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Abstract

Let �V� v� be any valued vector space� and �V�� v� a subspace� Then �V� v�
admits a valuation basis over �V�� v� if and only if it admits a nice composition
series over �V�� v�� We show that this is always the case if v�V nV�� is reversely
well ordered� If v�V�� is reversely well ordered� we show that V� is nice in any
extension� and that it admits a valuation basis over every subspace� Finally�
we show that the property of admitting a valuation basis is preserved under
countable dimensional extensions�

� Introduction

Valued vector spaces played a historical role in the development of in�nite abelian
group theory in the last three decades� They were intensively used by group theo�
rists seeking to generalize Ulm�s structure theorem for countable p�groups �cf� �G�
for a survey	� Indeed
 the socle of a p�group
 endowed with the height function

may be viewed as a valued IFp�vector space
 with ordinal values �cf� �KAP� for
these notions from abelian group theory
 and �F�� for a comprehensive study on
valued vector spaces and applications to p�groups and mixed groups	� In this ap�
proach
 the interest is often focused on that special case
 where the valuation is
the height function
 and the value set an ordinal number� Our interest for val�
ued vector spaces in the wide sense comes from a di�erent direction
 indeed they
emerge quite naturally in the context of ordered and valued �elds� For instance

Brown�s theorem stating that a valued vector space of countable dimension admits
a valuation basis �cf� �B�	 was used by the author to show a structure theorem for
countable exponential �elds �cf� �KS� and �K�K�	� Also
 in the context of valuation
theory of �elds
 an intensive study of general valued modules is now given in �KF��
In the present paper
 we concentrate on the notion of valuation independence
 and
on the question of existence of a valuation basis� Nice subspaces play naturally an
important role�

�This paper represents some results from the author�s doctoral thesis�

�
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In Section �
 we recall some de�nitions and results that we shall need in the
subsequent sections�

We begin Section � with the de�nition of a nice composition series for a valued
vector space V over a subspace V�
 and show the existence of such to be equivalent to
that of a valuation basis over V� �Theorem ��	� Note that it has been shown �cf� �H�
W�
 Theorem ���	 that for a valuated p�group
 the existence of a nice composition
series is equivalent to that of a pseudo p�basis�
We then investigate some cases where conditions on the value set imply the exis�
tence of such composition series� Recall that valued vector spaces which have a
�nite value set enjoy two important properties� they admit a valuation basis over
every subspace
 and they are nice in every extension� We show �Corollary ��	 that
the same holds with the assumption that the value set is inversely well ordered
�instead of �nite	� If for the extension V� � V 
 we have that v�V n V�	 is reversely
well ordered
 we can even show that V will admit a nice composition series over V�
�Corollary ��	�
Next
 we de�ne the quotient valuation on a quotient by a nice subspace �note that
niceness is necessary since we work with arbitrary totally ordered value sets
 not
necessarily having suprema	� This permits us to relativize the previous results of
the section
 and thus study subextensions V� � V� � V � For instance
 we show
�Corollary ��	 that if the value set of V��V� is reversely well ordered
 then V�
inherits from V� the property of being nice
 or that of being maximally valued�
We close section � with the de�nition of �defectless extensions� and show �Theorem
��	 that the extension V� � V is defectless if and only if V� is nice in V � This notion
of �defectless� comes from valuation theory� given an extension of valued �elds

we may consider the larger �eld as a general valued vector space �in the sense of
�F��	 over the smaller one� The extension is said to be defectless if every �nitely
generated subspace admits a valuation basis� In general
 Theorem �� will not hold

but it does in our case where the valuation is trivial on the ground �eld�

The last section is devoted to proving that a countable dimensional extension
of a space admitting a valuation basis
 admits a valuation basis as well �Corollary
��	� This generalizes a result of Fuchs ��F��
 Lemma � and Theorem �	 where this
was shown to hold if the value set is an ordinal number�

� Preliminaries on valuation independence and

niceness

In the sequel
 let V be a vector space over a �eld K
 and � a totally ordered set
with last element�� A surjective map

v � V �� �

is a valuation on V �and �V� v	 is a valued vector space	 if for all x� y � V and
k � K
 the following holds�

�V�	 v�x	 �� if and only if x � �


�V�	 v�kx	 � v�x	 if k �� �


�



�V�	 v�x� y	 � minfv�x	� v�y	g�

Condition �V�	 is also called the triangle inequality� The following is a consequence
of the above axioms�

v�x	 �� v�y	 �� v�x� y	 � minfv�x	� v�y	g �

The restriction of v to a subspace V� of V is a valuation on V� �that we denote also
by v	� Now let �V�� v�	 and �V� v	 be valued vector spaces� Suppose that V� is a
subspace of V and that v��V�	 � v�V 	� We will say that �V� v	 is an extension of
�V�� v�	
 and write �V�� v�	 � �V� v	 if v�x	 � v��x	 for all x � V� �that is
 v� is just
the restriction of v to V�	� We say that the extension �V�� v	 � �V� v	 is immediate if
and only if for all nonzero x � V there exists y � V� such that v�x�y	 � v�x	� Note
that if �V�� v	 � �V� v	 is a proper immediate extension
 then v�V n V�	 contains an
in�nite increasing sequence� If �V�� v�	 admits no proper immediate extensions
 we
shall say that V� is maximally valued�

We say that V� � V is a �nite extension �or V is �nitely generated over V�	 if
and only if V�V� is of �nite K�dimension�

If fxi 
 i � Ig � V 
 then
hfxi 
 i � Igi

will denote the K�subspace of V generated by the elements xi
 that is the subspace
consisting of all sums

P
i�I kixi where ki � � except for a �nite number of i � I

�by convention
 h	i � �	� Let fVi 
 i � Ig be a family of subspaces of V such that
V �

L
i�I Vi �i�e� V is the direct sum of the Vi�s	� We then say that V is the

coproduct of fVi 
 i � Ig �or� fVi 
 i � Ig is an orthogonal family of subspaces	 if
for every sum

P
i�I xi � V such that xi � Vi for all i � I and xi � � except for a

�nite number of i � I
 then

v

�X
i�I

xi

�
� min

i�I
v�xi	 �

We denote the coproduct of fVi 
 i � Ig by 
i�I Vi
 and if Vi is orthogonal to Vj 

we write Vi
Vj �

Now let V� be a subspace of V � The subset fxi 
 i � Ig � V is independent over
V� if and only if fxi�V� 
 i � Ig is K�linearly independent in V�V�
 and fxi 
 i � Ig
is a basis of V over V� if and only if fxi � V� 
 i � Ig is a K�basis of V�V� �if and
only if V �

L
i�I Kxi � V�	�

Note that if fxi 
 i � Ig is independent over V�
 then in particular fxi 
 i � Ig
is K� linearly independent�

We say that fxi 
 i � Ig � V is valuation independent over V� if and only if
� �� fxi 
 i � Ig
 and for all z� � V�
 ki � K such that ki � � except for a �nite
number of i � I
 we have

v

�X
i�I

kixi � z�

�
� min

fi�I� ki ���g
fv�xi	� v�z�	g �

If moreover fxi 
 i � Ig � V is a K�basis of V over V� then fxi 
 i � Ig is a

valuation basis of V over V� �if and only if V � 
i�IKxi
V�	�

�



Note that by de�nition
 the element � never belongs to a valuation independent
set� Also
 by convention
 min	 ��
 and 	 is valuation independent over V�� The
following lemma is easy to show�

Lemma � Let B� B� be two subsets of V � Then B�B� is valuation independent over
V� if and only if B is valuation independent over V� and B� is valuation independent
over hB� V�i� Moreover� the increasing union of a chain of valuation independent
sets is again valuation independent�

Proposition � The subset fxi 
 i � Ig � V n f�g is valuation independent over V�
if and only if for all y � hfxi 
 i � Igi� if y �

P
i�I kixi then

max
z�V�

v�y � z	 � min
fi�I � ki ���g

v�xi	 �

Proof� Clearly
 fxi 
 i � Ig � V is valuation independent over V� if and only if
for every such sum y � hfxi 
 i � Igi
 and for all z � V� we have

v�y	 � min
fi�I � ki ���g

v�xi	 �

and
v�y � z	 � minfv�y	� v�z	g �

Now assume these last equations hold� Then certainly v�y	 � v�y � z	
 for all
z � V� whence v�y	 � maxz�V� v�y � z	� Conversely
 if

max
z�V�

v�y � z	 � min
fi�I � ki ���g

v�xi	 �

then since on the other hand v�y	 � minfi�I � ki ���g v�xi	
 equality holds� Moreover

we then have for all z � V�

v�y	 � v�y � z	 � minfv�y	� v�z	g

which shows that the last part of this inequality cannot be strict� �

Remark � If fxi 
 i � Ig is valuation independent over V� then fxi 
 i � Ig is
independent over V�� for if not we would have ki
 not all zero
 ki � � except for a
�nite number of i � I
 such that z� �

P
i�I kixi � V� and

v

�X
i�I

kixi � z�

�
�� �� min

fi�I � ki ���g
fv�xi	� v�z�	g �

It follows that a valuation basis of V over V� is always a maximal valuation inde�
pendent set in V over V� �

Note that by Zorn�s Lemma
 there exists always in V a �possibly empty	 maximal
valuation independent set B over V�
 and we have the following characterization of
immediate extensions�

Lemma � Let B be maximal valuation independent in V over V�� Then B � 	 if
and only if V� � V is an immediate extension�

�



Proof� First note that by Proposition �
 if � �� x � V then fxg is valuation
independent over V� if and only if

max
z�V�

v�x� z	 � v�x	

Now clearly
 this last condition holds for some x � V if and only if the extension
V� � V is not immediate
 whence the result� �

Theorem � For every V� � V � there exists V� such that V� � V� � V and

�� V� admits a valuation basis over V��

�� V� � V is an immediate extension�

Proof� Let B � V a maximal valuation independent set over V� and set

V� � hB � V�i �

Obviously
 V� satis�es �	� Moreover 	 is maximal valuation independent in V over
V�� if not
 there exists B� �� 	
 B� � V 
 B� valuation independent over V�
 it follows
by Lemma � that B � B� is valuation independent over V�
 this contradicts the
maximality of B� Now by Lemma �
 the extension V� � V is immediate� �

Let us now recall the de�nition and basic properties of nice subspaces� We say
that the subspace V� of V is nice in V if for all x � V 
 the subset v�x � V�	 �
fv�y	 
 y � x � V�g of v�V 	 admits a maximum� Now Let x � V 
 and assume
that the coset x � V� admits a representative x� � x � V� satisfying v�x�	 �
maxv�x � V�	 �x� � � if and only if x � V�	� Such a representative is called a
proper representative� Hence
 V� is nice in V if for all x � V 
 the coset x � V�
admits a proper representative�

Using Proposition �
 it is straightforward to show the following

Lemma � Let x � V n V� and x� � x� V�� Then x� is a proper representative if
and only if fx�g is a valuation basis of hV��fxgi over V�� Consequently� V� is nice
in V if and only if for all x � V n V�� the subspace hV� � fxgi admits a valuation
basis over V��

Note that if V� is nice in V 
 then V� is nice in every subextension as well� Also
 V�
is nice in V if and only if for all x � V 
 V� is nice in hV� � fxgi� Moreover
 Lemma
� together with the last lemma show that V� is nice in hV� � fxgi if and only if the
extension V� � hV� � fxgi is not immediate�

Corollary � Every maximal immediate extension W of V� in V is nice in V � In
particular� if V� is maximally valued� then V� is nice in every extension V �

Proof� Let V� � W be a maximal immediate extension of V� in V � Suppose
that x � V nW 
 then clearly the extension W � hW � fxgi cannot be immediate
�otherwise
 the extension V� � hW � fxgi would be immediate as well
 which
contradicts the maximality of W 	� So by the note following Lemma �
 W is nice
in V � �

�



Corollary 	 If V admits a valuation basis over V�� then V� is nice in V �

Proof� Let B the valuation basis of V over V� and let x � V n V�� Write
x �

P
i�I kibi � z� with bi � B and z� � V�� Then by Proposition �
 v�x � V�	

admits v�x� z�	 as its maximum� Hence V� is nice in V � �

Note that the converse is in general not true�

Corollary 
 There exists V� such that V� � V� � V and

�� V� is nice in V��

�� V� � V is an immediate extension�

Proof� Follows from Theorem � and Corollary �� �

In studying extensions V� � V 
 with V� nice in V 
 it is often quite useful to
consider the quotient space V�V�� In this case
 one can endow it with a canonical
valuation v �see Lemma �� below	�

For the rest of this section� let us assume always that V� is nice in V �

Recall that then
 every class x � V� has a proper representative� De�ne for all
x � V �

v�x� V�	 � max
z�V�

v�x� z	 


this maximum exists for all x � V � It is clear that v is well de�ned� Note that
v�V�V�	 � v�V 	 and that v�x�V�	 � v�x	 if and only if x is a proper representative�

Lemma �� v is a valuation on V�V��

Proof� We have v���V�	 � maxz�V� v��� z	 ��
 but if x �� V�
 then � �� x�V�
and v�x � V�	 � maxz�V� v�x � z	 �� �� Clearly
 condition �V�	 holds� Now we
check the triangle inequality� Without loss of generality
 let x �respectively y	 be
a proper representative of x� V� �respectively of y � V�	� We then have

v�x� y � V�	 � max
z�V�

v�x� y � z	 � v�x� y	

� minfv�x	� v�y	g � minfv�x� V�	� v�y � V�	g �

�

Note that in general
 x�y is not a proper representative of x�y�V� � �x�V�	�
�y � V�	� But we have�

Lemma �� Let fxi� V� 
 i � Ig � V�V�� Then fxi 
 i � Ig is independent for the
valuation v over V� if and only if fxi � V� 
 i � Ig is independent for the valuation
v and the xi are proper representatives� In this case� every �nite sum

P
i�I kixi is

a proper representative of
P

i�I ki�xi � V�	�

�



Proof� By Proposition �
 fxi 
 i � Ig � V is independent for the valuation over
V� if and only if for all ki � K such that ki � � except for a �nite number of i � I


max
z�V�

v�
X
i�I

kixi ��z	 � min
fi�I � ki ���g

v�xi	 �

Take kj � � for j �� i
 this equation implies that xi is a proper representative�
Since

max
z�V�

v�
X
i�I

kixi � z	 � v

�X
i�I

kixi � V�

�
� v

�X
i�I

ki�xi � V�	

�

and
min

fi�I � ki ���g
v�xi	 � min

fi�I � ki ���g
v�xi � V�	

for proper representatives xi
 the assertion of Proposition � is equivalent to the
assertion of the lemma� �

Lemma �� Suppose V� � V� � V � Then V� � V is immediate if and only if
�V��V�� v	 � �V�V�� v	 is immediate�

Proof� �� Show that for all x � V there exists y � V� such that v�x �
y � V�	 � v�x � V�	� Without loss of generality
 x is a proper representative
 so
v�x�V�	 � v�x	� By hypothesis there exists y � V� such that v�x�y	 � v�x	
 this
implies

v�x� y � V�	 � max
z�V�

v�x� y � z	 � v�x� y	 � v�x	 � v�x� V�	 �


� Suppose �V��V�� v	 � �V�V�� v	 is immediate
 and let x � V � There exists
x� � V� such that v�x� x� � V�	 � v�x� V�	
 i�e�

max
z�V�

v�x� x� � z	 � max
z�V�

v�x� z	 � v�x	 �

Then there exists z� � V� such that v�x� x� � z�	 � v�x	� Hence y � x�� z� � V�
satis�es v�x� y	 � v�x	� �

We close this section with the following well known result
 which can be proved
by standard arguments using the de�nition of niceness �see e�g� �KF�
 where this
result is even proved for valued modules	�

Corollary �� Suppose that V� � V� � V � Then V� is nice in V if and only if
V��V� is nice in V�V��

� Nice subspaces and defectless extensions

Let V� be a subspace of V � A nice composition series of V over V� is a sequence
fV� 
 � � � � �g of subspaces
 indexed by some ordinal �
 such that
V� is nice in V��� and dim�V����V�	 � � if � � � � � 

V� �

S
����� V� for every limit ordinal 	 � � and

V �
S
����� V��

Obviously
 if V admits a nice composition series fV� 
 � � � � �g over V�
 then it
admits one over every V� as well�

�



Theorem �� V admits a nice composition series over V� if and only if V admits
a valuation basis over V��

Proof� Assume V admits a nice composition series fV� 
 � � � � �g over
V�� Hence
 every V��� admits a valuation basis fy�g over V�� By induction and
Lemma �
 fy�� � � � � y��ng is a valuation basis of V��n�� over V�� Similarly
 it follows
from Lemma � that fy� 
 � � � � 	g is a valuation basis of V� over V� for every
limit ordinal 	 � �� By induction
 we obtain the assertion�
Conversely
 let B � fy� 
 � � � � �g be a valuation basis of V over V�� For
� � � � �
 set

V� � hV�� fy� 
 
 � �gi�

It follows again by Lemma � that fV� 
 � � � � �g is a nice composition series of
V over V�� �

Let 
 be an ordinal� In the sequel
 we shall denote by 
� the order type of the
reversed ordering on 
�

Corollary �� If v�V n V�	 � 
� � then V admits a valuation basis over V� �in
particular� V� is nice in V ��

Proof� Without loss of generality
 we may assume that V is a proper extension
of V�� Let B � fb� 
 � � � � �g be a basis of V over V�� For � � � � �
 set

V� � hV�� fb� 
 
 � �gi�

We show that fV� 
 � � � � �g is a nice composition series of V over V�� We
only have to show that V� is nice in V���� But v�V��� n V�	 � v�V n V�	� Thus
v�V��� n V�	 is the reverse of an ordinal as well and hence contains no in�nite
increasing sequences� It follows that the extension V� � V��� is not immediate

hence the assertion� �

Corollary �� If v�V�	 � 
�� then V� is nice in V � Further� V� admits a valuation
basis over every subspace�

Proof� The hypothesis implies that for all x � V 
 v�V��Kx	 is also the reverse of
an ordinal
 and so is v�V��Kx n V�	� Then by Corollary ��
 V� is nice in V� �Kx�
Now let W be a subspace of V�� Then v�V� nW 	 � v�V�	
 hence v�V� nW 	 is also
the reverse of an ordinal� The second assertion follows now by Corollary ��� �

Note that in the last corollary
 V will not necessarily admit a valuation basis over
V��

Corollary �� If dimV � ��� then V admits a valuation basis over every subspace
V� of �nite dimension�

�



Proof� Write V �
S
������ V� where the V� are subspaces of �nite dimension

and dimV����V� � �� The dimension of V� being �nite
 v�V�	 is �nite
 then by
Corollary ��
 V� is nice in V���� Now
 the assertion follows from Theorem ��� �

We have seen in Theorem �� that a space V admits a valuation basis over a given
nice subspace V� if and only if V has a nice composition series over V�� But of
course
 such a composition series does not always exist� For instance
 the � space
is nice in every space V 
 but not every V admits a valuation basis� However
 we
shall now describe some more cases where niceness implies the existence of nice
composition series� To this end
 we shall apply the results so far obtained in this
section to the valued vector space �V�V�� v	
 and this in turn will give us information
about the extension V� � V �

Proposition �	 Let V� be nice in V � Then �V�V�� v	 admits a valuation basis if
and only if V admits a valuation basis over V��

Proof� Follows by Lemma ��� �

From this proposition and Corollary ��
 we obtain the following strengthening of
Corollary ���

Corollary �
 Let V� be nice in V � If dimV�V� � ��� then V admits a valuation
basis over V��

Note that this last corollary gives the converse to Corollary � in the case of
countable dimensional extensions�

Corollary �� Let V� be nice in V � Let V� � V� � V and v�V��V�	 � 
� � Then
V� admits a valuation basis over V� and V� is again nice in V � If moreover V� is
maximally valued� then V� is maximally valued as well�

Proof� Since v�V��V�	 � 
�
 then V��V� admits a valuation basis over f�g �by
Corollary ��	� Hence by Proposition ��
 V� admits a valuation basis over V�� By
Corollary ��
 V��V� is nice in V�V�
 and by Corollary �� it follows that V� is nice
in V �

If moreover V� is maximally valued
 then V� is nice in every extension V � of
V� and hence V� is nice in every extension V �� This implies by the note following
Lemma � that V� admits no proper immediate extension� �

As a corollary
 we get yet another generalization of Corollary ���

Corollary �� Suppose that V admits a valuation basis over V�� and let
V� � V� � V such that V� � V� is a �nite extension� Then V admits a valua	
tion basis over V��

�



Proof� Let B a valuation basis over V�� Since V� � V� is �nite
 there exists a
partition B � B� �� B�� such that B� is �nite and V� � hB�� V�i �� W � By Corollary �

V� is nice in V � So by Corollary ��
 V� is nice in V and hence in W � Then by
Corollary ��
 W admits a valuation basis B� over V�� By Lemma �
 B�� is a valuation
basis of V over W and B�� � B� is a valuation basis of V over V�� �

We say that V� � V is a defectless extension if and only if for every �nite
subextension V� � V�
 there exists a valuation basis of V� over V�� Note that if
V� � W � V and if V� � V is a defectless extension
 then V� � W is a defectless
extension�

Theorem �� V� is nice in V if and only if V� � V is a defectless extension�

Proof� 
� follows from the de�nition and Lemma ����
�� If V� is nice in V 
 then by Corollary ��
 every �nite extension of V� admits a
valuation basis over V�
 hence V� � V is a defectless extension� �

� Extensions of spaces admitting a valuation ba�

sis

Theorem �� Suppose that V� admits a valuation basis and that V� � V is imme	
diate� Let W � V such that

V � V� �W �

then there exist V�� V� � V� such that

i� V� � V� �W is immediate and dimV� � maxf���dimWg

ii� V� and V� admit a valuation basis

iii� V� � V�
V�� and hence

V � V�
�V� �W 	 �

Proof� Let B a valuation basis of V�� We �rst show the following fact� if U is a
subspace of V 
 then there exists BU � B such that

cardBU � maxf���dimUg

and
�� �� u � U �y � hBU i � v�u� y	 � v�u	 � ��	

For let fui 
 i � Ig be a maximal valuation independent set in U � Then the extension
hui 
 i � Ii � U is immediate �cf� Lemma �	
 and card fui 
 i � Ig � dimU �cf�
Remark �	� Further
 since V� � V is immediate
 for all i � I there exists a �nite
subset Bi � B and yi � hBii such that

v�ui � yi	 � v�ui	�

��



Set BU �
S
i�I Bi
 then if

P
kiui � hui 
 i � Ii
 we have

P
kiyi � hBUi and

v
�X

kiui �
X

kiyi
�

� v
�X

ki�ui � yi	
�
� min

i�I �ki ���
v�ui � yi	

� min
i�I � ki ���

v�ui	 � v
�X

kiui
�
�

hence BU satis�es assertion ��	 for � �� u � hui 
 i � Ii� We claim now that BU

satis�es assertion ��	 for all � �� u � U � Indeed let � �� u � U � Since the extension
hui 
 i � Ii � U is immediate
 let u� � hui 
 i � Ii such that v�u� u�	 � v�u	� Now
let y � hBUi such that v�u� � y	 � v�u�	� A straightforward argument
 using the
triangle inequality
 shows then that v�u� y	 � v�u	�

Let us de�ne by induction on n � � an increasing sequence Bn of subsets of B
as follows�

B� � BW and Bn�� � Bn � BhBn�W i �

Set
B� �

�
n��

Bn and V� � hB�i �

Hence dimV� � cardB� � maxf���dimWg� If � �� x � V� �W 
 then there exists
n � � such that x � hBn�W i� Consequently
 there exists y � hBn��i such that

v�x� y	 � v�x	 �

which implies assertion i	�
Set V� � hB n B�i� Assertion ii	 is clear
 and also that V� � V�
V�� To prove

assertion iii	 that V � V�
V� �W 
 it su�ces to verify the following general fact�
if Vi
Vj and Vj � Vj� is immediate
 then Vi
Vj�� The proof is straightforward� �

Corollary �� Suppose that V� admits a valuation basis and that dim�V�V�	 � ���
Then V admits a valuation basis�

Proof� By Theorem � and Lemma �
 it is clear that it su�ces to consider the case
where V� � V is immediate� By hypothesis
 there exists W � V with dimW � ��
and

V � V� �W �

Let
V � V�
�V� �W 	

be the corresponding decomposition of V 
 as described in Theorem �� above� Since
dim�V��W 	 � ��
 it follows by Corollary �� that V��W admits a valuation basis�
To see that V admits a valuation basis
 it su�ces to verify the following general
fact� if Vi admits a valuation basis Bi for all i � I
 then V � 
i�I Vi admits

S
i�I Bi

as a valuation basis� The proof is straightforward� �

��
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