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A new class of parabolic problems connected with Newton’s polygon

R. DENK, L. R. VOLEVICH

A new class of boundary value problems for parabolic operators is introduced. We
discuss some linearized free boundary problems not satisfying the classical parabolicity
condition. It is shown that they belong to this class and by means of the Newton polygon
method the nontrivial two-sided estimates of these problems are found.
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1. INTRODUCTION

In this note two linearized problems of crystallization are discussed: the Stefan problem with
Gibbs-Thomson correction and the Cahn-Hilliard equation with dynamic boundary condition.
These two problems have common specific features: the equation in the interior of the domain
is of rather simple structure and is parabolic in the sense of Petrovskii. The difficulties are
connected with the boundary conditions which do not fit into the classical theory of parabolic
problems.

The theory of parabolic (as well as elliptic and parameter-elliptic) problems even for scalar
operators is deeply connected with the theory of mixed order system of pseudodifferential op-
erators acting on the boundary. The matrix-symbol of this system is the so-called Lopatinskii
matrix. In standard parabolic problems, the corresponding system is parabolic in the sense of
Solonnikov [8]. We introduce a more general class of parabolic boundary value problems replac-
ing systems parabolic in the sense of [8] by a more general class of N-parabolic systems studied
by the second author in [10]. In the definition of these systems the notion of Newton’s polygon
plays a crucial role. It will be shown that the two mentioned examples from mathematical
physics belong to this new class of boundary problems.

We now come to the formulation of the two problems under consideration. For simplicity of
presentation, we restrict ourselves to the model case of the half-space R} := {z = (2/,z,) €
R": z,, > 0} with boundary R"~1.

First, the linearized Stefan problem with Gibbs-Thompson correction is given by

Owu(z,t) — Au(x,t) = f(z,t) (t>0,2 € R}), (1-1)
u(z’,0,t) + Aoz, t) = g(z',t) (t>0,2" € R"), (1-2)
Opu(z’,0,t) — Qo (' t) = h(a/,t) (> 0,2/ € R"1), (1-3)
u(x,0) = ug, o(x’,0) = oy. (1-4)

Here A’ is the Laplace operator on the boundary R™~! and 9, stands for the normal derivative.
In the case of zero initial conditions we can consider the problem on the whole time axis,
supposing that

u(x,t) = f(z,t) =0, o(2',t) =g t) =h(2',t)=0, (t<0).

The Stefan problem (1-1)-(1-4) was studied in a number of papers. Recently it was treated
in detail by Escher-Priiss-Simonett in [5]. It was shown that in appropriate solution spaces
this equation is uniquely solvable. Whereas in [5] the approach is semigroup based, we will see
below that we can understand the structure of this boundary value problem and of the solution
spaces in terms of the Newton polygon. Below we will show that the classical parabolicity
condition is not satisfied for the Stefan problem (1-1)—(1-4).

Now let us come to the linearized Cahn-Hilliard equation with dynamic boundary conditions.
It is given by

duu(z,t) + ANu(z,t) = f(x,t) (t >0,z €RY), (2-1)
1
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OnAu(x',0,t) = g(a',t) (t>0,2' € R*" 1), (2-2)
Ou(a’,0,t) + Opu(2’,0,t) — Au(2,0,t) = h(z',t) (t>0,2" € R"), (2-3)
u(z,0) = uo. (2-4)

The solvability of this problem in appropriate Sobolev spaces was recently investigated by
Priiss-Racke-Zheng in [6]. Again the method was based on a semigroup approach. We will see
below that also the Cahn-Hilliard equation (2-1)—(2-4) fits in the context of parabolic problems
connected with the Newton polygon.

Below we will denote the co-variable to ¢ by 7 and the co-variables to z € R" and 2’ € R*!
by £ € R" and & := (§1,...,&,—1). In the following, C' stands for an unspecified constant which
may vary from one appearance to the other but which is independent of the free variables. The
notion f ~ ¢ means that there exists a positive constant C' for which C~'f < g < C'f.

2. GENERAL PARABOLIC PROBLEMS AND THE LOPATINSKII MATRIX

The examples above are particular cases of more general problems (see also [7]). In the
interior of the domain we will consider an equation of the form

A(Dy, Dy)u(x,t) = f(z,t) (z € R, teR), (3)
u(z,t) = f(x,t) =0 (t<0).
We will assume that A is 2b-parabolic in the sense of Petrovskii and we will denote the order of

A by 2m. On the boundary we have k additional functions o4, ..., 0,. Consequently, we need
m + k boundary conditions

Bj(Dy, Da)u(x’,t) + Y~ Cir(Du)or = gj(2',t)  (j=1,...,m+ k). (4)

The 2b-parabolicity condition on A means that
Ao(1,6) #0 (| + 7] =1, Im7 <0), (5)

where Ag is the principal part of A. Here for the definition of the principal part we have to
assign the weight 2b to the co-variable 7. For simplicity we will suppose that our operators
have constant coefficients and that Ay coincides with A.

To define the Lopatinskii matrix and further to define parabolic problems, we have to intro-
duce the factorization of A(r, &) in the form

A(1,8,6n) = AT(1,8,60) AT (7,6, 60)
with

At (1,€,2) = H(z — 2 (1,€) ="+ Zag(T, &zm

m m

j=1 =1
+ / / . P . .

Here 2 (7,{') are the roots of A(7,¢’,-) with positive imaginary part.

For ¢ > m we write
2t = Z"ygk(’i', )21 mod AT (1, ¢, 2).
k=1

Replacing in the symbols B;(7,&,2) every power z‘ with ¢ > m by their remainder modulo
A+ (7—7 6/7 Z)? we get
Bi(1,¢,2) = Bj(1,¢,2) mod A*(1,¢,2)
with
Bi(r.&2) =) b(r, &)

k=1

m



Now we will define the Lopatinskii matrix for the problem (3). We set
L(Tv 6/) = (ij(Ta 5/))j,k:1,...,m+ﬁ
with

Liu(r,&) = bik(7,£), j=1....m+~k; k=1...,m;
J ) Ong—m(T,g/)’ j:]_’,m“—/f, ]{j:m_‘_l’“.’m_{_/{‘

Although the elements of the Lopatinskii matrix are algebraic functions we can define their
orders. Indeed, as the symbol A(7, ¢, z) is quasi-homogeneous in (7,¢’, z) (where 7 has weight
2b), the same is true for its roots. Therefore, we have

25 (r &) || 4+ |¢], Tmzf(r,€) > C(r|® + |€')

forj=1,...,m.
It follows from the definition of A™ that a,(7,{’) are homogeneous polynomials of the roots

2, ..., 25 of degree £. From the rule of division of polynomials it follows that the coefficients
Yo (7, &) are homogeneous polynomials of 2, ...,z of degree £ + 1 — k.

We will not suppose, in principle, that the polynomials B;(7,§) and Cji(7,§) are quasi-
homogeneous. From the above construction we see that the functions b, (7, §’) are polynomials
in (7,&') and the roots 2", ..., 2. Posing ordy, 2/ = 1, we will have

ordbjy, <m;+1—k (j=1,....m+rk, k=1,...,m).

Here we have set m; := ord B;(7,£). From this we see that the orders of all entries of L(7,¢&’)
are well-defined.

Remark 1. We add some remarks on the meaning of the Lopatinskii matrix. For u belonging
to the Ly-Sobolev space H*™(R") we define the trace

you o= Oulgnr € H*™ " 2(R™1Y), £=0,...,2m — 1.
Let u be a solution of the equation with constant coefficients
A(Dy, Dy)u(x,t) =0 (x € RY).

Then the Lopatinskii matrix is the symbol of the operator L(D;, D,/) mapping the vector of
traces to the vector of the right-hand sides of (4)

L(DtDI') : (’}/()U, mu, -, Ym—-1U, 01, " 70—5) - (917' .. 7gm+:‘€)'

In the case of variable coefficients the Lopatinskii matrix can be treated as the symbol of
pseudofifferential operator with the same properties.

3. THE PARABOLICITY CONDITION FOR THE BOUNDARY VALUE PROBLEM

For parabolic problems the analog of the Shapiro-Lopatinskii condition from elliptic theory
was introduced in the papers of Eidelman (see [3]) and Solonnikov (see [8]). Agranovich and
Vishik [2] studied elliptic problems with parameter and introduced the parameter-ellipticity con-
dition which formally coincides with Eidelman-Solonnikov condition. The parameter-ellipticity
condition was independently introduced by Agmon [1]. In the context of problems with param-
eter we shall call it Agmon—-Agranovich-Vishik (AAV) condition. For scalar operators it can
be formulated in terms of the principal part of the Lopatinskii matrix which we now define.

If we pose

si=mj+1—m (J=1,....m+k), type=m-—k (k=1,...,m)
we have ord bj, < s; + ;. For the operators Cj, we set

tx ::max{orde,k_m—sj:jzl,...,m—i-lf} (k:m—i_la?m_‘_/ﬁ:)
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In this way we obtain
ord Li(7,8) < s;+tx (j,k=1,...,m+K).
Let mopLji(7, &) be the principal part of L;,(¢',7) with the weight of 7 being 2b. Then the

L?k(Ta 6/) = {

Definition 1. We say that problem (3)—(4) satisfies the parabolicity or AAV condition if
(i) det LO(7, &) = mop det L(7, &), i.e. we have ordy, det L(7, &) = Z;n:t”(sj +t5).
(ii) For all ¢ and 7 with |7]| + [£'] > 0 and Im7 < 0 we have

det L°(7,&') # 0.

In other words, the matrix L(7,¢’) is parabolic in the sense of Solonnikov [8].

We will see now that neither the Stefan problem with Gibbs-Thomson correction nor the
Cahn-Hilliard equation with dynamic boundary condition satisfy the condition (ii) of Defini-
tion 1.

Let us start with the Stefan problem (1-1)—(1-4). Using the factorization of the symbol of
the heat equation

i+ &P+ = (6, —iVIEP + i) (En + i€ + i),

we calculate the Lopatinskii matrix

1 —[¢f
L&) = (—\/ &2+t —it ) (6)
According to the definition above, s; = 0, sy = 1, t; = 0, t3 = 2, and the principal part of
L(7,¢') is given by

Condition (i) of Definition 1 is satisfied, but condition (ii) is violated because
det L°(7, &) = —|g' V&' + it = 0 for [¢'| = 0, |7| > 0.
Now let us consider the Cahn-Hilliard equation (2-1)-(2-4). We factorize it + (|¢'|? + £2)* =
AT(1,8,&,) - A (1,¢,&,) with
A7, 6) = (& — 21(7.) - (& — (7. €)).

The Lopatinskii matrix is given by

n (izza(z1 + 22) —i(2F 4+ 25 + 2120 + [E)?)

L<T7£)_ ( iT+|€/|2 ’L . (7)
In this case 7 has weight 4 and m; = 3,my = 4. Thus, s;1 = 2,5, = 3,¢t; = 1,15 = 0 and the
principal part of L is equal to

i2129(21 + 29) —i(22 + 22 4+ 2129 + |E'?
LO(T,g):( 12(2’71- 2) (1 2 0 1~2 ’f’))

Obviously, we have det LO(7,£’) = 0 for 7 = 0 and arbitrary £’. Again the parabolicity condition
is not satisfied.



4. PARABOLIC SYSTEMS CONNECTED WITH THE NEWTON POLYGON

In this section we introduce a more general class of parabolic problems such that the examples
above belong to it. The main idea is to replace the traditional principal part of the Lopatinskii
matrix by a principal part connected with the Newton polygon of det L. We shall need some
definitions and results from [4] and [10].

Consider a polynomial

P(r,&) =Y paj&®r’

in the variables £ € R™ and 7 € C. Then the Newton polygon N(P) of the polynomial P is
defined as the convex hull of all points (|a|,j) for which p,; # 0, the projections of all these
points to the coordinate axes and the origin. The following definition is taken from [4].

Definition 2. The polynomial P(7,¢) is called N-parabolic if the following conditions hold.
(i) The Newton polygon N(P) has no edge parallel to the coordinate axes (except the trivial
ones).
(ii) There exists a 79 < 0 such that the estimate

Prl=C Y Kl (€ €R"InT < 7)
(4,§)EN(P)NZ?
holds. Here the sum runs over all integer points belonging to the Newton polygon.

N-parabolic polynomials can be included in the class of so-called N-parabolic matrices (see
[10]). For this, we consider a polynomial matrix

-----

and write the determinant of P in the form

det P(T, f) = Z :l:PL’Y(l) . PN,’y(N)
2l

where v runs through all permutations of the set {1,2,..., N}. Assigning weight p to the
variable 7 and weight 1 to the variables £ we define

R(p) := max (ord, Pi ) + -+ 4 ord, Pyyn))-

Definition 3. a) The matrix P(7,§) is called totally non-degenerate if for every p > 0 we have
R(p) = ord, det P(,€).

b) The matrix P(7,§) is called N-parabolic if the following conditions hold.
(i) P(r,§) is totally non-degenerate.
(ii) The determinant det P(7,£) is N-parabolic.

For N-parabolic matrices P(7,§) it is possible to define the principal part P,(7,§) for every
fixed weight p > 0. As it was noted in [10], according to [9] for every p there exist real numbers
s;(p) and tix(p) (j,k=1,...,N) for which

Ordijk<T7£) Ssj(p)+tk(p>7 jakzla"‘7N7

N
ord, det P = 3 (s;(p) + 1;(p).
j=1
The principal part P,(7,€) is defined in the standard way.

The matrix P(7,&) is called positively totally non-degenerate if the above functions
si(p),ti(p),i = 1,..., N can be chosen nonnegative. Replacing in Definition 3 b) totally non-
degenerate matrices by positively totally non-degenerate, we define positively N-parabolic ma-
trices.



We return to the problem (3). Formally the above definitions cannot be applied to the
Lopatinskii matrix, because its elements are not polynomials but algebraic functions of special
structure. In fact, Definition 2 and Definition 3 use only the possibility to calculate ord, F;; for
each element Pj; and each p.

In the case of the Lopatinskii matrix we can do this. Indeed, as it was mentioned above, the
elements of this matrix are polynomials in (7,£’) and the roots 27, ..., 2. Setting ord, zj =
p/2b for p > 2b and ord, z;f =1 for p < 2b we define ord, for each element of the Lopatinskii
matrix. So we can give

Definition 4. The problem (3)—(4) is called N-parabolic if its Lopatinskii matrix L(7,§) is
N-parabolic in the sense of Definition 3.

One of the main results of [10] is devoted to the construction of Ly-Sobolev vector spaces with
weight functions p;(7,€),vj(7,€),7 = 1,..., N in which the operator P(D;, D,) is invertible.
Now we formulate this result.

First of all we define the corresponding class of spaces. For this denote by F the set of all
positive functions x : R” x C_ — (0, 00) holomorphic in C_ for which

X(flyTl)Xfl(fzﬂ'z) <O+ | —ml+ & — fQDM(“) (i, € C_, &,& € RY)

holds with some constant M (i) € R.
For a function u(z,t) in R” x R denote by (&, 7) the complex Fourier transform or, equiv-
alently, the real Fourier transform of exp(vt)u(z,t) where £ € R” and 7 = 0 + iy € C. Let

x be a weight function belonging to the class F defined above. Then for v € R the norm
|-, HS (R* )] is defined by

1/2
oy @)= ([ [ e nlacenpagar)”
Im =7 R™
The Sobolev space H, E;} (R™1) is the set of all tempered distributions for which this norm is
finite. In the case x(§,7) = 1+ |7|" + |£|*, we will also write H{:;]S(R"H) instead of H, (R,
By H, (R™™1), we denote the subspace of all distributions in H o] (R™™!) whose support is
contained in R™ x [0, 00). By H [’;] (R™) 1 we denote the corresponding space for functions defined

on the hyperplane {z,, =0, (2/,t) € R"}. The following result is proved in [10].
Proposition 1. Let P(1,£) = (P (T, {))jk:1 n be positively N-parabolic. Then there exist

-----

functions p;(7,€), j=1,..., N, and v4(7,§), k=1,..., N, belonging to F such that
ij(T7 5) S C:U’] (T7 5) ' Vk(Ta 5)

and

N
|det P(7,8)| = C T (7. &) - v3(7.6)  (Im7 < 7).
j=1
The proof of Proposition 1 contains the algorithm of computing the weight-functions
f1,...,vy. Using Plancherel’s theorem, it is possible to obtain information about the in-
vertibility of the operator P(D;, D,). So we have the following result.

Theorem 1. Suppose the Lopatinskii matriz L(T,&) is positively N-parabolic.  Then for
P(7,&) = L(7,£) the weights from Proposition 1 exist, and for each x(7,&) € F the isomorphism
between the weighted Sobolev spaces

N
L(D,, D HHX YR - [ HLS R
k=1

holds provided — is large enough, i. e. v < yo(X)-
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However, when trying to apply Theorem 1 to the initial-boundary value problem (3)—(4) we
meet one principle difficulty. It is natural to write the solution u in the form u = g+ u; where
ug is a solution of the homogeneous Dirichlet problem

A(Dy, Dy)ug(z,t) = f(z,t) in R} x [0, 00), 5
O ug(2/,t) =0 in R"™! x[0,00), k=1,...,m. (8)

This equation can be treated with standard parabolic theory. The second function u; is the
solution of the following problem with inhomogeneous boundary data.

A(Dy, Dy)uy(z,t) =0 in R" x [0, 00),
- 9
Bi(Dy, Dy )uy(2',t) + Z Cix(Dp)oy = gi(2',t)  in R"™! x [0, 00) )
k=1
where
g; (@' t) = g;(2',t) — Bj(Dy, Dy)ug(2',t), j=1,...,m+k.

Starting with f € H[% (R™1), | we obtain ugy € H[ly’fm(R”“)Jr. For the sum v = wy+u; to belong

to this space its Dirichlet data must belong to the vector-space H;:Ol H, [17 ]_j [4m.2m=j/ *(R"),. On
the other side, applying Theorem 1 to problem (9) we obtain that the Dirichlet data belongs to

[, H E;ﬁ” (R™); provided the right-hand sides g;(2’, t) belong to H, f;]/ “(R™), with some . The
possibility to choose x such that all these conditions will be compatible demands additional
investigation. But in the case of the above examples from crystallization such choice is possible

and will lead to two-sided estimates.

5. STEFAN PROBLEM WITH GIBBS-THOMSON CORRECTION

For the Stefan problem (1-1)—(1-4), the Lopatinskii matrix is given by (6), and its determinant
equals

det L(r, €) = — (€' /TEE + 77 + ir).
Note that for Im7 < 0 we have |\/|¢/|2 +i7| ~ |¢'| + |7|*/2. Therefore, the Newton polygon of
det L(7,€") has the vertices (0,0), (0,1),(2,1) and (3,0) (see Figure 1).

2

1/2
N(det L)

|
\ 4 T \ J v

2 3 U
F1GURE 1. The Newton polygon for the Stefan problem

For every p > 0, we define s;(p) and tx(p) (j,k =1,2) by s1(p) :=0, t1(p) := 0 and
Lop>2, 5 p=4,
salp) = { ’ ta(p) = { ’

L, p<2, 2, p<4



Then
ord, Lix(1,&") < s;(p) + tr(p) (. k=1,2)
and
2 P 1Y > 47
(55(0) + () =42+ 8, 4> p>2
j=1 3, p <2

For all p, the right-hand side of the last equality coincides with ord,det L(7,¢’). From this it
can be seen that the Stefan problem (1-1)—(1-4) is N-parabolic.
Applying the general technique of [10] we show that the weight functions

I/1<7_7 6/) = M2(7_7 5/) = 17

(T, &) = L+ €1+ [71V2, pa(r &) = 1+ €7 + ||
satisfy the conditions of Proposition 1.
According to Theorem 1, the system of pseudodifferential equations

so.00 (B0) = (1)

vy (on ; ; n P2 (RN
for every (f,g) € H?{](R")JFXH?Y] * (R")+ has a unique solution (v, o) € Hy,(R")4 x H/*(R")

for large enough —~ (remind that p; = vy = 1). The a priori estimate

[X(Dar, DYl + 10 12)(Dar, Derlli < € (Ix(Dars Dl +11(x-v3 )(Dar, DIy ) (10)

holds.

Now we estimate the solution of the linearized Stefan problem, following the plan indicated
at the end of the previous section. We pose u = ug + u;, where the function v is a solution of
the heat equation with zero Dirichlet boundary condition:

Opuo(z,t) — Aug(z,t) = f(z,t), (z,t) € R™,
ug(2',t) =0, (2/,t) € R,
up(z,t) = f(x,t) =0, t<O.
For f € HP (R™); we have up € H [17]2 (R™*™1), and, according to the trace theorem,
(Onup)(2',t) € H[ly/ﬁ’l/z(R")Jr. For u; and o we obtain the problem
Ouy(x,t) — Auy(z,t) =0,
uy (', t) + Ao(2't) = g(a, t) .= g(a,t),
Apur (2, 1) — Oy (2, t) = h(2/,t) := h(z,t) — Dpuo(2’, 1).
Now we make the choice (7, &) := 1+ |7]3/* 4+ |¢/|*/2. In this case
M, €)= (x - pa) (7,€) m L [P (€72 4 | PP,
(v (€)= L+ 7Y+ |g)2,
and inequality (10) transforms into

3/4,3/2 n n 3/4,3/2 n 1/4,1/2 n
o, B2 @) |+ oy RO < C(llg, HY MR + |1h, H (R

(11)
+ 10,0, HEL @),

[v]

According to trace theorems and the estimate of the Dirichlet problem for the heat equation,
the last term on the right-hand side can be estimated by

Cllug, H-HR™M)[| < C||f, HLy (R

[]



On the other side, according to the standard estimate for the heat equation
2 (mn 1/4,1/2 jrpn
[, HEZ R < O(I1F, HY I+ [, B2 RM)]).
As a result we obtain the two-sided estimate for the linearized Stefan problem with Gibbs-
Thomson correction

lu, Hif (R + o, HEy (R

3/4,3/2 rmpn 4, n
< C(|If, HYl + llg, H) M2 @]+ ||, B @),

(12)

This estimate coincides with the estimates of [5] for the case p = 2.

6. CAHN-HILLIARD EQUATION

Let us consider the Cahn-Hilliard equation with dynamic boundary condition (2-1)—(2-2).
As we have already noted, the Lopatinskii matrix for the Cahn-Hilliard equation is given by
(7) and its determinant equals

L(1,&) = =7 + [€') (27 + 25 + 2122 + [€]%) — z122(21 + 22).

We will need an elementary lemma.

Lemma 1. Let z; = 21(7,&') and zy = 25(7,’) be the roots of the equation

(Z+ P +ir=0
with Im 21 > 0, Im 25 > 0 where Im7 < 0. Then
|5+ 2+ az + P = IE + 7]
From this lemma we obtain for large —vy
L, &)~ (L4 7| + €Y (L + |2+ 1€7) = 1+ 1722 1€ Pl | + 1]

Therefore, the Newton polygon of det L(7, £') has the vertices (0,0), (0, 2), (2,1) and (4,0) (see
Figure 2).

N(det L)

] >
T

2 4 i

FI1GURE 2. The Newton polygon for the Cahn-Hilliard equation

(=2 ifp<2,
( p if p> 4.
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Then it can be checked that
OrdP ij<7—7 5/) < Sj(lO) + tk(ﬂ) (]7 k=1, 2)

and
2

> (5(0) +t5(p)) = ord, L(7.€)).
j=1
Applying the general technique of [10] we can show that the weight functions
n(r€) =1+ + |2, (&) = 1+ 1€ + 7],
vo(7,&") = pa(r,€) =1
satisfy the conditions of Proposition 1. From this it follows that the Cahn-Hilliard problem
(2-1)—(2-4) is N-parabolic.

As above, we represent the solution u of our problem as u = uy + u;, where the function
u € H ?4(]1%”“) satisfies the inhomogeneous Cahn-Hilliard equation and has zero Dirichlet
data: ug(z',t) = (Opup)(2’,t) = 0. We apply Theorem 1 to the difference u; = u — uy and
obtain the estimate

s, HS RO+ 11, B R < € (1lg — Buesg, Y (RY)]|+ ([, HY®D]). - (13)

Now we take x(7, &) such that the second term in the left-hand side will turn into the boundary
norm of d,u for u € H[ly’]él(R”H). It means that x(7,&) := 1 4+ |7]>/® 4 |€'|°/2. In this case

A7, €) = Oum)(r, &) m 1+ |75 + |||/ 1P2 + €72,
O (€)= 1+ |rVE+ g2,
and inequality (13) transforms into

n 3/4,3 o
[Ivou, H (R[] + [y, H (R

[]

< C(Ilg, B @)1+ ||, HE)Y )|+ o0 Auo, Y™ >R

(]

The last term on the right-hand side can be estimated by
Cluo, Hyf (R™H|| < C|[f, HER™)]].

]
Taking advantage of the estimate

n n 7/8,7/2 n 3/4,3 n
[, HE @) < C(ILF, B R+ o, HYS> R+ [, HY @],

we come to the final inequality
n 1,4 /myn
[Ivow, Hpy (R[] + [ |u, HE (R™)]

[]

< O(IIf, HYy @™ )| + [lg, H 2R + ||k, H S RD]]).
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