u"=ug(y,) t=0, y>0, zecR"

where we splitted again v = (u?,u") and f = (f%, f™), and consider Vv, which is known
by means of the results above, as an inhomogeneity. Therefore, the problem for u! and u®
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decouples and each part can be represented in the following way
ut =y e TESO - Oyuiy, o], = T(8)[ug — ¢+
Ty * {ht —e YR, _o — Si(t)hfy—ot—0) — Sﬁ(t)‘b(y)h\ty=o,t:o} (t) + Sz (t)¢’
+t55(1)@(y) [h\tyzo,tzo - %B“ay:o + a§u6|y:0} + %Q_Fﬁngl[hfy:O — 55 (t)hfy:O,t:O]

and

u" = Ty s {7 = e T, — Sa()hTy0.1—0) — SO PW)AT g0 } (1

+ Tl — ¢"] + Se™ TVE Rl g — Sa(t)hfy—o o] + € V0 — uf), o),

uy = Sy(t)¢" + tS5()@(y) [, —o.1—0 — B/2u,—o + I5ug),—ol-

Here, ¢ = (¢',¢") € W;=2/*(R"; R" 1) x W;=*/*(R"}) denotes the unique solution of (3.6)
with the data (®(y)g(uo), uojy—o), which then implies up — ¢ € A™'Ds(1 —1/p,p) = {p €
Wo=22(R;R™) + pjy—0 = Apjy—o = 0}. To understand where this regularity comes
from, one has to make sure of ugy—g € Wy *?(R""H;R"), g(ug) € W2 **(R""1;R")
and ®(-)g(uo) € W>*/?(R’;R™), by using Proposition 6.1. Further, due to the second
representation of ¢, see (3.7), derivatives concerning 9, correspond to B2 and there-
fore Bo, 3542) ~ ®(y)Bugy—o plus BY2(D + (%3)1/2)—1@@)9’ where both terms lie in
Wo-2/2(R s R™).

Observe that the compatibility conditions were incorporated in these formulas to the
result: O—g = ay“i\y:o,t:o’ 010)1—0 = atayu’i‘yzo’t:o, Dje=o = ufjy—g =0 and Oyj=o =
8tu?|y:07t:0. Finally, this solution formula allows us to verify the additional regularity,
that is, 85 u, Ofu € Z(J), k = 1,2, and d,u € H*(J;L,(R?;R")). Exemplarily, this is
to be carried out by means of u’. At first, we study w := Tj(¢)[uf) — ¢'], where in this
case 8;, 7, and 92 correspond to A. Therefore, due to Afuf — ¢'] € Da(1 —1/p, p) we may
conclude that w € H2(J; L, (R ; R" 1)) NL, (J; Hy, (R%; R*~1)). The next part of uf, namely
w := Tj * {...}, is more involved. To begin with, take note of {...},—o = 0 which along
with {...} € Ly(J;H(R};R"1)) leads to Aw € Z(J). Moreover, it is easy to see that
Sﬁ(t)(b(y)hfyzo’tzo e Z(J), e” ﬁy(h""yzo — Sﬁ(t)hfy:mt:o) e W20 e (J; Ly (R R 1)) 0
L,(J; H2(R%; R™~1)) and, since hf € HY?(J; L, (R R 1)) N L, (J; HA (R R 1)), we may
conclude from the identity d,w = T = A{...} + {...} the wished regularity. The next
term under investigation is w := S;(t)¢" and even lies in Z2(J) := H2(J; L,(R%; R 1)) N
Ly (J; Hy (R ; R™~1)). To see this, take notice of the regularities ¢ € Wj=*/*(R"; R"!) and
Si(t)[Be'jy—o € Lyp(J; W2/2(R™R* 1)) N W =1/22(J; L, (R™; R" 1)) which follows from
Proposition 6.1. Further, as we have the relations 0,w ~ Bw, 8£iw ~ Bw and 8511) ~ Buw it
is sufficient to consider v := Bw solving

ow—iAv=0, t>0 y>0, zecR"
Uy=0 € Wy 2 (J3 Ly(R™ R"™H) N Ly (J; W /P (R R™H)),
Vjpmo € W2 /P(RT; R ).
Then by maximal L,-regularity we know v € Z(J) and hence w € Z?(J). The function
w = t5;5()(y) [}, =g 10 — %Buglyzo + ajuglyzo] =: t55(t)®(y)woo =: tw belongs to Z2(.J)
as well. At first, observe that woo € W2~*/7(R"; R"~!) and w € Z(J), as this function solves
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the problem above with right side 0, boundary data S(t)wgo and initial data ®(y)wg, where
the data possess the regularity stated above. Moreover, w solves the problem above with
right side w, boundary data ¢S (¢)woo and initial data 0. Because of this observation we are
able to rewrite w as follows

o0
w(t,y) = e_F”ytSﬁ(t)tDOO + %Fgl/z/ [e_Fﬁ‘y_s| — e_Fﬁ(y+3)]1[)(t, s)ds
0
= e (G +1/2B) 7S ()0 + - - -

and this representation reveals the regularity. At last, we study the function w(t,y) :=
%F{le_Fﬁy[hltyzo — S;(t)hf,y 40| Which, by using similar arguments, can be rewritten as

w(t,y) = %(D + Fﬁ)ingleiFﬁy[hfy:O - Sﬁ(t)h\tt:o,yzo}v

where we set D = 0, with domain D(D) = (H,(R;;X), X any Banach space. Note that
D is sectorial, invertible and belongs to BZP (L,(R+; X)) with power angle 7/2. Having in
mind that [h|ty:0 - Sﬁ(t)hft:o,y:o] € W2 /4 (J; Ly(R™; R 1)) MLy, (J; W2 /7 (R R™ 1))
and thus e”F7¥[...] € (W /22 (J; L, (R R 1)) N Ly (J; H2 (R R™Y)) as well as the
embedding

oWy (T Ly (RY; R™TH)) = GH2 (T3 Ly (R R TH),

it is an easy task to verify that 8,w, Bw, dow € HY/?(J; L, (R7; R 1)L, (J; H2 (R ; R™ 1))
which finally shows

w € HY?(J;Lp(R; R 1) NH, (J; H (R R 1)) N Ly (J; Hy (R R™ ),

finishing the proof. O

3.2. THE CONTINUITY EQUATION

In this section the equation of conservation of mass is carefully studied in terms of the
regularity dependency of u, that is, we are interested in the “maximal” regularity we can
expect. Since a third order term of p appears in the Cahn-Hilliard equation, which is
supposed to be in X5(J), we need 0,,9,.9,,p € Lp(J;Lp(2)), 1,4,k < 3, at least. A similar
situation occurs in the Navier-Stokes equation, since here first order terms of p have to be in
Ly (J; H3(€2)). Surprisingly, this regularity and even more can be gained from the assumption
u € Zl(J)

Lemma 3.1 Let Q be a bounded domain in R", n > 1, with boundary T, J = [0,T] a
compact time interval, and p > max{4/3,n/2}. Further, assuming that py € H;(Q) with
po(z) > 0 for all z € Q, and u € Z,(J) satisfies (ulv) > 0 on T. Then problem (2.3)
supplemented with initial condition p(0) = py possesses a unique positive solution p € Z3(J)
and there exists a constant co(R) independent of T such that

ol z5(r) < cos (3.8)

provided that ||po|[mz (), [lullz,(5) <7, 7 € (0, R).
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Proof. Step I — preliminaries. First of all we shall state some embeddings which will
be crucial for all forthcoming estimates. These embeddings are due to the mixed derivative
theorem and Sobolev embeddings, for which p > max{1,n/2} is sufficient. Let § € (0,1)
and 1 < p < oo then it holds

Z1(J) = HLF2 (S92 (Q;R™)) N HY(J; HE 9242 (;R™)).

Setting E; = }R”i, i = 1,...,4 we infer from this embedding and the assumption p >
max{4/3,n/2} that

ueC(J;C(QEy)), Vue H,/*(J; C(% Er))N C(J;H,(2 E2)), Fa>1/4

Ou € Ly,(J;C(Q Ey)), Voue H,/*(J; Lp(2; Ea)) N Ly (J; HL(; E2)), (3.9)

V2u € Ly(J;C(9; Es)),  Viu € HY?(J; Ly (Q; Ey)),
Further, a substantial argument will be that all subsequent constants C, C;, ¢;, ¢ € N, which
may differ from line to line, are always independent of u, p and T, but may depend on
the constant R. Since this fact plays a decisive role and will be used several times, we are
going to show that is always possible to estimate u (Vu, V2u, etc.) independent of T in the
function spaces being under considerations. For this, let w € Z;(R;) be any function such
that w(0) — u(0) = 0 and |lw||z,(r,) < 7. Further, let Y/(J) denote a function space with
the property Z1(J) — Y(J) as well as there exists a bounded extension operator E from
oY (J) to oY (Ry) satisfying || E |5z, (R, )02 (7)) =: ¢4+ < 00. Using [Jul|z, <7, r € (0,R),
and the assumptions above we can proceed as follows

lully )y < llu—wllyy oy + [wlly @) < 1B+ (u—w)llyy e, + Cillwl z ®,)
< Gl By (u—w)llyz,ry) + C1r < Cocyllu —wl|,z,(5) + Cir
< Cocy ([Jullz, () + llwll 2, rs)) + Crr < 2C2c . R+ Ci R,

which shows independency of T and r. Another preliminary consideration concerns estimates
of solutions g : J x 2 — E, E any finite dimensional space, of

0,0+ Vo-v+oVo=f(ta o), (t,x)eJxQ,

3.10
0= oo(x), (t,z) € {0} x Q, ( )

where go € L,(Q; E), and f is subject to the condition
1f @, o), 5m) < ki()llo®)llL, :m) + k2(t),  ki(t), ka2(t) € Li(J3Ry). (3.11)

Lemma 3.2 Let Q be a bounded domain in R™, n > 1, with boundary T, J = [0,T)
a compact time interval, and p € (1,00). Further, assuming that oo € L,(QE), v €
L1(J; CH(Q; E)) satisfies (v|v) >0 on T, and f fulfils condition (3.11). Then, every solution
o of problem (3.10) suffices the estimate

lollB (L, (k) < exp {HV'U”LI(J;C(Q)) + |’€1|L1(J)} (||90L,,(Q;E) + ||k’2||L1(J)>~ (3.12)

Moreover, assuming that oo € Loo(Q; E) and k1, ko are independent of p, we even conclude

lelscrnienmy < oxp {90l o + Malhaon | (lellaim + Dralhao ). 13)
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Proof of Lemma 3.2. After multiplying the differential equation of (3.10) with |o()|P~20(t),
integrating over {2 and integration by parts, we obtain

d _ _
S0, gy = 152 / Veolt, 2)|olt, )P da + / f(t.2,0) - ot @) |o(t,x)P~* do
Q

Q

= L2 [ o(t,2) [P (v]v) do < B2 [Vo(t)l o 0O, 0.z + 1 E )l @:mleOIT 0.0
p p p( ) p( )
r

< 1900l + ki) 16OIE . + E2N O oy

From this inequality we conclude £ ||o(t)|1,, 0:r) < (| V-v(t) le@tki@)lo®)l, @ mytka(t),
which, after employing Gronwall’s Lemma, leads to

t
le()llL,:p) < exp { / [V-v(s)llcm) + Fi(s) ds} (|90|Lp(Q;E)+
0

t

/exp{ —/t||v-v(7)||c(m +ha(r) dT}kQ(S)ds)

0
< exp {||V'U||L1(J;c(ﬁ)) + HklHL1(J)}(||QO”LP(Q;E) + ||k?2||L1(J))

and thus estimate (3.12). Finally, letting go p — oo in (3.12) we obtain the second estimate
(3.13) as well. Notice that the assumptions gy € L (2; E) and k;, ko being independent of

p allow this limiting process. O
Step Il - u € Z,(J) implies p € B(J; H}(2)) and 9,p € B(J;L,(2)). Due to Lemma 3.2
and the above remarks we are able to derive estimates for V¥p, k = 0,...,3, independent

of J. In fact, since p solves (2.3) we may apply Lemma 3.2 with f = 0 resulting in

lellBerL, @) < exp {IV-ullL, (L. @) }Hipoll, @ < ei(R),

(3.14)
1ollB( 1w @) < cecr =t c2(R),

where the embedding Z;(J) < L1 (J; C'(;R")) entered. A similar estimate for Vp can be
derived, as ¢ := Vp solves

0,0+ Vo-u+oVu=-Vu-9o—pVVu=:f (3.15)
and f satisfies the estimate
1F Oz < 1)l @.m) e L, @) + 2l QP lu®) gz @)

as u(t) € Hi(Q; Ey) — C*(; Ey) for p > n/2. Due to the remarks in step II and Lemma
3.2 we obtain

2||uw 5
HVPHB(J;LP(Q;El)) <e I HLl(J:cl(n;El)) (||vp0||Lp(Q;E1) +C2Hu||Ll(_];Hg(Q;E1))) < C3, ( )
3.16

IVollBiLw @B < Al e @en (

1V 00l 0:0) + c2lltl, co@m ) < €
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Besides, the estimates (3.14), (3.16), (3.16) and the equation of mass entail the estimate
[10:0lB(7L,(0) < (c2 + ca)llullc(rmyo;py)) < cs(RR). The higher spatial regularity of p can
be proved in same manner as before. More precisely, at first one applies V2 to (2.3) to
obtain an equation for g := V?p having the form

0,0+ Vo-u+oViu=—-20-Vu—Vp- Vi — 2Vp ® VV-u — pV2V~u =: f,
where f suffices the inequality
1F O, @iE) < 20u®)llcr @z lle@ L, @ie) + (3ea + c2)l[u()]uz 0 84)-

Reasoning in the same way as before gives rise to the estimate | V2p||p (L, (0m)) < ¢6(R).
In the next step V? is applied to (2.3), and in view of V2p € B(J;L,(Q; E»)) and V2u €
Ly(J; C(€%; E3)) we may proceed as usual, leading to the result |[p[|p(smz (o)) < cr(R). We
point out that p > n/2 is only required.
1
Step III - p € H, *(J;L,(Q)). This regularity is available due to V-9,u € HY/*(J; L,(2)),
which is caused by the embedding Z;(J) — H,"/*(J; H,(©;R™)), and the equation

02p = —Vo,p-u— pV-0u — 0,pV-u — Vp - du. (3.17)

The idea is based on studying the regularity of the right-hand side which is at most as
mentioned above. Since no further information of V9,p is at hand, we firstly aim at proving
Vo,p € B(J;L,(€;R™)). This can easily be derived from the equation (3.15) in view of the
estimate

IVO,pllBsiL, ) < PlBLe @) IVV-ullesL, @B
+2[ Vol @) Vulloi, e + IV2ollBL, @) lvllc .o @ey
< (2 + 2ca)|lullcrmzm)) T erllullc.cme) < o).

Now, on account of the regularities p, 9,.p € B(J;Loo(2)) and 0,p, 0,,0,p € B(J;L,(£2)),
we perceive that each term on the right-hand side of (3.17) lies in L,(J;L,(£2)) at least
(without any additional restriction to p); thus we conclude, by using all previous results,
p €Y :=H(J;L,(Q)NHL (J; Hy(2))NB(J; Hy (22)) and ||plly < c11(R). To make out more
time regularity for p, we only have to put this newly-acquired regularity into the equation
(3.15) and carry out similar estimates in “better” spaces. More precisely, the first purpose
is to show VO,p € H;/*(J;L,(2; E1)) which implies p € Y N H,7/*(J; H,,(€2)). Taking into
account the embeddings (3.9) and

Y — Hy(J;H, () NLg(J;H,(Q)) — HZ(J;H;,“l’e)z(Q))a Vs € [l,00), 6€(0,1),
which implies
H(J;HPO77%(Q)) < C (s H(Q) — C*(J;C(Q),  a €[0,1),

we may proceed as follows

”vatpHHlle(J;Lp(Q;El)) < ||p||C(’(J;C(§))||vv.u||H;/4(J;Lp(Q;E1)) + QHVPHCQ(J;LP(Q;El))’

IVullays e @iz + IV Pl [loe ro@en) < cr0(B). - a>1/4
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Now, according to the equation (3.17) and the regularity p € Y N H}/*(J; H,(Q2)) as well as
the above embeddings, we easily infer

2
Hat p”H;’/“(J;Lp(Q)) < Hvatp”Hé/‘L(‘];Lp(Q;El))||u||c‘1(J;C(ﬁ;E1))
+ ||vp||ca(J;H113(Q;E1))‘|8tu||H;/4(J;H11)(Q;E1))

+ ||atp||H;)/4(J’H117(Q))”VU’HCO‘(],H;(Q)) + HpHC"‘(J;C(ﬁ))||atv'u||Hé/4(J;Lp(Q)) < Cll(R)7

which shows the estimate (3.8).

Step IV — existence and uniqueness. This is a very well-known result and a consequence
of the theory of symmetric hyperbolic systems as well as the estimate (3.8), cf. [17].

The next lemma concerns the estimate of differences of solutions of the equation of mass.

Lemma 3.3 Let Q CR™, n > 1, be a bounded domain with smooth boundary T, J = [0,T],
p>pand r € [1,00). Assuming that (u1,p1), (ug,p2) € Z1(J) x Z3(J) with (u;|lv) > 0
on T, i = 1,2, and |[(us, pi)llz,(yx 251y < Ko, Ko € (0,K). If both (u1,p1) and (uz, p2)
solve (2.3) with initial data (uo, po), then there is a constant k(T, K) > 0 with the property
k(T,K)— 0 as T — 0, such that

o1 = pallomi(rim, @) + o1 = p2llBrm ) < (T, K)llur — uzll,z, ) (3.18)

Proof. Supposing that (ui, p;) € Z1(J) x Z3(J) with [Jus||z, 1) + l|pill z50) < Ko < K,
i = 1,2, solve the equation of conservation of mass. Let denote ¢ := p; —p2 and v := w1 —us
then (p,v) satisfies

atg + V(QU1> ==V (va)7 (t,{l?) €Jx Qu

0=0, (t,2) € {0} x Q. (3.19)

Applying Lemma 3.2 we are able to derive the following estimate
||Q||B(J;L,,(Q)) < exp {||U1||L1(J;01(Q;Rn))}||V‘ (pQU)”Ll(J;Lp(Q))

< exp {CE||“1||L1<J;H§<Q;Rn>)} (||02||B(J;c@)||V"U||L1(J;Lp<ﬂ))
+ el Vo llncmym ol e

where in the latter inequality we exploited the embeddings H,(2) — C* (), H}(Q2) — C (),
for p > n/3, as well as inequality (6.1). Due to the boundedness ||u1l/z, (1), 2]z, <
Ky < K, we further conclude

lollB(rr, @) < CUE) ()L, (1 rn)) < CUE)T||[v]crmy@rn))

(3.20)
< CE)T|v|lyz, (s

due to the embedding Z;(J) — H,/*(J;H,(;R")) — C(J;H,(2;R™)), p > 2. Next we
apply V to (3.19) in order to derive an estimate for Vo. The equation we have to study
reads as

O,Vo+V?0-us +VoV-uy = —Vuy - Vo — VV-(pov) — oVV-uy =: f, (3.21)
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where f fulfils the estimate
1f O, @z < l[ur()llcr@re VOO, @irn) + IV V-(p20) ()L, (2;r7)
+ cello@®)[luy @) VV-ui(t)lnz@rn)
< 2cpllur(t) lna @) Vo) L, @rn) + C(K)[[v(t)lnz(@rn)
+ c(K)T|[v]loz, () lua () [ @rn)-

Using again Lemma 3.2 we arrive at the inequality

IVo(®)llp(riL, @mny) < 221l ((FK)T||vll, 2, () llu ]l 2, ()

+C(K)||UHL1(J:H§(Q;]R”))) < C(K)(T + Tl_l/p)HU”OZI(J),

and along with (3.20) this gives the first part of (3.18). So, it lefts to prove an estimate for
Op0 in L, (J;Lp(€2)). This is again a consequence of equation (3.19). In fact, having in mind
the embedding H7(2) — C(Q2) and inequality (6.1) we come up to

19;llu. (s, @) < TV IVellsiL, @z vl o @z

+ cellellBmy @) IV-urllL, (my @) + ezl @)V, m@rey)

+ ce|Vp2llB(ri. rm) V], (7L @)

< (T \lolls sy [ullo o @y + 2l @) [V, (g @mn)-

In view of the embeddings u; € H},(J; H2(Q)) — C(J; C(ER™)), p > n/2, and v € Z1(J) —
C(J; H,(9;R™)), we may continue with the above estimate as follows

1.0l (0 < BT (lelsermyen + Ivllecmon)
< (K)TY"(T+ T Y% 1 1)[|o]]y 2,095

which finally implies the second part of (3.18), finishing the proof. g

Remark 3.1 This lemma or rather the approach of the proof is the real cause for working
in different regularity classes with respect to selfmapping and contraction. To get the idea
why this approach seems to be necessary, we have to take a closer look on the L,-estimate
for Vo = V(p1 — p2). For the time being, let us assume that selfmapping and contraction is
proved in the same space, which for the sake of simplicity is to be (u, p) € L, (J; H} (€;R")) x
B(J;H,(€2)). To obtain L-estimates for the density, we have always applied Lemma 3.2
and this is also the case for differences. However, the right-hand side of (3.21) has to
satisfy the condition (3.11) of Lemma 3.2 meaning that VV-(pav) € L1(J;L,(€2)) and thus
p2 € L1(J; H2(Q)) at least, s € (1, 00) chosen appropriately. This contradicts the assumption
p1,p2 € B(J;HL(Q2)). This lack of regularity always occurs and cannot be resolved by
considering higher regularities.

3.3. A WEAK ESTIMATE FOR CAHN-HILLIARD

This section is devoted to a “weak estimate” for solutions of the Cahn-Hilliard equation (2.2).
This subject will play a decisive role in proving contraction for the fixed point equation. But
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first of all, we recall the reformulated Cahn-Hilliard equation (2.15)
20 G,c — V- (20V (g — V-(0Ve)) = £2{8,([po — ple) — V- (cpu — (0 — 1)VIV-(0Ve) + g]) }
2
— BY(22). V[V-(eVe) - g,
0,c=0, 09,(9—V-(e0Ve)) =0

with g(p,c) := V-([e —0]Ve) + p~eVp - Ve — 9,4p. Next we define M := =22 with domain
D(M) =Y :=L,(J; X) and X := L,(Q), G = 9, with natural domain D(G) = (H,(J; X),
and A. = —V- (¢V) with domain D(A.) := {v € H () : 9,v = 0}. Further, let A. denote
the natural extension to L,(J; X) with domain L,(J; D(A.)); then M, G, A, are sectorial
operators and M, G are even invertible. Moreover, these operators belong to BZP (Y) with
power angles 0y =0, 0 = w/2 and 64, = 0. Let (u1,c1), (u2,c2) € ¥ and p; := Luy, po)
solve problem (2.1)-(2.8). Then we introduce 9 := ¢ —c» to distinguish differences appearing
on the left-hand and right-hand side. This function satisfies

MGY + Ay (¢ + Agy W] = %Gq)l - %V'(Ib + Ay (@ = Agler — e2])
2
— Ay, (Asoe2 — glp2,c2)) + 2V(2L) - V(P + Ag e — ), (3.22)
where we used again g := €¢(0, z, po(z), co(x)) as well as

¢ = 9(,01701) - 9(P2’ 02), Dy = (Po - ,01)(01 - 02) - (pl - ,02)02, Dy = c1prur — capau

with a; := a(t,z, p;, ¢;), a € {7,e}, i = 1,2. In this setting the difference ¥} can be estimated
in ,Z5(J) by means of differences on the right-hand side. This astounding result draws upon
the divergence structure and appropriate boundary conditions as well as maximal regularity.

Lemma 3.4 Let Q@ C R™, n > 1, be a bounded domain with smooth boundary T, and
J =1[0,T] a compact time interval and p € (p,o0). Assuming that vo, o belong to H;(Q2)
and vo(x), eo(x) > 0 for all = € Q. Further, let (u;,c;) € ¥ and p; = Llu;, po), i = 1,2,
and 9 € Z5(J) solve (3.22). Then there exists a constant Ms(R) > 0 (Rg < R), such that

19lloza() < Ma (10l (s, + 1R 172, ) + 12l iz, @+
1 1,1
170 = llsror@yler = e2llu, mz ) +max{TT, T3%% iy — %2llprims@))- (3.23)

Proof. At first, let us define B := G'/2 + A, . Having in mind that G and A., commute
as well as G is invertible, the Dore-Venni theorem yields that B with domain

D(B) = D(G"*) N D(A.,) = [D(G),Y]1/2 N D(As,) = oHY*(J; L, (2)) N Ly (J; D(A.,))

is invertible, sectorial, and belongs to BZP (Y) with power angle 5 < max{0s/2,04} =
7/4. Furthermore, if we set F:= MG + A,  A., with domain D(F) = D(G) N D(AZ ), then
maximal L,-regularity of the Cahn-Hilliard problem gives rise to F' € Lis(D(F),Y). The
next step consists in stating a weak formulation of (3.22). For this, we multiply (3.22) with
1, integrate over J x ) and integrate by parts etc. to obtain

(G2 | MGH?0) + (AL | Aey® + 8) = (GV2) ] 22GV2®,) + (V(224)| @)
+ (g |6 — Acy[e1 — ca) + (1 — 1] V|V [Acyes — gps, e)])
— (V(EV(2)9)[6 + Asy[er — o], (3.24)
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for all ¥ € D((G'/2)') N D(AL,). Here (:|-) denotes the duality pairing between Y and
Y=Ly (J; X'), AL = A, with domain D(AL)) := {¢ € Ly (J; H;,(2)) : 9, = 0}, and

T Tt
+—1/2
1/2y/ — o / _ —
(G v /91/2(7 ' (1) dr 0, O/ gry2(T)o(T +t)dr, g2 7F(1/2)’

with domain D((G*/2)) := {v € H/*([0,T]; X’) : v(T) = 0}. Notice that (G*/2)" and
AL, commute and belong to BZP (Y') with power angles 0 gi/2y < 7/2 and Oa,, =0,
respectively. As above, we may conclude by the Dore-Venni theorem that (G'/2)' + AL is

invertible and belongs to BZP (Y’). In particular, there exists a constant ¢ > 0 such that
for all ¥ € D((G/2)") N D(AL,) holds

1GY2)llys + AL wlly: < el (G206 + AL ]y,

With these preliminary considerations we are able to find an estimate for ¥ in ,Z2(J). The
idea is based on equivalence of the norms |9, z,(s) and | B~'F9||y as well as exploitation
of duality relations. Therefore, we have to study the dual operator B’. Since B is densely
defined, closable, and bounded invertible, we already know the existence of (B~!)" as well as
(B~YY =(B')"' € B(Y',D(B')) where D(B') ={y' € Y': 3’ €Y' : (y/|By) = (2'|y) Vy €
D(B)}. Furthermore, in view of the dense embedding D(B) < Y, which implies uniqueness
of 2/ € Y’, the above characterisation of D(B’) takes the form

D(B) = {y €Y' (GV?)y + ALy = €Y'},

The equation (G/2)"y’ + AL y' = 2’ can uniquely be solved in Y’, that is, for every 2’ € Y’
there exists a unique y’ € D((G'/2)')ND(AL,); but this entails D(B’) = D((G'/?)")ND(AL,).
We are now prepared to tackle the estimation of ¥ in ,Z5(J). On condition that ¢ € ,Z5(J)
and ¥ € ,25(J) satisfy (3.22), which implies ¥ + B~'¢ € D(F) due to the regularity
B71l¢ € 2Z2(J) as well as 9,9 = 9,B"'¢ = 0 and 9,A4.,(9 + B~1¢) = 9,(A,0 + ¢) —
G'20,B~1¢ = 0, we may proceed as follows

191122y < ClIVlpsy < CUIY + B llpsy + 1B ¢l p(s))
<C(IBW+ B '9)|ly + l¢lly) = CILB~'F(¥ + B~ "¢)lly + l¢]ly)

with L := BF~!B. Thus, we have to show boundedness of L, more precisely, for all
¥ € D(B) it must hold | Ly||y < ¢||¢|ly. To see this, we firstly reform L according to

L=BGY*F~' 4 BF YA, = B*F~' + BGY?F~'[A,,,M] GY?F~1.

Computation of the commutator results in
[Acys M]_ P = 250V(E?y%) -V + V'(EOV(%)W = Ky
where K is a differential operator of first order. Thus L can be represented as follows

I = BQF—l 4 [BF_I/Q}[Gl/QF_1/2][KlF_l/QMGl/zF_l/2],
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from which boundedness, bearing in mind the regularity assumptions on pg, Yo, €¢ as well
as the condition on p, is obvious. After all we have achieved

19l zs(s) < el BT F (@ + B~ 9)lly + c2lldlly-

Setting 1§~:: ¥ + B~1¢, the first norm is equivalent to sup{(¢/|B=1F9) : ||¢'||y, < 1} =
sup{(¥|F9) : ¢ = (B')~' € D(B'),||B'¢|ly: <1} and, due to relation (3.24), we obtain

|B7FDy = swp [(GHUIMGED) + (AL Y|ALD + ) + (G} UIMGEB )

A GiET ) <Cloly+ s (G UIBGE) + (T ey

B4y <1

+ (Aygm ¥1d — Agoer — cal) + (Im = 7l VYIV[Az e — g(p2, 2)]) — <V'(%V(Z%)¢)I¢>

2
— (V[ET(®)y)| Ay er - c2]>) <€ (I9lly + 1911l 172, ) + 192l

Yo

2
+ o = Mllea@yller = esllozaen ) + SR (V[ V(22) )| Acyler — ea])
Y/'>

+  sup  [{[v1 — 2] VYIV][Agc2 — g(p2; c2)])]-
1By, <1

In the end, the remaining terms can be estimated by Holder’s inequality with exponents
s = 44Tpp and s’ = 3;154 due to the embeddings |Vy| € H;{“(J; Ly () — Ly (J; Ly (Q)),
e1—ca € WZo(J) = JHY(JHY(Q) — (C(J;CQ), ep € Zo(J) — HYH(JIHI(Q)) —

C(J;H3(2)) and py € Z3(J) — Loo(J; C*(€2)). Thus, we end up

2 2
S (V- [5EV(E@R)ENAs [or = oDl < lleollor 152V @D o @) VP I, (i, 2mmy)
Y=

1
“ler = ealln, (rmz(e) < C(Ro, R1)T7 |[er — c2||n, (rm2(0)

and

sup  ([y1 — ]VY|V[Ac e2 — g(p2, 2)) < [ — 22l (@) lIVE

Lo (5L (R™))
1B4lly, <1

1,1
IV[Acoea = g(p2, e2)lllc (s, @urny) < C(Ro, RT3 7 ||y = 2l (rm1 «)-

Observe that g(pa,c2) only consists of terms comprising ps, co and their derivatives up to
order 2. Therefore, by exploiting the embeddings ps € Z3(J) — B(J;C*(Q)), for p > n,
and ¢y € Z5(J) — L,(J; C*(Q)) N C(J; C*(Q)) N C(J; H3(Q2)), for p > p, it is easy to show
that V(A ca — g(p2,c2)) lies in C(J;L,(€;R™)). Finally, the estimates above bring forth
(3.23). We also underline that the constants C' above, arising from embedding inequalities,
are independent of T', which is caused by working with differences having time trace 0 at
t = 0. This fact can be seen by means of extending these functions to the whole positive
line R;. O
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4. PROOF OF THEOREM 2.1

At first, keep in mind that problem (2.1)-(2.8) could equivalently rewritten as (2.17) with
p(t,x) = Llu, po](t,x) where

L B(0) C Z1.0(J) x HY () = By (0) C Z5(J),

B,.(0) denoting a ball with radius r and centre 0, and Z; p(J) := {v € Z1(J) : (v|v)r > 0},
see Lemma 3.1. Furthermore, due to the Theorems 3.1 and 3.2 we have maximal L,-
regularity for the associated inear problem, that is, £ is a continuous one-to-one mapping
from the space of data to the class of maximal regularity,

L€ Lis(Z1.5(J) x Z5(J), Di(J) x Da(J)),
Di(J) :={p € X11(J) X Vo,a(J;R"™) x Yo s(J) x V1 s(J;R") x W= 2/7(Q;R")
o fulfils 4.-7. of Thereom 3.2}
Dy(J) == {p € Xa(J) x xV1(J) x Ya(J) x W=7(Q) : ¢ fulfils 4. of Theorem 3.1 }.

Using this property and Lemma 3.1, it is easy to verify that F;, see (2.18), maps Z(J) to
D;(J) and hence L(u/,c') = (Fi(u, ¢, p), ug, Fo(u, ¢, p),co) can be solved uniquely, meaning
that the fixed point mapping G is well-defined. As elucidated in section 2.1 we shall prove
selfmapping in ¥’ := {(u,c) € £ : uw € Z1p(J) N 21 5(J)} and the contraction inequality
with respect to the norm of Z(J). Now, we give an answer to the choice of (@, ¢) entering in
the definition of . Let (u,¢) € Z1 5(R4)N2Z1 r(Ry) x Z2(R4) be given, so that (@, ¢)j;—¢ =
(uo, co) and additionally 0,tj;—g = —Vug - uo +p51V~[S|t:0 +Pi—o] + fl¢=0, in view of higher
regularities. We further set Ry := ||(%,¢)| z, (r,)x2,(r,)- Then by p we mean the unique
solution of

Op+V-(pu) =0, (t,x)eJxQ,
ﬁ(o) =po, TE Q.
This kind of approximation for p ensures 8{?5“20 = 8fp|t:0, k =0,1. Then we just put
ﬁ(ﬂ7 6) = (Fl (aa 67 ﬁ)? Uo, fQ(IU'Ov €o, PO): CO)' (41)

Notice that the right side (Fi(a,é, p),uo) belongs to D;(J) and, in view of the constraint
p > P, (Fa(uog,co,po),co) € Do(J) as well, in particular, all compatibility conditions are
satisfied. Theorem 3.1 and 3.2 guarantee existence and uniqueness of (@, ¢) in Z1 g(J)x Z2(J)
with J = [0,7T], any T < co. Hence (w,¢) can be considered as the value of “one fixed point
iteration”.

4.1. CONTRACTION AND SELFMAPPING

Let us fix R > 0 and T > 0. We consider Ry € (0, R), Tp € (0,T) and set Jy = [0,Tp]. It
follows that for any (u,c) € ¥’

llullz, (10) + el zy000) < Ro + @l 2, (10) + 1€l z0050) < R+ Ra,

and, due to Lemma 3.1, we also get [|p]|z,(5,) < co(R) with R := max{||po|[ms (0, R + R2}
which is independent of Ry and Ty. Also, notice that for any (u,c) € ¥’ and any function
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space Y (Jp) being continuously embedded into Z(Jy) X Z2(Jy) we have

[, )y g0y < [(w,€) = (@, 0oy (o) + 1@ Oy (0,77
< egl(u,e) = (@), 2, (Jo) 0 22 (Jo) + CER2,
hence independent of Ry and Tp, cf. the first remarks in the proof of Lemma 3.1.

Step 1: Contraction. Let w; = (uy,c1), wa = (ug,c2) € ¥ be given and set p; =
L{u;, po]. Then by (u} — uj,c} — ¢}) we denote the unique solution of

‘C(ull - u/2ac/1 - 0/2) = (fl(wlapl) - fl(wQapQ)’07~7:2(wl7p1) _f2(w2ap2)70)'

Using the maximal regularity result 6.1 and 3.4 we obtain

Juy =ty 2z, (7) < Mil|[(Fr(wr, p1)=Fi(wa, p2),0)[l,p, (2) < Mi { (01 = p2)dyusl x, (so)+
1(po — p1)0, (ur — u2) 1 x, () + llp1 Vrua — paVuguallx, () + IV-([S1 — S](ur — u2)) |l x, (o)
+IV-([S1 = S2J(u2)) |l x, (30) + [1(p1 = p2) featll x, (10) + IV (m1 — 72) || x, (00)

+ [(pTepaVer = p%8,VE) - V2[er = ealllx, ) + 1(pTep1 Ver — pae,paVea) - Vea|lx, (o)
+3lIV(niep ) Ver | = Vipie, )| Vea Pl x, () + o161 Ver — pEVE (AL + V) er — eal | x, ()
+|[p1e1Ver —ngQVcQ](A02I+V202)||X1(JO)+||V(p151)~V01V01 —V(pag2)-VeaVeal x, (o)

H[7 —m]QD(u1 — u2) - yr,

Vi (orr) + lm = 12] QD (u2) - v, vy L (o) § »

with S;(v) := S(v, p;), and

el = alloza(0) < Mo {||¢\|LP<J0;LP(Q)) Hlleo = o1l o148 .o ller = 2l g, @)+

lp1 — pQHOH;/z(Jo;L,,(Q))”CZHC%”’(JO;C(Q)) + ||(I>2||LP(J0;L,,(Q))+
1 %+l
170 = 7illL o:cr@yller — e2lln, (o mz () + max{Ty' . o' " Hivi — v2lloB(omz )
( () p P

with an appropriate § > 0. In view of Lemma 3.3, each difference p; — ps can be estimated
by means of u; — uo,

[ Lpo, ur] = Lipo, u2]lloz,(s0) < K(To, ¢(R))|Jur — uzllyz, (so)-

Recall that €;, 7; and n; were shortcuts for (p;, ¢;), v(pi,c;) and n(p;,¢;), respectively.
Subsequently, it is decisive that the operator norm of £~! is independent of the time interval
Jo = [0,Tp], but might depend on T > Ty. This can only be achieved in case of null initial
data, which is satisfied by considering differences. This fact will also be used in the upcoming
estimates in which constants occur due to embedding and interpolation inequalities. The
latter estimate exemplarily shows how contraction will be achieved, since Ty € (0,7) can
be chosen freely and x(7p) — 0 as To — 0. To see that the two inequalities above can be
estimated to a similar result, we will only demonstrate this proceedure by means of some
selected terms.

Let us begin with a few examples from the first inequality. Using the identity p; () —po =

fg V- (p1u1)ds, the quasilinear term (py — p1)d,u1 — (po — p2)0,us can be estimated in
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X1(Jo) = Lp(Jo; Lp(€; R™)) by
llpo — leC(JO;C(ﬁ))Hul —uzllyz, (10) + ll1 — PzHB(Jo;Lp(Q))||atu2||Lp(J0;c(ﬁ;R")) S

(Tolorlle o i 1t o @y + KTBsu oy ) o = walloz,
< C(R) max{Ty, x(To) Hlu1 — uallyz, (so)-
Typical nonlinear differences involving c are (p?e, 1 Ver—p2E,Vé)-V2[e1 —cz) and (pie, Ve —

p%angcQ) -V2¢y, the first one of highest order but with a “small factor” and the second one
of lower order. The first difference can be estimated in X;(Jp) by

IptepaVer = 578 Vellg g0 @IV (€1 = )L, (oiny @mnxn)) <
1/4 ~2 ~ ~ S \1l/4
Tyl pepaVer — 126, VEl crsmeg@yller — callozacan < CRTY  ler = eallyza(0)

where we used c¢; —¢ € ,Za(Jg) — CV%(Jo; CH(Q)), p1—p € 023(Jo) — oC2(Jo; C*(Q)) and
triangle inequality along with differentiability of €. The second difference can be approached
in the same way,

1(pP2ep1Ver — plepaVes) - V2ealx, () < To Pl03epaVer — p3ep2Ven| i, @)
5 1
lezllo iz @y < C(R)T, P(ller = ealloza(o) + 101 — P2l 25 (30)):

as ¢ — ca € (Za(Jo) — C(Jo; H,(2)) and e is sufficient smooth, cf. below the treatment
of differences of the form a(p1,c1) — a(p2,c2) with a smooth. Next we study some norms
issuing from the Cahn-Hilliard equation. To begin with, we briefly discuss the smallness of
p1 — po and y1 — 7o appearing in front of [|c; — cal|,z,(s,)- Due to the relation py(t) — po =

fot V-(p1(s)ui(s))ds, we are able to proceed as follows

1-1/2— 1/2— _
ler = polles aage@y < T IV-(oru)llo ey < To'*"C(R),

as Z1(Jo), Z3(Jo) — C(Jo; C*(Q)). Applying the mean value theorem to 1 — 79, smallness
of ¢; — ¢p and p; — pg can be exploited to the result

e =0l o0 @y < 10 (1 +6(co = ex), 1+ 0(po = p1)lIL . (sp:01 @)
. (HCl - COHIAoo(Jo;Cl(ﬁ)) + ||Pl - pOHLOO(JO;Cl(ﬁ))) 5 0 S (O7 1),

/ o 1/4 . - 55}
= (h,k)EBgl(%})(XBm (0) ”’y (h’ k)HLOO(JO;Cl(Q)) (TO ||01 COHCIM(JO;CI(Q)) + C(R)TO)

< C(Ty"*[Ro + 1Ie = coll g1/a gy aiy) + To) < C(R) max{Ty/*, Ty}

Here, we have set ry := 2Ro + |||y, _ (s,.cr @) T oo0llL_ (7o.c0 @) 72 1= 2¢0(R) and B,.(0) C
Loo(Jo; C*(©2)) denotes a ball with radius r and centre 0. Further we have used the embed-
dings Z1(Jo) — C(Jo; C*(Q)) and Z5(Jy) — C¥*(Jo; C*(2)), both valid for p > p. Next we
consider the difference p; — py in H,/*(Jo; L,(€2)). Since this difference has to be measured
in H}.(Jo;L,(Q)) with any r € [1,00), we may assume r > 4 at least; but this entails the
embedding H! (Jyp; L,(Q2)) — C*/*(Jp; L,(€2)) and thus the estimate

2 2
o1 = p2ll 12 g ) < 5" 1 = p2llocorswy@) < CTo Pl = 2oz o)
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As alast estimate we study the norm involving 1, —n2 and QD(uz)-v on the boundary T's. In
this case one has to use 71 —n2 ~ p1—p2 € 1Z3(Jo) — (H}.(Jo; Hy,? () — oC?(Jo; H,, *(2))
with 6 € (0,1),0 < < 3/4and 1 -6 —1/p > 0, and thus [p1 — p2]jr, € C°(Jo; L,(Ts)).
This embedding as well as Z;(Jo) — H,/?(Jo; C'(Q; R™)) N Ly (Jo; C*(Q; R™)) enables us to
proceed as follows

[[m — m2] @D(u2) - vir, &ny < C(1) (||p1 = p2llcrvzn, oy lvellyrz-1/2 g o @mny)

T3P o1 = Pl w17 oy 12 o s @i
- B—3% 1
< C(R)max{Ty 2, Ty }pr — pallo o), B € (3, 2).

Step 2: Selfmapping. In this case a very similar approach is possible, however we are
concerned with estimates in spaces including higher regularites (a drawback of spaces in-
volving high regularities). To begin with, let (u,c) € ¥’ be given. We have to show
that (v, ) given as the solution of L(u/,c") = F(u,c, Lu, po]) lies in X' as well, that is,
(v =@, ¢ =)z, 5(10)x022(J0) < Ro- By the Theorems 3.1 and 3.2 the following estimate
is again available

[(u's €)= (@0l o2y (o) x022(T0) =
1L~ (Fi(u, ¢, p) — Fili, & p), 0, Fau, c, p) — Fa(uo, co, ), 0)llo 21 5 (Jo) xo0 22 (Jo) <
M {||Fy(u, ¢, p) = Fi(, & D)l gy p (o) + | Fau, ¢, p) — Fa(uo, co, po)lloxs (o)
Hlos(u, p) = 0@ D)y, (7o) xowr.. (o) + 19,190 (P, €) = go(pos €0)]llows (7o) } -
Using (2.16) and (2.18) we further obtain for the boundary norm

||O's(u,p) - (u p)”oyo (J0)><0y1 s(JosR™) — ”77 p) n(ﬁ) QS( ) V\FS‘|oy1.3(Jo;R"')
< O e, Jo>\|Qs< > Y,

5) =
< CIHEG A w2 e, g 10122 a0

.Rn)

_ 1
<CR (Top”n(n(p)HB(Jo,H%Q)) eraX{TO’TP}”n n(p)” w2 (oL (sz)))

< CRE(To)In(p) "l 2, (s0) In(5) — 77(P)||oz3(J0)
< CRKk(Tp)  max 17 (@) 2o llp = Pllozs(10) < CE(To),

llellz5(s9) <2R1

because (V1 s(Jo) and Z3(Jy) form multiplication algebras, for p > p at least, and the

embedding W,Q)Jr%(JO) < C2+3(Jy) holds for p > 4. Here, k(Tp) tends to 0 as Ty — 0.
Observe that, in view of this estimate, viscosities of the form 7(p,c) are not admissible.
Moreover, in this estimate we require that p, constructed in section 4, approximate p in
Z5(Jp) which indeed is not the case for p := pg. We continue with the estimate above by
considering the other boundary norm,

19,[9(p, c) — g(po; co)llloys (1) < Cllg(psc) — g(po, co)llox, (or) < C'{

IV-([eo — €]V llgrs (o) + 1071 eVp - Ve — pgteoVpo - Veolly (gom)
[ Ye(p, €) = Po(po; co)lloar (oir) + 3Nl Ec(p, ) Vel* = £c(po, o) [V ol Nllo ey (oiR) }
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where two kind of differences occur, the highest order term V-([gg — £]V¢) and lower order
terms having additional time regularity. Let us exemplarily study this highest order term.
Using again that X;(Jo;R) forms a multiplication algebra for p > p, we may estimate
IV - ([0 = elVe)llox, (goim) by

CHEO

el oHp/? (Jo;sHL(Q))NL, (Jo,Hs(Q ||CHH1/2(J0 {H2(Q))NLy (Jo;sHA(Q)) = < RO(

To/ leo — ellB(go;mz ) + To” lleo — 5||C; ) < C(e,R) maX{Tl/p 2/p}

54T (JoiHA ()
where we used Z3(Jy) — C3t v (Jo; Hy(Q)) — C* 5 (Jo; C(Q)), for p > p. Since the terms
of lower order possess more time regularity as needed, we are able to get similar results as
above. Next we insert the definitions of F} and F5, see (2.16), to obtain the estimates

1Py (ws €, p) = Fu(@ & p) oy v (o) < 18— POl oy ) + IV - [S(w) = S ()]l ) +
17" (p, )V (p,c) = (&, p)V (E, D) loxs(s0) + IV (pE) - VeVe =V (pE) - VEVE) |y, (go)+
IV (%) Vel =V (5°E,) Vel |y x, g0y + o = ) featllo ey (o) + 1oV w— 5V G- | 2, 15
as [F1(u,c,p) — F1(4, ¢ p)]p—o,r = 0, and at last

1F2(us ¢, p) = Fa(uo, co, po)lloxz(0) < 128 llcr @y (Ipo = pl0sellyaz o)
+lpu - Ve = poug - Veollya, (o) + V- (o = 1V(V-(20Ve) + g(p, ) o a2 (10))
+ IV-(e0Vg(ps €) — g(pos o)) llo 22 (10)

+||6°V(7°)||cl(9)(HVV(EOV[C—CO])IIOXQ(M+||V[( c) = 9(po, co)llloxa(s5)) -

We will not carry out all estimates in every detail, because it would go beyond the scope
of this work, but the forthcoming procedure can be adopted to all other cases. First of
all, notice that there are again two kinds of differences in the estimates above, higher order
terms multiplied with a ’small’ difference and lower order terms (l.o.t.) with more time
regularity inducing a factor TOB with 8 > 0. We start with the highest order difference
V - [nD(u) — 7D (u)] being a part of V-[S(u) — S(u)]. Having in mind that X;(Jy) forms a
multiplication algebra, this difference can be treated as follows

||V ) [TID(U) - ﬁD(u)} ||0X1(Jo) < C||77 - TN]||0H;/2(JO;H%)(Q))QLP(JO;H%(Q))||u||Zl(JO)

< CR

T3/%|p—p .
(nngg?qco(m”"( sy oty o 1P = Plloc mpn+

T,/ max ||77 (Ol 2510l — ﬁlloBuo;Hz(Q))) < O(R) max{T;'", 1y}
llellz5 (19) <2co(R)

Next we pick up the lower order term (l.o.t.) pVu -u — pVa - @ to demonstrate how

such terms can be dealt with. Using the above embedding for Z5(Jy) and Zi(Jy) —

Cr v (Jo;s H (5 R™)) N C(Jo; H; (2;R™)) as well as the fact that H7(€2) forms a multipli-

cation algebra we may proceed as follows

2 1
||qu U — ﬁv’[l/ . ﬂHoXl(JO) < Top ||lOtH + TOP Hl'o't'||0B(J0;H§(Q;R”))

1
0CZ TP (JoiLy (UR™))

< C(R)max{Ty Ty},
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As a last task we consider V- (yVV - ([eg —¢]V¢)) appearing in Fs(uq, c1, p1) — Fa(ug, co, po)-
This highest order term involves third derivatives of p — pg which indeed has more time
regularity as actually needed. More precisely, it holds

IvAVieo =€l Vel = Mo o @pannes @y IV dlot e@pnowser @y
1 - -
T2 le0 — el manycey) < CRITE - lleo — llprmay < CRTE .

Finally, putting together all estimates above and choosing Ty € (0,7 sufficiently small, we
obtain the inequality

H(’U,/, C,) - (ﬂ76)||OZI(JO)XOZQ(JO) < C(R)T(TO)

with 7(Tp) tending to 0 as To — 0. Choosing Tj sufficiently small, such that C(R)r(Tp) <
Ry, we have accomplished selfmapping. Therefore G : ¥’ — Y’ is a strict contraction
w.r.t. the topology of Z(Jy), hence by Lemma 2.1 and the contraction mapping admits
a unique fixed point in (u,c) € Z1(Jy) x Z3(Jo) and thus p = Lu, p] € Z3(Jy) is unique
as well. Repeating the above arguments we obtain solutions in the maximal regularity
class on intervals [t;,t;11]. Either after finitely many steps we reach T, or we have an
infinite strictly increasing sequence which converges to some T*(ug,cq,po) < T. In case
lim; o0 (u, ¢, p)(t:) =: (w(T™*), c(T*), p(T*)) exists in V, and p(T™) > 0, we may continue the
process, which shows that the maximal time is characterized by condition (2.12). O

5. THE NONLINEAR PROBLEM WITH GENERAL BOUNDARY CONDITIONS
AND UNBOUNDED DOMAINS

We now consider (2.1)-(2.5) with general inhomogeneous boundary conditions, that is, we
replace (2.6)-(2.8) by
u=0q4(t,z), (t,r)eJxTy, (ulv)p, =061(t,x), (t,z)eJxTy,
QS -y, = 6s(t,x), (t,x)eJxTy, 0O,c=0.(t,x), O,pu=0(tz), (t,x)ecJxT,

where ©, and O, := (01,03) are subject to the condition
(Oa(t,z)|v(z))r, >0, VY(t,z)€JxTa, ©1(t,z) >0, V(t,z)eJxT,

in order that the equation (2.3) can be uniquely solved by Lemma 3.1. The only modification
in the proof of Theorem 2.1 is a natural alteration of boundary conditions in the fixed
point equation, see section 2.2, which then takes effect in the defintion of (@,¢) as well.
Comparing the setting in section (2.2) and the boundary conditions above, we now have
to define o4(u, p) := O4 and o4(u, p) := (01,05 + Q[S — S] - 1), and this changes T and ¢
according to

= Efl(fl(ﬁ’é’ ﬁ),UO) = £;1(F1(da 67 ﬁ)7@d7®sau0)a
= L5 (Fa(uo, co, o), co) = L3 (Fa(uo, o, po), 01,02 + 0,.90(po. co), co).-

S|

These modifications permit the same approach as before, such that the following result is
available.
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Theorem 5.1 Let Q) be a bounded domain in R™, n > 1, with compact C*-boundary T
decomposing disjointly asT' =Tz UTg, J =1[0,T] with T € (0,00] and p € (p,o0). Further,
let v € C°~(R?) and assume (2.9), (2.10). Then for each fery € X1(J;R™) and initial data
(uo, co, po) in

V= Wy (R x Wy 7 (Q) x {p € (R, : p(x) >0, Vo e}
and boundary data
O4 € Vo,a(J;R™), (O4|v) >0, ©,=(01,02) € Vo s(J) x V1s(J;R"), ©1 >0,
satisfying the compatibility conditions

Uory = @d\t:O € W;’:"/P(I‘d;R”), (UO|V)|FS = @1|t:0 S W;‘,’B“’(FS),
QSji—o - Vr, = Ogy—o € W) /*(Ty;R"),
ayCO\F = 01\t=0 € ngs/p(]-—\)v ay:u(p()ac())\l" = 02|t=0 € nggis/p(]-—\)v

Poira O Ouii—o — V-S(W) o, = (V-Plizo — poVtio - tio + po feati—o)ry € Wi * (T R?),
poir,9¢O11t=0 — (V-S()je=0[¥)r. = (V-Pji=0 — poVuo - to + po fextt=o|V)r, € W;_%(FS)’
0;Os)t=0 — QS(P_lv'S(“))\tzoyFs Y, = [%GQ]HIO

+ QS(palvﬂt:o — Vug - ug + featjt=0)r, " V1, € Wzl’

_3
"(T's;R™),
there is a unique solution (u,c, p) of (2.1)-(2.8) on a mazimal time interval [0,T*), T* < T.
The solution (u,c, p) belongs to the class Z(Jy) for each interval Jy = [0, To] with Ty < T*.
The mazximal time interval is characterised by the property:
tlir% w(t) does not exist in V), or tlir%l* p(t,z) #0 VzeQ.

The solution map (ug,co,po) — (u,c,p)(t) generates a local semiflow on the phase space
V= {v €V : v satisfies (2.11) } in the autonomous case.

Another generalization concerns unbounded domains, which are treatable if the boundary
is again smooth and compact, which of course includes R”. However, in these cases we further
need assumptions to the coefficients which guarantee that the limit for |x| — oo exists for
all t € J. We have to impose

| l‘im a(t,z,v(t,x)) = as(t), VteJ, wveC(J;C(QE)), Ec{R,R?},
a€{n\7,e}, oo € {Noo, Moo} CTC(J), B>1/2, s € {Yo0s€0} C C(J),

These assumptions make possible to solve the linear problems via maximal L,-regularity, in
particular, the Theorems 3.1 and 3.2 apply to unbounded domains as well.

Another discrepancy to the case of bounded domains concerns the assumptions of the
initial value pg. In fact, on the one hand we need po(z) > p > 0 to avoid vacuum and on
the other hand pg has to be in HZ(Q), which is impossible in case of unbounded domains.
Therefore the initial condition for p has to be replaced by

pli=o = po —p € H)(Q), peR\{0} and 3p >0, suchthat po(z) >p VzeQ. (52)
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Then introducing the density fluctuation o := (p —p)/p, that is, using the identity p =1+
n (2.1)-(2.8), the system for (u,c, 0) can be treated in the same manner as before, leading
to the following result.

Theorem 5.2 Let Q be a unbounded domain in R™, n > 1, with compact C*-boundary T
decomposing disjointly as T =TqUTg, J =1[0,T] with T € (0,00] and p € (p,00). Further,
let ¢ € C°~(R?) and assume (2.9), (2.10) and (5.1). Then, replacing the initial value py by
(5.2), the same assertions of Theorem 5.1 hold true for (u,c, o) in unbounded domains Q.

6. APPENDIX
The following proposition can be found in [18§]

Proposition 6.1 Let 1 <p < oo, 1/p < <1, suppose A is an invertible pseudo-sectorial
operator in X with ¢4 < /2, and set u(t) = e~ 4*x, x € X. Then the following statements
are equivalent:

(i) x€Da(B—1/p.p); (i1) weLy(Ry;Da(B,p)); (i) ue Wj(Ry;X).
Lemma 6.1 Let Q CR", n>1, p > max{l,n/2}, v, 6 >0, and v+ 6 > 2. Then it holds

1f9lL,0) < cellfllwy@llgllws@), Y (f,9) € Wi(R2) x W (). (6.1)
Proof. W.l.o.g. we assume that v > 1 > 4. Holder’s inequality entails

1f9ll,@) < Il @llgll,, @, 1/o+1/0"=1,

so long as
np P<3 sy P<3%
W;(Q)%Lpg(ﬂ), c:=<¢<0o0 p= % and W;(Q)%Lq(ﬁ), gi=q<o0 p=2=%,
00 p > % 00 p>%

and ¢ > po’. For p < n/vy < n/d the later condition is equivalent to p > n/(y +d) > n/2.

Otherwise, p > n/v, we have ||fgllL, ) < IflL,, @ 9lL,@) for p <q. O
The next theorem states maximal L,-regularity of (2.14), a direct consequence of [5].

Theorem 6.1 Let Q be a bounded domain in R™, n > 1, with compact C?-boundary T
decomposing disjointly T = Ty ULy, J = [0,7], and p € (1,00) with p # 3/2, 3. Further,
assume that p € C(J;C(2)), 7, A € C(J;CH(Q)) and p(t, x), 7i(t,x), 27(t,x) + A(t,z) >0
for all (t,z) € J x . Then problem (2.14) possesses a unique solution
u e Hy(J; Ly (S5 R™)) N Ly (J; HE (2 R™)),
if and only if the data f, 04, 05, ug satisfy the following conditions
1. feL,(J;L,(;R™)
2. (04,05) € Yo,a(J;R?) x Yy 5(J) x Y1 5(J;R™) with o5 := (01,02) and
2—i—1y1 2
Yir(J5 B) = Wy 7% (i Ly(Tas B)) 0 Lg (3 W
3. ug € W, ?(4R");
_3
4. uor, = Oap=o in Wy " (Ci;R") if p > 3/2;
3

J. (U0|V)|FS = 01|t=0 N W;;E(Ps)’ QS(UO) “Ur, = Og|t=0 N Wzl)

—i— 4L

"Iy E)),1=0,1, k=d,s;

3
P

(D R™) if p > 3.
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