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Decay for thermoelastic Green-Lindsay plates in bounded and unbounded
domains

RAMON QUINTANILLA and REINHARD RACKE and YOSHIHIRO UEDA

Abstract: We consider equations describing the thermoelastic behavior of plates modeled in the Green-
Lindsay sense. This is done with two different type of couplings of the fourth-order plate Kirchhoff-type
plate equation to a second-order heat equation of Cattaneo type, once of second, and once of first order.
We investigate both systems for bounded domains and for the Cauchy problem, asking for exponential
stability in bounded domains resp. polynomial decay rates for the Cauchy problem. It turns out that one
system is exponentially stable, while the other is not, and that, in correspondence, one does not have and
the other one has regularity loss in the Cauchy problem. This provides a new interesting example where
the different couplings lead to qualitatively different behavior, as known before for classical thermoelastic
plates, for Timoshenko systems, for porous elasticity or for plates with two temperatures, with Fourier

resp. Cattaneo heat conduction. The optimality of the decay rates obtained is also proved.

1 Introduction

We consider different models for thermoelastic plates within the Green-Lindsay framework, as

there are system (I) given by

Py + pA>u — aA(@+aby) = 0, (1.1)
hOy + dfy — kAO + alAuy = 0, (12)
and system (II) given by
PU + PUgyry — DUy —a(0+aby), = 0, (1.3)
hOy + dby — kO, — aug, = O. (1.4)

Here, (u,0) = (u,0)(t,z) denote the displacement and the temperature deviation for either a
smoothly bounded domain 2 C R™, n > 1 for system (I), and Q = (0, L) C R! for system (II),
or for the Cauchy problem where Q@ = R™ n > 1 for system (I) and n = 1 for system (II), ¢t > 0,
x € Q. The parameters p, u, |a|, v, h, d, k, b are positive constants.

From a mechanical point of view these two systems have a very different meaning. While

the first one corresponds to the system of equations for a Green-Lindsay thermoelastic plate [4],
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the second one describes the one-dimensional thermoelastic deformations for the Green-Lindsay
strain gradient thermoelastic theory [7, pp. 257-261]|. However, from the mathematical point of
view both systems have a big similarity and only the coupling terms determine the big difference
between them. In fact, the main aim of this paper is to clarify the consequences of this difference.

The following natural condition (cp. [4]) on the coefficients is fixed throughout the paper:
ad —h > 0. (1.5)

We ask for the consequence of the different coupling, in particular for the description of the
qualitative and quantitative asymptotic behavior of solutions as time t tends to infinity. For
bounded domains we are interested in investigating the possible exponential or non-exponential

stability of the associated dynamical systems for which we additionally consider initial conditions
U(O, ) = Uup, ut(O, ) = ui, 9(0, ) = 90, Gt(O, ) = 91, in Q, (1.6)

and the Dirichlet type boundary conditions

_ Ou

_ E(t’ ) =0, 0(t,-) =0 in [0, 00) x 90N (1.7)

u(t,-)

for system (I), as well as one of the following two boundary conditions, either of Dirichlet type
for both u and 0,

U(t, ) = Ux(t, ) = 07 0(t, ) =0 in [07 OO) X {07 L}7 (18)
or with hinged type conditions for v and a Neumann type condition for 6,
u(ty, ) = ugy(t,-) =0, 0.(t,") =0 in [0,00) x {0, L}, (1.9)

for system (II). We will exclude trivial stationary solutions for the latter one by assuming

L
/ 0(t,x)dx = 0.
0

For the Cauchy problem, where (2 = R", we are interested in deriving polynomial decay
rates for the solutions and in the question of (non-) regularity loss. By regularity loss we mean
the necessity of assuming higher regularity for the initial data to assure a certain decay rate.
The optimality of the decay rates will also be investigated.

It turns out that the exponential stability obtained for system (I) corresponds to no regularity
loss for the Cauchy problem, while the loss of exponential stability that will be obtained for
system (II) corresponds to a regularity loss. This correspondence is expected and known for
example for the classical thermoelastic plate [17, 1, 22] and for the Timoshenko system [3, 10],
for porous elasticity [13, 16, 19] as well as for plates with two temperatures [18, 23] considered
for the Fourier law of heat conduction (with exponential stability in bounded domains / no
regularity loss for the Cauchy problem) resp. for the Cattaneo law (non exponential stability /

regularity loss).



In order to get an idea why system (II) might not be exponentially stable, we look at the
associated characteristic polynomial. Computing au,; from (1.4) and plugging it into (1.3), after

having differentiated (1.3) by a0;0;, gives a single equation for 6,

phBsss + pdfy + [—(kp + a’a + bh)d; + hﬂaﬂ O + [—(a2 +bd)0; + ud@jﬂ 0, — 1kdyd = 0.
(1.10)

The characteristic polynomial arises from this equation by formally replacing 9; by w and 9? by

\j = (j27?)/L?, corresponding to the ansatz 0(¢,z) = e~ sin(j%x) suitable for the Laplacian 92

with Dirichlet boundary conditions,
phw' +dpw’+[(kp + a’a + bh)\j + hpX3] w4 [(a® + bd)A; + pd3)] w+ [bkAT + pkA3] . (1.11)

Now we compare this with the system of classical thermoelastic plate with the Cattaneo law,

Ut + PWlggrr T ’Yex:c = 0, (112)
Oy + 0qr — Yutee = O, (1.13)
T@+q+ K0, = 0, (1.14)

with positive constants 7, d, 7, k. One obtains the single differential equation
TOutt + O + [—f@é@% + (p+ 72)7'8;1] Op + [(p + VQ)B;%] 0; — urdd®o =0, (1.15)
giving the characteristic polynomial
T+ w? + [KON; + (1 + )TN w? + [(+ vP)A] O + (koY . (1.16)

Comparing the polynomials (1.11) and (1.16), we observe exactly the same order of powers of
Aj in front of the powers of w.
In contrast, if one looks at the classical second-order thermoelastic bar with the Cattaneo

law of heat conduction, also called thermoelasticity with second sound,

Ut — PlUge +70: = 0, (1.17)
Ot +0qe +yure = 0, (1.18)
T +q+ K, = 0, (1.19)

where we have the characteristic polynomial
Twh + w4+ (T + 76 + 5r)A ] w? + [+ 7N w + [préA3] (1.20)

see e.g. [9, 21], we observe the different powers in A; in front of the powers of w. This system,
indeed, is exponentially stable. Therefore, we expect no exponential stability for system (II).
We remark that within the discussion of the well-posedness of system (I) we will have another
example, where the generator of the associated semigroup is not expected to have a compact
inverse, due to combined regularity assumptions instead of separate regularities. A similar

phenomenon is known in Kelvin-Voigt elasticity, cf. the discussion in [15].



We summarize the main new contributions as there are:

— The first discussion and comparison for the thermoelastic plate systems (I) and (II).

— Discovering the different qualitative behavior both for bounded and for unbounded domains
((no) exponential stability resp. (no) regularity loss).

— Proving decay rates and their optimality.

The paper is organized as follows. In Section 2 we study bounded domains and the systems (I)
and (II), the latter with two different boundary conditions. The well-posedness for the three
initial-boundary value problems is shown in Subsection 2.1. In Subsection 2.2 the exponential
stability is proved for system (I), while in Subsection 2.3 system (II) is shown to be not expo-
nentially stable. Section 3 treats the Cauchy problem for both systems. After the discussion of
the well-posedness in Subsection 3.1, optimal polynomial decay rates are provided for system
(I) in Subsection 3.2, and for system (II) in Subsection 3.3.

We use standard notation, in particular the Sobolev spaces LP = LP(§2), p > 1, and H® =
W*2(Q), s € Ny, with their associated norms || - ||z» resp. || ||zs. The usual Sobolev spaces H}
and Hj, representing zero boundary conditions of first resp. second order, are also used. The
inner product in a Hilbert space X is given by (-,-)x. By Id we denote the identity on some

given space.

2 Bounded domains

We start in considering the systems (I) and (II) in bounded domains, system (I) with Dirichlet
type boundary conditions, and system (II) with Dirichlet type or with mixed hinged-Neumann
type boundary conditions. First we prove the well-posedness in Sobolev spaces. Here, system ()
is of particular interest, needing combined regularity considerations and possibly having a non-
compact inverse of the generator of the associated semigroup. Second we show the exponential
stability for system (I). System (II) is shown to be not exponentially stable (demonstrated for the
boundary conditions (1.9)), according to the expectation raised in the introduction comparing
its characteristic polynomial with that belonging to the classical thermoelastic plate with the

Cattaneo law of heat conduction.

2.1 Well-posedness
2.1.1 System (I)

We consider system (I),

puge + pA*u —aA(O +aby) = 0, (2.1)
hOy + dfy — kAO + alAu, = 0, (2.2)

with initial conditions
U(O, ) = Uug, ut(07 ) = ui, 0(0, ) = (90, Ot(O, ) = 61, in Q, (23)



and the Dirichlet type boundary conditions

ult,) = %(t, )=0, O(t-)=0  in0,00) x I. (2.4)

A transformation to a first-order system by defining W := (u,uy, 0,60;) = (u,v,0,1)’, where ’

denotes the transposed matrix, yields

0 1 0 0
_HAQ 0 aAN 2aA
Wt — P P pOZ W = AL}(‘VV, W(O, ) = WO = (u07u1790791)/‘ (25)
0 0 0 1
I

This system with the formal differential symbol A; ; will be considered as an evolution equation
in the Hilbert space
Hr = H x L? x H} x L?,

with inner product

h
(W Wy, = p(Au, Au)r2 + plv,v*) 2 + <d — a) (0,0%) 12 +

h
ak(V0,VO) 12 + —(0 + at), 0" + ay)”) 2.

The factor (d — g) appearing is positive because of the general assumption (1.5). Moreover, the

induced norm || - ||3;, is equivalent to the standard norm in Hg x L? x H x L2,

CilW iz, < llullgz +lvlle + 101l + |19ll2 < ColWla,,

with positive constants C7,Cs. While the estimate from below is obvious, the estimate from
above can be obtained observing the ellipticity of the Laplace operator on H? N H} and the
estimate
(=2 ) 1012+ 210+ avite > (@~ o1+ (0= 1) ol

for any € > 0. The factors in front of the norms are both positive if é <e< %, for which the
choice of € is possible because of the assumption (1.5).

The proper choice of the inner product is essential for an appropriate treatment.

Then

Wy =AW, W(t=0)=W° (2.6)

where

Ar: D(A[) C Hr — Hi, AW = A]J‘/V, (27)
for W € D(Ay) with

D(Ap) :={W = (u,v,0,¢) € Hr|v e HS, ¢ € Hy, 0 € H:, A(uAu — aarp)) € L*}.  (2.8)



In the definition of D(Aj), the problem of the missing (separate) regularity is reflected. One
just has the combined regularity A(uAu — aarp) € L?, not writing A%u, Ay € L?, and this way
A; ¢V has to be interpreted. As for viscoelastic systems (e.g. [15]) this nourishes the expectation

that the inverse A[_1 is not a compact operator.
Lemma 2.1. D(Aj) is dense in Hy, and for W = (u,v,0,1)" € D(Aj),

Re (A;W, W)y, = — ((da — h)[¢|7= + k[ VO||72) <0, (2.9)
i.e. Ay is dissipative.

PROOF: (C§°)* is contained in D(Aj) and dense in H;. (2.9) is easy to compute.
U

Lemma 2.2. 0 is in the resolvent set o(Ar), R(Ar) = Hi.

PRrOOF: We will show the assertion in proving that, for any F' € Hj, the equation A;W = F
has a (unique) solution satisfying ||W||y, < ¢||F|l%,, with ¢ being independent of F, W. Here,
and in the sequel, ¢ will be used to denote various constants.

Let F = (Fy, Fy, F3, Fy)' € Hy. To solve A;W = F, we first define

vi=FLe HY, ol = il < 1Pl

ve=FeHy,  |ollm = 1Fsllm < IF .,
then we solve
kAO = hFy + dF3 + aAF =: Gy,
with
0eH*NHy,  |0lluz < cllGillz < el Flla,-
Finally, we have to solve

A (—Au+ aarp) = pFy — af € L?, (2.10)

with u € H? (and ¢ = F3 € H}).
We remark that we cannot solve —uA2u = pFh —aAf — aaArp in H*, since A is not known
to be in L?. We only have the combined H?-regularity of —Au + aaa).

To solve (2.10), we consider the following bilinear form,
B:H: x H - C, (u, ) — p{Au, Ap) 2
and the continuous linear functional
fiH;=Co o f(9) = —p(Fa, 02 + a{A0,¢) 12 — ac({V, Vi) 2.

Then B is a strongly coercive sesquilinear form, and, by Lax-Milgram, there is a unique u € Hg
satisfying
Vo€ Hy: Blu,p) = f(¢),  lulyz <elfllmoc < cllFll,-



This solves (2.10), and we have W = (u,v,0,v)" € D(Ar) with AW = F and ||[W|ly, <
Nl N

By the Lumer-Phillips theorem we conclude

Theorem 2.3. A; generates a contraction semigroup, and, for any W° € D(Aj), the a unique
solution V' to (2.6) satisfying

W e ¢ ([0,00),Hr) N C°([0,00), D(Af)) .
Lemma 2.4. iR C o(Aj).

ProOOF: We do not know if (and not expect that) AI_1 is compact — due to the combined
regularity mentioned above, so the spectrum of A; may consist of more than just eigenvalues

(cp. the easier arguments in the next subsections). Let
N:={R>0|[—iR,iR] C o(Ar) }.
Since 0 € o(Ar) we have that N is non-empty, and
A" :=sup N > 0.

If \* = 0o, we are done. So let us assume 0 < A* < oo, which will lead to a contradiction.
Then, w.l.o.g., we may assume the existence of a sequence (\,), C R such that i\, € o(4)
with A\, = A*, and (W,,),, C D(A) with ||Wy|%, =1 and (i\, — A;)W,, = 0, as n — oo. This

implies

Mty —Vp — 0 in H?, (2.11)
1
Ay Un — ; (A(—pAuy, + aatpy,) + alAb,) — 0 in L, (2.12)
iMOp — P — 0 in H', (2.13)
1
iAnthn — 7 (—alv, + kAO, —di,) — 0 in L2. (2.14)
Since Re (AW, W)4, — 0 we obtain by (2.9)
Yp—0 inL? 6,—0 inH" (2.15)
Combining (2.14) and (2.15) we get
alAv, — kAO, — 0 in L% (2.16)
implying, using (2.11),
k 1 .9
G/Aun + KAQR = K (aAUn — kAGn) —0 in L*. (217)

=iqn



Thus, (g, Au,)r2 — 0, implying

k
ﬂA%ﬁp—a%W%VAWﬁr+0
n

We conclude from (2.12)

1
iAnp

(A(=pAuy, + actpy,) + alb,) = v, + O(1)  is bounded in L?.

Multiplying the right-hand side of (2.19) by Au, in L%, we get

Auy, Auy, .
,u)\nHv/\iuH%g — aa(Vipy, V/\7U>L2 —a(V0,,VAuy,)r2 is bounded.

Writing Vi, = i\, V6, + py, with p, — 0 according to (2.13), we obtain that

An An An

VAu,
)12 — ac(pn, T>L2

Zn, = pAn| H%g — a(Vl,, Yoz — aa, (iV 0y,

is bounded. Since, for n large enough,

uA* VAu
Zn > —— || "2 — ¢ VOal22 — cllpall?s,
2 An
we conclude oA
| \ tn Iz is bounded in L2
n

This implies, using (2.18) and (2.15),
up 0 in H.

Using (2.11) we finally get
vp =0 in L%

Combining (2.15), (2.22) and (2.23) we conclude W,, — 0 in H; contradicting ||W, ||, =

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)

1. O

The proven fact that the spectrum of A is strictly to the left of the imaginary axis fits to

the exponential stability which will be proved in Subsection 2.2. But we will see in Subsection

2.1.3 in combination with Subsection 2.3 that for System (II) the spectrum is also strictly in the

left-hand plane but without having exponential stability.

2.1.2 System (II) with boundary conditions (1.8)

We now consider system (II),

PUtt + Urrzs — by, — a(9 + aet)x = 0,
hett + d@t — kem:p — QUty — 0.

with initial conditions

u(0,-) = ug, w(0,-) =wy, 6(0,) =0, 6:0,-)=0b, in Q,



and the Dirichlet type boundary conditions
u(t, ) = ug(t,-) =0, 0(t,-) =0 in [0,00) x {0, L}. (2.27)

A transformation to a first-order system by defining W := (u,uy, 0, 6;) = (u,v,0,)" yields

0 1 0 0
_bkHh 982 0 ey 2a0,
W, — e+ 50z Pl @ V=AW, W(0,-) = W0 := (ug,u1,0,61)"
0 0 0 1
0 20, fo2 -4

(2.28)
This system with the formal differential symbol A;; ; will be considered as an evolution equation
in the Hilbert space
Hir = HE x L? x H} x L?,

with the same inner product as for H; above,

<I/Vv W*>HU = <W7 W*>H1‘

Then
Wy =AW, W(t=0)=W" (2.29)
where
Arr: D(Arr) C Hir — Hir, AW = Apr W, (2.30)
for W € D(A[[) with
D(Ar) = {W € Hyr|lve H3, € H}, 0 € H? 9*u e L*}. (2.31)

In the definition of D(Ajr), the problem of the missing (separate) regularity mentioned for A

in system (I) is not appearing. As for system (I) we have
Lemma 2.5. D(Ajg) is dense in Hyr, and for W = (u,v,0,v)" € D(Arr),
Re (AW, W)y, = — ((da — B)[]12 + K[6,]22) <0, (2.32)
i.e. Ay is dissipative.
Lemma 2.6. 0 is in the resolvent set o(Arr), R(Arr) = Hir.

PROOF: Again we will show the assertion in proving that, for any F' € Hj;, the equation
AW = F has a (unique) solution satisfying |[W||y,, < c||F||#,,, with being independent of

F,W. Let F = (Fy, Fy, F3,Fy) € Hy. To solve AjjW = F, we first define
vi=F e i, |vllgz = Fllg2 <IIFlu,

ve=FeHy,  |ollm = 1Elm < 1F .



then we solve
k920 = hFy + dF3 — adF, =: Gy,

with
0 H NHy,  [0lg2 <cllGrrllz < cllFllay,-

Finally, we solve
(udy — b02)u = pFy — aby — act), € L7, (2.33)

with u € H* N HZ (and ¢ = F3 € H}), observing that B := (udt — b02) : H*N HZ — L? is a
homeomorphism, yielding

[ull s < ellF |3,

This solves (2.33),and we have W = (u,v,0,¢) € D(Aj) with A;fW = F and [|[W||y,, <
| F ;- L

By the Lumer-Phillips theorem we conclude again

Theorem 2.7. Aj; generates a contraction semigroup, and, for any W° € D(Ay;), there is a
unique solution V' to (2.29) satisfying

W e C*([0,00), Hir) N CY([0,00), D(Arr)) .
As a corollary from the estimates in the proof above we obtain
Lemma 2.8. A[_[1 : Hir — Hyp is a compact operator.

In view of this, to prove the following property of the spectrum, it will be sufficient to exclude

purely imaginary eigenvalues.
Lemma 2.9. iR C o(Ajy).

PRrOOF: Let A;fW =igW. € R\ {0}. Then Re (AW, W)4,, = Re (ifW, W), =0, and the
dissipativity (2.32) yields § = 1) = 0. From the equations we then successively conclude v = 0
and v = 0, hence W = 0, i.e. there are no purely imaginary eigenvalues. O

2.1.3 System (II) with boundary conditions (1.9)

Here we consider system (II)

PUtt + fpgze — Dugy — a(0 + aby), = 0, (2.34)
hgtt + d9t — kamz — QUty = 0. (235)

with initial conditions
uw(0,) =ug, u(0,-) =wug, 60(0,-) =6y, 6,0,-)=0, in Q, (2.36)

and the mixed hinged type (for u) and Neumann type (for ) boundary conditions

u(t,) = uga(t,) =0,  O,(t,)=0  in[0,00) x {0,L}. (2.37)

10



For 6 we require (to avoid the trivial solution u = 0, § = constant)
L
/ 0(t,x)dx =0, t>0. (2.38)
0

A transformation to a first-order system by defining W := (u,uy, 0, 6;) = (u,v,0,¢)" yields

0 1 0 0
_Eyt 4 0 y2 0 a9, 2ad,
Wt — $O+ T O po pa V = AIII,fW7 W(O, ) = WO = (u07u1700791)/'
o go por

(2.39)
This system with the formal differential symbol A;;; ¢ will be considered as an evolution equation
in the Hilbert space
Hyrp = (H*NHy) x L* x H} x L2,

where

L
LZ:={gecl?] / g(x)de =0},  H!:=H'NL?
0
and with the same inner product as for H; above,
<VV7 W*>7-l111 = <W’ W*>H1'

Then
Wi = ArpfW, Wit =0)=W° (2.40)

where
Arrr: D(Arrr) € Hirr — Hirr, AW = A s W, (2.41)

for W € D(Ayyr) with
D(App) :={W e Hyr|lve H*nHL, v e H, 0 e H? 0, € H}, u e H*, uy, € H }. (2.42)
As for system (II) we have
Lemma 2.10. D(Ajj;) is dense in Hyrr, and for W = (u,v,0,¢) € D(Ajrr),
Re (AW, Wy, = — ((dor — W) [l122 + KlI6.]12:) <0, (2.43)
i.e. Aqrr is dissipative.
Similarly we obtain

Lemma 2.11. 0 is in the resolvent set o(Ajr).

PROOF: Let F = (FY, Fy, F3, Fy)' € Hypr. To solve AjpfW = F, we first define

vi=1I1 € Hg? HUHH2 = HFlHH2 < ”FHHIII7

11



Ye=FeHy,  |ollm = 1Fsllm < I F

then we solve

k020 = hFy + dF3 — ad,Fy =: Grr1,

with Grr belonging to L? and with
0 € H*NH,, 0] 72 < cl|Grirllre < el Fllay,,-

Finally, we solve
(10} — b02)u = pFy — abl, — acih, € L, (2.44)

with u € H%, u,, € H} (and ¢ = F3 € H}), yielding
[l s < el Flla; -

This solves (2.44),and we have W = (u,v,0,v¢) € D(Arrr) with A;pfW = F and |[W|y,,, <
CHFHHUI' O

By the Lumer-Phillips theorem we conclude again

Theorem 2.12. Ajj; generates a contraction semigroup, and, for any W° € D(Ajrr), there is
a unique solution V to (2.40) satisfying

W e C* ([0,00), Hirr) N C° ([0, 00), D(Arrr)) .-
Again we have as a corollary from the estimates above
Lemma 2.13. AI_;I : Hrrr — Hiyrr is a compact operator.
Finally we also get
Lemma 2.14. iR C o(Ajsg).

PrOOF: Let A;pfW = iW. g € R\ {0}. Then Re (AW, W>%III = Re (iW, W>7‘lIII =0, and
the dissipativity (2.43) yields 6, = v = 0. Since §# € H}, we conclude # = 0. From the equations
we then successively conclude v = 0 and u = 0, hence W = 0, i.e. there are no purely imaginary

eigenvalues. O

As for system (II) with the Dirichlet type boundary conditions in the previous subsection
as well as for system (I) we have that the spectrum is strictly contained in the left-hand plane,

but, in contrast to system (I), we will not have exponential stability, see Subsection 2.3.

2.2 Exponential stability for system (I)

We consider system (I), the initial boundary value problem (2.1)-(2.4). We use the following
characterization of exponential stability given in [12], going back to Gearhart [6], Huang [5] and
Priiff [20].

12



Theorem 2.15. Let {etA* t>0 be a Cy-semigroup of contractions generated by the operator A

in the Hilbert space H.. Then the semigroup is exponentially stable if and only if iR C o(Ax)

and
m‘m_)ooH(l,BId - .A*)_lu < o0, 6 €R.

(2.45)

For A, = A; we know already from Lemma 2.4 that iR C o(A;). We now assume that (2.45)
does not hold. Then, as in the proof of Lemma 2.4, there exists a sequence (\,), C R such that

iAn € 0o(Ar) with A, = oo (now), and (W,,),, C D(Ay) with ||Wp][|, =1 and
(i)\n — A[)Wn — 0,

as n — oo. This implies

Mty — v, — 0 in H?,

Ay Un — ; (A(—pAuy, + aatp,) + alAb,) — 0 in L2,
iMbp—vp, — 0 in H',
MWM—%@ﬂAW+km%—wm - 0 in L2.

We conclude as in (2.15)
tp —0 inL? 6,—0 inH".

Similarly defining

VAun VAu, V Au, VAu,

I Y2 — ac, (iVO,, N

= pAn| 172 = alVon,

we have that (Z,,), is bounded. We now estimate as follows, for n large enough,

VAun

7 1 A
B R = 5198 = 5l = 521V

implying that oA
Un,

An

|2 is bounded in L.

Again we conclude that
u, — 0 in H?.

Finally, multiplying (2.12) by u, in L?, we get, using (2.11), (2.50),

. 1
~lvnll2e = (vn, iAtp — vy) 2 — ;HAunH%Q + a(On, Auy) 12 + ac(thy, Aup) 2 — 0,

implying
v, =0 in L7

)12 — ac(pnp, T)L%

(2.52)

(2.53)

(2.54)

Combining (2.50), (2.53) and (2.54) we conclude W,, — 0 in #; contradicting |[Wy|ly, = 1

Thus we have proved
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Theorem 2.16. The semigroup {1 }i>q is exponentially stable.

We recall here the plate system for the Lord-Shulman theory [17] with non-exponential
behavior, but we have seen that for the Green-Lindsay system the decay is exponential. This
is similar to what we noticed in the case of thermoelasticity with two temperatures in [11].
Therefore, we can emphasize the fact that the coupling for Green-Lindsay is stronger than
for Lord-Shulman, and we have two examples where these two theories (with hyperbolic heat

conduction) show a different behavior.

2.3 Non-exponential stability for system (II)

As we anticipated in the introduction in comparing the characteristic polynomials of system
(IT)) (1.11) with the polynomial (1.16) which arises in thermoelastic plates with the Cattaneo
law (1.12)—(1.14), we will now show that system (II) (1.3)—(1.4) with boundary conditions (1.9)
is not exponentially stable. The proof uses an appropriate ansatz being compatible with these
boundary conditions and demonstrating that there are (arbitrarily) slowly decaying solutions
— slowly in comparison to an exponential type. The arguments will use the Hurwitz criterion
similar to the situation for two-temperature plate systems with the Cattaneo law in [18].
So we discuss system (II), (1.3)—(1.4),

PUt + PUgyry — Dugy —a(0+ aby)y, = 0, (2.55)
h9tt + d9t - kﬂm — QUty = 0, (256)

with the boundary conditions
u(t, ") = Uge(t, ) = 0, 0(t,-) =0 on {0,L}. (2.57)
Theorem 2.17. The system (2.55)-(2.57) is not exponentially stable.
PROOF: Assuming w.l.o.g. L = m, we make the ansatz, for j € N,
uj(t, ) = q;(t)sin(jz), 6;(t,x) = p;(t) cos(jx),

This ansatz is compatible with the differential equations (2.55)—(2.56) and with the boundary
conditions (2.57). It gives a solution (u;, ;) if the coefficients (g;, pj) satisfy the following system

of ODEs, where a prime " denotes here differentiation with respect to time ¢,

pgj + njta; +b5%q; + ajp; +acjp = 0, (2.58)
hp + dp); + kj*pj — ajq; = 0.

System (2.58) is equivalent to a first-order system for the column vector V; := (g, q}, Djs p;-),

0 1 0 0
u 4 b2 a a
=) =0 0 =) —Jaj
Vi = P . P 0 OP p1 Vi = A,V (2.59)
U A



We are looking for solutions to (2.59) of type V;(t) = e“’jthO. In other words, w; has to be an

eigenvalue of A; with eigenvector Vj0 as initial data. It is the aim to demonstrate that, for any

given small € > 0, we have some j and some eigenvalue w; such that the real part Rew; of w; is

larger than —e. This will contradict the exponential stability. We have

1
det(wld — A;) = — {phw’ +dpw® + [(kp + a*a + bh)j* + huj*] w?

ph)
+ [(a® + bd)j? + pdj*)] w + [bhs* + ks }

1 1
= p—th(w) = o ;ajwj.

We remark that the polynomial P; is, of course, the same as the characteristic polynomial
obtained directly from the differential equations (2.55), (2.56) in (1.11).

To show that

Ve>0 3j Jwj, Pj(wj) =0: Rew; > —e,

we introduce, for small € > 0,

z:=w+e, Pj.(z) := Pj(z —¢).

That is, we have to show

Vi<ek1 dj E]Zj,.F)j@(Zj):O: RerZO.

To prove (2.60) we start with computing

where

q4
q3
q2
q1
q0

The coefficients qq, . . .

Pj(2) = qu2* + ¢32° + 22 + 1z + o

= ph,
= —4phe + dp,
:= 6phe® — 3dpe + (kp + a*a + bh)j* + hug?,
:= —phe3 + 3dpe® — 2 {(kp+ a’a + bh)j? + h,uj4} + (a® + bd)j* + pdj*,
.= phet — pded — {(kp+ a’a+bh)j? + huj4})
—{(a® + bd)j* + pdj*} £ + bkj* + pk;®.

criterion [26]: Let

3 g1 0 0
H = a1 92 43 44
0 q @1 ¢
0 0 0 qo
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denote the Hurwitz matrix associated to the polynomial Pj.. Then (2.60) is fulfilled if we find,
for given small ¢ > 0, a (sufficiently large) index j such that one of the principal minors of HY
is not positive. The principal minors are given by the determinants det D?n of the matrices DZn,
for m = 1,2,3,4, where D?, denotes the upper left square submatrix of H’ consisting of the
elements H{l, . ,Hgnm.

We compute

det Dj2 = q3q2 — q1q4

with
@@z = —deph’ujt + dphug* + O(5%),
qa = —2eph’ujt + dphpj* + O(5%),
hence
det D; o = —2eph*uj* + O(j%) < 0
as j — oo. [

It is worth noting that in the case of classical parabolic heat conduction (i.e. h = 0, a =
0) the decay is exponential [2]. Furthermore, in case that we also assume the existence of
microtemperatures, the semigroup is exponentially stable and analytic [8]. We also recall that
one-dimensional porous-elasticity for the Green-Lindsay theory was considered in [14], and the

authors proved that, generically, the decay is also slower than of exponential type.

3 The Cauchy problem

Now we look at the Cauchy problem for the systems (I) and (II). We are interested in proving
pointwise estimates for the solutions in Fourier space, leading to results on polynomial decay of
solutions without or with a so-called regularity loss. The latter means that one has estimates
only for less derivatives of the solution than that needed for the initial data, if one wishes to
reach a certain — optimal — decay rate. In view of the results for bounded domains in Section
2, we expect a regularity loss for system (II), but no loss for system (I). This correspondence is
known for other systems, cp. the Introduction.

The Cauchy problem for system (I) is given by

pug + pA?u —aA@ +ab)) = 0, in [0,00) x R", (3.1)
hOy + db; — kAO + aAuy = 0, in [0,00) x R™, (3.2)

with initial data
u(0,-) = up, u(0,-) =u1, 6(0,-) =6y, 6,(0,-) =6, in R™. (3.3)

. System (II) is given by

PU + PUgrry — Duzy —a(0+ aby)y = 0, in [0,00) x R, (3.4)
hett + d@t — ]{303333 — QUty — 0, in [0, OO) X R, (35)

16



together with the initial conditions (3.3).

We will reformulate the equations as systems of type

AU+ AU, = Y B'Usja, + LU =0 (3.6)
j=1 j =1

to derive the well-posedness and the decay estimate of solutions. Here A° is a positive definite
matrix, A7 with j = 0,--- ,n are symmetric, B/* with j,¢ = 1,--- ,n and L are positive semi-
definite.

Precisely, for system (I), we introduce the new functions
v = /pAu, W = Uy, Y = O, q:= Vo,

Then (3.1)-(3.2) are equivalent to

vy — /pAw = 0,

pwi + /Av — aAl — aaArp = 0,

dOs + hpy — kAO 4+ aAw = 0,

hé; + hatyy — kadivg + acAw + (da — h) = 0,
kag — kaVy =0,

with the constraint condition ¢ = V6. We can rewrite (3.1)—(3.2) in the form (3.6) with U :=
(v,w,0,9,q)', BI* =0 for j # ¢, and

100 0 0 000 0 0
0p 0 0 0 n 000 0 0
A=fo0d n o [, dAuy=l000 o0 0 :
00 h ha O i=1 000 0 —kaw
000 0 kal 000 —kaw? 0

(3.7)
0 yu 0 0 0 000 0 0
~ViE 0 a ax 0 000 0 0
BV'=| 0 -a k 0 O, L=|000 0 0
0 —aa 0 0 0 00 dae—h O
0 0 0 0 0 000 0 0

On the other hand, for system (II), we introduce

V= MUy, 2 = Vbuy, W = Uy, Y = O, q:=0,.

17



Then (3.4)—(3.5) are equivalent to

Ut — \/ﬁwm =0,

2t — \/wa =0,

pwy — Vbzy + VMV — 0y — act), = 0,

db; + hapy — kO, — aw, = 0,

hl; + hay — kagy — acw, + (da — h)yp = 0,
kags — katpy =0,

with the constraint condition vVbv = /iiz, and ¢ = 0,, and we can rewrite (3.4)-(3.5) in the
form (3.6) with U := (v, z,w, 0,1, q)" and

1000 0 0 0 0 0 0 0 0
0100 0 O 0 0 —vb 0 0 0
AO:OOpOOO,AIZO—bO—a—aaO’
000d h O 0 0 —-a 0 0 0
0 00 A hae O 0 0 —-aa 0 0 -k«
0000 0 Fka 0 0 0 0 —ka O

(3.8)
0 0 g 000 0000 0 0
0O 0 0 000 0000 0 0
Bl _ —\/5000007 ,_| 0000 0 0
0 0 0 kK 00 0000 0 0
0 0 0 000 0000 de—h 0
0O 0 0 000 0000 0 0

The positivity assumption (1.5) assures in both cases the positive definiteness of A° and the
positive semi-definiteness of B and L.

Applying the Fourier transform to (3.6), we obtain
AU, + €| A(wW)U + |€)*B(w)U + LU = 0, (3.9)

where A(w) = Y77, Alwj and B(w) := > i1 Bifwjwy, for w = ¢/1¢] € "' and w =

(w1, ,wp). Then the solution of (3.9) can be written as
U(t,€) = 000 (¢). (3.10)

where Uy is defined by the initial data and
(6) = —(A°) 7 (ilE|Aw) + [E*Bw) + L). (3.11)
Then we define the semigroup {e!®};>¢ by the formula
ey = F e POp(¢)). (3.12)
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It is easy to check that the each system with constraint condition satisfies the stability condition
introduced in [24]. This means that these systems have a dissipative structure, and it guarantees
the decay estimates for the solutions. Thus, our main purpose of this section is now to derive the
property of the solution operator e/®. Afterwards we will derive pointwise estimates in Fourier
space for the solutions leading to polynomial decay estimates.

The well-posedness of the problem can be shown in adapting the techniques used for bounded
domains in the previous section, cf. [23] for similar considerations. Here we concentrate on the

decay estimates.

3.1 Decay for system (I)
In this section, our purpose is to derive the following decay estimate.

Theorem 3.1. Let {e!®};>0 be the semigroup defined by (3.12) and (3.11), where A is given
via (3.7). Then the following decay estimates hold for 1 <p <2 and j > 0.

1090l < C(1+ 1)~ 26973l p + Ce| B 12, (3.13)

where ¢ and C' are certain positive constants, being independent of t and .

The key of the proof of Theorem 3.1 is to get a pointwise estimate of the operator e!® in

Fourier space. More precisely, we get the following proposition, in which the form of A\;(§)
already indicates that there will be no regularity loss. Once we derive the following pointwise
estimate, it is not difficult to get (3.13), and we omit the proof. For details we refer reader e.g.
to [22, 23].

Proposition 3.2. Let ®(&) be the matriz defined in (3.11) where A arises via (3.7). Then the

corresponding matriz exponential et (i) satisfies the following pointwise estimate

1612 < Qe ©), (3.14)

fort >0 and £ € R™, where A\((€) == |£]?/(1+ |€]?), and ¢ and C are certain positive constants,
being independent of t and &.

Proof. The proof is based on the energy method. We first derive the basic energy equality for
the system (3.9) in the Fourier space. Taking the inner product (3.9) with U, and taking real

parts for the resulting equality, we arrive at the following basic energy equality

19 qn - R .
§E<AOU, U) + E|£]2)0)? + (ad — h)|h|> = 0. (3.15)

This corresponds to the dissipativity of the operators in bounded domains, cp. (2.9). We

calculate o R . -
(A°U,U) = plo]? + /ulo* + d|6]* + ahl|* + ak|ql® + 2hRe(64))

> pl)? + a0 + okl + e (10 + 9]

because of ad — h > 0, where ¢, is a certain positive constant which depends on «, d and h.

(3.16)

19



We next construct further dissipation terms. The system defined by (3.9) is equivalent to

O+l =0,
pie = /l[*0 + alg[*d + aalg* =0,
df; + hapy + |€[%0 — al€)?d = 0, (3.17)
h; + hat)y — kaif - § — ac|€)*® + (do — h)h = 0,
kag, — kai&) = 0.
Multiplying the first equation of (3.17) resp. the second equation of (3.17) by —pw resp.

—0, we get

—pRe(0) + VISR (0 = pliof?) — al¢*Re(56) — aal¢PRe(@) =0, (3.18)

Furthermore, we multiply the second equation of (3.17) resp. the fourth equation of (3.17) by

—ah@ resp. —pw, and combine the resulting equations to obtain
— aph(iy) +bipr) — ahale*00 + aal¢? (o] — ah|df?)
+ ah/p|E[200 + apkd (i€ - §) — apdivy) + phib(ih — 6;) = 0.

Moreover, using ¢ = 6; and taking the real part, we get

ot

0 = = 1 A N
(PhRe(iy) + pdRe(w0) + Sah|é|0f%) + alg(pldl* — ah|[?)
+ h/TlE) 2 Re (i) — phé - Re(itdg) + pdRe(tind) = 0,

For this equation, to control the term Re(u?té), we multiply the second equation of (3.17) by
—df. Then we get

1 . A =
—5aad|§\2@|9l2 — ad|¢[*|0]” — pdRe(:0) + dv/l¢|*Re(0) =

Thus, combining the last two equations yields

0 H 1 _ M2 11512
o (phRe(t) + pdRe(i0) + jalad +h) )I€%16) ) +alé*(plw|* — ahl]? - d|6]?) (3.19)
+ h/lE| P Re(00) — ph€ - Re(ithg) + dy/Hi|€|2Re(i6) = 0.
Now, we multiply (3.18) by a/(2/i), and add the resulting equation to (3.19),
_9 ( yRe(@w) + phRe(1)) + pdRe(wf) + %a(ad + h)\§|2\é]2)
+ §|€| (16> + pl]?) — alé*(ahld]” + d|f]) (3.20)

1 (1204 o= = 1 a2 s
+ \/ﬁ(hu — 55 ) IE*Re(4)) — pk - Re(itbg) + o (dn = 5 ) I¢l*Re(6) =

Finally, we multiply (3.15) and (3.20) by (1 + [£]?) and kg, respectively, and combine these

equations, where kg is a positive constant to be determined. This yields

0
5 E+TD=0, (3.21)
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where

pa
Re
2/l

P07 + pld?) + (k(L + [€1) = road) [€[*10] + ((ad — h)(L + [€]*) — koaahl€]?)[d[?

B %(1 +IEPYAD, T) — o] (1) + phRe (1)) + pdRe(1bf) + %a(ad +h)gl101

D::@
2

+ 2 (hp a%‘) [€PRe(04) — ropht - Re(ioq) + = (dp “2)\§|2Re<@é>
20 _ 2 — kopké - 20 _ )
VA VAN
Taking ko suitably small and employing (3.16), we obtain
co(L+ €707 < B < Co(1+ €20,
with positive constants cg, Cy. Similarly, taking kg suitably small and using ¢ = V8, we get

D = er(€P[@]® + €70 + P10 + 162167 + (1 + [EP)IDIP) = eal€PIOP,

with a positive constant ¢;. Therefore, substituting these estimates into (3.21), we can derive

the following energy estimate in Fourier space

A t 2 A A A
OO+ [ (1ot OF + 1o OR) + B P +19(r. O )dr < T O.HP

and this gives
t
co(|l (VA ug, 6) ()17 + [16(1)[172) +01/0 (10 (VEAw, ug) (7)1 72 + 1020(7) 72 + [106(7) 7 )d7
< Co(||(VrAug, ur, 01)[| 71 + 160l 772)-
Moreover, we also get E(t) < E(O)e‘clc&ul(m)t, and hence
0,91 < e Coe™e1C0 M 70, ¢) .

In particular, we remark that A;(€) has the standard dissipative structure, leading to estimates
on the decay rates without loss of regularity. This corresponds to the exponential stability in

the bounded domain case. O

3.2 Optimality for system (I)

Here we investigate the optimality of the pointwise estimates in Theorem 3.1. For this purpose,
we consider the characteristic equation det(A — ®(i€)) = 0 for the system (3.6) with (3.7),

which is equivalent to
PhXY + pdX3 + {pk + (uh + aa®)|E[2HE2A? + (ud + o)A + el = o. (3.22)

We consider the asymptotic expansion of A = A([¢]) for |{] — 0 and for |{] — oco. These ex-
pansions essentially determine the asymptotic behavior of solutions. Using the Newton polygon

method, see e.g. [25], we have the following asymptotic expansion for |{| — 0, :

N(ED) = ag il j=1,2,34. (3.23)
/=0
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Substituting (3.23) into (3.22), we compare the terms of the same order in |£]. Then we obtain
d

N(ED) = zle? +O(g),  Mal€D) =5t \§|2+O(!§| ) (3.24)
for j =1,2,3. Here, z; is a solution for f(z) = 0 with
f(2) == pdz® + pk2* + (pd + a®)z + uk. (3.25)

Remark that these solutions satisfy z1 + 29 + 23 = —k/d. Since f(0) = pk > 0 and f(—k/d) =
—a?/d < 0, we get Re(zj) <0 for j = 1,2,3.
Analogously, we consider the asymptotic expansion for || — oo. For this purpose, we

introduce v by A = |¢|?v, and we get from (3.22)
phvt + pd|€| 7203 + (uh + ad® + pk|€| %)% + (ud + a®)|€| 720 + pk|€) 2 = 0. (3.26)

Using again the Newton polygon method, we make the ansatz
|£‘ Zﬁ&]’a - ] = 17273747

and substitute this into (3.26). Then we obtain

‘ _ /,uh—i—aa o a*lad—h)  k 0 s
d
Apsalle) = | il - s+ o),

for j =1,2.

Consequently, the asymptotic expansions (3.24) and (3.27) tell us that the pointwise estimate
(3.14) is optimal.
3.3 Decay for system (II)

Now we will derive the decay estimate for the solution of the initial value problem (3.4), (3.5),

(3.3). Our decay estimate is stated as follows

Theorem 3.3. Let e!® be the semigroup defined by (3.12) with (3.8). Then the following decay
estimates hold for 1 <p <2 and j,£ > 0,

. nel 1 j .
10 @llzz < COL+ 87262 ]l o + 1+ )72 |03 12, (3.28)
where ¢ and C' are certain positive constants, being independent of t and .

To get the decay estimate, we derive the corresponding pointwise estimate, in which the

form of A\;7(J¢|) already indicates that there will be a regularity loss.
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Proposition 3.4. Let ®(&) be the matriz defined in (3.11) with (3.8). Then the corresponding

matriz exponential et ® () satisfies the following pointwise estimate
‘et‘i’(f)’ < C€*C>\U(\5|)t, (3.29)

fort > 0 and &€ € R™, where M\;1(|€]) = |€]2/(1 + [€]?)?, and ¢ and C are certain positive

constants, being independent of t and &.

Proof. The argument is same as the previous proof. We derive the basic energy equality for
the system (3.9) with (3.8) in the Fourier space using the same argument as in the proof of
Proposition 3.2. Namely we get
10
20t

This corresponds to the dissipativity of the operators in bounded domains, cp. (2.32). Here, we

— (AT, U) + k|¢|26)? + (ad — h)[9]? = 0. (3.30)

compute

(A°T,T) = plwo]? + VB2 + a[o[2 + dl)? + ahld|? + ak|d® + 2hRe(61)

(3.31)
> plw|* + V|22 + RO + akld)? + e (10 + D),

because of ad — h > 0, where ¢, is a certain positive constant which depends on «, d and h.
We construct further dissipation terms. The system defined by (3.9) with (3.8) is equivalent

to
by + /EP = 0,
— Vbigw =0,
pivy — Vbi€2 — /e 0 — aifh — acith = 0,
by + hapy + k€20 — it = 0,
hby + hathy — ki€ — aci& + (da — h)i = 0,
kage — kai&d = 0,

(3.32)

and \fzfz = +/bi. Multiplying the first equation of (3.32) resp. the third equation of (3.32) by
—pw resp. v we get
—p2, Re(8) + V(12 + |6 — pli®) + afRe(i60) + aatRe(ivd) = 0. (3.33)
Furthermore, we multiply the third equation of (3.32) resp. the fifth equation of (3.32) by
—ahifiﬁ resp. pi&éw, Then, combining the resulting equations, we obtain
0 = .= 1 o
— o, (pheRe(iw) + pdéRe(iwd) + 5ahe?|0%) + a&?(pliv[* — ahli )

)
+ h\/ﬁf‘?Re(i@JJ) + pk&2Re(1q) + pdéRe(zwté

) — hfﬁZRe(zw) =0.

For this equation, to control the term fRe(iu?té), we multiply the third equation of (3.32) by
—diéé. Then we get

1 ~ ~ = = =
—2aad§2§t\9]2 — ad€®|0)? — pdeRe(iyd) — dVDE*Re(20) + d\/u€>Re(i1) = 0.
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Similarly, to control the term ¢2Re(iq), we multiply the second equation of (3.32) resp. the
sixth equation of (3.32) by —akiéq resp. iz, Then, combining the resulting equations, we
obtain 5 B

€5, Re(i24) — VbE*Re(ig) + ERe(24) =
Thus, combining the last three equations yields

0 = k _ «
- = (pthe(zw¢) pdeRe(iwd) + %gRe( i5) + %a(ad + h)£2|9|2)

+a&?(pld* — ahlp|® — d|f]*) — %(b + uE?)E*Re(20) + \}Emkz — bh — ph€?)E*Re(24)) = 0.
(3.34)

Here, we also used \/pi§z = Vbo. Now, we multiply (3.33) by a/(2\/1), and add the resulting
equation to (3.34),

0 1% .= A . A A pk CA R 1 21412
~ 5 (2\FRe(vw) + ph&Re(iw)) + pdéRe(iwd) + %&{ e(i2q) + ia(ad + h)&7|0) )
+ 552(|U|2 + 27 + pld[*) — ag®(ahlP|* + dIO]) (3.35)
d  a? 9\ .2 = 1 aa® 2o /TN
— (g b HEERR(E0) + (= G+ pk— bh — ph?)eRe() =

Finally, we multiply (3.30) and (3.35) by (14 [£]?)? and ko, respectively, and combine these

equations, where kg is a positive constant to be determined. This yields

d
5 E+tD=0, (3.36)

where

B = (14 |ePYAAD,0)

— Ko (2[)fRe(@tff) + ph€Re (i) + pdeRe(iih) + 3’%5%(125) + %a(ad + h)§2|é\2),

D= %gmﬂ? + 1217 4 plol?) + (k(1 + €)% = koad)E%(0]” + ((ad — h)(1 + €)* — Koaahg?)| P
2 _ 2 _
— (G + b+ i )ERe(:D) + S (=T + = b — b Re(20),

Taking ko suitably small and employing (3.31), we obtain
co(1+ €U < E < Co(1+ €[2[0, (3.37)
with positive constants cg, Cyp. On the other hand, to derive the estimate for D, we prepare the

following estimates,

= d
+ b+ pE2)E%Re(20)] < % L bj€12110] + rody/alelo6)

< er€(jo]” +[2°) +

kod a®

!\/5(261

k2d? 1 a?

21012
g (G 0 gy
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Ky , «a® 9\ 42 R Ko aa® 215117 RIPNTIN
%(—7 + pk — bh — phé*)E"Re(24)| < %Wﬂ — bh — 7||§| 1Z|[¢] + Kohy/ul&]°[0] |9
2 1
< e ([0f7 + 12%) + 125 (oh — bh O ¢ WY1,

By virtue of these estimate with e; = g9 = kpa/8, D is estimated by

& .
D> M0 (of2 4 1212) + "L a2 1 { k(1 + €212  no(ad +2*{b<2d 07 el FE210F
+{(ad—h)(1+§2)2—no<aah+%{ (pk—bh——) + uh?e? })gQ}W

> a1 ([0f + 0 + |27) + e (14 E)E (0P + 1d°) + c1(1+ |97 > e (U,
(3.38)
if we take take kg suitably small, where ¢ is a positive constant. Therefore, substituting (3.37)

and (3.38) into (3.36), we can obtain the energy estimate in Fourier space

~ t 2 A~ ~ A
il O+ | (g ORI O P+ PO O+ O )dr < ColT 0.

and this gives
co(||(v/Httaz, Vb, ur, 0) (8) |72 + 110(8)[1375)
! 2 2 2
o1 [0Vt Vs, u) (7) [ + 10:007) s+ 160 )
< Col||(v/uozs: Vouos, ut, 01)||22 + [|00]|%s)-
Moreover, we also get E(t) < E(O)efclcoil)‘”(‘f')t, and hence
0t &) < ey Coe™% AuulEbt|ir(0, )

In particular, we remark that A;7(|¢|) has regularity loss structure, leading to estimates on the
decay rates with loss of regularity. This corresponds to the lack of exponential stability in the

bounded domain case. O

3.4 Optimality for system (II)

Here we discuss the optimality of the decay estimates in Theorem 3.3. Analogously as for system

(I) above, we consider the corresponding characteristic equation
phA* + pd\® + (pk + bh + aa® + ph€®)E* N2 + (bd + a* + pde®)EN + k(b + pe*)¢* = 0. (3.39)

We study the asymptotic expansion of A = A(|¢]) for |£] — 0 and for || — oco. These expansions
essentially determine the asymptotic behavior of solutions.

First, we consider the asymptotic expansion for [{| — 0:

i (€]) Zae,ﬁ , j=1,234. (3.40)
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Substituting (3.40) into (3.39), we compare the terms of the same order in |£|. Then we obtain

B bd + a2 a? k ad—h
A (€] —i\/75_ 7{bd+a2 R }g +0(¢P), (3.41)

kb d k ad—h
i) = g€ +0E, Mle) =1+ {5+ T e,

for j =1,2.
Second, we consider the asymptotic expansion for |¢| — co. We introduce again v by A = £2v,

and we obtain

phvt + pde2v° +{ph + (pk + bh + 0a®)E 10 + {pd + (bd+a*)E 2} v+ k(u+bE%)E2 = 0.
(3.42)
With the ansatz

vi(l€]) Z%U j=1,2,34,

n (3.26), we get

bh + aa® [
2 —
N

t o h2{ a®(ad — h) + M(k:pacﬂ—W)ﬁi}g_Q%—O(\ﬂ_S), (3.43)

k., d _1gaa® &\ [k. -
Aj+2<|£\>=i\fhzf%x%(of+%)\/;za LroE?)

for j =1, 2.
Consequently, the asymptotic expansions (3.41) and (3.43) tell us that the pointwise esti-
mate (3.29) is optimal.
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