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1 Introduction.

In his monographGon8§, H. Gonshor showed that Conway’s real closed field of
surreal numbers carries an exponential and logarithmic i®@apsequently, L. van den
Dries and P. Ehrlich showed inndDEO]] that it is a model of the elementary theory
of the field of real numbers with the exponential function. this paper, we give a
complete description of the exponential equivalence egsee Theorer®.4) in the
spirit of the classical Archimedean and multiplicative iglence classes (see Theorem
2.4 and Propositior2.5). This description is made in terms of a recursive formula as
well as a sign sequence formula for the family of represemsbf minimal lengthof
these exponential classes.

This result can be seen as a step towards proving that theofislgrreal numbers
No can be described as an exponential-logarithmic seriesIfitd(for some subfield
of generalized serieK of No) and a field of transseriéb. Indeed, we conjecture
that our representatives of the exponential classes areitidemental monomials of
KK - say theinitial fundamental monomials - in the sense of {M11], or the log-
atomic elements(i.e. the monomials which remains monomials by taking tegta
log’s) in the sense of [dHOG Sch0]. Such a description would allow us to exploit
these representations to introduce derivations on thealgtr Indeed, we know how
to define derivations on exponential-logarithmic serielel$i¢<\12, KM11] and on
transseries fields/[IH97, Sch0].

In Section2, we give a concise summary of the recursive definitions offitid
operations orNo, as well as the definition of the exponential exp and logarith
log maps, and generalized epsilon numhggs Our exposition is based ospngq.

Of particular interest to us is the analysis of certain egleince relations on the sur-
real numbers. Conway_[on0J p 31-32] introduced and studied themap to give a
complete systenwN° (:= the image ofNo under this map) of representatives of the
Archimedean additive equivalence relation. thaoh86 Theorem 5.3], exploiting the
convexity of the equivalence classes, Gonshor descrilodssstepresentative?® as the
uniquesurreal of minimal length in a given class. By a simple modifin of their
arguments, we describe a complete sysi&hi of representatives of the Archimedean
multiplicative equivalence relation. In Secti@pwe introduce and study what we call
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thek-map to give a complete systetn, (:= the image ofNo under this map) of rep-
resentatives of the exponential equivalence relation (e 3.1 and Theoren3.4).
We observe that:

No
eNo G KNo & W € wN° ¢ No.

Section4 is devoted to establish the sign sequences of these repatges (see
Theorem4.3). Then, in Sectiorb, we introduce the notion of Transserial-Exp-Log
fields, which unifies the notion of transseries and exp-lagse We conjecture that
Nois such a TEL field (Conjecture 2).

We thank Joris van der Hoeven : we started with him the praj¢é@ndowing
NO with a derivation, and since then had several valuable exgdson this topic in
connection with the fields of surreal numbers and of tramsser his helped to lead us
to the results we present here.

2 Preliminaries on surreal numbers.

2.1 Inductive definitions.

This section is dedicated to fix the notations and recall sofmdée definitions and
results obtained indon0] and [Gon84. We will also use results fromEhr01] and
[vdDEO1.

We denote byOn the proper class adrdinal numbers. A surreal number is any
mapa : @ — {6,®} wherea € On. Any surreal may be canonically represented as a
sequence of pluses and minuses calledige sequenceThe ordinalkr on which the
surreal numbea is defined is called itfength. Setl(a) := «. The proper class of all
surreal numbers is denoted hip.

It is totally ordered as follows. Let andb be any two surreal numbers wikfa) <
I(b). Consider the sign sequencesafompleted with 0’s so that the two sign sequences
have same length. Then consider ldndcographical order between them, denoted by
<, based on the following relation:

o<0<e.

A subset ofNo is said to benitial if it is made of surreals whose lengths are less
than or equal to a given ordinal. As i&alfir0]], No is endowed with a partial ordering
called thesimplicity :

ais simpler tharb, write a <s b & ais a proper initial segment di.

Given a surreah € No, any surreal number <s ais called aruncation of a.

The construction of surreal numbers makes heavy use of thelka of "cuts be-
tween sets" in the classical construction of real numbeekeTwo pairs I(, R) (as
"Left" and "Right") and [, R) of subset®of Nowith L < RandL’ < R. (L’,R) is
said to becofinal in (L, R) if for any (a,b) € L x R, there is &,b’) € L’ x R, such that
a< a < b < h. Note that cofinality is a transitive relation. The followinesults are
fundamental. In particular, given a surrea¢é No, we will considere the pairl(, R,)
wherelL, = {be No; b<aandb <sa} andR, = {b € No; b > aandb <g a}.



Theorem 2.1 (Existence and cofinality) 1. [Gon8§ Theorem 2.1] For any pair
(L, R) with L < R, there exists aniquesurreal a€ No of minimal length such
that L < a < R. We setL|R) := a € No, and call it thecut between L and R.

2. [Gon8g Theorem 2.6] Suppose th@dt | Ry = a € No, L’ < a < R for some pair
(L, R) cofinal in(L, R), then{L’ | R') = a.

3. [Gon8§g Theorems 2.8 and 2.9] One always has gL, | Ry and, for any cut
(L' | Ry = a, then(L’, R) is cofinal in(La, Ry).

Definition 2.2 This representatioa = (L, | R,) of ais calledits canonical cut By
abuse of notation, we also denote the canonical cut by(a" | af) wherea- andaR
are general elements of the canonical $gtandR, (e.g.a- = nif Ly = N).

The preceding results allow to define maps and operationsmmead numberse-
cursively that is by induction on the length of the surreals considisiecea- anda®
are simpler tham. Concerning the algebraic structureNd, we have:

Theorem 2.3 1. [Gon8§G Theorems 3.3, 3.6, 3.7 and Ch. 5, Sect. D] The proper
classNo endowed with its lexicographical orderingand the following opera-
tions, is a real closed field (in the sense of proper clasdes)any a b € No,

addition: a+b = (@ +b,a+b-|aRk+b, a+b®

neutral element: 0 = (0]0);

multiplication: ab  := (a-.b+ab“—a-b", aRb+ab®—akbR|
a-.b+abR—a-bR aRb+ab--aRbh)

neutral element: 1 = @&=(0]0).

2. [Ehr01, Theorems 9 and 19] Any divisible ordered abelian grouppeesively
any real closed field, is isomorphic to an initial subgrouggé, +), respectively
an initial subfield of(No, +, .).

Note that Gonshor proves also, for the cited operations disasdor the following
maps, the so-calledniformity properties [Gon8g Theorems 3.2, 3.5 etc.]. For ex-
ample in the case of the addition, this means ¢hatb may be obtained by taking any
cutsa = (L | Ry andb = (L’ | R') instead of taking their canonical cuts, and applying
the same formula as above. In other wottig, formulas do not depend on the cuts for
which &, aR b‘, bR are general elements

Any real number is identified to the sign sequence corresponding to its kinar
expansion. Thus they are the sequences of length finite @l égw, the later being
non ultimately constant. These sequences form a subfieldeo$urreals having the
least upper bound property, i.e. a copy of the ordered séteafdalsR c No.

Surreal numbera € No such thata > R or a < R are callednfinitely large: we
denote byNo>? their proper class. Those that verify<0a < R.o or 0 > a > R are
calledinfinitesimals: we denote byNo=* their proper class.

Any ordinal numberr € On is identified to the surreal number whose sign se-
guence is a sequence ®5 of lengtha. The operations precedingly defined on the



surreal numbers correspond to th&tural sum and product (see e.g. flau44). So
we conside©On c No.

In the following theorem, we sum up the main results aboustiealledConway
normal form of a surreal number:

Theorem 2.4 (Conway normal form) 1. [Gon8§ Theorems 5.1 to 5.4] The re-
cursive formula:

vae No, v := (0, n.o? | ¥ /2"
(where itis understood that@N), defines a map:

Q: No — No
a +» Q@:=w?

with values inNo. o and that extends the exponentiation with basef the ordi-
nals. Moreover, for any & No, w? is the representative of minimal length of its
Archimedean equivalenceclass (¥X,y € NOsg, X ~archY © AN €N, nx >y >
x/n).

2. [Gon8g Theorems 5.5 to 5.8] The field of surreals is a field@feralized series
[KM12, Definition 2.5] in the following sense: any surreal numbes &lo can
be written uniquely as a= Zwa‘ri where the transfinite sequen¢a®);., is

i<d
strictly decreasing and, for any i; € R \ {0}. In particular, oN° is seen as the
group of(generalized) monomials:

No = R((wN°)).

In particular, the proper class\° is a complete system of representatives of the
Archimedean equivalence classedNaf. o, each of its elements being the reprensenta-
tive of minimal length in its class.

Moreover, note that the map denotedliog in [Gon84, which sends any surreal
a to the exponendy of the leading monomial of its normal form, isvaluation. It is
the natural valuation of the real closed fi&ld [KuhO(. In particular,Ind(w?) = afor
anya e No.

We deduce immediately thato is aHahn field of series[Hah07 in the following
sense:

Proposition 2.5 1. For any ae No, w* is the representative of minimal length
in its equivalence class of comparability (Vx,y € Nofol, X ~compy © (AN €
N, X" >y > x¥", and we sel/X ~comp X).

i i bij \ i
2. Any surreal ac No can be written uniquely a Z ]_[ (a)‘” ) ri where,
i<d \j<q
o \Si
for any i, we identifyl_[ (w“’b"‘) ' = w* where a= Zwbi-i (so the tranfinite
j<Ai jedi



sequences )i, and for any i,(b; j) <., are strictly decreasing, and for anyji

S.j, I € R\{0}). In particular, we callw®™ the chain ofundamental monomials
of No [KM12, Definition 2.2]:

o)

The proper clase“" is a complete set of representatives of the comparability

classes 0N0§>01, each of its elements being the one of minimal length in #és<l

Following the ideas of Conway, Gonshor described also agrrdass ofgeneral-
ized epsilon numbergCon07, p.35]:

Theorem 2.6 The recursive formula:
Yae No, & = (Q"(1), Q"(ex + 1) | Q"(eaR - 1)}
(where it is understood thata N), defines a map:

€. No — No
a +— €@ =

with values inNofol bigger thanQ"(1) for any n, and which extends the classical
epsilon numbers map on ordinalSiE69. Moreover,e(No) is the proper class of all
the fixed points of the map:

Yae No, w% = ¢,.

Gonshor defines inductively inGon8g an exponential mapexp : (No,+) —
(N0, .) which is surjective (and consequently its inverse,ltdgarithmic map log :
(No-o,.) — (No, +)) using the Taylor expansion of the real exponential mapehkiee
give only the results we will need in this article:

Theorem 2.7 The exponential mapxp : No — No. and its inversdog : No.g —
No, coincide on the real numbers with the usual real exponéatid logarithmic maps,
and are such that:

1. for any ae No, eXp(Z wri) N S C)e
i<
where  da) _ = (Ind(@). g(@") | g@@);
2. for any be No, Iog(]_[ (a)‘”b‘) Y = Z b))
j<a j<a

where  I{b) (0, h(b) | h(bR), wP/2M.
We haveexp= log™ and h= g* on No.

Note thatg is not defined at 0.



2.2 Sign sequences.

Gonshor obtains infon84q detailed results on the sign sequences of the surreals unde
the various operations and maps. We will use repeatedlyesisits. Moreover, we
introduce in this section some new operations on the signesesgs.

Definition 2.8 e Given two surreal numbeig b € No, we define theiconcate-
nation agb as the juxtaposition of their sign sequences. We noteltaat) =
[(a) + I(b), the ordinal sumof 1(a) andI(b).

e As in [Gon8§ Theorem 9.5], for any surreal numhbeere No, we can write its
sign sequence as the following transfinite concatenation:

aA=ap® &BoO &a1® &B1O & -

where for anyu € On used in this writing ofa, we havea,, 8, € On with in
particulara, possibly 0 foru = 0 or for anylimit ordinalpu.

e Given a surreal number € No, we denote bya* the total number of pluses in
the sign sequence af(a* € No). Therefore is the ordinal sum of the packages

of@'s:
at = > ay = &ulay®).
u

e Given a positive surreal numbare No.q, we derive from it the surreal number
ba obtained by suppressing the fissin the sign sequence af

Given a negative surreal numbkeee No.g, we derive from it the surreal number
fa obtained by suppressing the fiesin the sign sequence af

e Given a surreal number in normal for@ w®.r;, we define its corresponding
i<
reduced sequence{a?)id as follows. For any < 4, ai0 is derived froma; by
suppressing in its sign sequence the followdig

— given an ordinal number € On, if a;(v) = © and if there exist§ < i such
thata;(¢) = a(¢) for anyé < v, then suppress theh e;

— if i is a successor ordinad_1&© is a truncation ofg; and if ri_1 is not
a dyadic rationnal number, then suppress¢heoming aftera;_; in the
writing of &.

Concerning the exponentiation with basgwe recall [5on86 Theorem 5.12 and
Corollary 5.1]:

Theorem 2.9 e Given a surreal number & ao ® &Bo© &a1 ® &B1 6 & -+, for
any ordinalu € On intervening in the writing of a, we se¢f, := Za) (ordinal

A<u
sum). Then the sign sequenceJfis:

W =W @ &w7°+1ﬁo o &W' @ &w71+1,81 o0& -



e Given a positive real number= po ® &0 6 &- - -, the sign sequence of.r is
WA = W&w? bpo ® &Ww¥ 0 6 &w? p1 ® KW T1&- - -

(ordinal multiplication). If r is negative, reverse all tregns in the preceding
sequence.

e Given a surreal number in normal for@ w®.rj, its sign sequence is:
i<

&i</lwa’o-ri

where(aio)m is the corresponding reduced sequence.

2.3 Generalized epsilon numbers
We recall [50n86 Theorems 9.5 and 9.6]:

Theorem 2.10 e Asurreal number & ao® &Bo© &a1D&B1O & - - is an epsilon
number if and only ifro # 0, all o, different from O are ordinary epsilon numbers
satisfyinga,, > l.u.b.{a; | 2 < u} and furthermores, is a multiple ofw* for

a, # 0and a multiple " wheres,, := Z a, (ordinal sum) fora,, = O.
A<u

o Lety, = Z a, (ordinal sum). Then thgth block of pluses i®, consists o,

A<u
pluses and thath block of minuses dt, )“s, minuses.

3 The kappa map.

In this section we define and describe a new magphich takes naturally place between
the Conway-Gonshor mags ande (see Remark.5). As in [Kuh00, Remark 3.20],
we introduce the notion afxponential equivalence relatiorfor surreal numbers. Set
exp' and lod' for thenth iterate of the corresponding maps.

Definition 3.1 We set :

e theexponential equivalence relatiorto be:
VXx,y € NO™L, X ~expy © Ane N, log"(Ix]) < Iyl < exg'(Ix]);
e theexponential comparison relationto be:

VX, y € NO™L, X >e0y & V0, log"(1X)) > Iyl



Theorem 3.2 The recursive formula
Ya e No, «(a) = ka := (expg'(0), exd'(ka) | log"(kr))
(where it is understood that@a N) defines a map

k. No — No
a k@)=«

with values ilNo”;" and such that:
(i) forany abe No, a< b= ka <exp kb;

(ii) there is a uniformity property for this formula (i.e. the wsive formula does not
depend on the choice of the cut for a).

Proof. We proceed by transfinite induction on the length of the susreonsidered.
Forl(a) = 0, i.e.a = 0 = (0|0), we have:

ko = (exg'(0)]0)
= (n|0) by cofinality

= w.

We considera € No with I(a) > 0, and suppose that the theorem holds for any
b € No with I(b) < I(a). Consider a canonical representatime: (a- | aR) of a. By
the induction hypothesis, sinag. > R and«a <exp kar, fOr anyn € N we have
expg'(0) < exp'(xa) < log"(ksr). Thus the recursive formula fag is well defined.
Moreover, since eX|f0) for n € N is cofinal inR and is always part of the lower
elements in the recursive formula, we haye> R, meaning thak, € Nofo1 for any
a e No.

(i) To show the property < b = ka <exp kb, We proceed as infon8g Theorems
3.1, 3.4 et 5.2] by induction on the natural suni(@) andl(b). So we considea < bin
No. We denote by the common initial segment @fandb. There are two cases. Either
c = aorb: in this case, the property follows directly from the reéuegdefinition ofx,
sincea = b or b = aR respectively. Or we hava < ¢ < b with ¢ <g aandc <s b.
Then the natural sum @fandc, and ofb andc, is less than the one efandb. By the
induction hypothesis, we obtain that <exp kc andke <exp kb, SOKa Kexp Kb-

(i) Concerning the uniformity property, we refer t&pn86 Theorems 3.2, 3.5,
Corollary to Theorem 5.2 etc]. Let = (L | R) € No. By Theorem2.1(3.), (L,R)
is cofinal in the canonical cut§, R,) of a. By the preceding property, it implies that
(k(L), x(R)) and (La), x(Ra)) are cofinals, and tha{l) <exp ka <exp k(R) = «(L) <
ka < k(R) (these inequalities concern eIementQ\iafOl). So we can apply Theorem

2.1(2.) to obtairnk, = (k(La) | «(Ra)) = k(L) | (R)). m]
Example 3.3 We compute some particular values:
k1 = (exp'(0), exp'(w) | 0)
= (Q"(w) | 0y by cofinality
= €,

k1 = (exp(0), | log"(w))
= (n|w”") by cofinality

-w
= w® X



Theorem 3.4 A surreal number & No is of the fornk, for some a Noif and only if
b is the representative of minimal length in an exponentjaiealence class.

Proof. We got inspired by Gon86 Theorem 5.3].

Considera, b € No such thab ~exp ka © An € N, log"(x) <y < exp'(x). So we have
exp'(0) <exp b and exP(kar) <exp b <exp 109" (kar) for anyn € N. Soxk, is an initial
part ofb.

Conversely, we show by transfinite inductionl@in) € On that for anyb € Nofol, there
existsa € No such thab ~exp ka. First, by (ii) of Theoren8.2, we note thag is unique
whenever it exists.

One hasv = «g.

Considerb = (L | Ry) € Nofo1 with I(b) > w and suppose that for ariye No with
I(c) < I(b) the desired property holds. So, for any= L, U Ry, we havec ~eyp kg
for somed € No. LetL := {d € No|3c € Lp, C ~exp ka} andR := {d € No | dc e
Ro. € ~exp ka}. Suppose thdt N R # 0. We consided € L N R. So there exist; € Ly
andc; € Ry such thatt; ~eyp kg andCy ~exp k4. Sincecy < ¢ < ¢y, it follows that
C ~exp Kd-

Suppose now thatNR = 0. We havel. < R (if not we would haved; > d> = k4, >exp
k4, = C1 > Cx With ¢1 € Ly andc, € Ry). Note that, by definitionk(L), respectively
k(R), is a complete set of representatives of the exponemtgarithmic equivalence
classes containing the elementslgf\ {0}, respectively ofR,. There are 3 dierent
cases:

e either there ara € L andn € N such that exf(x,) > b. Considerc; € Ly, such that
C1 ~exp ka. Thuscy < b < exp'(ka) andCy ~exp ka ~exp EXP'(Kd). SOD ~exp Ka;

e either there ara € Randn € N such that lof(x,) < b. Simingly, we obtair ~exp ka
e or for anyd; € L, d; € Randn € N, we have exf(«q,) < b < log"(xq,). Consider
C1 € Lp\ {0} Thereisd; € L such thatc; ~exp kq,. In particular,c; < expg'(xq,)
for somen. As before, for any, € R, there existsl, € R such thatc, > log™(kg,)-
Theorem2.1(2.) applies, sd = (exp'(0), exp'(kq,) | 109"(kq,)) = xa Where we set
a=(L|R). |

4 Sign sequences formulae for the kappa map.

For anya € No andn € N, we denote by, := [0g"(ka) andka_n = exp'(ka), where
log? and exg are equal to the identity map dfo. The aim of this section is to show
thatkan andka_n for anyn are elements ab“"™’, and to give their sign sequence. In
order to do so, we introduce the following auxiliary megnd give its sign sequence.

Notation 4.1 e Consider a surreal number a ag ® &Bo© &a1 ® &B1 O & .
For any ordinalu € On intervening in the writing of a, we set:

Yy = ZC” (ordinal sum).
A<

e We selQ’ to be the constant map equal to INio ande,q := 0.



Lemme 4.2 The recursive formula:
Vae No, 1(a) = tq := {ta &Q(€a) + 1)@ | Lr&NOS).
(where it is understood thata N) defines a map

t: No - No
a b a)i=t

such that for any a o ® &Bo © &1 ® &B1 © & - -, the sign sequence of is given
by:

la = €y, D &WP0 O &€y, & &WP1O & .
A uniformity property holds for this map.

Proof. We proceed by transfinite induction &@a) € On. We haveg = (0| 0) = 0.
Given a surreal number € No with I(a) > 0, we suppose that for arywith 1(b) <
I(a), w is well defined, with the corresponding sign sequence. @ens canonical
representatiom = (a- | a¥) of a. For instance, in the case whd(a) is a successor
ordinal anda = a-&®. SoaR < a- etaR > a-. More precisely, eithea is only made
of ®'s in which casea® = 0 (case (i)), ora® is a truncation ofl-, ending with a group
of &'s of a- of smaller number than the corresponding onairfcase (ii)). In the case
(i), the sign sequence formula gfis:

lag = <LaL &Qn(Eb(aL)+ + 1) | 0)
= <Eb(aL)+ &Qn(eb(aL)+ + 1) | 0)
= &) +1

= 6&ar

In the case (ii), denote by = ap®&BoO & - &, B &P O & - -. S0aR = @ &P
&+ &ay @&ﬁ#e with B,l < B, (in On) for someu € On. By the induction hypothesis,
lat = €y ®RWPO & " + &by, BEWPBLOK ++ < €y DEWPoOK +* &by, DXWPO = L.
So we obtain as desiregl &Q"(e,a ) + 1) < tr&ne for anyn € N. Moreover,

ta = {a&Q"g@) + 1) | r&NO)
= (6o ® &WP0 O &+ * &by, & RWP O &+ - )&Q €@y + 1) |
(€ry ® &WPO © &+ &€y, ® &WPBO)&NO)
= €y, D &WP0 O & &y, B KW O &+ ) &Epalyr+1
= €y D&KW O & &€y, © &wph, © &+ -)&eb(a)+.

The other cases fdfa) anda are analogous. They are left to the reader as an exercise.
Concerning the uniformity property, by the sign sequencmida for:, we note that

for any surreal numbera,b € No, a < b = 4 < t,. So the uniformity property
follows from Theoren®.1in the same way as irijon86 Theorem 3.2, 3.5, Corollary

au Theorem 5.2] and in Theore O

The main result of this section is:
Theorem4.3 1. For any a€ No, n € N, we havexan, ka-n € w“". More pre-

cisely:

10



b

w® with b= z&ne;
W with b= 1,806 + 1) .

Kan

Ka,—n-1

In particular, k, = w“*.

2. With the Notatiort.1, for any ac No, n € N, we have:

w(ufbyo ® &[(wwfbyo 0.))2,80] o &Ebyl o) &[(Ebylw)zﬁl] o &: - ;

Ka =
Kan = Kka&(€aq-wh)O;
Ka-n-1 = Ka&(Qn+2(5ba+ +1)®.

The second point of the theorem follows directly from thetfose and the sign
sequences for the maps (Theorem2.9) and: (Lemma4.2). The first point will be
deduced from the following lemma.

Lemme 4.4 For any ac Noand anya € On, if we sefl = ¢, +u whereg, is the unique
epsilon number (possibly 0) such that< A < €,,1, we have:

h(ta&Ae) = @&,
h(ta&A®) = w=&ed &bu® avecd > 0.

Proof. We proceed by transfinite induction difa), 1) € On x On (the lexicographi-
cal product ofOn with itself).

Suppose thd(a) = 0 i.e.a = 0. By the definition of the map (see Theorerd.7(2.)),
we haveh(0) = (0]1/2" = w™.

Moreover, 1= & = (0| 0). So:

h(@) = (0,h(0)| w/2"
= (wlw/2"
= (B&w O | w® &) by the Theoren2.9
= @=d"

Consider now & 1) € No x On with 4 > 0 in On. Suppose that the lemma

holds for any b, 4) € No x On with (I(b), 1) <iex (I(@),2) in Onx On. We have
1a&16 = {(ta)" | ta&uS) With 4 < A in On. So, by the definition oh and by the
induction hypothesis:

(0, h((ta)") | h(taBpu®), w'=E12/2")

(0, h(ta- Q" (Eyatyr + 1)) | wa&WIE | (a&19 /20y (Lemmad.2)
(0, W& (gaLy- + 1)@ | w**°&(ga.n)0) by cofinality
w8198 (€, w)O

= =&+ hy Theoren?.9

h(La& /19)

We setd = ¢ + u whereg, < 1 < 641. We havei,8A® = 1,&€, & &ud =
(ta& €, ® & ® | (1a)®) With p <  in ON. So, by the definition ofi and by the induction
hypothesis:
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(0, h(ta&e, ® &p®) | h((ta)R), w'2&®/2M
(0, w2&e, ® &bp & | h(1r&NS), W2&® /2™
— <0’ W &e, D &bp@ |wtag&(n+1)e’ wta&ﬁ®/2n>
(note that r&(N + 1) > 1,&AD)
= (0, w&e ® &bp & | WREMIR g (a0 w) ® &(Ga w'N)O)
(Theorem2.9and cofinality)
WRREDbud.

h(La& /1@)

Consider nowa € No with I(a) > 0, and suppose that the lemma holds for any
(b, ) € Nox Onwith I(b) < I(@) in On. We hava, = (12 &Q (6@ ) + 1)@ | tr&NS)
by Lemma4.2. So, by the definition ofi and the induction hypothesis, we have:

h(a) = (0, h((ta)") | N((ta)®), w'*/2"
= (0, h(ta &Q"(eya)- + 1)®) | h(tar&NO), w'2/2") (Lemma4.2)
= (0, W' &QN 6@y + 1)@ | wREMIR iag (a.n)0) (Theoren?.9)
= (0, 0 8Q (@) + 1)@ | w&(&arN)S) by cofinality
= W 8&(Garw)O
= w%3® (Theoren?.9).

O

Proof of Theorem 4.3 (1.). We proceed by tranfinite induction olfg), n) € On x N.
Suppose thdia) = 0, i.e.a = 0. In the proof of the Theore®.2, we proved that
Ko = w. SOky = w*’ as desired.
Letn € N*. We suppose that the property holds for abynf) € No x N with
(I(b), m) < (I(a), n). We have:

kan = 109" (xa)
= log(kan-1)
= log(w®") with b= .&(n-1)o
= "&-19) (Theoren.?)
= " with b= ,&ne (Lemma4.4)

We also have:

Ka-1 = €Xplka)
= exe@‘“‘a)
= w* with b= g(w'") (Theorem?.7)
= o with b=1,8®
(Lemma4d.4: g(w"?) = ta&® © w'= = h(ta)

and

Ka-n-1 = eXpVHl(Ka)
= eXp@a,—bn)
= expw®) with b= (,&Q" Y& + 1)@
= w with b= g(w=&2" (@ +1®) (Theoren?.?)
= w* with b=1,8Q0"6a +1)® (Lemmad.4)
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Considera € No with I(a) > 0, and suppose that the property holds for dnyn) €
No x N with I(b) < I(a) and anym € N. By the definition ofk (Theorem3.2) and by
the induction hypothesis, we have:

ka = <(exp(0), exP'(ka) | 109" (k)
= (n, |0, we/2" with b= 180" (6@ + 1)®) andc = (&N
= w“* (by cofinality and definition of, Lemma4.2)
This finishes the proof of Theoref3. O

Remark 4.5 1. One can find inGGon84 partial results about these sign sequences.
Indeed, for anyr € N, any ordinall € On, any epsilon-numbeg, with u € On,

we have:
log"(w®®) = w“"™ by[Gon8G Theorem 10.15]
expg'(w) = Q™Y(1)by[Gonsg Theorem 10.14]
exg'(e,) = QMg +1) by [Gon86 Theorem 10.14]

2. By the Theorem3.9, 2.10and4.3 we have:

No
eNo S KNo S W € wN° ¢ No.

5 Transseries and exp-log series.

Fields of TransseriesP2, vdH97, vdHOH or log-exp series\[dDMM97], and fields of
exp-log series{uh00, KS04 are important non standard models of the theoriz g},
which is known to be o-minimal and model completéi[P6]. Moreover, these fields
can be endowed with derivations that mimic the derivatiogess of real functions in
a Hardy field Fch01 vdDMMO1, KM11]. We propose the following unifying notion
for transseries and Exp-Log series, which we believe apjptiethe field of surreal
numbers:

Definition 5.1 LetIK = R((I")) be a field of generalized series endowed with a partial
logarithm log :I" — R((I”"Y)). A complete subfield. ¢ K which containg is called a
field of exp-log-transseriesf the following properties hold:

TEL1. domain log= L.o.
TEL2. log(l) = L™

o)

TEL3. log(1+¢€) = Z €"/ne L for anye € L~

n=1

TEL4. For any sequence of monomialsy), c I" such that for anyn € N, my,1 €
Supp log,), then there exists a rark € N such that logfin:k) = Mniks1 for
anyk € N.
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Any field of exp-log-transseries is both a field of transse(mur four axioms are
specializations of the four axioms dt¢h071 Definition 2.2.1]) and a field of exp-log
series. Indeed, denote ldyc T the biggest subset of monomials stable by log (i.e. the
set of log-atomic elements irsEh01 Section 2.2]). Then resuming the notations and
terminology of KM11], @ is a totally ordered set of fundamental monomials. For the
corresponding Hahn series field, we bgt= R((H(®))) c L whereH(®) denotes the
Hahn group oveb. Then by (TL4) one has that= L5".

We believe that:

Conjecture 5.2 The field of surreal numbers is an exp-log-transseries fi€ltk sur-
realskan for a € Nx, n € Z}, are the log-atomic elements as well as the initial funda-
mental monomials.

In particular, this would allow us to use the results ©£[i01 KM11] to endow the
surreal numbers with Hardy type derivations.
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