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Abstract

In this work the renormalisability of Spin Gauge Theory (SGT) is examined in first loop
order. This theory has been developed in 1995 by Dehnen and Hitzer [1] in order to
attempt quantisation and thus unification of gravity with the other fundamental forces.
It has been shown that Einstein’s theory of General Relativity is not renormalisable.
Thus, to obtain a quantum theory of gravity, one has to modify either the foundations of
quantum field theory or (as is done in this work) of General Relativity. SGT is such an
alternative (microscopic) theory of gravitation from which General Relativity (up to now
only in linearised form) emerges in its macroscopic limit. Gravitons are represented as
excitations of a tensor valued Higgs field that couple to the kinetic term of the fermions.
At the beginning of this work SGT is introduced as a classical field theory. Then the
quantisation is performed by means of the standard path integral method. Already at
this point the theory shows some peculiarities linked to the derivative coupling between
fermions and gravitons: the theory cannot be quantised at the symmetrical point, but
symmetry breaking has to be performed before quantising the excitations of the Higgs field
from the physical ground state. Thus the theory contains 1-point functions that vanish
only after renormalisation. After performing dimensional regularisation it is investigated
whether the theory is renormalisable. It is shown that the free graviton field (including
self-interactions) is not renormalisable in its present form, but that minor modifications
of the Lagrangian may lead to a renormalisable theory. The interaction term of gravitons
and fermions on the other hand leads (due to the derivative coupling) to divergencies that
make the theory clearly nonrenormalisable.



Zusammenfassung

Diese Arbeit untersucht die Renormierbarkeit der Spin-Eichtheorie (SGT) in erster Loop-
ordnung. Die SGT wurde 1995 von Dehnen und Hitzer [1] entwickelt, um die Quantisierung
und damit die Vereinheitlichung der Gravitation mit den anderen fundamentalen Wech-
selwirkungen zu ermdglichen. Es hat sich gezeigt, dass Einsteins Allgemeine Relativitéts-
theorie nicht renormierbar ist. Um eine Quantentheorie der Gravitation zu entwickeln,
muss man entweder Modifikationen an den Grundlagen der Quantenfeldtheorie oder, wie
in dieser Arbeit, an Einsteins Relativitdtstheorie vornehmen. Die SGT ist eine solche
alternative (mikroskopische) Theorie der Gravitation, die jedoch die Allgemeine Relati-
vitédtstheorie (bisher in linearer Niherung) als makroskopischen Limes besitzt. Sie enthélt
die Gravitonen in Form von Anregungen eines tensorwertigen Higgsfeldes, das an den
kinetischen Term der Fermionen koppelt. Zunéchst wird die SGT als klassische Feldtheo-
rie kurz vorgestellt und anschliefend mit Hilfe der iiblichen Pfadintegralmethode quan-
tisiert. Aufgrund der Ableitungskopplung zwischen Fermionen und Gravitonen ergeben
sich bereits hier einige Besonderheiten: die Quantisierung kann nicht am symmetrischen
(Null-) Punkt der Theorie erfolgen, sodass zuerst die Symmetriebrechung vollzogen wer-
den muss und danach die Anregungen des Higgsfeldes vom physikalischen Grundzustand
aus quantisiert werden. Auf diese Weise enthéilt die Theorie 1-Punkt Funktionen, die erst
nach der Renormierung verschwinden. Nach der Dimensionalen Regularisierung wird die
Renormierbarkeit der Theorie untersucht. Hierbei sieht man, dass das freie Gravitonen-
feld (inklusive Selbstwechselwirkungen) in der jetzigen Form nicht renormierbar ist, dass
jedoch kleinere Modifikationen der Lagrangedichte vermutlich zu einer renormierbaren
Theorie fithren. Der Wechselwirkungsterm zwischen Gravitonen und Fermionen erzeugt
aufgrund der Ableitungskopplung allerdings Divergenzen, die die Theorie eindeutig nicht-
renormierbar machen.



1 Introduction

One of the great physical problems of this century is the unification of gravity with the
other physical forces. During the last century physicists realised that on microscopic scale
the properties of matter and forces are most effectively described by quantum theories.
Even though there are still some major problems inherent in all quantum theories (as
the measurement problem and the classical limit) they have overwhelming success in ex-
plaining and predicting experimental results. There are attempts to describe quantum
phenomena with theories based on classical principles, but they are troublesome and Bells
inequalities suggest that always one or another classical principle has to be violated. It is
therefore nowadays believed that the nature of our world is quantum, and that classical
properties appear only in a macroscopic limit. All particles and forces except gravitation
are described by quantum field theories and are unified in the well known standard model.
Quantum field theory possesses the problem, that all calculations exceeding the propaga-
tion of free particles are infinite. There is a procedure called renormalisation that makes
the elimination of these infinities possible for a certain class of theories, and it is believed
that only these renormalisable theories are physically sensible. It has been possible to
show that the standard model is among these theories, but unfortunately it has also been
shown, that Einstein’s theory of general relativity is not renormalisable. General relativ-
ity is a classical gauge theory describing the gravitational interaction and it too has been
extremely successful and verified by numerous experiments on large scales. Unfortunately
gravity is a very weak interaction and therefore it is impossible to conduct any experi-
ments on a microscopic scale in order to probe its quantum properties. This means, that
there are no experiments which would indicate that gravitation possesses also quantum
properties, but there are theoretical considerations (apart from the physicists desire for a
unified theory) which necessitate a quantum theory of gravitation [3, 4]. During the quest
for quantum gravity a multitude of ideas and theories have been developed, but due to
the lack of experimental data the only thing clear sofar is that a radical departure from
either general relativity or quantum field theory as we know it has to be made in order
to unify the fundamental forces.

Trying to renormalise general relativity one encounters a series of problems. First of
all the free Lagrangian £ = —# [d*z \/=gR of the gravitational field is not polyno-
mial. With ¢, = nu + khy,, where h,, are the field variables, this means that each
order perturbation theory contains vertices with an arbitrary high number of A, i.e.
legs, which leads to arbitrary high divergencies which cannot be renormalised. Moreover
the coupling constant x, which is the square root of Newton’s gravitational constant, has
negative dimension and thus n-point functions with a high number of vertices containing
this coupling constant must be of high order in the momentum p to preserve overall di-
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mension, which means that the corresponding graphs are nonrenormalisable. Although
general relativity is formally nonrenormalisable due to the above reasons, it still may hap-
pen that the divergencies of the quantum loops cancel, leading to a finite (renormalisable)
theory. This is indeed what happens when investigating quantum gravity in lowest order
perturbation theory (Lagrangian quadratic in h,, and lowest loop order). Due to gauge
invariance and the Gauss-Bonnet identity the unwanted divergencies can be eliminated.
Unfortunately this is an accident and does not generalise to higher loop orders.

To overcome these problems in 1995 Dehnen and Hitzer [1] proposed a unitary gauge
theory of gravity based on the spin group SU(2)xU(1). The basic idea of this theory is
that the elementary particles possess a SU(2)-spin symmetry with respect to gravitational
interaction, i.e. gravity does not distinguish between particles and antiparticles, similar
as in the electro-weak theory, where particles which possess a iso-spin symmetry are
indistinguishable with respect to the weak interaction. Of course, there exists until now
no direct experimental evidence for this in the gravitational case; however one can show
by gedanken-experiments that it must be valid; otherwise gravity would violate physical
first principles (see e.g. Morrison, 1958 [5]; Nieto and Goldman, 1991 [6]; Dehnen and
Ebner, 1996 [7]). Furthermore this assumption is confirmed by classical Einstein theory
which provides only geodesics and no anti-geodesics.

Starting with the standard fermionic Lagrangian in flat Minkowski space-time and
gauging the unitary groups in question, the associated physical interactions result in
form of bosonic gauge fields by introducing covariant derivatives. However, when gauging
the spin group one obtains an additional interacting field because the Dirac-matrices (or
the Weyl-matrices) become function valued and must be considered as Clifford algebra
valued physical fields. These fields are chosen to be a Higgs fields in order to reproduce
the standard Dirac theory after spontaneous symmetry breaking. The excitations of
the Higgs field can mediate a gravitation-like interaction if they exceed the range of
unitary transformations of the Dirac matrices and if an appropriate Lagrangian is chosen.
The spin gauge bosons themselves become Planck massive and thus excitations exist
only in the energy scope of the early universe. Einstein’s metric theory of gravity is
considered as a purely classical theory with an effective non-euclidian metric, which can
be deduced from the unitary gauge structure on flat Minkowski space-time as an effective
field theory in a certain classical limit (which is a possible interpretation of the theory of
general relativity as has been shown by Deser [8, 9]), whereby Dehnen and Hitzer [1] have
restricted themselves to the linearised version sofar.

The theory can also be extended to isospin space by choosing the Higgs field to be a
spin-isospin valued tensor field [10]. Then the usual electro-weak interactions are included
and it is possible to generate the chiral asymmetry if an appropriate ground state is chosen.



This theory is still in the beginning of its development and there are many open
problems. One of the main reasons for creating spin gauge theory was to obtain a renor-
malisable quantum theory of gravity which allows a unification of the fundamental forces.
In the following we will therefore investigate the renormalisability of this theory up to
first loop order. At present it is believed that the divergencies occurring during the quan-
tisation of renormalisable quantum field theories are due to wrong handling of products of
distributions, i.e. propagators (see Scharf [11]). The techniques used in renormalisation,
i.e. the way to handle infinities and the convergence of series are mathematically incor-
rect and rather resemble a sort of ”cooking recipe”. Nevertheless experience shows that
these techniques present a useful tool to select adequate theories and reduce the otherwise
infinite variety of candidates for a unifying theory. Even though, especially in algebraic
QFT , many efforts are made to solve the mathematical problems (for example Epstein
and Glaser ([2])), in QFT renormalisation is still the standard procedure and so we will
adopt this approach in the further work on Spin Gauge Theory.
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2 What is Spin Gauge Theory

At first we repeat briefly the classical SU(2)xU(1) spin gauge theory of gravity so far as
necessary.

From the beginning it is a Lorentz-invariant theory of gravity, where the deviations
from the Minkowski metric are calculated in a Lorentz-invariant /covariant way by the use
of the Clifford algebra valued Higgs-field. The starting point is the Lagrangian density of
massless spin-1/2 particles (A =1,¢=1)

Lar = %Wtamp +he. (2.1)

where
Y =l (2.2)

is valid (" = n,, = diag (1, -1, -1, —1) Minkowski metric). Going over to the chiral
representation of Dirac’s y#-matrices

no__ 0 Gg _ XR
7_<a§0>’ w_<7/1L> (2:3)

of =(1,—c™), of=(1,0™) (2.4)

with the Weyl-matrices

(6™, m € [1,2,3] Pauli-matrices) we write (2.1) as

i
Ly = 5(1/;}505‘2@1/13 + Lot D) + hec., (2.5)
05:“0’;/2) = n1, a%toz) =n"1. (2.6)

Similar as in the electro-weak theory, where particles indistinguishable with respect to
the electro-weak interaction are put together in a (massless) isospin doublet connected
with the isospin group SU(2)xU(1), here particles and antiparticles are put together in a
spin-doublet connected with the unitary spin group SU(2)xU(1). This is called the chiral
representation and the 2-spinors are called Weyl-spinors. The spinor ¥ represents the
right-handed particle and left-handed antiparticle states and ¢, the left-handed parti-
cle and right-handed antiparticle states, indistinguishable with respect to gravity. The
unitary 2-spinor transformations U of the spin group are

U=eN, 7= 509, o’ =(1,0™) (2.7)



with
W= Utn, ), = Uty (2.8)
o =UckU ', of =UstU !

and (2.5) and (2.6) are invariant or covariant under this transformation respectively (o™
are the Pauli-matrices).

When gauging this group by demanding A; = A;(z*) (real valued functions) the invari-
ance of the Lagrange-density (2.5) is guaranteed furthermore by introducing the covariant

derivative '
D, = 0,+1igw,,
L X (2.9)
w, = Uw,U '+ éU\MU_

I

(g dimensionless gauge coupling constant) with the real-valued gauge potentials w,; de-
fined by _
Wy = Wy T (2.10)

Simultaneously the Weyl-matrices of, o% become function valued because of (2.8) and
must be considered as additional fields denoted from now by X% and X%. For the
Lagrangian of these fields we choose a Higgs-Lagrangian density, in order to obtain a
non-trivial ground state, namely Weyl’s standard representations (2.4) with the property
(2.6).

Thus the total Lagrangian density consists of 3 terms, each gauge and Lorentz invari-
ant:

£=La() + Lr(w) + La(5) (2.11)
where
1
Lu() = 5(hShDuvor + v} B Dur) + hec.,
1 L
Lr(w) = —EFM-FI“ St (2.12)
where Fl“/jTj = i [DH: Du]
ig
and

£a(s) = 3 = w0 Sun) (072

— (Da Sur) (D*5) — (Do %) (Ds 27 (2.13)
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A
e (3 ) + 2yl Syl

k() S S pR + UL A S )

where we have introduced also a Yukawa coupling term to produce the mass of the fermions
after symmetry breaking (k, A dimensionless, x> > 0 with dimension of a mass square).
The result of the theory described by (2.12) is the following (Dehnen and Hitzer, 1995
[1]): The X-Higgs-fields mediate a gravitational interaction between the fermions, which
is in a classical limit in first order identical with Einstein’s metrical theory, if we set for
the ground state value
1242
A
(G Newtonian gravitational constant). Then the SU(2) gauge bosons w,; become massive
with masses of the order of the Planck mass and can be therefore neglected in the low
energy limit. However in the very early Universe they may be present and responsible for
particle/antiparticle transitions explaining the in-equilibrium of particles and antiparticles
in the Universe. Only the U(1)-boson w,y remains massless and may be that of the
hypercharge.

= (27G) ! (2.14)

Symmetry-breaking

The field ¥,/ is a Higgs field, i.e. its ground state, which is a state with minimal energy, is
non-trivial. The quantities that might be interpreted as particles are then the excitations
from this ground state and not from zero, so that it is advisable to split the field as follows.

b b _a, Op b B o, Opu
Y =€l 00+0h, Yh =R 0t 0g (2.15)

Here the ground states &, are constant (in space-time) and hermitian. The 0,,* build

two sets of basis vectors for the space of hermitian 2 x 2 matrices, and their coefficients

e are the new field variables. The requirement, that the ground state & is a state of

i : : -
minimum energy leads in classical field theory to the condition

u):6_r“2‘

tr (& 1 3% \ (2.16)

Field equations

The fermionic field equations following from the action principle associated with (2.12)

are .
7

i, Dyt L + i(DuEl;Z,L)wR,L + kX% XL, =0 (2.17)



We see that this returns the ordinary Dirac equation of a massive fermion coupled to a
gauge boson if we assume X, to be in the ground state.

Calculating the Higgs equations up to first order in £# and neglecting the gauge bosons
we get

2
(00" el — 20a0" %) = St (o + 25 0)

- % (1/12028“1/4 B h'c') Y ;—:gk (1@02071%1 + h.c.) (2.18)
4\ ~ 1 .
= 3—/J62 (Tﬂ“(¢L) - EanTaa(wL) (wLaL O'RwR—i-hc))

and

2
(007 € — 2040 ") — Lo (0 + €3.0)

- % (w;‘ﬁ?a“wl2 - h,.c.) —\3 4—)\2]‘3 (Qﬁkal”%ang + h.c.) (2.19)
4 -
30 <T’“’(¢R) - %n““Taa(z/; )+ kS B (wLaL o + h.c. ))

Classical Limit

To perform the classical limit it is assumed that the spin averages out on macroscopic
scale: eV = efy’. Starting from the fermionic field equations one can then deduce the
mass-shell condition in lowest WKB-limit. This enables us to define an effective metric:

g = (1 — €2) 4 26w (2.20)
In classical limit it can be shown that €5 = 0 and the Higgs equations can be written as

2\

(w)la _ glew) [u_ glow) vy (oB) o _
5 a— €& — & o te alB N
| | jal8 32

@ ST () (2.21)

which is exactly the linearised form of Einstein’s field equations using (2.20) and (2.14).
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3 Path integral quantisation

3.1 Foundations

Here we will briefly sketch the derivation of the path integral formalism developed by
Feynman [12, 13, 14] and of the generating functional of the n-point functions as can be
found in many textbooks ([15, 16]).

The basic quantity we want to calculate is the transition probability from an initial
state at some time ¢; to a final state at time ¢;. In quantum mechanics the propagation
of a wavefunction can be expressed by

Uz, ty) = /K(xftf, 2its) U (s, 1) P (3.1)
with the propagator K. Equivalently we can also write

where |x;,t; > are the space eigenvectors in the Heisenberg picture and the wavefunction is
U(g,t) = < q,t|¥ >. This shows, that the transition probability of a point-like particle
with J-type wavefunction from z; to x; is given by

P(xftf,acit,-) = |< .Z‘f,tf|$i,ti >|2 (32)
The derivation of the path integral formalism follows roughly the following line of reason-

ing:
By inserting identity operators we write

K(zpty, xit;) = /dml..dxn< Tpytp|Tn, by >< Tp, tn| - - 21,00 >< 21, 8|2, 6 > (3.3)

In the limit n — oo we can write the propagator K as a sum over all paths, of the specific
propagators of each path in phase space

Kagty,t) = 3 Kla(t)o0)asty :t) (3.4)

path}
with
Kz(t), p(t)[(zsty, zit;) = lim < Tp,telry, e >< Ty, b @yt >< Ty, ta T, 6 > (3.5)
and and it can be shown that

< Ti+1, ti+1|xi7 t,' > = /dpiepi(w“'l7$i)7(ti+17ti)H(wi’pi) (36)
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Inserting (3.5) and (3.6) in (3.4) we can replace the sum over all paths by products of
integrals over p and ¢ and using the symbolic path integral notation we get

DxDp i ['f d(pi-H(pax
<@g, tylzi i > :/ xh Lok tn ) (3.7)

If the Hamiltonian is of the form H = p? + V(q) the integral over the conjugate variable
p can be performed and the propagator can be written as

it .
%ft,-f L(x,&,t)dt

< g tylwit; > :N/D:ce (3.8)
In the continuum limit N becomes infinite but, calculating only normalised transition
amplitudes, this does not matter.

In quantum field theory the coordinates x have to be replaced with the generalised
coordinates ¢ (in our case these are the fields € or ¢). Then the vacuum to vacuum
transition amplitude in the presence of sources are calculated. This means that at ¢; = —oo
the fields are in the vacuum state, then a particle is created and afterwards absorbed by
an external source J and at ¢ty = oo the fields are in the vacuum state again. Thus the
transition amplitude can be written as

Z|J] x < vac, co|vae, —co > (3.9)

If now we write down the path integral we have to consider that, in contrary to the
quantum mechanical formulation, here the field configuration at ¢; and t; explicitly enters
the Lagrangian. This means, that we have to ensure that our boundary conditions (ground
state for ¢ = +00) are fulfilled. This can be done by adding ieq® to the Lagrangian. Then
only contributions from ground states with ¢ = 0 for ¢ = £o00 survive. Now the transition
amplitude can be written as

DaDp ot 70 d(Lad+hTatic?)
h

Most of the time we will omit the ie-term and it will be written only if it plays a role for

understanding or calculation.

Z|J] is also called the generating functional since it generates the n-point functions,

which are the Green’s functions of the theory and are closely related to the S-matrix

elements. They are defined as

Z[J] = (3.10)

1 &z

T(T1, ..y xn) = < 0|T(P(xy),...,P(z,))|0 > = Z'_n(SJ(xl) 0T ()

(3.11)

J=0

where T is the time ordering operator, ®(x;) are some fields operators and J(x;) are the
corresponding sources.
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In general it is unfortunately impossible to solve the path integral exactly and often
it is not even clear if the solution exists (i.e. if the integral converges). In most cases we
can solve it for free particles only. To be able to perform the path integral quantisation
anyway one calculates the path integral of the free particle and then solves the integral
including the interactions approximately via perturbation theory. Therefore the following
three steps have to be executed:

1. Choose a Lagrangian for the free field, which is of the form

L =q <operator > ¢+ < Source terms > (3.12)

where < operator > has to be invertible.

2. Perform the path integral for the free field: It is possible to rewrite the free La-
grangian as a sum of two terms, the one containing no fields, such that it can be
pulled in front of the integral and the other containing no source terms and thus
the path integral gives only a (unknown) constant if performed.

3. Calculate the effects of the remaining terms of the Lagrangian in perturbation the-
ory, i.e. write the remaining interaction part of the integrand as power series, acting
on the generating functional of the free fields, and evaluate them order by order.

We will now write down a version of the Lagrangian density suitable for quantisation
and then calculate the generating functional of the free fields for Higgs- and spinor fields
separately according to the above program.

3.2 Lagrangian density

Starting point for the path integral quantisation of SGT is the Lagrangian density which
results from the field theoretical considerations described in chapter 2.

In the following we want to investigate if a tensor type Higgs theory coupled to fermions
via the kinetic term is renormalisable. Hence, to evade all the difficulties linked to gauge
fields, we consider only the part of the Lagrangian that contains no gauge fields or, in
other words, only the kinetic and interaction terms of spinors and the tensorial Higgs
field:

1
L = 5{ - (8”226“2&\ — 0, X0\ Ry — OME’E(?’\ER,\)
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A
—ptr [Sr, 58] + EtrQ (XS] + tr [T, + tr [JES R, } (3.13)

1
5 (VESE0utn — huc.) + kLS Srabn + nfve + Yl + R & L

In addition to the classical Lagrangian we introduced the source terms needed for quanti-
sation. J* are hermitian and 7 are Grassmann numbers. As already mentioned above, we
did not include the gauge fields in this Lagrangian. Since we have to quantise the theory
after symmetry breaking, the inclusion of gauge fields would lead to extreme difficulties.
For example it is known that massive non-Abelian gauge fields are not renormalisable
(they are usually renormalised before symmetry breaking, i.e. when still massless). Thus
this Lagrangian is not invariant under local symmetry transformations. Nevertheless this
has little influence on the renormalisability of the theory. A local gauge symmetry would
lead to different ward identities as those obtained in chapter 8, but this has no effect on
the obtained results, since the Ward identities allow only to prove the compatibility of
the renormalisation of different graphs, and as shown in chapter 9 this guaranteed already
from the global symmetry.

Higgs field Lagrangian split up in ground and exited state

Usually Higgs fields are quantised using excitations from the symmetrical point X = 0 as

field variables. Here this is not possible, since ¥* enters the kinetic term of the fermionic
IR

Lagrangian, i.e. with ©¥ = 0 the free fermion term that is needed as starting point

for perturbation theory L@anishes. So we have to perform the symmetry breaking first,
choosing the excitations from some ground state as new field variables. There are other
arguments favouring this approach concerning the validity of perturbation theory (see
Coleman and Weinberg [17]). Thus, as mentioned above the Higgs field field ZL/Z is split

in ground state and excitations
Y = el 0%+ ok, and ot =k ol | C e {L,R} (3.14)

and their coefficients ¢/, are the new field variables. As shown in (2.16) the classical
ground state is determined by tr (3 Lu 3’;5) = %. For a quantised theory however this
condition represents only a 0-loop approximation and in general quantum corrections alter
the minimum of the potential and thus the ground state amplitude can not jet be fixed.
Still, in the first chapter we saw that classical considerations restrict us pretty much to
the choice

0 a o
G u=0q ., O ém“ =an, (3.15)
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where the amplitude a may differ from the classical ground state amplitude due to quan-
tum corrections. This might not be the only possibility though. Since the theory possesses
inequivalent vacua this restriction might considerably alter the properties of the theory
or might even prevent it from being renormalisable! Therefore we continue calculation
with an arbitrary ground state as long as possible.

The Lagrangian density of the Higgs field written in terms of the new field variables
reads then

L = — [8N52a6“53)\5 — 0uET o ONERU — 8N€’,—fa8)‘sR)\/3] n*? (3.16)

A o o 2 (83 o
ts (sﬁaa?z“ + €0 0ru" + ERaOLy ) + M? (Sﬁaa?m + €700y + ERadLy )

+A+ JR“aSLua + JLuagR/Aa

with the cosmological constant

A
A= (géLuaéRau - M2)5Lua6Rau (317)
and the mass
M? = (§5Lua5Ra“ — 1) (3.18)

and J are new sources for the excitation €7 ,. With partial integration we can write the
kinetic part as

Liin = 8%04 (Dnu/\ - 28ua/\) naﬁg?zg ) U= 8N8u (3'19)

which is the form we need for quantising the free field. Now the complete Lagrangian
reads

L = &, ((D + MQ)nu,\ - 2(‘3“8,\) no‘ﬂs}\gﬂ + Jrtaer,” + It acry”
2
+6 <8%o¢€%p + ElzaéRMa + EléaéLNa) + M2 (ElzaéRMa + EléaéLNa)
1
+ (5 (V] (ehy + 0%) 050utL — hoc.) +nibr + ¢ns (3.20)

kYL (€4 + 0%2) (ERus + Orus) 050 RbR + R < L) + A
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3.3 Quantisation of the free Higgs-field

Now we execute the program described at the end of section 3.1.

1. The free Lagrangian for the Higgs field can be chosen as
Ly = &‘lza ((D + M2)77N)\ — 28N8)\) na’B&'%ﬂ + JRHQELNQ =+ JLua&'Rua (3.21)

Here K—'he,3 = —((O+ M?)n*, —20"9,)ng is the operator, i.e. the inverse
propagator of the free theory. Because of the hermiticety of K~ the relation
J K~ 'Jg = Ju K~ 'Jg) holds. K~! has the same form as the operator of a free
gauge field after gauge fixing, i.e. it is invertible and the path integral converges.
Note that we included the mass-term with scalar mass M but not the one with the
tensor valued mass. This term will be included later to all orders in perturbation
theory.

2. To be able to perform the path integration we express the field as a sum of two new

fields: e =&* + ¢, Then we demand, that
Ik I Lk

K_lg?R:JRandK_lngJL (322)

is fulfilled. The field ‘%Im is kind of a classical solution, since it is a minimum (or
rather extremum) for £, and is constant with respect to the integration. After
replacing the field variable the free Lagrangian reads:

Ly = Lyl g~ K 8- K ey —ef K ép
+Ir (Br+eh) +Jr (Bt eh) (3.23)
= Lyljmo+ K JL

where for the last step we used partial integration and the formal solution of equation
(3.22):

0 4

e = |dyKx—y)J 3.24

= [dyK@—y) ] W) (3.24)
Now we are able to perform integration as described above, since Jg K Jp, is inde-
pendent of &/, and can thus be pulled in front of the integral, whereas the remaining

Ly ;_, is independent of J and integrating over it gives some constant N. Thus
the generating functional for the free Higgs field is

Zu[J] = /DE i [ deluy — N i [ diadty JL(@)K(@—y)Tr() (3.25)
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The inverse operator K used in (3.24) can be easily computed if we Fourier transform
in momentum space. In our case we find

- / d'z (K — M)t — 2k0k, ) nf & (3.26)
and so

K" 5(x — ) (3.27)

. 2 2\l OLL a —iky(zr—y?
/ (@m) ki — M4+ze (6 + 2%y = 2bk ) ()

K is the propagator or the Green’s-function for the free Higgs field. Note that

here the ie (introduced in the Lagrangian to ensure vacuum to vacuum boundary

conditions) shifts the poles at k3 = k* + M? — ie and k2 = k* — M? — ie slightly off

the integration path such that the integral is well defined.

3. The interactions will be treated in chapter 4: Perturbation theory.

3.4 Quantisation of free fermions

To quantise the free fermions we basically have to perform the same steps as for the
Higgs-field with one important difference: the fermionic wavefunction has to obey the
anticommutation relation

{a(2),b(y)} = 0 with a,b € {4, ¥,n, 7} (3.28)

We have to assume this relation to guarantee the positivity of the Hamiltonian and to
fulfil the spin statistic theorem. Thus in the following we have to consider the following
relations:

0o 0

{¢(@),¢(y)} = 0; {awaawb}zéabQ Gu a1 =0 vy =0 (3.29)

Since in path integral quantisation the fields ¢, are not regarded as operators but as func-
tions this leads to the somewhat peculiar conclusion, that they must be anticommuting
c-numbers, so called Grassmann numbers. Keeping this in mind we are again following
the program described above.

1. The free Lagrangian for the spinor field can be chosen as

Lp = i} &40 +nfvor + ¥ln, + R L (3.30)
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where in future we abbreviate the free field operator with D™' = —i 6%9,
Lir Lk

Note, that here the mass-term can not be included in the free Lagrangian because we
use separate right and left-handed spinors. Even if we would recombine them into
a four dimensional representation (as is done usually) the field operator including
the mass-term is in general not invertible, but only for special choices of the Higgs
ground state.

2. Now we rewrite the Lagrangian by splitting the field in % :10&%—1—1/;’ and demanding
IR
D! b1 = nr, and Dy’ br= nr- We then get

0 0 0 0
Lo = Lplyig— YD Y= LD — v iD "
+n} (Wﬁ- fh) + ( T+ {Z*L) n+ R+ L (3.32)
= Lplyi= 0+77LDL L + 1% Dr 1k

Since D;' = —id},0%08, in our case, we have
Dy 6850800 = 01,0851 0,0a (3.33)

and thus the fermion propagator is

0% O'ﬂ k* . A A
D 4 Cﬂ —zk)\(;v -y ) 34
ol /d ST by € , C e {L,R} (3.34)

(Note that the left-handed propagator contains right-handed o, matrices and vice
versa.)
Then the generating functional is

ZplJ] = / Dt Dy ¢t dtoi=t) (3.35)

— Nt [ d'ad'y (n] (@) Dria—y)ne (y)+n} (@) Dr@—y)nr(y))
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4 Interaction terms and perturbation theory

The generating functional for the interacting theory can be written with field independent
operators acting on the free field part. The expression containing these operators can be
pulled in front of the path integral and the remaining free field integral has been solved
already in the last chapter. Unfortunately the only way this expression can be treated is
as power series, i.e. by perturbation theory. We will now briefly derive the form of the
generating functional and in the next section this will be applied to SGT.

Provided some general Lagrangian of the field € with the sources J, it is easy to check
that for any function f we can write

f(g)eifdwﬁ(s)-FJE _ f(l%)eifdwﬁ(sHJs (4.1)
7

Choosing f = et decs , where L; is the part of the Lagrangian containing the interaction
terms (i.e. the terms not contained within the free Lagrangian), and using this trick for
fermions and Higgs-field we can write the generating functional as
; 146 146 134
ezfd4zﬁl(z~ 57 4 6n° iéﬁ)ZO[Jyny'f]]

Z1Jn, 1 = (4.2)

The meaning of the derivation operators is only defined if the exponential is developed
as power series in this operators, and the expression is then evaluated order by order,
as is done in perturbation theory. When writing down the perturbation series it is not
necessary to calculate any higher order terms in this way, since this can be easily done in
the graphical language of Feynman diagrams introduced in the next chapter.

Most of the time we will not use Z[J] but W[J] = In(Z[J]) as generating functional.
WJ] is the generating functional of the connected n-point functions in which trivial terms
that contribute only to the diagonal part of the scattering matrix are eliminated. In the
language of Feynman diagrams, this trivial terms would represent disconnected diagrams,
i.e. Feynman diagrams containing several subdiagrams not connected by a propagator.

4.1 Generating functional of n-point functions with interaction
The interaction terms L5 = £ — Lo = L1 + Lo of the Lagrangian that have not been
used in the free field Lagrangians Lo = Ly + Lp are

A 2
’Cll = ]\42 (&‘gaéRua + 6/;{(16[/“04) + g (‘Sllt/aet}liu + eﬁa(SR“a + SléoﬁLua) (43)
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and
E[Q = sz (&TﬁaUg-{- 8’%) (SR/LaO-%+ (g'Ru) wR (44)
+ (%zp}ggaagam _ h.c.) +RoL

L1 contains mass and higher order self-interaction terms of the Higgs excitations, whereas
Lo contains interactions between spinor and Higgs field and thus also a mass-term for
the spinor fields, which is generated by the non-zero Higgs ground state.

Now developing expression (4.2) up to first order in A , k and p, i.e. writing (4.2) up
to first order perturbation theory, we get

1 6 1657
Num(z] = 1+ [d' (z— [lili on L0 Ll ]

’L5JL“Z(5JRQ 5J “ 5J H
1616 1§ 1§
vz (2 0t : 0 45
o (i(SJLgi(SJR T ke 57, T O '5JR5> (4.5)

—Zkl 6 1 5 o ab+00_uab 1 5 o c+8. c l 6
i 6npe \ i 0Jgt L i 0dps TR ) iR

+<l 1 0 1 0 “081 0 —h.c.>+R<—>L}>ZO

2 10N, 1t 5JLa @ 0MLe

To be able to write the 1.order corrections in a compact manner we use following abbre-
viations:

B0 = [ dvKisa=9I00) (4.6
IR
1 0
N (‘Wz) / Zy

kuku —q Ay
K'g(x —y) = /d4 21 e (775 — 2k2 T ie) ng e NCED (4.7)

1 8 1 0 e
K = K%(0) (4.8)

P

D%ab(.’l} — y) = /d4]§’L IMBR/L eik)\(:c/\—g/‘) (49)

o oYk, k, + ie
LR I

(1 o0 1 0 qa(y
‘ ’(iazzunann,(y)%) [ - p
IR
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@) = [dyD =)

1 0
- (ianTa(x)ZO) /ZO
Lr

Sale) = = [y D 4y —2) (4.10)
1 0
- (i) /=
(s _ (1t 2 1 9
‘S;m( ) ) (iaﬁ(x)ia%ib(y)z‘)) /ZO (4.11)

Now the numerator of the generating functional (4.5) can be written as

Num(7) = 1+ [d' <12 [( ~ K2(0) — K",5(0) K" 10 (0)
2K (0) K s (2) K3 (&) — 20K,0" (0) K 152 K ()
+ (Ko@) KR @))? ) + 268500 (=157 5(0) + Ky () Ky (@)
+{40g0 ( — iK(0)KYg(x) — iK" 5(0) K o () (4.12)
+K 1 (1) K% (@) K2 () + (55, K0,)" + R & L}]
+iM* (0] K p(7) + 01 K s (1))
—ik 1Sa(®) ((1K"aus(0) + Klio(z) Knys (z)) 050

+Kppa(z)o], Gl + K o () Glof+ 6l ‘%Ru) Srp(x)

1 ) )
+§{ 1S(2) Kt 050,51 (x) — (8, 15'()) KgaaggsLj(x)} +Ro L> Z

Now this long expression is not very instructive. In the next chapter it will be represented
with the help of Feynman diagrams, and it will become much easier to interpret.
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5 Graphical notation

5.1 Feynman rules

To be able to handle the long expressions of perturbation theory, Feynman developed
a graphical language, which makes it quite easy to do calculations with them. This
language will help to write down and manipulate the generating functional and the n-
point functions in perturbation theory. To write an expression in terms of Feynman
diagrams, the translation rules, called Feynman rules, have to be established first.

We begin with the propagators of the theory which are expressed as lines. Every
propagator depends on two space-time points which are represented by the beginning-
and endpoint of these simple lines.

z ga---g; v =ik (z—y) B ¥ = iDPx—y) (51)

o

where C € {R, L} is the chiral index and C means the opposite chirality.
Later we will be able to use propagators of massive free particles that will be represented
as

. b . @
T opakgp v = —iHeop(e—y) ot = —iAg(z—y) (5.2)

where H and A are going to be defined later.
Each Source (appearing in the generating functional only) has a common space-time
variable with one propagator and is represented as little circle:

—_— - :J o > — im0
s TR "o« (5.3)
—p—0 = 102
¢ e

Each interaction term consists of one or more propagators with a common space-time
argument and a (non-scalar) factor typical for the interaction. These terms are represented
by one or more lines meeting in a point, called vertex. A factor typical for the interaction
is associated with this vertex. In our case we have the following vertices:
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C . 2 a c _ . OH bo B C
¥----, =iMcua —>—0—>—C > = —1kO ¢y Tow
pex C
c C _sASVBs v — _ilsa SH
o~ ® "7 = 1590 0Cpa W = —ikot 0
pex C
C__e-l  — ;AgvBsha - — ik St 4
o & TUp =500 0¢ W = —ik 00
5.4
Cl, vB 'UC(;\ Ioi ( )
po Y _ jAgha N = —iko® B
C
C1N c
vh up
posC pe, C pa | C
N P 1 1 <
— ;A E—— a
/«\ _26 L - 2 au UC
/ —
vB’C vg C c C
nay C

These figures are supposed to represent only the vertices without the propagators. More-
over in some graphs we have explicitely identified chiral or space-time indices of different
lines in order to be able to omit corresponding J-functions on the right-hand side.

The last two vertices containing the derivative couplings bear no small coupling con-
stant. Since later on we will expand the generating functional with respect to the number
of loops, i.e. h, this does not matter. Moreover, if necessary, the vertices in question could
be equipped with a coupling constant by redefining the field variables the way it has been
done in by Dehnen and Hitzer [1].

As can be seen in (4.6) the propagators are Fourier transforms of simple functions in
momentum space and different propagators and sources are multiplied with the convolu-
tion product. Thus, transforming the expressions to momentum space is generally a good
idea. This can be done in the graphical representation too. Therefore instead of associ-
ating each vertex with a space-time point we associate each line with some momentum £,
that we note in the Feynman diagrams:

c c - ¢ .
""" = —iK}5 (p) Pt —iDg (p) (5.5)



5.1. Feynman rules 23

Normally vertices are not Fourier-transformed since they are not space-time dependent.
But our theory contains a derivative coupling and the corresponding vertex needs to be
transformed. Multiplying vertex and propagator and executing the transformation we
see, that we can always write

na  C pa,y C

! i
O b = —ilp,o% L Oy = —ilod (5.6)
[] 2Pufc 2 50cPyu .

where p, is the momentum of the line marked with the tag d,.

It is also very useful to introduce truncated graphs. These are graphs where the
external legs do not enter the calculation, but they need to be drawn anyway to clarify the
vertex type and index structure (similar as when defining the vertices above). Therefore
we introduce following notation:

él, vp
c c e !
e O o c"'d\ (5.7)
C1N vg

These symbolise a Higgs propagator and a vertex that do not enter calculations when
determining the algebraic expression corresponding to the diagram. For example

po == [ dk K5k Kia(p - k) (5.8)

Now we can freely construct Feynman diagrams by taking the propagators and gluing
them to vertices or sources. Then we can add up several of those diagrams. If we add
up all possible (= infinitely many) diagrams (including a symmetry factor that will be
described later) that can be constructed when every end of a propagator is linked to a
vertex or a source we get the exact expression for the generating functional or, if we add
up all possible diagrams without sources and with n legs or external lines (lines that have
at least one end not connected to a vertex) we get the exact n point function.

If we are using Z|[J] as generating functional for the n-point functions this includes
also non connected diagrams i.e. diagrams that contain two or more parts that are not
connected by any line). Since these contribute only to the trivial (diagonal) part of
the S-matrix commonly the generating functional of the connected n-point functions
W(J]| = In(Z]J]) is used. Graphically this can be achieved by simply omitting all non
connected n-point functions.

By choosing the right (complex) signs while defining the Feynman rules we have as-
sured that every term in the graphical representation of the generating functional gets
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a positive sign. Constructing Feynman diagrams, most of the indices of the propagators
and vertices are redundant and will be omitted. The only thing we still have to care about
is the symmetry factor associated with each diagram.

Each diagram is multiplied by a numerical factor S = 1/n! s where 1/n! stems
from the Fourier series and s equals the number of different contractions in 7(z;..x;) =
< 0T (®(z1)..®(x;) ([ dzH(®(2)™))"|0 > leading to identical graphs. In practice the cal-
culation of the factor s of a diagram can be simplified. It consists of following factors:

N
° ; M- for the interchange of n; identical vertices of type i.

for the number of possibilities to attach m; ; equal lines to the
same vertex. Usually this factor is compensated by introducing

. H m; ;! a coupling constant g /1 1’[ m;! in the interaction Hamiltonian
ine types j
all vertices ¢ but associating only the factor g with the vertex. In our case

all line types j
e this was not possible since the Hamiltonian was generated by
symmetry breaking.

where ( represents the symmetries of the diagram under inter-
change of lines or interchange of vertices. This factor has to be
inserted since we over-counted the possible contractions in the
above points.

For more details on the symmetry factor see for example Peskin and Schroeder [18].
To interpret the diagrams (to translate them back to algebraic representation) it is
useful to keep the following things in mind:

e Each line that is linked with only one end to a vertex and with the other end to a
source (or that has a free end) is called an external line / leg. This legs are associated
with incoming and outgoing particles usually with fixed on-shell momenta.

e Each line that starts and ends at a vertex is a internal line that may represent a
virtual particle with off mass shell momentum.

e In configuration space representation each vertex represents a point in space-time
over which we have to integrate .

e At each vertex we have conservation of momentum (this means that the sum of
momenta of all lines linked to the vertex is zero). With the momenta of the external
legs fixed, this determines the momentum of some internal lines. In momentum
space representation we have to integrate over the remaining free momenta (or
integrate over the momenta of all lines and associate with each vertex an additional

factor (4m26(3(k;))-
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e The last point implies an overall momentum conservation (the sum of all external
momenta is zero).

e If boundary conditions are given (i.e. if the diagrams represent terms from the S
matrix) we can introduce sort of a time axis into the diagram by the convention,
that an initial particle is represented by a line coming from below and running into
the diagram, and that final particles are represented by lines running from a vertex
upwards out of the diagram. If it is a fermion (antifermion) we have a flesh with
(against) this direction of propagation. (For bosons the flash is omitted, since they
are equal to their adjoint.)

5.2 Loop expansion

If the power expansion (4.5) of the generating functional (4.2) is not done in natural units
but with properly keeping track of the A’s it is easy to see that each graph containing
a loop picks up a factor . Each Feynman diagram therefore has an overall factor of
R~ where L is the number of loops. This shows, that an expansion with respect to the
number of loops is equivalent to an expansion in A. Since £ is a dimension-full constant
the convergence of this expansion has to be verified in more detail or in case it does
not converge methods to extract useful information have to be applied. Nevertheless the
loop expansion is believed to have more physical significance than the expansion in the
coupling constants since in general the terms lowest order in i (in QFT these are the
tree graphs) give a classical limit of the theory. Therefore in the following we will adopt
the loop expansion and the graphs will be ordered with respect to the number of loops
they contain. In our case this means we will calculate only graphs containing zero ore one
loops.

5.3 Generating functional with Feynman diagrams

Now we are ready to write down the numerator of the generating functional (3.10) in the
Feynman diagram language. Up to first order contributions this gives:

N A rTINTS s
le%—/d‘lx <2 R T+ 6 1+ o-e-o

2y ~-2 M7 N JL Jr
JL Jr
PN PN o, . .
+ 2 ! + 2 ! + & + o---4R)
\ / / i e J [N
o--=g--0 o--¢--0 o o L



26 CONTENTS

Jr
+ o % + OL\ o 4+ o--e-0 + ) o + R« L
JL }-{‘“/l o/). JR JR JR JR
Jr
L Jr Jr Jr
//‘\ /’o ? ?
+{ o) + - S TP | A B, (5.9)
o0 o o0 o0
. wmo R L R L R
Jr Jr
+ (o] [o]
L MR ! ! R I
+ L R + nl ) Bung + + “
@, L L O O L L O

The denominator of the generating functional is equal to (5.9) with all sources set to zero
and thus contains only the vacuum loop graphs.

7N \ \

Denom(Z) =1+ /d4x SR S ¢ (5.10)
The complete generating functional up to first order in some small constant g (in our case
A and k) can then be split in connected and disconnected diagrams:

hs with
1 + vac.loops + ( graphs wit )
sources

A = Z 5.11
/] 1 4 vac.loops 0 ( )

graphs with v graphs with
(1 + vac.loops)(1 + ( SoUrCes )) — (vac.loops x ( Sources ))

N 1 + vac.loops 0
= (1+(

)) X Zy + O(g)

graphs with
sources

The O(g?) term contains only disconnected graphs thus has not to be considered for the
next order if we are using the generating functional of connected n-point functions W[J].
This means that we just have to omit the vacuum graphs in Num(Z) and we get the
normed generating functional up to a certain order.
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6 Perturbation theory in 0-th loop order

6.1 Vertex functions

In the last chapter we saw, that the quantum effects of a theory can be determined with
a graphical calculus based on Feynman diagrams. To be able to do calculations and to
facilitate interpretations in this graphical language it is useful to introduce some classifi-
cation of the diagrams.

Starting from a free theory we obtained the free particle propagator or the 2-point
function 7'02) in 0-th order perturbation theory, which is represented by a single line. If
we want to include all quantum corrections, we have to calculate the complete or dressed
2-point function 7 (n-point function 7(™).

7 —y) ==--=- . P =-0- =01 (6.1

Graphically the complete propagator 7. can be calculated by adding up all possible dia-
grams that can be constructed out of free propagator and vertices. To do this (up to a
certain order in perturbation theory) it is useful to introduce following properties:

Definition: a graph that cannot be separated in two disconnected graphs by cutting a
single internal line is called a one particle irreducible (1PI) graph.

Then a complete n-point function can be written as a sum of all chains (= no loops) of
1PI graphs. Note that, if there is no 1-point function present, a n-point function can
contain only 1PI graphs with n or less legs.

Definition: the sum of all (truncated) 1PI graphs with n legs is called the n-point vertex
function I'™(p). Its graphical representation is [™(p) =---- @

(Note that there is an exceptional minus sign in the Oth order part of the 2-point
vertex function, which is due to the fact that this is the only function,that can be
iterated, i.e. we can build a one particle reducible 2-point function by connecting
several 2-point vertex functions.)

Now we can represent any n-point function in terms of dressed propagators and vertex
functions (see for example the graphs in (6.4). The result is a tree graph of a classical field
theory and the vertex functions represent a polynomial interaction up to infinite order in
the fields (and infinite coefficient if the theory is not jet renormalised).

This shows, that it is sufficient to proof the renormalisability of the vertex functions in
order to show that the complete theory can be renormalised!
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If a theory contains no one-point function, then the generating functional for the
vertex functions ['[¢] is defined as Legendre transformation of the generating functional
W (J) of the connected n-point functions:

Tle] = lW[J] i / dz Jua(x)e“a(x)] -
and o (6.2)

) 0T
™ (zy, .., 2,) = e (z1)..06 ()

where J, is the source with vacuum expectation value €. ( The imaginary unit has been
inserted such that the signs of the vertex functions are in accordance with the graphical
definition given above.)

From (6.2) we can derive the relations between n-point and vertex functions by taking
derivations with respect to J and ¢. For the 2-point function we get

[ 4y P,y (y,2) = ~b(z, 2) (63

If we draw a complete n-point function in terms of dressed propagators and vertex func-
tions we get a classicaltree graph. Therefore I'[¢] is sometimes also called the quantum
effective action.

Here a graphical representation of the relation between the n-point function 7(z;..x,)
and the vertex function I'(x;..z,) is given:

(6.4)

\ ’ \
\ ’ /
\ G
/:\
’ \
’ \ ’ N\

If a one-point function is present it is easy to see, that the functions generated by (6.2)are
not one particle irreducible by just noting some of the Feynman diagrams contributing to
the n-point function:
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where the shaded circles represent 1PI subgraphs. In the following we will show, that
the one-point function must be vanishing (after renormalisation) if the ground state of
the theory is correctly chosen, i.e. T'(¢) is indeed the generating functional of 1PI vertex
functions and in the above diagrams we can set

= & (6.6)

Ground state and one-point vertex function

If a theory has a potential that is not symmetric with respect to its ground state, i.e.
has interaction terms with a potential depending of an odd number of fields (for example
®* when developed around the ground state), than its perturbative expansion possesses
a one-point vertex function since it is possible to build loops with an even number of legs
and leave one leg dangling.

Fﬁl) — (6.7)

This function has to vanish identically though due to following line of reasoning:

e From the definition of the effective action (6.2) we have

o] _
de

Je (6.8)

e The ground state is the field configuration ¢, corresponding to J, = 0.

Thus we have 5T
€

€0

e In chapter (3.2) we already split up the original field 3# in ground state and exci-
tations. If our choice of the original ground state ¥ is correct, the ground state of
the excitations ¢ has to be ¢y = 0.
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e The expansion of the effective action in terms of ¢ is
201
Pl =Y — [ dor oo doal™ (@, za)e(mn) - -2(an) (6.10)
—n!

Thus, if §¥ is the correct ground state and o = 0 we get

ol [e]
oe

_TO = ..@ —0 (6.11)

£0

Despite the fact that the I')) vanishes it may enter calculations that are executed before
renormalisation (for example the ward identities), since in general the one point function
diverges and the condition ') = 0 holds only after renormalisation.

In general the finite part of ') that is obtained from regularisation is defined only up
to an additive constant since the separation in finite and infinite part is rather arbitrary
(see Chapter 9). There is an other way to interpret equation (6.11) though. F[a]‘s_o
is proportional to the effective potential Ule| which includes quantum corrections. The
effective potential is divergent and needs to be renormalised and thus it is defined only
up to an additive constant too, but when determining the ground state amplitude we set
the derivative of this expression equal zero

oUe]
Oe

N Ol [e]

| = r® =y (6.12)

e=0 £0

and now the finite part of I'") is uniquely defined and can be used to determine the ground
state amplitude.

Self-energy and two-point vertex function
Closely related to the 2-point vertex function is the self-energy function.

Definition: The self-energy function (p) is the sum of all truncated 1PI graphs with 2
legs (excluding the free particle propagator).
Its graphical representation is usually the same as for the vertex function:

S= @ (6.13)

If we apply this to the 2 point function we see, that the dressed propagator can be written
as

O = @ Q- + .. (6.14)
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From this infinite sum we can deduce

7 = 7-(52) 2(2752))" = 7'(52) (1 + 276(2)) (6.15)
n=0
and thus . 1
r®=_;@7" = 27 5 (6.16)

c

0-th loop order

We now want to calculate the 2 point function including the mass term, i.e. to Oth loop
order but to all orders in A\. Therfore we need the 2-point function of the free particle
(Oth loop order and Oth order in A):

7_52) — 4K =——=-= (6.17)
L R

and the vertices 3
--e- = (=0a0, 6.18
. .- - 26 c ( )

and )
-—- = =000 6.19
c g c 16 ofe ( )

For a start we will consider the contributions of the first vertex only. Then we have
Y=-e-- (6.20)

To simplify the series that results from summing up all possible diagrams we have to know

that
A
——e--0- = EFLR(p) -—— - (621)

with  Frr(p) = 658K (p)or e , Frr=Fr, and F is a scalar

The dressed propagator is the sum of all possible terms that can be constructed with this
vertex i.e.
T£22>R = === 4+ --@- +4 --@-e- + --o-o--+--.

1

- - (f:omo--n):-—- (1+ Y (f:l%FLRn_) (6.22)

S

= e-- -+ -—— - (7
1—2Fpg

where for the last step we used the fact that the sum is a geometrical series.
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Now we want to include the second vertex type. Then in expression (6.22) we have to
replace each graph containing n vertices of the d;dg-type with a sum of graphs where in
each term some d;0g are exchanged against a dcdc. Doing this we have to consider the
following:

e All these terms of equal length evaluate to the same algebraic expression as the
graph with LR vertices only, since exchanging the vertices is equal to exchanging
Fpr by Fgrr, but Frg = Fgr, due to hermiticety of the propagator.

e Our incoming particle has a determined chirality (the first chiral index of the 2-point
function Tg)_>02) and the free propagator always has a left- and a righthanded side.
Thus, if we replace a d1,0g-vertex with a dcdc-vertex (6.19), we are not free to choose
the chiral index C' of this vertex, but it is determined by the left part of the diagram.
The chirality of the outgoing particle determines if the last vertex is of the LR or
CC type. Thus in a graph with n vertices we can replace up to n-1 of the LR

vertices with C'C vertices.

e We thus have ("n_zl) possibilities to replace m vertices in a graph of length n.

Thus a graph of (6.22) of length n obtains a factor of 3" (";ll) = 2", From (6.22)
we see, that now the propagator evaluates to

@) 1
Tc

T ) = ke (6.23)

1-3Fpp c c
Since this propagator has a right and a left handed side, each term can only contain a
even number (including 0) of vertices of the C'C kind. On the other hand, the propagator
ng>c can contain only terms with odd numbers (excluding 0) of this propagator and
thus 1

(2)

& o= ccem () = —me-- 6.24

Pso s = o (624
Treating (6.22) as geometrical series means that we have to require 2|F| < 1, which
is the case for off-mass shell momenta p only. Nevertheless it turns out that it is the
correct expression for all p, which can be verified by inverting the massive free operator
in a representation combining both chiralities. Therefore in future we will replace our
free particle propagator K (p) by the one including both scalar and tensorial mass terms,
which will be denoted H (p):

iHCl,szjg(p) = TCl,Cz(p): ’é%“*“%’f (625)
1
= done, Gomt, (o) Gooend
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6.2 Fixing the ground state

To be able to calculate the Feynman graphs of the next section, we first need to establish
some more properties of the Oth-loop order propagators. Therefore we will fix our Higgs
ground state to the choice mentioned in (3.15):

o =an", (6.26)
IR

where « is still arbitrary.

Higgs propagator
With the fixed ground state we can write the expression defined in (6.20)

2a*(p? + 2M?)
F =
(p) e yT

and thus the new free particle propagator (6.25) gives
(p* + M?) n — 2pp”
pt — M* + ie
Aa?((p? + M2t — 2p#pa ) (02 + M)} — 2p”pp)
6(p* — M* + i€)(p? — M? + ie)(p? — M3 + ie)

HCI,CZMQVﬂ (p) = 501,6’2 7706,3 (627)

with the new masses

Aa? 11
M2, = ?“ + /5 Nat - drau? + pt (6.28)

The resulting mass spectrum is shown in Figure 1 and 2.

Fermion propagator

With the ground state fixed the free massless propagator and the mass term evaluate to

ot
—»— =—iD¥%= _9ePh e = —4ika’1y (6.29)

a b a(p®>+ie) ag b

For this special choice of the Higgs ground state it is possible to exactly calculate the
dressed fermion propagator in 0 loop order and infinite order in k, or in other words we
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Fig. 1: Higgs mass spectrum giving real masses
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Fig. 2: Complete mass spectrum.
Values leading to complex masses
are dashed.

can include the mass term in the free particle propagator, as we did for the Higgs field:

0c10,0¢, Py — 4akléc, ¢,

a b _ - A ab
—_— = _’Aclcz—

(iadc,c,00,pu + 4ka*0, 6,1) 7" (6.30)

a(p? — (4ak)? + ie)

The relevant vertices now take the form

pex C
] .
/‘\C\ = —ikaogog
c c
na,y C
]
| _ -1 a
c C
© c
.Ua\\\
= —ikagag
c \C

(6.31)
e C
)\C’\ = —ikackod
c
pa | C
= —i1p,08 (6.32)
9, ¢
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7 One loop order

7.1 One point function

We obtain the one point function of the Higgs field in first loop order, by summing up all
possible graphs with zero or one loops and one leg:

All occurring loops are independent, of the momentum of the external line. To calculate
this type of loops we will change to Euclidean space where we are able to integrate the
propagator over all momenta, and represent the divergent result as a function of the cou-
pling constants with constant, divergent coefficients.

Higgs loops

To change to Euclidean space when evaluating [*_d*k H (k) we change the integration
variable k4 = iky. Then we reobtain real boundaries by performing a Wick rotation. The
propagator has 8 poles in the complex py plane and for 6_11/5 < % < GJ;}/g two of these
poles lie in the first and third quadrant. This means, that we have to consider the residue

when performing the Wick rotation.

Im(ko) Im(ko) Im(k())

J [

4 °

® ® oo

o o Fe(ko) Re(ko) Re(ko)
d

®
Fig. 3: path and poles for Fizg. 4: poles for Fig. 5: poles for )

1 1 w4 w8 4 82 _ 1 1
2 \/§<a2)\<2+\/§ az)\<3anda2>\>3 3 <gmx <2 \/ga,nd2+\/§<

m|*:
>

A
w|oo
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Thus we have © o~
/ Ak H(k) = i / d*kp H(kg) + Res(H) (7.2)

Now we can simplify the integration using following properties:

o k= —(k?+ki+k2+kj) =—k% and thus
2, Bkgdk,, f(k*) = [ d®kgdk,y f(k*) (which is not true in Minkowski space-

time).

o [ d'kp k2 f(k?) = (—1)" 32k [ d*kp kKD f (k) provided f(k?) < O(k~@n+D)

2(n!)?
and thus [*_ d*kg kﬁf(kQ) = %ffooo d*ky k3 f(k?).
This is shown with n-fold partial integration and use of the previous property.

e only terms even in all k) give a nonzero contribution.

o thus [°° d*k k"k, =i [°0 d*kp (—nlkaky) = —i [% d*kg 0l 1k%, where for the first
step we used the second and for the last step the first property.

e combining the above properties we can show that
/ kg K"k, kks f(k2)
- /_ % (0 + s+ g — upngen) (1 — O KRk (k)
+nfrp 64k f (k%) (7.3)
= [ ks (nim + s+ min) (1 = OneRIREF(R?)

1 [¢’s)
= — (nkm§ + 0" nup + nhns d*kp kg f(K?)
36 e

Thus we can write

. [ee) v v a2)\ 14
—i [ d'k Hey oy’ (k) = =0c,c,n" Mgy — —(n“ Tap 2

6
= (1 + s+ ) Is = MP(1+ M) ResH])  (7.4)
with
= k2 — 20M7?)
I — / 4 (
1= ) 9 he 2(k* — M*)
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00 M2
_ 4
R B e v s T R
00 k4
Iy = 4 .
o= | % S T I (7.5)
and
1 i [ Bk
H=0(=—(@-2 2) .
Res|H] = © (3 (@ =2) S AL0E - MR =10 (7.6)

where the ©-function only indicates for which values of % the residue lies within the
integration path.

If we choose a value for the ground state amplitude a for which the ©-function of
the residue is not vanishing, the remaining 3 dimensional integration leads to a divergent
constant (3-volume). This results to a divergent term, that cannot be removed by coun-
terterms since it is a scalar and thus not proportional to the Oth loop order term of the
one point function (i.e. to n**). This would prevent the theory from being renormalisable.
When calculating the loops of a perturbation series that results from quantising in the
trivial ground state ¥, =6 % = 0 instead (as is usually done) this problem is avoided,
since in this case the free particle propagator does not contain the poles p> = M? and
p? = M2. This shows, that by choosing a ground state that leads to a handy free particle
propagator but that is unphysical, important properties of the theory (even classical ones
like the particle masses) may be shifted into quantum corrections and can be reestablished
only if calculating all orders perturbation theory and investigating the convergence prop-
erties. But this is beyond the scope of usual quantum field theory. A similar effect can
be observed when interchanging the steps of calculating the 0-loop correction to the free
particle propagator (6.17) (i.e. the summation over the graphs with different numbers of
vertices (6.18) and (6.19)) and the calculation of the loop integral. This means, instead
of e (’} we calculate ce -(2\/ + - (’_\, + -(:: + --- . In this case
no residue has to be considered during the Wick rotation since the perturbation series
cannot contain more poles than the free propagator (6.17). Also in this cases we would
have to spend some more thought on the convergence of the series (this is usually not
done), which is the reason for the differing results.

If we are able to assure that for each choice of u and A there is always a ground state
amplitude a for which the 1-point vertex function vanishes, such that there are no poles
in the area enclosed by the integration path of the Wick rotation, the problem is evaded.
So for now we will just assume, that there is no contribution arising from poles and we
will see below that this is indeed justified.
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The integrals I; and I3 are divergent and have to be regularised. Therefore we differ-
entiate them with respect to a parameter of the theory until they are regular, and then
execute the integration. If then we reintegrate them with respect to this parameter we
get a final term and integration constants which must be divergent. In order for the inte-
gration constants to be independent from the parameters of the theory we must rewrite
the integrals in a way that they depend only upon the parameter we differentiate after.
This can be achieved if the parameter in question is chosen to be

2
2t

Rewriting the integration [ d*kgpf(k?) = 272 [(°dkg k®f(k?) and transforming the
integration variable k = av/A p and with

~ o M? 4
- _Z_ 5
a3
M? 1 11
2 1
M?2 1 111
2 2
m2 % g—i‘ 3—433'—}—372
we get
o0 2 —2M?)
I = 27T2a2)\/ d 3(1)7,-
1 0 PE P 2(p4—M4)
2 9
A . . -
= W; <z1+M222+M2 ln[9M4])
MZ

I, = 27r2/oodp p? -
’ o T (g2 4 M2)(p? + m2) (p? + m3)

T2M? (1 - M? + 32 m‘lL
= 1 (5 ln[(3m1m2)4] — ln[9M4] =+ m In [ﬁ%])
72 (1 3 4 M? mimeo\ %
13 = 37T223 + E (5 In l(z?’fll?’ﬂg)) ] + 7 111[( j\IZ'?Q> ]
3M* 4+ 2M? -2 mi
- 2 5 n[—;
6(m? — m3) mgy

where 2; stems from a quadratic divergence, whereas 2o and z3 are logarithmic divergent.
Now we can write

i /_ _d'kHe 0" (k)
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This enables us to write down the 1-point vertex function in 1st loop order when
neglecting fermion loops:

C;_ C’L_
rp) = %@ =" +Z</~g ..... Cr+ 0 *)

= nbal (—17]1 —3a?)\ L + 90 M5 + a2M2)
= nrad) (M2(1 —\2h) — )\zi) + finite

where we absorb numerical factors in the divergent constants and set 2z} = z; — z3. The
form of this expression makes it clear that within the framework of minimal subtraction
the divergent constants z] can be removed by mass renormalisation. The finite term
(which will obtain no further contribution from the fermion loops) gives

33

11~
finite = dnin a3)\2< In[4] — 0 = M?1n [9M4]+(——§M2) In[(3mymg)"]

_12M* +17TM? =2 [ﬁD (7.11)
2mf—m3) " lm} |
This function has 4 roots (i.e. there 1;;0
are 3 nontrivial ground state ampli-
tudes) and only one of them lies in the ">
region that leads to a pole that has 50
to be considered when performing the 25 /\ 2y
Wick rotation. This means, that there 5 i 15 5
is a stable ground state for which there .5 O\,/
is no pole in the area enclosed by the g

integration path, as we assumed above.
In fact for the two remaining roots we
have 4 < , which means that the pole-structure of our propagator is shown by Flg

Fig. 6: finite part of 1-point function

a2)\
Calculating the second root, it can be observed, that the classical groundstate 4~ a2
slightliy shifted by quantum corrections.

e

Fermion loops

The fermion loops are calculated following the same procedure as above. To obtain
dimensionless integration constants we change variables p = 4ak q. Then we get

c 00 1
pe = —digk? o S 4 12
p C@ diak“tr(ogop) /_OO d pp2 ~ (4ak)? T i (7.12)
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and

—1 Prp”
na \ R a'i/d‘* 1
¢ u 2a rlococ) P (p? — (4ak)? + ie) (7.13)
i(4ak)*

N o
= —n"%%
a

where 2, is a quadratic- and z5 is a 4th order divergence.
Thus setting 2z, = 25 — 24 we get

The overall infinite component is then
rO(p) = inta® (MZ()\ —X22) — A%+ (4k)4zg) + finite (7.15)

We see that within the framework of minimal substitution this expression can be made
vanishing by Higgs-mass regularisation (see chapter 9). The finite part obtains no contri-
bution from the fermion loops and remains unchanged.

7.2 Two Point Vertex Function

First we will simply write down all 1PI graphs up to the first loop order. Therefore again
we use the massive propagator established above.

%
C1 Cs 4 b
(2 — e —de—— ) \
TCl—>Cz - }.; + 2 C1 \\ /‘ Co + C @ Ca (716)
— = e < 3¢ — - -— == = e~ -
p D

D p
q q
Cy C?,/'*\\C4 Co Ci Ca ¥~Cy O

+2 ¥ Q. Pe- + -k - (7.17)

03,04 P~ P P Vg P

p—q P—q
q q q
C1 Ca=¥<Ci O Ci1 Ca ¥~(Cy O C1 Cs ¥~Cy Co

+ -k - - + --*-( He- + --*‘\ Pk~ =+

p \*,/ p p \*./ p p \*./ p
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+ D0 -k H- O (7.18)

<é 0 é>

+ Z >|< p=0 + >|< p=0 + >|< p=0 (719)
C \ = e - e O —3je - - e & e -
p ¢ P P g P P o P

We can verify, that all these graphs are divergent. The last type of graphs (7.19)
vanishes after renormalisation, since the 1-point function has been made vanishing by
choosing the right ground state as we saw above, but they still enters calculations con-
cerning the Ward identities. To calculate their contributions we need the propagator for
vanishing momentum

e = iHonc5(0) = —idesn s+ L e (7.20)
=0 :C2p8 C2Cy Mgn Tag 6M12M22 Ta " .

With (7.15) we obtain

@ @
2 reso =X ¥ p=0

C Cy Cr
C1 -k @ k- Co Cp -k dd k- Co
P ¢, P P ¢y, P

4

a1 e\ (M , )
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Z C37
=0
Cs.Cs (;'4)!< !
) Cy + ok MKk Co
p C3 p
_ ,dA (1 4\ (M
= et s (5 = ) (1 -2 = e 067

The algebraic expression for the first loop-type (7.16) can be determined with help of the
calculations of the last section. There are three possibilities to form loops from the Higgs
4-vertex:

q q q q
/,*\\ ,,*\\ /,*\\ //*\\ ( )
! = ! + ! + ! 7.22
U U U U .
N NG e N N
P P Ci p p Ci Ci p p Ci Ci p p Ci

The occurring loop integral has already been calculated in (7.10) and we only need to
contract the result with the right vertex factor. Doing this we get

4 \ i\ v a2/\ )
ua "\ w [/ ua = _gnu naﬁ(16(11 + ?IQ) + 610,2)\I3)
Ci p p Ci 2 2/\2 4 9
i = il ;L nuunaﬂ (3Z3 — 4z — WZQ) + finite
2 \\ A " az/\
Ja '\\ w ! = _gﬂﬂ Nap(+11 — 712) (7.23)
Ci p p Ci ia2)\2
+ 36 (nuyna,@ + 7757’]; + 7’]57];) 13)
B im2a2)\2 » 2 e
- 12 n T]Oéﬁ(g — 21— a2/\ ZQ)
im2a®\? , , _
i + 36 (775% + ﬂgna) z3 + finite
i ™\ _ A w az )\
pa "\ wY ;o vb - _En naﬂ(_Tb)
Ci p p C1 ia2)\2
1324 w, v uw_ v
+ 36 (77 Nag + NaTg + 775%) I3)
in?a®X\? , , _
= + 36 <77M Nap + MaMp + 77577&) z3 + finite
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And thus, summing up the above terms, it follows

S im2a® \? , AM? 2
o et 86 (‘7550102”“ et (“m@—% (7.24)
. S

+2 (0" nap + nim + i) z3> + finite

The fermion loop can be obtained directly from (7.12) by replacing the vertex factor and

evaluates to
—i(4ak)*
u@ L= nﬁng%a (7.25)

01 ' C2

The second and third type of loops (7.17) and (7.18) have to be calculated using dimen-
sional regularisation.

7.3 Dimensional regularisation

It is possible to show that the divergent momentum integration converges if the dimen-
sion of momentum space is rational. The basic idea of dimensional regularisation is to
express the propagator in arbritrary dimension d, execute the momentum integration and
then take the limit d — 4. This results to a sum of finite, d-independent terms, and a
sum of divergent terms in which the dependence of the external momentum is expressed
explicitely, i.e. they are represented as finite functions of p with p-independent divergent
coefficients. These have to be removed by renormalisation afterwards. A good and very
general treatment of regularisation procedures can be found in Bogoliubov, Shirkov [19]
chapter VI4VII.

When rewriting our Lagrangian in 4 — v dimensions, we have to introduce an arbri-
trary mass parameter £ to preserve the overall dimensionality:

/ d'p = / d*p and £ — €7 (7.26)

The procedure of regularisation of the 2 point function is now the following:
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e express the denominator as an auxiliary parameter integral:

1
(p—k)?2—m?2+ic

:i/wdae”dw*fﬂ*”@ (7.27)
0

e factors k, in the numerator can be expressed by means of repeated differentiation
acting on part of the above exponential:

. 1 .
/ddk k_ue—za(kz—ka) — %£ /ddk e—za(k2—2plc) (728)
W

e now the k-integration is finite and can be carried out with help of the fundamental
four-dimensional Gaussian integral

- 242,
57/ o~ (AR +2BE) gA—y . _ —i& (%) K i (7.29)

e the a-integration can de carried out with help of the formula

o0 - - I'(n+1)
n —ia(F—ig) __
/o daa”e = (= )i (7.30)

where n is the dimension d = 4 — v minus some integer number. This expression
is divergent for integer n < —1. If this expression is developed for small v the
propagator can be expressed as T = Tinie (D) + %Idiv (p) where I4,(p) is the divergent
part that has to be removed by renormalisation later on.

Higgs loops

Now we try to calculate the general one loop correction of the form
p—k
7z K~ N o D A
-4 pm.:‘K dPk Hey 02" (k) Hes 005 (p — k) (7.31)

p \\*,/ p
k
where the vertices are 3 vertices, but the exact form is still open. The standard procedures
of dimensional regularisation assume that the common denominator of the loop can be
expressed as function of the squares of the momenta f(p?, (p —k)?). Therefore we have to
use the propagator (6.27) with the groundstate fixed to (3.15), which can be written as

1
1— 2Xtr(6, K (k)dR)

Heioo(k) = dcreo x K(k) + K(k)bc10c2 K [k
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1
= 7.32
(k* — M* — ie)(k? — M — ie)(k? — M2 — i¢) (7.32)
(6cl,c2<k2 CME i) (K — ME — i€) (K + M) — 26

((k2 + M)t — 2Kk ) (K + M?)nj — zkvkﬂ))

Thus using (7.27) the common denominator of the one loop correction can be written as

1
(k* — M* — i€)(k? — M? — i€)(k? — M2 — i)
1
(= B = M= ie)((p— K — M= ie)((p — B)? — MG — 0

o~ i(as((p—k)2+ M2 tie)+ar((p—k)?— M —ic)+as((p—k)* —M3—ic))

_ / d8ae iA(zpp?—m?) —zA(k2—2zpplc)

11—z, 1—Zm—Tm1
- / dA / dz, / Ao [ o [ dms

—iA(xzpp°—Tmm —iA(k%—2z,pk
5 xmwmz(xml + T — 2ay) e AP mmm) g iA(K = 2my0k)

/°° dsae—z‘((al(k2—M2—z'e)+a2(k2+M2+ie)+a3(k2—Mf—ie)+a4(k2—M§—ie))+a5((p—k)2

(7.33)

—M2—ie))

(7.34)

where we have abbreviated m? = (a; — ag + a5 — ag) M? + (a3 + ar) ME + (o + ag) M3.

The transformation of integration variables used in (7.33) is

8
AZZCVZ' ’ xp:a5+a62a7+ag ’
(Ckl—Ck2+Od5—Ck6) (A—(2a2+a3+a4+2046+oz7+048)
./L'm: =
A A
a3 + oy a4+ og Qs Q4 Qs
l“ml:T,iEm: A ,$1=Z CUQZZ,CUs:Z
Oay - - - Oag A7

with the Jacobian

0A0z,07,07; - - - Ox5 2

and we have already executed the integral

Tm1 Tm?2 Tp—Tml—Tm2+Tl+T2
/0 d:rl/o de/O drs = Tm1 Tm2(Tm1 + Tma — 22p)

(7.35)

(7.36)
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The new limits of integration can be determined most easily when representing the linear
part of the transformation as matrix.

A 1 1 111 1 11 o 0 < A<
Az, 00 001 1 11 Az, < A
Az,, 1 1001 =100 A< Az, < A
Apy | 10O 0 100 0 10 N Tl < 11—z,
Ao 0O 0 010 0 01 Tme < 1—2, — Tot
Axq 0O 0 100 O 0O 1 < Ty
Axo 0O 0 010 O 00O To < Tma
Axs 0O 0 001 O 00O g 23 < Tp— Tl —Tma + T1 + o

(7.37)
While the order of integration runs from bottom to top, the limits can be read of from
top to bottom.
Abbreviating the numerator of (7.31) with f(p, k) the complete expression for the loop
can now be written as

/fo 4k H(k) ® H(p — )

A7 - 2 2
= /dxpdxm AT ATpmo dA 7»’Cm1$m2($m1 + Tma — Q:Cp)e_ZA(W —m®) (7.38)

/d4—’yk f(p“, ky)e—iA(kz—Qz‘ppk)

Qi,iz,,a%, as described above we can execute the k-
integration using the Gaussian integral (7.29) . Noting only the k£ dependent part of the

above expression (i.e. the last line) we get

[ Ak £y ke A2

— 1 9 4—ry —iA(k%—2z,pk)
= 10 iz ) / 4k e (7.39)

(5 g i
A 2i Az, Op,

When replacing &k in f(p,, k) by

. 2—v/2 ) .
s

The function g(p) is quite complicated and has to be computed as follows: write f(p, k)
in index notation (representing k? as 7,,k*k”) and pull out all k :

F. k) =3 Fo (B) b - K, (7.40)
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Replacing k,, by ﬁ%, executing the Gaussian integral and then the derivatives now

. ; 2,2
acting on e*%P" we get:

n/2 . n—2m
7 p“i pl«‘ln mx n“in— m nﬂin
b+, = T (g 4) = 30 3 e e (7.41)
permut.
of p;
n/2 n—2m
R i R
=3 Y mi(n—2m)it ZA)mun-zmH 2
m=0 combinat.

of p;

where ‘combinations of u;* means that the sum runs over all index permutations modulo
the ones related to a symmetry of the expression, as for example pp,;pu,) = Muiu,) = 0
Thus g(p,A) can be written as a polynome in A and z, with the coefficients g, ; determined
by

~
~

=3 Fu 0) fo (93, 4) = i i grs(P) AT, (7.42)

n r=0s=0

Now we perform the integration over the auxiliary parameters. Therefore we represent

the propagator as -

p \*_/ p

l—zm l1—zm—zm
= —/ dA/ dxp/ dxm/ dxm1/ ldme (7.44)

2—7/2 pm A—n+7
T ;
4”( ) it (s + T — 2, )

with

Executing the Integration over A with help of (7.30) and relabelling the indices we get

Jeg = lo—ki = (7.45)
1—zm 1—Zm—2Tm1 xt
_/ dxp/ dxm/ dmml/ dmm?prmlme(xml + Tma — 2xp)§’y

(i) 2=Y/2 (—4) ~RHY/2 (p? (:cp —z,) +m” — ie) TR (k)
This integration explicitely reveals all the divergent factors (which are now contained in

the function I'(k)). The remaining integral is finite for all occurring values of £ and [ (see
proof below). Now we can develop Ji; for small 7. The divergent part, i.e. the terms of



48 7. ONE LOOP ORDER

the order O(y~!), turns out to be nonzero only for k¥ = 0

1—Zm —Tm1

1 1 1—zm, 2.0

2L, Tm1Tm2(Tm1+Tma2—2x
Jdz, [dxy, [ dam | drge—2=" m2(Zm1 +Tm2—22p) k=0
0 — 0 0

Y

0 otherwise
The remaining integration can be carried out easily and we have
, 8(1 —1)m?
gy = 7.47
O 451+ 1) (1 +2)y (7.47)

Since we only want to verify renormalisability it is not necessary to calculate the remaining
integrals explicitely, but it is sufficient to show that they diverge only on a null-space.
The finite part can be written as

1—-Tm—Tm1
Ji / dz, /dxm / Ay / s (7.48)

(kfl)!.’ﬂéwml$m2(wm1+$m272wp) < <
2(1)2(zp2—.’L‘p)—{—M2$m+M12-’L'm1+M22mm2)k lsks=6

22, T 1 Tm2 (Tm1 +Tm2—21p) <E+ln ((p2 (zp?®—ap)+ M>Tm+M7Tm1 +M§wmz) )

- k=0

2

Since we only want to show, that Jf " does not diverge, it is sufficient to show that Jy
possesses a supremum,i.e., since we 1ntegrate only over finite intervals, we can replace the
finite numerator of (7.48) by some (unknown) upper limit c. In the following ¢ symbolises
a unknown, finite constant with respect to the integration, who’s actual value may vary
from equation to equation:

1

C @ @p?—2p) + M7+ M1 + M2 F 1<k<6
fln /d4
c(l +in (W(p2(xp2 —zp) + M2z, + Mz, + Mzzxmg)) k=0
(7.49)

Executing the integration over x,,5 we get for k =0

< /d?’x cx In(x)

since z In(z) is finite and we integrate over a finite area. For £ > 0 we get

(p?(zp? ~2p)+(M? —1)Tm +(MF —~1)Tm1+M3)

I = finite (7.50)

(p? (zp? —zp)+M2Tm+METm1)

l P?(xp—ap)+(M? 1) am+(M} - D)zm1+M; =
f \ T l’l’L ( = pg(xz_xp)_i_Mme—f—]tllzxml ) k - 1
Zn
< C/d el (M2 =)@ +(MF =1)Zm1+M3 (7:51)
p

k>1

(P (2 — zp) +2)' 7"

—
B

M2:L‘m+M12$m1
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After integrating over z,,; we have:

k=1: |JT

= finite
!

k=20 < e fds -
- e kil | = k M2M2(M2 M22)

\2in pQ(x?) — 1) + (M? — MZ)xy, + M3
. pQ(xf, —xp) + M?z,
p* (22 — xp) + M2z,

l
C.’Ep

C/d% (1—Fk)(2—k)M2M2(M? — M32)

k>2: g7 < (7.52)

(Mf(pQ(xf, ) + (M2 = M2)zy, + M)
MG (a2 — 3y) + (M2 = M)+ M)

(M2 = M) — ) + M%mf-k)

where £ = 1 leads to a finite expression because the integrand is again of the form z in(x).
The integration over z,, gives

ke{l,2}: |7

= finite
/1 " c xﬁ, (—ln(pQ(xf, —1,) — M?)
o T(1—-k)(2-k) M?2MEM?
ln(pQ(xf, —z,) + M?)
M?(M? — M?)(M? — M3)
ln(pQ(:rsfJ — x,) + 2M? — M?)
ME(M? — M?)(M} — M3)
ln(pQ(xf, —x,) + 2M2 — M?)
M3 (M? — M3)(Mf — M3)

k=3: |Jl <

l
zn CZT
k>3: g / S =G (7.53)
p* () — ) — MQ)3 b~ (pP(z) — p) + M?)PF
(7 NN

(pQ(xg% —Tp) + 2M12 - M2)3_k - (pZ(x?; —xp) + Mz)g_k
ME(M? — MP)(M? — M3)

_|_
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(PP (a3 = 3y) + 2MF — MY — (p2(a? — ) + M)
VFM = M) (ME — M)

It is clear, that £ = 3 gives again a finite expression as above, if the logarithm is written
as a sum of logarithms linear in z,. For £ > 3 all terms have the same form with varying
mass-term. They give

Fi(l+0Lk—3k—32+1, —2—)
1 B 1 ) ) 3 ) 1+ 214012 o
| dry(p? (a2 = 2,) — M2 = S = finite (7.50)

F7 is the Appell hypergeometric function which is finite for integer positive £ and . This
shows that indeed all Ji; with £ # 0 are finite and thus we can write

—8(1 — 1)m? .
I = t 7.55
6,1 B+ (1 2) + finite (7.55)
I, = finite
Inserting this result in (7.43) we get
/'*\\

pivi H2v2

oy S, P o (7.56)

= 26 001,004 (77#1u277u3u4 + Ny pa Mpopa + nu1u477uzu3)77V1U277v3V4 + finite

with the divergent constant z¢ = 34406407’72.

To obtain the truncated graphs occurring in the self-energy function (7.17) we sum over
the different loops, formed by multiplication with all possible vertex orientations from
right and left and we also sum over the possible combinations of chiral indices. Thus we
get

q q
Z ( Ch 03/*-\04 Ca C1 C3.% Cs Co
C3,C4 P ks P poeks P
p—q p—q
q q q
C1 C3%~Cys C2 C1 C3.% (s Co C1 Cs.% (1 C2
) | = Pox cxd) P (7.57)
P "~ye” P p *%~ P p *%~ P
p—q P—q p—q

A% .
= 22 (F) (MuwNap(1 +125¢,6,) + 205040M0p + NusMva) + finite
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Fermion loops

In spin space the tensor structure of the fermion propagator and the relevant vertices is
expressed in terms of the chiral matrices of,. Thus the fermion loops contributing to the
Higgs self-energy contain traces of products of these matrices. These can be calculated
with following formula:

Z trlogt o - - -052"’10(‘%2"] =4 Z (—1)P77M1M2..nmzn_l%n (7.58)
CEL,R

combinat.

1j€1---2n

Here the sum runs over all index permutations modulo the ones linked by a symmetry of
the expression and P is the rank of this permutations (i.e. the number of permutations
of indices of two different 7). In our case it is useful to introduce following abbreviations
for the occurring cases of the above formula:

fo = tr(ottoodotioliol) + tr(ocott ojoliohiof)
fl = 4(”#1#2”#3#4 — N psMpapa + 77#1#4”#2#3)

_ M1 2 3 4 Mt i1 _fi4 __f43
= tr(ogogog’og) +tr(og og oglol’)

8papefo® + Ph (7.59)
= DDk (tr(a(’fl ag?a()}agfag“ag) + tr(cog oéogf*og‘*og))

8PP (M AMpapia s — Mpapaa M AMsrs — Ty Az pia Tisare + Mo paa i A )

+4p2(77mu277/t3u4 = Ny s Msaa + MpsspaMpopis)

Mk fO = 1677#1 w2 Mz pa
fs = tr(og'ogo?ol)
_ f1
PusPusf3 = DpsPua D)

The regularisation of the fermion loops containing zero ore one derivative coupling noted
in (7.18) is very similar to the regularisation of the photon self-energy graph in QED but
for the traces of o-matrix products calculated above. The form of these terms differs
from the one occurring in QED. This is linked to the fact that our Higgs field does not
possess the gauge symmetry of the QED-bosons. Thus there is no a priori reason that
the regularised propagator should not obtain a mass-term since, in contrary to QED, it
does not have to respect the gauge symmetry.

Rewriting the fermion loops as algebraic expression with help of above abbreviations
we get

by (7.50)
P i y |
Cson p p ?
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= /d4q K
(¢% — (4ak)? + i) ((p — q)? — (4ak)? + ie)

tr (agl ng (5@1020()}1 qx — 4ak15@1@2)0g20('§2 (66,0,08&, (ax — D) — 4ak10¢,6,)

+ngagl(5(;l@20élq,\ — 4ak1501(;2)0(‘§20g2 (0c,600¢, (@ — i) — 4ak1dcyc,)

+U&‘7gl (56_'16_'202\71%\ - 4ak15@102)0%'20-g‘2 (602010-81 (QK - pn) - 40,]{1(502@1)

+Uglagl(501020élq,\ — 4ak1(501@2)0g2052 (06,6,0¢, (@ — D) — 4ak1(5@201)>

— /d4q k2 (5C1C'2 6“36)\'//35 + 5016_'2 (,;tai‘wﬂ)\)q)\(qn - pn) + (4ka)2f{wwﬂ

(¢* — (4ak)? +i€)((p — q)* — (4ak)? + ie)

When calculating the graphs including derivative couplings it turns out to be advantageous
to explicitely make use of the symmetries to be able to write the numerator in a simple
way. The graph including one derivative coupling gives

vB po : % vp
+  BExo gg‘ ..... 7.61
“ < poa p @ (761

o} o (B + (60—} — (p—a. —q})

17, k
-2 / @q 2a(q? — (4ak)? +ie)((p — q)? — (4ak)? + ie)

tr (0& q* (5(;1(;20%.1(1)\ - 4ak]1501@2)0220“@2(5@201 o, (gs — pi) — 4ak16g,¢,)

+O-g1 qu(éclézo-é'l q)\ - 4a’k]160102)0-%20-g2 (50201 0-%1 (q'i - pﬁ/) - 40:]{/']1502@1)

+08, (6c,c,08, (an — pr) — 4ak]15élcz)0c’8;2062qu(50201 0¢ Gx — 4akléc,c,)

+O-g1 (6016_'20-é'1 (q)\ - p)\) - 4ak]150102)0520-g'2qu(50201 0-’(%1 q"/ - 4a’k]150201)>

+{¢,9-pt > {p—9q¢,—4}
_ /d4 2% (rcu 1PN + 06,6, FTPVN) (24 — p)*(24 — D)
B 1 (g2 — (4ak)? +i€)((p — )% — (4ak)? + ie)
+{u, a} < {v, 8}
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The graph including two derivative couplings gives

q q
Ou N0 Ou,
vp po v
..... + 7.62
P p D p NAp @ (762
q—p q—p
q q
- vp po v vp
..... _|_ )
p p 9 p p
q—p q—p

+{¢,9—p} > {p—q¢,—q}
1

/d 1 4a?(q% — (4ak)? +i€)((p — q)? — (4ak)? + ie)

tr (0& " (0cy0,08, 00— 4ak 106, 6,) 02, (4 — P)" (0cyc, 08, (q — p) s —4ak1dc, e, )
+Gg‘1 qltqlf (501 Co Ué'l ax — 46L]€1|501 Cs )G(ﬂj'z (60201 0-2_’1 (q - p)n - 4ak]l(502(71 ))

+ir (agl (g — P)“((Sclcﬁél gx — 4ak]l(501@2)0g2q”
(5020108’1 ((] - p)fe - 4ak150261)

+Og’1 (q - p)ﬂ(q - p)y(6C’1C20é'1q)\ - 4ak150102)0—g’2
(6coc, 08, (@ = P)r — 4ak1502@1)>

Hea-pt = {p—-9¢—q}
4 1 alfk
/d 1 4a2(q? — (4ak)? + ie)((p — ¢)2 — (4ak)? +ie)”®

(2¢ = p)*(20 = p)*¢* (g — P)Vdcyc, + 2(4ak)*(2g — p)*(2q — p)'n*dcyc, )

Thus summing up these graphs we can write the numerator of the resulting expression as
> o 9n(ge --ge,) if we introducing the abbreviations

alf aB(0X v
ho= 2(0c.c i + 66,0, 770 ) iy nf)

and the monomials g;

go = K ((4ak)’F1*% — hp?p* + 80¢,0,n* D"
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Y J v
g = K (Gees" + oo, SFW 0 — 4hpeY + 3200,0,1°°p"q”) = 5 0cic,p" P g
go = k2 ((50102 6\n +6016'2 (;f)\)q)\qn _ 4hq/\q¢+3260162770t,3quq1/) (763)
fs () A B) o f ), (5 A)
+@6c1c2(p P a7q™ +4ptaTp g )
J v v
g3 = —a—zdcl(;? (q’\q“q(“p )+ ¢*pgtq )
J k) (4 v
gs = a—25clczq()‘q )q(’“‘q)

Now we can perform the dimensional regularisation as described at the beginning of this
chapter.

Y oo oo o
v1,v2 v 2

/ dq Ym0 In(de --Ge,)
4a?(q? — (4ak)? +ie)((p — q)? — (4ak)? + i)

4
(7:27) / AT don day 3 g (g, g, e (1@~ (ak)) +a (=)’ (4ak)?))

n=0

A=aj+tag

4
o / A qdAdT Y ga(ge, g, ) e (02 Her=Ciak?)
n=0

(7.28) /dA dy Ae~iAl@p®—(1ak)?)

Sl L D) g o
im0 i 2iwA O,

2 /2
(7.29) /dAdx (%) K Ao 1AW (1) ~(4ak)?)

S ol 2)
nzogn 2i£EA 6&.

1=0

4
7.30 /. — n
( s ) — (’L’/T)2 /2 /dx (Z nlx gn(pgl..pgn)fo

n=0

4
—i > (n—=2)12" %g,( D Per-Peualenren) i
n=2

all combinat.

_294( Z 7751,527753,54)12)

all combinat.
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with
[(—m+2)

Im = ¥ 7
i (pPa(l — x) — (4ak)?)TmH2

(7.64)

To calculate only the divergent part we can replace I,, by the O[%]—terms of its series.
With I'(—m + v) = % and T'(0) = % + O[7°] we can execute the remaining
integrals and get
1
dz z"vI,(0) = 7.65
[ dran©) = G (7.65)

i/dm "y (0) = ((2 +n§)(3 +n) ((fj‘ksl)>

and

1 ((4ak)4 2p? (4ak)? 2p* )
1+4n  24+n)B+n) B+n)d+n)(5+n)

/dxx”'ng(O) =5

Thus the sum of all fermion loops gives

1
= Z7< p m2( - 2papu77ﬁu + (_2pﬂpu + (6m2 + p2)77ﬁu)77au
+3(10m? = p*) g + 2PaPsu + Nap((Tp* — 54m3) 1 — 18p,p,)) (7.66)

1
+m5clc2 (301pap/spupu + (30m* — Tp*)Papupy
+((30m* — Tp*)papyu + P°(p” — 45m*)Ngu)Naw + (25m° — TD°)papyunpy

+1au((25m°* — Tp*)pgpy, + 4p° (p° — 5m*)ng,) + (15m* — 2p*)paPsmuw
1
+naﬂ( — 5(160m2 + 259p°)pp, — (60m* — 85m?p® + 7p4)mw)>>
+ finite

The form of this expression reveals already, that it is not renormalisable (as we will see
later) since the occurring terms are of a to high order in p (The term of the order p* would
require a counterterm containing 4 derivatives, which is certainly not proportional to any
term in the Lagrangian).
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There is another graph in the 2-point vertex function though, that is equally divergent.
This graph is of second loop order (though it is of the same order in the coupling constants
as the fermion loops) and contains a fermion and a Higgs loop. Thus the divergencies may
cancel in case the theory contains a supersymmetry. The graph in question is the following

- @ . (7.67)

up Cs Cy v
AT, S C 4

Z G : : C2 _ Z o Cee Oy
po Lot [ .. VK

C3,Cs ¢y~ O3 Cs " C1,Co

2%k?
=~z <6m2(_77an77ﬂ6 + Nasties) — 3(k” = 10m*)agnes + (9,0, — Scrc, (7-68)

(Qk/jk(s??om + (—Qkakﬁ + k277a,§)77/35 — 2k5k,§775a + nﬁﬁ(—2kak‘5 + k2775&))>

To show if the divergencies proportional to p* of (7.66) and (7.67) cancel, it is sufficient
to calculate the most divergent terms of (7.67), i.e. to use the Higgs propagator (6.17)
containing only the scalar mass term:

‘ ‘ gy

— e 8§2 [a (aks = (8 = 3m)nas) (7.69
(0~ B+ 2M2) = 20, — k) B — K)o
- k)= M + f[p°, ]

Here we see already that the divergent term containing p,p,p.ps is proportional to é¢, 4,
whereas the same term in (7.66) is proportional to d¢,c, and thus they cannot cancel



7.3. Dimensional regularisation 57

each other. This means it is not possible to annihilate the divergencies by installing a
supersymmetry while keeping the basic features of the theory.

Now we have calculated all divergencies occurring in the self-energy function up to 1st
loop order. Doing this we obtained several different divergent constants z; - - - z7, but these
divergencies may be related to each other. Usually this is due to a symmetry, that has
not been respected during quantisation and thus has to be reestablished by hand. This
leads to relations known as Ward Identities, which will be treated below. An additional
relation is obtained from the fact, that zg in (7.56)and z3 in (7.15) must be proportional
to each other since they are both logarithmic divergencies. The exact relation can be
verified by recalculating the relevant integral I3 of (7.9) with dimensional regularisation.
We have

\ AkP ko KV K
B [ e e )

— lim Lmer [ 4(k = p)"(k = pla(k — p)"(k — p)s
= B e [ A G S A (e = g — M )= 0D

(7.70)

where in the second equality we have expressed the integral as a limit I3(k) = lim,_,q I53(k—
p) since we need a p-dependent propagator for dimensional regularisation. Now following
the same steps as above we get

hnlgv/ P f/dgyf —i(ax((p—k)?—M?)+as ((p+k)*—M?)+as((p—k)2~M})+aa((p—k)> ~ M3)
 p—0

Transforming the variables

4
o1 — O o Oy Oy 2
A: 7 m — ) mi1 — 5 mo — "4 d - — 771
i;a T 1 T, P Ty P an &vj Ve ( )
we get
m\>"? 1 9 2
I = Jim € [ a6t s (1) D\ iag ok
’ p0 ¢ A 2iA 8p)

. 2—y/2
= lim €7 [ dtamem a0 am eyt (T ) iy
Py
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where g(p) is calculated as described in (7.41). Due to the limit p — 0 only the terms of
f(k) and g(p) that are of the order O[p°] need to be calculated. This means

v —8 a o «a
F(k) = 4k"kak”ks — —o (nlng + n"*nys + 5n?) (7.72)

After executing the limit p — 0 and using (7.30) we get

- (/2
Iy = Lim8x> "% (ning + 1" + nms
3 ,yl_I>I(l) ™ (77,/713 TN s+ nﬁnl/) (—meQ — $m1M12 - 33sz22)7/2
=0 v v o |

Thus comparing the coefficients of (7.9), (7.56) and (7.73) we obtain

2 26

= 8 1' —_— =
= O T 430080

(7.74)
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8 Ward Identities

Often a classical theory is invariant under some local or global symmetry transformations.
We did not respect this symmetry when introducing the source terms during quantisation.
Reestablishing the symmetries explicitly we obtain exact relations between 1PI vertex
functions that are true to all orders of perturbation theory. Applied after regularisation
these relations reveal dependencies between the different infinities that are necessary in
order to obtain a renormalisable theory. In QED they are called Ward-Takahashi iden-
tities and they are essential for the renormalisation of this theory. These relations can
be obtained either by using the conservation of the Noether current or by explicitely re-
quiring the invariance from the generating functional Z[J], as will be done in the following.

SGT was designed to be invariant under global SU(2) transformations U = e*®x.
Thus for infinitesimal transformations the Higgs field transforms as

Y - Y =USU'=% +6% with 62" = iq,[0%, 2] (8.1)
Uk IR 7 Lk 7 Ify Iy
Demanding the SU(2) invariance of the generating functional means

0 = Z[J|—-Z'[J] (8.2)
_ /Dzeifdmﬁ—f—tr(JLER—i—JREL) (1 _ effd:c am(JLM[0§,2§]+JRM[0§,E‘£])) ‘

Using
X = (e, +08,) ot , tr(ofoh) =2n", tr(c'c”) = 20"
Lir Ik
(8.3)
[Og’ U?ﬁ] = 6’“’)\01)[‘% ) [Og’ UE] = 6:;6“'6)\0;\2 = _GNV)\Oﬁ

(here €*” is the totally antisymmetric tensor for u, v, A € {1,2,3} and " = 0 otherwise)
we get from (8.2)for arbitrary a,

0= /d:C Jfa (&‘RH’B + (SRuﬂ) GVga + Jlléa (ELNﬂ + (SLuﬂ) €Vﬁa (84)

Now we try to express this identity in terms of vertex functions. Therefore we use the
quantum effective action I'(eg, 1) = W (Jg, Jr) — i [ d*zJger, + Jreg as defined in (6.2).

Deriving it with respect to fields or sources we get the relations 2 = —iJs and 2% = je,
. dec c aJo C
and thus we can rewrite (8.4) as
aT o er )
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This is the basic relation for the vertex functions. By taking n additional derivatives with
respect to € and then setting ¢ = 0 we obtain a relation for the n-point vertex function.

Deriving (8.5)with respect to ec ax(y) we get

or
0 = e"a( eru® + 0r,” 8.6
/ b 02 Rua(2)0cc 2 (V) ( Ry Ry ) (8.6)
or’ ol
+ e’ +0 ﬁ>d +———€ha
02 Lua ()0 Ak (Y) ( e b ) ! 380,\a(y)6

Setti =0 t
etting ¢ we ge

v a AK o AK v T Ao
€ ﬁa/ (5Ruﬂ u‘”Rcy +(5Luﬁ Nchy )dx = €, y (8.7)

Fixing the ground state to éc,,” = anj, as in (3.15) and looking at the different choices for
the free indices, we can write this identity in momentum space as

a Z Z[Jﬁ:]o % p:)\g = —nﬁ[ﬂ C)\;} vaaﬁ € {1)253}:]7: 0 (88)
C'=L,R

This condition provides a relation between the renormalisation constants of the 1-point
and 2-point functions. Since this can be written as

[Ba] pYe
a o @... N 8.9
C’:ZL,R P00 o =0 (89)
and
a A
2 L@:'lo'é,(}b":'g =0 ¥y ¢{oe, B} (8.10)
C'=L,R

this ensures the renormalisability of the 1-point function if the 2-point function is renor-
malisable.

Deriving (8.5) with respect to €1, (y) and egys(2) we get

or
0 = d 6,6 +5ﬂ v .
/ z 6‘€RH0¢(‘T)85RA7(?J)8L,€5(Z) ( Ru(x) RN) € B
or ,
8€R,\a($)(96Ln5(2)5(x ~ Y€t (8.11)
or B 8 or
€ )+ 0 Y « + Olx — 2)€” o
T e ernn(e) o) ) 0t 2 = s
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Setting again € = 0 we find the relation
e Lo R kp
_ A 8 v,
0=€"%a ;REZ + €,y y"‘éi"?%—ae“w; oo (8.12)
C ;wz
This condition establishes a relation between the divergent constants of the 2- and 3-point

vertex functions and it contains no additional information about the 2-point vertex func-
tion by itself.
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9 Renormalisation

This is the point where it usually turns out if a theory is renormalisable or not. There
are several equivalent renormalisation schemes as counterterms and minimal subtraction.
Here we will adopt the approach of minimal subtractions since it is easy and most useful
when working with the renormalisation group.

In this section we will deal with the bare coupling constants that we used sofar and with
renormalised ones. Therefore for some parameter g we will adopt the following notation:

bare parameter: 90 (up to now denoted as g)
renormalised parameter: ¢

The basic idea of renormalisation is, that the divergencies may be absorbed into the free
parameters, i.e. masses, fields and coupling constants of the theory. These renormalised
parameters are then assigned to physical measurable quantities whereas the unrenor-
malised, bare parameters are now infinite and unphysical since they are in principle not
measurable. Of course the separation of a regularised n-point (vertex-) function in finite
and infinite part is rather arbitrary. Often a renormalisation point is chosen. The separa-

tion of the infinite part is determined by I finite (p)‘ 9= 0 for example at the point p p=0
p:

or at the symmetrical point IOJZ = m/3. The minimal subtraction approach absorbs only
the poles of the vertex functions into the parameters. Thus the bare parameters can be
written as

i i (o2 S 920 90:€0)
go = lim p <g+2 i (9.1)

n=1

where g,,(my, go, €0) is the coefficient of the pole.

9.1 1-point function
The infinite part of the 1-point function (7.15) can be written as
T (p) = infa (Mg — A\M3 Zy — a*2,) (9.2)

with
Zy=zy and Zy= N3z, + (4ko)*2L (9.3)

We see that Z; and Z, can be absorbed in the mass Mg. This leads to a renormalisation
of the bare Higgs mass (i.e. the coupling constants pg or Ao since Mg = 3aXq — p):

M? = M?+AMZZ, + a®Z,
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= M2+)\M2Z1 +a2Z2

where the second equality holds since the substitution M2 — M? represents only an error
of O[A?] and also in the definitions of Z; and Z, the analogue replacements Ao — A and
ko — k can be made.

9.2 2-point function
Higgs field:

Now we will investigate the renormalisability of the 1PI 2-point vertex function. If in a
first step we consider the Higgs field only. Then the expression for the self-energy 3 is
the sum of (7.24) and (7.57) and can be written as

S = 0""Nap(Zs + 0,y Za) + nhmg Zs + 1N Zs (9.4)

with
71677
3

2 ~
Z4 = CLQ)\g <_§ZG + 3 — 75(21 + 4M§ZQ)> (95)

205
Z5 = CLQ)\% <_1—8Z6 + Z3>

23

1
s = a2)\§ (——zs + 23) = —aQ)\g

Then the 2-point vertex function is
M) = —’(p) +%

2
- (60@(@2 M2 — s +

(I,)\()
6

(7" nwp) + E)

= - (naﬁéclcw“p” + 1" Napdcy e, (p2 + M§ — Z4) (9.6)

a2 )\0

+1ams ( 6 Zs> — 0" NapZ3 — 77,%‘772%)

-1
where T(gQ) (p) is the inverse bare propagator and thus equals to the operator in the
Lagrangian describing the free particle. We see, that it is not possible to absorb the
divergence Z3 of the last two terms into any parameters of the theory since these terms

are not proportional to any terms of Tég) (p)_l. This is linked to the fact, that a special form
for the self-interaction term of the Higgs field was made. Only a term of the form tr?(XX)
was incorporated into the theory, whereas only a mass-term of the form ¢r(XXXY) could
counter the occurring divergencies. The effect of such a variation of the self-interaction
are estimated in chapter 10.



64 9. RENORMALISATION

Application of Ward identity to one loop order

If we apply the Ward identity (8.8) to all orders calculated sofar and at the same time
we set ') = 0 because of (6.11) we can directly use the expression (9.6) for the 2-point
vertex function, expression (9.2) for the 1-point vertex function and (8.8) gives

a (Mg — Zy) + finite = (M — N\ M3 Z) — a*\oZ,) + finite’ = 0 (9.7)

This relation ensures the compatibility of the two different mass renormalisation we had
to perform for the 1-point and 2-point vertex function. We cannot deduce a relation
between the divergencies though (as is usually done), since therefor we would need to
evaluate equation (8.8) order by order. Doing this we would no longer be able to set
I'™ = 0 since this is not true order by order and thus the 1PI vertex function (9.6) is no
longer equal to I'® (p) deduced from the generating functional I'(¢).

Including fermions

The fermion loops (7.66) contain terms of second and fourth order in p that are not
proportional to any term of the Lagrangian and thus cannot be cancelled within the
framework of renormalisation. To see this we just pick out the term 2£éc,c,Pup,papp Of
the long expression (7.66) for the fermionic contribution to the self-energy. Noting the
2-point vertex function we get

-1
MOp) = -7 +3

A
= — (50102((272 + M) — 2p"p" Y1ap + 6(65277“&771/,6) + E) (9.8)

v v )\ z7 ~
= — (50102((292 + M*)n™ — 2DV Nap + 8(“277“&771//3) + 300, PuPuPaPs + E)

where ¥ contains all other contributions to the self-energy not included in the considered
term Z56c, ¢, PuPyPaps. We see, that the free field operator 7'(52) (p) ' does not contain
any term proportional to the divergent one, and thus the divergency cannot be absorbed
into any constant of the theory (a p*-term would require a Lagrangian containing a 6“4
term). The only other possibility to obtain a finite 2-point vertex function is that some
term contained in ¥ may cancel the divergency due to a (super-) symmetry of the theory
This has been investigated in (7.67), however with negative result. Thus this theory in

its given form is not renormalisable.
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10 Outlook

Here it will be investigated in what way the present theory may be modified in order to
make it renormalisable.

It has already been indicated above, that a generalisation of the mass term (result-
ing from the symmetry breaking) would be needed in order to cancel the divergencies
stemming from the Higgs self-interaction. This can be achieved by modifying the self-
interaction term in Lagrangian (3.13) before performing the symmetry breaking. In the
following we will try to estimate the effects of adding the term %tr (XL, %Y, X% + hc
to the Higgs Lagrangian. After symmetry breaking this gives

)\I

" v uwo_ v o5 o v

48 €L.a€ RubE [cERvd T Z (25@50@5 CeO¢vd t ELaERuOLORvd
C

+5ga50ubgécééud + 5lé'a56'pb50uc€yc_‘d + 26éa56ub5(y]cééud)> (101)
(tr(aLU?zULUR) + tT(URGLGROL)> + A
were the traces can be calculated with help of (7.59) and A’ is a modification of the

cosmological constant depending on the properties of the ground state. Now the whole
Higgs Lagrangian can be written as

L = - Z fclaH'cchZ: %’21/
C1C2
+% <€ﬁa€Rub€["La ey + 288 e R "0, + A€l ERymel O,
+4af‘La5RM5[“;5§g]y) + MG,
42 Jg al (Sﬁasmaé‘f’sm + 26%“6@,16(”253)@)

with the inverse propagator (or operator)

2

\

+— 6 (5 Cla66’2 nbn;w 6C1ub502ua + 66’1,u066’2uc77ab) (102)
A+ N Y .

+T501ua502ub> + 550102 (5C’1u(a502ub) - 501u0502uc77 b)

ab O, &
H'CICZW = =22 ( ((D + M) — 28u6A) 7
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and the modified mass M'* = ’\_T’dea 4 — p?. Here it becomes already obvious that
vertices of the theory will change considerably. If we insert the ground state dc, = anu,
from (3.15), the operator can be written as

—1 ab 5016’_2 I:‘ 2 a a ab 20/2)\, ab
H C1Capyy = T (( +M )nu)\ -2 i )\) L/ T (nubnua — N )
202\ a’\ .
+T77ua77ub> - (et + Mo — ™) (10-3)

If we insert this expression in the 2-point vertex function (9.6) (where H'™' = iTéQ)il)
we see, that the second line of (10.3) contains just the terms necessary to make (9.6)
renormalisable. Of course also the one-loop corrections of the vertex function will change
with the new Lagrangian, but the important point is that now the operator contains all
forms of mass terms that are admitted by Lorenz invariance (but for the fact that their
coefficients are correlated). Since the modification of the Lagrangian did not alter the
degree of divergence of the loop-graphs, also the divergencies of the new loop corrections
will be independent of the momentum p. Since also these corrections have to obey Lorenz
invariance, it is assured that every divergence can be absorbed into one of the mass terms
of the operator, i.e. regularised. Since the coefficients of the mass terms are correlated it
has to be investigated if the regularisations using the different parts of the mass term (but
the same coupling constants/masses) are compatible. Therfore the exact expressions for
the divergencies wold have to be calculated. (It may also be possible to introduce enough
new self-interaction terms with new coupling constants that the coefficients of the mass
terms are independent).
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11 Conclusions

This work shows that neither the investigated form of a tensor type Higgs field nor its
coupling to the spinor field via the kinetic term is renormalisable in first loop order.

Concerning the Higgs part of the theory this may not necessarily be the last word
jet. First we already noted in the last chapter how a minor modification of the self-
interaction might reestablish renormalisability. Moreover, this theory was quantised after
spontaneous symmetry breaking which might be the source for the occurring problems.
Quantising the theory at the symmetrical point of the Higgs potential might lead to a
renormalisable theory. This is indicated by the fact, that the divergencies Z3 and Z5 in
(9.5) vanish for ¢ — 0. A similar effect is observed with non-Abelian gauge fields as de-
scribed in [15]. There it is shown that performing spontaneous symmetry breaking after
the renormalisation cannot destroy the renormalisability of a theory and additionally it
is known that massless non-Abelian gauge fields are renormalisable, whereas massive are
not. This means, that a theory containing non-Abelian gauge fields which obtain their
mass by interaction with a Higgs field is not renormalisable if quantised after sponta-
neous symmetry breaking, whereas it is known to be renormalisable if renormalisation is
performed before the symmetry breaking.

The derivative coupling between fermions and the Higgs field on the other hand leads
to divergencies that definitely destroy renormalisability. The form of the coupling term
is crucial to the spin gauge theory (and is typical for gravity in general) and due to
the highly divergent structure it is not possible to introduce any sensible terms in the
Lagrangian that would allow the required counterterms. There may be the possibility
to cancel these divergencies with help of a sort of supersymmetry. However it has been
shown, that within the present theory this is not possible but would probably require
major modifications.
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12 Appendix

Routine to calculate the fermion loops of the 2-point function

The following program is a listing of Mathematica notebook designed to calculate the expression for the
divergent part of the regularised fermion loops (7.66). Also the loop (7.67) is calculated which has not

been done above.

(* Definition of Pauli matricies. First index is chiral index / indicates co- contravariant

representation
8[1 0] := {{1,0},{0,1}};
s[1,1] := {{0,1},{1,0}};
8[1 2] = {{O’_I}’{I’O}};
5[1 3] = {{170}7{()’ _1}};
5[ 1 0] :{{170}7{071}};

s[—l, 1] :== —{{0,1},{1,0} };
s[-1,2] := —{{0,—1},{I,0}};
S[_la 3] = _{{la O}a {Oa _1}};

(* Definition of d, 7) and the trace function)
d[ a_? NumberQ, b_? NumberQ| := Iffa == b, 1, 0];
n[ a_? NumberQ, b_? NumberQ] := Ifja == b, If[a == 0, 1, —1], 0];
trf a] == al[1, 1]] + a[[2, 2]}

(* Some simplification rules. A is the Kronecker-delta for the chiral indicies*)
seta = {n[ a., a_] — 4,
n[-]? — 4,n[ a, b]* c_/;!FreeQ[{c},b] :> (Times[c|/.b :> a),
nla., b]* c_/;!FreeQ[{c}, a] :> (Times[c]/.a :> b),
n[ a__/;!0rderedQ[{a}]] :> n@@Sort[{a}], p_ % :> p?};
sdelta = {A[ c, c_]2— > Ale, ], Al ¢, — c_]Q— > Ale, —c,
Alc,—c]Alc, ¢] =0, p_?:>p*};
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(* This function calculates the divergent part of the regularised expression as described in
(7.63). The input is the numerator of the loopexpression and a function taking two arguments,
that contains the Integrals depending on the denominator of the expression as for example
defined in (7.65). It is assumed that the numerator is a function of p and g and is < O[q4].
g is the integration variable.

*)

regu[ num., Int_] = Module[{g, numl, en},
numl = Expand[ num, q];

(* The numerator is split in monomials in ¢ *)
g[0] = Select| num1, FreeQ[#, ¢_|&];
g[1] = Select| num1, MatchQ[#, ( a )
g[2] = Select| num1, MatchQ[#, (a__/; FreeQ[{a},q ])q c.q 1, |&];
g[3] = Select| num1, MatchQ[#, ( a__/; FreeQ[{a}, ¢ ])
g[4] = Select| num1, MatchQ[#, ( a )

b

(* The g, are replaced by all possible combinations of p, or 7). The symbolic sum runs over
the monomials g[n] of different order n in ¢ multiplied with the appopriate integral Int[i,n].
The explicite summation runs over the number of p2 that have been replaced by 7’s and is
varying the first index of the integral Int[i,n].
*
)en = Collect[Expand|
Sum[n!(g[n]/.{q a. = po})Int][0, n], {n, 0,4}]
—ISum[(n — 2)!(g[n]/.
{qa_*x e__/;FreeQ[{e}, q] :> pa,
qaqp_* e—/;FreeQ[{e}, ] :> e * (n]a,b]),
daqpgc * e—/;FreeQ[{e}, q] :> e((nla, blp. + nla, c|py + nlc, blpa)),
Gadpbdcdq * e_/;FreeQ[{e}, q] :> Times[e](
(nla, blpcpa + nla, clpspa + nlc, blpapa + nlc, dpaps+
nla, dlpepe + nld, blpapc))}) Mt[l,n — 2], {n,2,4}]
—2(g[4]/.
{¢a.gp qcqq * e—/;FreeQ[{e}, q] :> Times|e](
(nla, blnle, d] + nla, clnlb, d] + nla, dlnb, c])) })nt[2, 0]]
// seta
//p2 > p?
AL K, n[-]}, Simplify];

Return| en;
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(* First we define the abbreviations introduced in section 7.3 in order to be able to write

the numerator of the fermion loops in a compact manner.

*)

(* The abbreviations of traces of o-matricies as introduced in (7.59). They are once written
explicitely, once expressed by functions of 1
*
fOt[)a_, b, c., d, e, f]:=1/2(tr[s[1, a].s[—1,b].s[1, c].s[—1, d].s[1, e].s[-1, f]]+
tr[s[—1, b].s[1, a].s[—1, ].s[1, e].s[—1, d].s[1, f]]+
tr[s[1, a].s[—1,b].s[1, f].s[—1,d].s[1, e].s[-1, c]]+
tr[s[—1, b].s[1, a].s[—1, f].s[1, e].s[—1,d].s[1, c]]);
fit[ a_, b, c, d]:= tr[s[—1, a].s[+1, b].s[—1, c].s[+1,d]+
s[+1,b].s]—1, al.s[+1,d].s[—1, ]];
f3t[ a_, b_, c, d]:= tr[s[1,a].s[—1,b].s[+1,c].s[-1, d]];

fof a., b, x, d., e, y | :=8(nla, z]n[b, eln[d, y] — nla, en[b, zn[d, y]—

nla, x|n[b, dnle, y] + nla, dnb, znle, y]) + nlz, ylfi|a, b, d, e;
fila, b, ¢, d]:=4x* (nla,bn[c, d] — nla,cnlb, d] + nla, dn[b, c]);
f3[ a,, b, c, d]:=1/2f1[a,b,c,d];

hla, b, c, d, e, f]:=
1/2(A[C, C)2(fi[a, geeg,c, f]+fl[a, f, ¢, ggs]) + A[C, =C](f1]a, c, ggg, f]+
fila, c, f, ggg] + fl[c, a, geg, f]+fl[c, a, f, ggg]))*
(nlb, geelnle, d] + nle, blnld, seg]);

(* The numerator of the fermion loops. hl is the numerator of the loop without derivative
coupling (7.60), h2 the one with one derivative coupling (7.61), and h3 the one with two
derivative couplings (7.62).
*
h1 ):: k2 ((A[C, =Clfola, u, A, B, v, k] + A[C, Clfo[e, 1, A, v, B, K])/2(qr (g — Pe)+
ax (g — pa)) + m*(A[C, —Clti]e, u, B, v] + A[C, Clit]e, 1, B, v]));
h2 := —k?hla, p, B, v, k, A](2qx — Pe) (2qx — PA);
h3 == ((8[ev, A, B, 6]/ (4a)) A[C, C] (24, — py) (20 — po) (ar*
(CIK - pn) + QK(Q)\ - p)\))/Q + 8k2A[07 _C]n[av B](QQM - pu)(QqU - pl/));

num = hl+ h2+ h3;
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(* The integrals used in the regularisation procedure as calculated in(7.65)%)
Int[0, n] :=1/(1 + n);
Int[1, n] := —I1(-m?/(1 +n) + p*/((2 4+ n)(3 + n)));
mt[2, n]:= —1/2(m*/(1 +n) — 2p*m?/((2+ n)(3 +n))+
20" /(3 +n)(4+n)(5+n)));

(* The integrals necessary in the regularisation procedure for graph(7.67)x%)
Int1[0, n_] :=2;
Int1[l, n] := I2p?;
mt1[2, n]:= ZH(M* — 2M?p? + 4p*);

(*Calculate the divergent part of the regularised fermion loops (7.66)*)
1/(30a?)Collect[30a?regu| num, Int]/.k? — m?/(4a)?
/]AIC,~C) > (1 - A[C, CI), {AL, k,n_1}, Simpiifs]

Out[1]=

sor = §mpapnlB. 1] + nlo, (= §mpsm,+ §m? (6m + )3, ) +

Tm?(10m? — p*)nla, uln(B, v] + 3m*papsnlp, v]+
nle, B]( — £m*pup, — m? (54m? — Tp*)nl, v])+
AlC, C] (301papﬂpupu + (30m® — Tp?)papun|B, 1] + nlav, V]
((30m2 — Tp2)pgp, + (= Lm2p? + 4p*)n[B, ul) + (25m? — Tp?)pa

punlB, v] + nla, p]((25m* — 7p*)psp, + 4p*(—5m?> + p*)n[B, v])+
(15m* — 2p*)pappnlu, v] + nla, B

( — 5(160m* + 259p*)p,p, + ( — 60m* + e’ 7p4>77[u, 4)))
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(*Calculate the divergent part of the regularisation of loop (7.67)%)

(* - first the expression for the fermionloop(7.67) is calculateds)
loopnum = regu[ hi1, Int]
(* - after relabelling the indicies the result is multiplied by the free Higgs propagator *)
susinum = Simplify[(Expand[( loopnum/.{ﬂ — 6, v — K}
/da— B, u— a,p—q})n[B,0|A[C, —C]//. seta]//. sdelta)
(((pw - Q$)2 - 2M2)77[:U" V] - 2(pu - QM)(pI/ - QV))]

(* - and then the regularisation is performeds)
regu[ susinum, Intl]

Out[2]=
sz[[]C, C] (%papm[ﬁ, p] +nle, v] (4’”% + (4m2 - %)n[ﬁ, u])+
(20m* — 2p*)n[ev, pln[B, v] — 5papsnlp, vI+
nla, B] ( — §Puby + ( — 4m® + %)n[u, V]>>+
K2A[C, —C)( — 4papunlB, 1] + nle, v]( = §pspy + 2(6m? + p*)n[B, u])+

(20m* — 2p*)n[e, puln[B, V] + 5Pappnl, v+
nla, B]( 242 — 3(6m* + p*)n[p, v]))

Out[3]=
%kQA[Ca _C](qa(be + (3m2 - q2)77[04a K])

(_2(pu - Q,u) (pl/ - QU) + (_2M2 + (pw - qw)2)77[:u'a V])

Out[4]=
K2A[C, =C)( = “popupup, — 2p*papunls, ] + o, V]
( — 2p’pep, — B(M* — 2M*p* + 4p*)n]k, u]) — 20 papunls, v+
nlos, 1] (= 2p*pep, — 2 (M* — 2M2p? + 4p*)n[k, v]) — 2(2M? + 9p?)
Papenps V] + e, H]( — 2((3m* + p* — ¢*)pupy — P*quay)—
8(2M* + 11p* + 9m?(2M? + 3p?) — 3p%? + 2M>(p? — 3¢%))n[ps, v]))
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Routine to calculate 1-point function

The following Mathematica routine calculates the finite and infinit part of the 1-point function as de-
scribed in 7.1. The calculation is executed for two different definitions of the masses M. 12 (symbolized
in the routine by m1) and ]\/[22 (=m2). The different mass definitions correspond to different signs of
the kinetic part of the Higgs Lagrangian. The first calculation corresponds to the choice of sign used
throughout the text, for which the Lagrangian is not bound from below as is the case in general relativity
also. For the second calculation the sign is choosen in the same way as is usual for gaugefields. It can
be seen, that the result differs only little and does not influence further calculations even though the

different mass spectrum may have great impact on the actual physics.

(*Rules to simplify logarythms*)

silo = {(a__log[b_] + c__log[d_] +e___)
/ ; (IntegerQ[Simplify[Times[a,] / Times[c]]]) >
clog[Simplify[b A Simplify[Times[a|/Times[c|] * d|] + e,
(log[b] + c__log[d] + e___)/; (IntegerQ[Simplify | Times[c]]]) :>
log[Simplify[b * d A Simplify[Times[c]]]] + e,
(log[b_] + log[d.] + e__) :> log[Simplify[b * d]] + e};

(*Rules to write expression in terms of unique dimensionless parameter*)

rel = {m— >aA2A\(4/3 — x),
ml— > a’A(5 — /311 — 4z + 2?),
m2— > a’A(3 + /311 — 4z + 22) };

(*Rules to rewrite expression in terms of masses)

unrel = {(9m? + 12a?mA + a*A\?) — 9(3(m2 — m1)/2) A (2),

(9m? + 12a’>mA + a*A?) — 9(3(m2 — m1)/2) A (2),

(33 — 362 + 922)— > 9((m2 — m1)/(2a A 2))) A (2),
u—(—4+ )z — u(((m2 — m1)/(2a A 2X)) A (2) — 1),

(0w — 4z + 2%) = ((m2 —m1)/(2a A 20)) A (2) — &,

(11 — 12z + 32?)— > 9 A s((m2 — m1)/(2a A 2))) A (2),

T — -m/(aA2)\)+4/3, 3(—ml+m2)+ 2a*\ +u__— > 6m2 + u,

3(m1 - m2) — 202\ +u__ — —6m2+ U,

3(-ml + m2) — 2a®A + u_— > —6ml + u,

3(ml — m2) + 2a*\ + u___— > 6ml + u,

3m + 4a’\ +u___:> —3ml m2/m + u,

(—ml + mZ)2 — (—ml + m2), (ml — m2)2 — (—ml + m2)};
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(*Again rules to write expression in terms of unique dimensionless parameter,
but this time with different definition for masses m1 and m2
based on different sign in the Lagrangian )

re2 = {m— > a A2A\(4/3 — x),
ml— > a?A(Ft — /5 — 4/3z + 2?),
m2— > a’X(5F + /5 — 4/3z + 22)};

(*Again rules to rewrite expression in terms of masses with different definition
for masses m1 and m2 based on different sign in the Lagrangian*)

unre2 = {(9m? — 12a*mA + a* ?) As.— > (9((m2 — m1)/(2)) A 2) A s,
(1 —12z +92%) As.— > (9((m2 — m1)/(2a A 2X)) A 2) A s,
(3 + (—4/3 4 z)z) As— > ((m2 —m1)/(2a A 2X)) A (2s),
(5 —4/3z+2%) As.— > ((m2 —m1)/(2a A 2X)) A (2s),
u—(—4/3+ z)z— > u(((m2 —m1)/(2a A 2X)) A (2) — 5),
z— > —m/(aA2)) +4/3,3ml — 3m2 — 2a*\ + u__— > 6ml + u,
—3m1 + 3m2 + 2a%\ + u__— > —6ml + u,
3ml — 3m2 — 2a?\ + u___— > 6ml + u,
—3m1 + 3m2 + 2a%\ + u_— > —6ml + u,
3(—ml1 +m2) — ¢’ + u__— > 6ml + u,
2(—ml +m2) + a®X + u_. = —6m2 + u,
u_m?2 + v__a’\ + W___/; Simplify[u/’v] == —3— > —uml + w,
(—m1 + m2)°— > (—ml + m2),
3m —4a®X +u__ > —3ml m2/m + u,
—3m + 4a*\ + u___ :> 3mim2/m + u};

A
A

(*The expressions that have to be regulariseds)

lil=(pA2-2m)/(2(pAd—mA2));
2=m/(pA2+m)(pA2+ml)(pA2+m2));
3=pA4/O(pA4d—mA2)(pA2+ml)(pA2+m2));
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(*Routine for regularisation as described in section 7.1 *)

Renorm[rules_, expr_] = Block[{}, re = rules[[l]]; unre = rules[[?]];
in = expr|[1]]/.re;
(*express the integrand in terms of the dimensionless parameter )
Print[”Il in terms of x: ” ];
Print[" [ d* "
in = Simplify[(in/.p — paSqrt[)\])(a\/X) AA]];
(*change integration variablex)
inl = Simplify[Together[D[in, Im,
(*deriving until ﬁnite*)
Print["I1 after double x-derivation: ”|;
Print[" [ d*p",
in2 = Simplify[D[in1, z]]];
i1 = FullSimplify[Integrate[27m A 2p A 3in2, {p, 0, k }]];
(*go to eucledean space and execute p integration)
Print[”Il after p integration: ”];
Print[’T1 = 7,
i1 = Simplify|Limit|il, k — oo]][;
i2 = Integrate[il, x];
(*reintegrating with divergent integration constant*)
Print["I1 after double x-integration: ”|;
Print["I1 = 7,
I1 = Simplify[Integrate[i2 + C1, z| + C2/.unre]];

Print[” »];

in = (expr[[2]]/.p — paSqrt[/\])(a\/X) A4;

i0 = Integrate[27 A 2p A 3in, {p, 0, k}];

i1 = FullSimplify[i0//.silo];

Print[” 12 after p integration: ”];

Print[” 12=",

12 = FullSimplify[Collect[Expand[FullSimplify[Limit[il, k — OO]]]
// silo, log[ ], Simplify]]|;

Print[” "]
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in = expr[[?)]]/.re;

Print[”IS in terms of x: ”];

Print[” [ d*p",

in = Simplify[(in/.p— > paSqrt[\])]a*\*/?];

Print[”I3 after x-derivation: ”|;

Print[" J d* i

inl = FullSimplify[D[in, z|/.x — —m/(a A 2)) + 4/3]];

il = Collect|Collect[Integrate[27m A 2p A 3inl, {p, 0, k}], log[ ], Simplify]
// {loglu__ — 3a A 2Xk?] :> log[3a A 20k A 2 — Plus[u]]},
log[_], Simplify]; il = Collect[Limit[il, k— > oo], log[-], Simplify];

Print[”I3 after p integration: ”]; Print[" "

122 = Simplify|Collect|il, log[ |, Simplify|]//.silo];

i3 = FullSimplify[Integrate[Simplify[i22/.re], z]|] + C3;

i3 = Collect[i3// silo, log|_], Simplify];

I3 = FullSimplify[FullSimplify[Expand|[i3]//.silo/ / .unre]]

/.log[u_] :> log[Simplify[Together[u]]]//.unre;

Print[”I3 after x.integration: ” ,13];

Print[” —”] ;

Print[”finite part of -17 11-3 aA2 A 12 + 9 aA2 A I3 : 7];

Print[Iges = Simplify[Simplify[Collect[(—17  I1 — 3a A 2A12+ 9a A 2A13)
/{C1— 0,02 — 0,03 — 0}/. log[— B > log[1l],
log[_], Simplify] / / .silo] / / .unre]];

Renorm|[{rel, unrel}, {Iil, Ii2, li3 }];

Igl = Iges;

Igesl = Simplify[Iges/x A (3/2)/.rel/.{a — 1, A — 1}/.
log[a_] — log[Abs|a]] + I arctan[Im[a]/Re[a]]];

Out[1]=
I1 in terms of x:
4 3a%(—8+3p%+6x))
Jd’p 18p4—2(4—3x)?
I1 after double x-derivation:
I d 27a2(27p®+9p2 (4—3x)2+54p* (—4+3x)+2(—4+32)3) A
P (9p'—(4-30)°)°

I1 after p integration:
__3a’7%)
Il = 4-3zx
I1 after double x-integration:

11 =C2 — mr? — S 4+ mr?log| — 2%
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12 after p integration:

1o — _ mn? (ot iog[52] 2 iog[52]1m1 m21og 2]
- (m—ml)(m—m2)(ml—m2)

I3 in terms of x:
f d4p Ip

(9p*—(4—3z)?) (1—{—3])2—3\ / %4;10—}—:52) (1+3p2+3\ / %4w+x2>

I3 after x-derivation:
fd4p _ 4a%p*)5(—3m3—3a’m2A+atmp®(143p)A% +abp?A3)
3(m—a2p?A) 2 (m+a2p2X)% (3m2 +4a2mA—ap?(2+3p2)A2)?
I3 after p integration:

4

1.2 _6a’A(3m+4a®)) 1 1
36 <9m2+12a2m>\+a4>\2 +log[ — gyl + (9m2+12a2mA+air2)3/2

((27m® + 18m?(3a X + VIm? + 12a?>mA + a*N?)+
2a* N2 (7a’\ + VIm? + 12a’>mA + a*\2)+
12a’mA(3a\ + 2v/9m2 + 12a2mA + a*)?))

log [ — )\ + V9m? + 12a?>mA + a*\?]) + (9m2+12a2ril)\+a4)\2)3/2

((=27m® + 2a*N2( — Ta’X 4+ VIm? + 12a?>m) + a*A\2)+
18m?2( — 3a’\ + VIm?2 + 12a2m\ + a*)\?)+
12a®>mA( — 3a®X + 2/9m? + 12a?m + a*)\?))

log [a®\ + V9m2 + 12a?m\ + a4/\2]))

I3 after x-integration:
—108&2(mi_m2)2)‘ ( — 2(=ml + m2)7?(3m? + 2a*mA — 2a*)?) log [ — %—;]-ﬁ-
mé

(m1 — m2)*(w2(~3m + 4a2A) log ~ 242"

242\ (5403 + 2 log [ — gy )))
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finite part of -17 11-3 a2 12 + 9 a? A 13 :

%71_2 (204m + ( 36a2m2m1)\log[%l]

+

m—m1)(m—m2)(ml—-m2)

2(3m2+2a’mA—2a*?) log [m—;] 36a2m2m2)\log [%2]
ml—m2 (m—m1)(m—m2)(ml—m2

)—i—

36a2mml m2)log [ 2]
(m—ml)(m—m2)(ml—m2)

+ (= 3m + 4a?)) log [ — mLm2%] _

m2

204mlog | — 3] + 202 log [ — -2 mA )

Renorm[{re2, unreZ}, {Iil, Ii2, Ii3}];

Igs2 = Iges;

Iges2 = Simplify[Iges/x A (3/2)/xe2/.{a — 1, A — 1}/.
log[a_| — log[Abs|a]] + I arctan[Im[a]/Re[a]]];

Out[2]=
: 4, 3a%(—8+3p%+62))
Il in terms of x: [ d p—als(p‘*—z(fl)—%)x?)
I1 after double x-derivation:
I d4p27a2(27p6—|—9p2(4—3z)2+54p4(—4+3$)+2(—4+3w)3))\
(9p*—(4-32)*)"

I1 after p integration:
__3a%73)\
Il = 4-3x
I1 after double x-integration:

11 =C2 — mr? — S 4+ mr?log| — %

12 after p integration:
12 — m7r2(mm110g [%]—mleog[%z]—Hnl m2log [Z—ﬂ)
- (m—m1)(m—m2)(ml—m2)

13 in terms of x:

f d4p 9p

4

(—9pi+(4—32)2) (1—3p2+v1—122+927 ) (—1+3p?+v1—122+922)
I3 after x-derivation:
fd4p 4a'%p* A% (3m3 —3a’m>A—a*mp? (—14+3p?)X>+a’p?A3) ‘
3(m—a2p2))%(m—+a2p2X)%(3m2 —4a2mA+atp2(2—3p2)A2)2
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I3 after p integration:

( 6a2\(3m—4a2 ) 1

1.2 — __1
T\ Gm—amaraine — 108 81m4]+(9m2712a2m/\+a4/\2)3/2

36

((27m® — 18m?(3a?X + VIm? — 12a2m\ + a*\2)—
2a* N2 (7a’\ + VIm? — 12a2mA + a®X\2)+
12a’mA(3a\ + 2v/9m2 — 12a2m\ + a*)?))

log[ - G’ZA + \/9m2 - 12(1,2777,)\ + 0’4)\2]) - (9m2—12a2n11)\+a4)\2)3/2

((27m3 + 12a*mA(3a* X — 2¢/9m? — 12a?m + a*)\2)+
20*N?(— Ta®X + V9m? — 12a?m + a*\2)+
18m?2( — 3a®\ + VIm?2 — 12a2m\ + a*)\?))

log [a*\ + v/9m? — 12a2m\ + a4/\2])>

I3 aftex x-integration:

<37r2(—3m2 + 2a’mA + 2a*\?) log [ — 2] + 2(—m1 + m2)

m

1 m2x2 log | — m12m2?
<— aml m2e? log | =13 | + 2a2/\(5403 + m2log| — 7“1;%17%28)‘60))/

(162a%y/ (—m1 4+ m2)*\)

finite part of -17 11-3 a2 A 12 + 9 a2 A I3 :

36a2m2mil\log [%1]
11_271-2 (20477?, + (m—m1)(m—m2)(ml—m2)

+

2(—3m2+2a2mA+2a*2?) log [%] _ 36a2m?m2Xlog [%2]
Joml_ma)? (r—md) (m—m2)(ml —m3)

+

. 252
36a2mml m2Xlog [Z_f] 3ml(ml—m2)m2log [—mlm—Tz]
(m—ml)(m—m2)(ml—m2) m\/(ml—m2)2

2187m8

\/(ml—mZ)2

2(_ 7a12m1m2A6
204m10g[—s’2—m)\]—|—2a( m1—|—m2))\10g[ ])
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