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Solutions to the Equations of
Viscous Quantum Hydrodynamics in Multiple Dimensions

Michael Dreher*

Abstract

We study the viscous model of quantum hydrodynamics in a bounded domain of space di-
mension 1, 2, or 3. This model is a mixed order partial differential system with nonlocal and
nonlinear terms for the particle density, current density and electric potential. By a viscous
regularization approach, we show existence and uniqueness of local in time solutions.

2000 Mathematics Subject Classification: 35B40, 35Q35, 76Y05
Keywords:  quantum hydrodynamics, existence, uniqueness and persistence of solutions,
boundary conditions of Zaremba type.

1 Introduction

Depending on the size of a semiconductor device and other physical aspects, there are several
different models describing the flow of charged particles. As examples, we mention the (quantum)
drift diffusion model, the (quantum) energy transport model, or the (quantum) hydrodynamic
model. Derivations of such models can be found in, e.g., [10]. The quantum hydrodynamic model
can be derived from the Schrédinger-Poisson system by WKB wave functions ([7]), or from the
Wigner equations via the moment method, together with a closure of the system with the thermal
equilibrium distribution ([4]). Another derivation exploits the entropy minimization principle ([8]).

Taking into account collisions of the charged particles with the background oscillators, one obtains
the viscous quantum hydrodynamic model, as it can be derived from the Wigner equation using the
Fokker-Planck collision operator:

6t7’L—diVJ:I/0An,

J®J 82 A\/ﬁ J
—div| —— | = TVn+nVV + —nV =1 ANJ——
orJ le( - > n+n 5 " ( G > 20 oy (1.1)

MNAV =n—C(z),
(n7 J)(O’ x) = (n07 JO)($)7

where (t,7) € (0,00) x ©, and Q C R? (d = 1,2,3) is a bounded domain with boundary I" = 9 of
regularity C*. The unknown functions are the particle density n: Ry x Q — R, the current density

*Fachbereich Mathematik und Statistik, P.O.Box D187, Universitat Konstanz, 78457 Konstanz, Germany,
michael.dreher@uni-konstanz.de



2 1 INTRODUCTION

J: Ry x Q — R% and the electrostatic potential V: Ry x © — R. The function C': Q — R models
the given profile of background charges. The (scaled) physical constants are the temperature 7T,
the Planck constant €, the Debye length A, and a viscosity constant 1y as well as the momentum
relaxation time 7, which are related to the collision operator. All these constants are supposed to
be positive.

The boundary conditions for the unknowns (n,J, V') are

on(t,z) =0,
J(t,z) = Jp(x), (t,x) € (0,00) x I, (1.2)
(KV)(t,x) = g(),

where 9, denotes the outward normal derivative, and the last line is an abbreviation for mixed
Dirichlet-Neumann conditions as follows: we assume the boundary I' to be split into two sub-
manifolds, where the boundary part I'y is allowed to be empty.

I'=CpUly, TIpnIn=0, TIpnIn=2Z

with Z being a manifold of dimension d — 2 or the empty set. We are given a pair of functions
g = (9p,gn), and the function V has to satisfy boundary conditions of Zaremba type,

V(t,z) =gp(x) :(t,z) € (0,00) x I'p,
A V(t,x) =gn(z) : (t,x) € (0,00) x T'n.

We require the compatibility conditions

Oynp(x) =0, Jo(z) = Jr(z), zxel, (1.3)
inf ng(z) > 0.
e

For transient quantum hydrodynamic models, only a few analytic results are available. We mention
the existence of smooth solutions to the inviscid model (vyp = 0) and their asymptotic behavior for
large time and small initial data, as investigated in [9, 13].

Concerning the transient viscous model (1.1), the exponential stability of a constant steady state
was proved in [6] for the one-dimensional case, and in [2] for the higher-dimensional case. The local
existence and uniqueness of solutions was shown in [2] for a one-dimensional setting with insulating
boundary conditions, and for the case of higher dimensions with periodic boundary conditions. It
seems that the viscous transient model (1.1) in higher dimensions has been analytically investigated
for the first time in [2].

A few remarks about the strategy of the approach of this paper are in order. Putting U =
(n,Ji,...,J3)T and observing that the quantum correction term (also called Bohm potential term)
can be expressed as

g2 n g2
5nV (f/‘g) = ZVAR — 2 div ((V\/ﬁ) ® (V\/ﬁ)) )



we can reformulate the equations for n and J from (1.1) as

04U + A(0,)U + <0> =0,

G
0 -0, —0y --- —04
%81 A=To, =8 0 -+ 0
5
A(ax) =—-vAl;+ %82A—T81 0 et S 0 ’
%8d A =Ty 0 0 cee 1

G = —div <‘h§‘]) +nVV —e2div ((Vv/n) ® (Vv/n)). (1.5)

It turns out that the matrix A is an elliptic differential matrix operator of mixed order in the sense
of Douglis and Nirenberg, see [1] or [5]. This suggests to derive a priori estimates in a similar fashion
as for parabolic systems, after having approximated the system by an introduction of a fourth order
viscous regularization.

The differences between this paper and [2] are twofold: first, we do no longer require insulating or
periodic boundary conditions. And second, we greatly relax the conditions on the doping profile C,
which is now merely in I?(Q).

Acknowledgments. The author has been supported by the Deutsche Forschungsgemeinschaft
(DFG), grant number 446 CHV 113/170. Moreover, I would like to thank Li Chen of Tsinghua
University, Beijing, for helpful discussions.

2 Main Results

Our notations are standard: IP denote the usual Lebesgue spaces of real-valued functions, and
HF(Q) := WF(Q) are the I?-based Sobolev spaces, for k € Ng. The expression (-, -) stands for the
scalar product in I?(Q) as well as in (I?(Q2))%.

Theorem 2.1. Suppose ng € H3(Q), Jy € H*(Q), Jr € H¥*(I'), C € I*(Q), gp € H¥*('p),
gy € HY?(T'y) the compatibility condition (1.3), and (1.4).

Then the system (1.1) with the boundary conditions (1.2) has a unique local in time solution (n, J, V)
with
n € L*((0,t.), H*(Q)), J € L*((0,t,), H*()),
om € I*((0,t,), H*(Q)), onJ € I*((0,t.), H(Q)),
(n,Vn,J) € C([0,t,) x ),
Ve C([0,t), Hi () N O([0,£.), H' (),
oV € I2((0,t,), HY(Q)).
This solution persists as long as n stays positive and (n,Vn,J) are bounded in L>(£2).

Remark 2.2. After slight modifications of the proof, time-dependent boundary conditions can be
treated, too.
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3 Proof of Theorem 2.1

We introduce a viscous regularization term v A? into (1.1). Its purpose is to ensure the existence
of approximate solutions (to be shown in the appendix); we will never use it for a priori estimates:

( thv—l—yAQn,y—qunﬁ,—divJﬂ,:O,
2
8tJ7+7A2J7—u0AJ7+%VAn7

1
~TVn, + —Jy + Gy =0, (3.1)

N AV, =n, —C(),

(n’yv JF)(()? :L') = (nO,'ya JO,V)(x),
(Ouny, Iy, KV )(t, ) = (0, Jr 4 (), g(x)) on (0,00) x T,

where 0 < v < 1 and
. J'y ® J'y 2 .
G, =—div - +n,VV, — e div (Vy/ny) ® (Vy/ny)) . (3.2)
v

Additionally, we require the boundary conditions

Oy Any(t,z) =0, A Jy(t,z) =0, (t,xz) € (0,00) x T. (3.3)

The given data (ng., Joy, Jry) € HO(Q) x H5(Q) x H*(T') are suitably constructed approximations
for (ng, Jo, Jr); and, for v — 0, we have convergence

no, —mng in H3Q), Joy —Jo in H*(Q), Jr, —Jr in H3?(D).
We define a function Jp ., € H*(Q2) as solution to the elliptic boundary value problem

AJp(z) =0 cx e,
Jpy(x) =Jry(x) :x€T,

and get uniform in v estimates HJD:’Y”H?(Q) < C. Note that A Jp. € C(Q) due to the continuous
embedding H?(Q) C C(), hence A Jp, =0 on T
According to Proposition A.1, this regularized system has a unique solution (n, J,, V;) with
(ny, Jy) € C([0,8,], H?(Q)) N L¥((0, ), H(2)),
(Bmy, O Jy) € L2((0, 1), H*(2)) N L2((0,t5), H(Q)),
(V3. 0iVy) € L2((0, 1), H'(9)),

and the solution persists as long as (n, Vn,, J,) stay bounded in L>°(€2). The time derivatives of
n, and J, satisfy the same boundary conditions as n., J, — Jp .

Choose a number §y > 0, subject to the conditions

L. _
0o < 5 inf no(z),  2max (HnOHLOO(Q) VR0l e ) 5 HJOHLOC(Q)> <ot



By the continuous embedding H?(Q2) C C1(9), we can assume that
o < inf na(t,2), e (I () ey 19 6 Yy 16 ey ) < 0575 (34)

for 0 <t < t,; otherwise, we shrink the interval [0,%,]. In the following, we will prove uniform in
7 estimates of (n,, Jy, V), which will imply that the life span ¢, can not tend to zero for v going
to zero. Then we will have a uniform existence interval as well as uniform estimates and can prove
the convergence of a subsequence (n., J-,V,), by compactness arguments.

In the sequel, C' will denote a generic constant which may change from line to line and is allowed
to depend on dp and HJDNHHQ(Q), but not ~.

First of all: because of |lgpl|gs2r,y < C, llgnllgzry) < € and [Iny(t,-) — C(')HL?(Q) < C, we
obtain

||V7(t, )HHI(Q) < C(l + /\72), 0<t< tV‘

For later reference, we remark that the embedding H'(Q2) C I*(£2) then yields a uniform estimate
of ||V, (¢, ~)HL4(Q). Similarly, we have

1038 M sy < CNOVAE gy < CAF 191 12y

We multiply the parabolic equation for n.,J,, respectively, with n, or J, — Jp ,, respectively,
integrate over €2, and perform partial integration where appropriate:

0k 3y 0195 By + 7 1 2 — {div ) = 0,
S0 — oy + 10 IV = To) ey + 1 1A K2y + 15y
+ T (n, div( Ty = Jps)) — “j (Any, div(], = Jp.)
— 2 (D) + (G y = o) =0,

Here, HVJVHLQ(Q) stands for the Frobenius norm: || V.J,||* = >k 10T

The linear contribution from the quantum term is handled by means of
(Any,divJy) = (Any, 0ny) — (Ang, v Any) + (Any,y A% ny)
1
= _iat ||Vn7||i2(9) — ||An7||%2(9) —v[[VA nw”%(g) )
which gives us the identity
1 2
30 (15 = Iy + Tl + 5 19 e (35)
2 1 9
F 00 V(T = D)y + Too 9 ey + T 18 maliEriay + = 15
+9 (18 5y + T18m ey + 5 ummé(m)

, e? , 1
=T <n7, div JD,'y> vy (N Ny, div JD77> + p <J,y, JDﬂ,) — <G7, Iy — JD77> .
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In system (3.1), we take time derivatives, and define

n; = atny, J,/y = 8tJ’y, ny = 8tG(n7, Jy, V«,)

Then we deduce, by a similar computation as before, that

1 g2
00 (19 iy 7 1 ey + 5 1975 ) )

2
9
T HA”QHZ(Q)

/ 2 g2 /12
v@AJHB T gy + I 27 )

().

Y

1
+ 01V, 720y + T 1V 12 + 1550

The scalar products (G, J, — Jp ) and <G’7, J;> have the representations
(GryyJy —JIpryy) =11 4+ Iz + I3

J
-y /Q DL (1~ T ) da / 0 (VV,)(Jy — Jp.) de
1 Y

Q
+2 3 [ OOy = o) da
l
(GLJ) =11+ I+ I
_Z/ (&J) VJ;jl)dx—l—/Q((?tnv(VVv)) J,y/ dx
e /Q (0 (0ry/) (Vi) (VI ) da
l

and the items I can be estimated as follows:
140] —
1] < ClIVIy = Ipy)llzg) = 7 IV = Ip 720y + Cv s
(L] < C V3l 1) 19y — I 'VHL2 < CA+A2) 1y = Ipall
S C(]- + )\_4) + ||<]'y - JD,’\/||L2(Q) 9

14 —
| I3] < Ce? IV(Jy - JD,V)HB(Q) = ZO IV (Jy — JD,’Y)H%?(Q) + C€4Vo g

In treating the other terms I, note that HnﬁYHB(Q) <

Jonldz =[5 Jr, - 7do and the Poincare-Sobolev inequality:

11 < 29 gy + O (I gy + 75 )

C(1 + ||vn

,YHLQ(Q)) due to the identity

15 195y Vel 120 iy + 197 ey 10075 gy 1
I o 1%l 1 95 5l
<C an’YHLQ(Q) (1+ HVJ'Iny}(Q) +COX7 H"/VHB(Q) HJ’/YHHl(Q)
< % HVJ'IYHE @ T C(VO_1 +A ) HV”IVH;(m
+ O+ A A H”/wHiz’(Q)Jr H%H;(Q)’



|I5] < C* || vn!

e V73

14
sy < 211V

’YHLQ(Q) + ety ||V )

’YH[P(Q)

Plugging these estimates into (3.5) and (3.6), we then find

82
o, <HJ IplT2y + T lInyl 220 +r HVaniz(sz)>

62V0
—|—1/0||V( JD,'y)HL2(Q) +— ||An'yHL2

<C+rt+ 2t +elyy +T+T_1)+||J Ipal T2

S
00 (1 ey + T 1 ey + 5 1975

81/0

T HV‘];H?}(Q) + 2T anfYH;(Q HAHVHLQ(Q)
<C(y'+1) HJW//H?}(Q) +CO (g AT )‘ Y) Hn’YH;(Q)
+ O (v a7 ) [V [

<SC(p '+ 14+ g XN AT+ (g ATy ety e ?) x

2 2
(1 ey + T I oy + 5 1975 )
We can assume that
e S Y +T+T‘1)t <1,
o 14+ 05+ X g AT+ g AT ety e, < L

Making use of Gronwall’s Lemma, we then conclude that
2

2 2 € 2
195 = IDslliee 0,01, 2200)) + T N3 llzoe 0,00, 2200)) + 7 IVl 200 0,00, 22000

).

621/0

+ 10 [IV(Jy JD,'y)H]}(Qt) +— ||An'yHL2 Q1)

< € (1 Voo = T Py + TlnoslBey + 5 904

2 5 2
17, HLoo( o2y T T H”/vHLoo((o,t),B(Q)) T Hv"/wHLoo( (0,£),12(2))
E 14
+ 10 [V [, + 2700 [V g + 5 187 g

62
<C (HJQ(Q ')Hi?(ﬂ) +T H”lv(o’ ')H;(Q) T 4 anlv(ov ‘)HL2(Q)> ’

where 0 <t <t, and Q; := (0,%) x 2. The time derivatives at t = 0 can be estimated as follows:

62

HJA’Y(O, ')HLz(Q) <7z HJON HA(Q) + 1 HJ0,7HH2(Q) + 1 Hn07"/||H3(Q) + C(00)T

Hn’v(O, ')HHl(Q) <7 HnO,V

H3(Q) T Y0 ‘|n07’YHH3(Q) + ”JO,’YHHQ(Q)
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We may assume that the numbers v are chosen in such a way that

%13% ('Y HJO,'y||H4(Q) +7 ||n07’YHH5(Q)> = 0.
With this choice of 7, the following uniform in 7 estimates have been obtained:

17l o,6,1x0) + IV llcqon,1xa 15 oo, 1<y < Cos
150122 (0,6, m2 00y + Il 220, r202)) = Co
HJ;HLOO((O,H),L?(Q)) + Hng/HLOO((O,tW),Hl(Q)) = Co,

|75

}lLQ((O,tv),Hl(Q)) + H”;HB((O,H),W(Q)) < Co,

where the constant Cp is allowed to depend on all physical constants, do, and the norms [|no|| s (q),
H2(Q) but not ~.

S0/l 20y 11IDy
To get more estimates, we consider certain elliptic boundary value problems:

Definition 3.1. For f € I?(Q2) and 1o,y > 0, let u= Q. f € H*(Q) be the solution to the problem

(vo —vDu(z) = f(z) 1€,
dyu(z) =0, cx el

Lemma 3.2. The operator Q. is a bounded endomorphism on I?(2) and on H(2),

1 1
10 ey < o Wy I19@ Ty < 5 [z

The operator Q [\, first defined on H?(R), extends to a continuous endomorphism on I*(S2):

1
1G22 Flly < < Wllpiy s £ € ),
Moreover, Q~ A is non-positive:

QO f,f)<0,  fel*9).

Proof. Write u = Q. f. Taking the I?() scalar product of the equation (vy —vA)u = f with
u (with Awu) and performing appropriate integrations by parts gives the first estimate (second
estimate).

Let 0 < A1 < Xy <... denote the eigenvalues of — A with homogeneous Neumann boundary condi-
tions on I', counted according to multiplicity, and call the associated eigenfunctions ¢;, normalized
by H‘PJHB(Q) = 1. Then (1, 2,...) is an orthonormal basis of I?(f2), and the space X of finite

linear combinations is a sub-space of H?(Q2) and dense in I?(2). Write f € X as f = Zjvzl a;p;.



Then we have

Ny

N f = J h

@ Af jzzlywwjo‘]%’
N 2

A2 1 1 .o
QA fon =Y — a2 < =S eyl2 = = |If :
1@y A fll 72 (g ;1 (V0+7Aj)2| iIP <= layl ol RIS

N

(Qy AT, 1) = ZV 5 ll® <o

7j=1

A density argument concludes the proof of Lemma 3.2. O

Then we have, for a.e. t € (0,t), the representation

(Any)(t,x) = Qy(Ony — div Jy)(t, x).
The parabolic equation for J, can be expressed as

g2

(o —vA)AJ, — 1

1
—V(Any) =0J, + ;JA, - TVn, +G,,

from which we deduce that

g2 . 1 g2
e FAY WA SES ZV(QW(dW Jy)) = Oy + ;Jv —TVn,+Gy+ ZVQ,Y(amfy) = R,.

We take the I?(Q) scalar product of R, with A J, € H%(Q) N H}(Q):

2

€ .
(Ryy A Ty) = w0 |8 T[Ty — 7 (D% Ty, A Ty) + 7 (V(Qy(divJy)), A Ty)
2
€ . .
= |1 J’YHi2(Q) +y[VA ‘]’YH%Q(Q) iy (Q(div Jy),div A Jy)
2
€ . .
=10 |8 Ty G20y + VIVA Ty G20y = 7 (div ey, Qy (A div Jy))

> v [|1A J’yH%?(Q) +7[VA J’y“?}(g) )
due to Lemma 3.2. Consequently, we arrive at
HAJWHB(Q) <yt HR’YHLQ(Q) :
A careful analysis of R, shows R, € L*((0,t,), [*(2)) with uniform in 7 estimate, whence
155l 220 (0.8, 12002y < Co-

Going back to Any = Q,(dn, — divJ,) with (9n, — div.J,) € L®((0,t,), H'(2)) we then find
Any € L°((0,ty), H(Q)), and therefore

131l e (0.8 113 (0 <
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uniformly in ~.

Eventually, we are in a position to show that ¢, can not tend to zero for v — 0: for 0 <#' <¢” <t,,
we obtain the Holder estimates

t”

[(t', ) = s (t, ‘)HHZ(Q) < /t, H”Iw(t7 ’)HH2(Q) dt < |t' —¢"|'/2 HHQ/HLQ((O,H),HQ(Q))’

which enables us to estimate n, in C1/2([0,t,], C(Q)). Next, fix a number o with 0 < a < . By
Sobolev’s embedding theorem and interpolation,

|75, ) = Ty (t", ‘)Hc@) < |, ) - Jv(t”v' HH%a(Q)
<O, = Ty )[4y 1A o]

a2 a/2
<l ="/ HJ'HLoo (.22 1 ”L°° (00 72(00)

<l =1 ik

anv( ) = Vi, (¢, I20((0,ty),H(Q)) HnWHLoo ((0,t4),H3(Q))

Nem)

The right-hand sides are bounded uniformly with respect to 7. Then these Holder estimates give
us an estimate from below for the earliest time ¢, at which the solution (n.,.Jy) is able to violate
the conditions (3.4). As a consequence, t, > t, >0, for 0 <~y < 1.

Having secured a uniform existence interval, we can now show the convergence of the sequence
(ny, Jy, Vy), for v — 0. We have the uniform bounds

Pl o030 < € M0l o) 2@y < €5

and the compact embedding H3(2) C H?(2). Then Aubin’s Lemma [12, Corollary 4] shows
that a subsequence of (n,), (which we will not relabel) converges to a limit n in the space
C([0,t.], H?(£2)). Similarly, we can prove the convergence of a subsequence (J,), to a limit .J
in the space C([0,t.], H*(2)). By interpolation, we then have the convergences

Ny — N in C([O,t*],H3_6(Q)), 0 >0,
J,—J in C(0,t], H7°(Q)), §>0.

In particular, there is uniform convergence
(ny, Vo, Jy) — (0, Vn, J) in C(Qy), Q. = (0,t) x Q,

which guarantees that the limit functions n and J satisfy the initial conditions from (1.1) and the
boundary conditions from (1.2).

Obviously, we have the following weak convergences, too:

dny — On in I2((0,t.), HAX(), 0, — OJ in I2((0,t,), HY(Q)),
n, —*n in L*((0,t), H3(Q)), Jy, —*J in L*((0,t.), H*(Q)).

Moreover, a sub-sequence (V) converges to a limit V in the space C([0,t.], H2.(£2)); and this limit
V solves the Poisson equation N2 AV =n — C(z).
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In a next step, we show that (n,J, V') solves (1.1). We choose a test function ¢ € C§°(Qx), and it
follows that

// iney + V(A2 )y — (A )ny + (V)Jy) dzdt =0,

2

€
//Q <—<th7 + (A2 )T, — o (A )Ty — Z(VA o)y + T (Ve)ny + g0G7> dzdt = 0.

Note that G, approaches G in the norm of the space C([0, t.], I?(2)). Sending 7 to zero and making
use of the uniform convergence of (n,,Jy) to (n,J) we deduce that (n,J) are solutions to (1.1).

It only remains to show the uniqueness of the solutions. Let (n',J', V') and (n?, J?,V?2) be two
solutions of (1.1), (1.2) with regularity as in Theorem 2.1. Define

na =n' —n?, Ja = JH = J2, Va=V-V2 Ga =Gt — G2,

where G! and G? are given in (1.5). Then we get the system

( ona —vg Ana —divJa =0,

2
1
O Ja — o A Ja + %VAnA —TVna + ~Ja + Ga =0,
T
N AVA =na,
(TLA, JA)(Ov ‘T) = Oa
(a,,nA, JA(t,x),KVA)(t,l‘) =0, (75,33) S (O,t*) x I

\

Similarly as in (3.5), we can prove

L, <|1JA||L2(Q) + T sl + 5 Vnali )

2
S
+V(]||VJAHL2 +TI/()HV’I”LA||L2 fU()HATLAHLz(Q) + — HJAHL?

4
= - <GA7 JA> I

and we estimate, after some calculations,

(G Il ] < C (197] ey

(@) ) >
% (IVall ey 18200 + 1all 2y (Inall 2y + 19 Valzey)
1V Tall ey Imallsey ) -

By Young’s inequality, we then have

T g2 1
SO nallf: + S0 I9nalls + 501 1alE < © (1alf + Inali)

Now it suffices to exploit Gronwall’s lemma for the conclusion na = 0, Jo = 0, which completes
the proof of Theorem 2.1.
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A Fourth Order Parabolic Systems with Nonlocal Nonlinearities

In this appendix, we prove the following existence result:

Proposition A.1. Suppose v > 0 and ng, Jo, € H%(Q), Jr, € HXT), with infyeqnoq(z) > 0
and the compatibility conditions

Oyno(z) =0, Joq(x) = Jry(2), zel.
Let n{w = 0iny(0,2) and Jé77 = 0;J,(0,2) be formally computed from (3.1), and assume
dungp () =0, Jo(x) =0, zel.

Finally, let g = (9p, gn) € HY?(Tp) x HY/2(Ty) be given.
Then the initial boundary value problem (3.1)~(3.3) has a unique local solution (n.,J,Vy) with the
regularity
(n, Jy) € Wa'((0,4,), H(Q)) N W ((0,2,), H(2)),
V€ W ((0,t,), H' ().
The time derivatives satisfy the boundary conditions
0,0 (t,x) = 0, A Oyny(t,x) = 0,
OJy(t,x) = A Oy Jy(t,z) =0,
(KO:V4)(t,x) = 0.

The solution persists as long as n(t,-) is positive and the norms ||n(t, ')HLOO(Q)f |V, (t, ')HLOO(Q)?
| J5(t, ')HLOO(Q) remain bounded.

Although the machinery of proof is quite standard, there is a difficulty: due to the Zaremba type
boundary conditions for V,, even a smooth boundary I' and smooth data gp, gy € C°°, n,—C € C*°
do not guarantee that V., € H%(2), see [3]. Therefore, we should keep track of the regularity of the
coefficients of parabolic systems.

Preparing the proof of Proposition A.1, we start with some known results on the scalar linear fourth
order parabolic problem (y > 0)

Oru(t, x) + v A2 u(t,z) = f(t,z)
u(0,z) = uo(z), (A1)
(Bu)(t,z) =0, (t,x) € (0,t4) x T,

where B describes a boundary operator either of Dirichlet type, or of Neumann type:

pomp (1), Bom- ()

Write B; = 1 in the Dirichlet case, and B; = 0, in the Neumann case.

Recalling the boundary regularity I' € C*, we define an operator A = v A? with domain D(A) =
{u € HYQ): Bu=0onT}.
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Lemma A.2. The problem (A.1) has a unique solution u € I?((0,t.), D(A)) with Oyu € I*(Q.) if
and only if f € I?(Qy) and ug € {u € H*(): Bju =0 on T'}.

Then this solution u satisfies the a priori estimates

2 1
18l .22y + 7107l gy < 1A w0llzagey + = 1F 12201 (A.2)
l0vull2 .y < 2718 ol ey + 417 I22gu) (A3)
lut ) 320y < 2 ol +ﬂﬂvhnme (A4)
mmw>gmwwy Al (A.5)
uw%wmﬂm»swommﬁg+m\mm@), (A.6)
el oy sy < Co (83 o3y + 6% 1 12 ) - (A7)
(', ) —u(t", -)HH2,Q(Q) < Colt! —t"]*/* (HUOHH2(Q) + ”fHLQ(Q*)> ; (A.8)

where Cop = Cp(2,7), 0 <t <ty, and 0 < a <2, 0 <t/ t" <t,.

Proof. The existence of a solution with the claimed regularity follows from the maximal regularity
for the operator 0y + A, compare, for instance, [11, Theorem 3.1]. The eigenfunctions of A form
an orthonormal basis of I?(f2). Expanding ug, f, and u into serieses of these eigenfunctions and
elementary calculations yield (A.2). A direct consequence then is (A.3). Taking the I?(f) scalar
product of dyu + Au = f with u gives O [[u(l,)|l 20y < [If(t;)ll12(q), from which we quickly
deduce (A.4) and (A.5). We interpolate (A.2) with (A.4), obtaining (A.6); and (A.2) with (A.5),
obtaining (A.7). Finally, (A.8) is proved as follows:

') = " e < € ) = " )55 ) = ")
(2 a)/2
< CNOull3 o 2y 1 el ooy
[6% a/2 2 a)/2
scu—"MW@wA@HHWOQH%»
O
Next, we consider linear fourth-order systems for the unknown u = (ui,...,uy) with decoupled
principal part:
N
yuj(t, )+ A% uy(t, x) Z Z aiat,2)0Fui(t, ) = f(t, @),
i=1 |a|<3 (A.9)

u; (0, ) = ug,;j(z),
(Buj)(t,z) =0, (t,z) € (0,ts) x I,

where j = 1,..., N, and the boundary operator B is either Bp or By. The choice of the boundary
operator may depend on j.
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Lemma A.3. Suppose f; € [*(Q.) and ug; € H*(Q) with Biug; =0 on . Assume d < 3 and the
reqularity properties of the coefficients:

L2(Qx) Hlal =3,

) @) =2,

T Eo(0,8), () s lal =1,
I2(Qy) ta=0.

Then there is a number 3y > 0 (depending only on Q and ~y) with the following property: if

ZN: > laja

5=1 |a|=2

| 2((0.4), 1 (22)) T @0l 2.y < Do, (A.10)

and if t. > 0 is small, then any solution u to (A.9) with u € I*((0,t.), HY()) and du € I*(Q.)
satisfies the a priori estimates (A.6), (A.7), and (A.8). The constant Cy only depends on €2, v, and
the norms of the coefficients a; .

The existence and uniqueness of the solution w is standard.
Proof. Put f] = fj — Ziﬂ a; 05 u;. Then we can bring (A.2) into play:

+ C [luoll3r2(0

1wl T 0,60y, 22020y T Nl B2 (0,00, 20400y < o)

< Ol flqn) + C lullaqony i (ZZHMHL@ )

i |a|=3
+CHUHL<>O (0,t4) (Z Z HGWHB (0,),L°(2)) )
i |al=2
+ CllullZ2((0.1.).30)) (Z > Hai,a”iOO((O,t*),LQ(Q)))
i Jal=1

+C ”uHioo((O,t*),H?'(Q)) ”aOH%?(Q*) +C ||U0H§12(Q) ;

where we exploited the embeddings H2(Q2) C I°(2) and H3(2) € C*(Q). Making use of (A.10)
and choosing 5y small, we have
2 2
lull oo 0,6y, m2() F 1l 20,80, 1 (02)) (A.11)
<C ”fHL2 y+C HUHL2 ©Oe)m3) TC HUOHH2

Next, we employ (A.7) and (A.6) for the system 9; + v A% u = f, and suppose that t, is small:

o)

4
< Ot uo 2 o + O (ufHLz(Q*)+||u||L2<(o,t*>,Hs<m)+||uouzz(m)7

1/4

12
luolids ey + /2| ][

el 2 0,0, 30y < C(



15

1/4 1/2
l22 0.y, 3(0) < O ol 320 + CE2 11 £ %20,

f

1l 2o (0,60, 1 (02)) < C( [ t/?

pa)
1/2

< C ol f2 () + ct!/ (HfH%Q(Q*) + [lullF2(0.0.), 2302y + Bo HuH%OO((O,t*),HQ(Q))>
1/2

< Clluolfragay + O 1720 -

These are the estimates (A.7) and (A.6) for the system (A.9). Then we obtain, from (A.11),

1wl T 0,00y, 22020) T Nl B2 (0,00, 1000y < C (HUOH?{?(Q) + Hf”%Q(Q*)) ,

which is the analogue to (A.2) for the system (A.9). From the system (A.9) we then find an estimate
of |0¢ul| 12, )- Interpolating as before yields the desired estimate (A.8) for the system (A.9). O

Proof of Proposition A.1. For simplicity of notation, we drop the subscript ~.

We apply the a priori estimates from Lemma A.3 to the linear part of (3.1), which is a special case
of (A.9):
om+yA*n — vy An —div(J — Jp) = div Jp,

o(J —Jp) +y AT — Jp) —vo A(J — Jp)
2

—i—%VAn—TVn—Ir 1(J— Jp) = f, (A12)

T

(n,J — Jp)(0,x) = (no, Jo — Jp)(z),
(Byn, Bp(J — Jp))(t,x) =0, (t,z) € (0,ts) x T,

Write this system in the form 9,U +~ A% U + AjgwerU = F, where U = (n,J —Jp). The coefficients
aj o are independent of (¢, ); and condition (A.10) can be fulfilled by restricting the time interval.
Then we have shown:

There are positive constants tmax and Cp, depending only on €2, v, vy, € and T such that, for every
0 < ty < tmax, the solution U satisfies the following a priori estimates:

U1 Fe 0,00, 12020 + 10 120,20,y < Co (HFHQLQ(Q*) + HUOH%W(Q)) ; (A.13)
10:01%q.) < Co (I1FI32(qu) + 1032y ) (A.14)

U7 (0,0, 10y < Co ( V2 1PN 7q.) + HU0||12H?(Q)) ; (A.15)

10 oy < Co (B2 1F I3z + 86 W0l ) (A.16)

[U(,) = U@, | ooy < Colt =19 (1P Iy + 10ollgagey) - (A17)

We prove the existence of local solutions to (3.1) by an iteration scheme: set

no(t,x) = ng(z), Jo(t,:c) = Jo(x), (t,x) € [0, tmax] X 2,
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and define U* = (n¥, J* — Jp) as the solution to the linear system
atUk + VAQ Uk + AlowerUk = Fk_ly
U*(0,2) = Up(x),
(Bnn*, Bp(J* — Jp))(t,x) = 0, (t,x) € (0,t,) x I,
where FF=1 = (div Jp, fF=1)T and

1
fk:—l — _*JD _ G(nk—l’ Jk_l,Vk_l)

.
1 k—1 k—1
— —~Jp +div (‘Uf’i{) _pk-lyykl
.
+ &2 div ((V\/ nk—1) @ (Vv nk—1)> ,
NAVFL =l ¢
(KVF 1) (t,2) = g(a), (t,z) € (0,t.) x T

As usual, we can assume n*(t,z) > §y and an(t, ')HLOO(Q) < (50_1, HLoo ) < (50_1, at least
for small ¢, due to (A.17) and the embedding H2~%(2) C L>®(f2) for O <a< 1/2 Then we have
Hkal(t, ')HHl(Q) < C, for such t.

Suppose that HFk_zHB(Q*) < 1. For k = 2, this is possible by choosing t, sufficiently small. Then

we get estimates for U*~! via (A.13)~(A.17). Moreover, we can assume t, < 1. In the following, C
will denote a constant independent of k&, but dependent on dq:

[P0y <€ (04 1 iy I s 17 i)

L2<9)> ’

(7 oy [ 7
e <€ (o, +1)
2(Q) L2 ((0,1), H ()

ee(lo,

< ¢ (o1 + [Uoyege >+1+<co<1+HUoHH2(Q )

e

IR CnCRT N ol -

19°((0,8), H2(

+C [0, 1y Coll + 1Tl

HFk‘—l 2

gy =t (C <+\|Uo||H2 )+ 1+ (ColL+ Vol aey)?)

+CHUk 1

1 2
I2((0,t+),H3(R)) CO( + HUO”HQ(Q))

< Cty (.. )+Ct1/4( Co(1 + ||U0H§{2(Q)))2‘

From this estimate, we learn how to fix a positive number t, with the property that the esti-

mate HFk_QHB < 1 implies HFk_1HL2 < 1. Then we gain a sequence (U*); C

((0,t4)x2) ((0,t4)x£2)
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I2((0,t4), H4()), with uniform in k estimates as in (A.13)—(A.17). By a similar reasoning, we can
show

2

I2(Qx)

2
< Cti/4 HFk—l . Fk—QH ’

|7 =]
2@Q.)

from which the convergence of the sequence (U*)}, to a limit U,

can be deduced provided that ¢, has been chosen sufficiently small. We also have the convergence
OUr, — U in I#(Q.).

The uniqueness of the solution U can be shown similarly as the contraction.

Having found this solution U, we next show better regularity properties by an investigation of the
time derivative U;. Taking a formal derivative of (A.12), we obtain a system of the form

N 0
WU+~ AU, + Argwer Uy = ;;2 Fo(J,VJ,n, Vi, Vin, VV)0oU, — <th) .

We know that the initial values n{(x) := (9n)(0,z), Ji(z) := (0:J)(0,z), computed via (A.12),
satisfy d,ni(x) =0, Jj(z) =0 on I'. Then we consider the initial-boundary value problem

2 _ 2 oW — 0
KW + 7 A2 W 4 AjgyerW = % Fa(J,VJ,n, Vn, Vin, VV) O W (nq>(W1>> ’

(BNW1, BpWs, . q) =0,
W(0,z) = (ng, Jy)(x),

where ® denotes the mapping n; — VV; via the Poisson equation A2 AV, = n; with homogeneous
Zaremba boundary conditions. By a variation of Lemma A.3, we see that this problem has a
unique solution W € I2((0,t.), HY())NL>®((0,t.), H*(Q)), and standard arguments show U (¢, ) =
Uo(z) + fg W(t',xz)dt'. As a consequence, we have

U € Wy ((0,t.), H(2)) N Wi ((0,t.), H*(%2)).

The persistence of the solution U is shown by standard Moser type estimates. ]
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