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Abstract 

Within this thesis, we consider Brownian dynamics simulations of anisotropic 

colloids modeled by elliptic disks. At first, a mathematical framework is developed 

in order to describe ellipses and to derive corresponding collision laws. Then, we 

introduce the conception of an event-driven algorithm. Within this scope, the 

collision time of two elliptic disks has to be determined. For this purpose, we 

employ a sequential quadratic programming method that solves the associated 

nonlinear optimization problem. Further studies involve overlap detection as well 

as performance evaluation of our simulation program. Moreover, all regarded 

methods are prepared for appliance to polydisperse systems. The overall subject is 

to provide an appropriate environment for simulating anisotropic particles. 

Zusammenfassung 

Im Rahmen dieser Diplomarbeit betrachten wir Simulationen zur brownschen 

Dynamik anisotroper Kolloide, welche durch elliptische Scheiben modelliert wer-

den. Zuerst wird ein mathematisches Konzept entwickelt, um Ellipsen und die 

zugehörigen Stoßgesetze zu beschreiben. Anschließend erfolgt eine Einführung 

zur ereignisorientierten Simulationstechnik, welche die Bestimmung der Stoßzeit 

zweier elliptischer Scheiben erfordert. Um das resultierende nichtlineare Optimie-

rungsproblem zu lösen, verwenden wir sequenzielle quadratische Programmierung 

und analysieren anschließend das Leistungsvermögen der entwickelten Algorith-

men. Weiterhin wird ein Kriterium zur Überlapperkennung der elliptischen Schei-

ben vorgestellt, so dass gegebenenfalls entsprechende Korrekturschritte durchge-

führt werden können. Alle erwähnten Methoden sind auf polydisperse Systeme 

ausgelegt, um eine direkte Anwendung auf binäre Mischungen zu ermöglichen. 

Das Gesamtziel ist die Bereitstellung einer geeigneten Simulationsumgebung für 

anisotrope Teilchen. 
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1 Introduction 

Within this thesis, we consider a system of so-called colloids. These are compact 

particles with a characteristic size of      to     , which are evenly dispersed in 

another medium. The research on colloidal systems is an interesting topic since 

they play an important role in chemistry and statistical physics. Moreover, many 

products of the food and cosmetics industry are concerned with colloids. Some 

typical examples for colloidal systems include milk, mayonnaise, whipped cream, 

gelatin, hair sprays, hand cream, ink, as well as clouds, fog, and blood.  

If colloids can move freely, they will probably perform erratic fluctuations due to 

microscopic interactions with the solvent particles. These so-called random walks 

of the colloids constitute the physical principle of diffusion. This stochastic kind of 

motion is also referred to as Brownian motion according to ROBERT BROWN’s fa-

mous observations in 1827 concerning pollen grains in water.  

In this work, we want to consider the Brownian dynamics of colloids in computer 

simulations. In the last decades, computer simulations enjoyed an increasing 

popularity due to a general availability of computing power. Matter can now be 

studied on a molecular scale, and simulations prove beneficial to test theories 

without the necessity of elaborate experiments. 

The simplest two-dimensional model of a colloidal system is described by hard 

disks. Due to the step potentials, the interactions between the colloids can be 

considered by applying corresponding collision rules. Moreover, the solvent parti-

cles are not simulated in particular, but their net effect, i.e., Brownian dynamics, is 

taken into account. Since most properties of circular disks are well understood (see 

[1]), the model shall now be extended to anisotropic colloids. Hence, the major 

subject of this thesis is a Brownian dynamics simulation of elliptic disks. This is 

performed within the scope of an event-driven algorithm, which will be explained 

more detailed. We want to develop and apply appropriate algorithms, especially 

regarding collision detection and processing. The simulation program is imple-

mented in C++, and some benchmark results shall be considered, too. 



2 1 Introduction   

The thesis is organized as follows: 

 Chapter 2 introduces the mathematical framework including a general el-

lipse equation and the collision laws for two elliptic disks. 

 Chapter 3 represents the main part. We consider the concept and the prop-

erties of an event-driven simulation. After that, different approaches and 

algorithms concerning collision time determination and overlap detection 

are discussed extensively. 

 Chapter 4 analyzes the performance of the simulation program.  Addition-

ally, some first physical results are regarded. 

 Chapter 5 gives a summary of the work. 
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2 Mathematical description 

Though similar, the geometry of elliptic disks includes various challenging aspects 

compared to circular disks. Thus, the subject of this chapter is the introduction of 

a mathematical notation, which the more advanced algorithms of Chapter 3 are 

based on. We start with very basic properties of an ellipse and develop a general 

ellipse equation. After that, physical collision laws for two elliptic disks are derived. 

2.1 Basic properties 

The introductory part covers a definition of an ellipse and eccentricity. Further-

more, we mention alternative representations and determine the area and the 

moment of inertia of an elliptic disk. 

2.1.1 Definition of an ellipse 

The mathematical description is based on a proper definition of an ellipse. One has 

the choice of several equivalent definitions, where three common ways (cf. [2]) are 

the following: 

 As a conic section: “An ellipse is a plane curve that results from the inter-

section of a cone and a plane, so that one obtains a closed curve.” 

 According to distances: “An ellipse is the locus of all points in the plane, 

whose distances from two fixed points add to the same constant.” 

 By its equation: “An ellipse is the set of all points in the plane (     ) that 

satisfy   
   ⁄    

   ⁄   .” 

Each definition contains two real parameters, which determine the size and the 

shape of the corresponding ellipse. Specifically, in the third definition these pa-

rameters are the lengths of the major and minor semi-axis, which are denoted by   

and   respectively, assuming      . Accordingly,      should be a reasonable 

notation for an ellipse, and we conclude 

   (
  

  
)                 

  
 

  
 

  
 

  
    (2.1) 
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Figure 2.1 A centered and axis-aligned ellipse      with major and minor semi-axis   and   

respectively. The two focal points    and    refer to the second definition. 

This equation describes an ellipse centered at the origin, and its semi-axes coincide 

with the Cartesian axes (see Figure 2.1).  

2.1.2 Eccentricity and aspect ratio 

Anisotropy is an essential feature of ellipses, and hence, three related quantities 

describing the deformation shall be introduced here: 

 The linear eccentricity 

   √      (2.2) 

describes the distance of the focal points from the origin. These are the two 

fixed points, which the second definition refers to. They are also depicted 

in Figure 2.1, and their positions are given by (    ) and (   ) respectively. 

 The numerical eccentricity  

   
 

 
 √  

  

  
 (2.3) 

is the corresponding dimensionless quantity with      , where     

represents a circle of radius     and     is a straight line of length   . 

 Lastly, the aspect ratio 

   
 

 
   (2.4) 

is used to characterize the elongation of ellipses in computer simulations. 

Together with the usual convention     , the particle shape is complete-

ly described by its aspect ratio         ⁄ . 

𝑏 

𝐹  𝐹  

𝑥  

𝑥  
𝑎 
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2.1.3 Polar and parameter representation 

Besides the common notation in Equation (2.1), there exist some equivalent ex-

pressions for an ellipse. For the sake of completeness, two alternative expressions 

shall be mentioned here. 

In polar coordinates,   is the distance from the origin, and   corresponds to the 

polar angle. To obtain this representation, one sets          and          in 

Equation (2.1) and solves for  ( ):  

   (
     
     )                 

  

√               
 

 

√         
  (2.5) 

The parameter representation is based on the unit circle, which is deformed by   

in   -direction and by   in   -direction:  

                    (
     
     )    [    )  (2.6) 

The parameter   should not be confused with the polar angle  . The idea of de-

forming the unit circle will prove beneficial in Section 2.2, where a more general 

version of an ellipse equation is derived.  

2.1.4 Area and moment of inertia 

The approach of transforming an ellipse into the unit circle by rescaling the Carte-

sian coordinates is also very helpful in calculating the area and the moment of 

inertia of an ellipse. It allows a smart method of evaluating the corresponding 

surface integrals. 

The area   is determined by integrating over the ellipse’s surface. Instead of speci-

fying the appropriate limits of the integration variables    and   , we transform the 

ellipse      into the centered unit circle   ( )  by substituting      ̅  and 

     ̅ . The area of the unit circle is simply  , and we obtain 

   ∬       

    

   ∬   ̅    ̅ 

  ( )

      (2.7) 

So, applying      in computer simulations leads to elliptic disks with the same 

area like a circular disk of radius    . 
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The mass moment of inertia   of an ellipse rotating around its center of mass is 

determined in a similar fashion. We consider a mass   and a homogeneous area 

density   ⁄  and compute 

 

  
 

 
∬(  

    
 )        

    

 
 

 
∬(   ̅ 

     ̅ 
 )   ̅    ̅ 

  ( )

 

 
 

 
∫ ∫ (                   )       

  

   

 

   

 
 

 
(     )  

(2.8) 

The mass and the moment of inertia will play an important role in Section 2.3, 

where we examine the redistribution of momentum and angular momentum dur-

ing the collision of two elliptic disks. 

2.2 Ellipse equation 

Certainly, our previous considerations provide no universal description since they 

are restricted to a centered and axis-aligned ellipse. In this section, a more general 

expression for the ellipse equation is derived and discussed. 

2.2.1 Derivation of a general ellipse equation 

As mentioned in Subsection 2.1.3, the unit circle is a reasonable starting point to 

develop an advanced ellipse equation. At first, we consider a vector  ̅ that is re-

stricted to the centered unit circle (Figure 2.2(a)): 

  ̅    ( )  (2.9) 

Then, it shall be deformed by   and   along the Cartesian axes (Figure 2.2(b)) 

using a diagonal matrix     : 

      ̅      (
  
  

)  (2.10) 

The next step is a rotation by an angle   [      (Figure 2.2(c)) with the common 

rotation matrix of two-dimensional space  ( ): 

  ( )     ̅  ( )  (
         
        

)  (2.11) 
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Figure 2.2 Successive transformations from the unit circle to a general ellipse: (a) Initial 
state. (b) Deformation. (c) Rotation. (d) Translation. 

Lastly, we shift by a position vector   (Figure 2.2(d)), which can simply be added to 

the expression: 

    ( )     ̅  (2.12) 

We obtain a general expression for an ellipse with the center of mass at   and the 

major axis forming an angle of   with the   -direction (see Figure 2.3). This object 

shall be denoted by     (   ), and we conclude 

       (   )                 ( )     ̅  ̅    ( )  (2.13) 

Optionally, a general parameter representation can be achieved by applying a 

parameter representation of the unit circle  ̅  (         ) with   [    ). How-

ever, this expression is not very appropriate for further considerations due to the 

unit circle constraint. Hence, we solve for 

  ̅      
   ( ) (   )  (2.14) 

where     
   is a diagonal matrix holding the inverse lengths of the semi-axes, and 

 ( )   (  ) corresponds to the inverse of the rotation matrix, which is an 

orthogonal matrix. This equation is applied to the rewritten unit circle constraint 

  ̅    ( )            | ̅|               ̅  ̅     (2.15) 

leading to the general ellipse equation in a very useful version (cf. Figure 2.3): 

 

      (   )            (   )     ( )(   )    

             ( )   ( )    
   ( )   

(2.16) 

  

(a) (b) (c) (d) 
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Figure 2.3 A general ellipse     (   ). The position of the center of mass   and the angle 

from the   -direction to the major axis   are labeled in red. 

The    -matrix     ( ) is an abbreviation for the occurring matrix product, and 

it offers some neat properties. According to its definition, it is symmetric 

    
 ( )      ( ), and since     ( ) and     

   are related by a similarity transfor-

mation, both matrices share the same eigenvalues. Obviously, these are    ⁄  and 

   ⁄ , and thus,     ( ) is positive-definite. A detailed discussion on such quadrat-

ic forms can be found in [2]. 

For test purposes, we apply     as well as    , which yields 

       (       )                  
                

  
 

  
 

  
 

  
    (2.17) 

This corresponds exactly to the equation of a centered and axis-aligned ellipse that 

we initially started with in Subsection 2.1.1. 

2.2.2 Introduction to the ellipse function 

The next enhancement to our mathematical description includes the consideration 

of an ellipse in motion. Instead of being fixed, its center of mass can move with a 

velocity   in combination with an optional rotation with an angular velocity  . 

The time dependence is introduced by 

    ( )                       ( )         (2.18) 

where   is the time variable and    and    correspond to the initial position and 

angle (at    ) respectively. Nevertheless, we will refrain from an explicit notation 

𝑥  

𝑥  

𝒓 

𝜃 

𝑎 𝑏 
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of the time dependence and remain with   and   due to reasons of legibility. Ac-

cording to Equation (2.16), we define a real-valued ellipse function  (   ): 

  (   )  (   )     ( )(   )     (2.19) 

Besides the general variables   and  ,   also depends on the ellipse parameters  , 

 ,  , and  , but we will omit them as a subscript. The evaluation of this function 

allows determining if at a certain time   an arbitrary point   lies inside the corre-

sponding elliptic disk or not: 

At a time  , a point   lies {
      

           
       

} of an ellipse     (   ) iff {

 (   )   
 (   )   
 (   )   

. 

This function plays an important role in Section 3.2, where we will discuss several 

algorithms for finding the collision time of two moving elliptic disks. In favor of an 

easier evaluation of  (   ), the entries of the matrix     ( ) are calculated as: 

 

    ( )  (

 

  
      

 

  
     (

 

  
 

 

  
)         

(
 

  
 

 

  
)         

 

  
     ( )  

 

  
     

) 

 
 

 
(

 

  
 

 

  
)(

   (  )    (  )

   (  )     (  )
)  

 

 
(

 

  
 

 

  
)(

  
  

)  

(2.20) 

2.2.3 Gradient and Hessian of the ellipse function 

Some algorithms in Section 3.2 additionally use the gradient or even the Hessian of 

the ellipse function  (   ) for detecting the collision time of two elliptic disks. 

Hence, these quantities shall be determined here as a preparatory step. 

The gradient consists of the time derivative and the vector-valued spatial part: 

  (   ) (   )  (
   (   )

   (   )
)  (2.21) 

Recalling the defining Equation (2.19), the spatial derivative is easily found: 

    (   )       ( )(   )  (2.22) 
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However, the time dependence is introduced via  ( )        and  ( )     

  , leading to 

 

   (   )      (   )       (   ) 

  (   )     
 ( )(   )         ( )(   ) 

             
 ( ( ))  (

 

  
 

 

  
) (

    (  )    (  )

   (  )    (  )
)  

(2.23) 

The Hessian is a symmetric    -matrix holding the second derivatives: 

   (   )  (
  

  (   ) (     (   ))
 

     (   )   
  (   )

)  (2.24) 

Differentiating twice with respect to time provides 

 
  

  (   )    (   )     
  ( )(   ) 

         
 ( )(   )         ( )   

(2.25) 

where     
 ( ( )) is defined as above and 

     
  ( ( ))   (

 

  
 

 

  
) (

    (  )     (  )

    (  )    (  )
)  (2.26) 

The remaining entries are determined as 

 

     (   )        
 ( )(   )       ( )  

          
  (   )       ( )  

(2.27) 

A further discussion is omitted here since, in Section 3.2, we will describe how the 

gradient and the Hessian of the ellipse function are used in particular algorithms. 

2.3 Collision of elliptic disks 

We conclude the mathematical preparations by pointing out the collision of two 

elliptic disks. In the elastic case, we can apply the conservation of energy, momen-

tum, and angular momentum in order to determine general collision laws. For this 

task, somewhat more effort compared to circular disks is required since, in general, 

the collision will not only be oblique but also eccentric. In this case, the centers of 

mass do not lie on the collision normal (see below), and this leads to an additional 
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torque. Furthermore, we consider a frictionless collision, which implies the ab-

sence of tangential forces in the collision point. Assuming the point of collision   

to be known, the first step is the specification of an appropriate coordinate system. 

Of course, an elaborate algorithm is necessary for the determination of the colli-

sion time, but this is will be discussed extensively in Section 3.2. 

2.3.1 Tangent to a general ellipse 

Our derivation of a tangent to a general ellipse     (   ) is based on the corre-

sponding equation for a centered and axis-aligned ellipse     . Initially, we per-

ceive Equation (2.1) as an implicit function defining    locally as a function of    

and differentiate it with respect to   : 

 
  

 

  
 

  (  )
 

  
       

   
→      

   

  
 

   (  )

  
  

 (  )     (2.28) 

That way, we obtain an equation for the slope of the tangent 

      
 (  )   

    

    
  (2.29) 

According to Figure 2.4(a), we rewrite this equation by introducing the tangent’s 

inclination angle    and the polar angle    relating to  : 

                           
  

  
  (2.30) 

 

Figure 2.4 (a) A tangent to an axis-aligned ellipse, where    denotes the inclination angle 
and    is the polar angle of the contact point  . (b) The same situation after a rotation by  . 
The inclination and polar angle are now given by        and        respectively. 

(a) (b) 

𝛼 𝜑 

𝜃 

𝜃 

𝒙 

𝑥  

𝑥  

 
 

𝛼′ 

𝜑′ 

𝒙 

𝑥  

𝑥  
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The resulting relation between the two angles, 

        
  

  
       (2.31) 

offers the starting point for a corresponding equation regarding a general ellipse 

    (   ). Concerning the remarks in Subsection 2.2.1, such a ellipse is achieved if 

we first rotate by   and then shift by  . Since a rotation is a conformal map, the 

angles    and    are preserved. Applying the substitutions 

                           (2.32) 

to Equation (2.31) leads to the situation of Figure 2.4(b). The translation is consid-

ered by substituting  

        (2.33) 

what results in   being the inclination angle of     instead of  :  

    (   )   
  

  
   (   )       

     
     

  (2.34) 

In the end, solving for         provides an expression for the slope of a tangent 

to a general ellipse     (   ) through  : 

            (      (
  

  
   (   )))        (

     
     

)  (2.35) 

Hence, we can introduce an appropriate coordinate system by defining the per-

pendicular unit vectors 

    
 

√    
 
(

 
  

)                 
 

√    
 
(
  

  
)  (2.36) 

In the next subsection, the collision will be treated in a coordinate system, which is 

centered in   and its axes correspond to these unit vectors (Figure 2.5).  

Moreover, there exists an alternative approach based on the spatial part of the 

gradient of the ellipse function, discussed in Subsection 2.2.3. The expression in 
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Equation (2.22) corresponds to the normal vector to an ellipse     (   ) through  . 

This offers another possibility to define the unit vectors: 

    
    ( )(   )

|    ( )(   )|
                (

   
  

)    (2.37) 

The equivalence of both expressions, Equation (2.36) and (2.37), can be shown by 

evaluating the entries of     ( ) (cf. Equation (2.20)) as well as applying the addi-

tion theorem of the tangent function to Equation (2.35). This tedious calculation 

shall be omitted here. 

2.3.2 Collision laws 

Now, we consider two ellipses       
(     ), indexed by       respectively, collid-

ing in a point   at a time  . Figure 2.5 shows the situation in a proper coordinate 

system as described in the previous subsection. The following procedure is mainly 

based on the in remarks in [3]. 

Corresponding to Equation (2.8), the masses are denoted by    and the moments 

of inertia by      (  
    

 )  ⁄ . The initial velocities and angular velocities 

     ̇ (    )                 ̇ (    ) (2.38) 

apply a short period    before the collision. Accordingly, we introduce the final 

velocities and angular velocities 

  ̅   ̇ (    )              ̅   ̇ (    ) (2.39) 

a short moment afterward. The limit      is equivalent to an instantaneous 

collision, where the occurring forces and torques correspond to Dirac delta func-

tions. The object of the collision laws is the derivation of a set of equations for the 

unknown velocities  ̅  and angular velocities  ̅ . This is done successively by apply-

ing the conservation of momentum, angular momentum, and energy. 

According to Newton’s second law of motion, a force   ( ) corresponds to the 

temporal change of momentum: 

    ̈ ( )    ( )  (2.40) 
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Figure 2.5 Two elliptic disks collide in a point  . The coordinate is centered in this point, 
and the axes are aligned with the collision normal (  ) and the tangential direction (  ). 

The rotational equivalent is a torque   ( ) changing the angular momentum: 

    ̈ ( )    ( )  (2.41) 

Integrating both equations over [           leads to 

 

  ( ̅    )   ̂   ̂  ∫   ( 
 )    

    

    

  

  ( ̅    )   ̂   ̂  ∫   ( 
 )    

    

    

  

(2.42) 

Here, we introduce the corresponding integrated forces  ̂  and torques  ̂ , which 

are initially unknown and depend on the specific problem. They can be understood 

as the prefactors of the Dirac delta functions, which arise in the limit     : 

   ( 
 )   ̂  ( 

   )               ( 
 )   ̂  ( 

   )  (2.43) 

For the collision of two disks, Newton’s third law of motion ensures the conserva-

tion of momentum: 

   ( )     ( )             ̂   ̂    ̂   (2.44) 

In general, there is no corresponding equation for the torques since the angular 

momentum has to be calculated with respect to a common position. 

 𝑎  𝑏 
(𝒓  𝜃 ) 

𝜔  

𝒗  

𝜔  

 𝑎2 𝑏2
(𝒓  𝜃 ) 

𝒙  𝒓  𝒙  𝒓  

𝒆  

𝒆  

𝒗  
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Figure 2.6 Both ellipses are separated, and the interaction is expressed by forces    acting 
on the contact point  . Moreover, the perpendicular projections of (    ) and (    ) 
are labeled since they are related to the resulting torques   . 

The next step is called clearance cutting: Separate all components and replace 

them by corresponding forces acting on the contact points. This is illustrated in 

Figure 2.6, where, in addition, the projections of      and      onto the tan-

gential direction are marked: 

    (    )                    (    )      (2.45) 

Within this thesis, we will not discuss the possibility of rough ellipses, which 

would lead to tangential forces. Consequently, in the nonviscous case of a smooth 

collision, the forces act in the direction of the collision normal. Thus, we introduce 

the absolute value  ̂  of the integrated force (cf. Equation (2.44)) according to 

  ̂   ̂     (2.46) 

Correspondingly, the velocities can be projected onto the basis vectors    and   : 

                               ̅   ̅       ̅       (2.47) 

Now, we can formulate the collision laws while consulting Figure 2.6 to determine 

the correct signs: 

 

  ( ̅        )    ̂   

  ( ̅        )     

  ( ̅    )      ̂   

  ( ̅        )    ̂   

  ( ̅        )     

  ( ̅    )      ̂   

(2.48) 

 𝑎  𝑏 
(𝒓  𝜃 ) 

𝜔  

𝒗  

𝜔  

𝒗  

 𝑎2 𝑏2
(𝒓  𝜃 ) 

𝒙  𝒓  
𝒙  𝒓  

      

𝑭  𝑭  
𝒆  
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2.3.3 Applying energy conservation 

Finally, only an expression for  ̂  is missing. It can be derived by applying the 

conservation of energy for an elastic collision. The total energy      of an ellipse 

    (   ) with mass   and moment of inertia   consists of a kinetic and a rota-

tional part 

                 (2.49) 

which are given by the common definitions 

      
 

 
                     

 

 
     (2.50) 

By adding the disk index as well as a bar for the corresponding quantities after the 

collision, we can write down the conservation of energy as 

  ̅       ̅                     (2.51) 

Inserting Equation (2.48) leads to an expression that can be solved for  ̂ : 

  ̂   
(         )  (         )

 
  

 
 

  
 

  
 

  
 

  
 

  

  (2.52) 

In this equation, the terms of the structure           correspond to the related 

local velocities in the collision point  . An inelastic collision would result in a 

prefactor of      instead of  , where        is the coefficient of restitution, 

and, instead of Equation (2.51), we apply the appropriate definition 

     
( ̅     ̅   )  ( ̅     ̅   )

(         )  (         )
 (2.53) 

in order to determine  ̂ . A value of      represents an elastic collision while 

     corresponds to the inelastic case with      being perfectly inelastic. Nev-

ertheless, an inelastic collision shall not be discussed any further. In the end, we 

gathered all requirements for a proper collision processing, which will be summa-

rized in Subsection 3.1.2. 
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For a concluding test, we check if the collision rules for two circular disks are 

reproduced correctly by our equations. The collision of two circles    
(  ) and 

  2
(  ) is always centered, i.e., the centers of mass lie on the collision normal. 

With the relative position and velocity 

                                (2.54) 

we find a simple expression for the collision normal, specified by   : 

    
  

|  |
 

  

     
  (2.55) 

including the sum of the radii      . This leads directly to      and     , and 

we compute 

  ̂   (
 

  
 

 

  
)
  

(         )   (
 

  
 

 

  
)
       

     
  (2.56) 

Accordingly, the collision laws characterize the redistribution of the velocities as 

follows: 

 

 ̅      
 ̂ 

  
    (  

  

  
)
       

(     )
 
    

 ̅      
 ̂ 

  
    (  

  

  
)
       

(     )
 
    

(2.57) 

This result is completely consistent with the related expressions in [4] and [1]. 

  



18 2 Mathematical description   

 



 3.1 Event-driven simulation 19 

3 Important algorithms 

Appropriate algorithms form the essential core of each simulation. Hence, in this 

chapter, we want to focus on important algorithms for proper Brownian dynamics 

simulations of anisotropic colloids. After a general overview of event-driven simu-

lations, we continue with a detailed discussion of two specific problems: the colli-

sion time of two moving elliptic disks as well as overlap detection. 

3.1 Event-driven simulation 

Since our simulation program is based on an event-driven algorithm, we want to 

point out its basic features. The introduction to the general concept is followed by 

an outline of the specific events. 

3.1.1 General concept 

The basic idea of an event-driven simulation is a chronological sequence of dis-

crete events, which can be scheduled dynamically. The algorithm determines the 

time   and type of the next event and updates the system to this instant of time. 

Then, the corresponding event is processed, and the cycle is repeated until a ter-

minating condition is satisfied.  

In the case of our Brownian dynamics simulation, possible events are 

 the instantaneous collision of two elliptic disks, 

 the detection of an overlap leading to a correction move, 

 a particle crossing a cell or the simulation box, 

 the Brownian time step, 

 and the summary of the system properties. 

Here, we recognize why the particles are represented by hard disks: The step po-

tentials are required to allow for an instantaneous collision processing. In princi-

ple, an event-driven algorithm preserves no-overlap conditions if satisfied by the 

initial configuration. However, numerical inaccuracies demand for occasional 

correction moves as discussed in Subsection 3.1.3. Since no forces act between two 

events, the   particles can be updated according to Newtonian motion 
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Figure 3.1 Process diagram of the event-driven algorithm. After an event is determined, the 
system is updated by a linear translation and rotation of all particles, i.e., Newtonian dy-
namics. Then, the particular event is processed instantaneously, and the cycle starts again. 

                                          (3.1) 

In this way, the linear trajectories are evaluated to the full precision, which is an 

essential advantage of this simulation technique. Figure 3.1 illustrates the algo-

rithm schematically. 

The method excels for low densities since very long time steps are possible while 

describing the dynamics accurately. However, one has to pay attention to the data 

organization in order to simulate high densities in an efficient manner. Perfor-

mance can be greatly enhanced by the use of an event calendar, which is based on 

the data structure of a binary search tree. All future events are added to the calen-

dar, and if one or two particles are changed by a specific event, only the related 

events have to be updated. For example, the collision time of two disks A and B is 

unaffected by the collision event of two other disks C and D. In the following 

subsections, we want to outline the different event types concerning their role in 

the program as well as our implementation.  

process event 

collision overlap crossing brownian summary 

update system 

                    

determine event 

collision overlap crossing brownian summary 
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3.1.2 Collision processing 

The key event of each soft matter simulation is the interaction between the col-

loids. In the case of hard disks, this refers to the collision according to the physical 

collision rules. In terms of algorithm development, one usually considers two 

particles and applies the corresponding procedure to all possible pairs of interact-

ing particles. Since determining the collision time of two elliptic disks is the fun-

damental step in our simulations, we will discuss it separately in Section 3.2. As-

suming such an algorithm detects a collision at the time   in the point  , the sys-

tem can be updated to this instant. Then, we apply the appropriate steps for colli-

sion processing according to our results prepared in Section 2.3. 

Input: Two touching ellipses       
(     ) of masses    and the collision point  . 

1. Determine the tangent direction    and the normal direction   : 

a. Equation (2.36) with the tangent’s slope    (Equation (2.35)). 

b. Equation (2.37) with the ellipse matrix     (   ) (Equation (2.20)). 

2. Calculate    according to Equation (2.45) and            (Equation (2.47)). 

3. According to Equation (2.52), evaluate the integrated force  ̂ , where the 

moment of inertia is      (  
    

 )  ⁄  (cf. Equation (2.8)). 

Output: The new velocities and angular velocities follow from Equation (2.48): 

 

 ̅      
 ̂ 

  
                ̅      

 ̂ 

  
    

 ̅      
   ̂ 

  
              ̅      

   ̂ 

  
  

(3.2) 

An implementation of this algorithm as applied to our simulations is given in 

Appendix A.2. 

3.1.3 Correction move 

Due to the finite precision of a numerical simulation, it is very unlikely, if not 

impossible, that two elliptic disks touch exactly in the instant of a collision. In fact, 

they are rather separate or intersecting by a very small amount (see Figure 3.2).  
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Figure 3.2 Disregarding artificial cases, two particles will never touch exactly in a simula-
tion due to machine precision. Instead, upon closer inspection, two disks will either be 
separated (left) or overlap (right) by a tiny bit. 

In the latter case, after applying the collision rules, the two particles need a short 

period to disperse. A problem occurs, if they are pushed together during this peri-

od, e.g., by a Brownian time step (cf. Subsection 3.1.5) or a collision with a third 

particle. Then, a correction move is required in order to avoid a deeper interpene-

tration (see Figure 3.3). This issue also appeared in [1], but in contrast to circular 

disks, evaluating the scalar product of relative velocity    and relative distance    

is not sufficient in our system. Even if the center of mass velocities head for a 

separation (       ), the respective rotations can cause a further intersection. 

Thus, we monitor the overlap and apply a correction move if two particles could 

not disperse within a short period after a collision. While the essential algorithm of 

overlap detection is discussed separately in Section 3.3, we want to focus on the 

correction move here.  

Simply triggering an immediate collision is not advisable since this could be too 

weak according to the specific geometry. Even for two particles of high energy, the 

momentum transfer given by  ̂  in Equation (2.52) can take a comparably small 

value. Especially in the case of high densities, the particles tend to stick near each 

other while performing “micro-collisions.” Hence, we need a method to drive two 

elliptic disks apart as fast as possible, i.e., the conservation laws represent the only 

limitation. If we leave the rotation unchanged and assume same masses, this par-

ticularly implies the conservation of momentum and kinetic energy: 

  ̅   ̅                     ̅ 
   ̅ 

    
    

   (3.3) 
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Figure 3.3 Usually, after a collision two disks move away from each other. But if the veloci-
ties are redistributed for some reason, a correction move is required in order to push the 
particles apart efficiently. 

Adopting the notation of the collision process,    and  ̅  respectively denote the 

velocities before and after the correction move of two elliptic discs indexed by 

     . An appropriate coordinate system is introduced by defining the tangential 

direction    along the relative distance       of the centers of mass and the 

normal direction    orthogonal thereto: 

    
     

|     |
                (

   
  

)    (3.4) 

The situation is illustrated in Figure 3.4, and the projections of the velocities are 

denoted corresponding to Equation (2.47). Our intention is to minimize the nor-

mal part of the relative velocity while maximizing the tangential component. Tak-

ing the conservation constraints in Equation (3.3) into account, we obtain 

    ( ̅     ̅   )                   ( ̅     ̅   )  |     |  (3.5) 

 

Figure 3.4 Introduction to the coordinate system concerning the correction move. We 
consider the projections of the velocities with respect to convenient axes, which are defined 
by the direction of the relative distance      .  
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Accordingly, the final velocities are calculated as follows: 

 

 ̅  
 

 
(          |     |)   

 

 
(         )    

 ̅  
 

 
(          |     |)   

 

 
(         )    

(3.6) 

This should lead to a very efficient separation of two elliptic disks, which is inde-

pendent of their rotations. We refer to Appendix A.4 for an implementation of the 

correction move and note that its effect on the simulation program will be consid-

ered in Subsection 4.1.3. 

3.1.4 Cell crossing 

Concerning a collision or overlap event, we usually discuss the interaction of two 

elliptic disks while in the final program the derived procedures are repeatedly 

applied to all possible pairs of particles. So, for a simulation of   colloids, the 

computational effort increases rapidly by  (  ), and for a typical number of 

      , it is advisable to employ some computational tricks in order to decrease 

simulation time. Two common approaches (see Figure 3.5) are the following: 

 Neighbor lists: The program maintains a list of neighbors for each parti-

cle, which is updated at fixed intervals. Consequently, for a particular col-

loid, there is no need to check all other particles for collision or overlap 

since only those appearing on the list have to be considered. 

 Cell structure: The simulation box is divided into a regular lattice of cells, 

and every colloid is tagged with a cell index according to its position. This 

allows tracking the neighbors with less demand on storage capacity. 

We refrain from going into detail since both methods are discussed extensively in 

the literature, e.g., in [4] or [5]. The second approach requires a cell crossing event: 

The cell index of a disk has to be adapted whenever its center of mass crosses one 

of the imaginary cell borders. 
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Figure 3.5 Two usual approaches to reduce computational effort concerning interactions: 
Storing a neighbor list (left) for each particle or dividing the simulation area into cells 
(right). For the red colloid, only the highlighted nearby particles have to be evaluated. 

Furthermore, a kind of box crossing event is necessary to satisfy periodic boundary 

conditions. These are used to simulate infinite systems with a finite number of 

particles. As illustrated in Figure 3.6, the simulation box is considered to be period-

ically surrounded by imaginary copies of itself. Each time a particle leaves the 

original box, one of its images enters at the opposite side. The original disks can 

not only collide with each other but also with the surrounding copies. 

 

Figure 3.6 Some effects of periodic boundary conditions: As the green particles leaves the 
original simulation box (grey), one of its images (light green) enters at the same instant. 
Moreover, the red particles are going to collide with their counterparts (light red). 
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In our program, the simulation box is a square of length  . Usually, it is adjusted 

according to the desired packing fraction (density) 

   
 

  
∑    

 

   

  (3.7) 

which proves as a convenient input parameter.  

3.1.5 Brownian time step 

In Brownian dynamics simulations, one refrains from simulating the microscopic 

interactions of the colloids with the solvent (see Figure 3.7), and instead, a thermo-

stat acting as a heat bath is introduced. According to the equipartition theorem, 

energy is distributed equally among all degrees of freedom. In thermal equilibrium, 

each degree of freedom maintains a thermal energy of     ⁄ , where    denotes 

the Boltzmann constant, and   corresponds to the temperature of the thermostat. 

Considering a solution of elliptic disks of same mass, the averaged kinetic and 

rotational energy (cf. Equation (2.50)) should take the values 

 

〈    〉  
 

 
〈  〉       

〈    〉  
 

 
〈  〉  

 

 
     

(3.8) 

Thus, the velocities and angular velocities follow a Gaussian distributions  (    ) 

with an expectation value   and a variance   . Specifically, each component of the 

velocity vector is  (      ⁄ )-distributed while the angular velocity follows a 

 (      ⁄ )-distribution. This leads to the following probability densities: 

 

Figure 3.7 Continuous interactions with the solvent redistribute the velocities and angular 
velocities of the colloids all the time. Brownian dynamics are simulated by redrawing the 
velocities and angular velocities at a Brownian timescale   . 
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(3.9) 

Frequent collisions with the solvent particles lead to a redistribution of the col-

loids’ velocities and angular velocities. This occurs within a Brownian timescale    

when all disks lose the memory relating to their velocities and angular velocities. 

According to [1], Brownian dynamics can be simulated by introducing a Brownian 

time step as an artificial event. After each period of   , new velocities and angular 

velocities are drawn corresponding to the probability densities in Equation (3.9).  

Since no net momentum is desired, it is important to ensure that the averaged 

velocity vector vanishes:  

 〈 〉     (3.10) 

Additionally, the variances have to be corrected in order to avoid a change of total 

energy. Usually, one sets the thermal energy     as well as the mass   to unity, 

leading to 

 〈  〉                〈  〉  
 

     
  (3.11) 

Of course, Newtonian dynamics can be simulated by simply omitting the Brownian 

time step. 

3.1.6 System summary 

The last discussed event is a summary of the system properties. A snapshot of the 

system is stored, allowing for a later analysis of the simulation data. This event can 

be performed either logarithmically or at a fixed rate, e.g., synchronized with the 

Brownian time step, but before redistributing the velocities. 

Important quantities to be measured are the mean squared displacement (MSD) as 

well as the mean squared rotation (MSR), respectively defined as 
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(3.12) 

They describe the translational and rotational random walk of the particles, and 

corresponding diffusion coefficients can be derived. Further system properties are 

the averaged kinetic and rotational energy 

 〈    〉  
 

 
∑
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   (3.13) 

These can vary from the values mentioned in the previous subsection since colli-

sions are able to transfer energy between both forms. Nevertheless, the total ener-

gy 〈    〉  〈    〉  〈    〉 should be conserved, i.e., always taking a constant value 

of      ⁄ . 

3.2 Collision time 

In an event-driven simulation of elliptic disks, the determination of the collision 

time is indispensable. Considering two initially separated elliptic disks 

      
(     ) and   2  2

(     ) in motion, we want to find the smallest positive 

time   when both disks coincide in a common point  . Hence, keeping the linear 

time dependence of the respective positions and angles in mind, the challenge is to 

identify the three unknowns (   ) according to the following minimization prob-

lem (cf. Equation (2.16)): 

 

    (   )                       (    )
       

(  )(    )     

(    )
   2  2

(  )(    )     

     

(3.14) 

This is a nonlinear constrained optimization problem since, in contrast to the 

linear objective function  (   )   , the constraints are quadratic forms. To solve 

this difficult minimization problem, we employ a specific sequential quadratic 

program (see Subsection 3.2.6), which proves very efficient and reliable. Neverthe-
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less, in the following, we also want to analyze some alternative approaches that 

should not be neglected. Although the determination of the collision point   is not 

essential, an algorithm that identifies this point would still prove beneficial for our 

method of collision processing (cf. Subsection 3.1.2 and Section 2.3). 

3.2.1 Collision of circular disks 

At first, we want to recap the collision time algorithm of circular disks as presented 

in [4] and [1]. For two circles    
(      ) and   2

(      ) with relative position 

   and relative velocity    (cf. Equation (2.54)), the condition 

 |       |        (3.15) 

corresponds to tangential contact. The two solutions are given by 

      2
  

       √(     )     (    (     )
 )

   
 (3.16) 

if the argument of the square root is positive. While      2
  refers to the instant of 

first contact,      2
  corresponds to the time when both disks are leaving each other, 

assuming no collision rules are applied. The collision time equals      2
  if its value is 

positive, i.e.,        .  

Unfortunately, such simple collision detection is not available for elliptic disks. 

Nevertheless, this approach is still useful to decide whether an elaborate collision 

check by solving the optimization problem in Equation (3.14) is necessary at all. In 

this case, the relevant interval [           for collision time determination can be 

specified as well. As shown in Figure 3.8, an ellipse     (   ) is enclosed by a cir-

cumcircle   ( ) with the radius of the major semi-axis while it encloses an incircle 

  ( ) with the radius of the minor semi-axis by itself. Thus, we can conclude: 

 A collision can only occur if the circumcircles already overlap (      ), or 

if they are going to collide (          2
 ). 

 A collision must occur if the incircles are going to collide (          2

 ). 

Else           2
 . 
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Figure 3.8 An ellipse with its circumcircle   ( ) (red) and incircle   ( ) (green). Both are 
independent of the ellipse’s orientation  , and they support the collision time algorithm. 

This offers a range of different scenarios, and the flowchart in Figure 3.9 is a pro-

posal how they could be processed. If a collision is possible or certain, the smallest 

possible time interval [           for the potential collision time   is determined. 

Although the square root operation is expensive, this information can enhance the 

performance of the collision time algorithm significantly. 

 

Figure 3.9 The flowchart proposes a way how to exclude collisions. Elsewise, a possibly 
small time interval [           is determined to narrow down the potential collision event. 
One should follow the green or red arrows if a statement is true or false respectively.  
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3.2.2 Transformation into unit circle 

If one attempts to simplify the minimization problem in Equation (3.14), a coordi-

nate transformation could be promising. Hence, in this subsection, we want to 

consider mapping one of the ellipse constraints into a unit circle constraint. Due to 

reasons of legibility, we firstly introduce the abbreviations 

          
(  )                  2  2

(  )  (3.17) 

According to the basic idea of Equation (2.13), the mentioned transformation is 

performed by substituting 

        
   ⁄

 ̅  (3.18) 

So, in the coordinate system of  ̅, the first ellipse constraint reads 

 (    )
   (    )               ̅  ̅  | ̅|     (3.19) 

which obviously corresponds to the unit circle. Moreover, the second ellipse con-

straint leads to  

 (    )
   (    )              ( ̅    )

   ( ̅    )     (3.20) 

where we introduced 

      
  ⁄ (     )                  

   ⁄
    

   ⁄
  (3.21) 

Thus, by shifting, rotating, and deforming the coordinate system, the second el-

lipse is mapped into another (third) ellipse located at   , and its shape is described 

by   . However, a major problem is caused by the substitution not being static, but 

time dependent as long as the first ellipse is in motion. This results in an nontrivial 

temporal behavior of the third ellipse (cf.   ), and its center of mass trajectory is 

no longer linear due to the trigonometric functions appearing in   .  

Nevertheless, this approach is pursued in [6] by means of an algorithm that deter-

mines the distance   of the closest point of an ellipse to the origin of the coordi-

nate system. In principle, we can utilize this procedure by applying it to the third 

ellipse in the transformed coordinate system: Two ellipses overlap if    , and 

thus, the collision time is given by the root of  ( )   .  
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Figure 3.10 A synthetic example for two ellipses. As    is in rest,    approaches from right 
to left while rotating. During the intersection, both ellipses touch externally at    . 

However, the method is based on calculating the eigenvalues of a    -matrix. 

These can be computed comparably fast for a certain instant of time, but no ana-

lytical expression for   is obtained. We want to provide an academic example, 

where one ellipse rests in the origin, i.e.,    (   ) and     . The second ellipse 

is approaching according to    (     ) and       as illustrated in Figure 3.10. 

Then, we can evaluate the distance  ( ) in the transformed coordinate system 

using a MATHEMATICA® program, which is based on the implementation in Appen-

dix B.1. The resulting curve is shown in Figure 3.11, and the collision time is deter-

mined to           . Hence, it is possible to track the distance of two particles, 

but a reliable algorithm to solve  ( )    is missing. Though, we can conclude that 

this approach is still promising, especially for overlap detection (see Section 3.3). 

 

Figure 3.11 The course of the distance  ( ) according to the described example. The small-
est positive solution of  ( )    corresponds to the collision time  , and the instant of 
external touching is represented by an osculation point at    . 
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3.2.3 Nelder-Mead method 

Back to the original optimization problem, the implementation in MATHEMATICA® 

(see Appendix B.1) offered two efficient algorithms. One of them is the Nelder-

Mead method, which is a nonlinear optimization technique, proposed by JOHN 

NELDER and ROGER MEAD in 1965 (see [7]). The algorithm describes a heuristic 

direct search method, i.e., no evaluation of the gradient or the Hessian is required. 

Instead, an objective function of   variables is evaluated at the     vertices of a 

general simplex. Therefore, the procedure is also often termed as downhill simplex 

method, which should not be confused with the common simplex algorithm of 

linear programming. The general idea is to replace the vertex with the highest 

value by another point according to simple geometrical transformations: reflection, 

expansion, and contraction. In this way, the simplex iteratively adapts to the land-

scape of the objective function, and it contracts around the local minimum until a 

desired bound is obtained. The Nelder-Mead method enjoys great popularity due 

to its computational compactness and simple implementation. Additionally, it 

proves robust and insensitive to noise since the convergence is not based on a local 

gradient. Figure 3.12 shows an example for the Rosenbrock function (see [8]). 

 

Figure 3.12 The Nelder-Mead method is applied to the Rosenbrock function. The initial 
simplex (top left), which is a triangle in two-dimensional space, converges to the minimum 
by simple geometrical transformations. Adapted from [8]. 
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In terms of our optimization problem, the simplex corresponds to a tetrahedron in 

the (   )-space. Although the algorithm solved Equation (3.14) reliably in some 

particular test cases, the local convergence is a notable disadvantage. If one imagi-

nes an ellipse in rest and another rotating rapidly nearby, both ellipses overlap 

periodically. This leads to multiple local minima in the search space, but only the 

first contact is relevant, similar to the example in the previous subsection. Thus, 

the method is absolutely sensitive to the initial conditions, which have to be cho-

sen carefully, or alternatively, one can apply a set of starting points and perform 

the procedure multiple times.  

Moreover, the concrete implementation in MATHEMATICA® is not available, and we 

do not know how the nonlinear constraints are managed. The common method of 

Lagrange multipliers will not work since, in general, it leads to a saddle point 

instead of a minimum in the extended space of original variables and Lagrange 

multipliers. Some more appropriate approaches of including the constraints in the 

objective function will be presented below in Subsection 3.2.5. The Nelder-Mead 

method for unconstrained optimization is available within the scope of the GNU 

Scientific Library (GSL), see [9]. 

3.2.4 Simulated annealing 

The second algorithm offered by MATHEMATICA® is called simulated annealing 

(SA). This refers to a stochastic function minimizer that performs random walks 

through the problem space while looking for points of low energy. Based on the 

current best solution, a new point is randomized in its neighborhood, and it is 

accepted as the new best solution if it reduces the value of the objective function 

    . Elsewise, the new point is not necessarily rejected as it would occur during 

a Monte Carlo method. Instead, there is still a probability   of acceptance accord-

ing to a Boltzmann distribution: 

      ( 
  

   
)                   (3.22) 

Here,    is an algorithm parameter related to the Boltzmann constant, and   

corresponds to a temperature, which is organized in a cooling schedule. Hence, the 

name of SA is inspired by the process of annealing in metallurgy, where a metal is 



 3.2 Collision time 35 

heated to a high temperature. Then, it is slowly cooled in order to reduce crystal 

defects, resulting in a state of lower free energy. In optimization terminology, this 

refers to a slow decrease in probability of accepting worse solutions. That way, a 

solution can escape from a local minimum, explore the search space, and hopefully 

settle on a global minimum. The algorithm excels if search space is discrete, e.g., at 

the traveling salesman problem. 

Concerning our optimization problem, SA offers some advantages over the Nelder-

Mead method. Besides the global convergence, an adapted version of constrained 

simulated annealing (CSA) is proposed in [10]. In terms of the Lagrange multiplier 

approach, the saddle point is detected by descending in the original-variable space 

while ascending in the Lagrange-multiplier space. Nevertheless, applying SA to a 

specific problem is a demanding challenge since several parameters, e.g., the step 

sizes or the cooling schedule, have to be adjusted carefully. The algorithm for 

unconstrained optimization is also available as a part of the GSL ([9]). 

3.2.5 Rewriting the objective function 

According to literature on numerical optimization, e.g., [11] and [12], Equation 

(3.14) is classified as a quadratically constrained quadratic program (QCQP). We 

now want to outline how the objective function can be combined with the con-

straints, leading to an unconstrained optimization problem. For this purpose, we 

introduce two ellipse functions according to the definition in Equation (2.19): 

 

  (   )  (    )
       

(  )(    )     

  (   )  (    )
   2  2

(  )(    )     

(3.23) 

Omitting the lower bound     for now, we can write our minimization problem 

as follows: 

 
    (   )                         (   )     

  (   )     
(3.24) 

Fortunately, we also have the option to choose inequality constraints 

   (   )                  (   )    (3.25) 
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if the corresponding method prefers a specific type of constraints. The basic idea is 

to replace the original constrained problem by a sequence of unconstrained sub-

problems. This is achieved by defining a new objective function  ̂(   ), which 

contains the original objective function as well as the constraints. Three common 

so-called interior-point approaches are the following: 

 In the case of equality constraints, a quadratic penalty function 

  ̂(   )   (   )  
 

  
(  (   )    (   ) ) (3.26) 

can be defined, where     is a penalty parameter. Then,  ̂(   ) can be 

minimized for a series of decreasing values of  . It is also possible to intro-

duce an exact penalty function by using |  (   )| instead of the squared 

terms, but often this is not differentiable. 

 Concerning inequality constraints, a logarithmic barrier method defines 

  ̂(   )   (   )   (   (   (   ))     (   (   )))  (3.27) 

where     now refers to a barrier parameter. The added terms are insig-

nificant when the current solution is safely in the interior of the valid set, 

but they grow to infinity at the boundary. This leads to a restriction to as-

sured collisions since the allowed set should not be empty. Again, the strat-

egy is to minimize  ̂(   ) for a sequence of decreasing values of  .  

 In augmented Lagrangian methods, we combine the Lagrangian function 

and the quadratic penalty function to the augmented Lagrangian function: 

  ̂(   )   (   )  (    (   )      (   ))  
 

  
(  (   )    (   ) )  (3.28) 

The idea is to determine the optimal value of the Lagrange multipliers    

and    while decreasing   ieratively. According to [11], this approach proves 

superior compared to the other two attempts. 

3.2.6 Sequential quadratic programming 

Finally, we are prepared to concern one of the most effective techniques for non-

linear constrained optimization. Sequential quadratic programming (SQP) is ap-

propriate for small and large problems, even with significant nonlinearities. The 

method is based on solving quadratic subproblems, and referring to [11] for de-
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tailed information, we want to outline its basic ideas adapted to our problem in 

Equation (3.24). 

In Subsection 2.2.3, we provided the gradient as well as the Hessian of an ellipse 

function   (   ): 

  (   )  (   )                
(   )  (3.29) 

Additionally, the gradient and the Hessian of the objective function  (   )    are 

required, and they simply calculate to 
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   (   )
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)  

  (   )  (
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     (   )   
  (   )

)     

(3.30) 

Then, we can define the Lagrangian function  (     ) for this problem: 

  (     )   (   )  (    (   )      (   ))  (3.31) 

Accordingly, its Hessian   (     ) is given by 

   (     )    (   )  (     
(   )      2

(   ))  (3.32) 

Moreover, we require the Jacobian matrix      2
(   ), which is a    -matrix hold-

ing the first derivatives of the constraints: 

      2
(   )  ( (   )  (   )  (   )  (   ))  (3.33) 

Now, the quadratic subproblem can be formulated as follows: 

 

   
 

 

 
    (     )  ( (   ) (   ))

 
  

                    2
(   )  (

  (   )

  (   )
)     

(3.34) 

This represents a quadratic approximation of the Lagrangian function while the 

constraints are linearly approximated. The subproblem is solved at each iteration 

of (   ), and its unique solution   determines the direction for the next step. A 
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successive repetition converges to the optimal solution of the initial problem in 

Equation (3.24). 

A version of SQP is available in the scope of NLOPT ([13]), which is an open-source 

library for nonlinear optimization. It provides a common interface for various 

optimization routines, callable from several programming languages including 

C++. The algorithm is referred to as SLSQP (sequential least-squares quadratic 

programming), which is based on the implementation by DIETER KRAFT (see [14] 

and [15]). The source code is available at [16], and it has been adapted in order to 

conform to the NLOPT interface.  

Hence, concerning the simulation program, we apply the SLSQP algorithm from 

the NLOPT library to our collision time method. The objective function  (   ) and 

the constraints   (   ) as well as the corresponding gradients have to be imple-

mented. Additionally, we calculate      and      according to the procedure pre-

sented in Subsection 3.2.1 and provide the length   of the simulation box (cf. Equa-

tion (3.7)) as lower and upper bound for the spatial variables: 

 (
    

  
  

)  (

 
  

  

)  (
    

 
 

)  (3.35) 

Regarding the starting point, (   )  (     (     )  ⁄ ) turns out to be a good 

choice. Employing      instead of (         )  ⁄  as initial search time raises the 

probability of finding the desired minimum if more than one local minimum ex-

ists. Moreover, several terminating conditions are possible: 

 The objective function changes less than a relative or absolute threshold. 

 The variables (   ) change less than a relative or absolute threshold. 

 The maximum number of function evaluations has been reached. 

 A certain optimization duration (in seconds) has been exceeded. 

Our implementation of the whole procedure is given in Appendix A.1. 
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3.3 Overlap detection 

Overlap detection is a fundamental technique for all kinds of particle simulation. 

To list some examples from the range of applications, overlap detection is 

 essential for Monte Carlo simulations, 

 applicable to the swelling process proposed in [1] to reach high densities, 

 to trigger correction moves due to rounding errors (cf. Subsection 3.1.3), 

 required if a collision is accidentally missed by the collision time algorithm. 

Although, in general, all collision time methods discussed in Section 3.2 should be 

able to detect an overlap, we want to research if more convenient algorithms are 

available. For this purpose, we first consider a common technique for overlap 

detection, and then, we switch to the Vieillard-Baron approach that proves more 

appropriate concerning our problem. 

3.3.1 Separating axis theorem 

The separating axis theorem (SAT) characterizes an important technique that is 

heavily used in computational geometry, especially for fast overlap detection of 

polygon meshes. Mathematically, the SAT is based on the hyperplane separation 

theorem due to HERMANN MINKOWSKI (see [17]). The latter states that two disjoint 

convex sets in the  -dimensional Euclidean space are separated by at least one 

hyperplane. A separating axis is a normal to such a hyperplane since the orthogo-

nal projections of the sets onto this axis are disjoint.  

This suggests a neat algorithm in order to check whether two solid bodies intersect 

or not. It is especially applicable to polygons since the number of edges limits the 

number of axes that have to be tested. The normal direction to each side is a po-

tential separating axis, where all vertices are projected onto by corresponding dot 

products. Figure 3.13 illustrates the orthogonal projection for a very basic example. 

The polygons are mapped into intervals, which can be checked easily for overlap-

ping. For increased efficiency, the algorithm stops when a separating axis is found, 

i.e., the related intervals are disjoint and the objects are certainly separated. In 

contrast, two objects intersect if no disjoint intervals are found after testing all 

potential directions. 
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Figure 3.13 Illustration of the SAT: The normal to the dark red edge is a separating axis 
since the projections are disjoint. In this example, the separating hyperplane is just a line. 

The algorithm excels for two axis-aligned rectangles since the projections are 

simply given by the vertex coordinates and only two directions have to be tested.1 

Moreover, the procedure also applies to circles: The only candidate for a separating 

axis is the straight line from the center of the circle to the closest vertex of the 

polygon. Trivially, two circles can be processed by calculating the distance of their 

centers. Concerning the case of an ellipse and a polygon, one can easily check 

whether one of the polygon’s vertices lies within the ellipse by applying the corre-

sponding ellipse function as described in Subsection 2.2.2. Alternatively, one can 

determine both focal points and add their distances to the polygon’s vertex accord-

ing to the second definition in Subsection 2.1.1. 

Although the SAT technique proves very powerful so far, it provides no eligible 

algorithm in the case of two elliptic disks. The inconvenience is caused by the 

complex calculation of the closest point on an ellipse to a given point. We dis-

cussed this more detailed in Subsection 3.2.2. Nevertheless, approximating an 

ellipse by a polygon could be a reasonable attempt. The computation effort in-

creases linearly with the number of vertices, which should be high enough in order 

to reduce the approximation error. We will not pursue this approach any further 

since an analytical and exact procedure is available, and instead, we discuss the 

latter in the following subsections. 

                                                      
1
 For this reason, so-called axis-aligned bounding boxes (AABBs) are heavily used in the 
programming of computer games (cf. [18]). 

 
separating axis 

separating hyperplane 



 3.3 Overlap detection 41 

3.3.2 Vieillard-Baron criterion 

In 1972 JACQUES VIEILLARD-BARON published his pioneering proceedings on Monte 

Carlo simulations of hard ellipses [19]. He introduces a contact function   in order 

to decide whether two elliptic disks overlap or not. Various other publications on 

Monte Carlo simulations refer to his work as the so-called Vieillard-Baron criteri-

on, e.g., in [20]. We now want to reconstruct this contact function by outlining the 

remarks of a more recent publication [21] adapted to our notation. 

The first step is a transformation of our ellipse equation (cf. Equation (2.16)) into 

homogeneous coordinates. Introduced in 1827 by AUGUST FERDINAND MÖBIUS, this 

system of coordinates plays a fundamental role in projective geometry. Common 

operations such as translation, rotation, scaling, and perspective projection are 

represented by matrix operations.2 Since a rotation is already accomplished by a 

matrix multiplication, only the translation has to be expressed through a corre-

sponding matrix. This can be achieved by adding a further dimension to the corre-

sponding quantities, which shall be denoted by a tilde. Thus, we define a three-

dimensional vector 

  ̃  (
 
 
)  (

  

  

 
) (3.36) 

and a diagonal    -matrix 
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)  

(

 
 

 

  
  

 
 

  
 

    )

 
 

  (3.37) 

The equation of a centered and axis-aligned ellipse      now reads 

                   ̃  ̃   
   ̃    (3.38) 

(cf. Equation (2.17)), and we can add a rotation by an angle   and a translation by a 

vector   as discussed in Subsection 2.2.1. Now, this can be done simultaneously by 

a single matrix of motion 

                                                      
2
 Therefore, it is used in computer graphics to calculate the screen coordinates of three-

dimensional polygon meshes of virtual objects with respect to a moving virtual camera. 
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  ̃(   )  (
 ( )  

   
)  (

           
          

   

)  (3.39) 

where  ( ) is the common two-dimensional rotation matrix as above. In general, 

   ( ) as well as    ( ) are time-dependent as in Equation (2.18), but for nota-

tional simplicity, this time dependence is not written out. The counterpart of 

    ( ) in homogeneous coordinates is then consequently given by 

  ̃   (   )  ( ̃(   )  )
 
 ̃   

   ̃(   )    (3.40) 

This allows for an alternative expression for the equation of a general ellipse 

    (   ) (cf. Equation (2.16)): 

       (   )             (   )   ̃  ̃   (   ) ̃     (3.41) 

where  (   ) denotes the ellipse function, which is equivalent to the definition in 

Equation (2.19). The matrix  ̃   (   ) holds all relevant parameters and variables 

describing the shape, location, and orientation of a general ellipse. Thereby, we can 

introduce the short forms 

  ̃   ̃     
(     ) (3.42) 

for two elliptic disks indexed by       respectively.  

The following steps are motivated by [21], and we will conclude the essential 

statements instead of repeating the related proofs. The characteristic polynomial of 

 ̃  and  ̃  is defined by 

   ( )     (  ̃   ̃ )  (3.43) 

The roots   ( )    of this cubic polynomial provide the desired information: 

Two ellipses are {
           
        
        

} iff   ( )    has {

  
              
            

} negative roots. 

Figure 3.14 illustrates this issue including the fact that the third root is always 

positive. Now, we identify the coefficients   ,   ,   , and    of the characteristic 

polynomial 
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Figure 3.14 The relevance of the roots of the characteristic polynomial: Two elliptic disks 
overlap in case of no negative root (left), they touch for a negative double root (middle), 
and two distinct negative roots refer to a separation (right). Adapted from [21]. 

   ( )     
     

         (3.44) 

and investigate the corresponding discriminant 

                 
      

   
       

      
   

   (3.45) 

Accordingly, its sign allows a statement concerning the state of the ellipses: 

Two ellipses are {
           
        
        

} iff {
   
   
   

. 

Since, in general, the discriminant is time-dependent    ( ), finding its root 

 ( )    could provide an algorithm to determine the collision time of two elliptic 

disks. In the next subsection we will calculate the coefficients of the characteristic 

polynomial and discuss the practicability of this approach. 

Lastly, we note that the overlap detection for three-dimensional ellipsoids can be 

accomplished similarly. In this case,  ̃  and  ̃  refer to corresponding    -

matrices, which lead to a quartic characteristic polynomial. An optimized proce-

dure for calculating the five associated coefficients is offered in [22]. 
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3.3.3 Adaption to polydisperse mixtures 

Continuing the method of the previous subsection, we still consider two elliptic 

disks represented by  ̃  and  ̃  according to Equation (3.42). The subject is to 

determine the coefficients of the characteristic polynomial as written in Equation 

(3.44). Unfortunately, in [21] these coefficients are not specified for our kind of 

motion, and in [19] only a monodisperse solution is regarded, i.e., all elliptic parti-

cles are of the same size and shape. In contrast, we want to consider ellipses of 

arbitrary sizes and shapes in order to find an algorithm for overlap detection, 

which is applicable to polydisperse mixtures. 

The third-degree term    as well as the constant term    are simply given by the 

respective determinants of  ̃  and  ̃ : 

        ̃   
 

  
   

                      ̃  
 

  
   

   (3.46) 

For the remaining terms    and   , we consult a MATHEMATICA® program (see 

Appendix B.2) and find 

         ̃                        ̃      (3.47) 

where    and    are given as follows: 
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(3.48) 

Here, we use some abbreviating terms in order to be consistent with [19]. These are 

the relative position and the relative angle 

                               (3.49) 

as well as the unit vectors of the major axes    and the respectively orthogonal unit 

vectors of the minor axes   
 , defined as 
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    (
     

     
)                
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)  (3.50) 

Applying the four coefficients   ,   ,   , and    to the discriminant   (see Equa-

tion (3.45)) leads to 
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    )  (3.51) 

Since only the sign or the roots of this expression are relevant, we can divide by the 

positive prefactor and obtain 

     
   

          
  

   
 

  
   

   
   

  
   

 

  
   

   
      (3.52) 

Up to a factor of  , this corresponds exactly to the contact function that VIEILLARD-

BARON used for his Monte Carlo simulations in [19], but now adapted to polydis-

perse systems of elliptic disks. According to the purpose of the discriminant, we 

can conclude:  

Two ellipses are {
           
        
        

} iff {
   
   
   

. 

Of course, the special case of a monodisperse solution is included, and      as 

well as      simplify the expressions in Equation (3.48) and Equation (3.52): 
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(3.53) 

We refer to Appendix A.3 for the corresponding implementation. 

At last, we want to discuss whether this method can be applied to a collision time 

algorithm as studied in Section 3.2. The idea is based on the time-dependent con-

tact function    ( ): Assume two initially separated elliptic disks  ( )    and 

determine the smallest positive root of the analytical equation  ( )   , which 

corresponds to the time of collision  . Reusing the academic example of Subsection 

3.2.2, i.e.,    (   ),     ,    (     ),       as shown in Figure 3.10 (p. 32), 
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we obtain a curve for  ( ), which is depicted in Figure 3.15. In principle, this ap-

proach should be applicable, it proves even superior to the method of Subsection 

3.2.2 due to availability of an analytical expression for  ( ). Nevertheless, it still 

lacks in a proper algorithm that finds the roots of  ( )    reliably. The complexi-

ty is caused by the cycloidal motion leading to non-rational terms, i.e., the trigo-

nometric functions in the motion matrix  ̃ (Equation (3.39)). The coefficients    

and    contain summands like     (  ( )) or      (  ( )), which reappear in any 

combinations in  ( ). In [21] this inconvenience is described as “intrinsically tran-

scendental,” and they switch to an approximation by rational functions, which is 

no option for us. Instead, we conclude that this approach would be very promising 

if an efficient algorithm to determine the roots of  ( )    was available. 

 

Figure 3.15 The contact function  ( ) is evaluated for the synthetic example described in 
Subsection 3.2.2. Its course is comparable to the related distance in Figure 3.11 (p. 32). We 
obtain the same collision time  , and the external touching at     is also observable. The 
essential advantage is the existence of an analytical expression for the contact function. 

𝑡 

𝛹(𝑡) 

𝜏 
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4 Simulation results 

After determining appropriate algorithms in Chapter 3, we are now prepared to 

employ these methods in a simulation program. The subject of this chapter is to 

analyze the computational performance and to discuss the effect of collisions and 

correction moves. Furthermore, some first physical results shall be regarded with 

focus on a consideration of energy. 

4.1 Simulation performance 

In the following, the scope of our simulation program is described. Then, we 

benchmark the optimization procedure and investigate collisions and corrections. 

4.1.1 Description of the program 

The program is designed to provide a testing framework for the algorithms de-

scribed in Chapter 3. Especially the collision time procedure has to be concerned 

carefully since it characterizes the key to a successful event-driven simulation of 

elliptic disks. Hence, the importance of traceability and bug fixing is rated over the 

capability for elaborate simulations aiming for physical results. For this reason, we 

abstained from an implementation of performance enhancements like an event 

calendar, neighbor lists, or a cell structure for now.  

Although all methods within this thesis are described for polydisperse mixtures, 

we consider the basic case of a monodisperse solution, i.e., the same mass   and 

semi-axes   and   for all particles. Additionally, as mentioned in Subsection 3.1.5, 

the mass   as well as the thermal energy     are set to unity, leading to the prop-

osition of Equation (3.11). The input parameters can be adjusted by option flags at 

the program call. In particular, these are the following: 

 the simulation time     , 

 the number of particles  , which should be a square number since the 

disks are initially placed on a square lattice 

 the packing fraction   (cf. Equation (3.7)), 

 the lengths of the semi-axes   and   or, alternatively, the aspect ratio  , 

leading to   √  and    √ ⁄  to satisfy      (cf. Subsection 2.1.2), 
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 the Brownian time scale    (cf. Subsection 3.1.5), 

 and the initial angle   , which gains importance at high densities. 

Moreover, we apply a MATHEMATICA® program (see Appendix B.3) to visualize the 

simulated motion of the particles. Besides the amazing show, observing the trajec-

tories proves extremely helpful in order to validate correct collisions and to inves-

tigate accidental overlaps. 

4.1.2 Benchmark of the optimization procedure 

In order to quantify the computational effort of our optimization method as pre-

sented in Subsection 3.2.6, we performed a series of simulation runs. Concerning 

the input parameters, a simulation time           and a packing fraction 

       have been chosen. The simulations were not only applied to elliptic disks 

of semi-axes       and       but also to circles of radius       for compari-

son purpose. In the latter case, we replaced the procedures for collision detection 

and processing by the common methods for circular disks as described in Subsec-

tion 3.2.1 and 2.3.3. For both shapes, we considered Newtonian as well as Brownian 

dynamics, regarding a Brownian time step of       . The number of particles has 

been varied in the range           in order to examine the scaling laws of the 

computational effort. The results of each parameter set are obtained by averaging 

    independent simulation runs, which are performed at a computational cluster 

of different nodes ranging from AMD OPTERON 2218 to INTEL CORE I7-2600K. The 

data produced by this simulation series shall be analyzed in the following. 

At first, we examine the simulation duration  ( ), which is presented in Figure 

4.1. As predicted in Subsection 3.1.4, a quadratic dependence on the particle num-

ber is clearly observable, and hence, we can fit a parabola to both, ellipses (“e”) and 

circles (“c”), which yields 

 

  ( )     
     (           )    

  ( )     
     (           )    

(4.1) 
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Figure 4.1 Diagram of the simulation time as a function of the particle number. We aver-
aged over Newtonian and Brownian dynamics simulations due to a similar profile of the 
particular curves. The data points are fitted by quadratic functions.  

Thus, for a fixed  , the computational effort for elliptic disks increases by a factor 

of           compared to circular disks. Additionally, we notice that an average 

over     runs might be insufficient due to large error bars in Figure 4.1, which are 

representing the standard deviation. However, this effect can also be caused by the 

diversity of the simulation nodes. Nevertheless, the values shall provide a general 

impression rather than an accurate measurement. This is substantiated by the 

possibility to apply an optimization flag (“-O3”), allowing the compiler (g++) to 

modify the source code. Some basic tests reduced the simulation by     to    .  

Another aspect concerning the simulation duration is the strong dependence on 

the packing fraction. For example, regarding the same setup, a simulation of 

      elliptic disks just required some minutes for        while it took 

      hours for       . This is not surprising since a higher density intrinsical-

ly leads to more collisions, and almost all of the simulation duration is spent on 

collision detection. Assuming that the optimization procedure consumes the 

whole computational effort, we can estimate the duration for a single call of the 

SLSQP algorithm (cf. Subsection 3.2.6). The total number of performed optimiza-

tions provides no new information due to a similar quadratic profile as in Figure 

4.1. However, the ratio of simulation duration to optimization calls turns out to be 
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nearly constant, i.e., independent of the particle number. Averaging over all simu-

lations of elliptic disks leads to a duration of 

 (      )    (4.2) 

for a single evaluation of our minimization problem in Equation (3.14). This value 

refers to a realistic simulation scenario, and it also includes the determination of 

[           as described in Subsection 3.2.1. The C++ implementation of the SLSQP 

algorithm is approximately three orders of magnitude faster compared to the 

Nelder-Mead or Simulated Annealing method of MATHEMATICA®. 

We conclude this subsection by outlining the capability of our algorithms in a 

proper simulation environment. For this purpose, we consider the simulation 

program written by FABIAN WEYßER, described and used in [1]. Although it is only 

applicable to circular disks so far, performance enhancements like an event calen-

dar (cf. Subsection 3.1.1) and a cell structure (cf. Subsection 3.1.4) are implemented. 

For this reason, we expect a linear relation between particle number and computa-

tional effort  ( ). The proportionality factor is determined by some short simula-

tions based on the same parameters as in our simulation series (see Figure 4.2). 

Linear regression leads to 

   
  ( )    

      
   (             )    (4.3) 

 

Figure 4.2 Simulation duration over particle number for FABIAN WEYßER’s program. The 
data is averaged over    simulations, and no reasonable values can be obtained for 
      since the program is too fast.  
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Assuming that the computational effort increases by a constant factor (cf. Equation 

(4.1)) when simulating ellipses instead of circles, we can apply the approximation 

 
  

  

  
  

 
  

  
            (4.4) 

resulting in 

   
  ( )    

      
   (           )    (4.5) 

So, a simulation of       elliptic disks should approximately take       sec-

onds in the optimized program instead of     hours in our program. By extrapo-

lating further, even        particles would require just about     minutes, 

which is absolutely promising. Of course, as mentioned above, one should not 

forget that the simulation duration increases rapidly at higher packing fractions. 

4.1.3 Collisions and correction moves 

We want to continue evaluating the simulation series described in the previous 

subsection. Now, the number of processed collisions and correction moves shall be 

considered. Figure 4.3 shows the collisions over the particle number for ellipses 

and circles, respectively concerned with Brownian and Newtonian motion.  

 

Figure 4.3 The processed collisions for varying particle numbers. The error bars for New-
tonian dynamics are omitted since they are almost not visible.  
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Since the number of collisions is an extensive quantity, it certainly increases with 

higher particle numbers. This gain proves to be perfectly linear in the case of New-

tonian dynamics. Here, the slope referring to ellipses is higher compared to circles, 

approximately by a factor of     . This value should not be overrated since ellipses 

of semi-axes       and       can hardly be related to circles of radius      . 

One should consider ellipses and circles of same area or circumference and apply 

different aspect ratios in order to examine corresponding dependences on the 

collision number. Nevertheless, the Brownian dynamics simulations show more 

collisions, including a higher variance, due to the nature of this kind of dynamics.  

Another interesting aspect is the number of collisions in relation to the number of 

performed optimizations. For       elliptic disks, only a small percentage, i.e., 

(           )  for Newtonian motion and (         )  for Brownian motion, 

of the optimizations lead to a collision. Thus, a huge amount of unnecessary opti-

mizations is executed since no performance enhancements are implemented. Due 

to the absence of an event calendar, the same collision is determined over and over 

again while unrelated events occur. Hence, the algorithm performance would 

greatly benefit from features of this kind. 

Concerning the correction moves, Figure 4.4 shows the absolute number as well as 

the relation to collisions, both for Brownian dynamics. We recognize that the short 

overlap as described in Subsection 3.1.3 is probably not the only source for intersec-

tions. Other reasons might be due to the collision time algorithm, which is a local 

minimizer. Thus, a few collisions can be missed, leading to deeper interpenetration 

of the particles. In this case, a series of correction moves is triggered at each cycle 

of the event-driven algorithm. Therefore, the high number of correction moves is 

an implementational artifact rather than an indication of a high number of over-

lappings. Besides some simulations showing a high number of correction moves, 

most runs get along without any overlap, explaining the large error bars in Figure 

4.4. Nevertheless, for       particles, correction moves represent only a fraction 

of (             )  compared to the number of collisions. 
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Figure 4.4 The absolute number of correction moves (left) and in relation to the number of 
collisions (right). Both diagrams refer to Brownian dynamics. 

4.2 Physical results 

Within this section, we focus on some basic physical results from our simulations. 

Topics like packing density, energy conservation, and displacements shall be dis-

cussed in the following. 

4.2.1 Approaching high densities 

At first, we want to answer the question how dense congruent elliptic disks can be 

packed. It is a well-known matter of fact that circles on a triangular lattice reach a 

maximum packing density of  

 

Figure 4.5 The configuration of elliptic disks with the maximum packing density 

   ( √ )⁄  on a square lattice. An aspect ratio of   √  or higher is required. 
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 √ 
         (4.6) 

We can obtain ellipses from this triangular lattice by a linear transformation, 

which leaves the density unchanged. Thus, this value also applies to elliptic disks, 

and it represents maximum number that can be reached. In contrast, concerning 

the three-dimensional case, ellipsoids can be packed closer than spheres as shown 

in [23]. 

Regarding our setup, the maximum density can be realized on a square lattice for 

an aspect ratio   √  and an initial angle      ⁄  as illustrated in Figure 4.5. 

While it is not possible to reach this density for smaller aspect ratios, higher values 

of   require a rectangular lattice in order to satisfy Equation (4.6). Nevertheless, we 

figured out that on a square lattice, elongated ellipses with     can obtain a 

packing fraction of around        for an initial angle of         . For higher 

densities, a swelling process as described in [1] is indispensable. 

4.2.2 Energy considerations 

The conservation of energy represents a very important aspect in our simulations. 

Figure 4.6 illustrates the measurement of kinetic, rotational, and total energy (cf. 

Equation (2.49) and (2.50)) during a single simulation concerning Newtonian 

dynamics, i.e., no redistribution of velocities and angular velocities during the run.  

As predicted in Subsection 3.1.6, the values for      and      fluctuate due to an 

energy transfer during collisions. In contrast,      is perfectly conserved by the 

employed methods. This is one of the major strengths of the event-driven algo-

rithm and the application of collision rules. Even after thousands of collisions, the 

total energy is exempt from any recognizable noise or fluctuations. Moreover, the 

average kinetic and rotational energy correspond to the correct values in units of 

    according to Equation (3.8). In conclusion, Figure 4.6 approves that our simu-

lation program is working as intended.  
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Figure 4.6 The distribution of energy during a single simulation run. Here, we consider 
     ,       , and    . 

We now want to investigate how the system reacts if we violate the correct distri-

bution of kinetic and rotational energy by the initial conditions. Hence, we simply 

set 〈  〉    and 〈  〉    instead of the values proposed by Equation (3.11). The 

resulting course of kinetic energy is shown in Figure 4.7, which is sufficient since 

the rotational energy behaves symmetrically. The initial conditions determine the 

total energy, which corresponds to      ⁄ . Concerning the Newtonian dynamics, 

the particles reach energetic equilibrium, i.e., a kinetic energy of     and a rota-

tional energy of     ⁄ , after a short period. While this is realized rapidly at a 

medium density       , it takes up to    time units for a very low density 

      . This is caused by the initial separation, leading to first collisions at 

around     time units. In contrast, the system is continuously set to the nonequi-

librium state with a rate of        in the case of Brownian dynamics. Thus, only a 

certain amount of kinetic energy can be reached within this period, at which the 

higher density performs better. 
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Figure 4.7 Semi-logarithmic plot of the kinetic energy after a violation of the energetic 
equilibrium by the initial conditions. The simulation is based on       and    . 

4.2.3 Displacements 

In some closing simulations, we try to reproduce the results from recent public-

tions, e.g., [24] and [25]. For this purpose, we consider elongated elliptic disks of an 

aspect ratio     as shown in Figure 4.8. According to the experiments in [24], a 

glass transition concerning the rotational motion is observed at        while the 

translational motion shows a transition at       . 

 

Figure 4.8 A system of       elongated particles of aspect ratio    . 
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Due to time limitations, we performed a series of simulations with only      

particles, leading to MSD and MSR (cf. Equation (3.12)) plots in Figure 4.9 and 

Figure 4.10, respectively. For this data, we averaged     simulation runs and equil-

ibrated the system for      time units. The translational motion is equilibrated 

quite well since the particles could at least move by distance of  , which is in the 

order of the lengths of the semi-axes. In contrast, the rotational motion could not 

be equilibrated within this scope. The particles only rotated by     , where at least 

  ⁄  was expected. Unfortunately, the paper results could not be reproduced clear-

ly due to a too low number of particles and a too short equilibration time. We will 

require some performance enhancements in order to accomplish this challenge. 

 

Figure 4.9 The mean squared displacement (MSD) for several densities. The glass transi-
tion should occur at       , i.e., between the purple and the yellow curve. 
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Figure 4.10 The mean squared rotation (MSR) of the same setup. The glass transition is 
predicted at       , i.e., between the turquois and the purple curve. 
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5 Conclusion and outlook 

Within this thesis, we considered Brownian dynamics simulations of elliptic disks 

from different points of view. At first, a general ellipse equation was introduced, 

and we derived the collision laws of two elliptic disks. In fact, these are more de-

manding compared to the collision rules associated with elliptic disks. Then, we 

outlined the concept of an event-driven algorithm, which represents the frame-

work for our simulations. The crucial step is the determination of the collision 

time concerning two elliptic particles. For this purpose, we argued and evaluated 

different methods and approaches. A particular sequential quadratic programming 

algorithm proved most promising, and we implemented it in our simulation envi-

ronment. The procedure solves a nonlinear optimization problem according to an 

established method. Furthermore, general overlap detection referring to ellipses 

has been discussed, where we enhanced a common approach to polydisperse col-

loidal systems. In the end, the performance of our simulation program as well as of 

the specific algorithms has been analyzed, followed by a short examination of some 

physical properties. 

Regarding our findings, we can summarize that an event-driven algorithm is defi-

nitely appropriate for the simulation of anisotropic colloids modeled by elliptic 

disks. We determined a collision time procedure that performs very well within 

this scope, especially concerning energy conservation. Moreover, an analytical 

criterion for overlap detection is available, also for binary mixtures.  

The next logical step should be the application of performance enhancements in 

order to execute elaborate simulations aiming for physical results. We outlined the 

potential capability of the corresponding methods, which proved absolutely prom-

ising. Additionally, all algorithms discussed within this work are applicable to 

polydisperse systems. Furthermore, one can consider inelastic collisions or friction 

between the particles, which can be included with some minor changes. Lastly, an 

adaption to three-dimensional ellipsoids would be possible since the ellipse equa-

tion as well as the collision time algorithm can be extended perfectly.  



60 5 Conclusion and outlook   

 



 A.1 Collision time 61 

Appendix A C++ implementation 

This appendix covers the implementation of the essential algorithms in our C++ 

simulation program. In particular, these methods concern determination and 

processing of collisions as well as overlap detection and correction moves. 

A.1 Collision time 

According to Subsection 3.2.6, our collision time procedure is based on the SLSQP 

algorithm from version 2.3 of the NLOPT library ([13]). At first, the objective func-

tion  (   ) and its gradient (cf. Equation (3.30)) are defined in a common function 

“f”. If the algorithm only requires the function value, an evaluation of the gradient 

can be skipped by calling the function with a null pointer as gradient parameter. 

double f(unsigned n, const double * x, double * grad, void * data) 

{ 

if (grad) 

{ 

grad[0] = 1.; 

grad[1] = 0.; 

grad[2] = 0.; 

} 

 

return x[0]; 

} 

Additionally, we need a function for the elliptic constraints and their gradients. 

This is achieved by implementing the ellipse function (Equation (2.19)) as well as 

the results from Subsection 2.2.3. Then, the constraint function “E” can be applied 

to a certain particle by passing a corresponding particle pointer as data parameter. 

The particles are organized in a structure “particle” that holds the respective posi-

tions, velocities, angles, and angular velocities. Moreover, we use a vector structure 

“vec” with the common operations as well as the dot product “dot”.  

double E(unsigned n, const double * x, double * grad, void * data) 

{ 

double t, th, om, cp, cm, a11, a12, a22, E, a11p, a12p, a22p, Ep,  

Et; 

vec p, r, v, Ex; 

particle par; 

 

t = x[0]; 

p.set_values(x[1], x[2]); 

 

par = *((particle *) data); 
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v = par.vel; 

om = par.angvel; 

r = par.pos + v * t; 

th = par.ang + om * t; 

p = p – r; 

 

cm = (1. / (A*A) - 1. / (B*B)) / 2.; 

cp = (1. / (A*A) + 1. / (B*B)) / 2.; 

a11 = cm * cos(2. * th) + cp; 

a12 = cm * sin(2. * th); 

a22 = - cm * cos(2. * th) + cp; 

 

E = a11 * p.x*p.x + 2. * a12 * p.x * p.y + a22 * p.y*p.y - 1.; 

 

if (grad) 

{ 

a11p = - 2. * cm * sin(2. * th); 

a12p = 2. * cm * cos(2. * th); 

a22p = 2. * cm * sin(2. * th); 

 

Ep = a11p * p.x*p.x + 2. * a12p * p.x * p.y  

+ a22p * p.y*p.y; 

Ex.set_values(2. * (a11 * p.x + a12 * p.y),  

2. * (a12 * p.x + a22 * p.y)); 

Et = Ep * om - dot(Ex, v); 

 

grad[0] = Et; 

grad[1] = Ex.x; 

grad[2] = Ex.y; 

} 

 

return E; 

} 

Now, we are prepared to determine the collision time. The NLOPT library has to be 

installed and included in the program. Besides the concerned particles, we pass the 

interval [           (cf. Subsection 3.2.1), which is calculated before calling the 

collision time routine. If no collision occurs, the program will not fail, but instead, 

the most appropriate solution is returned. Thus, a potential collision time close to 

     or      has to be proved by calling the constraint functions. Additionally, we 

check for overlap if an ominous collision time close to zero appears. The global 

variables “T”, “R”, and “P” refer to the simulation time     , the box size  , and the 

collision point   respectively. 

double col_time(particle p1, particle p2, double tmin, double tmax) 

{ 

int retval; 

double opt_f; 

nlopt_opt opt; 

 

double lb[3] = {tmin, - R, - R}; 

double ub[3] = {tmax, R, R}; 

double x[3] = {tmin, (p1.pos.x + p2.pos.x) / 2.,  

(p1.pos.y + p2.pos.y) / 2.}; 
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opt = nlopt_create(NLOPT_LD_SLSQP, 3); 

nlopt_set_min_objective(opt, f, NULL); 

nlopt_add_inequality_constraint(opt, E, &p1, 1e-10); 

nlopt_add_inequality_constraint(opt, E, &p2, 1e-10); 

nlopt_set_lower_bounds(opt, lb); 

nlopt_set_upper_bounds(opt, ub); 

// nlopt_set_stopval(opt, 0.); 

// nlopt_set_ftol_rel(opt, 1e-10); 

// nlopt_set_ftol_abs(opt, 1e-16); 

nlopt_set_xtol_rel(opt, 1e-10); 

nlopt_set_xtol_abs1(opt, 1e-16); 

// nlopt_set_maxeval(opt, 5000); 

// nlopt_set_maxtime(opt, 1.); 

retval = nlopt_optimize(opt, x, &opt_f); 

nlopt_destroy(opt); 

 

if ((x[0] < tmin + 1e-8 || x[0] > tmax - 1e-8)  

&& (E(3, x, NULL, &p1) > 1e-8 || E(3, x, NULL, &p2) > 1e-8)) 

{ 

return T; 

} 

if (x[0] < 1e-8 && overlap(p1, p2)) 

{ 

return - 1; 

} 

 

P.set_values(x[1], x[2]); 

return x[0]; 

} 

A.2 Collision processing 

A collision can be processed according to the algorithm described in Subsection 

3.1.2. We calculate the slope of the tangent    (cf. Equation (2.35)) for both ellipses 

and average the results to increase accuracy. Global variables “A”, “B”, “id1”, and 

“id2” are used for the semi-axes lengths   and   and to identify the colliding parti-

cles respectively. Periodic boundary conditions (cf. Subsection 3.1.4) are considered 

by a function “unwrap” that reduces large distance vectors back to a smaller area. 

double m1, m2, m, h1, h2, dvx, Th, Fx; 

vec r1, r2, ex, ey; 

 

r1 = unwrap(P - par[id1].pos); 

r2 = unwrap(P - par[id2].pos); 

m1 = tan(par[id1].ang  

 - atan((B*B) / (A*A) / tan(atan(r1.y / r1.x) - par[id1].ang))); 

m2 = tan(par[id2].ang  

 - atan((B*B) / (A*A) / tan(atan(r2.y / r2.x) - par[id2].ang))); 

m = (m1 + m2) / 2.; 

ey.set_values(1. / sqrt(1. + m*m), m / sqrt(1. + m*m)); 

ex.set_values(ey.y, - ey.x); 

h1 = dot(r1, ey); 

h2 = dot(r2, ey); 

dvx = (dot(par[id1].vel, ex) - par[id1].angvel * h1)  

 - (dot(par[id2].vel, ex) - par[id2].angvel * h2); 

Th = (A*A + B*B) / 4.; 

Fx = 2. * dvx / (2. + (h1*h1 + h2*h2) / Th); 
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par[id1].vel = par[id1].vel - ex * Fx; 

par[id2].vel = par[id2].vel + ex * Fx; 

par[id1].angvel = par[id1].angvel + h1 * Fx / Th; 

par[id2].angvel = par[id2].angvel - h2 * Fx / Th; 

A.3 Overlap detection 

Overlap detection is discussed in Section 3.3, and our implementation follows 

directly from Equation (3.53). This represents the Vieillard-Baron criterion, i.e., the 

contact function   for a monodisperse solution. 

bool overlap(particle p1, particle p2) 

{ 

double f, f1, f2, psi; 

vec dr, u1, u2, up1, up2; 

 

dr = unwrap(p1.pos - p2.pos); 

u1.set_values(cos(p1.ang), sin(p1.ang)); 

u2.set_values(cos(p2.ang), sin(p2.ang)); 

up1.set_values(- u1.y, u1.x); 

up2.set_values(- u2.y, u2.x); 

 

f = 3 + (A / B + B / A)*(A / B + B / A)  

* sin(p1.ang – p2.ang)*sin(p1.ang – p2.ang); 

f1 = f – (dot(dr, u1)*dot(dr,u1) / (A*A)  

+ dot(dr, up1)*dot(dr, up1) / (B*B)); 

f2 = f – (dot(dr, u2)*dot(dr,u2) / (A*A)  

+ dot(dr, up2)*dot(dr, up2) / (B*B)); 

psi = f1*f1 * f2*f2 + 18. * f1 * f2 - 4. * f1*f1*f1  

- 4. * f2*f2*f2 - 27.; 

 

return (psi < 0.); 

} 

A.4 Correction move 

The use and the procedure of a correction move are explained in Subsection 3.1.3. 

Here, we implement Equation (3.6) to redistribute the velocities of two particles. 

double av; 

vec dr, dv, sv, ex, ey; 

 

dr = unwrap(par[id1].pos - par[id2].pos); 

dv = par[id1].vel - par[id2].vel; 

sv = par[id1].vel + par[id2].vel; 

av = sqrt(dot(dv, dv)); 

ex = dr / sqrt(dot(dr, dr)); 

ey.set_values(- ex.y, ex.x); 

par[id1].vel = ex * (dot(sv, ex) + av) / 2. + ey * dot(sv, ey) / 2.; 

par[id2].vel = ex * (dot(sv, ex) - av) / 2. + ey * dot(sv, ey) / 2.;  
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Appendix B MATHEMATICA® programs 

Since MATHEMATICA® proves very helpful concerning our research, we want to 

mention some programs that are extensively used within this thesis. 

B.1 Numerical minimization 

As noted in Subsection 3.2.3 and 3.2.4, MATHEMATICA® solves our minimization 

problem in Equation (3.14) reliably. The notebook code can be applied with the 

“NelderMead” or “SimulatedAnnealing” method. Our implementation of the trans-

formation into the unit circle (cf. Subsection 3.2.2) is also based on this program. 

a = 1.0; 

b = 0.5; 

r1 = {0.0, 0.0}; 

r2 = {1.0, 1.0}; 

v1 = {0.0, 0.0}; 

v2 = {-1.0, 0.0}; 

\[Theta]1 = 0.0 * Pi; 

\[Theta]2 = 0.0 * Pi; 

\[Omega]1 = 0.0 * Pi; 

\[Omega]2 = 1.0 * Pi; 

 

a1[t_] := r1 + t*v1; 

a2[t_] := r2 + t*v2; 

\[Phi]1[t_] := \[Theta]1 + t*\[Omega]1; 

\[Phi]2[t_] := \[Theta]2 + t*\[Omega]2; 

DM := DiagonalMatrix[{a^-2, b^-2}]; 

RM[\[Phi]_] := RotationMatrix[\[Phi]]; 

 

NMinimize[{t, ({x1, x2} - a1[t]).RM[\[Phi]1[t]].DM.RM[-\[Phi]1[t]]. 

({x1, x2} - a1[t]) == 1, ({x1, x2} - a2[t]).RM[\[Phi]2[t]].DM. 

RM[-\[Phi]2[t]].({x1, x2} - a2[t]) == 1}, {t, x1, x2}, Method -> 

"NelderMead"] 

 

Animate[Graphics[{Rotate[Circle[a1[t], {a, b}], \[Phi]1[t]], 

Rotate[Circle[a2[t], {a, b}], \[Phi]2[t]]}, PlotRange ->  

{{-4, 4}, {-4, 4}}], {t, 0, 3}, AnimationRunning -> False] 

B.2 Characteristic polynomial 

The characteristic polynomial   ( ) is introduced in Subsection 3.3.2. We consult 

the following program in order to determine the corresponding coefficients   ,   , 

  , and    as well as the discriminant   as presented in Subsection 3.3.3. 

r1 = {x1, y1}; 

r2 = {x2, y2}; 

D1 = DiagonalMatrix[{1/a1^2, 1/b1^2, -1}]; 

D2 = DiagonalMatrix[{1/a2^2, 1/b2^2, -1}]; 

M1 = AffineTransform[{RotationMatrix[\[Theta]1], r1}]  
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// TransformationMatrix; 

M2 = AffineTransform[{RotationMatrix[\[Theta]2], r2}]  

// TransformationMatrix; 

A1 = Inverse[M1]\[Transpose].D1.Inverse[M1]; 

A2 = Inverse[M2]\[Transpose].D2.Inverse[M2]; 

f = Det[\[Lambda]*A1 - A2]; 

{g0, g1, g2, g3} = CoefficientList[f, \[Lambda]]; 

\[CapitalDelta] = 18*g3* g2*g1*g0 - 4*g2^3*g0 + g2^2*g1^2 - 4*g3*g1^3  

– 27*g3^2*g0^2; 

B.3 Particle tracking 

In our simulations, the positions and angles can be saved to an ASCII data file. The 

lines contain the current time followed by the corresponding   ,   ,   for each 

particle. Then, the presented program visualizes the simulated motion. The in-

volved parameters refer to the number of particles   (“NU”), the simulation time 

     (“T”), the aspect ratio   (“AR”), the packing fraction   (“PF”), and the step size 

(“SZ”) of the savings. 

NU = 100;  

T = 100.0; 

AR = 2.0; 

PF = 0.50; 

SZ = 0.1; 

 

A = Sqrt[AR]; 

B = 1/Sqrt[AR]; 

R = Sqrt[NU*Pi*A*B/PF]; 

out = Import["cpp/pos.dat"]; 

 

k[t_] := Ceiling[t/SZ]; 

pos[i_, k_] := out[[k, 3*i - 1 ;; 3*i]]; 

ang[i_, k_] := out[[k, 3*i + 1]]; 

time[k_] := out[[k, 1]]; 

move[i_, t_] := pos[i, k[t]] + (pos[i, k[t] + 1] - pos[i, k[t]])*(t - 

time[k[t]])/(time[k[t] + 1] - time[k[t]]); 

turn[i_, t_] := ang[i, k[t]] + (ang[i, k[t] + 1] - ang[i, k[t]])*(t - 

time[k[t]])/(time[k[t] + 1] - time[k[t]]); 

 

Animate[Graphics[Table[Rotate[Disk[move[i, t], {A, B}], turn[i, t]],  

{i, NU}], PlotRange -> {{-R/2, R/2}, {-R/2, R/2}}], {t, 10^-12, T},  

AnimationRunning -> False, AnimationRate -> 1/T] 
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