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Abstract 
We i11trod11ce the curve complexiry he11ris1ic (CCH), a KD-tree constrnction strategy for 3D curves, which enables imeracrive 
exploration of neighborhoods in dense tmd /arge line datasets. lt can be applied 10 searches of k-neare.H c11rves (KNC) as weil as 
radius-nearest c11rves (RNC). The CCH KD-tree construction consisrs of two steps: (i) 3D curve decomposition that u1kes into 
acco11nt curve complexiry and (ii) KD-tree construction, which invoJves a novel splitting and early terminarion strategy. The 
obtained KD-tree allows us to improve the speed of existing neighborhood search approaches by at least an order of magnitude 
( i. e., 28xfor KNC a11d 12xfor RNC with 98% accuracy) by considering local curve complexiry. We validate this performance 
with a q11a11tita1ive eva/11atio11 of the quality of search results and computatio11 ti111e. Also, we de111011strate the usefulness of our 
approachfor supporring various applications such as interactive line q11eries, line opaciry optimi?.arion, and line abstraction. 

CCS Cooccpts 
• H11111a11-ce11tered comp11ti11g -t Scie11tific visualizatio11; • Tlteory of computatio11 -t Nearest 11eighbor algorithms; 

1. Introduction 

Linc data consisting of dcnsc curves arises in many applicalions.t 
Streamlines [MLP* 10] derived from flow dala by trajeclory compu­
tation, e. g„ convey the structure of the underlying vector fields, fiber 
tracts traced from DTl-MRI data (e.g., [HS 15]) reveal the brain 's 
white matter structure in medical imaging, and trajec tories summa­
rized as trails o r bundles (e. g„ [ZCL08a, LHT 17]) of graph edges 
describc object motion. As our c.omputational capabilities incrcase, 
so do the sizes of the line datasets generated by s imulations (Sar09] 
and sensing [BMZAl2]; e.g„ many OTI datasets contain several 
thousands of fiber tracts or more, comprising millions of point sam­
ples overaU. Large (jne datasets often cover lhe emire 20 or 30 
domain densely, a d irect visualization thus not only leads Lo occlu­
sion and clutter bul also orten obscures important structures. Only 
displaying a few curves, however, may let researchers or practition­
ers miss stmctures of imerest. To solve these problems, we need 
efficient exploration techniques for massive l ine data. 

Several visual simpl ification methods [MVVW05, YWSC 12, 

t The corresponding auihor 
t We interchangeably use the word "line" and „curve" in our discussion. 
Wherever we mean a straight Jine we explicilly say so. 

lse 15] have been proposed for the effective v isualization of dense 
Cuirves. We can roughly group them into curve selecrion and curve 
abstraction approaches. Curve selection carefully picks representa­
tive curves using local importance measures per curve [MCHM 10, 
GRT 13], or clustering all curves with different line s imilarity met· 
rics [YWSCl2, OLK' 141. However, almost a ll existing methods 
do not allow users to interactively query curves based on spatial 
proximity. Yet a substantial demand exists for such interactive line 
data exploration, e. g. , for showing streamlines around user-specified 
vortex cores [VB96, Sca 11, CLSW 14]. We thus need means to use 
local neighborhoods in i111erac1ive curve selection. 

Unlike curve selection, curve abstraction [BCP* 12, lse l 5, YIJ 8] 
dircctly works with nearcst ncighbors. Everts et al. [EBB* 15), e. g., 
ite.ratively displaced curve samples based on nearby curves, such lhat 
the resulting curve abstraction highlights the overall structure with 
minimal deformat ion. This approach need~ ehe nearest neighbors of 
a curve withi n a given radius, which they fou nd by brute Force with a 
time complexity of 0 (1112112) for 111 curves (11 is the average number 
of samples per curve). This kind of complexity hinders interactive 
exploration of such abstracted line data-especially for data sets 
with miWons of samples. 

These issues motivated us to explore efficient data structures for 
nearcst neighbor searches for line data to faci litate interactive curvc 
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Figure 1: Neighborhood-based exploration of JD line data. (a) Selecling 11earest li11es wirh a radius r aro1111d two query poiflls (white boxes in 
(a)). For the top query poi111, the 11earest lines are shown in bl11e. for the borrom q11ery poillt in gree11. Lines in violet are close 10 both query 
poi111s; (b) vwying opaciry Ji>r the line segments is specified by 11si11g a measure based on the 11earest li11e segments as importance. This allows 
us ro heller display large-scale vortex structures than a measure based 011/y on loca/ curvature, as show11 in (c); and (d) abstraction of DTI 
fiber tracrs ar rhe scale of 5 mm based 0 11 our neighborhood search, only major parhs are shown. 

selection and abstraction. We characterize the search of nearest 
neighbors from given curves as the problem of 11eares1 curve (NC) 
search. lt can be solved with two stra ightforward solutions using 
KD-trecs, which havc becn wide ly used for nearest point scarchcs 
in 20 or 30 space [WH06, Z HWG08, SBMN 16]. That is, e ither 
we sample many points of each curve and use a KO-tree to find 
the nearest points from distinct lines, or we bu ild a KO-tree for 
all curve segments between every pair of adjacent points and then 
find the nearest curve segment(s) for the query point based on the 
point-to-line distance. The former strategy is faster but might not 
be able to find the accurate nearest curves, while the latter finds 
the correct nearest curves, bul might be slower. Since they do not 
consider the curve complexity, it is unknown if they are fast enough 
for NC search in a !arge Line field. 

lnspired by the strategy of us ing the surface area heuristic for 
constructing KO-trees in ray tracing [GS87, WH06,Z HWG08], we 
approach lhis problem using a carefully-designed KD·tree, namely a 
CCH KD·tree, with the curve complexity heuristic (CCH). Our CCH 
KD·trce is constructcd in two stcps. First, wc approxirnate each input 
30 curve individually by a set o f straight-line segrnents constructed 
based on the curve complexity. Second, wc construct an ef'ficient 
KO-tree by adopting the CCH 10 determine the split plane and to 
cornpute lhe node split cost. lntegrated w ith an early termination 
strategy, our CCH KD-u·ee can be constructed in less than a few 
seconds for data with IOK curves and a million point sa rnplcs on 
average. For DTI fiber data of such s ize, we dernonstrale !hat our 
method runs in an order of magnitude faster than the straightforward 
solulions, while recall and precision (i. e ., search accuracy) are both 
higher than 98%. Our method supports the radi11.t-11earest curve 
(RNC) search (i. e., to find all curves located within a given radius r 
from the query point, and to also find the assoc iated nearest poinl 
samples on each output curve) as weil as lhe k·nearest c11rve (KNC) 
search (i. e., to find the k nearest curves from the given query point). 
Specifically, we achieve a 20x speed-up for KNC and a 15x Speed· 
up for RNC in general wilh 98.5% curve recall/precision. 

With our fas t approximate approach, we can thus now tackle 
various neighbo rhood analys is tasks on massive line data sets that 
were previously outside of our reach. Our RNC search allows users 
10 explore lines around critical points and vortex cores, faci litating an 
interactive identification of pauems of inlerest. The fast KNN graph 

enables us 10 inte ractively abstract !arge line datasets to identi fy 
hig her-level structures rEBB* 15) (cf. Fig. 1 (c)). In summary, our 
main contributions are: 

• we characterize the prob lern of nearesl curve search for exploring 
line data (Sec. 3) and propose a new strategy for constructing an 
efficient KD·tree (Sec. 5), which we call CCH KD-tree, 

• we quantitatively evaluate the quality and perfonnance of CCH 
KD-tree and show that it s ignificantly improves the curve search 
performance while maintaining the search accuracy (Sec. 6), and 

• we introduce a neighborhood-based analysis of Line data and 
demonstrate it in various applications, including interactive line 
queries, opacity optirnization , and line abstraction. 

2. Related Work 

We begin by reviewing previous work re lated 10 curve selection, 
abstraction, segmentation, and nearest neighbor search problems. 

2.1. Curve Selection 

Given a large set of curves, which densely cover a domain, the goal 
of curve selection is to choose a few representatives that convey the 
main features of lhe data [SBGC20]. In general, there are two c lasses 
of rnethods: irnportance-based and c lustering-ba5ed selection. 

Importance-based selection pre-computes local properties of all 
given curves, lhen selects new curves based on the ir re lation to the 
a lready selected curves, often in a greedy manner. Marchesin et 
al. [MCHM 10] looked at the screen-space footprint of the already 
selected lines, and used local properties such as linear and angular 
entropy to convey the respective amount of velocity and angular 
variation along thc streamlines. Günther et al. [GBWTI I) mcasurcd 
the screen coverage of each curve to select curves with a highe r 
scrccn arca. Sincc a sing lc vicw might not suffic icn tly show thc 
characleristics of every curve, Lee et al . [LMSC 11] further computed 
the screen·space entropy of each Line to select curves and viewpoints. 
Ta.o et al. [TMWS 13] suggested to simultaneous ly select curves 
and viewpoints with lheir proposed strearnline informalion, which 
indicates the dependence between the strearnlines and views. 

Ralher than selecting a subset of curves for visualization, Günther 
et al. [GRTl3] proposed a global curve selection approach by means 



of opacity optimization. By rendering curves with optimal opacity 
per segment, this approach aims at showing curves with high impor­
tance, wi lhout omitting those with low importance. Later, Günther 
e t al. [GTG 17] provided an analy1 ic solution 10 opacity optimiza­
Lion, enabl ing interaclive exploration of large line data. Though Lhe 
method allows users to define application-specific importance mea­
sures, the importance is often defined us ing local properties such as 
curvature or curve length, which might not faithfully characterize 
the global structures. 

So far, however, existing methods select curves based mainly on 
local curve properties. Their shortcoming is that withoul considering 
the spatial relationship between neighboring curves, these methods 
might miss interesting structures in the data (see the vortex s tmc­
lures in Fig. l(b) ,(c)). ln contrasl, our nearest curve search selects 
curves according to the spatial proximity, and enables us to define 
local properties in the neighborhood range, such that we can better 
characterize structural information in the line data. 

Clustering-based selection picks representative curves from curve 
clustcrs found in the data. This approach is commonly used for DTI 
data cxploration [MVVW05], where individual fibers are grouped 
into relevant bundles. Based on the spatial proximity between every 
pair of curves, Zhang et al. [ZCL08a] applied hierarchical cluster­
ing to produce fiber bundles for intcractive cxploration. Moberts et 
al. [MVYW05) evaluated different tüerarchical clustering methods 
and distance measures fo r the problem, and found that combin­
ing single-link hierarch ical clustering using mean c losest-point dis­
tances produces the best resulls. Later, Yu et al. [YWSCl2] applied 
this finding to streamlines, and created a hierarchy of streamline 
bundles. Oeltze et al. [OLK. 14) discussed different c lusterings and 
different metrics for c lustering streamJines of blood flow data. Re­
cently, Kanzler et al. [KFW 16] constructed a fully balanced line 
hierarchy based on a variant of hierarchal line c lustering and then 
used this hierarchy to guide the representative line se lection. Kern 
and Wesiermann [KWl9] discussed the clustering of complex line 
geometry and used the bounding volume hierarchies (BVHs) to com­
putc thc vcctors to thc closcst point volumcs of lines on a regular 
grid. While thesc methods reveal interesting patlcrns, they might not 
show pattems re lated to specific geometric properties of line seg­
mcnts of multiples curves, e. g., the ring structure in magnetic field 
lines (see Fig. 12). We, in contrast, advocate the clustering of curve 
samples to efficiently group curve segments of s imilar patterns. 

2.2. Curve Abstraction & Segmentation 

Curve abstraction [EBB* 15] creates a v isually abstracted [VI 18, 
YCl20) representation of large DTI fiber sets without generating 
explicit fiber bundles. After finding the nearest ne ighbors within a 
given radius of a query point, the method iterative ly contracts the 
fiber segmenls by drawing fiber samples closer to the similar ones. 
This way, the method produces a vis11al abstraction [VI 18] of the 
fibers to facilitate a beuer understanding of structures in the white 
mauer of the brain. However, find ing the exact nearest ne ighbors for 
all samples is expensive, e . g„ i1 iakes approx. 15 minutes for 70K 
tracLs on four l111e l Xeon X7350 processors [EBB. 15] using four 
threads, this limits 1he applicabi liry ofthe method forexploring !arge 
data sets. Moreover, finding exact neares1 ne ighbors is 1101 needed 
for such an application as long as the approximation is of high 
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qu.ality. Our CCH KD-tree does precisely that-we find lhe nearest 
neighbors for lhe same data set with millions of point samples with 
our probabi listic melhod in around 5s on a single thread of a sinü lar 
machine, and thus enable in1e ractive data exploration. 

Curve segmentation divides the curves in line data into short seg­
me nts, and is often taken as a pre-processing step for curve selec­
lion [GRTI 3) and abstract ion [Eßß• J5]. Using segment-based local 
properties such as curvature histograms and tmal curvature, Lu et 
al. [LCL* 13) and Wang et al. [WESWl4] decomposed strcamlincs 
into segmenLS of different lengths 10 fac ilitate search for similar 
streamlines or similar streamline segmenis. We also base our CCH 
KD-tree online segments thai we pre-generate using a variant of the 
Ramer-Douglas-Peucker algorithm [Ram72, DP73, YW90), which 
decomposes and approximates a curve by fewer line segmenl~. 

2.3. Near est Neighbor Sear ch 

A few algorithms [HS92, EMSN 121 have been proposed to accel­
erate (approximate) nearest neighbor search in 30 space, where 
KD-trees [AMN*98] and their varianLS are still the leading approach. 
By partitioning Lhe data points recursively over d ifferent planes, a 
KD-tree can efficienlly perform a nearesl neighbor search in logarith­
mic time and linear space. Due 10 these computational advantages, 
it bas been widely used for accelerating many graphics algorithms 
and applications, such as ray casting [ZSL* 18), isosurface render­
ing [WWW* 18], and particle tracing [ZGH* 17]. 

To improvc thc qucry performancc, numcrous efforts have bcen 
made to optimize the KD-tree structure. A classic example is the sur­
face area heuristic (SAH) [GS87) for splilling the KD-tree, which is 
widely used in ray tracing. Rathcr than naivcly sclccting split planes 
using thc spatial median along one axis, an SAH KD-tree dete r­
mi nes proper split by estimating the node split cost in terms of the 
smface area (see Sec. 4.2 for details). By doing so, the amount of ray 
inte rsection tests can be greatly reduced, and thus this heuristic has 
become the basis for many fast ray-tracing methods. Lik.ewise. CCH 
KD-1ree explores the curve complexity 10 choose proper split planes 
for 30 curves to accelerate neares1 neighbor queries. None theless, 
nearest neighbor search for line data is very different from ray trac­
ing, e . g„ the node spli1 cost in our case has to consider also the cost 
of backtracking [HS 12], which helps explore nearby nodes, s ince 
the Lrue nearest neighbor may not lie in the query cel 1. 

3. Problem Definition 

To explore the spatial relations in a line data set we have to find the 
closest curves to a query point in a potentially large set. To formalize 
this task, we firsl define the notation we use in this paper: 

• C = {C1 ,C2 ··· ,Cm} denotes a large set of m curves, which is 
the input data to the problem; these 2D or 30 curves could be 
straight lines or bended curves; 

• P; = { P;,1, · · · , P;,111 } denotes thc set of n; point samplcs along C;; 

• P = U;P; denotes the set of all point samples in C ; 

• n = '[,;n; denotes the total number of point samples in P, so the 
average number of point samples in each curve is 11/ 111; 

• q denotes a query poinl located in lhe same space as C ; and 



• G = {g1, · · · ,gk} denotes the set of curves in C that are lhe k 
nearest to q , so G is the query solution. 

Problem . Given query point q , our goal is to efficiently find G. 
Representing each curve (C;) as a set of points {P; ), we define the 
(shortest) distance from q to C; as 

D(q ,C;) = min d(q , x) , 
xe C, 

(!) 

where d(q ,x) denotes the Eucl idean d istance from q lo poinl x on 
C;. Since d(q ,x) is the d istance to the segments , x might not be any 
point sample P i ,j · Hence, the neares t curve (NC) problem can be 
defined as 

NC(q ,C) = argmin D(q,C;), 
iE( l ,m), if iq 

where iq is the index ofthe curve to which q be longs, i.e. , if q is a 
point sample of a certain curve in C, say C;.; otherwise, iq is nu ll. 

Ofien, we wan1 to find a set of nearest curves rather than just a 
single one. Hence, we extend the NC problem in two ways: 

(i) Radius Nearest Curve (RNC) search, to find al l the nearest curves 
with in a distance of r from query point q , and 

(ii) K-ncarcst Curvc (KNC) scarch, to find thc k nearest curves to q . 

In the case of KNC, we should o btain exactly k distinct nearest 
curves, i. e., IGI = k, and thc query solution G should satisfy 

V'g;E G , /E C \ G , D(q,g;)~ D(q,l) . (2) 

In the case of RNC, IGI = k is not needed but we requ ire G to satisfy 
the following condition for parameter r: 

V'g; E G , D(q,g;) ~ r . (3) 

Fig. 2 illustrates RNC and KNC searches using query points q 1 
and Q2, respectively. In particular, point samples associated wi th the 
nearest curves for RNC and KNC must lie on distinct data lines. This 
requirement fundamentally differs from RNN and KNN [AMN*98, 
ML09]: we have to consider the curves assoc iated with the nearest 
point samples, and we cannot simply look for the nearest point 
samples in the whole sample point set. Some of the nearest points 
from q may likely come from the same data line. 

4. Analyzing Existing Approacbes 

Before presenting our full method in Sec. 5, we brieHy describe how 
existing nearest neighbor search techniques such as KD-trees can be 
adopled for NC search, review the SAH KD-lree, and discuss how 
it can be appl ied to curves. 

4.1. Approaches for eighbor Curve Search 

We now describe three general approaches for nearest curve search, 
given query point q and curve set C, and analyze thei r time com­
plexity. 

A brute-force approach. We may exhaustively compute the mini­
mum distance from q to every curve in C , and select the k nearcst 
curves accordingly. Since k « n, the time complexity is O(n) by 
using a heap to keep the k distinct nearest lines, where 11 is the total 

\~. / ~··· ... :_). ·-· 

) 
Figure 2: A 2D illusrrarion oJ k-nearesr curve (KNC) and radius 
11eares1 curve (RNC) search problems with a set oJ wziJormly­
sampled poinrs along streamlines. Fora query poim q 1 using KNC 
we find rhe rhree 11eares1 curves show11 above subject to a co11111 
lhreshold k = 3, while Jor query poim Q2 11si11g RNC, we find rhe 
Jour 11ettres1 curves shown above subject to tt distttnce lhreshold r. 
Note 1ha11here are rhree instead oJ Jour curves Jor q 1, since we do 
1101 report rhe curve that Q1 be/ongs to. 

Figure 3: Nearest curve searchJor query poi111 q 11si11g two varia111s 
oJ KD-trees. (a) A point-based KD-tree fi11ds the nearest point sam­
ple P3, I and retums C3 as the nearest curve. (b) A segment-based 
KD-tree fi11ds lhe 11earesr poi111 v2 011 C2 and retums the correct 
11earest curve C2. 

number of point samples in the data (Sec. 3). However. since n is in 
the order of millions for most DTI fibers and streamlines, such an 
approach could take more than an hour, thus inhibiling an interaclive 
data exploration (e. g., [EBB* 15]). 

Point· bnsed nenrest curve (NC) senrcb. To accelerate the search, 
wc could also collect all point samples in C and use an advanced 
nearest ncighbor search (NNS) such as a KD-tree, FLANN [ML09], 
or libnabo [EMSN 12] to keep the k nearest points using a heap. With 
a hash table, we can avoid points from the same curve, and keep 
adding nearest poillls to the heap until we obtain k nearest points 
from the distinct curves. 

Suppose a KD-tree is used and k « 11, theovera.ll 1ime complexity 
is O(logn) for a KNC scarch. Similarly, we can achieve an RNC 
search by taking a distance threshold r from q as a pruning condition 
when traversing the KD-tree, so the time complexity is bounded by 
0(112/3) [BF79]. Regardless of the NNS method being used, this 
approach might not always find thecorrcct nearest curve, because 
representing each curve as a set of d iscrete point samples ignores 
their geometric continuity. Fig. 3(a) shows an example, where the 
nearest point sample found by the point-based KD-tree was located 
on curve C3 but the nearest point is located on curve C2 instead. 



We can also build a point-based KD-tree for each curve in the 
data and perfonn the query for each curve. Obviously, lhe query 
time of this scheme is proportional to the number of curves and the 
overall time complexity is O(mlogn/ m) for a KNC search. Thus, 
lhis method is much slower than the point-based KD-tree. 

Segment-based KD-tree. For each curve, say C;, we collect n; - 1 
curve Segments between pairs of adjacent point samples. Now we 
can build a segment-based KD-tree (see F ig. 3(b)) by recursively 
subdividing lhe space with so-callcd "spatial median" splitting 
planes [WH06]. During the subdivision, a segment might be d i­
vided into two parts by the spl ining plane. To ensure segment com­
pleteness, we duplicate th is segment into two sub-nodes. To avoid 
excessive subdivision, we stop the splitting of nodes with N seg­
ments, if one of the resu lting sub-nodes also contains no lcss than N 
segments; otherwise, the search efficiency would be lower than just 
linear search with N segments. By doing so, the problem of nearest 
curve search converts into a nearest line segment search, in which 
lhe point-to-point d istances required for nearest neighbor search are 
replaced by the point-to-line distances. 

Since the number or segments is c lose to the number of point 
samples 11, the search complexities of KNC and RNC become the 
same as the ones for point-based KD-trees (see Fig. 3(b)). Unlike 
point-based KD-trees, segment-based KD-trees always return cor­
rect results (s ince all segments are straight lines). Hence, we will 
use them to find the ground truths for evaluating our CCH KD-tree. 
However, such KD-trees do not take curve complexity into account 
and divide nearly straight curves into many small scgmcnts, causing 
poor performance for NC queries; see our quantitative c-0mparison 
results in Sec. 6. 

4.2. Background: SAH KD-tree 

A KD-tree is often used for ray-triangle intersection tests in 
ray tracing of static scenes. To minimize the time for KD-tree 
traversal and ray intersection steps, the surface area heuristic 
(SAH) [GS87, WH06) is often used for building an efficient KD-tree. 
This heuristic tries to divide the scene in a way lhat a cost function 
is minimized. Given a static scene S, an SAH KD-tree is built by 
recursive subdivision. That is, we recursively subdivide Sinto two 
sub-scenes al a time by rneasuring the SAH costs of all potential 
split planes and applying the one with the lowest cost. To model the 
SAH cosl, rays are typically assumed tobe uniformly d istributed in 
space. Hence, g iven a random ray that passes through scene S, the 
probability for the ray to pass through sub-scene s.„1b c s is 

( , I ') SA(S,„b) 
P Ss11b S = SA (S) , (4) 

where SA(S) denotes Lhe total surface area of scene S. 

Given a potential spl it plane h, which subdivides Sinto sub-scenes 
S1 and S,, the expected time cost C of intersecting a random ray with 
lhe trec resulted by plane h is given by 

where 7iravcrsc is the time to traverse the intemal node associated 
with /i, while linte<S«t (Si) and lintersect (S,) are the times to per­
fonn intersection tesL~ for S1 and S,, respectively. Since 7in1ersect (S1) 
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and 7intcrscct (S,) can only be measured after the whole tree is built, 
finding a global optimal tree is intractable. So, a local greedy approx­
im ation is often used to approx.imate C(h) by assuming the resulting 
chi ldren are leaves: 

SA(S1) SA(S,) 
C(h) = 7imverse + [ SA(S) Nt+ SA(S) N,] lintcrscct (6) 

where N1 and N„ are the number of triangles in St and S,, /inter.;ect is 
the time to perform an intersection test with a single triangle. Since 
both S1 and S, are likcly tobe furlher subdividcd, this approximatcd 
solution is not globally optimal, but works well in practice. 

As discussed in Sec. 4.1, a KD-tree can be used for accelerating 
NC search. To build the best tree with the minimal traversal cost, we 
can design curve-based heuristics as an SAH KD-tree. Unlike ray 
tracing surfaccs with SAH, our nearest curve search method works 
within the whole volume of related KD-tree nodes instead of the 
surface area in SAH. 

5. CCH KD-tree för 30 Curves 

Our key idea is to fit each curve in the data with a small number of 
straight-line segments and build a line-segment-based KD-tree for 
fast and as accurate as possible NC search. However, it is inefficienl 
to build and search within a tree, in which each grid cell contains 
on ly a single segmenl defined by two adjacent point samples. Hence, 
we propose curve complexiry he11ristic (CCH) KD-trees that are 
generated by exploiting curve complexity to optimize KD-trees for 
NC search. Fig. 4 shows thc pipeline of our method, which consists 
of two Stages: offline preprocessing and 011/i11e q11ery. 

Offline preprocessing. Each curvc in a given dataset consists of 
an ordered !ist of densely and uniformly samplcd points. At the 
beginning, we divide each curve into a sei of segments, such that 
each segment is not excessively bent (see Fig. 4(a)). Then, we 
construct the CCH KD-tree using these segments (see Fig. 4(b)) and 
represent each curve segment by a set of straight lines (see Fig. 4(c)). 
Each lcaf nodc in thc KD-trce storcs the start and end points, and 
the curve index of the corresponding line segment; each internal 
node Stores the split dimension and split plane. 

Online query. Once a CCH KD-tree is bui lt, we can perform an NC 
search similar to a nearest point search with a traditional KD-tree 
for a givcn qucry point. The major differcncc is that we compute 
the distances from the query point to the line segments stored in the 
leaf nodes instead of simply using point to point distances. 

We now detail the three stcps of the offline pre-processing: curve 

partitioning, CCH KD-tree construction, and curvejilling, before 
we discuss the efficiency of our approach in Sec. 6. 

5.1. Curve Partitioning 

Although existing curve segmentation methods that are based on lo­
cal properties (e. g., total curvature) can preserve importanl features 
to a certain extent, they do nol aim 10 approx imate curves by straight 
li n:e segments with small errors. Ralher than using expensive opti­
mizations [Sto61, HC94), we employ lhe Ramer-Douglas-Peucker 
algorithm [VW90l to iteratively divide each given curve into Seg­
ments. Since each curve segmenl might be furlher divided during 
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F igure 4: Overview of 011r two·stage method-ojffine pre·processing (a- c) and online q11ery (d- g): (a) set of inpw curves with point samples 
(white) and split poiflts (orange); (b) the CCH KD-treeb11i/1 for the input c11rves with the removed split poims (green) and the new/y added split 
points (ye/low), the split axes' (blue) thick11ess indicates the Level, where the thicker the lines are the higher levels ofthe KD-tree; (c) the c11rve 
segment in each grid ce/I is approximated by a s1raigh1-li11e segme111; (d,eJ) three .weps in retrieving the rwo 11eares1 curves k = 2for the given 
query point q, where the related split axes are highlighted in purple; (d) thefirst 11eares1 curve C3 with the 11earest sample v1 isfound from the 
leaf11ode; (e) backtracking lo the 11pper leve/ a11dfi11di11g the two 11eares1 samples v2 a11d v3, which areji·om the same c11rve as 111. co111i1111ed 
backtracking gives us a new 11earest sample v4 from c11rve C4: (f) further back1racki11g to find the 11eares1 samples in the circle with radius from 
q to v4 . A closer sample v6 isfo11nd, res11/ti11g in thefact that v4 anti v5 (in red) are rejected; (g) the 11earest curves are C2 cmd C3 a11d the 
correspo11di11g nearest samples are v1 and v6for query point q. 

the construction of the KD-tree, we do not explic itly segment the 
curves but just record the split points in this step. 

Each input curve C; with point samples {P;J} (j = 1, ... ,11;), is 
divided into a set of segments using the foUowing procedure: 

(i) construct a straight line I from P ;, 1 to Pi.111 ; 

( ii ) find the point sample Pi.c furthest away from /, the d istance 
being !arger 1han 1he threshold (J * TS. use it as a splir poi111; and 

(iü) divide C; into Segments using the found split point and repeat 
the above steps for each divided curve segment. 

Here, 7S dcnotcs the averaged sample interval distancc: TS = 
I:/'.'.,1 len(C;)/(11-m), where len(C;) is the length of curve C;. Fig. 5 
shows a runn ing example to illustrate the procedure. 

5.2. CCH KD-tree Construction 

Next, we build our CCH KD-tree by recursively subdividing the 
axis-aligned bounding box (AABB) of the input curves. Inspired 
by SAH, the CCH KD-tree takes into acoount the traversal oost 
for tree construction and also positions the split plane with the 
spatial median [WH06]. For each non-leaf (internal) node, the space 
subdivision procecds as follows: 

(i) compute the cost of all three split planes in three dimensions 
and pick lhe one with the lowest cost; 

(ii) split the node into two child nodes and divide the corresponding 
curves; and 

p; p; p; 

P10 P10 

Figure 5: Curve seg111e111a1io11 srep: Given the curve in (a), wefi11d 
the poilll sample with maximum distancefrom 11 (p1 to P 1sJ, i. e., 
p5; the dista11ce value is /arger 1ha11 threslwld 9, so we treat it as a 
:ipJit point; (b) after splitting the c11rve using p5, we fitrther find a 
splil poi111 P IO and prod11ce the c11rve segments shown in (c); when 
no more splil points ca11 befow1d we stop the partitioning. 

(iii) duplicate the curve segments div ided by the split plane into 
two sub-trees and update the associated split point~. 

Assuming that 1he x-d imension is selected for a split, we position 
Lhe split plane by using the spatia l median so as to evenly d ivide 
Lhe point samples among the two children. In the following, we wi ll 
de tail two essential components in our procedure: sp/ir plane cosr, 
and c11rve segment adj11st111e/l/. 



5.2.1. Split Plane Cost 

Using the aforementioned split plane, the input curves can be split 
until each sub-grid cell contains only a sing le curve scgment. How­
ever, searching in such a KD-tree may be ineffic ient compared to 
a brute-force search. The add itional segments introduced by the 
node splits may introduce higher costs for traversing the sub-trees 
and also increase the backtracking cost as the tree depth increases. 
For producing an efficient KD-tree, we thus measure the cost of 
the split plane following Eq. 6. Ir the cost is larger than the one 
for a brute-force search, we stop the split of the current node. For 
searching KNC with k > 1 and RNC, we further provide an early 
termination criterion to detennine if the split of the current node 
needs early termination before evaluating the cost of the split plane. 
Next, we provide details about the traversal and backtracking costs 
as weil as the early termination c rilerion. 

Traversal Cost. Suppose a node has n curve segments, and the split 
plane divides them into l Segments in the left sub-tree and r Segments 
in the right sub-tree. S ince segments that cut through the split plane 
havc to be furthcr divided, wc might have / + r :;:: 11. Assuming 
that candidates of nearest neighbors are uniformly d istributed in 
space (San04], the probabil ity P of searching the left sub-tree 1f of 
tree T is 

P(Ti IT) = Vo/(1[ ) 
1 Vol(T ) . 

(7) 

where Voi (T) is the volume of the AABB of the curve segments 
associated with tree T. Note that, in NC search, we dcrivc thc prob­
abili ty with the AABB volume of the KD-tree node T, instead of 
the surface area in SAH for ray tracing. Due to the axis-a ligned split 
plane, thc probability for the right sub- trce T, is thus 1 - P(1ilT). 

Computing the global optimal traversing cost is infeasible without 
completely building the entire tree. We thus follow the SAH KD-tree 
to estimate the cost with a locally greedy approximation. We assume 
all nodes in T, and T, tobe leaves, so we define the cost as 

C1mwrst1t (T) = 7iraverse + [P(JilT)l + P(T,IT)r] Tdisll (8) 

where Tdi<t is the cost of d istance comparison in a leaf node. We 
empirically found that 7iraversc is about 20% of Tdisi· Thus, we set 

7iruverse = 0.2 and Tctist = l . 

Backtracking Cost. During the nearest neighbor scarch, backtrack­
ing is often required as shown in Fig. 4. The number of nodes to 
be visited during backtracking is usually proportional to the tree 
depth. The b<lcktracking cost is thus proportional to the depth of the 
sub-tree [RD95]. 

Given again a current node with " segments (/ scgmenls for the 
left child and r segments for the right). Without loss of generality, 
we assume I :;:: r . Let p = f, and -r = f, tobe the split ratio of the 
segments for the left and right nodes of the current sub-tree and a l 1 
its subsequent sub-trees. We can then eslimate the maximum depth 
of this sub-tree as log1 (n), while the minimum depth of the other 

p 

sub-tree is log ~ (11). Thus, the average cost ofthe possible maximum 

and minimum depths of the sub-tree is 

C1x1cktrt1ck(T) = A.(log1 (n) + logi(n)) / 2 , (9) 
p f 
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Figure 6: Termination criteria for query point q usiflg KNC: ( a) 
grid cells generated by decomposiflg the space covered by the input 
curves with the KD-tree in (b), where each node except the root 
stores the indices of all contained curves. 

(b) 

Figure 7: Curve segment adjustment andfitting. (a) Adj11sti11g and 
distributing curve segme111s resulting from a node split: (top) the 
spJit t1xis (dashed li11e) divides rhe inpw curve into two segmems 
(blue and green boxes), (bouom) both segments are /engthened 10 

include an extra poi11t sample and disrribwed inro two s11b-11odes; 
after that, the orange splir point p4 is 110 longer a split point. (b) 
Fitting each curve segment with a p11rple straight line segment (solid) 
using PCA, insread of connecting rhe rwo ends ro form the green 
straight line (dashed). 

wherc A. is a user-specified weight. 

The node split should generally make the query more efficient 
than a brutc-forcc search. We thus dcfine thc split plane's cost as 

C(T) = C1raversa1(T) +Ctx1ck1rack(T) - nTdis1, (10) 

whcrc 11Tdisi is thc cost of bmtc-forc.c search. If thc costs for all split 
planes to be created are !arger than zero, we stop T's subdivision. 

Termination Criterion. For KNC search with a large k, a sub-tree 
may not contain sufficient distinct curves, and thus, the query often 
needs backtracking to its parent nodes for checking the other sub­
trees. In such cases, further subdivision might bring more costs than 
not spliuing at all. We thus stop splitting a node if its left or right 
child contains less than k/ 2 distinct curves. As illustrated in Fig. 6 
with searching within four NCs, further subdivision of nodes µi and 
~13 requi res us to check six line segments and traverse five nodes, 
whereas without splitting we only need to check five line segments 
and traverse a single node. 

This process is similar for RNN. Given a search radius r , we 
terminale spliuing the KD-tree, if the length of either sub-region 
with an axis orthogonal to the split plane is less than r / 2. 
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5.2.2. Curve Segment Adjustment. 

ff a curve segment is divided into two parts by a split plane, we 
distribute each newly-generated segment into the respective chi ld 
nodc. Since the intersection betwecn spLit plane and curvc may 
not exactly be at the point samples of the curve, we lengthen each 
divided segment by also including the adjacent point sample beyond 
the split plane; see Fig. 7(a) for an illustrative example. In addilion, 
we have to update the distance of the split points in the new segment 
and check if i1 is still !arger than the thresho ld 8 * TS as men1ioned 
in Section 5.1 . ff not, we remove the split points. For example, 1he 
orange split point p4 in the top of Fig. 7(a) is removed at the bottom 
of Fig. 7(a). 

5.3. Curve Fitting 

Once a CCH KD-1ree is buill, each grid cell con1ains one or multiple 
curve scgmcnts. To fit cach scgmcnt with a stra ight linc, a stra ight­
forward method is to connect the adjacent split and end points (see 
the green dashed lines in Fig. 7(b)). However, this method might 
introduce a )arge error for filling the original curves. To address this 
issue, we fit each curve segment by projecting 20 point samples to a 
10 line with principal component analysis (PCA) [WEG87]. Since 
PCA finds the projection axis wi th minimal reconstmction error, 
it leads to better piecewise approximations of the curve segments 
than simply connec1ing the 1wo endpoints as in the Ramer-Douglas­
Peucker algorithm. In doing so, wc fit each scgmcnt by thc linc 
along the principal direction and determine the 1wo ends of 1his line 
by projecting the siarting and ending samples 10 it. Fig. 7(b) shows 
two examples, where the curves are fitted by the purple sol id lines. 

6. Evaluation 

We implemented our CCH-KD-tree and a segment-based KD-tree 
and point-based KO-tree in C++. The implementation of our point­
based KO-trce is based on the optimized state-of-thc-art implemen­
tation, FLANN [ML09]. We used thc single KD-trec option for thc 
computation in the FLANN method; the other options (e. g„ ran­
domized KD-tree forest) might work weil for high-dimensional data 
but are unsuitable for our low-dimensional data. We tested and com­
pared these methods on a PC with an Intel Core'" i7-6700HQ CPU 
@ 2.6GHz and 8 GB memory. The data sets used for the evalua1ion 
is shown in Table 1. 

6.1. Quantitative Measures 

Ideally, the KNC/RNC search should achieve high accuracy (i. e„ 
search results close to those obtained using a bmte-force nearest 
neighbor search), and with faster computalion. Therefore, we mea­
sure the speed of an approach in terms of que1y time and assess the 
search accuracy in terms of curve recal/ and curve precision, which 
together assess the accuracy of a search algorithm. 

To investigate KNC/RNC, we let the set of curves retrieved with 
a specific search approach for query point q be A(q) and the set 
retunted by the brute-force approach (i. e„ the ground trulh) be l(q). 

Curve recall measures the amount of ground-truth of nearest 

Table 1: Datasets usedfor the comparison. 

Data Domain # Curves #Samples 
aneurysm Medical 53 1 364005 

combustion Physics 3000 768545 
borromet111 Chcmislry 3930 1489125 

lomi11ar Fluid dynamics 1000 552340 
cylinder Fluid dynamics 944 54005 1 

lieli_jiiglit Aerodynamics 1001 567678 
lieli_descem Aerodynamics 103 1 901402 

rings Symhesized 446 243476 
Square Cylinder Fluid dynamics 3 112 3545135 

tornculo Fluid dynamics 3000 856720 

curves I (q) thal a given method correctly identifies in A(q). A value 
close 10 1 means thal mosl ground-1ruth nearest curves are f'ound. 

curve recall(CR) = JA(q)nI(q)J 
~1"-:-1( q-:-)"""I ~ ( 11) 

C11n1e precision measures the amount of correctly-found curves in 
the retrieved results A(q). A value c lose 10 1 indicates Lhat most 
nearest curves found by lhe currenl method are true nearesl curves. 

. . . IA(q)n I(q)I 
curve precwon(CP) = IA(q)I . ( 12) 

6.2. Parameter Analysis 
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Figure 8: Heatmaps with query time (a,c) and Ff scores (b,d) of 
grid search, for parameters (} and .il in KNC (k = 25) and RNC 
(r = 0.02) searches. 

Nexl, we analyze 1wo parameters in our CCH KD-tree: parti­
tioning curve threshold 8 and backtracking cost parameter .il . The 
parameter 8 determines whelher a curve should be subdivided at a 
candidate split point. A larger 8 leads to coarser partitioning, yield­
ing fewer line segmen1s, which reduces not only the search ti me but 
also the accuracy. The parameter .il affects the depth of the ob1a ined 
KD-tree. Larger .il values lead to an earlier 1ermination of KD-tree 
splitting, smaller .il values lead 10 more spliL5 during the construction 
of the KD-tree. Thus, we need to find optimal parameter values to 
optimize both query accurncy and query time. 



We perfon11ed a grid search over the parameters 9 and A in the 
ranges of (0.25,2.25] and (0.75, 10], respectively. Since we want to 
maximize both recall and precision, we measure the query accuracy 
by using FI score [Bis06]: 

CR*CP 
F I =2CR+CP' ( 13) 

which ranges from 0 to 1. For each data set listed in Table 1 and each 
value pair or (9, A.), we randomly sample 50K data points to perform 
KNC (k=25) and RNC (r=0.02) scarch and then average the query 
time and F 1 score of all data sels. The heatmaps in Fig. 8 summarize 
the results of KNC and RNC search. To find the optimal parameter 
values resulting in less query time and high query accuracy, we 
combine these two aspects together by calculating Time/ Fl 2 for 
each value pair, where the squared F I score is used for the more 
cmphasis in query accuracy. In doing so, the optimal (9, A.) arc 
(2.25, 3) and (2.25, 2.0) for KNC and RNC searches for all data sets, 
respectively. 

6.3. Q uantitative Comparison 

Next, we conducted a comparative evaluation of the three methods 
by performing RNC and KNC searches using M rnndomly-generated 
query points foreach dala set. Here, we set M as 50000 and tested dif­
ferenl k values, i.e., {5, 10 , 15,··· , 50}, forthe KNC search. Forthe 
RNC search, we tested different r values, i.e„ {0.01 ,0.02, · · · , 0 .1} 
since the dataset values have been normalized. Fora comprehensive 
evaluation, we collected ten 30 line fields from a wide variety of 
application domains and strucmres (see Table 1 ). We took the resu lts 
retumed by the segment-based KD-tree as our ground truth , since 
they always return the correct results (see Sec. 4.1 ). 

Result analysis. To quantilatively assess the three methods, we com­
puted the averaged CP, CR, and query time over the searches with 
M query points for each dalaset. The boxplots shown in Fig. 9(a,b,c) 
summarize the three measures for the three methods to perform 
KNC (k = 25) and RNC (r = 0.02) searches. The results show that 
our CCH KD-trec achicves an accuracy of 98.5% in tcrms of CP 
and CR, while the point-based KD-tree resu lts in 0.1 %--0.5% higher 
accuracies than our CCH KD-tree. 1 n terms of the performance, the 
CCH KD-tree ach ieves a 529% speedup for the KNC search, while 
achieving a 232.8% speedup for the RNC search. Compared to the 
segment-based KD-tree, it is around 28x for KNC search and 12x 
fastcr for RNC scarch. CR and CP are equal for all thrce mcthods 
for KNC search, as the cardinalities of A(q) and I(q) both are k. 

For both searches, the query time of CCH KD-tree is less than 
50 µs, facilitating interactive neighborhood-based curve exploration. 
CR and CP increase with an increasing k for KNC search, and 
increase with an increasing radius r for RNC search, which remains 
above 98% in most cases. 

Fig. 10 shows a comparison of the methods for different search 
parameters k and r on the ane11rys111 data, where the query time in 
Fig. IO(c,d) is shown in log scale. For both KNC and RNC, our 
CCH KD-tree ach ieves 100%-500% speedup over the point-based 
KD-tree and is 8-15 x faster than lhe segment-based KD-tree, while 
maintaining a CR between 0 .95 and 1.0. For both searches, the 
speedup of our CCH KD-tree over the segment-based KD-tree in­
c reases with increasing kor r. After carefully checking, we observed 
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Figure 9: Boxplots summarizing curve recall (a,b) and precision 
(c,d), query time (eJ) a11d memory cons11mptio11 ratio (g,h)for KNC 
search (k=25) (a,c,e,g) a11d RNC search (r=0.02) (b,dJ.h) 011 all 
datasets 11si11g the three methods. Since the res11/rs retrieved by 
segment-based KD-trees are gro1111d truth, we did not show them in 
(a,b,c,d). 

that many curves intersect in the data and thus the retrieved curves 
are almost the same for RNC search with different rs. Note that the 
curve recall of the point-ba~ed KD-tree in RNC search is 1.0, which 
is consistent with the results in Fig. 9(b). 

The boxplots in Fig. 9(d) summarize the memory consumplion 
ratio of each method, which is defined as the memory consumption 
to the original data size. We can see that each method performs 
similarly in KNC and RNC search, while our CCH KD-tree requires 
the least memory, followed by the point-based KD-tree, while the 
segment-based KD-tree is the worst. The corresponding median 
consumption ratios of the three methods (our CCH KD-lree, point­
based KD-tree, and segment-based KD-tree) are 2.14, 4.81 , and 
12.92, respectively. Note that the outlier in each of the three methods 
is the tomado data, which consists of many intertwined curves and 
is hard tobe segmented and fit with straight lines. 
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Figure 10: Compari11g curve recall (dowmvard tria11g/es), curve 
precisio11 (upward triangles), and query time ( circle 111.arks) of the 
three methods for performi11g KNC searches ( a,b) and RNC searches 
(c,d) within the aneurysm dataset. Note tliat the lines of c11rve recall 
and c11rve precisio11 overlap together in KNC search (a), while they 
might 11ot overlap i11 RNC searcll (b). 

In our experiment, we found that PCA-based curve fitting 
(Sec. 5.3) does improve the precision and recall of the KNC ac­
curacy both from 98.79% to 99.20%, RNC precision from 98.91 % 
to 99.23%, and RNC recall from 98.76% lO 99.49%, respeclively. 

7. Selected Application Examples 

We now discuss potential applications in which a fast curve search 
facilitates interactive data analysis techniques that have been out of 
rcach in the past. Nonetheless, thesc examples only rcpresent tasks 
in curve-based data cxploration, other applicat ions may exist. 

7.1. St.ructu re-aware line Selection 

Most 3D user interfäces select a subset of curves in 3D line data by 
encircling curves with a lasso [ZCL08b), 30 brushing [JCK12], or 
checking the co-linearity [JLS* 13). With our fast curve search we 
can now support interactive, structure-aware line selection, re lated 
to approaches for particle clouds and volumes [YEil12, YEil16). 
In contrast LO Lhose techniques whose challenge is how eo find a 
meaningful 3D subvolume based on the 20 input and the data's 
30 structurc, our key challenge for 30 line data is how to sclect 
meaningful subsets of lines in 30 space based on a selected point or 
a center line, with a given kor rad ius r. Our CCH KO-tree faci litates 
efficient search queries: a single KNC search takes only around 
20 µs and only 40 µs for an RNC search within real data (see Fig. 9). 

By using Our CCH KO-tree for NC search, we provide two 
modes: point-based mode and line-based mode for users to perform 
structure-aware line selcction. Thc fonner finds a sct of ncarcst 
curves returned from an NC search based on q , while the lauer first 
finds the nearest curve 8q from q then perfonns an RNC search for 

all the samples along curve gq and returns the union of all the search 
results. Once the search is done, lhe output curves can be highlighted, 
while lhe remained curves are shown with cransparency. To facilitate 
the exploration of dense line fields, users can combine the query 
results from the two modes us ing various set operators [WS06): 
intersection, union, and difference as we demonstrate in Fig. 11. 

Our CCH KO-tree also facilitates line selections using feature 
points in data, e. g., critical points in a vector field , from which the 
line data was originally extracted. A common rcqu iremcnt in vector 
field visualization is to explore streamlines around some crilical 
points, which can be readily fulfillcd by our CCH KD-lree. Fig. 1 (a) 
shows an exmnple of screamlines around two critical points in red. 
Hence, the user can promptly identify interesting ftow structures. 

7 .2. Structure-aware O pacity Specification 

The usually heavy occlusions in 30 make specifying proper opacity 
values crucial for revealing imponant structures in 30 line fields. 
Günther et al. [GRTl 3, GTG 17) forrnu lated opacity specification as 
an optimization problcm, which strivcs to balance occlusion avoid­
ance and information presentation. By showing that a pixe l-based 
fonnulation can lead to analytical solutions [GTGl7], the varying 
opacity for each line segment can be automatically obtained eo high­
light important structures. For moredetail about that optimization 
rcfor to Günther et al.'s [GTG 17) discussion. 

The importance of cach point samplc can be defincd by various 
properties, such as line length, point curvature, linear entropy [FI08], 
angular entropy [MCHM 10], and domain-specific attributes. Gün­
ther et al. [GRTl3] showed that using both length and curvature 
rcveals major structurcs in data. These two properties, howcvcr, are 
line-based, i. c„ they cannot capture larger-scale structures. We thus 
propose the use of poi11t salie11cy by exploiting our CCH KO-tree 
approach to better characterizc major structurcs in 30 linc ficlds. 

Po int saliency. Image saliency has been extensively studied 
in computcr vision [Szel 0). Among them, patch-based meth­
ods [CMH* 15, GZMTl2, LYS* I 1] characterize g lobal image struc­
tures by esti.mating the saliency based on the similarity between 
image patchcs. Bcnefits have been demonstratcd for many applica­
tions, including image retargeting, summarization, and segmenta­
tion. Simila r to this approach, we define the point saliency based 
on its surrounding line segmcnts, rathcr than based on indjvidual 
surrounding point samples. 

Given a query point q, we first find the k nearest curves (denoted 
as g;) from q, then compule the segment-based similarity between 
q and cach g; using the point-to-streaml ine distance proposed by 
Chen et al. [CCK07) (denoted as ds;111 (q,g;)), and finally, aggregate 
the similarities to define the poinl saliency in a range of (0, 1 ): 

Sq = 1 -exp (-i ~dsim (q ,g;)) · (14) 

lf the line segment through q has more dissimilar segments with the 
nearest lines, q would have a !arger point saliency; and vice versa. 

Opacity specification. By taking point saliency as importance, the 
opacity optimization framework [GTG 17) can automatically find 
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Figure 11 : Selecting lines by combining point-based and line-based mode. (a) The nearest curves (green, denoted as St,) se/ected by the red 
query poi111; (b) the nearest curves (blue, denoted as Sb) selected in line-based mode, using the red curve (through the red point) as the query 
curve; and (c) the dijference between the two line sets (Sb -Sa). showing the curves that are near the query curve blll not near the query point. 

(a) 

Figurc 12: Opacity optimization results for differelll importance notions: ( a) curvature; (b) linear entropy; and ( c) point saliency. 

Smm 

Omm 

F igu re 13: DTI fiber tract contraction results at the scale of 5 mm by using (a) segment-based KD-tree and (b) our CCH KD-tree. ( c) The 
color coding of the 30 position dijference berween the two resulrs in (a,b). and the result in (Cl) is taken CIS the ground muh CIS Fig. 9. 

proper opacities for the input 30 lines, while ernphasizing the large­
scale structures. Fig . 12 compares the results generated by using 
curvature, line e ntropy, and our point saliency. We can see thaL our 
measure captures large-scale vortex structures to a better extent (see 
Fig. 12(c}), whereas the other methods mainly show smaU-scaJe 
features (a) or loose rnaj or structures (b). Moreover, the intertwined 

structures are c learly shown in Fig. 12(c), whereas only the interior 
ring structures are shown in Fig. l 2(b). 

Although our CCH KD-tree does not directly affect Lhe rendering 
resulLs shown in Fig . 12(c), its idcntificd nearest curves arc an in­
dispensable ingredient ofthe point saliency computation. As shown 
in Sec. 6 , it is faster than other methods in NC search while pre-
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Table 2: Comp111i11g times of tlre DT! co111rac1io11 for a dataset 
co11sis1i11g of 77.389 tracts with a total of 1,944, 700 1·ertices at all 
the fi1·e-scale le1•els be111·ee11 the origi11al i111pleme111a1io11 [ EBB• 15 / 
a11d our tlrree differe/1111eares1 c11n•e searclr teclmiques. 

Metbod Pl1JL<e 1 (min.) 1 Phase 2 (milL) ' Tood (milL) 

l::\'Crt' Cl ol.0

\ l l::ßß' I~ 39.45 2.09 41.54 
Seimen! KD·ll\.'C V9 1 2.()5 1 6.85 

Point KD-1rcc 1.69 1 2.06 3.75 

CCH KD-trec 0 .58 1 1.43 1 2.01 

serving the accuracy and 1hus we believe that it is a comerstone of 
struc1urc-awarc opaci1y spccificaiion. 

7.3. Fast Multi -sca le F iber Tract Contractioo 

The third applicn1ion is 10 use RNC search to compute the fiber tract 
contraction introduccd by Evcris cl al. [EBB* 15]. The whole compu­
Lation has two phascs: (i) ncighborhood graph construction and (ii) 
iterative contrnction. Both phascs arc very time-consuming: as indi­
caled by lhe computalional complcxity, interactive fiber contraclion 
was considcrcd as not possiblc at that time. 

We compare Evcrts e t al.'s [EBB• 15] implementation to our 
me1hod using 1he segmcn1-bascd KD-tree, point-based KD-tree. 
and CCH KD-trcc on 1hc same machine (lntel(R) Core(TM) i7-
8700K CPU @ 3.70GHz. 6 cores) for 1he same dataset with five 
level~ ( 1 mm- 5 mm). Tablc 2 shows thc computing time of four 
implcmcntations for thc two phascs, we observe an 8.2 x specdup 
from the segment-ba.~cd KD-tree in phase 1 and 3.4 x speedup in 
total and a 3 x spccdup from the dc1erministic point-bao;ed KD-tree 
in phasc 1 and 1.8 x spccdup in total. Compared to Everts et al.'s 
mclhod. our CCH KD-trec has a 20 x spccdup. Allhough such a 
performance still cannot allow for an intcrac1ive line contraction, our 
CCH KD-trcc trcmcndously reduces the running time and grea1ly 
improvc lhc cfficicncy of DTI abstraction. Note lhat lhe almost 1.8 x 
speedup of the CCH KD-trcc comparcd 10 the point-based KD-trcc 
can mainly be attributcd 10 thc high sparsity of th is datasct (i. e„ a 
fcw rcgions with low data dcnsitics). 

Fig. 13 compares fibcr 1rnc1 con1rac1ion results from the segment­
based KD-tree and from using our CCH KD-tree, at a scaJe level 
of 5 mm. The contraction results are vinua lly identical, onJy at 
higher contraction distanccs. wc can see some d ifferenccs for s ingle 
tracb. The overall shapc of thc major pathways, howevcr, does not 
change. To improvc lhc ovcrnll contraction performance, we added 
a linear wcight 10 thc vcniccs during contraction. h allows us to 
assign a value of 1 to points at the search center and a weight of 
O to points at lhc cdgc of thc scarch radius. Our visual and timing 
rcsults dcmonstratc lhat wc arc now also ablc to furlher cxplorc 
our tcchniquc for thc intcractivc exploration of abstracted fiber tract 
data. as envisioncd by Evcns c l al.'s 1Eßß• t5]. 

8. Conclus ion 

In 1his paper, we prcscntcd the problem of ncares1 curve (NC) search. 
including the radius-ncarcst curvc (RNC) search and k-neares1 curve 
(KNC) scarch for 3D linc data. To address this problem, we pro­
po!>ed a technique Lhat uscs a curve complexity heuristic for a KD­
tree and ulilizes curvc complexity to customize KD-trees for NC 

search. We conducted a comprchensivc cvalualion using various 3D 
line datasets. and quantitativcly demonstrated that our technique can 
largcly improvc C scarch pcrformance wilh only small potential er­
rors. The ~peed-up wc achicved allows ccrtain NC-search-based ap­
plication~. such as structure-aware selcction and contraction, which 
used tobe computationally unfcasiblc, to now be used interactively. 
lt also allows us to perform intcrnctive NC queries to augment 
va rious visualitations with less effon , c. g„ opaci ty specification. 

1l1erc arc sti ll somc limitations, which wc will addrcss in fu­
Lure work. First, our mcthod requircs considcrable memory to 
store lhe point samplcs and 1he KD-trees and lhus we will de­
velop an out-of-corc vcrsion to handle data with more lhan 200K 
cuirvcs. Second, inspircd by thc GPU construction a lgorithm for 
SAH KD-Lrcc IZHWG08J and GPU-bascd spatial data visualiza­
Lion [EGG* 15 J. wc wi II cxplorc a GPU vcrsion of our CCH KD-trcc 
as a potential avcnuc for fulurc rcscarch. Last , we will explore more 
ne ighborhood-bascd visualization appl ications. The nearest sam­
ples of different lincs. for instancc, might be grouped into lhe same 
duster. and wc wi ll thus invcsligate ncighborhood-based spectraJ 
clustering for cxploring now data. 

Acknowledgcments 

Wc thank Mannen H. Evcns for assisting us wilh lhe compari­
son to his original rcsuhs and J ian Zhang. Yinqi Sun. and Xiao 
Jiang for discussion on algorithm design. This work was supponed 
by thc grants of thc SFC (61772315, 61861 136012), lhe Open 
Project Program of Statc Kcy Laboratory of Virtual Reality Tech­
nology. and Systems. Beihang University (No.VRLAB2020C08). 
h was also panly funded by thc Deutsche Forschungsgemeinschaft 
(DFG Project DE 620/27- 1), a CAS grant (GJHZ1862) and lhe 
Special Project of Scicncc and Tcchnology Innovation Base of Key 
Laboratory of Shandong Prov ince for Software Engineering (No. 
114800040420 15). 

References 

IAMN'981 ARYA s„ MOUNT D. M„ NETAN YAHU . s „ S ILV ERMAN 
R .. Wu A. Y.: An optimal nlgorithm for approximate nearest neighbor 
searching fixcd dimcnsions. Jo11mal of the ACM 45, 6 (Nov. 1998). 
891- 923. doi: l&.114S/293347.293348. 3, 4 

[BC P. 12) ßRAMßlLLA A„ CARNECKY R„ PEtKERT R„ VIOLA 1„ 
HAUSER H.: lllus1rntivc ßow visualiza1ion: S1a1e of the art. trends and 
challcngcs. In E11rographics State·of·the·Art Reports (2012), The Eu­
rographics A!.!.OCiution. Go;lar. Germany. pp. 75-94. doi: HI. 2312/ 
conf/EG2&12/stars/&75- &94. 1 

[BF791 BCNTLCY J . L„ FRICOMAN J. H.: Data structures for rangc 
searching. ACM Comp11ti11g S11m~ys 11. 4 (Dcc. 1979). 397-409. doi: 
1&.1145/356789.356797. 4 

(Bis06J BtSHOP C . M.: Pauem Recog11i1io11 011d Machille Leami11g. 
Springer. New York. 2006. URL: https ://www.springer.com/gp/ 
book/978&38731&732. 9 

IBMZA121 BOl'OMI F„ MtLITO R„ ZHU J.. AODEPALLI S.: Fogcom· 
puting and its rolc in thc in1cme1 ofthings. In Proc. MCC (2012). ACM. 

ew York. pp. 13- 16. doi: Ul.1145/23425619.2342513. 1 

ICCK07J CHtN Y„ COH!oN J„ KROLIK J.: Similarity-guided streamline 
placemcnt with crror cvaluation. IEEE Tra11sac1io11s 011 Vis11afü.atio11 a11d 
Computer Graplrics 13. 6 (Nov.!Dec. 2007). 1448.-1455. doi: 18.1189/ 
TVCG. 2&&7. 761595. 10 



[CLSWl4] C HAUO HURI A„ LEE T.-Y .. S HEN H.-W„ WENGER R. : 
Exploring llow fields usi ng space-filling analysis of streamlines. IEEE 
Tm11sactio11s 011 Visualization c111d Comp111er Graphics 20. 10 (Oct. 2014). 
1392-1404. doi:llll.lll'l9/TVCG.21H4.231211llll9. 1 

ICMH* 151 CHENG M. -M„ MITRA N. J„ H UANG X„ TORR P. H „ H u 
S.-M.: Global contrast bascd salicm rcgion de1cc1ion. IEEETransactions 
011 Pa11em Analysis a11d Machi11e /11tellige11ce 37, 3 (Mar. 2015), 569-582. 
doi: llll. 1111l9/TPAl11. 211ll4. 2 345411ll. 10 

[DP73) DOUG LAS D. H „ PEUCKER T. K .: A lgorithms for the re­
duc1 ion of the number of poin ts required 10 rcpresent a digitized line 
or its caricature. Cartographica: Tlre /11tematio11al Journal for Geo­
graphie l11for111atio11 and Geovis11a/izatio11 10, 2 (Dec. 1973), 112-122. 
doi:llll.3138/FM57-67711l-U75U-7727 . 3 

[EBB.15] EVERTS M. H „ BEGUE E„ BEKKER H „ ROEROINK J . B. 
T. M„ ISENBERG T.: Exploration o f the brain's whi1e mauer structure 
thro ugh visua l abstraction and multi-scale local fiber tracl contraction. 
IEEE Transt1ctio11s 011 Visua/izt11io11 a11d Computer Grciphics 21. 7 (Ju ly 
2015).808- 821. doi:llll.1111l9/TVCG.211l15.2411l3323. 1, 2, 3, 4. 12 

[EGG' 15) ELSHEHALY M., GRACAN IN D„ GAD M„ ELMONGUI H. G„ 
MAT KOV IC K. : lnterac1ive Fusion and tracking for muhi-modal spatial 
data visualizalion. Co111p111er Graplrics Forllm 34, 3 (June 20 15), 251-260. 
doi: llll.1111/cgf.12637. 12 

[EMSN l2J ELSEBERG J„ MAGNENAT S„ S!EGWART R„ NüCHTER A.: 
Comparison of nearest-neighbor-search stralegies and implementalions 
for efficienl shape registration. JoL1rnal of Software E11gineeri11g for 
Robotics 3, 1 (Mar. 2012). 2-12. doi: llll. 611l92/JOSER._211ll2_11l3_11lL 
p2 . 3, 4 

[FI08) FURUYA S„ ITOH T.: A s treamli ne selecl ion lechnique for in­
tcgratcd scalar and vcc1or visualizacion. In Posters of IEEE VisL1a!iza­
tio11 (2008). URL: http ://i tolab. is. ocha. ac. jp/-i tot/paper/ 
ItotRICPPE13. pdf. 10 

(GBWTI 1) G ÜNTHER T„ BÜRGER K „ WESTERMANN R„ T HEISEL 
H.: A view-dependent and inter-frame coherent visuali7..ation of integral 
lines usi ng screen contribution. In Proc. VMV (201 1), The Eurographics 
Associatio n, Goslar, Germany, pp. 215-222. doi: ll'l. 2312/PE/VMV/ 
VMVll/215 - 222. 2 

iGRTl31 GÜNTHER T„ RöSSL C„ THE ISEL H .: O pacity optimization 
for 30 li nc ticlds. ACM Transactions on Graphics 32, 4 (July 2013), 
Artic le 120, 8 pages. doi: llll. 1145/2461912.24619311l. 1, 2 , 3, 10 

[GS87) GOLDSM ITH J „ SALM ON J.: Aulomatic creation ofobjecl hier­
a.rchies for ray 1racing. IEEE Computer Graphics cmd Applications 7. 5 
(May 1987). 14-20. doi: llll . 1111l9/MCG . 1987. 276983. 2, 3. 5 

IGTG l 71 GÜNTHER T„ THEISEL H „ GROSS M. : Decoupled opacily 
optimization for poinls. lines and surfaces. Comp/l/er Graphics Forum 
36. 2 (May 2017). 153-162. doi: ll'l. 1111/cgf. 13115. 3. 10 

[GZMTl2) GOPERMAN S„ ZELNIK-M ANOR L. , TAL A.: Context-awate 
salie ncy detection. IEEE Trc111sactio11s 011 Pa11em Analysis ci11d Mciclrine 
/11tellige11ce34. 1 O(Oct. 2012). 19 15- 1926. doi: llll .1111l9/TPAMI. 211lll. 
272. 10 

[HC94) HAMANN B„ C 1mN J .-L.: Data point selection for piecewise 
li near curve approxi mation. Computer Aided Geometrie Design 11, 3 
(June 1994). 289-301. doi: llll. lllll6/llll67- 8396(94)911lllllll4- 3. 5 

[HS92J HOEL E. G„ SAM ET H.: A qualitative comparison study of data 
structures for !arge line segment databases. Ln Proc. SIGMOD ( 1992), 
ACM, New York, pp. 205-214. doi: ll'l.1145/l311l283.1311l316. 3 

rttS l 2] H E K „ S UN J .: Comp uling ncarest-neighbor fields via 
propagation-assisted KD-trees. In Proc. CVPR (20 12), IEEE Com­
puter Society. Los Alami los, pp. 111- 118. doi: llll. 1111l9/CVPR. 211ll2 . 
6247665. 3 

[HS l5) HOTZ L. SCHUlZ T. (Eds.): Visua/i~c1tio11 and Process-
ing of Higher 01tfer Descriptors for Multi-Valued Data. Springer, 
Berlin/Heidelberg, 2015. doi: ltll. lllllll7 / 978-3-319-1511l911l- l. 1 

[lsel5] ISENBERG T. : A survey of illustraiive visualizaiion 1echniques for 
d iffus io n-weighted MR! tractography. In Vi.sualiwtio11 and Processing 

473 

of Higher Order Descriptorsfor Multi-Valued Data, Ho1z 1., Schulz T„ 
(Eds.). Springer. Berlin/Heidelberg, 2015, eh. 12. pp. 235- 256. doi: 
llll.lllllll7/978-3-319-1511l911l-l_ l2 . 1 

[JC K 12J JACKSON B„ COFFEY D „ KEEFE D. F.: Force Brushes: Progres­
sive data-driven haptic seleciion and fihering for mulli-variate flow visu­
alizations. Ln EuroVis Slwrr Paper Proc. (2012), The Eurographics Asso­
c iation, Goslar. Gem1any, pp. 7-11. doi: llll. 2312/PE/EuroVisShort/ 
EuroVisShort211ll2/llllll7-lllll. 10 

[JLS* 13) JACKSON B„ LAUT. Y„ SCHROEDER D„ TOUSSAINT J R. 
K. C„ KEEFE D. F.: A lightweighl langible 30 interface for interactive 
visualization of !hin fiber struclures. IEEE Tra11sactio11s 011 \lis11alizatio11 
a11d Co111p111er Graplrics 19, 12 (Dec. 2013), 2802-2809. doi: llll. 1111l9/ 
TVCG. 211ll3.121. 10 

[KFW16l KANZLER M„ FERSTL F.. WESTERMANN R.: Line density 
control in screen-spacc via balanced line hierarchics. Computers & 
Grophics 61 (Dec. 20 16), 29-39. doi: ll'l. lllll6/j. cag. 211l l 6. lll8. lllllll. 
3 

IKW 19] K ERN M„ WESTERMANN R.: Clustering ensembles of 30 jet­
stream core lines. Ln Proc. VMV (20 19), The Eurographics Association. 
Goslar. Germany. pp. 8 1- 88. doi: ll'l. 2312/vmv. 211ll91321. 3 

[LCL* l3) Lu K „ CHAUDHURI A„ LEE T. -Y„ SHEN H.- W„ WONG 
P. C.: Exploring vector fields wi1h distribution-based streamline analysis. 
[n Proc. PacificVis (20 13), lEEE Computer Society, Los Alamitos, pp. 257-
264. doi:llll.lllll9/PacificVis.211ll3.6596153. 3 

ILHTl7] LHUILLIER A„ H URTElR c„ TELEA A.: Sia1e ofthe an in edge 
and trail bund ling 1echniq ucs. Computer Graphics Forum 36, 3 (June 
2017).619-645. doi:llll . 1111/cgf.13213. 1 

ILMSC I 11 LEE T.-Y„ MIS HCHENKO 0„ S HEN H.-W„ CRAWFIS R.: 
View point evalua1io n and sireaml ine fil1ering for llow visualiza1ion. In 
Proc. PacificVis (2011). IEEE Computer Society. Los Ala111.i1os. pp. 83-90. 
doi:l©.11$9/PACI FICVIS.2©11.5742376. 2 

[LYS*l 1) LIU T„ YUAN Z . , SUN J „ WANG J. , ZHENG N„ TANG X„ 
S HUM H. -Y. : Leaming to detect a salient object. IEEE Transacrio11s 011 
Pa11em Analysis a11d Machi11e l111ellige11ce 33, 2 (Feb. 201 1), 353-367. 
doi:ll'l. 1111l9/TPA11I.211l llll. 711l. 10 

IMCHMI OI M ARCHES IN S„ CHEN C.-K „ HO C„ MA K. -L. : View­
dependent s1reamlines for 30 vec1or fields. IEEE Tramactio11s 011 Vis11-
llfizatio11 a11d CompL1ter Graphics 16. 6 (Nov./Dec. 2010). 1578- 1586. 
doi : ll'l.lllll9/TVCG.211lllll.212. 1, 2, 10 

[ML09] M UJA M „ LOWE D. G.: Fasl approx imate nearest ne igh­
bors with aulomatic algorithm configuralion. In Proc. VISA PP (2009), 
vol. 1, lNSTICC Press, Setubal, Portugal, pp. 331-340. doi: ll'l. 52211l/ 
©lllllll787811l33 llll3411l. 4, 8 

[MLP* 10] MCLOUG HLIN T„ LARAMEE R. S„ PEIKERT R„ POST F. H„ 
CHEN M.: Over two decades of integration-based , geometric Aow vi­
sualization. Co111p111er Graphics Forum 29, 6 (Sept. 20 10), 1807-1829. 
doi: lt'l. 1111/j .1467- 8659. 211lll\l. lll l6511l . X. ( 

IMVVW05 '1 MOBERTS B„ VILANOVA A„ VAN W IJK J . J .: Evaluation 
of fiber cluslering methods for diffusion tensor imaging. In Proc. Vis 
(2005), IEEE Computer Society, Los Alami1os, pp. 65-72. doi: llll. 
1169/VI SUAL.26l6l5.1532779. 1, 3 

[Ü LK* 14] ÜELTZE S„ LEHMANN D. J „ KUHN A„ JANIGA G„ T HEISEL 
H „ PRE IM B.: Blood flow clustering a nd applications invirtual slenti ng 
of intracranial aneurysms. IEEE Tra11sactio11s 011 Vis11alizatio11 a11d Co111-
purer Graphics 20, 5 (May 2014), 686-701. doi: llll. lllll9/TVCG. 211ll3. 
2297914. 1. 3 

[Ram72] R AMER U.: An ilerative procedure for the polygonal approxi­
rnation of plane curves. Computer Grophics and Image Processing / , 3 
(Nov. 1972), 244-256. doi: llll. lllll6/Slll l46- 664X(72)811lllll7 - lll. 3 

IRD95] RONTOGIANNIS A„ D IMOPOU LOS N . J .: A probabilistic ap­
p roach for reducing 1he search cost in binary decision trees. IEEE 1iw1s­
llctio11s 011 Systems, Man, and Cybemetics 25. 2 (Feb. 1995), 362- 370. 
doi : 16.1169/21.364828. 7 



474 

i'SanO•q SANTALÖ L. A.: l111egral Geometry and Geometrie Probabil­
ity, 2n<1 ed. Cambridge University Press. UK. 2004. doi:l&.1&17/ 
CB0978fl511617331. 7 

[Sar09] SARITA~ E. U.: High-resolutio11 Diffusion MR/ of Targeted 
Regions. PhD thesis, Stan ford University, USA, 2009. URL: https: 
//searchworks. stanford. edu/view/123&3425. 1 

[SBGC20] SANE S„ BUJACK R„ GARTH C„ CHILDS H.: A survey of 
seed placement and strearnline selection techniques. Computer Graphics 
Forum 39, 3 (June 2020), 785- 809. doi: 1&. 1111/cgf. 14&36. 2 

[SBMN16) SCHAUER J„ BEDKOWSKI J„ MAJEK K„ NOC HTER A.: Per­
formance comparison betwecn statc-of-thc-an point-c loud bascd collision 
detcction approaches on the CPU and GPU. IFAC- PapersOnUne 49. 30 
(Nov. 2016), 54-59. doi: lfl. 1&16/j. i facol. 2&16.11.12 5. 2 

[Seal 1) SCAGLIARINI A. : Geometrie properties of partic le trajectories in 
turbulent flows. Journal ofTt1rbulence 12 (June 2011). Article N25. 11 
pages. doi: lfl.1&8&/14685248.26111 . 571261. 1 

[S106I ] STONE H.: Approximation of curvcs by linc scgmcnts. Mathemat­
ics af Comp11tatio11 15. 73 (Jan. 196 1 ). 4Q-47. doi: 161. 23617 /261&3&89. 
5 

[SzelO] SZELISKI R. : Computer Vision: Algorithms wul Applications. 
Springer, London. 2010. doi: l&. lllllll7 /978-1-84882-935-lll. 10 

[TMWS13J TAO J„ MA J. , WANG C„ SllENE C. -K.: A unified approach 
eo streamline sclection and viewpoint sclection for 30 flow visuali zation. 
IEEE Tra11sactio11s 011 Visua/izatio11 a11d Compwer Graphics 19, 3 (Mar. 
2013),393-406. doi:llll.11&9/TVCG.2&12.143. 2 

[VB96] VASSILICOS J.. BRASSEUR J. G.: Self-similarspiral ftow Slruc­
ture in Jow Reynolds number isotropic and decaying turbulence. Physica/ 
Review E 54, 1(July1996), 467-485. doi: 1&. 11613/PhysRevE. 54. 467. 
1 

[VCl20) VIOLA 1„ C HEN M„ ISENBERG T.: Visual abstraction. ln 
Fo1111datio11s of Data Vis11a/izmio11, Chcn M„ Hauser H„ Rhcingans P„ 
Scheuermann G„ (Eds.). Springer, Berlin/Heidelberg. 2020. eh. 2. pp. 15-
37. doi:l61.161617/978-3-&3&-34444-3_2. 3 

[Vll 8] VIOLA 1„ ISENBERG T.: Pondering the concept of abstraction 
in ( illustrative) visualization. IEEE Transactio11s 011 Vis11aliwtio11 a11d 
Complller Graphics 24, 9 (Sept. 2018), 2573-2588. doi: 161. 11&9/TVCG. 
2$17.2747545. 1, 3 

[VW90] V1SVALINGAM M .. WHYATT J. 0.: The Douglas-Peucker algo­
rilhm for line s implification: Re-evaluation through visualization. Com­
puter Graphics Forum 9, 3 (Sept. 1990), 213-225. doi: 161.1111/j. 
1467-8659.19961.tb6161398.x. 3. 5 

IWEG87] WOLO S„ ESBENSEN K„ GELAOI P.: Principal component 
analysis. Chemometrics cmd l11tel/ige111 laboratory Systems 2. 1-3 (Aug. 
1987). 37- 52. doi: 1&. 1&16/&169- 7439(87)8616184-9. 8 

[WESW l4] WANG Z „ ESTURO J. M„ SEIDEL H.-P„ WEINKAUF T. : 
Paltern search in flows based on similarity of stream line segments. In 
Proc. VMV (2014), The Eurographics Associacion, Goslar, Germany, 
pp.23-30. doi:l61.2312/vmv.2&141272. 3 

[WH06] WALD 1.. HAVRAN V. : On bui lding fast kd-trees for ray tracing. 
and on doing that in O(N log N). ln Prvc. Symposium 011 1meractive 
Ruy Truc:i11g (2006), rEEE Computer Society, Los Alamitos, pp. 6 1-69. 
doi:l61.11&9/ RT.261616.28&216. 2, 5, 6 

IWS06] WOODR lNG J „ SHEN H.-W.: Multi-variale, time varying, and 
comparative visualization wi th contexcual cues. IEEE Transactions 011 
Vis11alizatio11 and Compmer Graphics 12, 5 (Sepl./Oct. 2006), 909- 916. 
doi: Hl. 11&9/TVCG . 2&til6 .164. 10 

rwww· 1s) WANG F„ WALD !„ Wu Q„ US HER w„ JOHNSON c. R.: 
CPU isosurface ray traci ng of adaptive mesh refinemenl dala. IEEE 
Transactions on Vis11alization and Compmer Graphics 25, 1 (Jan. 2018), 
1142-11 51. doi:l&.11619/TVCG .2&18.28648561. 3 

fYElll2] Yu L„ EFSTATHIOU K„ IS ENBERG P .. ISENBERG T.: Ellicienl 
structure-aware selection techniques for 30 poinl c loud visualizations 
with 2DOF input. IEEE Tran.mctiom 011 Visualiwri<m and Complller 

Graphics 18, 12 (Dec. 20 12), 2245-2254. doi: 161. 11619/TVCG. 2&12. 
217. 10 

[YE1116) Y U L., EFSTATlllOU K„ ISENBERG P., ISENBERG T.: CAST: 
iEffective and efficient user interaction for con1ex1-aware sclection in 30 
paniclc clouds. IEEE Tra11sactio11s 011 Vis11a/izatio11 cmd Computer Graph­
ics 22, 1 (Jan. 2016), 886-895. doi: l&. 11619/TVCG. 26115. 24672&2. 10 

[YWSC l2) Yu H„ WA NG C„ SHENE C.-K„ CHEN J . H.: Hierarchical 
strearnline bundles. IEEE Transactions 011 Vi.wa/izario11 cmd Compmer 
Graplrics 18, 8 (Aug. 20 12), 1353-1367. doi: 161. 11&9/TVCG . 2&11. 
155. 1, 3 

[ZCL08a) ZHANG S„ CORREIA S„ LAIDLAW 0. H.: ldentifying whi te­
m altcr fiber bundlcs in OTI data using a n automatcd proxi mi ty-bascd 
ifibcr-clustcring mcthod. IEEE Transactio11s 011 Visualimtion and Com­
puterGraphics 14, 5 (Sept./Oct. 2008), 1044-1053. doi: l& .11&9/TVCG . 
2 (\)(\)8. 52. 1, 3 

[ZCL08b] ZHOU W„ CORREIA S„ LAIDLAW D. H.: Haptics-assisled 
30 lasso drawing for trac1s-of-in1erest select ion in OTI visualization. In 
Posrers of IEEE Vis11alizatio11 (2008). URL: h ttp://vis .es. brown. 
edu/ docs/pdf / g/Zhou- 2&&8- HAL. pdf. html. 10 

[ZGW 17] ZHANG J„ Guo H„ HONG F„ YUAN X„ PETERKA T.: Dy­
n amic load balancing based on constrained K-0 tree decomposition for 
parallel particle tracing. 1EEE Tra11sacrio11s 011 Vis11aliuitio11 a11d Co111-
p111er Graphics 24, 1 (Jan. 2017). 954-963. doi: 161. 11619/TVCG. 2$17. 
27446159. 3 

[ZHWG08'1 ZHOU K„ Hou Q„ WANG R„ Guo B.: Real-time K.0-tree 
construclion on graphics hardware. ACM 1ransactio11s 011 Grophics 27. 5 
(Dec. 2008). Article 126. 11 pages. doi: 1&. 1145/1461961661.146196179. 
2, 12 

rzsu 18'1 ZELLMANN s„ SCHULZE J . P„ LANG u„ CHILOS H„ Cuc­
CHIETTI F.: Rapid k-d tree construction for sparse volu me data. ln 
Proc. EGPGV (2018). The Eurographics Associat ion. Goslar. Germany. 
p p. 69-77. doi :161.2312/ pgv.2&1816197. 3 




