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1 Introduction

T-dualisability is a rare property of non-linear sigma-models and it is not known what
necessary conditions must be imposed on a target space metric G, and closed 3-form field
H, such that the corresponding sigma-model has a T-dual with (CA}, H ). On the other
hand, several sufficient conditions are known, giving various T-dualities like the Abelian
one [9, 16] or non-Abelian one [1, 5-7], both in turn included as special cases of Poisson-
Lie T-duality [10, 11]. Chatzistavrakidis, Deser and Jonke (CDJ in what follows) recently
proposed a new set of sufficient conditions which, they claimed, would give rise to new
examples of T-dual pairs [3]. Their dualisability conditions appear much less restrictive
than those previously described in T-duality research. It is the purpose of the present work
to show that, in reality, they are not less restrictive as they give rise to the same duality
pattern as that of traditional non-Abelian T-duality.

The proposal of CDJ for dualising a given sigma model on a target M, is an extension of
the Rocek-Verlinde approach [5, 15], which amounts to the introduction of an intermediate
gauge theory yielding the T-dual pair of sigma models upon eliminating different sets of
fields. It was traditionally thought that the Rocek-Verlinde intermediate gauge theory
can be constructed only if the background of the sigma-model is isometric with respect
to the action of the Lie algebra g of the gauge group. However, CDJ have argued that
more general gaugings are possible if one uses the recently introduced Lie algebroid gauge
theory [12, 14, 17]. The construction of the Lie algebroid generalisation of the Rocek-
Verlinde intermediate gauge theory requires the existence of a Lie algebroid bundle @), over
the target M, as well as a fixed connection V¥ on ) compatible with the sigma model
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background. As CDJ show, the compatibility of V¥, G and H can be expressed in a
particularly simple way for exact 3-form backgrounds H = dB where it reads:

Lopen)G = Wl Vv Lo(ey) G LyenB = WPy A Lo(en) B - (1.1)

plea

Here e, form local frames of the Lie algebroid, the Lie derivatives are taken with respect
to the anchored frames p(e,), the symbols V and A stand respectively for the symmetrised

and anti-symmetrised direct products of 1-forms on M, and the 1-forms w’

« are defined by
the relations

V¥, = w’ ® €. (1.2)

Since the choice of the connection V¥ seems largely arbitrary, it may appear from (1.1) that
a vast set of non-isometric backgrounds could be gauged, thus producing a new and rich T-
duality pattern. However, as we shall argue in this paper, this is not the case. The simplest
way to understand what is happening is to realise that the compatibility conditions (1.1),
as given by CDJ in ref. [3] are not written invariantly; upon a local changes of frames
el = Pb,ey, P, € C°(M), they change to

Ly G = W Vv Lp(eé)G, L B=uw" A Lp(eé)B , (1.3)

ples)
where

Ve =W ® ey - (1.4)
The components of the connection form w?, transform non-homogeneously upon a change
of the framing, and we may naturally question whether there exists a distinguished frame
é, for which they all vanish. This question can be answered in the affirmative, and this
fact follows from the Lie algebroid gauge invariance of the Rocek-Verlinde intermediate
gauge theory. It is therefore always possible to write down an equivalent version of the
CDJ compatibility conditions (1.1) in the standard isometric form

LyenG=0,  LyeyB=0. (1.5)

Moreover, the gauge invariance of the intermediate gauge theory also requires that the
structure functions C¢,, defined by the Lie algebroid brackets

[é(m éb] = aCab éC7 (16)

be constants, and we thus recover the standard intermediate Yang-Mills gauge theory
leading to traditional non-Abelian T-duality [5, 7].

The plan of our paper is as follows: in section 2 we expose some useful preliminary
background on traditional non-Abelian T-duality. In section 3 we review the “T-duality
without isometry” proposal of CDJ and detail the field redefinitions which reproduce stan-
dard non-Abelian T-duality. In section 4 we work out the case of non-exact 3-form back-
ground H. In section 5 we provide a geometric interpretation of the field redefinitions from
the invariant perspective of Lie algebroid gauge theory. In section 6, we illustrate a few ex-
amples where, by simple field redefinitions, the traditional isometric Rocek-Verlinde gauge
theory may look like a non-trivial Lie algebroid gauge theory. In particular, we unmask the
“non-isometric T-duality” example of CDJ presented in [3]. Finally, we end with a short
discussion.
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2 Preliminaries on the non-Abelian T-duality

To set up some technical and notational background, as well as remind the reader of the
gauging approach to T-duality, we review traditional non-Abelian T-duality obtained by
the Rocek-Verlinde procedure [5-7]. We first restrict our attention to backgrounds for
which H = dB is an exact 3-form, postponing the study of cohomologically non-trivial
backgrounds to section 4.

Let a Lie group G act from the right on the target manifold M, let T, be a basis of
the Lie algebra g = Lie(G), and v, the set of vector fields on M corresponding to the
infinitesimal right actions of the elements 7},. The Lie derivatives L, v, then satisfy

Ly, vp = [Vg, 0] = Cp e, (2.1)

where C¢, are the structure constants of g in the basis 7Tj,.
Denoting the (Lorentzian) cylindrical world-sheet by ¥ and introducing coordinates
X% on M, we write the sigma model action with the background metric G’ and the 3-form
field H = dB as 1
S(XY) = 3 /Z dX' A (Gyj *dX? + By;dX7) . (2.2)

Here d denotes the de Rham differential, * (> = 1) the Hodge star on the world-sheet ¥,
and the X' are viewed as functions on ¥ describing a string moving in M.
If the Lie derivatives of the metric and the B field vanish

£, G=0, L,B=0, (2.3)

then the sigma model (2.2) can be gauged in the standard Yang-Mills way. This means
that one introduces a world-sheet one-form A valued in the Lie algebra g = Lie(G), a
world-sheet scalar 7 valued in the dual g*, and the gauged action

A 1 A . A
S(XZ,A,’r]) = 2/EDXZ A (Gl] x DX +BljDX]) + /Z<77,F(A)> . (24)

Here (-, -) is the canonical pairing between g* and g, F'(A) is the standard Yang-Mills field
strength

1
F(A):=dA+ANA= (dA“ + 5C“bc AP A AC) Ta, (2.5)
and DX are the covariant derivatives
DX":=dX" — vl A", (2.6)

If the isometry conditions (2.3) hold, the action (2.4) is gauge invariant with respect to the
following local infinitesimal gauge transformations:

5. X" = vée“, deA=de+[A e = (dea + C“bcAbec) T,, 6n=—adin= —CC e’ T .

(2.7)
Here € is a function on the world-sheet valued in g, and ad™ denotes the co-adjoint action
of g on g*.
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Varying the Lagrange multiplier 7 forces the field strength to vanish, thereby imposing
that the gauge field A be pure gauge A = —dg g~ "', and the action (2.4) becomes that of
the original model (2.2)

S(X' —dg g~ ,n) = ;/ dY' A (Gij xdY? + Bi;dY7) . (2.8)
by

Here Y = 9X? which means that Y is obtained from X by applying the gauge transfor-
mation g. If instead, we eliminate the non-dynamical fields A from (2.4), as well as fixing
the gauge, we obtain the dual sigma model. The exact form of the dual action depends on
several factors; like whether or not the G action on M is free, or the presence of so-called
spectator fields. We do not give the complete account of all possible cases (the interested
reader can find it in [1, 2, 5, 8]), because our concern is different. We will show that the
Lie algebroid generalisation of the intermediate gauge theory proposed by CDJ in [3] can
be rewritten, using appropriate field redefinitions, in the standard non-Abelian T-duality
form (2.4). It follows that the CDJ proposal cannot describe more general T-duality pat-
terns than that of traditional non-Abelian T-duality.

3 CDJ gauge theory

CDJ generalised the structural data M, G, B, v, considered in section 2 by including an
additional matrix valued 1-form w?%, = w%;dX* on M, and by promoting the structure

constants C°y, to functions on M. The action of the intermediate gauge theory is then

proposed to be the following expression:*

A 1 , A ,
S(XZ,A,U) = 2/2D)(Z AN (Gl‘7 x* DX7 + BUDX]) + /Z<’I7,FW(A,X)>, (31)

where the covariant derivatives DX® are as before (cf. (2.6)) and the generalized field
strength F,(A, X) (borrowed from ref. [12]) is given by the formula

1 .
FYA, X) :=dA® + 5C%,C(X)Ab A A — W AP A (X — v A°). (3.2)

CDJ then argued that a necessary condition for the infinitesimal gauge invariance of the
theory (3.1), required for T-duality applications, is given by

L,,G = Wb, Vv ly, G, Ly,,B = Wby A Ly, B . (3.3)
The infinitesimal gauge transformations themselves depend on w®, and they read (cf. [3])

S X" =wle?,
0 A% = de® + C%. A€ 4 W (dXT — vl A%)e (3.4)
OeMa = (_Ccabnc + vzizwcbinc) e

!The formulas appearing here are for exact 3-form H = dB, and are equivalent to the equations appearing
in [3] under this assumption. Non-trivial H, as considered in [3], is treated in section 4.
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We point out that the conditions (3.3) are not sufficient to guarantee the gauge invariance.
This can be seen by evaluating the variation 6. F,, (A, X) of the field strength:

0 FY (A, X) = (dw®, + w A wsy)e® + O(A) + O(A?), (3.5)

where O(A) and O(A?) stand for the terms linear and quadratic in A, respectively. The
variation 6.(n, F,,(A, X)) is required to vanish,

0 = de(n, Fio(4, X)) = (6en, Fuo(A, X)) + (1, 0eFlu(4, X))
= o (dw®y + W A wS)e + O(A) + O(A?). (3.6)

All three terms must vanish separately which means that the conditions (3.3) of the gauge
invariance have to be supplemented by, at least, one other one

dw®y +we Aw =0. (3.7)

The condition (3.7) is easy to solve since it has the Maurer-Cartan form. Therefore, there
must exist a matrix K% (X) such that

wh = (K"H%. dK¢. (3.8)

It turns out that the conditions (3.3), together with (3.7), are necessary but still not
sufficient to guarantee the gauge invariance. In order to find the full set of conditions to
be imposed, we perform the following field redefinitions:

A= K9AY = (KN, (3.9)
In terms of the new fields X?, A% and fa, the action (3.1) of CDJ acquires the following form:

A A o1~ U
S(X', A7) / DX’ A (Gij+ DX? + BjjDX7) + / A (dA“ + 5 C%e(X) A A AC> :
b
(3.10)

O 1= K (K (K ) Oy + (K1) l0 (K = (K1) ewlu( 1))

X' =dX' — v A =dX' — ' A%, bl =l (K Y)Y, (3.12)
Furthermore, upon the field redefinitions (4, 7n) — (g, 1), the gauge transformation formu-
las (3.4) simplify?
S Xt =0ler,
5. A = de* + C%,

(X)) Abee, (3.13)
Seia = —CCap(X )i,

2Qur field redefinitions are in some sense inverse to those considered in [13] in the different context of
the Yang-Mills-Higgs gauge theory.
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where
e =K%, (3.14)

Remarkably, upon the field redefinitions, the gauge invariance conditions (3.3) guar-
anteeing the gauge invariance of the first term in the action (3.10) become the isometry
conditions

L, G=0, Ly B=0, (3.15)
which can be established directly from (3.3):
K% L5,G = KLy (jg-1ye,G = L, G — (K™ dK% V 1,G = L4,G — 0 V 1,G =0,
and similarly,
K% L3, B =KL, (55-1)c, B =Ly, B— (K )"dK% A1y, B = Ly,B—w"y A1y, B=0.

Now we turn to the second term in the action (3.10), i.e. the one containing the Lagrange
multiplier 7. It is easy to calculate the variation of the action (3.10) with respect to the
gauge transformations (3.13) provided that the isometry conditions (3.15) are fulfilled:

o~

6:S(XH AR = / Aa(0:C%) DX A AP (3.16)
by

The gauge invariance thus require that the structure functions éabc be constants.®> We
observe that our field redefinitions (3.9) permit us to rewrite the action (3.1) of CDJ gauge
theory precisely in the Roéek-Verlinde form (2.4) corresponding to isometric non-Abelian
T-duality. Consequently, the approach of CDJ cannot give any T-duality pattern not
already contained in the traditional non-Abelian T-duality story.

4 Inclusion of non-exact 3-form background H

Let H be a closed 3-form on the target manifold M which is not exact. In this case H

cannot be written globally as dB for any 2-form field B but we can introduce an auxiliary

2-form field C' on M and write down the following action:*

. 1 . . .
S(XZ,A,T]) = 2/;)1))(Z VAN (GU * DX + CZ]DX]) -+ /Z<77,FW(A,X)>
1 ) ) 1 . )
+ / Hijpd X' AN dX7 A dXF — / CijdX' N dX7 . (4.1)
6 /s, 2 s

Here 33 is a volume for which the world-sheet X is the boundary.

3Tt is not difficult to conclude that there exists no modification of the gauge transformation formula
OcNa = (fCCabnc + véwcbinc) €” such that the modified gauge invariance criteria would permit any possibil-
ity other than w®, = (K~ ")*.dK and C%. constants.

“Note that if H = dB then C can be identified with B and the action (4.1) reduces to (3.1) as it should.
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The action (4.1) was introduced by CDJ in order to study “T-duality without isometry”
in the presence of the non-exact 3-form background H. The gauge invariance conditions®

of the action (4.1) with respect to the gauge transformations (3.4) read

Ly, G =P Vi, G, L,,C=woAty,C, 1, (H—dC) =0,  dwy+w'Aw =0.

4.2
The last condition can be solved as in section 3, yielding -
wh = (K 1% dK®. (4.3)

With the field redefinitions
A =K% A" =K, (4.4)

the action (4.1) and the gauge transformations (3.4) acquire the following form

N 1 . ) . —~ 1~ ~ ~
S(X', A7) = 2/EDX’ A (G * DX? + Cij;DXV) +/Zﬁa (dA“ + §C“bC(X)Ab /\AC>

1 ) , 1 , .
+ - | HyjpdX'AdXIAdXF - / CydX' N dX7 (4.5)
6 Js, 2 /s,
and
5: X' = 0je,
§:A% = de® + C%(X) Abec, (4.6)
Sefla = —CCap(X )€
Here
& =K%, (4.7)
e = K4 (K™ 5K Oy + (K1) g0 (K1) = (K™Y eol0n (K1) )
(4.8)
and
DX'=dX' — vl A =dX' — 02 A%, oL =oi(K Y, (4.9)

As in section 3, the gauge invariance requires that the structure functions éabc be constants
and the conditions (4.2) become the standard isometry conditions

E@QGZO, E@aCZO, L@a(H—dC):O. (4.10)

The gauge theory (4.5) thus boils down to the Rocek-Verlinde Yang-Mills theory underlying
standard non-Abelian T-duality in the presence of the WZ term.

5The gauge invariance conditions originally written in [3], or in [4], use the notation 6, := —u,,C and
therefore look slightly different.
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5 Lie algebroid gauged sigma models

So far we have been using the coordinates X¢ on M, in order to compare more directly
our calculations with those of CDJ. However, we have obtained our principal insights
invariantly, using the language of the Lie algebroid gauged sigma models [12]. We consider
it appropriate to include this invariant perspective in the present paper, as it highlights
the geometric origin of the field redefinitions (3.9).

Recall that a Lie algebroid is a vector bundle ) over the manifold M, equipped with
a Lie bracket [-,:]g on the space of sections I'(Q)) and with an anchor homomorphism
p: Q — TM intertwining the bracket [, -]g with the standard Lie bracket of vector fields
[-,]rar. Given a background metric G, a 2-form B on M, and a connection V¥ : I'(Q) —
QM) ®@T(Q) on the vector bundle Q, we can define the CDJ gauge theory invariantly. It
is a classical field theory on the world-sheet 3 with the action

SO =5 [ITX ol + [ XaB+ [0 (Xa7)a= 5 OT(a% A). (1)

The dynamical fields of the theory are: a map X : ¥ — M, a 1-form A on ¥ with values
in the pull-back bundle X*@Q and a section n of the dual pull-back bundle X*Q*. The
expression F,(A,X) := (X*dV")A — § @T“(A ) A) takes values in A*’T*Y @ X*Q and it
is conveniently referred to as the Lie algebroid field strength.

Let us explain in more detail the notation. First we note that the connection V¥ :
I'(Q) — QM) ® I'(Q) on the vector bundle @ induces the so-called linear connection
VY : T(Q) — I'(Q*) ® I'(Q) on the Lie algebroid @, defined by the relation

QV:ISQ = VL;(SI)SQ, S1,82 € F(Q)

To the linear connection ®V* on @Q is then associated the Q-torsion Y7 which is C°°(M)-
bilinear form on I'(Q) x I'(Q) with values in I'(Q):

QT(s1,80) 1= V¥ 55 — VY 51 — [s1, 82)0. (5.2)

It must be mentioned that by writing ®7T%(A ) A) as in eq. (5.1) we have used somewhat
short-hand notation, with the purpose not to make the expression too heavy from the
notational point of view. In reality, we should have written rather X* @7+ (A /1)‘ X(u)?
where u € ¥ and A is any section of Q(M, Q) with the property X*A‘X(u) = A(u) (here
X* stands for the pull-back of differential forms and | X(u) eans the restriction to the
algebroid fiber over the point X (u)). It is the crucial property of C°°(M)-bilinearity of the
torsion which guarantees that the ambiguity of the choice of the lifted section A does not
influence the value of the field strength F (A, X).

Recall also that X*dV” stands for the standard pull-back of the extension of the
connection V¥ to the differential forms valued in @ and ||TX — p(A)||¢ means taking
simultaneously the G-norm of the covariant tangent map TX — p(A) in X*T'M and the
Minkowski (indefinite) norm of 1-forms on the world-sheet ¥. Finally, X B stands for the
covariant pull-back of the differential form, which is the 2-form on X given at every point
u € ¥ by contracting B in X (u) with (T'X — p(A)) A (TX — p(A)).
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To achieve our invariant description of CDJ theory, we have to define infinitesimal
gauge transformations of the fields X, A and 7. The infinitesimal parameters e of this
transformations must be sections of the pull-back bundle X*@Q and the first of the trans-
formations (3.4) evidently reads

3 X = p(e). (5.3)

To write invariantly the second and the third of the transformations (3.4) is, however, more
subtle, since putative invariant variations d.A or d.n do not make sense, because both A
and 7 live in the pull-back bundles which themselves change with the variation of X. This
means that, at a given v € ¥, we cannot subtract the field A(u) from the transformed field
Ac(u) in order to define a variation d.A(u), being unable to subtract two vectors living
in different spaces: A(u) lives in the algebroid fiber over X (u) whereas A¢(u) lives in the
algebroid fiber over X (u)+ 0.X (u). Fortunately, we have the connection V¥ which we can
use to parallel transport the vector A(u) from X (u) + d.X (u) to X (u); the result of this
parallel transport we denote as AE (u) and it now makes perfect sense to define a “parallel”
invariant variation 6L|A by the formula

6lA = Al(u) — A(u). (5.4)

It is clear that the knowledge of the parallel variation 5!14 fully determines the infinitesi-
mally transformed gauge field A (u) and vice versa, since those two quantities are tied by
the parallel transport. The concrete formula for (5L|A is then given by the following nice
invariant expression

SIA = (X*V¥)e— QT¥(4,¢). (5.5)

Here X*V* stands for the standard pull-back of the connection V¥ and the torsion term

at some u € ¥ should be understood as X* @T¥(A, ¢) ‘X(u)
of the respective bundles Q!(M, Q) and Q fulfilling the properties X */1! X)) = A(u) and
I = e(u). As before, it is the C°°(M)-bilinearity of the torsion which guarantees that

é
the ambiguities in the choices of the lifted sections A and ¢ do not influence the value of

, where A and ¢ are any sections

the parallel variation 5L|A.
The same philosophy we use for the description of the infinitesimal gauge transforma-
tion of the Lagrange multiplier n with the result

Sl = — Q7. (5.6)

Here the operator Q’E*“’ : Q" — Q" is obtained by the transposition of the C°°(M)-linear
operator ?T% : @Q — Q defined itself in terms of the torsion as

QTws:= AT, s), s e(Q). (5.7)

Of course, the invariant formulas can be worked out in components, upon a choice of
some local coordinates X? on M and local frames e, on the algebroid Q.5 Explicitly, we

5By the local frames we mean C°° (M) bases in the spaces of the local sections of the algebroid bundle Q.
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introduce 1-forms A%(u) on X, scalars 7,(u) on X, vector fields v, on M, 1-forms w®, on

M and structure functions C%,.(X) on M by the relations:

A= A%u }X , n=mnq(ue ‘X () Va = pleq), V¥, = Wby @ ey, leb,eclg = C%e(X)eq

(5.8)

Inserting all those data in our invariant action (5.1), we recover straightforwardly the
component action (3.1) of CDJ.

We now give a more detailed calculation, illustrating how to recover the component

gauge transformation (3.4) from the invariant formulas (5.3), (5.5) and (5.6). First we

concentrate on the most involved case of the transformation of the gauge field A. Using

the parametrisation A = A%( we set, respectively,

’X( )’

Ac(w) = AL(Wea] ()4 pio) S A(u) = 61 A% (u)e, s 0eA () = Al(u) — A*(u).
(5. 9)
If the frames e, were covariantly constant, then AE (u) would be equal to A%( ‘ al X (u

hence, following (5.4), the components of the parallel variation 5L|A“(u) would be equal
to the ordinary variations 0.A%(u). However, if e, are not covariantly constant, there is
a correction proportional to the covariant derivative V¥e, = tewbqe, which we find to be

equal to
SIAY = 5. A% + L™ AP (5.10)

Now the formula (5.5) worked out in components yields
SNAT = de® + W d X7 — (1,0 — Ly, — C%e(X)) AP, (5.11)
Combining the equations (5.10) and (5.11), we find
0 A% = de® + Wi (dX — vi A)e® + % (X) AbeC, (5.12)

which is nothing but the CDJ gauge transformation (3.4).
The case of the field 7 is even simpler. First we find

3na = enia — tetCane, (5.13)
and then eq. (5.6) written in components gives
31 = (—CCup + 10wy — Lu,wa) €1c - (5.14)
Combining the equations (5.13) and (5.14), we finally find
Sena = (—CCapme + vhw pime) € (5.15)

which is nothing but the third of the CDJ gauge transformation (3.4).

Next we have to clarify the question of the gauge symmetry of the invariant CDJ ac-
tion (5.1) with respect to the gauge transformations (5.3), (5.5) and (5.6). We have already
learned from the component calculations, that this gauge symmetry is not automatic but
requires some compatibility of the background data G, B, @ and V*. We have found three
compatibility conditions which, written invariantly, become:
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1. For every section y of the bundle @, it must hold

LG = (p(V¥x) @ 1d +1d @ p(V¥y)) G, (5.16)
LypB = (p(V¥x) ®1d +1d @ p(V¥x)) B, (5.17)

where p(V¥y) € T*M ® TM is viewed as the linear operator on T*M;
2. The connection V¥ on the algebroid bundle ) must be flat;

3. For any two sections s,t € I'(Q), the following implication must hold
V¥s =Vt =0 = V¥[s,t]gp =0. (5.18)

If the conditions (2) and (3) are fulfilled we say that the Lie algebroid (Q, V) is
admissible. By the component calculations, we have established that to every admissible
Lie algebroid (@, V%) there is a naturally associated Lie algebra g(Q,w), consisting of
covariantly constant local sections of (). The structure of the Lie algebra g(Q,w) is induced
from the Lie algebroid bracket [- , -] and the condition (1) implies that the action of g(Q,w)
on the sigma model background (G, B) — via the anchor map — is isometric. Therefore
every CDJ theory is locally equivalent to the standard intermediate gauge theory used to
derive the traditional non-Abelian T-duality. From the global point of view, it may happen
that the Lie algebra g(Q,w) action on non-simply connected targets M cannot be made
global by parallel transport.” In such a case, the CDJ proposal would give a new insight
on subtle topological issues related to the standard non-Abelian T-duality, rather than a
recipe to produce new genuinely non-isometric T-dual pairs of sigma models.

Let us finish this section by stressing that, from the Lie algebroid vantage point, it
does not have any invariant meaning to say that “a non-isometric action of a Lie algebra on
M is gauged”. This is because the local imput data M, G, B, v, w%,, C¢;(X) used by CDJ
to construct their intermediate gauge theory can be equally well replaced by equivalent
data M, G, B, 04, 0%, écab(X) without changing the T-duality pattern. Given two local
anchored frames v, and v,, the structure constants C¢, and écab may be related by a
non-constant matrix K% (X), and as we shall illustrate with examples in the next section,
those two sets of structure constants may even define two non-isometrically acting non-
isomorphic Lie algebras, the gauging of which yields the same T-dual pair of sigma models!

We conclude this section by emphasising that it is solely the Lie algebroid structure
(Q, V) that has invariant meaning in the CDJ theory. Recall, however, that the gauge
invariance of the CDJ theory based on the admissible Lie algebroid requires the existence of
the preferred covariantly constant framing on @) for which the anchored action on the sigma
model background (G, B) is isometric. Moreover, the structure functions of the covariantly
constant frames must be constant and they thus define the preferred Lie algebra g(@Q,w).
In this case saying “the isometric action of the Lie algebra g(Q,w) on M is gauged” does
have an invariant meaning, and it is in this way that the standard non-Abelian T-duality
input (i.e. the isometric action of some Lie algebra on the target) is recovered from the
structure of the admissible Lie algebroid (@, V*).

"This could happen, for example, by considering targets of the form of coset of Lie group by its discrete
subgroup.
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6 Examples

Let M be the manifold R® parametrised by global Cartesian coordinates (X!, X2, X3),
equipped with the metric

ds” = (dX') + (dX* = X'dX?)" + (dx°)’ (6.1)

and vanishing B-field.
Let @ = T'M be the tangent Lie algebroid of M (with the identity anchor map) and
let V be a flat connection on T'M defined by declaring that the following global frame é,

is covariantly constant:
€q = {81 +X382,62,63}. (6.2)

This structure (7'M, 6) defines the admissible Lie algebroid in the sense of section 5,
since the structure functions of the covariantly constant framing é, are all constant. In
fact the only non-vanishing ones are 6231 = —6213 = 1. Let us now establish that
the Lie derivatives Lq, of all three differentials dX*',dX? — X'dX?3,dX? vanish for every
a =1,2,3. This can be seen either by a direct calculation or by remarking that the forms
dX',dX? — X'dX3,dX? form a basis in the space of the left-invariant 1-forms on the
Heisenberg group H consisting of the matrices of the following form:

1 X' X2
H=<¢l01 x3|, XL, X2 X3ecR} ,
00 1

while é, form the basis in the space of right-invariant vector fields in H. Kither way,
we conclude that the Lie derivatives Lz, of the metric (6.1) vanish since the metric is
constructed from the left-invariant forms dX!,dX? — X'dX3,dX3.

We have now all ingredients to define the Lie algebroid gauged sigma model and its
action reads

. - 1 . ~ N N
(XA i) = 5 / ((Xm—Al)/\*(Xm—A1)+(dX3—A3)/\*(dX3—A3)>

%
4y (@O XA X X P A - XA X (X5 )
P
1 / (i d A 47 (d A2+ AP NAY) +113d A%) . (6.3)
b

The gauge transformations are

S X! =€, 6 X2 =€+ X3, 6 X3 = ¢,
5 AY = det, 5 A% = dé® + A' — A€, 5 A3 = dé, (6.4)
et = €1, defjo = 0, Seijz = —€'iy .

Since we are gauging the isometry, we are doing the standard non-Abelian T-duality, nev-
ertheless, for the sake of illustration, we go on further with the well-known procedure how
to recover from (6.3) the T-dual pair of sigma models.
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Varying the Lagrange multipliers 7, we obtain the Maurer Cartan relations
dA' =0, dA2+A3AA =0, dA*=0, (6.5)
which can be solved in full generality as
At = —da!, A% = —da? + 2'da®, A% = —da?. (6.6)

Plugging the solution (6.6) into the action (6.3), we recover the original sigma model
corresponding to the metric (6.1) and the vanishing B-field:

4 1
S(yk) = 2/ (Y A*dY! + (dY? =YY ?) Ax(dY? = Y1dY?) + dY? A*dY?), (6.7)
%
where®
Yh=X'4+2', Y =X*+22+2'X°, YV =X420 (6.8)

In order to recover the dual sigma model, we first make in (6.3) the following field
redefinitions:

B'i=A' —dx',  B?:= A2 —dX?+ X3A' 4+ X'(dX® - A%),  B®:= A% —dXx?,
(6.9)

1 — X, flo = T2, fiz = 73 + X,
(6.10)

=

=

in terms of which the action (6.3) becomes

~ o~ 1 ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~
S(B, i) = 7/(Bl/\*B1+B2/\>|<B2+B3/\*B?’)—/(dﬂl/\Bl+dﬂ2/\B2+dﬂ3/\B3—ﬂgB3/\Bl).
b)) b))

2
(6.11)
Varying B in S(B, 1) gives
Bl —— Y (ndistdin), B = —wdin, B = — (jiadjin — +djis). (6.12)
1+ 43 ’ ’ 1+ i3

Inserting (6.12) back into §(§, ft) gives the dual sigma model:

~ . 1 1 . . A9\ o a . . . o .
S(p) = B / 472 (dfn Axdfiy + (1 + fi3)dfia A *dfia + dfis A *dfis + 2fiadfi A dfis) .
X 2
(6.13)
There is a simple reason why we have chosen to work out this particular example of
the non-Abelian T-duality. It is because CDJ have applied in [3] their “T-duality without

isometry” recipe exactly on the sigma model background (6.1).? Our point is to emphasize
that CDJ did not obtain anything new but just the same dual model (6.13) as we did by

8The field redefinitions (6.8) reflect the group multiplication law in the Heisenberg group H and the new
fields Y can be interpreted as X acted upon by the non-infinitesimal gauge transformation “z” obtained
by exponentiating the gauge transformations (6.4).

9CDJ wrote in [3] that they dualised the Heisenberg nilmanifold but the computation that they performed
therein concerns, in reality, the Heisenberg group target.
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gauging the isometry (cf. eq. (4.19) of ref. [3]). We also understand the reason why this fact
is not coincidental. Indeed, it occurs because CDJ just used a different framing in order
to write the same invariant Lie algebroid (T'M, @) gauge theory in components. Actually,
the framing of CDJ was formed by the following basis of the left-invariant vector fields on
the group H

e, = {01,002, X0y + 93}, (6.14)

and because the Lie derivatives of the left-invariant forms with respect to the left-invariant
vector fields do not vanish (for non-Abelian Lie groups), the background sigma model
metric (6.1) is not invariant. Of course, the non-invariance of the metric can be seen also
from the formula (5.16) since the framing e/, is not covariantly constant.

CDJ used the frame €/, to carry out the non-isometric gauging of the Heisenberg group
acting on itself from the right, but we have already explained in section 5 that only gauging
with respect to the covariantly constant frame has invariant meaning. In fact, the gauging
of CDJ is not even the only possible non-isometric gauging based on an action of a Lie
group. Indeed, we can even consider the non-isometric gauging of the sigma model (6.7)
by the action of the Abelian translation group R? on itself! We achieve that by choosing
yet a third frame e, for which the structure functions C%,. all vanish. It reads simply

ea = {01, 09,05). (6.15)

The framing e, is neither covariantly constant nor does it leave the metric (6.1) invariant.
From the relation

1 00
ba=e(K N, K=|-X310], (6.16)
0 01

it easily follows that the input data of the CDJ gauge theory is the metric (6.1), B = 0,
the frame e, and the matrix valued 1-form w given by

0 00
w=|-dX300]. (6.17)
0 00

The action (3.1) of the CDJ gauge theory can be specified for those data and the direct
calculation yields, without surprise, again the dual pair (6.7), (6.13) of sigma models.

Remark. We note that whenever an n-dimensional group manifold G admits a global coor-
dinate system X1',..., X", then every G-isometric background can be either T-dualised by
the standard isometric gauging based on the G action on itself or by the CDJ non-isometric
gauging of the Abelian group R" generated by the coordinate vector fields 0y, ..., ).

Our second example directly generalizes the first one in the sense we replace the Heisen-
berg group H by an arbitrary Lie group G. We shall work invariantly since we shall no
longer need to make comparison with the coordinate calculations of CDJ.
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Our Lie algebroid @ is now the tangent bundle T'G and we pick the flat connection V¥
by declaring that the right-invariant vector fields on G are covariantly constant. We write
the sigma model action, which we want to gauge, as

S@) =5 [ g nsg oo+ 5 [ (a7 g A g o), (6.18)
Here g~ 'dg is the left-invariant Maurer-Cartan form on G and the background geometry
is encoded in the choice of two non-invariant bilinear forms (-,-)g and (-,-)p defined on
the Lie algebra g of a Lie group G, the former symmetric and the latter antisymmetric. In
other words, the metric G and the 2-form B underlying this particular sigma model action
are obtained by the left-transport of the bilinear forms (-,-)g and (-,-)p to every point of
the group manifold.

The CDJ gauge theory corresponding to the right-invariant framing is now the standard
Rocek-Verlinde Yang-Mills theory, traditionally used to work out the standard non-Abelian
T-dual of the model (6.18). It can be also obtained without knowing anything about Lie
algebroids, just by gauging the rigid left action of the group G on itself which is the
symmetry of the action (6.18):

- 1 1 PSP
S(g, A,n) = /(nggA*ngg)GJr/(nggAg1D9)B+/<77,dA—AAA>- (6.19)
> > >

2 2
Here A and 7 are respectively g-valued 1-form and g*-valued 0-form on the world-sheet X
and the covariant derivative is defined as

¢ 'Dg =g ldg — gilﬁg. (6.20)

Note also the form of the field strength dA — A A A. From the (invariant) CDJ point
of view, it comes from the fact that the torsion of the flat connection leaving the right-
invariant vector fields covariantly constant coincides precisely with the commutator on the
Lie algebra g. For that matter, this is coherent with the appearance of the minus sign
in the field strength which reflects the fact that the structure constants corresponding to
the infinitesimal left action of G on itself pick a minus sign with respect to the structure
constants of the Lie algebra g.
The gauged action (6.19) has the following left gauge symmetry

o~

(9. A7) — (hg, hAR™" + dhih ™' Ad? ), (6.21)

or, infinitesimally,

Here h and ¢ are smooth maps from the world-sheet ¥ to the Lie group G and the Lie
algebra g, respectively. Note in particular, that the expression ¢~ Dg turns out to be gauge
invariant, which immediately explains the gauge invariance of the part of the action (6.19)
not containing the Lagrange multiplier.

We now switch from the natural isometric right-invariant framing to non-natural non-
isometric left-invariant one, and wish to rewrite the CDJ gauge theory (6.19) accordingly.

,15,


bib-hiwi-kops-01
Notiz
None festgelegt von bib-hiwi-kops-01

bib-hiwi-kops-01
Notiz
MigrationNone festgelegt von bib-hiwi-kops-01

bib-hiwi-kops-01
Notiz
Unmarked festgelegt von bib-hiwi-kops-01


To work this out, we can depart directly from the invariant action (5.1), but it is simpler
to do it by making the appropriate field redefinitions in the action (6.19), induced by the
change of the frame. For that, it is enough to note that the “new” gauge transformation now
hits the sigma model configuration g from the right, which implies that the g-dependent
frame-changing operator K in eq. (3.14) is simply K = Ad,. Indeed, writing

h=g 'hg, (6.23)

gives infinitesimally
€= Adg1 ¢, (6.24)

which, following eq. (3.14), fixes K = Ad,.
With this choice of K the remaining field redefinitions are dictated by eq. (3.9):

A =g Ay, n=Ad .. (6.25)

The covariant derivative g~!Dg, the action (6.19) and the gauge tranformations (6.21)
then become, respectively,

g 'Dg=gldg—A, (6.26)
1 -1 -1 1 -1 -1
S(g,A,n) = B E(g Dg A *g~ " Dg)a + 5 Z(g DgANg "Dg)p
+/<n,dA+A/\A+g‘1DgAA+A/\g—1Dg>. (6.27)
>
(9, A,n) — (gh, A — g~ tdg + (gh) " d(gh),n) . (6.28)

Note that the infinitesimal version of the gauge transformations (6.28) read
6c(9, A,m) = (ge,de + [A, €] + Ady-1py €, 0). (6.29)

We remark that the gauged sigma model action (6.27), as well as the infinitesimal gauge
transformations (6.29), have now indeed the CDJ form (3.1), (3.4), where the 1-form w
with values in End(g) is invariantly written as

w=adg-14, - (6.30)

If a reader would look just at the gauge theory action (6.27) as well as at the infinitesimal
gauge transformations (6.29), without knowing how we have obtained them, they would
probably believe they have some exotic gauging of the right action of the group G on itself.
Our point is that this CDJ non-isometric exotic right gauging is just the standard isometric
left gauging in disguise, therefore it cannot give rise to any new T-duality pattern.

7 Conclusion and outlook

We have ruled out the proposal of Chatzistavrakidis, Deser and Jonke in the sense that
it does not give rise to a new pattern of genuinely non-isometric T-duality. Nevertheless,
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we see some room to apply the invariantly formulated CDJ gauge theory of section 5 to
study some subtle topological effects within the framework of the traditional non-Abelian
T-duality. This possibility might take place if there exist admissible Lie algebroids (Q, V¥)
for which the invariant Lie algebra g(@Q,w) would act just locally on the target manifold M
and could not be extended to a global action. It is plausible to expect that this situation
may occur for which the targets M are of the form of the quotient of a Lie group by one
of its discrete subgroups. The CDJ theory could then take into account the phenomena of
winding strings on non-contractible cycles of M.
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