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Abstract
The probability current is a vital quantity in the Fokker–Planck (FP) description
of stochastic processes. It characterizes non-equilibrium stationary states and
appears in linear response calculations. We recover and review the probability
current in the Onsager–Machlup functional approach to Markov processes by
deriving a self-contained expression in general non-equilibrium fluctuation–
dissipation relations using field theoretical methods. The derived formulas hold
for non-constant drift and diffusion tensors and are explicitly evaluated in an
Ornstein–Uhlenbeck process with non-reciprocal interactions specified as a
harmonically bound particle in shear flow. Our work clarifies the concept of
the probability current—familiar from the FP equation—in the path integral
approach.

Keywords: probability current, stochastic path integral,
Fokker–Planck equation

1. Introduction

The field of classical thermodynamics deals with the laws and principles governing the trans-
formations of many-body systems, such as heat, work, or matter exchange with the envir-
onment. These general principles, like the first or second law of thermodynamics, refer to
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macroscopic quantities. Initially, thermodynamics focused on systems in equilibrium, justi-
fied by equilibrium statistical physics. A fundamental idea here is that microstates constitut-
ing a macrostate, described by state variables like energy or entropy, are distributed according
to Gibbs–Boltzmann statistics. Close to equilibrium, linear response theory allows calculat-
ing transport properties through equilibrium correlation functions. At the heart of this is the
fluctuation–dissipation theorem (FDT) and Onsager’s reciprocal relations [1]. In the last three
decades, the development of stochastic thermodynamics [2–4] and the derivation of new exact
relations valid in non-equilibrium systems [5] have extended the validity of thermodynamics
deep into the genuine non-equilibrium regime. In thermodynamic equilibrium, the forward and
time-reversed processes occur with the same probability. In contrast, out of equilibrium, one
of them is more likely than the other, indicating irreversibility and the production of entropy.
Many of these developments are rooted in stochastic processes.

There are three commonly used descriptions of continuous stochastic dynamics. First, the
Langevin equation, which provides a microscopic equation of motion for stochastic degrees
of freedom. Second, the Fokker–Planck (FP) equation determining the evolution of the prob-
ability distribution function (pdf). Both are linked via the Kramers–Moyal expansion [6, 7].
Lastly, the path integral approach, assigning a probabilistic weight to each trajectory. These
three approaches are thought to be equivalent but complementary [8, 9]. For example, the
FP approach provides a probability current J, whose vanishing characterizes the equilibrium
state. Additionally, in the case of a non-equilibrium steady state (NESS), the probability cur-
rent determines the corrections to the equilibrium fluctuation–dissipation relations (FDRs) [7,
10]. The linear response out of equilibrium can not be understood in terms of entropy pro-
duction alone. The contribution of the frenetic components were discussed in [11, 12]. The
correction to the entropic term of the equilibrium FDT has then been identified with the dif-
ference of entropic and frenetic effects of the perturbation [13], which hence also constitutes
the probability current [14].

The richness of the literature and the insights in the origin of the probability current and
non-equilibrium response theory make it quite surprising that no derivation of the probability
current exists within the framework of the path integral approach, considering that the grow-
ing field of stochastic thermodynamics genuinely works at the level of single trajectories. In
this work, we establish a precise route to define the probability current in the path integral
approach. To accomplish this, we study the linear response of the system in its path integral
formulation and derive a formulation of the general FDR valid for non-equilibrium systems
with state dependent diffusivity and of finite dimension. It turns out to be essential to pay close
attention to the discretization of the stochastic integral. We argue that an anti-Itô discretization
leads to the probability current, as it allows expressing the difference of frenetic and entropic
components as a state variable of the transition probability.

Deriving this result, we restrict ourselves to Markov processes, where the transition prob-
ability does not depend on the history of the system, which is hence said to have no memory.
Additionally, we assume ergodicity so that the dependence on the initial state also fades away
with time. In section 2, we quickly review the FP description of Markov processes and state
the probability current. After introducing the path integral formalism in section 3, we present
results of the linear response calculation in and out of equilibrium in section 4. We derive
equations known from FP formalism in the path integral formalism and thus re-obtain the
expression for the current. Our calculations implicitly exploit that both approaches are based on
the same infinitesimal transition probabilities, which are the fundamental objects in both cases.
In section 5, we build on this fact and show that the correlation functions of general dynamical
variables in both theoretical frameworks are the same. Lastly, we consider theNESS in a simple
system under shear as an example in section 6. Related models of Ornstein–Uhlenbeck pro-
cesses (OUP) with asymmetric interactions have been formulated for active particles [15], for

2



J. Phys. A: Math. Theor. 58 (2025) 335001 V Wilhelm et al

non-reciprocal interactions [16], for a Brownian gyrator [17], and in the context of stochastic
thermodynamics [18, 19].

2. Markov-Chains and the FP approach

A stochastic process is said to possess the Markov property if the probability of a future state
xn+1 at time tn+1 only depends on the present state. For t0 < t1 < .. . < tn−1 < tn one can write
the conditional probability of the whole process as

P(xn+1, tn+1|xn, tn; ....;x0, t0) = P(xn+1, tn+1|xn, tn) . (1)

Here, the state x is a point in the sample- or phase- space W . Our case of interest is a system
of d positional degrees of freedom so thatW = Rd. Instead of labeling the coordinates (e.g. as
xα), we will use (double) scalar products signs · (:) to abbreviate summations, viz. ab : D =∑d

α,β=1 aαbβDαβ with a d× d-dimensional matrix D (d-dimensional vectors are bold). In
the following, the index j ∈ {0,1, . . .,n+ 1} labels the discretized time and the time ordered
sequence ω = {x0,x1, . . .,xn+1} represents a trajectory in the phase space defining a Markov-
chain. Assuming that step sizes in this chain are small and going to the limit of a continuous
time variation, one arrives at the FP equation for the time evolution of the transition probability
density [7]

∂tP(x, t|x0, t0) = (−∇ ·∆(x, t)+∇∇ : D (x, t)) P(x, t|x0, t0)
≡ Ω(x, t) P(x, t|x0, t0) , (2)

with the Kramers–Moyal coefficients, drift vector∆ and diffusion tensor D , and the FP oper-
ator Ω. In case of an inhomogeneous diffusion tensor, it simplifies the notation to introduce
a drift velocity which contains an additional contribution from the gradient of the diffusiv-
ity: V(x, t) =∆(x, t)−∇ ·D(x, t). Note that we condition the probability of the process by
assuming that the system was in a prepared state at t0 giving the initial value P(x, t0|x0, t0) =
δ(x− x0). The diffusion tensor D(x, t) is supposed to be positive definite, which inter alia
allows to invert it. The FP equation is the starting point of our work. General discussions of
the FP equation can be found in [6, 7]. Later on, starting in section 4, we will study the linear
response restricting the unperturbed system to be described with time-independent Kramers–
Moyal coefficients,∆(x) and D(x). The process is then assumed to be ergodic, i.e, to reach a
unique stationary distribution after the transient process.

An example clarifying the envisioned setting can be given by a Brownian particle mov-
ing in d dimensions. The drift velocity V can be interpreted by a force field F via V(x) =
1
kBT

D(x) ·F(x), where we called the prefactor kBT (thermal energy) to connect to the famil-
iar thermal equilibrium. If the forces are derived from a potential, F(x) =−∇U(x), the
(ergodic) system relaxes to thermal equilibrium after the transient process, with distribution
peq(x) = exp{−U(x)/kBT}/Zwith the partition sum Z. However, our analysis focuses on tran-
sient and NESSs, since we include the possibility of non-conservative or non-reciprocal forces.

The FP equation also takes the form of a continuity equation ∂tP=ΩP=−∇ · J in which
we defined the probability current

J=∆ P−∇ ·D P= V P−D ·∇ P . (3)

The probability current is an important quantity. Its vanishing in a stationary state is equi-
valent to satisfied detailed balance and hence to time reversibility, and thus characterizes
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equilibrium [7]; see appendix B where this connection is worked out. Its vanishing when
the potential conditions hold can easily be shown: Jeq(x) =∆(x)peq(x)−∇ ·D(x) peq(x) =(
V(x)− 1

kBT
D(x) ·F(x)

)
peq(x) = 0.

Finally, taking the average of a state observable A(x) at time t is given by performing the
d-dimensional integral over all possible states weighted with the time-dependent pdf

(A)(t) =
ˆ

dxA(x)P(x, t|x0, t0) . (4)

Because of the initial condition of the stochastic process, the variable takes the value (A)(t0) =
A(x0) at t0. Similarly, a correlation function of two observables A,B is given by

(A(t2) ,B(t1)) =
ˆ

dx2dx1A(x2)B(x1)P2 (x2, t2;x1, t1|x0, t0) . (5)

The P2(x2, t2;x1, t1|x0, t0) is the joint probability distribution of the pairs (x2, t2) and (x1, t1).
For t2 > t1 > t0 it can be expressed with the solution of the FP equation as

P2 (x2, t2;x1, t1|x0, t0) = P(x2, t2|x1, t1) P(x1, t1|x0, t0) . (6)

Note that averages in the FP approach are indicated by round brackets.

3. Stochastic path integral formalism

Generally, a path integral formalism can be developed in analogy to the stochastic evolution
equation of the pdf, and the approaches are equivalent to each other [8, 9]. Often, the path
integral formalism, which is in many cases the basis in field theory, enables established dia-
grammatic perturbation theory and allows exploiting numerical tools like the Path Integral
Monte Carlo method. Thus, it is desirable to recover J in this formalism as well.

There are different methods to express the transition probability for Markov processes as a
path integral over all the trajectories leading from the initial x0 at t0 to the final state xn+1 = x
at tn+1 ≡ t [20–25]. One instructive possibility is to apply the Chapman–Kolmogorov relation
for conditional probabilities multiple times

P(xn+1, t|x0, t0) =
ˆ

dxn · · · dx1P(xn+1, t|xn, tn) · · ·P(x1, t1|x0, t0) . (7)

Here, we set tj = j ·∆t+ t0. Taking the limit ti+1 − ti =∆t→ 0, one finds

P(x, t|x0, t0) =
x(t)=xn+1ˆ

x(t0)=x0

Dω exp(−SOM [ω]). (8)

Where SOM is the action, which arises from the discretized FP equation. It is the so called
Onsager–Machlup functional [7, 25–29]:

SOM =
n+1∑
j=1

{
∆t
4

(
xj− xj−1

∆t
−V(α) (xj, tj)

)
·D−1 (xj, tj) ·

(
xj− xj−1

∆t
−V(α) (xj, tj)

)
+∆t

(
α [∇j ·∆(xj, tj)]−α2 [∇j∇j : D (xj, tj)]

)}
. (9)
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One integrates over all possible paths from the initial to the final state. The measure in the
above equation reads

Dω = lim
n→∞

1√
(4π∆t)d |D (xn+1) |

n∏
j=1

dxj√
(4π∆t)d |D (xj) |

. (10)

Here, the |D(xj)| denotes the determinant of the Kramers–Moyal diffusion matrix at state xj;
note that we postulated that it is positive. The limit is understood as n→∞ and∆t→ 0 such
that t− t0 is fixed. The additional factor to the left of the product sign in equation (10) ensures
the normalization

´
dxn+1P(xn+1, t|x0, t0) = 1. Different discretization conventions are used.

They enter via

xj = αxj+(1−α)xj−1, (11)

for α ∈ [0,1]. Derivatives with respect to these mid-points carry an index, viz. ∇j =
∂
∂xj

,
in order to differentiate them from the gradients appearing e.g. in the FP equation (2). A
dependence on the discretization naturally enters via α∇j =

∂
∂xj

. It affects the discretized drift

velocity, V(α)(xj, tj) =∆(xj, tj)− 2α∇j ·D(xj, tj) = V(xj, tj)+ (1− 2α)∇j ·D(xj, tj) and the
second line in equation (9). It suggests the useful abbreviation A(α)(xj, tj) = α∇j ·∆(xj, tj)−
α2∇j∇j : D(xj, tj). The second line in equation (9) ensures that all different discretizations are
equivalent [28]. However, they hold different benefits [30]. From the twomost often used ones,
the Itô-convention α= 0 leads to simpler diagrammatics, while the Stratonovich convention
α= 1

2 , simplifies considerations involving the time-reversed process. Moreover, the drift velo-
city takes the value expected from the FP equation for α= 1

2 . The Hänggi–Klimontovich or
anti-Itô discretization α= 1 is most useful for connecting to the probability current of the FP
approach. The reason for this will become clear in section 4.3.

3.1. On the discretization dependence of the action SOM[ω]

The dependence on the discretization survives in the formal limit of continuous trajectories.
For ∆t→ 0, where xj → x(t) holds, one can write the action in equation (9) as

SOM [ω] =

ˆ t

t0

dτ
4

{[
ẋ(τ)−V(α) (x(τ) , τ)+

]T
·D−1 (x(τ) , τ)

·
[
ẋ(τ)−V(α) (x(τ) , τ)

]
+A(α) (x(τ) , τ)

}
. (12)

However, this is just a notational abbreviation, making the chosen discretization scheme
opaque. It may be worthwhile to illuminate the origin of the discretization dependence start-
ing from the FP equation. Most often it is argued starting from the known ambiguity of the
stochastic differential equation [25]. Here, we take a different path and argue that the α-
ambiguity already enters when deriving the path integral from equation (7). Thus, we consider
the short time solution of equation (2) for∆t→ 0. It reads:

P(xj, tj|xj−1, tj−∆t)≈
ˆ

dk

(2π)d
(1+∆t Ω(xj, tj))eik·(xj−xj−1) .

5
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Here, we used the Fourier-representation of the initial condition, viz. the Dirac-delta. After
introducing the shifted positions xj according to equation (11), the derivatives with respect to
xj measure the changes of the Kramers–Moyal coefficients during the infinitesimal step. We
hence find for the transition probability up to errors in∆t2:

P(xj, tj|xj−1, tj−∆t)≈
ˆ

dk

(2π)d
(
1+∆t

[
−α [∇j ·∆(xj, tj)]+α2 [∇j∇j : D (xj, tj)]

−ik ·∆(xj, tj)+ 2iα [k∇ : D (xj, tj)]− kk : D (xj, tj)])eik·(xj−xj−1) .
(13)

The square brackets around spatial derivatives of the first and second Kramers–Moyal coeffi-
cients indicate that the derivative only acts on them. As∆t→ 0 is considered, the bracket can
be regarded as an expanded exponential (again up to errors of order∆t2)

P(xj, tj|xj−1, tj−∆t)≈
ˆ

dk

(2π)d
exp

{
ik · (xj− xj−1)

−∆t
[
A(α) (xj, tj)+ ik ·V(α) (xj, tj)+ kk : D (xj, tj)

]}
. (14)

It is written with the abbreviations from above. The last step to construct the path integ-
ral from the general FP equation with α-discretization is to use the Chapman–Kolmogorov
equation (7). Performing the calculation directly with equation (14) would lead to a path integ-
ral of theMartin–Siggia–Rose–DeDominici–Jansen (MSRDJ) formalism [8, 9]. To obtain the
Onsager–Machlup path integral from equation (14), one applies a Hubbard-Stratonovich trans-
formation on the transition probability for an infinitesimal time step (viz. one performs the
Gaussian integral over k) and uses the Chapman–Kolmogorov procedure to construct the full
path integral. The result is summarized in equations (8)–(10). The sketch of this derivation
justifies its dependence on the discretization.

As preparation for later, the derivative of the transition probability with respect to its final
position, ∂/∂xP(x, t|x0, t0) can readily be determined with the present formulae. As x= xn+1

only enters in the last time-slice, it suffices to consider the short-time transition probability
(equation (14)) connecting the last two time points:

∂

∂xn+1
P(xn+1, tn+1|xn, tn)

≈
ˆ

dk
(2π)d

[
ik−∆t

(
∂A(α)(xn+1, tn+1)

∂xn+1

+ ik · ∂V
(α)(xn+1, tn+1)

∂xn+1
+ kk :

∂D(xn+1, tn+1)

∂xn+1

)]
exp

{
ik · (xn+1 − xn)

+∆t
[
A(α) (xn+1, tn+1)− ik ·V(α) (xn+1, tn+1)− kk : D (xn+1, tn+1)

]}
. (15)

6
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The Gaussian k-integral can be performed by completing the square. In the limit of ∆t→
0, only the factor ik survives in the big square bracket in the prefactor of the exponential.
Collecting all terms and building the OM path integral via equation (7) leads to the gradient
of the pdf

∂

∂x
P(x, t|x0, t0) =

−1
2

x(t)ˆ

x(t0)

Dω

(
xn+1 − xn

∆t
−V(α) (xn+1, tn+1)

)
·D−1 (xn+1, tn+1) e

−SOM[ω] . (16)

This result can be interpreted after multiplying through with the diffusion tensor (possible for
α= 0). It states that a diffusive current (viz.D ·∇P) arises from the expected difference of the
velocity to the current drift velocity (viz. ⟨ẋ−V⟩).

3.2. Averages and correlation functions

Continuing with the formulation of the path integral approach, averages and correlation func-
tions need to be defined. Averages over observables in the field theory are marked with pointed
brackets and can be calculated according to

⟨A(t)⟩=
ˆ
x(t0)

D̃ωA(x(t))exp(−SOM [ω]) . (17)

Where SOM is the action functional of the trajectories ω leading from the initial configuration
x(t0) to the final state x(t). Note that D̃ω understands also an integration over the final state,
in accordance with equation (4). Similarly, we define correlation functions for t2 > t1 > t0 as

⟨A(t2) ,B(t1)⟩=
ˆ
x(t0)

D̃ωA(x(t2)) B(x(t1))e−SOM[ω]. (18)

As in the FP approach, we assume that the system was in a prepared state x0 = x(t0) at t0. This
is explicitly included in the formalism, since one does not average over the initial state in the
equations (17) and (18) and already in (8).

One should keep in mind that the stochastic path integral is defined for discrete time steps.
However, in the following we will also use the continuous limit ∆t→ 0. Nevertheless, this is
just a short notation for the discrete process introduced above. Any potentially unclarities can
be resolved by going back to the discrete notation.

4. Linear response and probability current

4.1. Linear response setting

Now, we have set the stage by introducing the formalism. Hereinafter, we ask how averages are
affected by small perturbations applied to the system. In the example of a Brownian particle, we
consider a shift in the force field, F→ F+∇B(x)h(t), by a conservative force modulated by
a function of time h(t) that is assumed to render the perturbation small against the unperturbed
or reference system. In an equilibrium system, a constant field h(t) = h(s) changes the energy

7
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to U(x)−B(x)h(s). In the general case, the time-dependent perturbation gives a change in the
Kramers–Moyal drift moment

∆(x, t)→∆(x)+
1
kBT

D (x) · [∇B(x)] h(t) . (19)

Let us stress again that the prefactor, the inverse thermal energy, is chosen solely in order to
allow the interpretation of B and h as set of thermodynamically conjugate variables. Examples
would be density and chemical potential, or stress and external strain. In the general case we
consider, any other units could be chosen for B and h. As announced in section 2, the unper-
turbed system shall, from now on, be characterized by time-independent drift and diffusion
terms. We consider a perturbation turned on at t ′ ⩾ t0 arbitrarily late after the preparation time
t0. The (negative) change in the action compared to the reference action in first order of h is
denoted by δSh. In linear response, the perturbation causes the following change in the expect-
ation value of an observable A

⟨∆A(t)⟩l.r. ≡ ⟨A(t)⟩l.r. −⟨A(t)⟩0 =
ˆ
x(t0)

D̃ω A(x(t))
(
eδSh[ω] − 1

)
e−SOM[ω]

=

ˆ
x(t0)

D̃ω A(x(t))δSh [ω]e
−SOM[ω] +O

(
h2
)
. (20)

Here, the index 0 indicates the average over the unperturbed reference system. The lower bound
of the integral remains x(t0) even though the perturbation is zero for times smaller t′ since the
action SOM[ω] still depends on x0. The change in the action reads

δSh =
n+1∑
j=1

∆t
2kBT

hj

[(
xj− xj−1

∆t
−∆(xj)

)
· [∇jB(xj)]

− 2α D (xj) : [∇j∇jB(xj)]
]
+O

(
h2
)
, (21)

with h(tj) = 0 for tj < t ′ and abbreviation hj = h(tj). Notably, the integrand, i.e. the perturbed
part of the Lagrangian, does not depend on derivatives of h(t ′) and hence features no potential
divergence at t′. Thus, we do not have to require that the perturbation is switched on smoothly.
Additionally, we remark that the causality of the response function is naturally incorporated
in the path integral description. More concretely, due to the normalization of the path integral,
one finds for tj > t

∂⟨∆A(t)⟩l.r.

∂hj
= 0 . (22)

Around thermal equilibrium, the linear response is given by the FDT [31–33]

⟨∆A(t)⟩l.r.eq =
1
kBT

ˆ t

t′
h(τ)

d
dτ

⟨A(t) ,B(τ)⟩eq dτ , (23)

where the bracket on the right-hand side is an equilibrium correlation function, and the FDT
relates the magnitude of the perturbation to the time derivative of the correlation function of
equilibrium fluctuations; the prefactor is set by the inverse of the thermal noise strength kBT.
The FDT is directly related to Onsager’s regression hypothesis, stating that the relaxation of

8
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a fluctuation caused by a small perturbation driving the system out of equilibrium follows the
same laws as the dynamics of fluctuations in the unperturbed thermal system.

Out of equilibrium, the probability current in the FP description determines the leading
correction [7, 10] (note that we use ⟨⟩-brackets for the linear response expectations also in the
FP framework)

⟨∆A(t)⟩l.r. = 1
kBT

ˆ t

t′
dτ h(τ)

(
d
dτ

(A(t) ,B(τ))0 −
(
A(t) , Ĵ(τ) · [∇B(τ)]

)
0

)
. (24)

with the probability current function Ĵ defined via J(x, t) = Ĵ(x, t)P(x, t|x0, t0) and J from
equation (3). Again, the index 0 indicates averaging over the unperturbed probability distribu-
tion. Note that the probability flux appears in a measurable quantity in equation (24) [34–36].
For reference, we provide a derivation of the general FDR equation (24) in the FP frame-
work in appendix A. It was shown in [37] that this modified FDT close to a stationary non-
equilibrium state can be obtained from general fluctuation relations like the Crooks or the
Jarzynski relation [5, 38, 39]. Furthermore, the authors of [37] interpreted equation (24) by
showing that the non-equilibrium FDR reduces to the equilibrium FDT when considering the
Lagrangian frame moving with Ĵ. However, practically, equation (24) is often of little use as
it requires the knowledge of the probability distribution or the solution of the FP equation (2).
This motivates dynamical approaches [13, 40, 41].

In the following, we re-derive the probability current in a trajectory-based approach arbit-
rarily far from equilibrium. For that, we split the perturbation in two terms, δSh [ω] = E [ω] +
F [ω]. While this splitting may seem arbitrary at first, it becomes unique when requiring that
E[ω] is the component of δSh[ω], which can be written as a total time derivative of the field B
conjugate to the external perturbation h. One can then write

ˆ xn+1

x0

Dω E [ω]e−SOM[ω] =
1

2kBT

ˆ xn+1

x0

Dω
n+1∑
j=1

∆thj
∆B(xj)
∆t

e−SOM[ω] −→
∆t→0

1
2kBT

ˆ xn+1

x0

Dω

×
(
htB(x(t))− ht′B(x(t ′))−

ˆ t

t′
dτ

dhτ
dτ

B(x(τ))
)
e−SOM[ω].

(25)

The first two terms in the last line specify the energy difference between the start and end point,
while the integral quantifies the performed work on a trajectory [14]. Hence, E[ω] can be iden-
tified with the excess entropy. Equation (23) suggests that E [ω] constitutes the equilibrium
FDT stated in equation (23). The remainder F [ω] has been labeled the frenetic component of
the perturbation [11, 33]. In the next subsection, we state the discretized path variable expres-
sion for E[ω] and F[ω] and derive equation (25).

4.2. The manifestation of stochastic calculus in the path integral formalism

As announced, we decompose the perturbed action δSh[ω] in the two parts E[ω] and F[ω]. To
be specific, they read for arbitrary discretizations α:

E [ω] =
n+1∑
j=1

∆t
2kBT

hj

{(
xj− xj−1

∆t

)
·∇jB(xj)− (2α− 1)D (xj) :∇j∇jB(xj)

}
, (26a)

F [ω] =−
n+1∑
j=1

∆t
2kBT

hj {∆(xj) ·∇jB(xj)+D (xj) :∇j∇jB(xj)} . (26b)

9
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The splitting is done such that the discretized expression of E[ω] leads to equation (25), as
will be proven in this section. This also substantiates the interpretation that E[ω] represents the
excess entropy due to the perturbation.

Showing that E[ω] contains a total time derivative involves proving a generalization of Itô’s
lemma in the path integral formalism. We prepare our considerations by looking at the total
derivative of B(x(τ)) with t0 ⩽ τ ⩽ t:

∆B(x(τ)) = B(x(τ))−B(x(τ −∆t))

= ∆x · ∂B(x(τ −∆t))
∂x(τ −∆t)

+
1
2
∆x∆x :

∂2B(x(τ −∆t))
∂x(τ −∆t)∂x(τ −∆t)

+ . . . . (27)

Here, we wrote ∆x= x(τ)− x(τ −∆t). The three dots at the end of the previous equation
refer to additional terms proportional to (∆x)m with m> 2. As it turns out, all of these higher-
order terms are negligible. In the standard rules of calculus, one additionally has∆x∆x≪∆x
for∆t→ 0. However, this is no longer true in the presence of diffusive motion. To prove this,
we look at the general case. Setting x(t) = xj, x(t−∆t) = xj−1 and ∆xj = xj− xj−1, we get
from equation (13) for∆t→ 0:
ˆ xj

x0

Dωe−SOM[ω] (∆xj)
m ∆t→0−→

ˆ
dk

(2π)d
P̃
[
1−∆tkk : D (xj)+∆tA(α) (xj)

]
(∆x)m e−i∆tk·vj

=−
ˆ

dk

(2π)d
P̃∆tkk : D (xj)(∆xj)

m e−i∆tk·vj +O (∆tm)

= 2∆t
ˆ

dk

(2π)d
P̃D (xj)(∆xj)

m−2 e−i∆tk·vj +O (∆tm) . (28)

Here, we have introduced the operator P̃=
´
dxj−1P(xj−1, tj−1|x0, t0)

(
· ··) to shorten the nota-

tion. The dots
(
· ··) represent additional terms depending on xj and xj−1. Additionally, we

abbreviated vj ≡− xj−xj−1

∆t +V(α)(xj). Notably, equation (28) holds independent of the dis-
cretization. Thus, in the limit ∆t→ 0, the last two equations recover Itô’s Lemma under the
integral:
ˆ xj

x0

Dω
∆B(xj)
∆t

e−SOM[ω]

∆t→0−→
ˆ xj

x0

Dω

{
∆xj
∆t

·
∂B(xj−1)

∂xj−1
+D (xj−1) :

∂2B(xj−1)

∂xj−1∂xj−1

}
e−SOM[ω] (29)

The evaluation of the terms at xj−1 indicates the correspondence to the Itô-discretization α= 0
[42]. To get the total derivative for an arbitrary discretization α, we use xj−1 = xj−α∆xj. A
simple Taylor expansion gives

∂B(xj−1)

∂xj−1
=

∂

∂xj−1
B(xj−α∆xj) =∇jB(xj)−α∇j∇jB(xj) ·∆xj+O (∆t) ,

∂2B(xj−1)

∂xj−1∂xj−1
=

∂2

∂xj−1∂xj−1
B(xj−α∆xj) =∇j∇jB(xj)+O (∆t) . (30)

Here, we anticipated that higher order terms become negligible under the integral as implied
by equation (28). Thus, we find the discretization-dependent generalization of Itô’s Lemma

10
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known for stochastic differential equations [43]:

ˆ xj

x0

Dω
∆B(xj)
∆t

e−SOM[ω] ∆t→0−→
ˆ xj

x0

Dω

{
∆xj
∆t

· [∇jB(xj)]+ (1− 2α)D (xj) : [∇j∇jB(xj)]
}
e−SOM[ω] . (31)

Notably, the correction term caused by shifting the arguments vanishes for α= 1/2. This is
why the Stratonovich convention is convenient for studying the entropic E[ω] and the frenetic
F[ω] components [3, 14, 29]. However, we proceed considering general α–discretizations.
Equation (31) provides the searched-for derivation of equation (25); viz it shows that ∆B(xj)

∆t →
dB(x(τ)
dτ appears in the E[ω] of equation (26a), and thus, justifies equation (25). It also provided

the rationale for splitting δSh into E+F in equation (26a). The general linear response result
equation (20) can now be written using equations (26a) and (31) as

⟨∆A(t)⟩l.r. =
ˆ t

t′
dτ
h(τ)
kBT

d
dτ

⟨A(x(t)) ,B(x(τ))⟩0

+

ˆ
x(t0)

D̃ωA(x(t))(F [ω]−E [ω])e−SOM[ω]. (32)

Here, we identified (xj, tj)→ x(τ). In section 4.3, we show how the second term, including
(F[ω]−E[ω]), can be expressed with the probability current J. The case of perturbing around
equilibrium can be found in appendix B.

4.3. Recovering the probability current

According to equation (32), the out-of-equilibrium contribution to the FDT of a single traject-
ory is given by the difference between the entropic and the frenetic component:

E [ω]−F [ω] =
1
kBT

n+1∑
j=1

hj∆tX
(α)
B (xj) . (33)

Here, we introduced the α-dependent path-variable

X(α)
B (xj) =

1
2

(
xj− xj−1

∆t
+∆(xj)

)
· [∇jB(xj)]+ (1−α)D (xj) : [∇j∇jB(xj)]

=
1
2

(
xj− xj−1

∆t
−V(α) (xj)+ 2V(xj)

)
· [∇jB(xj)]

+ (1−α) [∇j ·D (xj) · [∇jB(xj)]] . (34)

Our goal is to express the path variable X(α)
B [ω] with the state variable J(x, t) defined in

equation (3). For that, we split up the action as SOM[ω] = S(1)
OM[ω[t0,tj]] +S(2)

OM[ω[tj,tn+1]] for
an arbitrary t0 ⩽ tj ⩽ tn+1; recall the later mapping tj → τ and tn+1 → t. We use a similar
partitioning for the measure

´
x0
D̃ω(· · ·) =

´
dxj
´
xj
D̃ω
´ xj
x0
Dω(· · ·). Equation (16) enables us

11
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to replace the discretized velocity in X(α)
B with the gradient of the pdf. Thus, equation (32)

leads to

−
ˆ

D̃ωA(x(t))(F [ω]−E [ω])e−SOM[ω]

=
n+1∑
j=1

∆thj
kBT

ˆ
x0

D̃ωA(x(t))X(α)
B (xj)e−SOM[ω]

=
n+1∑
j=1

∆t
kBT

hj

ˆ
dxA(x)

ˆ
dxjP(x, tn+1|xj, tj)

×
{
(1−α)

ˆ xj

x0

Dω [∇j ·D (xj) · [∇jB(xj)]]e
−S(1)

OM

[
ω[t0,tj]

]

+

ˆ xj

x0

Dω

(
V(xj)+

1
2

[
xj− xj−1

∆t
−V(α) (xj)

])
e
−S(1)

OM

[
ω[t0,tj]

]
· [∇jB(xj)]

}
. (35)

Here, we wrote
´ x
xj
Dω exp{−S(2)

OM[ω[tj,tn+1]]}= P(x, tn+1|xj, tj). It is impossible to write the

second and third lines concisely with the transition probability P(xj, tj|x0, t0) for general α.
However, this is different in the Hänggi–Klimontovich or anti-Itô discretization α= 1. In this
convention, the third line vanishes and, using equation (16), we recover

−
ˆ

D̃ωA(x(t))(F[ω]−E[ω])e−SOM[ω] =

n+1∑
j=1

∆thj
kBT

ˆ
dx
ˆ

dxjA(x)

×P(x, tn+1|xj, tj){∆(xj)P(xj, tj|x0, t0)
−[∇ ·D (xj)P(xj, t|x0, t0)]} · [∇B(xj)]

∆t→0−→ 1
kBT

ˆ t

t0

dτh(τ)⟨A(x(t)) , Ĵ(x(τ)) · [∇B(x(τ))]⟩0 .

(36)

Here, the α= 1 convention is indicated by the arguments only depending on xj, the later time
point in the infinitesimal transition pdf (equation (14)). Notably, the square bracket in the
second line indicates that the spatial derivative ∇ only acts on the diffusion tensor and the
transition probability, i.e. ∇·DP. In the last line, we identified the probability current in the
path integral formalism:

J(x(τ)) = Ĵ(x(τ))P(x(τ) , τ |x0, t0) ,
Ĵ(x(τ)) =∆(x(τ))−∇ ·D (x(τ))−D (x(τ)) ·∇ log{P(x(τ) , τ |x0, t0)} . (37)

Here, the reformulation of equation (3) in the second line applies where P(x, τ |x0, t0)> 0
holds. When ergodicity is assumed, this is always true after waiting long enough. It is reassur-
ing that equation (37) agrees with the FP linear response theory result derived in appendix A.
In [7], the linear response was calculated around a steady state. The assumption of a time-
independent probability distribution was essential for the derivation. In our consideration, the
transient regime becomes accessible.

We have successfully derived the probability current in the path integral formalism. Setting
α= 1 was essential to recover the probability current J as a state variable and its Markovian
character. In the next section, we further comment on the relation between the correlation
functions in both approaches.

12
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5. Equivalence of the stationary correlation functions

The previous sections have implicitly exploited a deeper relation of the FP and the functional
integral formalism. As described in section 3, in both cases the transition probability for infin-
itely small time steps∆t reads

P(x, t+∆t|x ′, t) =exp
(
Ω(x, t)∆t+O

(
∆t2

))
δ (x− x ′) , (38)

where the Dirac distribution δ(x− x ′) enforces that the two states are equal at zero time-
difference. This short time expansion combined with the steps described in section 3 leads to
the functional integral expression (9). Hence, the transition probabilities in both formalisms are
the same. Secondly, pst(x) = lim

t0→−∞
P(x, t|x0, t0) is generally true for a fully connected system

with time-independent Ω(x). This is the so-called H-theorem, valid for ergodic systems [44].
Hence, pst(x) obtained from lim

t0→−∞
P(x, t|x0, t0) is a solution of the FP equation. Thus, it is not

surprising that the averages and the correlation functions introduced in the FP and functional
integral approaches are actually fully equivalent. One has

(A)(t) = ⟨A(t)⟩ , and (A(t2) ,B(t1)) = ⟨A(t2) ,B(t1)⟩ , (39)

for e.g. the correlation functions defined in equations (5) and (18). This equivalence allows
choosing either of the two frameworks depending on the problem at hand. This becomes useful
for formal proofs. For example, in the FP approach, the positivity of the spectrum of an autocor-
relation function has, to our knowledge, only been proven in equilibrium [7]. However, exploit-
ing the path integral formalism allows proving that the spectrum is positive also for stationary
autocorrelation functions out of equilibrium. Assuming that the system at the time of the earlier
fluctuation, say t1, has already decayed into a stationary state, viz P(x1, t1|x0, t0) = pst(x1), one
may take the limit t0 →−∞ first, and then do a Fourier transformation over a finite time win-
dow 2T. In the limit of T→∞ one finds (note that here we explicitly assume complex variables
and set B= A∗)

KAA (ν) = lim
T→∞

ˆ T

−T
dt2dt1⟨A(t2) ,A∗ (t1)⟩eiν(t2−t1)

=

ˆ
D̃ω

∣∣∣∣ˆ ∞

−∞
dtA(x(t))eiνt

∣∣∣∣2 e−S[ω] ≥ 0 , (40)

with the frequency ν. This holds since an autocorrelation function in the time domain depends
only on the time difference t2 − t1 due to stationarity.

6. Example: shear flow

Our calculations further strengthen the general consensus that the FP approach and the
stochastic path integral formalism are equivalent. We continue demonstrating this by an ana-
lytical example, the OUP of an optically trapped colloid in shear flow [45]. We determine the
non-equilibrium corrections to the FDT by calculating the probability current [46]. To be spe-
cific, we consider a particle in a harmonic potential with coupling constant λ. Furthermore,
the particle is suspended in a 2D driven viscous fluid. The solvent flows in x̂ direction and
the strength of the current is proportional to the elongation in the ŷ direction. The shear rate

13
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γ̇ = ∂ux
∂y of the velocity is assumed constant. This leads to a drift term ∆=−γ · r, linear in

the state variable r= (x,y)T and

γ =

(
λ −γ̇
0 λ

)
. (41)

The superscripted T denotes the transpose of a matrix or vector. Furthermore, we assume a
homogeneous diffusion tensor D = D012 with 12 the unit 2× 2 matrix. This model has been
studied in the setting of stochastic thermodynamics [18, 19]. The probability current has been
calculated in the FP approach in [7]. There, the density was obtained from a Gaussian Ansatz
pst ∝ exp(−rTσ−1r/2). From the FP equation, one finds the variance

σ−1 =
λ

D0

1
1+ γ̃2

(
1 −γ̃
−γ̃ 1+ 2γ̃2

)
, (42)

with γ̃ = γ̇
2λ . The result of the stationary probability current Ĵst, which appears in the response

function (see equation (24)) then follows as:

Ĵst =∆−D0∇ logpst =−γ · r+D0σ
−1 · r. (43)

After recalling the FP textbook results, we turn to the field theory and calculate the transition
probability P(r, t|r0, t0) for the path integral approach in the anti-Itô discretization. It should be
mentioned that the choice of discretization in the example at hand ensures the normalization
of the transition probability and thus the calculation of the correct pdf and current. In order
to find an α-dependent difference between the linear response and the non-equilibrium FDR
equation (32) with (36) would require a nonlinear perturbation D · [∇B], see equation (35).
Nonetheless, in accordance with our considerations in the previous two sections, we choose
the anti-Itô convention, as then the final expression in a linear response calculation generally
coincides with the FDR of the FP theory. In the Onsager–Machlup path integral formalism,
the transition probability reads

P(r, t|r0, t0) = e2n∆tλ
ˆ

Dω exp

−
n∑

j=0

1
4D0∆t

(12 +∆tγ
)︸ ︷︷ ︸

≡A

· rj+1 − rj


2 , (44)

with rn+1 ≡ r. The first factor on the right hand side results from the chosen discretization

scheme and is essential for the normalization
´
drP(r, t|r0, t0)

!
= 1. In order to solve the occur-

ring 2n integrals, we first perform a Hubbard-Stratonovich transformation and then calculate
the transition probability using the MSRDJ path integral

P(r, t|r0, t0) =
ˆ

DRDK
ˆ

dkn+1

4π2
e−SMSRDJ[R,K]e2n∆tλ ,

SMSRDJ [R,K] =
n∑

j=0

(
ikTj+1 · [A · rj+1 − rj] +∆tD0|kj+1|2

)
.

(45)

Here, we defined RT = (rT1 , . . .,r
T
n) and K

T = (kT1 , . . .,k
T
n), where the 2D real variable k is the

so-called response field of the MSRDJ functional. Furthermore, we set DR=
∏n

j=1 drj and

14
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DK=
∏n

j=1
dkj

(2π)2 . To perform the first 4n integrals, we introduce the 4n× 4n matrix

M =

(
0 ·12n iBT

iB 2D0∆t ·12n

)
, (46)

where the matrixB ∈ R2n×2n can be written as a n× nmatrix with the matrixA on its diagonal
entries and the negative identity matrix−12 on the first lower off-diagonal line. The remaining
entries are zero. The action can be rewritten as

SMSRDJ =
1
2

(
RT,KT

)
·M ·

(
R
K

)
− iyT ·

(
R
K

)
+ ikTn+1 ·A · rn+1 −∆tD0|kn+1|2 , (47)

yT =

0, . . .,0︸ ︷︷ ︸
n−1

,kn+1,r0,0, . . .,0︸ ︷︷ ︸
n−1

 . (48)

Due to the simple structures of the matrixM and the bi-diagonal matrix B one can determine
their inverses. The inverse of B can be calculated with the Neumann series and the inverse of
M then follows immediately from the well-known formulae for the inversion of 2× 2 block
matrices. After performing the integrals over R and K, one ends up with

P(r, t|r0, t0) =
ˆ

dkn+1

4π2
e−ikTn+1·A ·rn+1−2ikTn+1·G (t−t0)·r0

× e−D0k
T
n+1·
´ t−t0
0 dt ′G(t ′)·G(t ′)

T·kn+1e∆tλ . (49)

Here, the Green’s function reads in the limit∆t→ 0

G (t− t0) = A−n =
∆t→0

e−λ(t−t0)

(
1 γ̇ (t− t0)
0 1

)
. (50)

It serves as a check that this expression for the transition probability is equivalent to the one
derived in the FP approach [7] at least for ∆t→ 0. Since the dependency on the initial state
vanishes exponentially, we find for t0 →−∞ the correctly normalized stationary probability
distribution

pst (r) = lim
t0→−∞

P(r, t|r0, t0) =
λ

2πD0

exp
[
−rTσ−1r/2

]√
1+ γ̃2

, (51)

where the variance of the displacements results from

σ = lim
t0→−∞

2D0

ˆ t−t0

0
dt ′G (t ′) ·G (t ′)

T
.

In summary, for∆t→ 0 and t0 →−∞, the same probability current (see equation (43)) as in
the FP approach is found from equation (37). It is noteworthy that the general harmonic case,
even for a many-body system, can be solved similarly as the calculation is not restricted to
two dimensions [7]. Perturbation theory then allows calculating any transition probability to
arbitrary precision for systems that can be understood as a perturbed Gaussian systems. Hence,
using the tools presented in this section, the probability current can be calculated analytically
for such systems.
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7. Conclusion

We have successfully demonstrated that the non-equilibrium FDR can be rigorously recovered
from the path integral formalism, supplementing and complementing previous work [11, 14].
Included in this extension of the FDT is the non-equilibrium probability current, which nat-
urally emerges from field theory in the extension of the response function to non-equilibrium
conditions. Its form had been known in the FP approach, and working out the conceptual steps
to derive it in a path integral representation is our main result. Our FDR also covers the transi-
ent process of relaxation from a prepared initial condition into the stationary state. It links path
integral and FP theory, supporting once more their equivalence. Our calculations, explicitly
equation (32), reveal that the probability current is related to the perturbed action of the time
reversed trajectories. Due to the assumed ergodicity, our expression for the probability current
converges to the known stationary expression after initial transient processes can be neglected.
Generally, ergodicity is the main assumption of our approach. Extending it to driven systems,
with time-dependent drift velocity, and to systems with reversible drift currents, seem inter-
esting next steps. Based on the recent identification of the probability flux in master equations
[14], also the generalization to the corresponding Doi–Peliti functional integral formulation
[8] would be of interest.

In the path integral approach, it is vital that the freedom of choosing the discretization most
useful for the calculation at hand has to be accompanied by the appropriate correction terms
originating from the stochastic nature of the process. Then, the unique expression of the FP
approach is recovered. Interestingly, the Onsager–Machlup path integral is related to the FP
equation via the so-called Feynman–Kac formula [27]. It states that the solution to a second
order partial differential equation can be obtained by the expectation value of a solution to
a stochastic differential equation, where the latter obeys the rules of stochastic calculus. Not
surprisingly, the path integral calculation also requires a discretization-dependent stochastic
chain rule of differentiation (viz. Equation (31)) known from Itô’s lemma. The probability cur-
rent can then be observed in the Hänggi–Klimontovich discretization (α= 1). As an outlook,
we note the extension of the functional integral approach to nonlinear response [47], where
the role of a finite probability current can now be explored.
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Appendix A. Fokker–Planck (FP) linear response with inhomogeneous
diffusion

For preparing the comparison with the path integral calculation, we provide the derivation
of the linear response relation equation (24) in the FP setting. Starting from the FP equation
(equation (2)) with time-independent Kramers–Moyal coefficients, the perturbation of the drift
term given in equation (19), leads to a change in the time-evolution operator for t⩾ t ′

δΩ(x, t) =− 1
kBT

∇·D (x) · [∇B(x)] h(t) . (A.1)

With the solution of the unperturbed system: P(x, t|x0, t0) = exp{Ω(x)(t− t0)}δ(x− x0), the
change in the transition probability linear in the external field h(t) reads

δP(x, t|x0, t0) =
ˆ t

t′
eΩ(x)(t−τ) δΩ(x, τ) eΩ(x)(τ−t ′)P(x, t ′|x0, t0) dτ +O

(
h2
)
. (A.2)

The linear change in an arbitrary variable A, defined in equation (20), thus becomes

⟨∆A(t)⟩l.r. = −1
kBT

ˆ t

t′
dτh(τ)

(
AeΩ(t−τ)∇·D · [∇B] eΩ(τ−t ′)

)
(t ′)

, (A.3)

where operators act to anything on the right, including the pdf P(x, t ′|x0, t0) that provides
the averaging, if not marked differently by square bracket. A side calculation establishes the
required decomposition of the quantity containing B in the last equation. Based on

(BΩ−ΩB)P= [∇B] · ((∆−∇ ·D)P)−∇ · (D · [∇B]P)
= [∇B] · J−∇ · (D · [∇B]P) , (A.4)

where the probability current from equation (3) appeared, one immediately finds with the
expression Ĵ(x, t ′) = (1/P(x, t ′|x0, t0))(∆(x)−∇ ·D(x))P(x, t ′|x0, t0):

⟨∆A(t)⟩l.r. = −1
kBT

ˆ t

t′
dτ h(τ)

(
AeΩ(t−τ)

{
ΩB−BΩ+ [∇B] · Ĵ

}
eΩ(τ−t ′)

)
(t ′)

. (A.5)

Now, the pdf that provides the averaging can be propagated up to τ :

P(x, τ |x0, t0) = eΩ(τ−t ′)P(x, t ′|x0, t0) . (A.6)

Now, the first two terms in the curly bracket in equation (A.5) can be identified as the negative
τ -derivative. These steps lead to the FDR in the main text, viz. Equation (24).

Appendix B. Equilibrium: the fluctuation–dissipation theorem

In this appendix, to keep this manuscript self contained, we reproduce the properties of E[ω]
and F[ω] under path reversal [12, 48, 49], from which the FDR is obtained when perturb-
ing around equilibrium, i.e. when the unperturbed state obeys detailed balance. E[ω] is anti-
symmetric under reversing the path. This is directly apparent in equation (26a) using the
Stratonovich convention α= 1/2, but holds for any α. F[ω] is symmetric under such reversal
[12, 48, 49]. To make this explicit, we introduce

Θ : xj −→ xn−j , for j = 0, . . . ,n , (B.1)
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the time reversal operator, mapping the path ω to the time-reversed one. Kinematic reversal is
omitted because we restrict to path symmetric degrees of freedom and observables. E and F
in equation (26a) can then be expressed as [11]

E [ω] =
1
2
(δSh [ω]− δSh [Θω]) (B.2)

F [ω] =
1
2
(δSh [ω] + δSh [Θω]) . (B.3)

To derive the FDT, we consider here a system which obeys detailed balance, i.e. which, at time
t0 is prepared in an equilibrium state, and then, if unperturbed, follows equilibrium dynamics
up to time t. The equilibrium path weight P(ω), which contains the distribution at time t0
as well as the weight between t0 and t, is path reversal symmetric, i.e. P(ω) = P(Θω). For
simplicity, we set here t ′ = t0, and obtain for the linear response around equilibrium,

⟨∆A(t)⟩l.r. = ⟨A(t)⟩− ⟨A(t)⟩0 = ⟨A(t)⟩− ⟨A(t ′)⟩

=

ˆ
˜̃DωA(x(t))(E [ω] +F [ω])P (ω)

−
ˆ

˜̃D (ω)A(x(t))(E [Θω] +F [Θω])P (Θω)

= ⟨A(t)E(ω)⟩0 . (B.4)

We introduced ˜̃D to indicate averaging over initial and final states at t′ and t, respectively. In
the third line, we used that the average at t′ equals the average at t when sampling reversed
paths. In the last step, we used the mentioned properties, P(Θω) = P(ω), E(Θω) =−E(ω),
and F(Θω) = F(ω). Equation (B.4) is the FDT (i.e. equation (23)), and it shows that the equi-
librium response of a state observable Amay be expressed in terms of the entropic component
[48]. One may as well show, using E[ω]−F[ω] = δSh [Θω]

ˆ
˜̃DωA(x(t))(E [ω]−F [ω])P (ω) =

ˆ
˜̃DωA(x(t))δSh [Θω]P (ω)

=

ˆ
˜̃DωA(x(t ′))δSh [ω]P (ω)

= ⟨∆A(t ′)⟩l.r. = 0 .

In the last step, we noted that the linear response at t′ vanishes. We thus see that the last term
in (32) vanishes, if the unperturbed system obeys detailed balance.
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