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Was sind Lichtquanten? Heute glaubt zwar jeder
Lump, er wisse es, aber er täuscht sich,

Albert Einstein, 1951

What are light quanta? Nowadays every Tom, Dick
and Harry thinks he knows it, but he is mistaken.

Albert Einstein, 1951

Citation from Albert Einstein - Michele Besso Correspondence
1903-1955 P. Speziali, Ed. Hermann, Paris, 1972.
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Zusammenfassung

Einzelne Photonen sind die kleinsten Anregungszustände des elektromagnetischen
Feldes. Man kann sie experimentell erzeugen, aber es gibt bisher keinen Appa-
rat, der das mit 100% Effizienz tut. Viele Methoden und Theoreme der optischen
Quanteninformationstheorie benutzen Einphotonenzustände. Um solche sinnvoll
zur Informationsverarbeitung zu nutzen, sollte man Kenntnis davon haben, dass
die Erzeugung erfolgreich war. Mit anderen Worten: Man benötigt angekündigte
einzelne Photonen im idealen Fall. Wie man das erreichen kann, ist das zentrale
Ergebnis der vorliegenden Diplomarbeit. Die Aufgabe bestand darin, die Effizienz
bestehender Einphotonenquellen lediglich zu verbessern. Gesucht wurde nach ei-
nem Apparat der den Ausgang einer solchen Quelle weiterverarbeitet und dadurch
entweder die Wahrscheinlichkeit erhöht oder sogar die Photonen ankündigt. Dieser
Apparat darf ausdrücklich andere optische Quellen gebrauchen, wie z.B. kohärente
Zustände (Laser).

Um den Sachverhalt formell zu erfassen, wurde angenommen, dass Einpho-
tonenquellen ein statistisches Gemisch aus Vakuum und dem Einphotonenzustand
erzeugen. Dass in experimentellen Aufbauten auch höhere Photonenanteile bei-
gemischt sind, ist bekannt. Diese Anteile werden aber in der Literatur als gering
eingeschätzt. Bei manchen Quellen sollen sie gar ausgeschlossen sein.

Bei den hier betrachteten Methoden kann man grundsätzlich zwei Bereiche un-
terscheiden, die lineare und die nichtlineare Optik. Die linearen optischen Werk-
zeuge, wie zum Beispiel der Strahlteiler, absorbieren im Idealfall keine Photonen.
Es ist allerdings aufwändig, Transformation, die für Quantengatter nützlich mit-
tels ihrer Hilfe umzusetzen. Absorption und schwache Kopplungen sind Nach-
teile, die hauptsächlich bei nichtlinearen Medien auftreten. Wie sich aber her-
ausstellte, können die nicht-linearen Wechselwirkungen Zweiphotonenabsorption
und Kreuzphasenmodulation in Apparaten eingesetzt werden, die Einphotonen-
zustände ankündigen.

Es gibt bereits einige lineare optische Quantengatter, welche optische Zustände
mit Hilfe einzelner Photonen manipulieren. Da Photonen nicht wie z.B. Elektro-
nen miteinander wechselwirken, sind besonders Quantengatter interessant, die auf
mehr als eine optische Mode wirken. Die effektive Wechselwirkung dieser Gatter
ist nicht direkt vergleichbar mit einer unitären Dynamik. Vielmehr ist es so, dass
die Gatter gar nicht jedes Mal funktionieren. Nötige Messungen an Hilfsmoden
liefern im Einzelfall unterschiedliche Ergebnisse und um den gewünschten Effekt
zu erzielen wird entsprechend dieser Ergebnisse selektiert. Selbst dann, wenn man
den Gattern die nötigen Ressourcen zur Verfügung stellt, erzeugen sie also statis-
tische Gemische bevor man selektiert. Es wurde untersucht, wie sich solche Gatter
verhalten, wenn sie statt perfekter Einphotonenzustände statistische Gemische zur
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Verfügung haben. Mittels der untersuchten Apparate wurde jedoch keine Verbesse-
rung des Einphotonenanteils erzielt. Dies ist aber kein abschließendes Resultat. Es
ist damit nicht widerlegt, dass es mit anderen Methoden und Apparaten der linea-
ren Optik doch gelingen kann. Es wurde jedoch bereits gezeigt, dass eine Erhöhung
des Einphotonenanteils erzielt werden kann, aber dann ein nicht-verschwindender
Zweiphotonenanteil hinzukommt.

Eines der grundlegendensten Quantengatter ist der conditional sign flip. Für
einzelne Photonen funktioniert die optische Kreuzphasenmodulation in sehr ähnlicher
Weise. Mit diesem nichtlinearen Effekt, der von Kerr-Medien bekannt ist, gelingt
im Idealfall eine Ankündigung von Einzelphotonen. In dieser Arbeit wurde ge-
zeigt, dass man hierzu ein Mach-Zehnder Interferometer eine kreuphasenmodu-
lierendes Medium und einen Photodetektor benötigt. In das Interferometer kann
man prinzipiell jede andere Lichtquelle einspeisen, vorzugsweise aber einen star-
ken kohärenten Zustand (Laser), damit die Detektionseffizienz hinreichend groß
wird.

Ebenfalls nichtlinear ist die Absorption zweier Photonen. Verblüffenderweise
gelingt es mit diesem Effekt aus zwei realistischen Einzelphotonenquellen einen
angekündigten Einphotonenzustand herzustellen. Hierzu benutzt man das Werk-
zeug der Photonenaddition, welches aus einem Strahlteiler und einem Photodetek-
tor besteht. Hiermit kann man aus den statistischen Gemischen beider Einphoto-
nenquellen eines erzeugen, das Vakuum, einen Einphotonenanteil und einen Zwei-
photonenanteil enthält. Dieses Gemisch soll ein Mach-Zehnder Interferometer durch-
laufen. Das Interferometer ist so eingestellt, dass es für das einlaufende Licht trans-
parent ist. Man platziert aber zusätzlich das Zwei-Photonen-Absorbierende Medi-
um in einem Arm des Interferometers. Es besteht somit die Wahrscheinlichkeit,
dass der Zweiphotonenanteil, der einläuft dort absorbiert wird. Dieser ungünstige
Fall kann nicht verhindert werden. Hinter dem Interferometer ist in einer der aus-
laufenden Moden ein Photodetektor aufgestellt. Das Interferometer ist so einge-
stellt, dass in der Detektormode der Einphotonenanteil nicht auslaufen kann, son-
dern immer nur in der anderen Mode. Der Detektor kann also nur klicken, wenn
der Zweiphotonenanteil einläuft und nicht im Medium absorbiert wird. Falls der
Detektor ein Photon absorbiert, ist klar, dass ein weiteres Photon das Interferome-
ter in der Mode verlassen hat, in der kein Detektor steht. Das gesamte Phänomen
hat starke Ähnlichkeit mit dem Konzept der Nullmessung.

Zwar nicht im Mittelpunkt der Arbeit aber als ergänzendes Resultat wurde ge-
zeigt, dass der sogenannte Hong-Ou-Mandel Effekt verallgemeinert werden kann.
Hierbei handelt es sich um das Verhalten von Fock-Zuständen am Strahlteiler.
Es konnte bewiesen werden, dass Fock-Zustände mit gleicher Besetzungszahl am
Strahlteiler immer in Superpositionen von geradzahligen Fockzuständen in beiden
auslaufenden Moden transformiert werden. Ein anderer Effekt für spezielle unge-
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radzahlige Fock-Zustände wird vermutet.
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1 Summary

Single photons are the smallest excitation states of the elctromagnetic field. They
can be experimentally created but there is no apparatus that performs this task with
100% efficiency. Many techniques and theorems of optical quantum information
theory use single photons. In order to utilize them for information processing, it
is reasonable to know if they had been successfully produced. In other words:
One needs heralded single photons. How to achieve this, is the main result of this
diploma thesis. The task has been to improve the efficiency of already existing
single photon sources. An apparatus had to be found which postprocesses the
output of such sources in order to either herald the photons or at least to improve
the efficiency. This apparatus is explicitly allowed to use other optical sources, for
example coherent states (laser).

The situation has been formally represented by the assumption that single pho-
ton sources produce a mixture of vacuum and the single photon state. It is known
that experimental set-ups also create higher photon contributions. These contri-
butions are considered to be small in corresponding publications. For some cases
they even seem to vanish at all.

One can distinguish two regimes concerning the techniques which have been
used in this work: linear and nonlinear optics. Linear optical tools, for example
the beam splitter, do not absorb photons in the ideal case, but it is not easy to
implement useful transformations by their means. Absorption and weak coupling
are drawbacks which arise mainly in nonlinear optical media. This work shows that
the interactions two-photon absorption and cross phase modulation can be used in
schemes, which enable the heralding of single photons.

Already there are some linear optical quantum gates which manipulate optical
states by means of single photons. Photons do not interact with each other directly,
in contrast to electrons for example. Therefore quantum gates which act on more
than one mode are interesting. The effective interaction of these gates is not quite
comparable to unitary dynamics. Moreover, these gates do not function in each
case. Measurements required in auxiliary modes yield different results for each
single case and in order to obtain the desired effect the cases have to be selected
according to the measurement results. It has been investigated, how such gates
perform if they have statistical mixtures as a resource instead of perfect single-
photon states. Yet, no improvement of the single-photon contribution has been
accomplished by means of these apparatuses. Hereby it has not been disproved
that it is possible to achieve this goal using other apparatuses and techniques of
linear optics. Yet, it has been shown that an enhancement is possible but then a
non-vanishing two-photon contribution is appended.

One of the most basic quantum gates is the conditional sign flip. The optical
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interaction cross phase modulation acts in quite the same way considering only
single photons. This effect enables the heralding of single photons in the ideal
case. Within this work it has been shown that a Mach-Zehnder interferometer, a
cross phase modulating medium and a photo-detector can be employed for this
purpose. One could use any source of light as input to the interferometer but a
strong coherent state (laser) may be preferred for the purpose of enhancing the
interaction.

The absorption of two-photon states is another non-linear effect. Astonishingly
this effect serves to generate a heralded single-photon state given two imperfect
single-photon sources. First the photon adding tool is employed which consists
of a beam splitter and a photo-detector. By means of that and the statistical mix-
tures of two single-photon sources one creates a mixture which contains vacuum,
the single-photon state and additionally the two-photon Fock state. This mixture
propagates through a Mach-Zehnder interferometer. The interferometer is adjusted
such that it is transparent for incoming light. In addition to the interferometer alone
a two-photon absorbing medium is placed in one of its arms. For this reason there
is a chance that the two-photon contribution entering the interferometer is absorbed
within this medium. We cannot exclude this unfortunate case. A detector is placed
in one of the two output modes. The interferometer is adjusted such that the single-
photon state does not leave in the mode in which the detector is placed, but always
in the other mode. The detector can only click if the two-photon state propagates
through the interferometer and if it is not destroyed in the absorbing medium. If
the detector then receives one photon it is obvious that another one must leave
in the other mode. The whole phenomenon is very similar to the concept of null
measurement.

Although not a main result, it has been shown here that the so-called Hong-
Ou-Mandel effect can be generalized. It has been proven that the beam splitter
transforms Fock states with equal Fock number into superpositions of Fock num-
bers which are even in each mode. Another effect on special odd Fock states is
conjectured.
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2 Introduction

The name photon has been proposed by Gilbert Newton Lewis [Lew26] in the
magazine Nature in 1926. It is derived from the Greek word ’phos’ which means
’light’ and constructed in analogy to the name proton. Lewis intended to give the
name to ”this hypothetical new atom, which is not light but plays an essential part
in every process of radiation”. Even though his model of the interaction of atoms
and light has not been accepted, the name has been used later on for the quantum
of light.

The notion of this quantum goes back to the year 1900 when Max Planck solved
the problem of black body radiation [Pla01], which is also seen as the beginning of
quantum theory itself. Since then the quantum theory of the electromagnetic field
has been elaborated. We are going to review the aspects that are important for this
work in Sec. 3. A set of basic instruments to transform the quantum state of light
follows in Sec. 4.

How does information processing fit in this physical context of quantum the-
ory? First we notice that real-world information processing is inherently connected
to physical systems which carry the information. In 1936 Alonzo Church [Chu36]
and Alan Turing [Tur36] devised the universal Turing machine. The idea is based
on classical concepts of information and serves as a universal model for compu-
tation and simulation. In 1985 David Deutsch [Deu85] used these insights and
embedded them in the physical context of quantum theory. The result has been the
universal quantum computer as a theoretical model to simulate any other physical
system. The model itself is based on two-dimensional quantum systems which are
nowadays called qubits. The usage of such systems for the purpose of simulation
had formerly been proposed by Richard Feynman [Fey82]. He already thought of
a realization by means of spin-1/2 particles on a lattice.

As we will see in Sec. 5 it is also possible to realize two-dimensional systems
in quantum optics. This fact raises the hope that it should be possible to build an
optical quantum computer. Present technology in fiber optics already meets the
requirement to transmit optical states over long distances. Due to its very weak
interaction with the environment states of light do not suffer from decoherence.
These facts make light an ideal carrier of quantum information. But it is not easy
to process the information based on linear optics.

Most schemes in linear optics require single-photon Fock states. Moreover,
single-photon sources are a necessary resource in photonic quantum state engi-
neering [SNMK03, CDKW99, BBL04]. But realistic single-photon sources do not
produce the required pure single-photon states with certainty. We assume that they
produce incoherent mixtures of vacuum and the single-photon state instead and we
discuss the consequences of having these as a basic resource. Given such schemes
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for perfect inputs we want to explore in Sec. 7 and 8 the possibilities to transform
mixtures thereby process information encoded in the respective systems. Appendix
B contains extensive calculations on how nonlinearities by means of linear optics
and conditioned measurement act on mixtures. These nonlinearities are a necessary
ingredient to construct general gates in a quantum computer.

It is the aim of this work to get closer to realistic assumptions about the single-
photon states as resources. Given imperfections due to vacuum noise the nonlinear-
ities mentioned above will not properly perform the intended state transformations.
Heralding the input states, i.e. single photons, is a route to circumvent these prob-
lems. We address this issue with a proposal in Sec. 9 which is based on two-photon
absorption and the another one in Sec. 10 which uses cross phase modulation as a
resource.

Sec. 11 and appendix A contain further considerations and some theorems.
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3 Quantization of the free electromagnetic field

Here we review some basic notions of the quantized electromagnetic field which
are used in subsequent chapters. The content of this section is mainly based on the
quantum optics book of Mandel and Wolf [MW95].

3.1 Energy of the electromagnetic field

The description of the free electromagnetic field in classical electrodynamics is
given by the Maxwell equations (in SI units)

∇×E(r, t) = − ∂
∂t

B(r, t) (1)

∇×B(r, t) = 1
c2

∂
∂t

E(r, t) (2)

∇ ·E(r, t) = 0 (3)

∇ ·B(r, t) = 0 (4)

E and B are the electric and magnetic field vectors. c is the speed of light.
The energy of the electromagnetic field amounts to

H = 1
2

∫

L3

ε0

[

E
2(r, t) + 1

µ0
B

2(r, t)
]

d3r ,

where ε0 and µ0 are the free space permittivity and permeability with c2

ε0µ0
= 1.

The Hamilton function represents the energy of the electromagnetic field within
the considered volume of length L.

H = 1
2

∑

k

∑

s

~ω
(

a†
ks(t)aks(t) + 1

2

)

,

~ is Planck’s constant, ω is a frequency and the k are wave vectors. s denotes the
polarization. aks(t)

† and aks(t) are creation and annihilation operators satisfying
the commutation relation

[aks(t), ak′s′(t)
†]− = δ3

kk′δs s′ . (5)

We will call a certain pair (k, s) a mode of the electromagnetic field. From this
formula we see that the electromagnetic field’s energy is equal to the energy of
a system of independent harmonic oscillators. The contribution 1

2 on the right
hand side is the so-called zero-point energy contribution. It may lead to unphysical
infinities and this problem can be overcome by renormalising the Hamiltonian:

H = 1
2

∑

k

∑

s

~ωa†
ks(t)aks(t) . (6)
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3.2 States of the electromagnetic field

All states of the electromagnetic field can be constructed using the complete set of
eigenstates of the Hamiltonian in Eq. (6). These are obtained by introducing the
number operator corresponding to mode (k, s) which is defined as Nks := a†

ksaks.
Being hermitian it has a spectral decomposition,

Nks =
∑

nk,s∈
�

0

nks|nks〉〈nks| . (7)

The eigenvalues nks are non-negative integers. The eigenstates {|nks〉} are called
number states or Fock states.

All these states can be obtained from the vacuum state |0〉 by the repeated
application of the creation operator a†

ks of mode (k, s)

(a†
ks)

n|0〉 = |nks〉 .

For the general case we define the total number operator as

N =
∑

ks

Nks

which counts the total occupation number of modes in the field.
The Fock space H is the tensor product of all Hilbert spaces H(k,s) of the

harmonic oscillators corresponding to a certain mode (k, s):

H =
⊗

(k,s)

H(k,s) . (8)

What about photons? Now we are able to define the word photon. “The discrete
excitations or quanta of the electromagnetic field corresponding to the occupation
numbers {n} are usually referred to as photons. Thus a state |0, 0, 1ks, 0, . . .〉 is
described as a state with one photon of wave vector k and polarization s” ([MW95,
p.479]). In the following we will refer to such a state as a single-photon (Fock)
state.

3.3 Coherent states

A special type of states of the electromagnetic field are coherent states. They show
some useful properties. A coherent state |α〉 is defined by a complex number α as
follows

|α〉 = exp

(

−|α|2
2

) ∞∑

n=0

αn

√
n!
|n〉 . (9)
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Alternatively they can be obtained from the vacuum state by the application of the
displacement operator D(α)

D(α)|0〉 = exp(αa† − α∗a)|0〉 = |α〉 . (10)

The photon distribution in coherent states is Poissonian meaning that the probabil-
ity P (n) to detect n photons is given by

P (n) = |〈n|α〉|2 = e−〈n〉 〈n〉n
n!

, (11)

with the mean photon number 〈n〉 = |α|2.
Coherent states are used to describe fields of lasers far above threshold ([SZ97,

p. 340]).
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4 Interaction and measurement in quantum optics

In order to transform states of light interaction is needed. We are going to discuss
some elementary tools of quantum optics with their theoretical description. As it
is common in literature we will use ~ ≡ 1 in Hamiltonians and time evolution
operators, respectively.

4.1 Mirror

We will handle mirrors merely as a tool to redirect modes. The corresponding
change of wave vectors k → k

′ is omitted. We identify modes (k, s) and (k′, s) if
the occupation of the latter results from a redirection of the first due to a mirror.

4.2 Phase shifter

The Hamiltonian of a phase shifter is a function of the number operator N

H = θN (12)

A single-mode Fock state |n〉 evolves under the action of the time evolution oper-
ator in the Schrödinger picture according to

U(t)|n〉 = exp(−iθNt)|n〉 = exp(−iθnt)|n〉 . (13)

Example The phase shift on a coherent state |α〉 in the Schrödinger picture,

exp(−iθNt)|α〉 = exp(−iθNt) exp( |α|
2

2 )

∞∑

n=0

αn

√
n!
|n〉 (14)

= exp( |α|
2

2 )

∞∑

n=0

(αe−iθ)n√
n!

|n〉 (15)

= |αe−iθ〉 , (16)

looks as if its parameter α is rotated by the angle θ in the complex plane.

4.3 Beam splitter

The beam splitter enables an interaction between two optical modes. It is a con-
vention how to label the creation and annihilation operators of these modes. For
example, one choice could be a1 and a2 or another one a and b. The first one has
the advantage that more than two modes are easy to enumerate. The second one
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is more convenient to read and we will use them as it fits in. To indicate that an
operator has been transformed we attach a prime to it.

There are two types of beam splitters. The first type is simply referred to as
beam splitter (BS). The second type is called polarising beam splitter (PBS). The
Hamiltonian to describe both beam splitters models an interaction between two
modes A and B

H = θ(eiϕa†b+ e−iϕab†) . (17)

The polarising beam splitter is a special case in which one polarisation (most com-
monly the vertical one) is totally reflected while the other (horizontal) is totally
transmitted. This can be achieved by modifying the above Hamiltonian:

H H

H H

VV

V V

H

V

H

V

V V

H

H

Figure 1: The polarising beam splitter reflects vertical polarisation while horizontal
polarisation is transmitted. For sake of clarity all four orthonormal possibilities for
two photons are depicted. This figure can also be found in [PSBZ01].

H = θ(a†V bV + aV b
†
V ) . (18)

Total reflection requires that the product of coupling constant θ and time t equals
an odd multiple of π.

It is convenient to use following transformation rules in the Schrödinger pic-
ture:

a† → cos(θ)a† + e−iφ sin(θ)b† (19)

b† → −eiφ sin(θ)a† + cos(θ)b† . (20)

In fact we can represent this rule by a matrix Λ as follows:
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a
†
1

(a′
2
)†

(a′
1
)†a

†
2

Figure 2: General notations for the modes interfering at a beam splitter Λ.

(
a′†

b′†

)

= Λ

(
a†

b†

)

, (21)

with

Λ =

(
cos(θ) −eiφ sin(θ)

e−iφ sin(θ) cos(θ)

)

. (22)

Sometimes the matrix is defined this way

Λ =

(
τ −ρ
ρ∗ τ

)

. (23)

τ = cos(θ) is called the transmission coefficient and ρ = eiφ sin(θ) the reflection
coefficient. Transmittivity and reflectivity are then the respective absolute squares
of these coefficients. That a beam splitter is lossless is confirmed by the relation
|τ |2 + |ρ|2 = 1.

Symmetric beam splitter We will use the term ’symmetric beam splitter’ for the
following choice of Λ

Λ =

(
1√
2

− 1√
2

1√
2

1√
2

)

.

In the form of transformation rules that means

a† → a† + b†√
2

,

b† → −a† + b†√
2

.
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1
)†a

†
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Figure 3: Symmetric beam splitter. The angled arrow indicates on which way the
minus sign is applied. Physically spoken incoming waves undergo a phase shift of
π when they are reflected by the upper half of the beam splitter.

4.4 Cross phase modulation

Cross Kerr interaction or cross phase modulation (XPM) is an interaction of two
modes (A and B) which naturally occurs in Kerr media. As the name already indi-
cates both modes induce a phase on each other during the interaction. The effective
Hamiltonian has been shown (cf. [IHY85]) to be

H = −χa†ab†b . (24)

χ is proportional to the third-order susceptibility χ(3) ([SM92]),

χ = 2χ(3)

(
~ω2

2ε20V

)
L

c
. (25)

This functional dependency refers to a Kerr medium with length L and interaction
volume V . ω is the frequency and c the speed of light.

Examples A trivial case are product Fock states which obtain a global phase

eiχTa†a b†b|nm〉 = eiχTnm|nm〉 . (26)

More interesting is the action on superposition states, in which XPM causes a mea-
surable relative phase shift

eiχTa†ab†b(|0〉 + |1〉) ⊗ (|0〉 + |1〉) = |00〉 + |01〉 + |10〉 + eiχT |11〉 . (27)

We also recognize that the initially separable state has been transformed into a
generally entangled state (exceptional are the cases χT = 2kπ, k ∈ �

).
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4.5 Two-photon absorption

We are going to use the expression two-photon absorbing medium (TPAM) in this
way: Implicitly we assume that the medium is transparent for single-photon states
while reducing the number of photons by two of all other states, except vacuum of
course. The state transformations for the first three Fock states can then be written

|0〉|g〉 TPAM−−−−→ |0〉|g〉 , (28)

|1〉|g〉 TPAM−−−−→ |1〉|g〉 , (29)

|2〉|g〉 TPAM−−−−→ α|0〉|e〉 + β|2〉|g〉 . (30)

|α|2 is to be interpreted as the probability that two incoming photons are absorbed
by the medium.

4.6 Photodetector

Measurements of optical states are usually performed using a photodetector. If
not otherwise stated we consider its mathematical counterpart to be expressed by a
POVM with the effect operators {E1, E2}, where

E1 =
∞∑

k=1

ηk|k〉〈k|, E2 = � −E1 = |0〉〈0| +
∞∑

k=1

(1 − ηk)|k〉〈k| . (31)

η is the photodetector’s efficiency. The effect E1corresponds to the event that the
detector clicks. E2 is connected to the event ’no click’.
For the sake of simplicity we only refer to ideal photodetectors with η = 1 which
are then represented by the effects

E1 =

∞∑

k=1

|k〉〈k|, E2 = � −E2 = |0〉〈0| . (32)

There are photodetectors that produce an electrical current proportional to the num-
ber of absorbed photons. These can be used for homodyne detection. It is a method
to measure a phase shift which should be proportional to the difference of the de-
tectors’ currents. We are not going to elaborate on homodyne (or heterodyne)
detection in this work.

Measurement can also be used as a tool to mimic certain nonlinear interactions.
We are going to discuss this later in Sec. 7, 8 and appendix B.
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4.7 Conditioned measurement and heralding

“Conditioned measurement” is a synonym for selective measurement. That means
we select all events with a certain measurement outcome and discard all others.

Different is the “heralding” of a state. Heralding means that a certain mea-
surement outcome is one-to-one correlated to a specific state. Of course, we can
condition the measurement on the corresponding outcome. Note that such a proce-
dure can be used as a state preparation.

Example As an example consider a two-photon Fock state propagating through a
symmetric beam splitter. From section 4.3 we recall which output state we expect:

|20〉 → 1

2
(|20〉 +

1√
2
|11〉 + |02〉) . (33)

We put a photodetector in the first mode and condition the photodetector on de-
tecting one photon. Then we expect following situations: With probability each 1

4
a measurement in the first mode will project the output state on vacuum |0〉 or the
two photon Fock state |2〉. These cases we will discard and only keep those when
the output state is projected on |1〉.

In this example it is clear that given the input state and the conditioned mea-
surement we also gain information about the state in the second mode. It must be
|1〉. So the measurement outcome we have conditioned on, is at the same time the
heralding event for one photon in the second mode. Thus the set-up together with
the specific input state allows a heralded preparation of a single-photon Fock state
in the second mode.
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5 Information encoding

The interface between quantum optics and quantum information theory respective
quantum information processing is the possibility to implement quantum informa-
tion in optical quantum states. First we take a closer look on quantum information
in general before we turn to the optical realization.

5.1 Single-rail and dual-rail optical qubits

Quantum information The most known encoding in classical information the-
ory is in a two-state system referred to as bit. This is a system which can be in
two distinct classical states which are usually denoted by 0 and 1. Furthermore, the
name bit is used as a measure of information which is obtained by reading out the
state of a register of such two-state systems. In classical information theory this is
a one-to-one correspondence between these systems and the amount of retrievable
information.

In quantum information theory the simplest carriers of information are systems
with a two-dimensional Hilbert space. These are called qubits in resemblance to
their classical counterparts extended by a prefix ’qu’ for ’quantum’. Qubits possess
not only the features of classical bits but additionally can be in superpositions of
states including entangled states. |0̃〉 and |1̃〉 are used to denote two orthogonal
states of their two-dimensional Hilbert space. We have used an additional tilde to
distinguish these states as logical ones.

In both regimes, quantum and classical, it is imperative that these states are
exclusive or, for the case of quantum physics, orthonormal. Thus we can always
refer to these states as an orthonormal basis.

Orthonormal states in quantum optics Fock states fulfill the requirement of
being orthonormal (〈m|n〉 = δm,n). If we restrict the carrying modes to contain
only vacuum |0〉 and a single-photon Fock state |1〉 we enforce a two-dimensional
Hilbert space and therefore obtain a qubit by definition. An arbitrary state |ψ〉 of
such a mode can be expressed using two complex parameters α an β:

|ψ〉 = α|0〉 + β|1〉 (34)

The parameters have to fulfill the norm condition |α|2 + |β|2 = 1. Setting the
convention between Fock states and logical states as |0̃〉 ↔ |0〉 and |1̃〉 ↔ |1〉 we
have truly implemented our first optical qubit and we call this one single-rail (opti-
cal) qubit. However, there is another choice of implementation which is also more
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often used in literature. It is the dual-rail (optical) qubit whose system consists of
two optical modes. In order to create a two-dimensional Hilbert space we require
the average total number of photons to be exactly one. Then we find a convenient
orthonormal basis {|01〉, |10〉} and assign the logical qubit states |0̃〉 ↔ |01〉 and
|1̃〉 ↔ |10〉.

In both definitions we have used electromagnetic modes as the physical sys-
tems containing the information. In fact we have only made use of the spatial part
in our definition of a mode. Emphasizing the polarization part also leads to an
optical qubit. We construct the polarization encoding under the same photon num-
ber restriction as the dual-rail qubit, namely, one photon in total, but in a single
spatial mode as for the single-rail qubit case. We choose the basis to be horizontal
and vertical polarization states denoted by {|H〉, |V 〉} with the logical assignments
|0̃〉 ↔ |H〉, |1̃〉 ↔ |V 〉).

Both dual-rail and polarization encoding can be converted into each other via a
polarising beam splitter (PBS) and a polarising rotator (PR) as depicted in Fig. 4.

α|H〉 + β|V 〉PBS

PR

α|H〉 + β|V 〉
PBS

PR

α|01〉 + β|10〉

Figure 4: Left: Transforming polarization to dual-rail encoding, right: transform-
ing dual-rail to polarization encoding. This scheme is copied from [ML, p.19]
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6 Single photons and vacuum

In recent years a variety of implementations for single photon sources has been
investigated. Among them are schemes based on single molecule or atom excita-
tion [Moe04, ATCR04, HLKR04], single ions trapped in cavities [KLH+04], color
centers in diamonds [KMZW00, BKG+02], quantum dots [YKS+02, SFV+04]
and parametric down conversion (PDC) [FAT+04, PJF04]. These sources differ in
the wavelength and purity of the emitted photons, their repetition rate and whether
they produce a photon on demand or heralded, i.e, announced by an event. The
latter is for example the case with PDC-sources. PDC produces indeterministically
photon pairs and the presence of one photon is indicated by the detection of the
other.

None of the existing single-photon sources, however, emits a pure single pho-
ton at a given time with certainty. The emission of multiple photons is negligible
for most single-photon sources, cf. for example [KLH+04]. Therefore their output
in a certain mode can be modeled by a mixture of a single photon Fock state |1〉
and vacuum |0〉:

ρ = p|1〉〈1| + (1 − p)|0〉〈0| , (35)

where p is called the efficiency of the single-photon source. Good sources have
efficiencies of p ≈ 0.6. To the best of our knowledge the highest efficiencies
reached so far are p = 0.83 [PJF04] and p = 0.86 [Moe04].

So far there are no ideal sources with p = 1 and therefore we cannot implement
optical qubits for quantum information processing with certainty. This problem can
be tackled with nonlinear optics as shown in sections 9 and 10. Heralded photons
can be selected and therefore the preparation of the single-photon state |1〉 can be
guaranteed in principle. But is it possible to at least improve the efficiency by
means of linear optics without adding higher Fock state contributions? For some
cases it has been shown to be impossible. Even though there has been a constructive
solution within linear optics (cf. [BSM+04]). But it has the drawback that there
is a non-vanishing two-photon contribution in the output state. Of course there are
apparatuses that can perform quantum non-demolition measurements [KLD02] but
they need single-photon states to work. Therefore it is impossible to use them for
this specific task.

No-go theorem In [BSSK04, BSM+04] a situation is described which forbids an
improvement: a passive interferometer (cf. Sec. A.5) with N input modes. N − 1
of the N output modes are conditionally measured with photodetectors. By M we
denote the maximal number of photons that enter the set-up. D is the total number
of photons which are absorbed due to the conditioned measurement.
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There is no improvement for less than four input modes and there is none either
if D = M − 1. An ideal purification p = 1 is not possible. It has been shown that
an enhancement of p is only possible for N ≥ 4 and it becomes maximal for
dN/2e. But in this case higher Fock states like |2〉 are contained in the outgoing
mixed state and this contribution is not negligible.

A proposal [Ber04] for superpositions Another type of state that contains both
the vacuum state |0〉 and single-photon state |1〉 is a superposition α|0〉 + β|1〉 of
both. It has been shown in [Ber04] that two such states can be processed with two
beam splitters and two photodetectors to generate a heralded single-photon state.
The set-up is depicted in Fig. 5. We follow the calculations given in the above
cited publication. First we choose the input states to be

1? 0?

|ψ1〉|0〉 |ψ2〉

BS2

BS1

Figure 5: Apparatus to herald a single-photon Fock state from two superposition
states |ψ1〉 and |ψ2〉.

|ψp1〉 = α1|0〉 + β1|1〉, |ψp2〉 = α2|0〉 + β2|1〉 , (36)

where pk = |βk|2 is the probability for a single photon. We rewrite the initial state
by means of creation operators

|ψ〉in = [α1α2 + α2β1a
†
1 + α1β2a

†
2 + β1β2a

†
1a

†
2]|0 0〉 . (37)

After the first beam splitter we obtain

|ψ〉trans = (α1α2 + α2β1(Λ11a
†
1 + Λ21a

†
2)

+α1β2(Λ12a
†
1 + Λ22a

†
2) + β1β2(Λ11Λ12(a

†
1)

2

+Λ21Λ22(a
†
2)

2 + (Λ11Λ22 + Λ12Λ21)a
†
1a

†
2))|0 0〉 . (38)
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Conditioning on vacuum gives the output state

|ψ̃〉 = α1α2|0〉 + (α2β1Λ11 + α1β2Λ12)
︸ ︷︷ ︸

=0

|1〉 +
√

2β1β2Λ11Λ12|2〉 . (39)

The underbraced part we want to vanish. This can be achieved by choosing the
appropriate beam splitter parameters. Of course, we need to know α1, α2, β1 and
β2 for that purpose. In principle this is possible and we are left with

|ψ̃〉out = α1α2|0〉 +
√

2β1β2Λ11Λ12|2〉 . (40)

This state passes a beam splitter which has vacuum in the other input mode. Af-
terwards we condition on detection of one photon in one of the output modes as
indicated in Fig. 5. This photon must descend from the part |2〉 in Eq.. (10) and
therefore the detection heralds a single-photon Fock state |ψ̃out〉 = |1〉 in the other
mode. The success probability for identical input states and symmetric beam split-

ters is |β|4
4 according to [BSM+04].
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In Secs. 7 and 8 we are going to establish a toolbox that is purely based on linear
optical elements and conditioned measurements. Other parts of the toolbox can
be found in appendix B. In particular it is the conditional sign flip and nonlinear
phase shift from [KLM01]. The conditional sign flip is also known as C(ontrolled)-
Z in quantum information processing. It is intended to apply a negative phase shift
depending on the controlling mode:

|0̃ 0̃〉 → |0̃ 0̃〉 (41)

|0̃ 1̃〉 → |0̃ 1̃〉 (42)

|1̃ 0̃〉 → |1̃ 0̃〉 (43)

|1̃ 1̃〉 → |1̃ 1̃〉 . (44)

This transformation is a special case of cross phase modulation (XPM) and even an
extreme case of two-photon absorption which are dealt with in Secs. 10 and 9 con-
nection between XPM and C-Z is straightforward: A C-Z gate could be optically
implemented using two dual-rail qubits and an XPM medium which is surpassed by
one of the modes of the optical qubits each. Practically it cannot be achieved since
the phase shift in an XPM medium is very small. A realization via two-photon
absorption seems not feasible either.

7 Photon addition and subtraction with linear optics

Photon addition by means of linear optics is to increase the occupation number of
a certain mode. We have already seen in Sec. 4.7 how to do the opposite, that is
subtraction. Given Fock state |2〉 we have obtained Fock state |1〉 thereby reducing
the photon number by one. In Sec. 7.3 we are going to elaborate on this. But first
we have a look at the addition of two noisy photons.

7.1 Addition of two noisy photons

We use two states ρA
in and ρB

aux as inputs for a beam splitter

ρA
in = (1 − p)|0〉〈0| + p|1〉〈1| , (45)

ρB
in = (1 − p)|0〉〈0| + p|1〉〈1| , (46)

ρAB
in = ρA

in ⊗ ρB
in = (1 − p)2|00〉〈00| + (1 − p)p|01〉〈01|

+(1 − p)p|10〉〈10| + p2|11〉〈11| (47)
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|ψout〉|ψin〉

|1〉

|1〉

|0〉

|0〉

Figure 6: This is a proposal on how to implement photon addition given perfect
single-photon sources. They enter a passive interferometer and the photo-detectors
are conditioned on vacuum this means all photons have to add-up on the upper
mode.

This state is transformed by the beam splitter into

ρ̃′Aout = (1 − p)2|00〉〈00| + (1 − p)p(Λ21a
† + Λ22b

†)|00〉〈00|(Λ∗
21a+ Λ∗

22b)

+(1 − p)p(Λ11a
† + Λ12b

†)|00〉〈00|(Λ∗
11a+ Λ∗

12b)

+p2(Λ11a
† + Λ12b

†)(Λ21a
† + Λ22b

†)|00〉〈00|(Λ∗
11a

+Λ∗
12b)(Λ

∗
21a+ Λ∗

22b) . (48)

Conditioning on |1〉 in mode B, we obtain following outgoing state in Mode A

ρA
out =

(1 − p)2|0〉〈0| + (1 − p)p|1〉〈1| + p2|Λ11|2|Λ12|2|2〉〈2|
(1 − p)2 + (1 − p)p+ p2|Λ11|2|Λ12|2

. (49)

with the probability:

tr[ρ̃A
out] = (1 − p)2 + (1 − p)p+ p2|Λ11|2|Λ12|2 . (50)

It is thus possible to generate a mixture of vacuum, single-photon Fock state
and Fock state |2〉 by “adding” two noisy photons.

7.2 Addition of a mixture of Fock states and a noisy photon

We extend this addition to a more general case in which we add one noisy photon
state ρA

in to a mixture ρB
in of Fock states

ρA
in =

∞∑

n=0

pn|n〉〈n| , (51)

ρB
in = (1 − p)|0〉〈0| + p|1〉〈1| , (52)
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ρAB
in = ρA

in ⊗ ρB
in =

∞∑

n=0

pn
1

n!
(1 − p)(a†)n|00〉〈00|(a)n

+
∞∑

n=0

pn
1

n!
p(a†)n(b†)|00〉〈00|(a)n(b) . (53)

The state ρAB
Λ after the beam splitter Λ is again a mixture

ρAB
Λ =

∞∑

n=0

pn
1

n!
(1 − p)(Λ11a

† + Λ21b
†)n|00〉〈00|(Λ∗

11a+ Λ∗
21b)

n

+

∞∑

n=0

pn
1

n!
p(Λ11a

† + Λ21b
†)n(Λ12a

† + Λ22b
†)|00〉 (54)

〈00|(Λ∗
11a+ Λ∗

21b)
n(Λ∗

12a+ Λ∗
22b) . (55)

Conditioning on |0〉 in mode B yields the unnormalized mixed state in mode A

ρ̃A
out =

∞∑

n=0

pn(1 − p)
1

n!
(Λ11a

†)n|0〉〈0|(Λ∗
11a)

n

+

∞∑

n=0

pnp
1

n!
(Λ11a

†)nΛ12a
†|0〉〈0|(Λ∗

11a)
nΛ∗

12a

=
∞∑

n=0

pn(1 − p)(|Λ11|2)n|n〉〈n|

+

∞∑

n=0

pnp(|Λ11|2)n|Λ12|2(n+ 1)|n+ 1〉〈n+ 1|

= p0(1 − p)|0〉〈0| +
∞∑

n=1

pn(1 − p)(|Λ11|2)n|n〉〈n|

+

∞∑

n=1

pn−1p(|Λ11|2)n−1|Λ12|2n]|n〉〈n| (56)

According to this equation we obtain a mixture of 0, 1, . . . , n photon Fock states
by adding one noisy photon to a mixture of 0, 1, . . . , n − 1 photon Fock states.
From Eq.. 56 we read off the rule how the coefficients p′n of the outgoing mixture
can be calculated using the former coefficients pn

pn → p′n = (|Λ11|2)n−1

︸ ︷︷ ︸

c

[pn (1 − p)|Λ11|2
︸ ︷︷ ︸

X

+pn−1 p|Λ12|2n
︸ ︷︷ ︸

Y

] (57)
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We do not stop here but instead go one step further. Given k noisy photons in
the form of ρB

in and k beam splitters in order to perform k such additions we can
express the outgoing mixed state in a compact formula.

First we write the rule for the coefficients for the addition of one noisy photon
in matrix form











...
p′n
p′n−1

p′n−2
...











= c











. . .
...

...
...

. . . X Y 0 . . .

. . . 0 X Y 0 . . .
. . . 0 X Y . . .

...
...

...
. . .





















...
pn

pn−1

pn−2
...











,

whereby we have used the above definitions of c, X and Y . This is the rule for one
such addition. The rule for repeated addition is given by the repeated application
of the matrices from (58) which is expressed by their product. We enumerate them
with the new index q = 1 . . . , k. Each such matrix Mq can be decomposed into
Mq = Xq � + YqJ where matrix J always has the form











. . .
...

...
...

. . . 0 1 0 . . .

. . . 0 0 1 0 . . .
. . . 0 0 1 . . .

...
...

...
. . .











= (δi,i+1) . (58)

The matrix product
∏k

q=1Mq can be expressed in terms of elementary symmetric
functions er [Mac98]. More exactly we identify

k∏

q=1

Mq =
k∏

q=1

cqXq

k∏

q=1

( � +
Yq

Xq
J)

=

k∏

q=1

cqXq

k∑

r=0

er(
Y1

X1
, . . . ,

Yk

Xk
)Jr

=

k∏

q=1

cqXq

k∑

r=0

er(
Y1

X1
, . . . ,

Yk

Xk
)(δi,i+r) . (59)

Now we rewrite the rule for the coefficients in this more general form

⇒ pn =

k∏

q=1

cqXq

k∑

r=0

er(
Y1

X1
, . . . ,

Yk

Xk
)pn−r . (60)
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By resubstituting c,X and Y we finally obtain the outgoing state

ρ
A (k)
out =

∑∞
n=0

∏k
q=1(|Λ

(q)
11 |2)n(1 − p)

∑k
r=0 er(

p|Λ(1)
12 |2n

(1−p)|Λ(1)
11 |2

, . . . ,
p|Λ(k)

12 |2n

(1−p)|Λ(k)
11 |2

)pn−r|n〉〈n|
∑∞

n=0

∏k
q=1(|Λ

(q)
11 |2)n(1 − p)

∑k
r=0 er(

p|Λ(1)
12 |2n

(1−p)|Λ(1)
11 |2

, . . . ,
p|Λ(k)

12 |2n

(1−p)|Λ(k)
11 |2

)pn−r

=

∑∞
n=0

∏k
q=1(|Λ

(q)
11 |2)n

∑k
r=0 er(

p|Λ(1)
12 |2n

(1−p)|Λ(1)
11 |2

, . . . ,
p|Λ(k)

12 |2n

(1−p)|Λ(k)
11 |2

)pn−r|n〉〈n|
∑∞

n=0

∏k
q=1(|Λ

(q)
11 |2)n

∑k
r=0 er(

p|Λ(1)
12 |2n

(1−p)|Λ(1)
11 |2

, . . . ,
p|Λ(k)

12 |2n

(1−p)|Λ(k)
11 |2

)pn−r

(61)

in terms of the matrix elements of the k in general different beam splitters. The
probability for the state is obtained from its trace

tr[ρ̃A (k)
out ] =

∞∑

n=0

(1 − p)k
k∏

q=1

(|Λ(q)
11 |2)n

k∑

r=0

er(
p|Λ(1)

12 |2n
(1 − p)|Λ(1)

11 |2
, . . . ,

p|Λ(k)
12 |2n

(1 − p)|Λ(k)
11 |2

)pn−r . (62)

Identical beam splitters We can specialize the result (61) by choosing identical
beam splitters, which means Λ(k) ≡ Λ.

ρ
A (k)
out =

∑∞
n=0(|Λ11|2)kn

∑k
r=0

(
k
r

)

( p|Λ12|2
(1−p)|Λ11 |2 )rnrpn−r|n〉〈n|

∑∞
n=0(|Λ11|2)kn

∑k
r=0

(
k
r

)

( p|Λ12|2
(1−p)|Λ11|2 )rnrpn−r

. (63)

The probability is given by

tr[ρ̃A
out] =

∞∑

n=0

(1 − p)k(|Λ11|2)kn
k∑

r=0

(
k
r

)

(
p|Λ12|2

(1 − p)|Λ11|2
)rnrpn−r .(64)

Symmetric beam splitters In the case of all beam splitters being symmetric, Eq.
(61) yields

ρ
A (k)
out =

∑∞
n=0(

1
2)kn

∑k
r=0

(
k
r

)

( p
1−p

)rnrpn−r|n〉〈n|

∑∞
n=0(

1
2)kn

∑k
r=0

(
k
r

)

( p
1−p

)rnrpn−r

(65)

with probability

tr[ρ̃A
out] =

∞∑

n=0

(1 − p)k(
1

2
)kn

k∑

r=0

(
k
r

)

(
p

1 − p
)rnrpn−r . (66)
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We have seen how it is possible to perform photon addition in a quite general way.
For the output state we have derived an equation for any number k of different beam
splitters and any given mixed Fock state

∑∞
n=0 pn|n〉〈n|. Realistic photodetectors

will put restrictions on this result in which we have assumed ideal photodetectors.
The detector not clicking does not automatically mean that there is vacuum if the
detectors efficiency is not equal to one.

Subtraction is a tool to decrease the number of photons in a Fock state and mixtures
of Fock states, respectively. We assume in subsection 7.3 that our detectors can
distinguish between different Fock states. We consider two different approaches
to realize subtraction. The first one will be subtraction of a certain photon number
N at once, meaning that we perform only one measurement. The second one is to
iterate subtraction of one photon each using different beam splitters. For the sake
of simplicity we restrict to the special case of identical beam splitters.

7.3 Subtraction of N photons at once

The set-up again consists of one beam splitter and a photodetector. While mode B
initially contains vacuum, a mixture ρA

in propagates in mode A

ρA
in =

∞∑

n=0

pn|n〉〈n| =
∑

n

pn
1

n!
(a†)n|0〉〈0|(a)n (67)

ρAB
in =

∞∑

n=0

pn
1

n!
(a†)n|00〉〈00|(a)n (68)

The state after the beam splitter is obtained with the help of the transformation
rules for the creation operators

ρAB
out =

∞∑

n=0

pn
1

n!
(Λ11a

† + Λ21b
†)n|00〉〈00|(Λ∗

11a+ Λ∗
21b)

n (69)

We condition on the measurement outcome |m〉 in mode B. Thereby we make use
of the detectors ability to exactly identify such a state. The unnormalized state in
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|0〉〈0|

ρ
A

in
ρ

A

out

|m〉〈m|

Figure 7: Subtraction of m photons at once. The box represents a beam splitter in
this case.

mode A is then prepared as

ρ̃A
out(m) = � ⊗ |m〉〈m|ρAB

out � ⊗ |m〉〈m|

= � ⊗ |m〉〈m|
∞∑

n=0

pn
1

n!

n∑

j=0

(
n
j

)

Λn−j
11 Λj

21(a
†)n−j(b†)j |00〉

〈00|
n∑

j′=0

(
n
j′

)

(Λ∗
11)

n−j′(Λ∗
21)

j′(a)n−j′(b)j
′

� ⊗ |m〉〈m|

=
∞∑

n=0

pn
1

n!

(
n
m

)(
n
m

)

Λn−m
11 Λm

21(a
†)n−m|0〉〈0|(Λ∗

11)
n−m(Λ∗

21)
m(a)n−m

=

∞∑

n=0

pn

(
n
m

)
1

m!(n−m)!
Λn−m

11 Λm
21(a

†)n−m|0〉〈0|(Λ∗
11)

n−m(Λ∗
21)

m(a)n−m

=
1

m!

∞∑

n=m

pn

(
n
m

)

|Λ11|2(n−m)|Λ21|2m|n−m〉〈n−m|

=
1

m!
|Λ21|2m

∞∑

n=0

pn+m

(
n+m
m

)

|Λ11|2n|n〉〈n| . (70)

From this we directly read off the outgoing state

ρA
out(m) =

∑∞
n=0 pn+m

(
n+m
m

)

|Λ11|2n|n〉〈n|

∑∞
n=0 pn+m

(
n+m
m

)

|Λ11|2n

. (71)

and its probability

tr[ρ̃A
out(m)] =

1

m!
|Λ21|2m

∞∑

n=0

pn+m

(
n+m
m

)

|Λ11|2n (72)
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Note that the outgoing state from Eq. (71) only depends on the beam splitter’s
transmittivity |Λ11|2.

7.4 Subtraction of N photons by repeated subtraction

We can also achieve the subtraction ofN photons by splitting it intoN subtractions
of one photon each.

The outgoing state and its probability after one such subtraction is obtained
from Eq. (71) with m being one.

Probability : tr[ρ̃A
out(1)] = |Λ21|2

∞∑

n=0

pn+1(n+ 1)|Λ11|2n (73)

Outgoing state : ρA
out(1) =

∑∞
n=0 pn+1(n+ 1)|Λ11|2n|n〉〈n|
∑∞

n=0 pn+1(n+ 1)|Λ11|2n
(74)

Now we iterate the subtraction procedure N times using different beam splitters.

|1〉〈1|

|1〉〈1|

ρ
A

out

|0〉〈0|

|0〉〈0|

|0〉〈0|

ρ
A

in

|1〉〈1|

Figure 8: Subtraction of one photon each in N steps.

To distinguish them, we attach a right superscript to matrix Λij resulting in Λ
(k)
ij .

After N steps we obtain the following state

ρA
out, N =

∑∞
n=0 pn+N (n+ 1)N

∏N
k=1(|Λ

(k)
11 |2)n+N−k|n〉〈n|

∑∞
n=0 pn+N (n+ 1)N

∏N
k=1(|Λ

(k)
11 |2)n+N−k

(75)

and its corresponding probability

tr[ρ̃A
out, N] =

N∏

ν=0

|Λ(ν)
21 |2

∞∑

n=0

pn+ν(n+ 1)N
ν∏

k=1

(|Λ(k)
11 |)n+ν−k . (76)
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Identical beam splitters Constraint Λ(k) ≡ Λ again reduces the expressions
from Eqs. (75) and (76) to

ρA
out, N =

∑∞
n=0 pn+N(n+ 1)N |Λ11|2Nn|n〉〈n|
∑∞

n=0 pn+N(n+ 1)N |Λ11|2Nn
(77)

tr[ρ̃A
out, N] = (|Λ21|2)N

∞∑

n=0

(

N∏

ν=0

pn+ν)(n+ 1)N (

N∏

ν=0

[(|Λ11|2)n+ 1
2 ]ν)(

N∏

ν=0

(|Λ11|2)(ν
2))

= (|Λ21|2)N
∞∑

n=0

(

N∏

ν=0

pn+ν)(n+ 1)N (|Λ11|2)
N(N−1)

2
(n+ 1

2
)(|Λ11|2)

N(N+1)(2N+1)
6

= (|Λ21|2)N |Λ11|
N
6

(4N2+9N−1)
∞∑

n=0

(
N∏

ν=0

pn+ν)(n+ 1)N (|Λ11|N(N−1))n (78)

For symmetric beam splitters we replace all matrix elements according to rule (24).
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8 Quantum scissors

The basic version of quantum scissors consists of two beam splitters and two
photodetectors as schematically depicted in Fig. 9. Quantum scissors have their
name from the astonishing ability to cut off higher Fock states in a superposition.
They have been theoretically invented under the label ’optical state truncation’ in
[PPB98]. The more colloquial name has been used in a recent report [BRL03] on
their realization.

ρ
A
in

ρ
B
in

ρ
C
in

C

B

A

C

B

A
ρ

A
out

|0〉〈0|

|1〉〈1|

Γ

Λ

ρ
ABC

in

A

B

C

ρ
ABC

Γ
ρ

ABC

Λ

Figure 9: Schematic composition of quantum scissors. Because there are not more
than two beam splitters we assign the labels Λ and Γ to their matrices instead of
enumerating them. The state to be cut enter in mode C. The truncated state leaves
in mode A.

8.1 Ideal truncation of a superposition state

By ideal truncation we mean that mode A contains the pure single-photon Fock
state |ψin〉A. The state we want to truncate first is an arbitrary superposition |ψin〉C
of Fock states. Mode B only contains vacuum

|ψin〉A = a†|0〉 , (79)

|ψin〉B = |0〉 , (80)

|ψin〉C =
∞∑

n=0

γn
(c†)n√
n!

|0〉 . (81)

Thus we express our input state as follows

|ψin〉ABC =

∞∑

n=0

γn
1√
n!
a†(c†)n|000〉 . (82)

35



First passing beam splitter Γ

|ψΓ〉ABC =

∞∑

n=0

γn
1√
n!

(Γ11a
† + Γ21b

†)(c†)n|000〉 . (83)

and then beam splitter Λ we obtain

|ψΛ〉ABC =

∞∑

n=0

γn
1√
n!

(Γ11a
† + Γ21(Λ11b

† + Λ21c
†))(Λ12b

† + Λ22c
†)n|000〉

=

∞∑

n=0

γn
1√
n!

[(Γ11a
†(Λ12b

† + Λ22c
†)n

+Γ21(Λ11b
† + Λ21c

†)(Λ12b
† + Λ22c

†)n]|000〉 . (84)

As indicated in figure 9 we perform a measurement on this state that is conditioned
on one photon in mode B and vacuum in mode C. After that we have prepared a
new state in mode A

|ψ̃out〉A = (γ0Γ21Λ11 + γ1Γ11Λ12a
†)|0〉

= (γ1Γ11Λ12)a
† + γ0Γ21Λ11|0〉 (85)

Preparing single-rail qubits Let us rewrite Eq. (85) in the form

|ψ̃out〉A = γ0Γ21Λ11|0〉 + γ1Γ11Λ12|1〉 . (86)

Already in this unnormalized form we recognize that this is basically Eq. (34).
From this we conclude that quantum scissors are able to prepare single-rail qubits.
The resources for that are a single-photon Fock state and a superposition state
which could be realized by a coherent state.

8.2 Imperfect truncation of a mixed Fock state

Another possibility for the quantum scissors is an imperfect truncation of a mixture
of Fock states

ρA
in = (1 − p)|0〉〈0| + p|1〉〈1| (87)

ρB
in = |0〉〈0| (88)

ρC
in =

∞∑

n=0

pn|n〉〈n| =
∞∑

n=0

pn
1

n!
(c†)n|0〉〈0|(c)n . (89)
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We give the resulting outgoing state and its probability

ρA
out =

[p1(1 − p) + p0p|Γ21|2 |Λ22|2
|Λ21|2 ]|0〉〈0| + p1p|Γ11|2|1〉〈1|

p1(1 − p(1 − |Γ11|2)) + p0p|Γ21|2 |Λ22|2
|Λ21|2

(90)

tr[ρ̃A
out] = |Λ21|2[p1(1 − p(1 − |Γ11|2)) + p0p|Γ21|2

|Λ22|2
|Λ21|2

] (91)

Symmetric beam splitters Assuming symmetric beam splitters reduces the ex-
pression to

ρA
out =

(p1(1 − p) + p0
p
2 )|0〉〈0| + p1

p
2 |1〉〈1|

p1(1 − p
2) + p0

p
2

(92)

tr[ρ̃A
out] =

1

2
(p1(1 − p

2
) + p0

p

2
) . (93)

8.3 Imperfect truncation of a coherent state

By an imperfect truncation we mean that mode A contains a noisy photon

ρA
in = (1 − p)|0〉〈0| + p|1〉〈1| , (94)

ρB
in = |0〉〈0| , (95)

ρC
in = eαc† |0〉〈0|eα∗c = |α〉〈α| . (96)

The input state is a mixture

ρABC
in = (1 − p)e−|α|2eαc† |000〉〈000|eα∗c + pe−|α|2a†eαc† |000〉〈000|aeα∗c . (97)

The state after beam splitter Γ:

ρABC
Γ = (1 − p)e−|α|2eαc† |000〉〈000|eα∗c (98)

+ pe−|α|2(Γ11a
† + Γ21b

†)eαc† |000〉〈000|(Γ∗
11a+ Γ∗

21b)e
α∗c .

Again after beam splitter Λ:

ρABC
Λ = (1 − p)e−|α|2eα(Λ12b†+Λ22c†)|000〉〈000|eα∗ (Λ∗

12b+Λ∗
22c)

+ pe−|α|2(Γ11a
† + Γ21(Λ11b

† + Λ21c
†))eα(Λ12b†+Λ22c†)|000〉

〈000|(Γ∗
11a+ Γ∗

21(Λ
∗
11b+ Λ∗

21c))e
α∗(Λ∗

12b+Λ∗
22c) . (99)
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The conditioned measurement yields

ρ̃A
out = � ⊗ |1〉〈1| ⊗ |0〉〈0|ρABC

Λ � ⊗ |1〉〈1| ⊗ |0〉〈0|
= � ⊗ |1〉〈1| ⊗ |0〉〈0|

[(1 − p)e−|α|2eαΛ12b†eαΛ22c† |000〉〈000|eα∗Λ∗
12beα

∗Λ∗
22c

+pe−|α|2(Γ11a
†eαΛ12b†eαΛ22c† + Γ21Λ11b

†eαΛ12b†eαΛ22c†

+Γ21Λ21e
αΛ12b†c†eαΛ22c†)|000〉〈000|(Γ∗

11ae
α∗Λ∗

12beα
∗Λ∗

22c

+Γ∗
21Λ

∗
11be

α∗Λ∗
12beα

∗Λ∗
22c + Γ∗

21Λ
∗
21e

α∗Λ∗
12bceα

∗Λ∗
22c)]

� ⊗ |1〉〈1| ⊗ |0〉〈0|
= (1 − p)e−|α|2αΛ12|0〉〈0|α∗Λ∗

12 + pe−|α|2(Γ21Λ11|0〉〈0|Γ∗
21Λ

∗
11

+αΓ11Λ12a
†|0〉〈0|α∗Γ∗

11Λ
∗
12a+ Γ11αΛ12a

†|0〉〈0|Γ∗
21Λ11

+Γ21Λ11|0〉〈0|Γ∗
11α

∗Λ∗
12a)

= [(1 − p)e−|α|2 |α|2|Λ12|2 + pe−|α|2(Γ21Λ11|0〉 + αΛ12Γ11|1〉)
(Γ∗

21Λ
∗
11〈0| + α∗Λ∗

12Γ
∗
11〈1|) (100)

We retrieve its norm as the corresponding probability

tr[ρ̃A
out] = e−|α|2((1 − p)|α|2|Λ12|2 + p(|Γ21|2|Λ11|2 + |α|2|Λ12|2|Γ11|2)) .(101)

Symmetric beam splitters The special case of symmetric beam splitters gives us Eq.
(100) in the more convenient form

ρA
out =

(1 − p)|α|2|0〉〈0| + p 1
2 (|0〉 − α|1〉)(〈0| − α∗〈1|)

(1 − p)|α|2 + p( 1+|α|2
2 )

=
(1 − p)|0〉〈0| + p 1

2|α|2 (|0〉 − α|1〉)(〈0| − α∗〈1|)
1 − p

2 + p
2|α|2

. (102)

The output state is a certain mixture of vacuum |0〉 and a superposition state |0〉 − α|1〉.

Improvement on the noisy photon? Mixture (102) contains the term |1〉〈1|. We
might wonder if its probability p′ is greater than p, the parameter of the noisy photon.

p′ =
p
2

1 − p
2 + p

2|α|2
(103)
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Following inequation should provide us with an answer

p′ > p
p
2

1 − p
2 + p

2|α|2
> p

2 − p+
p

|α|2 < 1

p(1 − 1

|α|2 ) > 1 . (104)

Since neither one of the factors on the left hand side can be greater than one: p′ < p. We
cannot enhance the ratio p′

p with the help of this set-up.

Another improvement attempt In the end of Sec. 6 we have learned the apparatus
to herald single-photons given two single-rail optical qubits. In this subsection we have
obtained a single-rail qubit in Eq. (102) that is not pure but mixed with vacuum. We still
wonder if we can achieve an improvement on p if we put two such states into the mentioned
apparatus. Note that this approach does not violate any of the no-go theorems mentioned
because we use two noisy photons and two coherent states. First we rewrite Eq. (102)

ρp′ = (1 − p′)|0〉〈0| + p′|ψα〉〈ψα| , (105)

|ψα〉 =
|0〉 + α|1〉
√

1 + |α|2
,

p′ =
1 + |α|2

1 − |α|2 + 2|α|2
p

. (106)

1? 0?

|ψ1〉|0〉 |ψ2〉

BS2

BS1

Figure 10: The apparatus to herald a single photon Fock state given two single-rail
optical qubits as inputs (|ψ1〉, |ψ2〉).
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The initial state is then

ρp′ ⊗ ρp′ = (1 − p′)2|00〉〈00|+ p′(1 − p′)|ψα〉〈ψα| ⊗ |0〉〈0| (107)

+p′(1 − p′)|0〉〈0| ⊗ |ψα〉〈ψα| + p′2|ψα〉〈ψα| ⊗ |ψα〉〈ψα| (108)

It is easier to calculate the terms separately. The first one will not contribute to the result
because there is no photon to cause a click in the detector. The second and third term will
give a contribution. We expect them to be equal up to a phase since we use symmetric
beam splitters. The second term gives us

|ψ〉|0〉 BS1−−−→ 1
√

1 + |α|2
(1 +

α√
2
(b† + c†))|0 0〉

0 in mode C−−−−−−→ 1
√

1 + |α|2
(1 +

α√
2
b†)|0B〉

BS2−−−→ 1
√

1 + |α|2
(1 +

α

2
(−a† + b†))|0 0〉

1 photon in mode B−−−−−−−−−−→ α

2
√

1 + |α|2
|0A〉, (109)

with probability
|α|2

4(1 + |α|2) . (110)

The third term ends up in the same state except for an additional minus sign. These terms
are unpleasant since the herald vacuum. More helpful is the last term

|ψα〉|ψα〉 BS1 and 0 in mode C−−−−−−−−−−−−→ 1

(1 + |α|2) (|0〉 +
√

2
α2

√
2
|2〉)

BS2−−−→ 1

(1 + |α|2) (1 +
α2

4
((a†)2 − 2a†b† + (b†)2))|0 0〉

1 in mode B−−−−−−→ α2

2(1 + |α|2) |1〉 (111)

with probability
|α|4

4(1 + |α|2)2 . (112)

Again the situation, this time described by the density operators because we have to calcu-
late the exact probabilities

ρp′ ⊗ ρp′
Apparatus−−−−−→ 2p′(1 − p′)

|α|2
2(1 + |α|2) |0〉〈0| + p′2

|α|4
4(1 + |α|2)2 |1〉〈1|(113)

:= ρf = (1 − pf )|0〉〈0| + pf |1〉〈1|
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The latter definition is used to compare the probabilities p, p′ and pf for one photon. After
identifying the corresponding terms we transform pf and substitute p′

pf =

p′2|α|4
4(1+|α|2)2

p′2|α|4
4(1+|α|2)2 + p′(1 − p′) |α|2

2(1+|α|2)

(114)

=
p′

p′ + (1 − p′) 2(1+|α|2)
|α|2

(115)

=

1+|α|2

1−|α|2+ 2|α|2

p

1+|α|2

1−|α|2+ 2|α|2

p

+

(

1 − 1+|α|2

1−|α|2+ 2|α|2

p

)

2(1+|α|2)
|α|2

(116)

=
1

1 + (1 − |α|2 + 2|α|2
p − 1 − |α|2) 2

|α|2
(117)

=
1

1 + ( 4
p − 4)

=
p

4 − 3p
(118)

Totally unexpected we have obtained a result that is independent of α. We compare pf

with p

pf > p
p

4 − 3p
> p

4− 3p < 1

1 < p . (119)

This inequation is false by definition therefore pf < p and the attempt has failed.

8.4 Imperfect truncation of a coherent state for a more general case

In subsection 8.3 a coherent state had been truncated with the help of a noisy photon. Now
we discuss the case that mode A does not contain such a noisy photon but an arbitrary
mixture of Fock states. We could suppose that this had been created by means of photon
addition (cf. 7.2), for example.

Under these circumstances we have the ingoing mixed state

ρABC
in = e−|α|2

∞∑

n=0

pn
1

n!
(a†)neαc† |000〉〈000|(a)neα∗c . (120)

The outgoing state in mode A is given by

ρA
out =

∑∞
n=0 pn(Γn−1

11 Γ21Λ22|n− 1〉 + Γn
11αΛ21|n〉)(Γ∗

11
n−1Γ∗

21Λ
∗
22〈n− 1| + Γ∗

11
nα∗Λ∗

21〈n|)
(|Γ21|2|Λ22|2 + |α|2|Γ11|2 + |Λ21|2)

∑∞
n=0 pn(|Γ11|2)n−1

(121)
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with the probability:

tr[ρ̃A
out] = e−|α|2(|Γ21|2|Λ22|2 + |α|2|Γ11|2 + |Λ21|2)

×
∞∑

n=0

pn(|Γ11|2)n−1 . (122)

Symmetric beam splitters The new equation in the case of symmetric beam splitters

ρA
out =

∑∞
n=0 pn( 1

2 )n+1(|n− 1〉 + α|n〉)(〈n − 1| + α∗〈n|)
(1 + |α|2)

∑∞
n=0 pn( 1

2 )n+1
(123)

gives us an interesting numerator which we expand

ρA
out ∝ p0

(
1

2

)1

(α|0〉)(α∗〈0|)

+ p1

(
1

2

)2

(|0〉 + α|1〉)(〈0| + α∗〈1|)

+ p2

(
1

2

)3

(|1〉 + α|2〉)(〈1| + α∗〈2|)

+ p3

(
1

2

)4

(|2〉 + α|3〉)(〈2| + α∗〈3|) + . . . . (124)

The probability for the state in Eq. (123) to obtain is

tr[ρ̃A
out] = e−|α|2(1 + |α|2)

∞∑

n=0

pn

(
1

2

)n+1

. (125)

Even though the outgoing state contains contributions of higher Fock states it may be worth
to further investigate it. Eq. (123) shows that the output state is a mixture of coherent
superpositions. Perhaps these superpositions can be used elsewhere for quantum optical
gates.
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Heralded generation of single photons is possible using nonlinear optical tools. Two possi-
bilities, namely two-photon absorption and cross phase modulation, are presented in Sec.
9 and 10. Both sections are an important part of this work and they include contributions
from J ürgen Audretsch, Thomas Konrad and Artur Scherer. Sec. 9 has been published
[KSNA06] and there is a preprint version [KNSA06] of Sec. 10. Both texts are intended to
be understood on their own so there are only few adaptations to the rest of this work. No in-
consistencies should arise from this and some topics and conventions should be understood
as a reminder to previous sections.

9 Heralded single-photon production using two-photon ab-
sorption

In this section we propose a scheme to process two outputs from imperfect single photon
sources (with efficiency p < 1) in order to obtain a single photon with certainty (p = 1)
as desired for quantum information applications. These outputs may in fact originate from
the same source. To produce a pure single photon with certainty by processing the outputs
of imperfect sources is not possible using only linear optics and photodetection, even if
instead of two a finite number n of imperfect sources are employed [BSSK04, BSM+04].
Moreover, in order to obtain by means of linear optics a single photon with a probability
p < 1, which surpasses the efficiencies of the input sources, at least four such sources are
needed. A corresponding scheme has been devised in [BSM+04] at the expense of adding
an additional multi-photon component to the output. It has also been shown [BLS06], that
one cannot improve the efficiency p by linear optics and homodyne detection with a single
copy of the state ρ as given in Eq. (35). These results suggest the usage of non-linear
optical elements to improve the efficiency of imperfect single photon sources.

A possible solution to clean the single photon part in ρ from the vacuum contribution
(to build a “photon washer”) might be the usage of a quantum non-demolition measurement
as proposed in [MNS05]. In this section we follow a different road. Our proposal is based
on a Mach-Zehnder interferometer, which contains a two-photon absorbing medium in one
of its arms.

This section is organized as follows. The main part introduces our scheme (Sec. 9.1) to
generate pure single photons and shows how the improvement of the efficiency is accom-
plished (Sec. 9.2). In Sec. 9.3 we sketch settings where two-photon absorption might occur
with sufficiently high probability to make the scheme feasible. In Sec. 9.4 we discuss al-
ternative realizations of single-photon generation without a Mach-Zehnder interferometer.

9.1 The single-photon generator

In this section we describe the setup and sketch the underlying physical ideas heuristically.
The related calculations are then presented in the next section. Our setup is depicted in
Fig. 11. The inputs ρ1 and ρ2 originate from two identical imperfect single-mode single-
photon sources, with equal efficiency p: ρ1 = ρ2 = p|1〉〈1| + (1 − p)|0〉〈0|, cf. Eq. (35).
The first step of our scheme consists in superposing the two input states ρ1 and ρ2 at a
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Figure 11: ρ1 and ρ2 are imperfect single-photon states. They are superposed
at a 50/50-beam-splitter BS0. One of the resulting outputs is ignored (mode A)
whereas the second one (mode B) is used as input of a Mach-Zehnder interferom-
eter, which has a two-photon-absorbing medium (TPAM ) in one of its arms. A
successful generation of a single-photon Fock state |1〉 is indicated by a click of
detector D1.

beam splitter BS0. One of the resulting outputs is discarded, whereas the other one is
processed. The latter is used as input of a Mach-Zehnder interferometer with a two-photon
absorbing medium (TPAM ) in one of its arms. The interferometer is then followed by a
photodetector D1 which is required to click only in the case of a single photon. The detector
measures one of the interferometer’s outputs, its second output contains the desired single-
photon state |1〉 whenever a click in D1 occurs.

The essential element of our arrangement is the two-photon-absorbing medium in one
of the arms of the interferometer. Its action on the electromagnetic field in mode B is
assumed to be given by

|0〉|g〉 TPAM−−−−−→ |0〉|g〉
|1〉|g〉 TPAM−−−−−→ |1〉|g〉
|2〉|g〉 TPAM−−−−−→ α|0〉|e〉 + β|2〉|g〉 . (126)

In the case |α|2+|β|2 = 1 the TPAM acts unitarily. To be more general we may also allow
the TPAM to induce a non-unitary transformation, describing, e.g., a unitary process
followed by measurements. In the latter case |α|2 + |β|2 < 1. Later in this paper we will
provide two possible realizations of the TPAM . One of them realizes a unitary TPAM
(see Sec. 9.3.1), while the second one implements a non-unitary TPAM (see Sec. 9.3.2).

In transformation (126) the first factor of the state represents the Fock state of mode B
whereas the second factor refers to the collective quantum state of the medium, |g〉 being
its “ground state” and |e〉 its “excited state”. Only if two photons propagate through the
TPAM there is a non-vanishing probability |α|2 that both photons be absorbed. In case
of one or zero photons in mode B nothing happens!
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Note that two-photon absorption is possible whenever α 6= 0. In the limiting case
α = 0 transformation (126) describes a non-linear phase-shift, if β/|β| 6= 1: the phases of
the states |0〉|g〉 and |1〉|g〉 are not altered whereas that of state |2〉|g〉 is changed. In general
both effects, two-photon absorption and non-linear phase-shift are present. Nevertheless,
in this paper we will refer to a medium causing transformation (126) as TPAM regardless
whether the latter or the former effect prevails.

Beam splitters BS1 and BS2 are chosen such that in the absence of the TPAM de-
tector D1 cannot click, as a result of destructive interference within the interferometer. In
this case the photons can leave the setup only in mode C. The mere existence of the in-
teraction (126) leading to entanglement between the photons and the TPAM destroys,
partially, the interference of the two paths of the Mach-Zehnder interferometer. For two
incoming photons the interference is disturbed maximally in case |α| = 1. In this lat-
ter case the TPAM functions as a measuring apparatus performing a Null-measurement.
Null-measurements are also called, in a slightly misleading way, “interaction-free mea-
surements” [EV93, Vai03]. As a consequence, an event becomes possible which would
be impossible in the absence of the TPAM , namely, the detection of a single photon at
the detector D1. Such a detection is possible only if two photons propagate through the
interferometer. Thus, when detecting a single photon in D1 we know on the one hand that
two photons have been fed into the setup and on the other hand that they have not been ab-
sorbed by the TPAM . As a consequence, if conditioning on detection of a single photon
in detector D1, we can be sure that there is another single photon leaving the setup in mode
C. A click of the detector D1 announces the presence of a single photon in mode C. We
thus have a heralded generation of a pure single-photon state in mode C.

9.2 Theory

The calculations presented in this section reflect what has been said above. Let us start by
providing the required beam splitter transformations. The action of the beam splitter on
two modes A1 and A2 is given by:

a†1 → cos(θ)a†1 + e−iφ sin(θ)a†2

a†2 → −eiφ sin(θ)a†1 + cos(θ)a†2 . (127)

The initial input state reads:

ρ1 ⊗ ρ2 = p2|11〉〈11|+ (1 − p)(1 − p)|00〉〈00|
+ (1 − p)p|01〉〈01|+ p(1 − p)|10〉〈10| , (128)

where the first and the second slot represent the number of photons in mode A and mode
B, respectively.

9.2.1 50/50-beam-splitters

We will see below that only the two-photon term of Eq. (128) is decisive, and that both
photons have to be directed into mode B by beam splitter BS0. Starting with a general
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transformation (127) for BS0 we calculate the density matrix which results for mode B
after applying BS0 to the initial input state ρ1 ⊗ ρ2 and tracing out the discarded mode A:

ρ1 ⊗ ρ2
TrA ◦BS0−−−−−−−→ ρB = p2 sin2(2θ0)

2
|2〉〈2| +

(
p2 cos2(2θ0) + p(1 − p)

)
|1〉〈1|

+

(

p2 sin2(2θ0)

2
+ (1 − p)

)

|0〉〈0| . (129)

Thus, the two-photon part is least diminished for θ0 = π
4 . It is therefore favorable to use a

50/50-splitter BS0. In this case the density matrix in mode B becomes

ρB =
p2

2
|2〉〈2| + p(1 − p)|1〉〈1| +

(
p2

2
− p+ 1

)

|0〉〈0| . (130)

In order to make the calculation transparent we assume that also BS1 and BS2 are 50/50-
beam splitters, cf. Fig. 11. The action of the beam splitters BS1 and BS2 on modes B and
C is then given by:

b† → 1√
2

(
b† + c†

)

c† → 1√
2

(
−b† + c†

)
. (131)

Later in this section we will report that by employing more suitable beam splitters BS1 and
BS2 the success probability for a heralded single-photon generation can be enhanced.

There are three possible pure input states that can enter the Mach-Zehnder interfer-
ometer in mode B. The corresponding probabilities appear in Eq. (130). We discuss the
three alternative cases separately. The case of zero photons which occurs with probability

prob(0) =
(

p2

2 − p+ 1
)

trivially cannot be related with a click at the second single-

photon detector D1.
Let us now consider the case that exactly one photon is fed into the setup. It can come

either from the input ρ1 in mode A or from input ρ2 in mode B. The over-all probability
for a single photon being in modeB amounts to prob(1) = p(1−p). The photon interferes
with the vacuum (in modeC) at the beam-splitterBS1. In the following the first slot of the
kets refers to modeB and the second slot to modeC. The input state for the Mach-Zehnder
interferometer is thus given by |10〉 = b†|00〉. The calculations yield with Eqs. (126) and
(131):

|10〉 = b†|00〉 BS1−−−→ 1√
2
(b† + c†)|00〉

TPAM−−−−−→ 1√
2
(b† + c†)|00〉

BS2−−−→ 1√
2

(
1√
2
(b† + c†) +

1√
2
(−b† + c†)

)

|00〉

|1〉〈1|⊗ �−−−−−→ 0 . (132)
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In the last line |1〉〈1| ⊗ �
represents a projective selective measurement on mode B, the

result being a detection of a single photon. Thus, just one photon entering the setup in
mode A or B cannot cause a click in detector D1.

What happens in the case in which two photons are fed into the setup, one in mode
A and one in mode B? In the calculation below we will need to take into account also
the state of the medium as soon as the measurement-like interaction inside the TPAM is
applied. Furthermore, we will discard the mode which is detected. Again, the first slot of
the kets refers to mode B and the second slot to mode C, whereas the third slot represents
the state of the medium. The input state for the Mach-Zehnder interferometer is now given
by |20〉 = 1√

2
(b†)2|00〉. Applying 50/50-beam-splitters BS1 and BS2, the TPAM , and

conditioning on the detection of a single photon by detector D1, yield:

|20〉 =
1√
2
(b†)2|00〉 BS1−−−→ 1

2
√

2
(b† + c†)2|00〉

=
1

2
√

2
(
√

2|20〉 +
√

2|02〉 + 2|11〉)

TPAM−−−−−→ 1

2
√

2

(√
2(α|00e〉 + β|20g〉) +

√
2|02g〉 + 2|11g〉

)

=
1

2
√

2

(√
2α|00e〉 + β(b†)2|00g〉 + (c†)2|00g〉+ 2b†c†|00g〉

)

BS2−−−→ 1

2
√

2

(

β
1

2
(b† + c†)2|00g〉+

1

2
(−b† + c†)2|00g〉

+ (b† + c†)(−b† + c†)|00g〉 +
√

2α|00e〉
)

=
1

2
√

2

(( 1√
2
(β + 1) −

√
2
)

|20g〉+ (β − 1)|11g〉+

+
( 1√

2
(β + 1) +

√
2
)

|02g〉+
√

2α|00e〉
)

|1〉〈1|⊗ � ⊗ �−−−−−−−→ 1

2
√

2
(β − 1)|1g〉 . (133)

The final projective measurement by detector D1 breaks the entanglement between the
TPAM and the photons. The TPAM is transferred in a non-local way to the ground
state |g〉.

The above calculation shows that, whenever two photons are fed into the setup there
is a non-vanishing probability for a click event at the final detector D1. Moreover, on the
condition of this event one can be sure that another single photon is leaving our device in
mode C. A detection of a single photon by detector D1 guarantees a perfect preparation of
a single photon Fock state |1〉 in mode C. The probability for a click in detector D1, given
that two photons are injected into the Mach-Zehnder interferometer in modeB, amounts to
1
8 |1− β|2, as can be inferred from the norm of the resulting (unnormalized) final quantum
state. With the probability for two photons entering the Mach-Zehnder interferometer in
mode B being prob(2) = p2/2 (cf. Eq.(130)), the over-all probability for success thus
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amounts to

P
50/50
s =

1

16
|1 − β|2p2 . (134)

9.2.2 The general case

The success probability Ps can be increased by employing more suitable beam splitters
BS1 and BS2. This follows from an analysis of the scheme using general beam-splitter
transformations (127) for BS1 and BS2. We omit the details of the calculations.

The requirement that a single photon entering the setup either in mode A or in mode
B must not cause a click in the detector D1 restricts the possible values of the beam-
splitter parameters φ1, φ2, θ1, θ2. This requirement firstly implies that (φ1 − φ2) = νπ
with ν ∈ Z. The conditions for θ1 and θ2 depend on whether (φ1 − φ2) = ν(2π) or
(φ1 − φ2) = (2ν + 1)π, with ν ∈ Z. In the first case we must have (θ1 + θ2) = ±π

2 ,
while in the second case we must choose θ1 and θ2 such that (θ1 − θ2) = ±π

2 . Taking into
account these conditions we obtain the following: If we choose (φ1 − φ2) = ν(2π) and
(θ1 + θ2) = +π

2 or (φ1 − φ2) = (2ν + 1)π and (θ1 − θ2) = +π
2 , the calculation yields

Ps(β, θ1, θ2) = p2|1 − β|2 cos6(θ1) sin2(θ1) , (135)

whereas the choices (φ1 − φ2) = ν(2π) and (θ1 + θ2) = −π
2 or (φ1 − φ2) = (2ν + 1)π

and (θ1 − θ2) = −π
2 lead to

Ps(β, θ1, θ2) = p2|1 − β|2 sin6(θ1) cos2(θ1) . (136)

Please note, that the optimal reflectivity of BS 1 and BS2 does not depend on the parameters
characterizing the TPAM .

The success probability becomes maximal for θmax
1 = 30◦, 150◦, 210◦, 330◦ in the

first case (135) and for θmax
1 = 60◦, 120◦, 240◦, 300◦ in the second case (136). The most

suitable beam splitters thus turn out to be a BS1 with reflectivity of 3/4 and a BS 2 with
reflectivity of 1/4, or vice versa. In addition the phase condition (φ 1 − φ2) = νπ has
to be fulfilled. The maximal success probability that can be reached by variation of the
beam-splitter parameters, is

Pmax
s (β) ≡ Ps(β, θ

max
1 , θmax

2 ) =
27

256
p2|1 − β|2 ≈ 0.1055× p2|1 − β|2 . (137)

It still depends on β, which characterizes the action of the TPAM , cf. Eq. (126). Pmax
s (β)

becomes zero, if there is no TPAM in one of the interferometer arms, i.e., in case β = 1.
Pmax

s (β) becomes maximal for β = −1, which means no two-photon absorption but just a
non-linear phase shift. In the latter case a success probability Pmax

s (β = −1) ≈ 0.4219×
p2 is attained. Note, that to alter the phase of β by introducing a global phase factor
in the third transformation rule of (126) would entail the introduction of the same phase
factor in the first two transformation rules of (126). The calculations show that probability
Pmax

s (β) is left invariant, as it is expected, under such a global phase change. In the next
section we consider realizations of TPAMs with real positive values for β. In this case
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Figure 12: Enhancement of the success probability by a factor of 2 by processing
both outputs of BS0 using identical interferometers with a TPAM and final detec-
tors D1 — instead of discarding one of them as done in the original setup (cf. Fig.
11).

Pmax
s (β) increases with growing two-photon absorption rate. It assumes its maximal value
Pmax

s = 27
256p

2 for |α| = 1 or β = 0, respectively.

A further enhancement of the success probability by a factor of 2 can be achieved
by processing the second output of BS0 in the same way as the first one (cf. Fig. 12),
instead of discarding it. The second output is directed into an identical interferometer
with a TPAM and a final detector D1. Provided that two ingoing photons take the upper
way this alternative heralds a pure single photon with the same probability as in the lower
case. Since both photons choose either the upper or the lower path with equal probability
— due to the Hong-Ou-Mandel effect — the two alternatives are exclusive. Therefore
the corresponding success probabilities for heralding a photon are additive. As a result,
the over-all maximum success probability that can in principle be achieved with such an
extension of our scheme amounts to 2×Pmax

s (β = −1) = 2×4× 27
256p

2 = 0.84375×p2.
This is remarkably high as compared to the upper bound p2 of the probability for a heralded
generation of a single photon from two identical sources with efficiency p.

9.3 Realization

We believe that the scheme proposed above is interesting in its own right. Whether our
method to generate a single photon from two imperfect sources can already be employed
in praxis depends on the availability of a setup which realizes state transformation (126),
such that the success probability Ps ∝ |1 − β|2 is sufficiently high. In the following we
are going to suggest two candidates for the implementation of state transformation (126).
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We will refer to each of them as two-photon absorbing medium (TPAM), even though they
rather resemble machines built out of several units. Both TPAMs use special settings to
amplify two-photon absorption, which normally is a much weaker effect than absorption
or scattering of a single photon. These settings stem from different contexts, we propose
modifications which make them suitable for our purpose.

9.3.1 TPAM realized by a thin hollow optical fiber containing three-level
atoms

A TPAM is realized whenever the medium can absorb two photons, whereas just one pho-
ton is not absorbed. A good model for understanding two-photon absorption is given by
three-level atoms (cf. [FJP04]). Fig. 13 illustrates how two-photon absorption can take
place, while single-photon absorption is impossible due to detuning.

3

2

1 1

2

3

kk

k k

(a) (b)

Figure 13: Illustration of two-photon absorption by means of three-level atoms
(cf. [FJP04]). The atomic levels are labeled by 1, 2 and 3 while the photons are
indicated by their wave numbers k. In (a) a single photon can be absorbed. This is
avoided by detuning (b).

Two-photon absorption is a nonlinear effect and is therefore commonly expected to be
small for intensities corresponding to a few photons only. A way to amplify this nonlinear
process is to insert three-level atoms with appropriate detuning into a thin hollow optical
fiber. Such a proposal has recently been discussed by Franson et al. in [FJP04] in the
context of optical realizations of quantum gates. There it is argued that the confinement of
a single-photon wave packet within a very narrow optical fiber involves concentration of
the photon energy into a very small volume. The confinement can thus produce relatively
large electric fields which in turn entail the possibility of large nonlinearities, including
two-photon absorption. According to estimates provided in [FJP04] it is feasible to achieve
two-photon absorption rates in optical fibers that correspond to a two-photon absorption
length on the order of 5m. Given that such values can in fact be achieved, we may be
optimistic on the feasibility of |α|-values on the order of unity of our theoretical model
(cf. Eqs. 126). Since in this realization of the TPAM no measurements take place, the
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transformation (126) is unitary and therefore we have |β|2 = 1 − |α|2 ≈ 0 for high two-
photon absorption rates, which involves a success probability Pmax

s (β ≈ 0) ≈ 27
256p

2 ≈
0.1055× p2.

Certain losses need to be overcome that might cause failure events of such a realization
of the single-photon generator. The main technical challenge seems to consist in suppress-
ing the single-photon scattering which, under most conditions, is expected to prevail the
two-photon absorption. However, scattering of a single photon into another mode is sup-
pressed due to the fact that only the propagation of a certain mode is supported within a
single-mode optical fiber. The mere fact that quantum key distribution is possible, which
relies on the feasibility to transmit single photons through several kilometers of optical
fibers, is a strong evidence that losses due to single-photon scattering can be made negligi-
ble.

Additional losses might be caused when coupling the photons into the optical fiber.
This problem can be circumvented by using imperfect single photon sources that provide
photons inside a single-mode optical fiber at the outset. Such imperfect single photon
sources have been reported on, e.g., in [FAT+04, PJF04]. Moreover, it is experimentally
feasible to realize beam splitters and phase shifters by means of optical fibers (see e.g.
[FAT+04, PJF04]). Thus, our setup of Sec. 9.1 can be built in such a way that all processes
apart from the final detection take place within optical fibers. We believe that all these
problems can be tackled so as to make our proposal of Sec. 9.1 and 9.2 promising.

9.3.2 TPAM using resonant nonlinear optics and time selection

In this section we introduce another method to realize a two-photon absorbing medium
(TPAM), which we refer to as “time selection”. We first outline the principle. Then we
describe a setup with non-linear optics proposed by Johnsson and Fleischhauer [JF03] and
modify it to realize a TPAM based on time selection.

The TPAM in our scheme has the task to only absorb a pair of photons while being
transparent for a single photon. The obvious way to tackle this task is by means of energy
selection. That is to choose a medium whose transition energy is on resonance with the
energy of two photons but not with the energy of a single photon. The required two photon
process is a second order effect and has to be enhanced by a special setting to occur with
a reasonable probability. The setup described in the previous section goes along these
lines by confining the electromagnetic field in an optical fiber. We now turn to a different
scheme.

An alternative to energy selection might be “time selection”, which will be explained
in the following. Let us assume that the state of light in the medium traverses a cycle with
a period which depends on the initial number of photons. The length of the medium can
then be adjusted to the time T1 it takes for a single photon state to reoccur

|1〉|g〉 U(T1)−−−−→ |1〉|g〉 . (138)

Here |g〉 represents the initial state (ground state) of the medium. Two photons run through
a different cycle with period T2 6= T1 and emerge after time T1 from the medium in an
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entangled state

|2〉|g〉 U(T1)−−−−→ α0|0〉|e2〉 + α1|1〉|e1〉 + β|2〉|g〉 , (139)

where |e1〉 and |e2〉 are excited states of the medium corresponding to one and two ab-
sorbed photons, respectively. We can assume without difficulty that, if zero photons enter
the medium, then also zero photons will emerge form it:

|0〉|g〉 U(T1)−−−−→ |0〉|g〉 . (140)

Eqs. (138), (139) and (140) already resemble the state transformation (126) required
for the TPAM apart from the one photon term in Eq. (139). This term has to be eliminated
because a one photon contribution after the TPAM could trigger detector D1 leaving vac-
uum in the output of our single photon generator (cf. Fig. 11). One method to remove the
one photon contribution in Eq. (139) would be a conditional measurement projecting on a
subspace orthogonal to state |e1〉. For this purpose, however, the corresponding degree of
freedom of the medium has to be accessible by measurement.

Johnsson and Fleischhauer (JF) [JF03] proposed a setup using resonant four-wave mix-
ing with two pump fields Ω1, Ω2 and two generated fields E1, E2, where the energy cycles
between the pump- and the generated fields. In their scheme the light fields interact via
a vapor of five-level atoms (see Fig. 14) which can be understood as modified double Λ-
systems. The additional level |3〉 serves to compensate non-linear phase shifts of the light
fields, which would prevent energy cycling with unit efficiency. The modification also re-
duces the period of the cycle as compared to a generic double-Λ system [JKF02]. Initially
the atom is in state |1〉 and the first pump field Ω1 contains n photons. The light fields
E1 and E2 are initially not excited but generated by the interaction of light and matter.
The second pump field Ω2 consists of a strong coherent cw input which enhances the cy-
cling. All fields propagate in the same direction. Choosing a driving field Ω1 in resonance
with the |2〉 − |5〉 transition and a driving field Ω2 with detuning ∓∆ with respect to the
|1〉 − |3〉, |4〉 transition, minimizes losses due to single photon absorption. It can be shown
that the fields E1 and E2 are then generated precisely with frequencies, such that there are
two-photon resonances from the pair Ω1, E1 and from the pair Ω2, E2 corresponding to
|1〉 − |2〉 transitions. This results in an overall four-photon resonance.

According to the results of JF [JF03] the evolution of the initial state |ψ(0)〉 = |1, 0, 0〉
is given by

|ψ(t)〉 = cos(κ|Ω2|ct)|1, 0, 0〉 − i sin((κ|Ω2|ct)|0, 1, 1〉 , (141)

where |l,m, n〉 represents the Fock state with l,m and n photons in the modes correspond-
ing to the fields Ω1, E1 and E2, respectively. The coherent cw field Ω2 can be treated
classically. Here κ := 3Nλ2γ/(8π∆) and N is the atomic number density, λ and γ are
some typical wavelength and radiative decay rate, respectively (cf. [JF03]). Eq. (141) in-
dicates an oscillation between states with one photon in Ω1 and one photon in E1 and E2

each. Following the scheme of JF we restrict the length of the nonlinear medium to a mul-
tiple M of L0 = π/(κ|Ω2|). A medium with such a length will be transparent for a single
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Figure 14: Four-wave mixing scheme in a modified double-Λ system according
to Johnsson and Fleischhauer [JF03]. In order to avoid non-linear phase shifts,
d42d41d32d31 < 0, where dij = 〈i|d|j〉 is the matrix element of the dipole moment
corresponding to the |i〉−|j〉 transition. γ1, γ2, γ3 indicate spontaneous decay rates
of the corresponding energy levels. The level scheme is realized in the hyperfine
structure of atoms [JKF02].

photon in Ω1:

|1, 0, 0〉 U(t=ML0/c)−−−−−−−−→ (−1)M |1, 0, 0〉 , (142)

except for a phase shift for odd M , which can be compensated for by an additional phase
shifter. This corresponds to the method of “time selection” mentioned above, cf. Eq. (138).
But here the role of the state of the medium |g〉 in Eq. (138) is played by the state of the
radiation fieldsE1,E2. This is advantageous since this state is accessible by measurement.

Starting with two photons in Ω1, i.e. |ψ(0)〉 = |2, 0, 0〉, one obtains the following state
after time t = ML0/c:

|2, 0, 0〉 U(t=ML0/c)−−−−−−−−→ α0|0, 2, 2〉+ α1|1, 1, 1〉+ β|2, 0, 0〉 . (143)

The values of α0, α1 and β as functions of the interaction time are given by (cf. [JF03])

α0(t) = −2
√

2

3

Ω2

Ω∗
2

sin2
(

ϕ(t)
2

)

α1(t) = − i√
3

√

Ω2

Ω∗
2

sin (ϕ(t))

β(t) =
1

3
[2 + cos (ϕ(t))] with ϕ(t) :=

√

3

2
κ|Ω2|ct . (144)

Now the second term in Eq. (143) represents a one photon contribution and has to be
eliminated to yield a state transformation of form (126), which realizes the TPAM. This
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can be done by detecting the photons of the generated fields E1 and E2. The proposal of
JF also contains such a detection. They assume a beam splitter which transmits the pump
fields Ωi and reflects the generated fields Ei ( i = 1, 2), followed by a detector for the Ei

(cf. BS4 of Fig.15). Such a beam splitter can, e.g., be realized by choosing orthogonal
polarizations for the Ωi and the Ei and using a polarizing beam splitter. Alternatively
a system of dichroic beam splitters could be employed, which transmit or reflect light
depending on its wavelength.

E1 E2

BS4

TPAMΩ1
Ω1

D

(π)

Ω1

frequency

filter

vapor

BS3

Ω2

Ω1

phase shift

Figure 15: Implementation of the four-wave mixing scheme. Ω1 is identical with
mode B of the Mach-Zehnder interferometer in Fig. 11

At this point we deviate from the proposal of JF. They consider a sequence of nonlinear
media with length L0 and detectors which makes the state of the radiation field converge
to a mixture of |1, 0, 0〉 and vacuum with probability one. Our objective, however, is to
eliminate the vacuum contribution and obtain a single-photon state. For this purpose we
suggest to condition on the detection of zero photons in E1 and E2. This leads to the
following state transformation

|2, 0, 0〉 ( � ⊗|0〉〈0|⊗|0〉〈0|)U(t=L0/c)−−−−−−−−−−−−−−−−−−→ β|2, 0, 0〉 (145)

with β = 0.4130. With this result a special instance of the desired transformation (126) is
established and the TPAM comprising the vapor of five-level atoms, the driving field Ω2
and a detector D can be implemented in one arm of the Mach-Zehnder interferometer (cf.
Fig. 11) as shown in Fig. 15. The coherent cw field Ω2 generated by a laser is superposed
with Ω1 (Mode B of the Mach-Zehnder interferometer in Fig. 11) by means of a dichroic
beam splitter. At the end of the TPAM the cw-field Ω2 has to be filtered out by means of
a frequency filter. The value of β in transformation (145) leads to a success probability of
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Ps ≈ 0.0363 × p2 for the generation of a single photon. Please note, that due to the fact
that ϕ(t = ML0/c) = Mπ

√

3/2 in β as given by (144) is an irrational multiple of π, any
value of ϕ ∈ [0, 2π] is assumed with arbitrary accuracy when choosing M , i.e., the length
of the medium, appropriately. The success probability Ps can in principle be increased up
to the value Pmax

s ≈ 0.0469×p2 for β = 1
3 . Already for a medium of length 4L0 a success

probability of Ps ≈ 0.0446× p2 is accomplished.
The JF setup can thus be modified and employed as TPAM within our scheme in order

to generate single-photon Fock states from two outputs of imperfect single photon sources.
But this is not the only way to accomplish this task. In the appendix we sketch two alter-
native schemes without Mach-Zehnder interferometer to remove the vacuum contribution,
which is still present in the output of original JF setup.

9.4 Single-photon generation without Mach-Zehnder interferometer

We found two alternative modifications of the setup of Fleischhauer and Johnsson (see
Sec. 9.3.2) to generate a pure single-photon state out of two noisy photon states ρ1 = ρ2 =
p|1〉〈1| + (1 − p)|0〉〈0|. Both schemes deviate from the mechanism described in Sec. 9.1
and 9.2, since they operate without a Mach-Zehnder interferometer. They are depicted in
Figs. 16 and 17. The alternative schemes use as central unit the implementation of the
TPAM by four-wave mixing which is described above (cf. Fig. 15). The input field Ω1

of the TPAM consists of the mixture (130) gained from superposing state ρ1 and ρ2 at a
symmetric beam splitter BS0.

L1

D1

ρ1

BS0

ρ2

Ω1

BS1

Ω2

n1 = n2 = 1?

E1 E2

BS2

vapor

frequency
filter

|1〉

Figure 16: Alternative setup based on the scheme of JF with nonlinear medium
(vapor) of length L1 = 2L0. Detector D1 is conditioned on 1 photon in E1 and E2

each. The success probability amounts to Ps ≈ 0.1620 × p2

The first alternative uses a vapor of length L1 = 2L0 with L0 = π
κ|Ω2| corresponding
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to a full cycle of a single incident photon in Ω1, cf. Eq. (141):

|0, 0, 0〉 U(t=L1/c)−−−−−−−→ |0, 0, 0〉 ,

|1, 0, 0〉 U(t=L1/c)−−−−−−−→ |1, 0, 0〉 ,

|2, 0, 0〉 U(t=L1/c)−−−−−−−→ α
(L1)
0 |0, 2, 2〉+ α

(L1)
1 |1, 1, 1〉+ β(L1)|2, 0, 0〉 . (146)

Conditioning on the detection of one photon inE1 andE2, respectively, eliminates the con-
tributions from a single incident photon and vacuum in Ω1 while it selects the single-photon
contribution from two incident photons. Thus the over-all state change of the scheme de-
picted in Fig. 16 amounts to

ρ1 ⊗ ρ2 → p2|α(L1)
1 |2
2

|1〉〈1| (147)

This process occurs with probability Ps = p2|α(L1)
1 |2/2 ≈ 0.1620 × p2, cf. (144). The

maximum success probability, achievable by choosing suitable multiples of length L0, is
given by Pmax

s ≈ 0.1667× p2.

BS2

BS0

Ω1

BS1

Ω2

ρ1

ρ2

L2

E1

D1

E2

BS3

D2

Ω1

n1 = 1?n1 = n2 = 0?

|1〉

|0〉

frequency
filter

vapor

Figure 17: Setup with nonlinear medium (vapor) of length L2 = 2L0/3. Detector
D1 is conditioned on zero photons in E1 and E2. The success probability is Ps ≈
0.2291 × p2.

The second alternative to prepare the single-photon state |1〉 using the JF-setup is
sketched in Fig. 17. This time the length of the medium (vapor) is given by L2 = 3L0/2,
which induces the state change

|0, 0, 0〉 U(t=L2/c)−−−−−−−→ |0, 0, 0〉 ,

|1, 0, 0〉 U(t=L2/c)−−−−−−−→ i|0, 1, 1〉 ,

|2, 0, 0〉 U(t=L2/c)−−−−−−−→ α
(L2)
0 |0, 2, 2〉+ α

(L2)
1 |1, 1, 1〉+ β(L2)|2, 0, 0〉 . (148)

After detection of zero photons in detector D1 (cf. Fig. 17), Ω1 either contains zero or
two photons. Detecting one photon in one of the outputs of a subsequent symmetric beam
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splitter indicates one photon in the other output. These measurement outcomes and thus
the single photon generation occurs with probability Ps = p2|β(L2)|2/4 ≈ 0.2291 × p2.
By varyingM ∈ N in L2 = (2M − 1)L0/2 one can achieve Pmax

s = 0.25× p2.
The latter implementation generates a single photon with higher probability, but it re-

quires an additional detector. The two alternatives possess higher success probabilities than
the implementation of our original scheme by means of the JF-mechanism (Ps ≈ 0.0234).
However, the alternative devices depend on the feasibility of the JF-mechanism, while
our original scheme may be realized in many ways, i.e., by employing different TPAMs.
Moreover, our original scheme as described in Sections 9.1 and 9.2 can, in principle, yield
higher success probabilities. Please note that the success probabilities mentioned above
can be doubled by processing the second output of BS0 in the very same manner as the
first output (cf. to Sec. 9.2).

9.5 Conclusion

The scheme to generate single photons as proposed in sections 1 and 2 is clear cut and
simple from a conceptual point of view. It also allows to generate a single photon heralded
by a click of detector D1 with an efficiency of 100% from two single-photon sources with
any efficiency 1 > p > 0. In principle, our proposal allows for a success probability Ps ≈
0.84×p2. However, whether it is experimentally applicable, e.g. in a quantum computation
or a quantum cryptography protocol which relies on single photons, depends essentially on
the existence of a medium or a machine which implements the state transformation given
in Eq. (126) and gives rise to a sufficiently high success probability Ps ∝ |1 − β|2. We
propose two candidates to realize this transformation.

The first employs three-level atoms which can only absorb a pair of photons because
of energy conservation. They are enclosed in an optical fiber for two reasons. Firstly,
confining the electromagnetic field in the fiber increases the energy density and thus en-
hances non-linear effects such as two-photon absorption. Secondly the optical fiber may
carry only certain modes and hence suppresses scattering of single photons. A fiber of
approximately. 5m length yields a sufficiently high probability for two photon absorption.

The second candidate employs resonant four-wave mixing in a vapor of five-level
atoms with a strong coherent cw driving field Ω2 in addition to the incident light field
Ω1 from the imperfect sources. Due to the four-wave mixing two additional light fields E1

and E2 are generated and the energy cycles between the four fields. The period depends
on the number of photons Ω1 initially contains. The length of the medium is adjusted such
that a single photon in Ω1 leaves the atomic vapor unchanged while two photons are en-
tangled with the generated fields E1 and E2. A conditioned measurement of the number
of photons in E1 and E2 realizes state transformation (126) leading to reasonably high
success probabilities Ps.
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10 Heralded single-photon production using cross phase
modulation

In this section we present how to purify and herald a noisy photon as given in (??) by means
of nonlinear optics. The scheme we employ has formerly been used by Milburn [Mil89],
Imoto [IHY85] and others for alternative purposes and in different manners. It consists of
a medium in which a signal and a probe mode experience cross phase modulation. The
resulting phase shift of the probe mode is verified by means of a Mach-Zehnder inter-
ferometer. Similar features like the use of XPM and coherent states can also be found
in [MNS05]. There a QND measurement of the photon number is proposed. However,
the actual scheme can distinguish between one photon and vacuum only up to a small
non-vanishing error probability. In [KSNA06] we have proposed a method based on two-
photon absorption which grants vanishing error probability. Thus it enables the generation
of a pure photon. The scheme proposed in this section also possesses this property. The ad-
vantage of the present scheme proposed in this section is that it allows in principle to detect
and announce a single photon emitted by the source with arbitrarily high probability.

This section is organized as follows. First we discuss cross phase modulation (Sec. 10.1)
and explain the functional principle of our set-up (Sec. 10.2). In Sec. 10.3 we study the
case in which two noisy photons are used as inputs. Then we turn to the more realistic
case in which we use one noisy photon in the signal mode and a coherent state in the probe
mode (Sec. 10.4). Eventually, in Sec. 10.5 we discuss a potential realization for large cross
phase modulation, which is desirable in our scheme. Sec. 10.6 contains extended schemes
to generate single photons.

10.1 Cross Phase Modulation

Cross phase modulation (XPM), which is also referred to as cross Kerr interaction, is an
interaction between two modes A and B of a light field governed by the Hamiltonian

HXPM = −χa†ab†b , (149)

cf. [IHY85]. Here, χ is a real constant which is related to the third-order nonlinear suscep-
tibility coefficient usually denoted by χ(3), and a, b represent the annihilation operators of
a photon in mode A and mode B, respectively.

Two light modes which undergo a cross phase modulation during time ∆t aquire a
phase shift which depends on the product of the number of photons the two modes contain.
In the Schr ödinger picture this effect shows up e.g. in the evolution of a Fock state with n
photons in Mode A and m photons in Mode B:

|nA,mB〉 XPM−−−→ exp(iχ∆ta†ab†b)|nA,mB〉
= exp(iφχnm)|nA,mB〉 (150)

with φχ := χ∆t. We exclude the case of a non-working XPM (φχ = 2kπ, k ∈ � ).
Eq. (150) can be interpreted as if light in mode B (probe mode) experiences a phase shift
due to XPM depending on the number of photons entering in mode A (signal mode), cf.
Fig. 18.
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Figure 18: Schematic representation of cross phase modulation between two modes
A and B. The action of XPM is described in terms of the corresponding transfor-
mation of Fock states in the Schrödinger picture.

On the other hand no phase shift occurs, if modeA contains zero photons. We employ
this effect in the following to detect and announce a single photon in mode A without
absorbing it. This is done by verifying a phase shift of light in mode B by means of a
Mach-Zehnder interferometer followed by a photodetector.

XPM naturally occurs in non-linear media (Kerr media) where the index of refraction
depends on the intensity of incoming light. Since we require vanishing absorption rates
in order not to loose incoming photons, we are confronted mostly with media which also
possess very low cross phase modulation rates (χ � 1). This problem can be tackled by
arranging long interaction times either via electromagnetically induced transparency (EIT)
or due to co-propagation of two modes over long distances in optical fibers. We postpone
the discussion of possible realizations of XPM to Sec. 10.5.

10.2 Detection of XPM-phase shift by means of a Mach-Zehnder In-
terferometer

Before we explain the functioning principle of our scheme let us briefly introduce our
beam splitter convention. A general beam splitter with two input modes A1 and A2 and
two output modes A′

1 and A′
2 is depicted in Fig. 19.

Like in the case of cross phase modulation we represent the action of such a beam
splitter on the electromagnetic field in the Schr ödinger picture (cf. [SNMK03]). A pure
input state given by f(a†1, a

†
2)|0, 0〉 is transformed due to the beam splitter into the output

state f(ã†1, ã
†
2)|0, 0〉.

Thereby the creation operators a†1 and a†2 corresponding to the input modesA1 andA2

are replaced as arguments of the unmodified function f by ã†1 and ã†2 according to:

a†1
BS−→ ã†1 = cos(θ)a′†1 + e−iφ sin(θ)a′†2

a†2
BS−→ ã†2 = −eiφ sin(θ)a′†1 + cos(θ)a′†2 , (151)

cf. [SNMK03]. Here a′†1 , a′†2 are the creation operators of the output field modes A′1 and
A′

2, respectively. φ represents a relative phase shift, cos2(θ) and sin2(θ) are the reflectivity
and transmittivity of the beam splitter. For the sake of simplicity, however, in what follows
we will omit the prime labels and denote the output field modes and the corresponding
operators by the same letters as the input modes.

59



A1

A2

A
′

1

A
′

2

Figure 19: Beam splitter with two input modes A1 and A2 and two output modes
A′

1 and A′
2.

Our scheme to detect the production of a single photon is depicted in Fig.20. An imper-
fect single photon source emits in modeA either a single-photon state |1〉 with probability
pA or vacuum |0〉 with probability 1 − pA. The resulting statistical mixture is denoted by

ρA = pA|1A〉〈1A| + (1 − pA)|0A〉〈0A| . (152)

ρA enters the set-up in mode A. The input states of the auxiliary modes B and C of the
Mach-Zehnder interferometer, which is composed of beam splitters BS1 and BS2, are
given by ρB and the vacuum |0C〉, respectively. In the upper arm of the interferometer
a medium is placed which exerts a cross phase modulation (XPM) between mode A and
mode B.

In case mode A contains only vacuum, the light in the upper arm of the interferometer
(mode B) does not experience a phase shift relative to the light in the lower arm (mode
C). It is important that the beam splitters of the Mach-Zehnder interferometer are adjusted
such, that in this case no photons leave the interferometer in mode C. Therefore the detec-
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B
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ρ
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ρ
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|0〉

click?
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Figure 20: Mach-Zehnder interferometer with cross phase modulation in the upper
arm. A click of detector in mode C announces a pure single photon Fock state in
mode A.
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tor placed in output C cannot respond if mode A does not contain a photon. On the other
hand, if the single-photon source emits a photon in modeA, the phase of the light in mode
B is shifted due to XPM relative to the phase in Mode C. This results in a non-vanishing
probability for a click of the detector in output C. Hence, the detection of light in mode
C implies the presence of a photon in mode A. A selection according to the clicks of the
detector yields the preparation of a single-photon Fock state |1〉 in mode A. Therefore
single photons are heralded by the response of the photodetector in mode C.

We will address two main issues:
(i) The condition that a detection event in mode C announces with certainty a pure single
photon in mode A.
(ii) Provided that condition (i) is fulfilled, what is the probability to detect a photon present
in the signal mode A, i.e., what is the detection efficiency?
The latter depends on the strength of the XPM and on the state ρB of the auxiliary mode
B. We will discuss two possible inputs in B: a second noisy photon and a coherent state
of light.

10.3 Heralding pure single photons by means of noisy photons

Let us discuss the case that both states ρA and ρB which enter the set-up are noisy photons:

ρA = pA|1A〉〈1A| + (1 − pA)|0A〉〈0A| , (153)

ρB = pB |1B〉〈1B | + (1 − pB)|0B〉〈0B | . (154)

The initial state of the signal mode A and the probe mode B thus reads

ρA ⊗ ρB = pApB |1A1B〉〈1A1B | (155)

+pA(1 − pB)|1A0B〉〈1A0B |
+(1 − pA)pB |0A1B〉〈0A1B |
+(1 − pA)(1 − pB)|0A0B〉〈0A0B| .

With respect to both issues (i) and (ii) above we only have to consider the case that a
photon enters in probe modeB, which happens with probability pB . Otherwise, if modeB
contains only vacuum, no photon is present in the Mach-Zehnder interferometer and thus
no heralding of a photon in mode A is possible.

We turn to condition (i). In order to herald pure single photons in the signal mode the
detector must not respond if the signal mode contains vacuum. Whether this condition is
fulfilled can be checked by propagating an input state which contains vacuum in the signal
mode, one photon in the probe mode and no photon in mode C. Its evolution due to the
Mach-Zehnder interferometer and XPM is as a consequence of transformations (150) and
(151) of the form:

|0A1B0C〉 BS2 ◦ XPM ◦ BS1−−−−−−−−−−→ c010|0A1B0C〉 + c001|0A0B1C〉 .
(156)

The detector in mode C cannot respond if the amplitude c001 vanishes, i.e.,

c001 = e−iφ2 cos(θ1) sin(θ2) + e−iφ1 sin(θ1) cos(θ2) = 0 . (157)
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Here cos2(θ1,2) and sin2(θ1,2) are the reflectivity and transmittivity of beam splitters BS 1

and BS2, respectively (cf. Eq.(151)). This leads to one of the following two constraints:

φ1 − φ2 = 2kπ and θ1 + θ2 = lπ, k, l ∈ � , (158)

φ1 − φ2 = (2k + 1)π and θ1 − θ2 = lπ, k, l ∈ � . (159)

It is shown in the Appendix A.6 that if one of these constraints is satisfied, any state |0A〉
|ψ〉BC entering the interferometer does not change.

We choose beam splitters BS1 and BS2 according to either constraint (158) or (159)
and assume that the detector has no dark counts. Then the conditional probability for a
click given that the signal mode A contains just vacuum is zero, i.e., p(click|0A

in) = 0,
which is equivalent to saying that, provided a click occurs there must be a photon in mode
A. Hence, the conditional probability to find one photon outgoing in modeA if the detector
clicks is equal to one:

p(1A
out|click) = 1 . (160)

Thus condition (i) is fulfilled. We have obtained the following result: Selecting the cases
in which the detector clicks amounts to the preparation of the pure one-photon state |1A〉
in mode A. This is independent of the parameters φχ of the XPM and the efficiency pB of
ρB , respectively.

However, with regard to the practical use of the set-up the question of issue (ii) re-
mains, namely, how probable it is that a photon in the signal mode A is detected, i.e.
causes a click of the detector. This depends on the strength φχ of the XPM and on the
efficiency pB of the source feeding probe mode B.

The action of the Mach-Zehnder interferometer combined with the XPM medium on
the input state |1A1B0C〉 is given by the transformation (cf. Eq. (150) and (151)):

|1A1B0C〉 BS2 ◦ XPM ◦ BS1−−−−−−−−−−→ c110|1A1B0C〉 + c101|1A0B1C〉 (161)

with

c110 = eiφχ cos(θ1) cos(θ2) − e−i(φ1−φ2) sin(θ1) sin(θ2) ,

c101 = ei(φχ−φ2) cos(θ1) sin(θ2) + e−iφ1 sin(θ1) sin(θ2) .

(162)

Inserting either constraint (158) or (159) leads to the probability for a click of the detector
given by:

p(click|1A
in1

B
in 0C

in ) = |c101|2 = sin2(
φχ

2 ) sin2(2θ1) . (163)

Its maximal value

p(click|1A
in1

B
in 0C

in ) = sin2(
φχ

2 ) (164)

is thus achieved for θ1 = π
4 or θ1 = 3π

4 . In both cases we are free to choose φ1 − φ2 = 0
or φ1 − φ2 = π. The corresponding θ2 follows from Eq. (158) or (159), respectively. In
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all these cases beam splitters BS1 and BS2 are symmetric. Please note, that the optimal
choice of beam splitters does not depend on the exerted phase shift φχ. Since we assume
φχ 6= 2kπ (with k ∈ � ), the detector responds in some of the cases when a single photon
enters in the signal mode, while it does not so if this mode is empty. We have thus obtained
a heralded single-photon source with efficiency p = 1.

The probability PE that a photon present in the signal mode is successfully detected
and announced by a click of the detector in output C (i.e., the detection efficiency, cf.
question (ii)) amounts to

PE = p(click|1A
in1

B
in 0C

in )pB = sin2(
φχ

2 )pB , (165)

where pB is the probability that one photon enters in mode B. PE is the detection effi-
ciency. This leads to the total probability PT to produce a heralded single photon from the
output of two imperfect single photon sources. It is given by PT = PEpA, where pA is the
efficiency of the source feeding mode A.

Although it is in principle possible to generate a heralded pure photon from two imper-
fect sources using our scheme, the detection efficiency PE ∝ sin2(

φχ

2 ) is low if the phase
shift φχ corresponding to the cross phase modulation is small (cf. also Sec. 10.5). This
disadvantage can be partly compensated by using intensive laser light instead of a noisy
photon as input of mode B.

10.4 Heralding pure single photons by means of coherent states

In this section we explore the possibility to produce a heralded pure photon from a mix-
ture ρA = pA|1A〉〈1A| +(1− pA)|0A〉〈0A| with the set-up described in Sec. 10.2 and a
coherent state ρB = |β〉〈β| as input of mode B. For this purpose we have to ensure that
the detector in mode C cannot click if mode A contains just vacuum. This leads to the
same constraints (158) and (159) for the beam splitters BS1 and BS2, which we obtained
in the previous section (cf. the transparency conditions for a Mach-Zehnder interferometer
in Appendix A.6).

Hence, provided beam splitters BS1 andBS2 are chosen according to either Eq. (158)
or Eq. (159) and the detector has no dark counts, the conditional probability to find one
photon outgoing in mode A if the detector clicks is again one

p(1A
out|click) = 1 . (166)

As in the previous section 10.3 selection according to the clicks of the detector amounts to
the preparation of the pure single-photon Fock state |1A〉 (cf. issue (i)). But what is the
probability of such a preparation? We now calculate the detection efficiency (cf. issue (ii)).
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If a photon is present in the signal mode A we obtain the following state transition

|1〉A|β〉B |0〉C
BS1−−−→ |1〉A|β cos(θ1)〉B |βe−iφ1 sin(θ1)〉C

XPM−−−−→ |1〉A|eiφχβ cos(θ1)〉B |βe−iφ1 sin(θ1)〉C
BS2−−−→ |1〉A|eiφχβ cos(θ1) cos(θ2) − βei(φ2−φ1) sin(θ1) sin(θ2)〉B

|βei(φχ−φ2) cos(θ1) sin(θ2) + βe−iφχ sin(θ1) cos(θ2)〉C

= |1〉A |β(eiφχ cos2(θ1) + sin2(θ1))〉B
︸ ︷︷ ︸

=:|β′〉B

⊗ |βe−iφ2 1
2 sin(2θ1)(1 − eiφχ)〉C

︸ ︷︷ ︸

=:|γ′〉C

. (167)

In order to obtain the last line we have inserted constraint (158). The outgoing state is
separable being a product of coherent states in modes B and C as expected for classical
fields which pass through an interferometer.

Based on this outgoing state we calculate the probability p(click|1A
inβ

B
in 0C

in ) for a re-
sponse of the detector given that one photon entered the setup in modeA. We assume here
that the response of the detector corresponds to the effect operator P̂C,det. =

∑∞
k=1 |kC〉〈kC |.

Thus the related probability amounts to:

p(click|1A
inβ

B
in 0C

in ) = C〈γ′|P̂C,det.|γ′〉C

= 1 − |C〈0|γ′〉C |2

= 1 − e−|β|2 sin2(2θ1) sin2(
φχ

2
) . (168)

This is the detection efficiency PE to successfully detect a photon present in the signal
mode. Constraint (159) leads to the same expression for PE . It assumes its maximal value
for the same choice of beam splitters as in Sec. 10.3:

PE = p(click|1A
inβ

B
in 0C

in ) = 1 − e−|β|2 sin2(
φχ
2

) . (169)

This result is to be compared with PE of Eq. (165). Since the detector does not click
if no photon is present in the signal mode, but does respond with a finite probability PE

(provided that φχ 6= 2kπ) if the signal mode contains a single photon, it is possible to
generate pure heralded photons with our set-up using a coherent state in mode B. The
resulting single-photon source has the efficiency p = 1. The total probability PT to obtain
a heralded pure photon from a source with efficiency pA then amounts to PT = PEpA.

The ability to produce pure photons from an imperfect source heralded by a photode-
tection distinguishes our scheme among others. Its quality depends on the probability PE

to announce a single photon present in the signal mode. It crucially depends on the product
|β|2 sin2(

φχ

2 ). For any phase shift φχ the detection efficiency PE can be increased arbi-
trarily close to 1 by choosing a sufficiently high mean photon number |β|2 (cf. Fig. 21). It
can be seen that PE increases rapidly already for small values of |β|2.
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Figure 21: Detection efficiency PE as function of the phase shift φχ due to XPM
for three different values of |β|.

10.5 Realization of XPM

The objective of every possible realization scheme of our proposal is to produce giant
Kerr nonlinearities so as to make XPM as large as possible, even for field intensities
corresponding to that of a single photon. In the ideal case we would like to be able to
choose phase shifts φχ on the order of π. In the following we report on a promising XPM
scheme [SI96, LI00] that makes such huge phase shifts feasible, even if light pulses of
ultra-small energies, i.e. single photons, are involved. It is based on the electromagnetically
induced transparency (EIT) phenomenon [Har97] which makes possible to resonantly en-
hance the Kerr nonlinearity χ(3) along with simultaneous elimination of absorption losses
due to vanishing linear susceptibilities [SI96]. The principle of the method is illustrated in
Fig. 22.

The Kerr medium consists of two atomic species 1 and 2 which resonantly interact
with the propagating fields EA and EB of modes A and B as depicted in Fig. 22. EB is
tuned to resonance with the atomic transition b1 ↔ a1 of species 1 whereas EA with the
atomic transition b2 ↔ a2 of species 2. Both atomic species are in addition resonantly
driven by strong classical fields Ω1 and Ω2, which couple the atomic transitions c1 ↔ a1

and c2 ↔ a2, respectively. The quantum interferences created by the classical driving
fields involve sharp transmission resonances for the corresponding quantum fields EA and
EB . By this means EIT is established for both fields. We get double EIT (DEIT). As a
consequence, bothEA andEB propagate without absorption losses or refraction, and their
group velocities are considerably reduced. Large Kerr nonlinearities leading to cross phase
modulation between the fields EA and EB are obtained via Stark effect. The signal field
EA is non-resonantly coupled to another optically allowed transition c1 ↔ d1 with a detun-
ing ∆ within the atoms of species 1. This results in a Stark shift of level c1, thus involving
a change of the refractive index of field EB . Since the refractive index dispersion is very
strong near resonances, relatively small Stark shifts are sufficient to induce a large index
change. The Kerr nonlinearities accomplished in this way have been shown to yield χ(3)-
values that are orders of magnitude higher than in conventional systems [SI96]. Moreover,
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the resulting XPM of the fields EA and EB can be sustained for a very long interaction
time. As already mentioned, due to DEIT both fields propagate without absorption losses
and with strongly reduced group velocities. Furthermore, the experimental conditions can
be arranged such that their group velocities become equal [LI00]. This in turn involves
a potentially very long interaction time between the two fields EA and EB thus making
possible very large conditional nonlinear phase shifts. As shown by Lukin and Imamoǧlu
in [LI00] this realization scheme makes feasible XPM phase shifts of the order of π, even
if single-photon fields are involved. The requirement to be fulfilled is τg∆ωmax � 1. Here
τg is the group delay and ∆ωmax the bandwidth of the EIT resonance. More details can be
found in [SI96, LI00].

}
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∆
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Figure 22: Atomic level configuration for establishing double electromagnetically
induced transparency and large XPM between the fields EA and EB of modes A
and B within a Kerr medium (cf. [LI00]). The two fields EB , EA and two classical
fields Ω1, Ω2, are to be in resonance with bi ↔ ai and ci ↔ ai transitions (i = 1, 2)
within atoms of species 1 and 2 as depicted. Quantum interference induced by the
classical driving fields Ω1, Ω2, entails sharp transmission resonances of the fields
EA, EB . In this way both EA and EB experience EIT. The field EA couples non-
resonantly another optically allowed transition c1 ↔ d1 with a detuning ∆ within
the atoms of species 1. The induced Stark shift of level c1 is responsible for the
modification of the refractive index of field EB , resulting in XPM between the
fields EA and EB .

Finally, it has recently been shown [WMS06] that DEIT and large XPM between
slowly co-propagating weak fields may also be obtained using only one atomic species.
Unfortunately, however, the XPM phase shift between two photons as estimated by the
authors of [WMS06] is considerably smaller than the estimates obtained by Lukin and and
Imamoǧlu in [LI00].

We conclude that XPM schemes based on DEIT provide promising realizations to
implement the heralded single-photon generator via Kerr effect as proposed in this paper.
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10.6 Extended schemes

Starting from our basic scheme as discussed in this section, we now construct extended
schemes.

The setup of Sec. 10.2 constitutes a basic building block, cf. Fig. 23. By a suitable
combination of several such basic modules, we can increase the probability to generate a
single photon. The combined set-ups discussed below do not process the noisy photons
and the coherent state independently. Rather, they use resources more efficiently. And by
considering more noisy photons it becomes obvious how fast the probability to purify at
least one of them increases with their number.

|0〉

A

C

B

C

B

A
XPM

Figure 23: The dashed triangle symbol is used as a replacement for the solid drawn
single set-up.

The first combined scheme is depicted in Fig. 24. It is intended to purify one noisy
photon with a higher probability than a single set-up does. This is efficiently achieved by
reusing the outgoing coherent state again in a second set-up and so on.

Let the input state be

ρ = p|1〉〈1| + (1 − p)|0〉〈0| . (170)

In the case that no photon enters from left the coherent state will not cause a detection. But
if there is a photon entering the first set-up it will not necessarily cause a click. Instead
there is still a chance that the coherent state leaving mode C is projected onto vacuum
by detection. Nonetheless the amplitude of the coherent state leaving Mode B would be
decreased by a factor of cos(

φχ

2 ). The probability pn for the first click to happen in the
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n-th set-up is given by

pn =
n−2∏

i=0

exp(−|α|2 sin2(
φχ

2 ) cos2i(
φχ

2 )) (171)

×
(

1 − exp
(

−|α|2 sin2(
φχ

2 ) cos2(n−1)(
φχ

2 )
))

.

We obtain the probability PT for heralding one photon by summing over all N set-ups and
weighing the sum with efficiency p. The resulting probability is arbitrarily close to p:

PT = p
N∑

n=1

pn
|α|�1,N�1−−−−−−−−→ p . (172)

In the second combined scheme, which is illustrated in Fig. 25, several single-photon
sources are to be processed with one coherent state. Similarly to the first set-up we look
for the probability that at least one photon is heralded. The probability pn for the first click
to happen in the n-th set-up can be expressed as

pn =

n−1∑

k=0

(
n− 1
k

)

pk(1 − p)n−k−1 (173)

× exp

[

−|α|2 sin2(
φχ

2 )
cos2k(

φχ

2 ) − 1

cos2(
φχ

2 ) − 1

]

×p(1 − exp
[

−|α|2 cos2k(
φχ

2 ) sin2(
φχ

2 )
]

.

The probability PT for heralding at least one photon is obtained by summing over all
single-photon sources. It tends to 1 for |α|, N � 1,

PT =

N∑

n=1

pn
|α|�1,N�1−−−−−−−−→ 1 . (174)

|α〉

ρ

Figure 24: A noisy photon and a coherent state enter the first set-up like in the
basic scheme. Its outputs are reused as inputs of the second set-up, and so on.
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|α〉

ρ2ρ1
ρ3

Figure 25: The second combined scheme uses several noisy photons and one co-
herent state.

10.7 Conclusion

We have suggested a scheme to produce a pure single photon from the output of an im-
perfect single-photon source given by the mixed state p|1〉〈1| + (1 − p)|0〉〈0| with finite
efficiency p which may be arbitrarily small. Heralded production of a single photon has
been achieved in two respects. First of all we have derived the interferometer adjustments
which ensure that a detector click indicates a single photon with certainty. Conditioning
on the clicks of the detector leads already to p = 1. Secondly we have shown that the
detection efficiency can be made arbitrarily high.

Using noisy photons in both signal and probe mode causes a low detection efficiency
for a single photon in the signal mode. This problem can be overcome by enforcing higher
interaction via DEIT or other techniques. This disadvantage has been shown to be naturally
attenuated by using a coherent state in the probe mode. In this case the detection efficiency
PE depends on the product |β|2 sin2(

φχ

2 ). By choosing the mean photon number |β|2
sufficiently high PE can be increased arbitrarily close to one.
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11 Further ideas

11.1 Improvement of cross phase modulation by means of linear op-
tics

There has been a recent proposal in [Fiu06] to implement cross phase modulation by means
of linear optics and quantum non-demolition (QND) measurements. Maybe it is also possi-
ble to use the proposed scheme for heralding of higher Fock states. Already existing linear
optical QND-schemes [KLD02] use single photons as inputs. If they are to be employed
the whole set-up should produce more single photons in the output than it needs for input.

The phase shift in the mentioned cross phase modulation set-up is caused by a linear
phase shifter. Because this can quite well be adjusted it seems reasonable to employ the
technique for the following proposals as well.

11.2 Identifying Fock states

Each Fock state can be identified by its number. This number can be decomposed in a
unambiguous product of prime numbers. The information of this decomposition is all we
need in order to know the number itself.

With the help of the apparatus in Fig. 20 the question if the incoming occupation
number can be divided by a prime number p can be implemented. This is achieved by
adjusting the induced phase shift φ on one photon as φ = 2π/p. If the occupation number
is a multiple of p the phase shift will effectively vanish. Therefore the detector will not
click. A click would indicate that the Fock number is not a multiple of p and therefore the
answer to our question would be negative. For the purpose of identifying Fock states we
set an upper bound Nmax for the number to be found out. Then we ask the above question
for all prime numbers and for all of their powers which are smaller than Nmax. Since the
induced phase shift is not π in general it is still possible that the detector does not click
even if the occupation number is not dividible by p. Thus in principle the only reliable
information is obtained by a detector click.

Fock states versus optical qubits In binary representation only log2(Nmax) ques-
tions are required to determine a number. Each question would be “is the number in the
upper half of the relevant interval?”. So the first question would start with the interval
[0, Nmax] and so on. But it is not clear how the number of questions scales with Nmax if
we use the above technique. Does one of these representations use less information for
very high Nmax? Would it be better to encode information in Fock states instead of optical
qubits?

11.3 Implementing optical Quantum Fourier Transformation

A description of Quantum Fourier Transformation can be found in [NC00, p. 217]. A
number binarily encoded in qubits is to be transformed. So we have a register of qubits
followed by the transformation which acts on all input states. The transformation itself can
be decomposed into sequences of Hadamard gates and a gate that applies a phase shift on
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the logical state |1̃〉 leaving |0̃〉 unchanged (cf. [NC00, Fig. 5.1]). It springs to the eye
that these gates can all be implemented by components we have described in this work.
A Hadamard gate can be realized by a beam splitter. But more important the other gate
can be implemented by the set-up of Fig. 20. Maybe it is even possible to implement a
Quantum Fourier Transformation for complex numbers represented by coherent states.

11.4 Entangling coherent states

While exploring literature on the use of cross phase modulation the author came across
an interesting phenomenon which is described in [PKH03]. Coherent states are usually
assumed to show more or less classical behaviour. The more unusual is it to show that
coherent states can be entangled in principle. The following calculations can also be found
in [PKH03] except for the last part which introduces the Mach-Zehnder interferometer
again. The following scheme is intended as a proposal to entangle two coherent states. It
corresponds to the set-up given by Fig. 20.

Starting with a two-mode separable state |α〉 ⊗ |β〉 we will end up with an entan-
gled two-mode state due to cross phase modulation which is given by the time evolution
operator (~ = 1)

U = exp(−iHt) = exp(iχta†ab†b) .

We assume the interaction time ∆t to be finite and denote its product with χ as the phase
φ = χ∆t. The operators transform in a simple way:

a†
XPM−−−−→ e−iφb†ba† ,

b†
XPM−−−−→ e−iφa†ab† .

Let us denote coherent states as the action of the displacement operator on vacuum:

|α〉|β〉 = Da(α)Db(β)|0〉|0〉 = exp(αa† − α∗a) exp(βb† − β∗b)|0〉|0〉
XPM−−−−→ U(φ)Da(α)U †(φ)U(φ)Db(β)U †(φ)|0〉|0〉

= exp(αeiφb†ba† − α∗e−iφb†ba) exp(βeiφa†ab† − β∗e−iφa†ab)|0〉|0〉
= exp(αeiφb†ba† − α∗e−iφb†ba)|0〉|β〉

= exp(αeiφb†ba† − α∗e−iφb†ba)|0〉e−
|β|2

2

∞∑

n=0

βn

√
n!
|n〉

= e−
|β|2

2

∞∑

n=0

βn

√
n!

exp(αeiφb†ba† − α∗e−iφb†ba)|0〉|n〉

= e−
|β|2

2

∞∑

n=0

βn

√
n!
|αeiφn〉|n〉 = |ψout(φ)〉
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The special case φ = π can be simplified

|ψout(π)〉 = e−
|β|2

2

∞∑

n=0

βn

√
n!
|αeiπn〉|n〉 = e−

|β|2

2

∞∑

n=0

βn

√
n!
|(−1)nα〉|n〉

= e−
|β|2

2









|α〉
∞∑

j=0

β2j

√

(2j)!
|2j〉

︸ ︷︷ ︸

∝ even coherent state

+| − α〉
∞∑

j=0

β2j+1

√

(2j + 1)!
|2j + 1〉

︸ ︷︷ ︸

∝ odd coherent state









=
1

2
(|α〉(|β〉 + | − β〉) + | − α〉(|β〉 − | − β〉))

The XPM interaction has created phase entangled coherent states.
The following calculation shows what happens when this is used within a Mach-

zehnder interferometer. What kind of output state will be produced if we start with two
coherent states?

|α〉|β〉|0〉 BS1−−−→ |α〉|β cos(θ1)〉|βe−iφ1 sin(θ1)〉
XPM−−−−→ e−

|α|2

2

∞∑

n=0

αn

√
n!
|n〉|β cos(θ1)e

iφn〉|βe−iφ1 sin(θ1)〉

BS2−−−→ e−
|α|2

2

∞∑

n=0

αn

√
n!
|n〉|(β cos(θ1)e

iφn) cos(θ2) + (βe−iφ1 sin(θ1))e
−iφ2 sin(θ2)〉

| − (β cos(θ1)e
iφn)eiφ2 sin(θ2) + (βe−iφ1 sin(θ1)) cos(θ2)〉

= e−
|α|2

2

∞∑

n=0

αn

√
n!
|n〉|β(cos(θ1) cos(θ2)e

iφn + e−i(φ1+φ2) sin(θ1) sin(θ2))〉

|β(−eiφneiφ2 cos(θ1) sin(θ2) + e−iφ1 sin(θ1) cos(θ2))〉

Special case:

= e−
|α|2

2

∞∑

n=0

αn

√
n!
|n〉|βei φ

2
n cos(φ

2n)
︸ ︷︷ ︸

=:β′

〉|β 1
i e

i φ
2

n sin(φ
2n)

︸ ︷︷ ︸

=:γ′

〉 .

Transparency conditions with δ := φ1 − φ2:

(A) δ = 0 θ1 + θ2 = νπ, ν ∈ �
(B) δ = π θ1 − θ2 = νπ, ν ∈ �

In addition we have chosen φ1 = φ2 = 0 and θ1 = θ2 = π
4 .

72



For the sake of simplicity suppose φ = π, then the output state has the following form:

e−
|α|2

2

∞∑

n=0

αn

√
n!
|n〉|βin cos(π

2n)〉|βin−1 sin(π
2n)〉

= e−
|α|2

2 [

∞∑

n=0

α4n

√

(4n)!
|4n〉|βi4n〉|0〉

+

∞∑

n=0

α4n+2

√

(4n+ 2)!
|4n+ 2〉| − βi4n+2〉|0〉

+

∞∑

n=0

α4n+1

√
4n+ 1!

|4n+ 1〉|0〉|βi(4n+1)−1〉

+

∞∑

n=0

α4n+3

√

(4n+ 3)!
|4n+ 3〉|0〉| − βi(4n+3)−1〉]

= e−
|α|2
2

∞∑

n=0

α2n

√

(2n)!
|2n〉|β〉|0〉 +

α2n+1

√

(2n+ 1)!
|2n+ 1〉|0〉|β〉 .

We have obtained this result under ideal assumptions. It indicates that error-free
heralding of single photons seems to be possible given only two coherent states. Wether
that holds true for a low coupling constant is not obvious. Perhaps a more sophisticated
set-up can improve the situation.
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A Theorems

A.1 Fock state representation and mixtures

A Fock state can be written as a function of the creation operator

|n〉 =
(a†)n

√
n!

|0〉 (175)

and its conjugate bra as a function of the annihilation operator

〈n| = 〈0| a
n

√
n!

(176)

It follows that a general one-mode mixture ρ of Fock states, or density operator, can be
written using creation and annihilation operators as follows

ρ =
∑

m,n

ρm,n|m〉〈n| =
∑

m,n

ρm,n√
m!n!

(a†)m|0〉〈0|an (177)

A.2 Binomial theorem for operators

It is convenient to use the binomial theorem when dealing with beam splitter transforma-
tions. We give the formula in terms of annihilation operators a and b so that it resembles
its scalar counterpart.

(xa+ yb)n =
n∑

k=0

(
n
k

)

(xa)k(yb)n−k, x, y ∈ � (178)

This also holds true if we substitute annihilation operators a, b by their respective creation
operators a† and b†.

A.3 Operator expansion theorem

Compare [MW95, p.516] and [NC00]. This theorem can be often used in quantum optics
to get an expression for transformed operators in the Heisenberg picture. Let x ∈ � ,A and
B operators on a Hilbert space. [A,B]− denotes the commutator of A and B.

exp(xA)B exp(−xA) = B + x[A,B]+
x2

2!
[A, [A,B]−]− + . . . =

∞∑

n=0

xn

n!
Cn(179)

with the definition C0 := B and Cn = [A,Cn−1].
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A.4 Generaliazation of the Hong-Ou-Mandel effect

If the two-mode state |1 1〉 propagates through a symmetric beam splitter we calculate the
outgoing state as

|1 1〉 BS−−→ 1√
2
(|02〉 − |20〉) (180)

We note that there is no part |1 1〉 in the outgoing state so we predict that two detectors
placed in both outgoing modes will not click at the same time. Instead either the one or the
other detector indicates two incoming photons. This has been tested experimentally and
reported in [HOM87]. Due to the authors’ names it is called the Hong-Ou-Mandel effect.

Now we prove that this effect can be generalized for the case that an equal number of
photons enter the symmetric beam splitter in both modes.

The action of a beam splitter on the state |m n〉 is given by

Λ†|m n〉 = (m! n!)−
1
2 Λ†a†mb†nΛ|0 0〉 (181)

= (m! n!)−
1
2 Λ†(Λ11a

′† + Λ21b
′†)mΛΛ†(Λ12a

′† + Λ22b
′†)nΛ|0 0〉

= (m! n!)−
1
2 (Λ11a

† + Λ21b
†)m(Λ12a

† + Λ22b
†)n|0 0〉

= (m! n!)−
1
2

m∑

i=0

n∑

j=0

(
m
i

)(
n
j

)

Λi
11Λ

m−i
21 Λj

12Λ
n−j
22 (a†)i+j(b†)m+n−(i+j)|0 0〉

As mentioned afore the effect occurs in the case of symmetric beam splitters. We recall
that these are given by definition

Λ11 = −Λ12 = Λ21 = Λ22 =
1√
2
. (182)

This yields

Λ†|m n〉 =
1

2
m+n

2 (m! n!)
1
2

m∑

i=0

n∑

j=0

(
m
i

)(
n
j

)

(−1)j(a†)i+j(b†)m+n−(i+j)|0 0〉(183)

We further specify to the case m = n

Λ†|n n〉 =
1

2nn!





n∑

i=0

(
n
i

)

(a†)i(b†)n−i
n∑

j=0

(
n
j

)

(−1)j(a†)j(b†)n−j



 |0 0〉 .(184)

From this equation we now read off the effect. Due to the term (−1)j all terms for which
i is even and j is odd and vice versa cancel each other. We are left with terms for which i
and j are pairwise even or odd. Adjusting indices and splitting even and odd terms in two
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sums yields

Λ†|n n〉 =
1

2nn!

[d
n
2
e

∑

k=0

dn
2
e

∑

l=0

(
n
2k

)(
n
2l

)

(a†)2(k+l)(b†)2n−2(k+l) (185)

−
dn−1

2
e

∑

k=0

d n−1

2
e

∑

l=0

(
n

2k + 1

)(
n

2l + 1

)

(a†)2(k+l+1)(b†)2n−2(k+l+1)
]

|0 0〉

=
1

2nn!

[d
n
2
e

∑

k=0

dn
2
e

∑

l=0

(
n
2k

)(
n
2l

)

(a†2)k+l(b†2)n−(k+l)

−
dn−1

2
e

∑

k=0

d n−1

2
e

∑

l=0

(
n

2k + 1

)(
n

2l + 1

)

(a†2)k+l+1(b†2)n−(k+l+1)
]

|0 0〉 .

Now we see that the resulting expression only contains powers of a†2 and b†2. Thus if we
measure the photon number in each mode, we do not obtain an odd number.

Examples

Λ†|2 2〉 =
1

4
(
√

6|0 4〉 − 2|2 2〉 +
√

6|4 0〉) ,

Λ†|3 3〉 =
1

4
(
√

5|0 6〉 −
√

3|2 4〉 +
√

3|4 32〉 −
√

5|6 0〉) ,

Λ†|4 4〉 =
1

16
(
√

70|0 8〉 − 2
√

10|2 6〉 + 6|4 4〉 − 2
√

10|6 2〉 +
√

70|8 0〉) .
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A.5 Multiport

The multiport is a device which has N input modes and N output modes. A realization
is depicted in figure 26. This realization enables incoming light pulses to overlap at all
marked nodes.

Node

Mirror

Modes

Spatial starting line

Figure 26: A simple scheme which realizes a multiport using one mirror. The
device enables each mode to cross all others. If light pulses simultaneously pass
the marked spatial line they will overlap at the nodes.

The realization can be extended to a general interferometer. It has been proven [RZBB94]
“that any discrete finite-dimensional unitary operator can be constructed in the laboratory
using optical devices”. The meant optical devices are phase shifters, beam splitters and a
mirror. By placing beam splitters at all nodes in figure 26 and if necessary phase shifters
in between, we implement any N × N unitary matrix that acts on creation respectively
annihilation operators as an optical multiport.

As a side note we give an alternate rule (without proof) how to label the nodes or beam
splitters, respectively. A node is specified by the modes i and j that cross each other in this
node. Instead of labeling them by (i, j) we employ the fact that there are exactly N(N−1)

2
nodes. Then we need only one index l that is given by

(i, j) → l = (i− 1)(N − i

2
) + (j − i), 1 ≤ l ≤ N(N − 1)

2
. (186)

We could also employ the multiport to herald single photons. In order to achieve that
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we place the photon-heralding set-ups which we know from figure 23 or 12 at the nodes.
We use N imperfect single-photon sources to feed the multiport.

If at least two photons enter the set-up they will cross each other at a node. There they
enter a heralding apparatus in different input modes. If the heralding process is successful
one of them will be absorbed by the corresponding detector. If we use two-photon absorp-
tion in the heralding apparatus it is still possible that a heralded photon is later on absorbed
in another apparatus (except if it is already the last one). This disadvantage does not arise
if we use cross phase modulation.

It should be noted that the over-all concept of the decomposition of unitary transfor-
mations is at the heart of quantum information processing. As in the case of the multiport
it breaks down even complex transformations to primitive ones, like beam splitters. The
technique of the multiport should also be somehow extensible to implementations other
than optical, for example “electrons, neutrons and atoms or any other type of radtion”
[RZBB94].

A.6 Transparency conditions for a Mach-Zehnder interferometer

We consider a Mach-Zehnder interferometer which is composed of two beam splitters BS1

and BS2. Here we show how these beam splitters have to be adjusted in order that arbitrary
ingoing states of light do not change under the interferometer’s action.

Any pure state of light entering two modes B and C (cf. Fig. 20) including an entan-
gled state can be expressed as a function f(b†, c†) of the creation operators b† and c† acting
on the vacuum |0, 0〉. As pointed out in Sec. 10.3, the action of both beam splitters in the
Schr ödinger picture can then be written as

f(b†, c†)|0, 0〉 BS1−−−→ f(b̃†, c̃†)|0, 0〉 BS2−−−→ f(˜̃b†, ˜̃c†)|0, 0〉 .
(187)

Hereby the function f does not change, but its operator-valued arguments are transformed
according to the transformation rules

(
˜̃
b†

˜̃c†

)

= U2

(

b̃†

c̃†

)

= U2U1

(
b†

c†

)

. (188)

U1 and U2 are unitary transformations which can be read off from Eq. (151).
Input state and output state in transformation (187) are equal for arbitrary functions

f if ˜̃
b† = b† and ˜̃c† = c†. As can be seen from Eq. (188) this transparency condition is

fulfilled if U2U1 =
�

, or equivalently

U2 = U †
1 . (189)

This means that beam splitter BS2 reverses the action of BS1. Comparing the matrix
elements of U2 and U1,

U2 =

(
cos(θ2) e−iφ2 sin(θ2)

−eiφ2 sin(θ2) cos(θ2)

)

, (190)

U †
1 =

(
cos(θ1) −e−iφ1 sin(θ1)

eiφ1 sin(θ1) cos(θ1)

)

, (191)
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we obtain the following two sets of constraints

φ1 − φ2 = 2kπ and θ1 + θ2 = lπ, k, l ∈ � , (192)

φ1 − φ2 = (2k + 1)π and θ1 − θ2 = lπ, k, l ∈ � . (193)

Note that we already have obtained the same conditions in Sec. (10.2) for a special input
state.
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B Nonlinearities for quantum computation within linear
optics

This appendix thematically belongs to the toolbox of linear optics (cf. Sec. 7 and Sec. 8).
The nonlinear phase shift (NPS) is intended to apply a minus sign on the two-photon Fock
state |2〉 while not changing |0〉 and |1〉:

α|0〉 + β|1〉 + γ|2〉 NPS−−−→ α|0〉 + β|1〉 − γ|2〉 . (194)

Choosing α, β and γ appropriately we can construct special cases. The nonlinear phase
shift consists of 3 beam splitters, a phase shifter and two detectors. An auxiliary single-
photon state is required. A conditioned measurement ensures and heralds the successful
transformation. A Mach-Zehnder interferometer with two nonlinear phase shifts, each
in one arm of the interferometer performs a conditional sign flip (cf. Fig. 29). This is
exactly the transformation described in Eq. (41). Since its performance is heralded by the
nonlinear phase shift devices it should suffice to herald single photons. This first thought
holds true but we aim at producing heralded single photons given imperfect sources. We
already know that the conditional sign flip is a special case of cross phase modulation so
we use the scheme from Fig. 20 which in turn is Fig. 27 with different labels.

Then we recognize that we cannot produce heralded single-photons with this set-up.
Producing in this context simply means that we get out more single-photon states than we
put in. But we use two single-photon states in the NPS devices which are detected to herald
the success. After the outer Mach-Zehnder interferometer we again detect one photon to
herald the other. We generated one single-photon Fock state and used up two.

Numerical investigations of modified schemes based on this idea turned out unsuccess-
ful too. There is no well-defined path to follow if one wants to find appropriate schemes,

B

C

A A A

B B

C
C

B

A

C

Conditional

sign flip

|0〉

ρ1

ρ2

L1
L2

Figure 27: Mach-Zehnder-Interferometer with conditional sign flip. The scheme is
an analogy to the scheme with a cross-phase modulating medium in one arm of the
interferometer.

80



it is rather guessing. In the following we list the transformations of the devices given
imperfect inputs. The steps refer to the respective figures 28, 29 and 27.

Sec. B.1 and Sec. B.2 each list the general transformation of the relevant states in
single steps. This are summarized afterwards in an abbreviated form. Finally the specific
beam splitter adjustments from [KLM01] are applied.

B.1 Nonlinear phase shift

The transformation is given by concatenated action of following elements:

. . .
φ11−−→ . . .

L5−−→ . . .
L6−−→ . . .

L7−−→ . . .
P−→ . . . . . .

with the conditioned measurement projector P :=
� ⊗ |1〉〈1| ⊗ |0〉〈0|.

D/E

B/C
B/C

D/E

F/G F/G

D/E D/E

F/G F/G

B/C B/C

|0〉〈0|

|1〉〈1|

phase shift

φ11/12

L5/8

L6/9

L7/10

Figure 28: Nonlinear phase shift. Because we are going to use two such set-ups the
modes, beam splitters and the phase shifter are doubly labeled. This useful scheme
has been proposed in [KLM01].
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Arbitrary adjustments

|000〉 φ11−−→ |000〉
L5−−→ |000〉
L6−−→ |000〉
L7−−→ |000〉
P−→ 0 (195)

|100〉 φ11−−→ eiφ11 |100〉
L5−−→ eiφ11 |100〉
L6−−→ eiφ11(cos(θ6)|100〉+ e−iφ6 sin(θ6)|010〉)
L7−−→ eiφ11(cos(θ6)|100〉+ e−iφ6 sin(θ6)(cos(θ7)|010〉 + e−iφ7 sin(θ7)|001〉))
P−→ eiφ11e−iφ6 sin(θ6) cos(θ7)|0〉
=: α|0〉 (196)

|200〉 φ11−−→ ei2φ11
(a†)2√

2
|000〉 = ei2φ11 |200〉

L5−−→ ei2φ11
(a†)2√

2
|000〉 = ei2φ11 |200〉

L6−−→ ei2φ11
1√
2
(cos(θ6)a

† + e−iφ6 sin(θ6)b
†)2|000〉

= ei2φ11(cos2(θ6)|200〉 +
√

2e−iφ6 sin(2θ6)|110〉+ e−i2φ6 sin2(θ6)|020〉)|200〉
L7−−→ ei2φ11

1√
2
(cos(θ6)a

† + e−iφ6 sin(θ6)(cos(θ7)b
† + e−iφ7 sin(θ7)c

†))2|000〉

= ei2φ11(cos2(θ6)|200〉 + e−i2φ6 sin2(θ6) cos2(θ7)|020〉

+ e−i2φ6e−i2φ7 sin2(θ6) sin2(θ7)|002〉 +
1√
2
e−iφ6 sin(2θ6) cos(θ7)|110〉

+
1√
2
e−iφ7 sin(2θ6) sin(θ7)|101〉 +

1√
2
e−i2φ7e−iφ7 sin2(θ6) sin(2θ7)|011〉)

P−→ 1√
2
ei2φ11e−iφ6 sin(2θ6) cos(θ7)a

†|0〉

=
1√
2
ei2φ11e−iφ6 sin(2θ6) cos(θ7)|1〉

=: β|1〉 (197)
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|010〉 φ11−−→ |010〉
L5−−→ cos(θ5)|010〉 + e−iφ5 sin(θ5)|001〉
L6−−→ cos(θ5)(−eiφ6 sin(θ6)|100〉 + cos(θ6)|010〉) + e−iφ5 sin(θ5)|001〉
L7−−→ − cos(θ5)e

iφ6 sin(θ6)|100〉 + cos(θ5) cos(θ6)(cos(θ7)|010〉
+e−iφ7 sin(θ7)|001〉) + e−iφ5 sin(θ5)(−eiφ7 sin(θ7)|010〉+ cos(θ7)|001〉)

P−→ (cos(θ5) cos(θ6) cos(θ7) − e−iφ5eiφ7 sin(θ5) sin(θ7))|0〉
=: γ|0〉 (198)

|110〉 φ11−−→ eiφ11 |110〉
L5−−→ eiφ11(cos(θ5)|110〉+ e−iφ5 sin(θ5)|101〉)
L6−−→ eiφ11(cos(θ5)(cos(θ6)a

† + e−iφ6 sin(θ6)b
†)(−eiφ6 sin(θ6)a

† + cos(θ6)b
†)|000〉

+e−iφ5 sin(θ5)(cos(θ6)|101〉 + e−iφ6 sin(θ6)|011〉))
L7−−→ eiφ11(cos(θ5)(cos(θ6)a

† + e−iφ6 sin(θ6)(cos(θ7)b
† + e−iφ7 sin(θ7)c

†))

(−eiφ6 sin(θ6)a
† + cos(θ6)(cos(θ7)b

† + e−iφ7 sin(θ7)c
†))|000〉

+e−iφ5 sin(θ5)(cos(θ6)(−eiφ7 sin(θ7)|110〉 + cos(θ7)|101〉) + e−iφ6 sin(θ6)(cos(θ7)b
†

+e−iφ7 sin(θ7)c
†)(−eiφ7 sin(θ7)b

† + cos(θ7)c
†)|000〉))

P−→ eiφ11(cos(θ5) cos2(θ6) cos(θ7) − sin2(θ6) cos(θ7) − ei(φ7−φ5) sin(θ5) cos(θ6) sin(θ7))|1〉
=: δ|1〉 (199)
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|210〉 φ11−−→ ei2φ11 |210〉
L5−−→ ei2φ11(cos(θ5)|210〉+ e−iφ5 sin(θ5)|210〉)
L6−−→ ei2φ11(cos(θ5)

1√
2
(cos(θ6)a

† + e−iφ6 sin(θ6)b
†)2(−eiφ6 sin(θ6)a

† + cos(θ6)b
†)|000〉

+e−iφ5 sin(θ5)
1√
2
(cos(θ6)a

† + e−iφ6 sin(θ6)b
†)2|001〉)

= ei2φ11
1√
2

cos(θ5)(cos3(θ6)(a
†)2b† + e−i2φ6 sin2(θ6) cos(θ6)(b

†)3

+2 cos2(θ6) sin(θ6)e
−iφ6a†(b†)2 − eiφ6 cos2(θ6) sin(θ6)(a

†)3

−e−iφ6 sin3(θ6)a
†(b†)2 − eiφ62 sin2(θ6) cos(θ6)(a

†)2b†)|000〉

+ei2φ11e−iφ5 sin(θ5)
1√
2
(cos2(θ6)(a

†)2 + e−i2φ6 sin2(θ6)(b
†)2

+2e−iφ6 sin(θ6) cos(θ6)a
†b†)|001〉

L7−−→ ei2φ11
1√
2

cos(θ5)(cos3(θ6)(a
†)2(cos(θ7)b

† + e−iφ7 sin(θ7)c
†)

+e−i2φ6 sin2(θ6) cos(θ6)(cos(θ7)b
† + e−iφ7 sin(θ7)c

†)3

+2 cos2(θ6) sin(θ6)e
−iφ6a†(cos(θ7)b

† + e−iφ7 sin(θ7)c
†)2 − eiφ6 cos2(θ6) sin(θ6)(a

†)3

−eiφ6 sin3(θ6)a
†(cos(θ7)b

† + e−iφ7 sin(θ7)c
†)2 − eiφ62 sin2(θ6) cos(θ6)(a

†)2(cos(θ7)b
†

+e−iφ7 sin(θ7)c
†))|000〉 + ei2φ11e−iφ5 sin(θ5)

1√
2
(cos2(θ2)(a

†)2

+e−i2φ6 sin2(θ6)(cos(θ7)b
† + e−iφ7 sin(θ7)c

†)2

+2 sin(θ6) cos(θ6)e
−iφ6a†(cos(θ7)b

† + e−iφ7 sin(θ7)c
†))|001〉

P−→ ei2φ11 cos(θ5) cos(θ6) cos(θ7)(1 − 3 sin2(θ6))|2〉
=: ε|2〉 (200)
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Summary of the above results

|000〉 NPS−−−→ 0 (201)

|100〉 NPS−−−→ eiφ11e−iφ6 sin(θ6) cos(θ7)|0〉
=: α|0〉 (202)

|200〉 NPS−−−→ 1√
2
ei2φ11e−iφ6 sin(2θ6) cos(θ7)|1〉

=: β|1〉 (203)

|010〉 NPS−−−→ (cos(θ5) cos(θ6) cos(θ7) − e−iφ5eiφ7 sin(θ5) sin(θ7))|0〉
=: γ|0〉 (204)

|110〉 NPS−−−→ eiφ11(cos(θ5) cos2(θ6) cos(θ7) − sin2(θ6) cos(θ7) (205)

−ei(φ7−φ5) sin(θ5) cos(θ6) sin(θ7))|1〉
=: δ|1〉 (206)

|210〉 NPS−−−→ ei2φ11 cos(θ5) cos(θ6) cos(θ7)(1 − 3 sin2(θ6))|2〉
=: ε|2〉 (207)

Specific adjustments Angles given in [KLM01] are θ5 = 22.5◦, φ5 = 0◦, θ6 =
65.5302◦, φ6 = 0◦, θ7 = −22.5◦, φ7 = 0◦, φ11 = 180◦. The exact value for θ6 is

arcsin(
√

2(
√

2 − 1)).

|000〉 NPS−−−→ 0 (208)

|100〉 NPS−−−→ − sin(θ6) cos(θ7)|0〉 = − 1
√√

2
|0〉 ≈ −0.841|0〉 (209)

|200〉 NPS−−−→ 1√
2
ei2φ11e−iφ6 sin(2θ6) cos(θ7)|1〉 ≈ 0.697|1〉 (210)

|010〉 NPS−−−→ 1

2
|0〉 (211)

|110〉 NPS−−−→ 1

2
|1〉 (212)

|210〉 NPS−−−→ −1

2
|2〉 (213)

B.2 Conditional sign flip (CSF)

For the conditional sigfn flip we use two nonlinear phase shifts. We indicate these by
subscripts ’1’ and ’2’ in the amplitudes above. Now we calculate the possible outcomes
for up to one ingoing photon in the signal modes B and C each. There is 1 possibility for
0, 4 for 1, 6 for 2, 4 for 3 and 1 for 4 photons.

|BCDE〉 L3(b,c)−−−−→ . . .
NPS(b,d) and NPS(c,e)−−−−−−−−−−−−→ . . .

L4(b,c)−−−−→
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BNonlinear
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L3
L4

Figure 29: Conditional sign flip which contains two nonlinear phase shifts from
Fig. 28. As well the nonlinear phase shift it can be found in [KLM01].

Arbitrary adjustments

|0000〉 L3(b,c)−−−−→ |0000〉
NPS⊗2

−−−−−→ 0
L4(b,c)−−−−→ 0 (214)

|0001〉 L3(b,c)−−−−→ |0001〉
NPS⊗2

−−−−−→ 0
L4(b,c)−−−−→ 0 (215)

|0010〉 L3(b,c)−−−−→ |0010〉
NPS⊗2

−−−−−→ 0
L4(b,c)−−−−→ 0 (216)

|0100〉 L3(b,c)−−−−→ |0010〉
NPS⊗2

−−−−−→ 0
L4(b,c)−−−−→ 0 (217)

|1000〉 L3(b,c)−−−−→ cos(θ3)|1000〉+ e−iφ3 sin(θ3)|0100〉
NPS⊗2

−−−−−→ 0
L4(b,c)−−−−→ 0 (218)

|0011〉 L3(b,c)−−−−→ |0011〉
NPS⊗2

−−−−−→ γ1γ2|0B0C〉
L4(b,c)−−−−→ γ1γ2|00〉 (219)
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|0101〉 L3(b,c)−−−−→ −eiφ3 sin(θ3)|1001〉+ cos(θ3)|0101〉
NPS⊗2

−−−−−→ −eiφ3 sin(θ3)α1γ2|00〉
L4(b,c)−−−−→ −eiφ3 sin(θ3)α1γ2|00〉 (220)

|0110〉 L3(b,c)−−−−→ −eiφ3 sin(θ3)|1010〉+ cos(θ3)|0110〉
NPS⊗2

−−−−−→ cos(θ3)γ1α2|00〉
L4(b,c)−−−−→ cos(θ3)γ1α2|00〉 (221)

|1001〉 L3(b,c)−−−−→ cos(θ3)|1001〉+ e−iφ3 sin(θ3)|0101〉
NPS⊗2

−−−−−→ cos(θ3)α1γ2|00〉
L4(b,c)−−−−→ cos(θ3)α1γ2|00〉 (222)

|1010〉 L3(b,c)−−−−→ cos(θ3)|1010〉+ e−iφ3 sin(θ3)|0110〉
NPS⊗2

−−−−−→ e−iφ3 sin(θ3)γ1α2|00〉
L4(b,c)−−−−→ e−iφ3 sin(θ3)γ1α2|00〉 (223)

|1100〉 L3(b,c)−−−−→ (cos(θ3)b
† + e−iφ3 sin(θ3)c

†)(−eiφ3 sin(θ3)b
† + cos(θ3)c

†)

= (−eiφ3 sin(θ3) cos(θ3)(b
†)2 + (cos2(θ3) − sin2(θ3)b

†c†)

+e−iφ3 sin(θ3) cos(θ3)(c
†)2)|0000〉

NPS⊗2

−−−−−→ (cos2(θ3) − sin2(θ3))α1α2|00〉
L4(b,c)−−−−→ (cos2(θ3) − sin2(θ3))α1α2|00〉 (224)

|1011〉 L3(b,c)−−−−→ cos(θ3)|1011〉+ e−iφ3 sin(θ3)|0111〉
NPS⊗2

−−−−−→ cos(θ3)δ1γ2|10〉+ e−iφ3 sin(θ3)γ1δ2|01〉
L4(b,c)−−−−→ cos(θ3)δ1γ2(cos(θ4)|10〉 + e−iφ4 sin(θ4)|01〉)

+e−iφ3 sin(θ3)γ1δ2(−eiφ4 sin(θ4)|10〉 + cos(θ4)|01〉)
= (cos(θ3) cos(θ4)δ1γ2 − ei(φ4−φ3) sin(θ3) sin(θ4)γ1δ2)|10〉
+(cos(θ3) sin(θ4)e

−iφ4δ1γ2 + sin(θ3) cos(θ4)e
−iφ3γ1δ2)|01〉(225)

87



|0111〉 L3(b,c)−−−−→ −eiφ3 sin(θ3)|1011〉 + cos(θ3)|0111〉
NPS⊗2

−−−−−→ −eiφ3 sin(θ3)δ1γ2|10〉 + cos(θ3)γ1δ2|01〉
L4(b,c)−−−−→ −eiφ3 sin(θ3)δ1γ2(cos(θ4)|10〉 + e−iφ4 sin(θ4)|01〉)

+ cos(θ3)γ1δ2(−eiφ4 sin(θ4)|10〉 + cos(θ4)|01〉)
= −(eiφ3 sin(θ3) cos(θ4)δ1γ2 + cos(θ3) sin(θ4)e

iφ4γ1δ2)|10〉
+(−eiφ3 sin(θ3) sin(θ4)e

−iφ4δ1γ2 + cos(θ3) cos(θ4)γ1δ2)|01〉 (226)

|1101〉 L3(b,c)−−−−→ (cos(θ3)b
† + e−iφ3 sin(θ3)c

†)(−eiφ3 sin(θ3)b
† + cos(θ3)c

†)|0001〉
= −eiφ3 sin(θ3) cos(θ3)

√
2|2001〉

+(cos2(θ3) − sin2(θ3))|1101〉 + e−iφ3 sin(θ3) cos(θ3)
√

2|0201〉
NPS⊗2

−−−−−→ −eiφ3 sin(θ3) cos(θ3)
√

2β1γ2|10〉+ (cos2(θ3) − sin2(θ3))α1δ2|01〉
L4(b,c)−−−−→ −eiφ3 sin(θ3) cos(θ3)

√
2β1γ2(cos(θ4)|10〉

+e−iφ4 sin(θ4)|01〉) + (cos2(θ3) − sin2(θ3))α1δ2(−eiφ4 sin(θ4)|10〉 + cos(θ4)|01〉)
= (−eiφ3 sin(θ3) cos(θ3)

√
2 cos(θ4)β1γ2 − (cos2(θ3) − sin2(θ3))e

iφ4 sin(θ4)α1δ2)|10〉
+(−eiφ3 sin(θ3) cos(θ3)

√
2e−iφ4 sin(θ4)β1γ2

+(cos2(θ3) − sin2(θ3) cos(θ4)α1δ2))|01〉 (227)

|1110〉 L3(b,c)−−−−→ (cos(θ3)b
† + e−iφ3 sin(θ3)c

†)(−eiφ3 sin(θ3)b
† + cos(θ3)c

†)|0010〉
= −eiφ3 sin(θ3) cos(θ3)

√
2|2010〉+ (cos2(θ3) − sin2(θ3))|1110〉

+e−iφ3 sin(θ3) cos(θ3)
√

2|0210〉
NPS⊗2

−−−−−→ e−iφ3 sin(θ3) cos(θ3)
√

2γ1β2|01〉 + (cos2(θ3) − sin2(θ3))δ1α2|10〉
L4(b,c)−−−−→ e−iφ3 sin(θ3) cos(θ3)

√
2γ1β2(−eiφ4 sin(θ4)|10〉 + cos(θ4)|01〉)

+(cos2(θ3) − sin2(θ3))δ1α2(cos(θ4)|10〉 + e−iφ4 sin(θ4)|01〉)
= (−eiφ3 sin(θ3) cos(θ3)

√
2γ1β2e

iφ4 sin(θ4) + (cos2(θ3) − sin2(θ3))δ1α2 cos(θ4))|10〉
+(e−iφ3 sin(θ3) cos(θ3)

√
2γ1β2 cos(θ4)

+(cos2(θ3) − sin2(θ3))δ1α2e
−iφ4 sin(θ4))|01〉 (228)
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|1111〉 L3(b,c)−−−−→ (cos(θ3)b
† + e−iφ3 sin(θ3)c

†)(−eiφ3 sin(θ3)b
† + cos(θ3)c

†)|0011〉
= −eiφ3 sin(θ3) cos(θ3)

√
2|2011〉+ (cos2(θ3) − sin2(θ3))|1111〉

+e−iφ3 sin(θ3) cos(θ3)
√

2|0211〉
NPS⊗2

−−−−−→ −eiφ3 sin(θ3) cos(θ3)
√

2ε1γ2|20〉 + (cos2(θ3) − sin2(θ3))δ1δ2|11〉
+e−iφ3 sin(θ3) cos(θ3)

√
2γ1ε2|02〉

L4(b,c)−−−−→ −eiφ3 sin(θ3) cos(θ3)ε1γ2(cos(θ4)b
† + e−iφ4 sin(θ4)c

†)2|00〉
+(cos2(θ3) − sin2(θ3))δ1δ2(cos(θ4)b

† + e−iφ4 sin(θ4)c
†)(−eiφ4 sin(θ4)b

† + cos(θ4)c
†)|00〉

+e−iφ3 sin(θ3) cos(θ3)γ1ε2(−eiφ4 sin(θ4)b
† + cos(θ4)c

†)2|00〉
= [−eiφ3 sin(θ3) cos(θ3)ε1γ2 cos2(θ4) − (cos2(θ3) − sin2(θ3))δ1δ2e

iφ4 sin(θ4) cos(θ4)

+e−iφ3 sin(θ3) cos(θ3)γ1ε2e
i2φ4 sin2(θ4)]|20〉

+[−eiφ3 sin(θ3) cos(θ3)ε1γ2e
−i2φ4 sin2(θ4) + (cos2(θ3) − sin2(θ3))

δ1δ2e
−iφ4 sin(θ4) cos(θ4) + e−iφ3 sin(θ3) cos(θ3)γ1ε2 cos(θ4)]|02〉

+[−eiφ3 sin(θ3) cos(θ3)ε1γ22e
−iφ4 sin(θ4) cos(θ4)

+(cos2(θ3) − sin2(θ3))δ1δ2(cos2(θ4) − sin2(θ4))

−e−iφ3 sin(θ3) cos(θ3)γ1ε22e
iφ4 sin(θ4) cos(θ4)]|11〉 (229)
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Summary of the above results

|0000〉 CSF−−−→ 0 (230)

|0001〉 CSF−−−→ 0 (231)

|0100〉 CSF−−−→ 0 (232)

|0010〉 CSF−−−→ 0 (233)

|1000〉 CSF−−−→ 0 (234)

|0011〉 CSF−−−→ γ1γ2|00〉
=: ζ|00〉 (235)

|0101〉 CSF−−−→ −eiφ3 sin(θ3)α1γ2|00〉
=: η|00〉 (236)

|0110〉 CSF−−−→ cos(θ3)γ1α2|00〉
=: ϑ|00〉 (237)

|1001〉 CSF−−−→ cos(θ3)α1γ2|00〉
=: ι|00〉 (238)

|1010〉 CSF−−−→ e−iφ3 sin(θ3)γ1α2|00〉
=: κ|00〉 (239)

|1100〉 CSF−−−→ (cos2(θ3) − sin2(θ3))α1α2|00〉
=: λ|00〉 (240)

|1011〉 CSF−−−→ (cos(θ3) cos(θ4)δ1γ2 − ei(φ4−φ3) sin(θ3) sin(θ4)γ1δ2)|10〉
+(cos(θ3) sin(θ4)e

−iφ4δ1γ2 + sin(θ3) cos(θ4)e
−iφ3γ1δ2)|01〉

=: µ|10〉 + ν|01〉 (241)

|0111〉 CSF−−−→ = −(eiφ3 sin(θ3) cos(θ4)δ1γ2 + cos(θ3) sin(θ4)e
iφ4γ1δ2)|10〉

+(−eiφ3 sin(θ3) sin(θ4)e
−iφ4δ1γ2 + cos(θ3) cos(θ4)γ1δ2)|01〉

=: ξ|10〉 + o|01〉 (242)

|1101〉 CSF−−−→ = (−eiφ3 sin(θ3) cos(θ3)
√

2 cos(θ4)β1γ2 − (cos2(θ3) − sin2(θ3))e
iφ4 sin(θ4)α1δ2)|10〉

+(−eiφ3 sin(θ3) cos(θ3)
√

2e−iφ4 sin(θ4)β1γ2 + (cos2(θ3) − sin2(θ3) cos(θ4)α1δ2))|01〉
=: $|10〉 + ρ|01〉 (243)

|1110〉 CSF−−−→ = (−eiφ3 sin(θ3) cos(θ3)
√

2γ1β2e
iφ4 sin(θ4) + (cos2(θ3) − sin2(θ3))δ1α2 cos(θ4))|10〉

+(e−iφ3 sin(θ3) cos(θ3)
√

2γ1β2 cos(θ4) + (cos2(θ3) − sin2(θ3))δ1α2e
−iφ4 sin(θ4))|01〉

=: σ|10〉 + τ |01〉 (244)
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|1111〉 CSF−−−→ = [−eiφ3 sin(θ3) cos(θ3)ε1γ2 cos2(θ4) − (cos2(θ3) − sin2(θ3))δ1δ2e
iφ4 sin(θ4) cos(θ4)

+e−iφ3 sin(θ3) cos(θ3)γ1ε2e
i2φ4 sin2(θ4)]|20〉

+[−eiφ3 sin(θ3) cos(θ3)ε1γ2e
−i2φ4 sin2(θ4) + (cos2(θ3) − sin2(θ3))

δ1δ2e
−iφ4 sin(θ4) cos(θ4) + e−iφ3 sin(θ3) cos(θ3)γ1ε2 cos(θ4)]|02〉

+[−eiφ3 sin(θ3) cos(θ3)ε1γ22e
−iφ4 sin(θ4) cos(θ4)

+(cos2(θ3) − sin2(θ3))δ1δ2(cos2(θ4) − sin2(θ4))

−e−iφ3 sin(θ3) cos(θ3)γ1ε22e
iφ4 sin(θ4) cos(θ4)]|11〉

=: u|20〉 + ϕ|02〉 + χ|11〉 (245)

Specific adjustments

|0000〉 CSF−−−→ 0 (246)

|0001〉 CSF−−−→ 0 (247)

|0100〉 CSF−−−→ 0 (248)

|0010〉 CSF−−−→ 0 (249)

|1000〉 CSF−−−→ 0 (250)

|0011〉 CSF−−−→ |00〉 (251)

|0101〉 CSF−−−→ |00〉 (252)

|0110〉 CSF−−−→ |00〉 (253)

|1001〉 CSF−−−→ |00〉 (254)

|1010〉 CSF−−−→ |00〉 (255)

|1100〉 CSF−−−→ |00〉 (256)

|1011〉 CSF−−−→ |10〉+ |01〉 (257)

|0111〉 CSF−−−→ |10〉+ |01〉 (258)

|1101〉 CSF−−−→ |10〉+ |01〉 (259)

|1110〉 CSF−−−→ |10〉+ |01〉 (260)

|1111〉 CSF−−−→ |20〉+ |02〉 + |11〉 (261)
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C Quantum optical information in Mathematica

Calculations for composed apparatuses in quantum optical information tend to get lengthy
as we have seen in appendix B. This task can also be symbolically and numerically per-
formed with the computer algebra program Mathematica. Some of the results above have
been checked with the following program. It uses the package “Quantum Algebra” 1 by
C. A. G. Gutiérrez. Details on how to handle operators, kets and bras can be found in the
tutorial notebook2 of the package.

The operators that have been newly defined:

• An extension of the braket to composite systems.

• A Fock number projector on a single mode. It replaces the corresponding occupa-
tion number n by “P → n”to indicate that it has been measured. Normalization is
omitted in order to retrieve the probability.

• An operator that performs a certain type of absorption. The number of photons to
be absorbed is adjustable.

• Cross phase modulation and beam splitter have been implemented.

• Another (not physical) operator extracts one mode from a composite state. This
operation is to be carefully used for superposition states since it does not perform a
partial trace.

It is possible to expand the program in order to do calculations with density matrices. This
has not been implemented yet. The author has still not found a way to avoid the extensive
use of the Mathematica commands HoldHoldHold and ReleaseHoldReleaseHoldReleaseHold.

1http://library.wolfram.com/infocenter/MathSource/4898/
2http://library.wolfram.com/infocenter/MathSource/4898/QATutorial.nb
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Load package

<<QuantumAlgebra‘QuantumAlgebra‘<<QuantumAlgebra‘QuantumAlgebra‘<<QuantumAlgebra‘QuantumAlgebra‘

Load definitions

Bracket, Projector, Phase shift, N-Photon absorption, Cross phase modulation, Mode Ex-
traction and Beam splitter
〈m |n 〉 = Hold[Product[KroneckerDelta[{m}[[i]], {n}[[i]]], {i, 1,Length[{m}]}]];〈m |n 〉 = Hold[Product[KroneckerDelta[{m}[[i]], {n}[[i]]], {i, 1,Length[{m}]}]];〈m |n 〉 = Hold[Product[KroneckerDelta[{m}[[i]], {n}[[i]]], {i, 1,Length[{m}]}]];

Operator/:
∧

Pmode [n ] · |Fock 〉 = Hold[〈n||Fock〉[[mode]]〉 ∗ ReplacePart[|Fock〉,Operator/:
∧

Pmode [n ] · |Fock 〉 = Hold[〈n||Fock〉[[mode]]〉 ∗ ReplacePart[|Fock〉,Operator/:
∧

Pmode [n ] · |Fock 〉 = Hold[〈n||Fock〉[[mode]]〉 ∗ ReplacePart[|Fock〉,
StringForm["P → “", n ],mode]];StringForm["P → “", n ],mode]];StringForm["P → “", n ],mode]];

Operator/:
∧

PSmode [angle ] · |Fock 〉 = Hold[Exp[i ∗ |Fock〉[[mode]] ∗ angle] ∗ |Fock〉];Operator/:
∧

PSmode [angle ] · |Fock 〉 = Hold[Exp[i ∗ |Fock〉[[mode]] ∗ angle] ∗ |Fock〉];Operator/:
∧

PSmode [angle ] · |Fock 〉 = Hold[Exp[i ∗ |Fock〉[[mode]] ∗ angle] ∗ |Fock〉];

Operator/:
∧

NPAMmode [N ] · |Fock 〉 =Operator/:
∧

NPAMmode [N ] · |Fock 〉 =Operator/:
∧

NPAMmode [N ] · |Fock 〉 =
Hold[(β + (1 − UnitStep[|Fock〉[[mode]] −N ]) ∗ (1 − β))|Fock〉 · |g〉+Hold[(β + (1 − UnitStep[|Fock〉[[mode]] −N ]) ∗ (1 − β))|Fock〉 · |g〉+Hold[(β + (1 − UnitStep[|Fock〉[[mode]] −N ]) ∗ (1 − β))|Fock〉 · |g〉+
UnitStep[|Fock〉[[mode]] −N ]αReplacePart[|Fock〉, |Fock〉[[mode]]−UnitStep[|Fock〉[[mode]] −N ]αReplacePart[|Fock〉, |Fock〉[[mode]]−UnitStep[|Fock〉[[mode]] −N ]αReplacePart[|Fock〉, |Fock〉[[mode]]−
N ∗ UnitStep[|Fock〉[[mode]] −N ],mode] · |e〉];N ∗ UnitStep[|Fock〉[[mode]] −N ],mode] · |e〉];N ∗ UnitStep[|Fock〉[[mode]] −N ],mode] · |e〉];

Operator/:
∧

XPMmode1 ,mode2 [χT ] · |Fock 〉 = Hold[Exp[−iχT(|Fock〉[[mode1]] ∗ |Fock〉[[mode2]])]|Fock〉];Operator/:
∧

XPMmode1 ,mode2 [χT ] · |Fock 〉 = Hold[Exp[−iχT(|Fock〉[[mode1]] ∗ |Fock〉[[mode2]])]|Fock〉];Operator/:
∧

XPMmode1 ,mode2 [χT ] · |Fock 〉 = Hold[Exp[−iχT(|Fock〉[[mode1]] ∗ |Fock〉[[mode2]])]|Fock〉];

Operator/:
∧

Extractmode · |Fock 〉 = Hold[||Fock〉[[mode]]〉];Operator/:
∧

Extractmode · |Fock 〉 = Hold[||Fock〉[[mode]]〉];Operator/:
∧

Extractmode · |Fock 〉 = Hold[||Fock〉[[mode]]〉];

Operator/:
∧

BSmode1 ,mode2 [θ , φ ] · |Fock 〉 =Operator/:
∧

BSmode1 ,mode2 [θ , φ ] · |Fock 〉 =Operator/:
∧

BSmode1 ,mode2 [θ , φ ] · |Fock 〉 =
Hold[ 1

Sqrt[|Fock〉[[mode1]]!|Fock〉[[mode2]]!]∗Hold[ 1
Sqrt[|Fock〉[[mode1]]!|Fock〉[[mode2]]!]∗Hold[ 1
Sqrt[|Fock〉[[mode1]]!|Fock〉[[mode2]]!]∗

Sum[Sum[ |Fock〉[[mode1]]!
i!∗(|Fock〉[[mode1]]−i)! ∗

|Fock〉[[mode2]]!
j!∗(|Fock〉[[mode2]]−j)! ∗ (−1)|Fock〉[[mode1]]−i∗Sum[Sum[ |Fock〉[[mode1]]!

i!∗(|Fock〉[[mode1]]−i)! ∗
|Fock〉[[mode2]]!

j!∗(|Fock〉[[mode2]]−j)! ∗ (−1)|Fock〉[[mode1]]−i∗Sum[Sum[ |Fock〉[[mode1]]!
i!∗(|Fock〉[[mode1]]−i)! ∗

|Fock〉[[mode2]]!
j!∗(|Fock〉[[mode2]]−j)! ∗ (−1)|Fock〉[[mode1]]−i∗

(Cos[θ])i+|Fock〉[[mode2]]−j ∗ Exp[i ∗ (|Fock〉[[mode1]] − i− j) ∗ (−φ− π)]∗(Cos[θ])i+|Fock〉[[mode2]]−j ∗ Exp[i ∗ (|Fock〉[[mode1]] − i− j) ∗ (−φ− π)]∗(Cos[θ])i+|Fock〉[[mode2]]−j ∗ Exp[i ∗ (|Fock〉[[mode1]] − i− j) ∗ (−φ− π)]∗
(Sin[θ])|Fock〉[[mode1]]+j−i ∗ Sqrt[(i+ j)!] ∗ Sqrt[(|Fock〉[[mode1]] + |Fock〉[[mode2]] − i− j)!]∗(Sin[θ])|Fock〉[[mode1]]+j−i ∗ Sqrt[(i+ j)!] ∗ Sqrt[(|Fock〉[[mode1]] + |Fock〉[[mode2]] − i− j)!]∗(Sin[θ])|Fock〉[[mode1]]+j−i ∗ Sqrt[(i+ j)!] ∗ Sqrt[(|Fock〉[[mode1]] + |Fock〉[[mode2]] − i− j)!]∗

ReplacePart[ReplacePart[|Fock〉, i+ j,mode1], |Fock〉[[mode1]] + |Fock〉[[mode2]] − i− j,ReplacePart[ReplacePart[|Fock〉, i+ j,mode1], |Fock〉[[mode1]] + |Fock〉[[mode2]] − i− j,ReplacePart[ReplacePart[|Fock〉, i+ j,mode1], |Fock〉[[mode1]] + |Fock〉[[mode2]] − i− j,
mode2], {j, 0, |Fock〉[[mode2]]}], {i, 0, |Fock〉[[mode1]]}]];mode2], {j, 0, |Fock〉[[mode2]]}], {i, 0, |Fock〉[[mode1]]}]];mode2], {j, 0, |Fock〉[[mode2]]}], {i, 0, |Fock〉[[mode1]]}]];

Bracket

A〈0, 0|1, 1〉 −B〈1, 2|1, 2〉;A〈0, 0|1, 1〉 −B〈1, 2|1, 2〉;A〈0, 0|1, 1〉 −B〈1, 2|1, 2〉;
ReleaseHold[%]ReleaseHold[%]ReleaseHold[%]
−B

Projector

(a
∧

P 3[0] + b
∧

P 3[1] + c
∧

P 3[2]) · |2, 0, 1〉;(a
∧

P 3[0] + b
∧

P 3[1] + c
∧

P 3[2]) · |2, 0, 1〉;(a
∧

P 3[0] + b
∧

P 3[1] + c
∧

P 3[2]) · |2, 0, 1〉;
ReleaseHold[%];ReleaseHold[%];ReleaseHold[%];
ReleaseHold[%]ReleaseHold[%]ReleaseHold[%]
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b|2, 0, P → 1〉

Beam splitter
∧

BS2,4[45◦, 0] · |X, 1, Y, 1, Z〉;
∧

BS2,4[45◦, 0] · |X, 1, Y, 1, Z〉;
∧

BS2,4[45◦, 0] · |X, 1, Y, 1, Z〉;
ReleaseHold[%];ReleaseHold[%];ReleaseHold[%];
FullSimplify[%]FullSimplify[%]FullSimplify[%]
|X,0,Y,2,Z〉−|X,2,Y,0,Z〉√

2

Two-photon absorption
∧

TPAMmode =
∧

NPAMmode[2];
∧

TPAMmode =
∧

NPAMmode[2];
∧

TPAMmode =
∧

NPAMmode[2];
∧

TPAM3 · |1, 2, 3, 4〉;
∧

TPAM3 · |1, 2, 3, 4〉;
∧

TPAM3 · |1, 2, 3, 4〉;
ReleaseHold[%]ReleaseHold[%]ReleaseHold[%]
α|1, 2, 1, 4〉 · |e〉 + β|1, 2, 3, 4〉 · |g〉

Cross phase modulation
∧

BS2,3[−45◦, 0] ·
∧

XPM1,2[π] ·
∧

BS2,3[45◦, 0] · (γ|0, 1, 0〉+ δ|1, 1, 0〉);
∧

BS2,3[−45◦, 0] ·
∧

XPM1,2[π] ·
∧

BS2,3[45◦, 0] · (γ|0, 1, 0〉+ δ|1, 1, 0〉);
∧

BS2,3[−45◦, 0] ·
∧

XPM1,2[π] ·
∧

BS2,3[45◦, 0] · (γ|0, 1, 0〉+ δ|1, 1, 0〉);
ReleaseHold[%];ReleaseHold[%];ReleaseHold[%];
ReleaseHold[%];ReleaseHold[%];ReleaseHold[%];
ReleaseHold[%];ReleaseHold[%];ReleaseHold[%];
FullSimplify[%]FullSimplify[%]FullSimplify[%]
γ|0, 1, 0〉+ δ|1, 0, 1〉

Nonlinear phase shift

Operator/:
∧

NPSm1 ,m2 ,m3 = Hold[
∧

Pm2[1] ·
∧

Pm3[0] ·
∧

BSm2,m3[−π
8 , 0] ·

∧

BSm1,m2[65.5302◦, 0]·Operator/:
∧

NPSm1 ,m2 ,m3 = Hold[
∧

Pm2[1] ·
∧

Pm3[0] ·
∧

BSm2,m3[−π
8 , 0] ·

∧

BSm1,m2[65.5302◦, 0]·Operator/:
∧

NPSm1 ,m2 ,m3 = Hold[
∧

Pm2[1] ·
∧

Pm3[0] ·
∧

BSm2,m3[−π
8 , 0] ·

∧

BSm1,m2[65.5302◦, 0]·
∧

BSm2,m3[
π
8 , 0] ·

∧

PSm1[π]];
∧

BSm2,m3[
π
8 , 0] ·

∧

PSm1[π]];
∧

BSm2,m3[
π
8 , 0] ·

∧

PSm1[π]];
∧

NPS1,2,3 · (c1|0, 1, 0〉+ c2|1, 1, 0〉 + c3|2, 1, 0〉);
∧

NPS1,2,3 · (c1|0, 1, 0〉+ c2|1, 1, 0〉+ c3|2, 1, 0〉);
∧

NPS1,2,3 · (c1|0, 1, 0〉+ c2|1, 1, 0〉+ c3|2, 1, 0〉);
ReleaseHold[%];ReleaseHold[%];ReleaseHold[%];
ReleaseHold[%];ReleaseHold[%];ReleaseHold[%];
ReleaseHold[%];ReleaseHold[%];ReleaseHold[%];
ReleaseHold[%];ReleaseHold[%];ReleaseHold[%];
ReleaseHold[%];ReleaseHold[%];ReleaseHold[%];
ReleaseHold[%];ReleaseHold[%];ReleaseHold[%];
ReleaseHold[%];ReleaseHold[%];ReleaseHold[%];
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ReleaseHold[%];ReleaseHold[%];ReleaseHold[%];
FullSimplify[%]FullSimplify[%]FullSimplify[%]
0.5|0, P → 1, P → 0〉c1 + 0.5|1, P → 1, P → 0〉c2 − 0.5|2, P → 1, P → 0〉c3

Conditional sign flip

Operator/:
∧

CSFsignal1 ,signal2 ,nps12 ,nps13 ,nps22 ,nps23 =Operator/:
∧

CSFsignal1 ,signal2 ,nps12 ,nps13 ,nps22 ,nps23 =Operator/:
∧

CSFsignal1 ,signal2 ,nps12 ,nps13 ,nps22 ,nps23 =

Hold[
∧

BSsignal1,signal2[−π
4 , 0] ·

∧

NPSsignal2,nps22,nps23 ·
∧

NPSsignal1,nps12,nps13 ·
∧

BSsignal1,signal2[
π
4 , 0]];Hold[

∧

BSsignal1,signal2[−π
4 , 0] ·

∧

NPSsignal2,nps22,nps23 ·
∧

NPSsignal1,nps12,nps13 ·
∧

BSsignal1,signal2[
π
4 , 0]];Hold[

∧

BSsignal1,signal2[−π
4 , 0] ·

∧

NPSsignal2,nps22,nps23 ·
∧

NPSsignal1,nps12,nps13 ·
∧

BSsignal1,signal2[
π
4 , 0]];

∧

CSF1,2,3,4,5,6 · |1, 1, 1, 0, 1, 0〉;
∧

CSF1,2,3,4,5,6 · |1, 1, 1, 0, 1, 0〉;
∧

CSF1,2,3,4,5,6 · |1, 1, 1, 0, 1, 0〉;
ReleaseHold[%];ReleaseHold[%];ReleaseHold[%];
ReleaseHold[%];ReleaseHold[%];ReleaseHold[%];
ReleaseHold[%];ReleaseHold[%];ReleaseHold[%];
ReleaseHold[%];ReleaseHold[%];ReleaseHold[%];
ReleaseHold[%];ReleaseHold[%];ReleaseHold[%];
ReleaseHold[%];ReleaseHold[%];ReleaseHold[%];
ReleaseHold[%];ReleaseHold[%];ReleaseHold[%];
ReleaseHold[%];ReleaseHold[%];ReleaseHold[%];
ReleaseHold[%];ReleaseHold[%];ReleaseHold[%];
ReleaseHold[%];ReleaseHold[%];ReleaseHold[%];
ReleaseHold[%];ReleaseHold[%];ReleaseHold[%];
ReleaseHold[%];ReleaseHold[%];ReleaseHold[%];
ReleaseHold[%];ReleaseHold[%];ReleaseHold[%];
ReleaseHold[%];ReleaseHold[%];ReleaseHold[%];
ReleaseHold[%];ReleaseHold[%];ReleaseHold[%];
FullSimplify[%];FullSimplify[%];FullSimplify[%];
Chop[%]Chop[%]Chop[%]
−0.25|1, 1, P → 1, P → 0, P → 1, P → 0〉

Quantum scissors

Operator/:
∧

QSm1 ,m2 ,m3 =
∧

Pm3[0] ·
∧

Pm2[1] ·
∧

BSm2,m3[45◦, 0] ·
∧

BSm1,m2[45◦, 0];Operator/:
∧

QSm1 ,m2 ,m3 =
∧

Pm3[0] ·
∧

Pm2[1] ·
∧

BSm2,m3[45◦, 0] ·
∧

BSm1,m2[45◦, 0];Operator/:
∧

QSm1 ,m2 ,m3 =
∧

Pm3[0] ·
∧

Pm2[1] ·
∧

BSm2,m3[45◦, 0] ·
∧

BSm1,m2[45◦, 0];
∧

QS1,2,3 · Sum[αi

i! |1, 0, i〉, {i, 0, 4}] ∗ Exp[−Abs[α]∧2]/.{α→ 1};
∧

QS1,2,3 · Sum[αi

i! |1, 0, i〉, {i, 0, 4}] ∗ Exp[−Abs[α]∧2]/.{α→ 1};
∧

QS1,2,3 · Sum[αi

i! |1, 0, i〉, {i, 0, 4}] ∗ Exp[−Abs[α]∧2]/.{α→ 1};
ReleaseHold[%];ReleaseHold[%];ReleaseHold[%];
ReleaseHold[%];ReleaseHold[%];ReleaseHold[%];
ReleaseHold[%];ReleaseHold[%];ReleaseHold[%];
ReleaseHold[%];ReleaseHold[%];ReleaseHold[%];
ReleaseHold[%];ReleaseHold[%];ReleaseHold[%];
FullSimplify[%]FullSimplify[%]FullSimplify[%]
|0,P → 1,P → 0〉−|1,P → 1,P → 0〉

2e
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