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SOME NEW THOUGHTS ON OLD RESULTS OF R.T. SEELEY

ROBERT DENK, GIOVANNI DORE, MATTHIAS HIEBER, JAN PRUSS, AND ALBERTO VENNI

ABSTRACT. In this paper we show that the L,-realization of a vector-valued elliptic boundary
value problem (A, B;) admits a bounded H°-calculus on Ly(G; E), 1 < p < o0, provided
the top-order coefficients of A are Holder continuous. Here (G denotes a domain in R"™
with compact C?™-boundary and E a Banach space of class H7. Our proof is based on
an abstract perturbation result for operators admitting bounded H“-calculus and kernel
estimates for the solution of (A, ;).

1. INTRODUCTION

In 1968-1971, Seeley [See68], [See69], [SeeTl] developed in a series of papers a representa-
tion of the resolvent of operators Ap associated to elliptic boundary value problems of order
2m subject to general boundary conditions. This representation combined with the theory
of pseudo-differential operators allowed him in particular to prove a celebrated result on the
boundedness of the imaginary powers A% of Ag in LP-spaces. As a consequence one obtains
also that the domain D(A%) of the fractional powers A% of Ap coincides with the complex
interpolation space of order o between L, and D(Ag); see [Tri78]. A priori estimates for so-
lutions of general boundary value problems were known since the celebrated work of Agmon,
Douglis and Nirenberg [ADN59] and Solonnikov [Sol65], [Sol66].

Whereas Seeley’s original motivation mainly was inspired by the theory of pseudo-differential
operators, his result gained new interest in 1987 and 2001, when Dore and Venni [DV87] and
lateron Kalton and Weis [KWO01] proved that the boundedness of the imaginary powers of Ag,
the existence of a bounded H™-calculus for Ag, respectively, is closely related to the so-called
“maximal-regularity-problem” for parabolic evolution equations. In fact, roughly speaking,
bounded imaginary powers of Ap of a certain angle imply already maximal L,-regularity for
the corresponding parabolic problem. Thus combining the result of Seeley with the one of Dore
and Venni one obtains optimal L, — L,-estimates for the solution of the parabolic problem.

Aiming, however, for estimates which are useful in nonlinear problems, one is forced to look
for minimal smoothness assumptions on the coefficients. For this reason quite a few papers
dealt with this problem during the last years (or the related problem of Ap having a bounded
H>®-calculus). First, after McIntosh’s [McI86] invention of the H*-calculus, Duong [Duo90]
generalized Seeley’s original result to the case of bounded H*-calculi in the context of C'*°-
coefficients. For further results dealing with the case of non-smooth coefficients (being measured
in various ways) and various boundary conditions, we refer to [Duo89], [PS93], [Pru93], [AHS94],
[Ama95], [CDMY96], [DM96], [DRI6], [DS97], [STI8], [HPI8] and the references therein.

In 2001, the half-space problem in the case of constant coefficients was solved independently
by Denk, Hieber and Priiss [DHPO1] via Lp-estimates for kernel operators and by Dore and
Venni [DVO01] by the method of functional calculi in several variables.

The main problem in this context, namely the existence of a bounded H®-calculus for
Ap under minimal smoothness assumptions on the coefficients and under general boundary
conditions on general domains, however, remained open in all these papers.
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The maximal regularity problem for the parabolic equation associated to Ap however was
recently solved by Denk; Hieber and Priiss [DHPO1] in the general case: indeed, using the
concept of R-boundedness and a recent theorem due to Weis [Wei01], maximal regularity for
the solution was proved, even in the case of operator-valued coefficients, provided the top-order
coefficients of Ap are bounded and uniformly continuous. The approach in [DHPO01] is based on
the representation of the resolvent of Ag by kernel operators and by so-called Poisson estimates
for the involved kernels.

This representation is also the key for the main result of this paper: existence of a bounded
H-calculus for Ap subject to general boundary conditions in the case of Holder continuous
top-order coefficients of A. More precisely, the combination of the representation of the resolvent
(A + Ap)~! of Ap with an abstract perturbation result for the class H>°(X), with the above
mentioned result for the half-space and with the concept of R-boundedness enables us to treat
even the case of operator-valued coefficients as in [DHPO1].

Let us mention here too, that via the perturbation theorem, one obtains a new result on the
H>®-calculus for the Stokes operator; see [NS02] for domains and [DHPO1a] for the half-space.
This is interesting since the Stokes system does not fit into our framework.

This paper is organized as follows. In Section 2 we state the main result and collect the
material needed lateron on the H*-calculus, spaces of class H7, R-bounded families of op-
erators. We also recall the Lopatinskii-Shapiro condition, as well as the representation of the
resolvent of Ag given in [DHPO1]. Then, in Section 3 we prove an abstract perturbation result
for the class H*(X), which will be applied in Section 4 to small perturbations of operators
acting on R™. Sections 5 and 6 present the heart of the matter: perturbations of boundary
conditions. In Section 7 we combine the results from Sections 4 and 5 to obtain a result on
small perturbations for the complete boundary value problem. Finally, in Section 8, we use the
localization technique to prove the main result for boundary value problems on domains in R”
having a compact C?"-boundary.

2. PRELIMINARIES AND MAIN RESULT

In this section we state our main result and introduce the notation being used throughout
this article and collect certain known properties of sectorial operators, operators with bounded
‘H°-calculus, with bounded imaginary powers, and R-sectorial operators. These will be used
frequently in the subsequent sections. A general reference for the material presented in this
section is the paper by Denk, Hieber and Priiss [DHPO1].

In the second half of this section we also recall the notion of parameter-elliptic differen-
tial operators with operator-valued coefficients and the Lopatinskii-Shapiro condition which is
indispensible for elliptic boundary value problems.

We remark that by C', M and ¢ we denote various constants which may differ from line to
line, but which are always independent of the free variables.

If X and Y are Banach spaces, B(X,Y) denotes the space of all bounded, linear operators
from X to Y; moreover, B(X) := B(X, X). The spectrum of a linear operator A in X is denoted
by o(A), its resolvent set by p(A). As usual, domain, range and kernel of an operator A are
denoted by D(A), R(A) and N(A), respectively.

Let X be a complex Banach space, and A be a closed linear operator in X. Then A is called

sectorial if D(A) = X, R(A) = X, (—00,0) C p(A) and
[t(t+ A)~' < M, t>0,

for some M < oo. We denote the class of sectorial operators in X by S(X). Xy C C means the
open sector with vertex 0, opening angle 28, which is symmetric with respect to the positive
halfaxis R4, i.e.

Yo ={A e C\ {0} :|argA| < 0}.



If A€ 8(X) then p(—A) D Xg, for some 6 > 0 and sup{|A(A + A)~Y|: |argA| < 0} < oo.
Therefore, we may define the spectral angle 4 of A € S(X) by

¢4 =inf{d: p(=A) D Xr_y, sup [AA+ A)7H < oo}

)\EEW_¢

Evidently, we have ¢4 € [0,7) and ¢4 > sup{|argA|: A € 0(A)}. For ¢ € (0, 7] we define the
space of holomorphic functions on X, by H(X,) = {f : ¥4 — C holomorphic}, and

H>®(Ey) = {f : Zp — C holomorphic and bounded}.

The space H®(X4) with norm |f|%, = sup{|f(})| : |argA| < ¢} forms a Banach algebra. We
also set Ho(Xy) 1= U, sco Ha,p(Xg), where Ho 5(Xg) := {f € H(Zy) : Iflﬁ,@ < oo}, and
Iflﬁ,@ = Sup|y < |A“f(A)| + sup|y>1 AP f(N)]. Given A € S(X), fix any ¢ € (¢4, 7] and let
[ = (00,0]e?¥ U[0,00)e~". Then

F4) = 5 [ SOV = )TN F € Ro(s)

defines via ®4(f) = f(A) a functional calculus &4 : Ho(Xy) — B(X) which is an algebra
homomorphism. Following McIntosh [McI86], we say that a sectorial operator A admits a
bounded H™ -calculus if there are ¢ > ¢4 and a constant Ky < oo such that

(2.1) [F(A] < Ky|fI2,,  for all f e Ho(Tg).

The class of sectorial operators A which admit an H*-calculus will be denoted by H*(X) and
the H™ -angle of A is defined by

¢% = inf{¢ > ¢4 : (2.1) is valid}.

If this is the case, the functional calculus for A on Ho(X,) extends uniquely to H* ().

We consider next another subclass of S(X), namely operators with bounded imaginary pow-
ers. More precisely, a sectorial operator A in X is said to admit bounded imaginary powers if
A € B(X) for each s € R and there is a constant C' > 0 such that |A%*| < C for |s| < 1.
The class of such operators will be denoted by BZP(X). Since A* has the group property, it
is clear that A admits bounded imaginary powers if and only if {A% : s € R} forms a strongly
continuous group of bounded linear operators in X. The growth bound 84 of this group, i.e.
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04 = limys|—co

will be called the power angle of A. Since the functions f, defined by f;(z) = 2'* belong to
H>®(Xy), for any s € R and ¢ € (0, 7), we obviously have the inclusions

H®(X) C BIP(X) C S(X),
and the inequalities
¢%F > 04 > ¢da >sup{|argA|: A €a(A4)}.

Let Y be another Banach space. A family of operators 7 C B(X,Y) is called R-bounded, if
there is a constant C' > 0 and p € [1, o) such that for each N € N, T; € 7, z; € X and for all
independent, symmetric, {—1, 1}-valued random variables ¢; on a probability space (£, M, p)
the inequality

N N
1> eiTiailr,n) < C1Y gl mx)

j=1 ji=1

is valid. The smallest such C' is called R-bound of T, we denote it by R(7T).



The concept of R-bounded families of operators leads immediately to the notion of R-
sectorial operators. Indeed, a sectorial operator is called R-sectorial if

RA(0) :=R{t(t+ A" 1t >0} < .
The R-angle (bﬁ of A is defined by means of

oB =inf{0 € (0,7): Ra(r—0) < 0},
where

Ra(0) :=R{AAN+ A~ arg A < 6).
The following fundamental result, due to Clément and Priiss [CIPr01], states that the class of
operators with bounded imaginary powers is contained in the class of R-sectorial operators, at
least in the case when the underlying Banach space X belongs to the class H7 . A Banach space
X is said to be of class HT, if the Hilbert transform is bounded on L,(R;X) for some (and

then all) p € (1,00). Here the Hilbert transform H of a function f € S(R; X), the Schwartz
space of rapidly decreasing X-valued functions, i1s defined by

1 1 1
Hf ==PV(-)*f=—lim flt—s)—.
™t T =0 e<)sl<1/e 5
These spaces are also called UM D Banach spaces, where the UM D stands for unconditional
martingale difference property. It is a well known theorem that the set of Banach spaces of
class HT coincides with the class of UM D spaces; cf. Burkholder [Bur86].

Theorem 2.1. Let X be a Banach space of class HT and suppose that A € BIP(X) with
power angle 64. Then A is R-sectorial and (bﬁ <B4

We are now turning our attention to vector-valued elliptic boundary value problems of the form
Au+ A(x, D)y = finG
Bi(x,D)u = g;ondG, j=1...m,

where G C R"*! is an open connected set with compact C?"-boundary G. A is a differential
operator of order 2m and B; are boundary operators of order m; < 2m. More precisely, let £ be
a Banach space and m,n,mq, ..., m, be natural numbers with m; < 2m (j = 1,...,m), and
let A(z, D) = 3|41 <om @al(z) DY and Bj(z, D) = 3 51<pm, b;s(x)DP with variable B(E)-valued
coefficients a,(x) and B;s(z).

Let A(:) be a B(FE)-valued polynomial on R™ which is homogeneous of degree m € N, i.e.

A = D aanl®, E€R™
|a]=m
We call such a homogeneous B(F)-valued polynomial A(-) of degree m € N parameter-elliptic
(see [Ama01],[DHPO1]) if there is an angle ¢ € [0, ) such that the spectrum o(A(£)) satisfies

(2.2) o(A(f)) C Xy forall& e R |¢]=1.

We then call
¢4 :=inf{¢: (2.2) holds} = |s1|1p |arg o(A(E))]
¢|l=1

the angle of ellipticity of A. For D = —i(01,...,0,) we call A(D) = ZIQIIW aq D® parameter
elliptic, if its symbol A(&) is parameter-elliptic.

For fixed p € (1,00), we will assume the following conditions, where C*(G; B(E)) stands for
the space of all functions G — B(E) for which all derivatives of order < k exist, are continuous
and can be extended continuously to G.



(RS) Smoothness Condition.

(i) an € C(G,B(E)) for each |a| = 2m, and lim|y|— oo req @a() = aq(00) exist;

(il) aq € [Loo + Lp J(G, B(E)) for each || = k < 2m with r;, > p and 2m — k > n/ry;
(iii) bj5 € C*™~™3i (G, B(E)) for each j, 3.

(E) Ellipticity Condition.
There exists ¢4 € [0, 7) such that the following assertions hold.
(i) The principal symbol
Ag(z,6)= Y aa(x)e”
la]=2m
is parameter-elliptic with angle of ellipticity < ¢4 for each # € G and for & = oo in case G is
unbounded.

(ii) (Lopatinskii-Shapiro Condition.) Set
Big(z, D)= > bjs(x)D’,
|Bl=m;
By = (Big, ..., Bma), and let v(x) denote the outer normal of G in & € 9G. For each 2y € 0G
and each £ in the tangent space of 3G at g, the ODE-problem in R,
(A+ Ay (o, & — v(w0)Dy))v(y) 0 y>0,
Bjg(zo,& —v(zo)Dy)v(0) = hy, j=1,....,m
has a unique solution v € Cy(R4; E) for each (hy,..., hy,) € E™ and each A € X,_4, with
€]+ [A] # 0.

Assume that E is a Banach space of class H7. Let GG be a domain in R?*! with compact
C?™-boundary dG. Suppose that for ¢4 € [0, 7) the boundary value problem (A, By, ..., Bpy)
satisfies smoothness and ellipticity conditions (RS) and (E) above. Let Ap denote the realization
of A(x, D) in X = L,(G; E) with domain

(2.3) D(Ap) ={u€ H"(G;E): Bj(x, D)u=0, j=1,...,m}.

Then the following result is proved in [DHPO01], Theorem 8.2.

Theorem 2.2. Assume (RS) and (E). Then for each ¢ > ¢4 there exists wy > 0 such that
wg + Ap 15 R-sectorial with ¢y 44, < 6.

In particular, if ¢ 4 < % then the parabolic initial-boundary value problem
Su+ (Ap +w¢)u:f, t >0,
u(0) =0,
has the property of maximal regularity in L,(Ry; L,(G; E)) for each ¢ € (1, c0).
To state our main result we have to introduce another smoothness conditions on the coeffi-
cients of A.

(H) Smoothness Conditions:

ao € BUCP(G, B(E)) for some p € (0,1) and each o with |a| = 2m, a,(c0) = limp|— oo @al)
exists if (G is unbounded and

lag(z) — aq(o0)] < clz]™7, re€G with |z|> 1.

The main result of this paper reads as follows.



Theorem 2.3. Let E be a Banach space of class HT , n,m € N and 1 < p < co. Let G be a
domain in R with compact C*™-boundary OG. Suppose that for ¢4 € [0, 7) the boundary
value problem (A, By, ..., By) satisfies smoothness and ellipticity conditions (RS), (H) and (E)
above.

Let Ap denote the realization of A(x, D) in X = L,(G; E) with domain

D(Ag)={ue€ Hgm(G;E) :Bij(z,D)u=0, j=1...,m}
Then for each ¢ > ¢4 there is iy > 0 such that py+ Ap € H*(L,(G; E)) with Pran < Pa.

We often use the fact that the kernels of various integral operators arising in the study of (A —
Apg)~! are pointwise dominated by functions Pk of Poisson type which have been introduced
in [DHPO1] as follows: for n,m, k € N with n > 1 the functions pj, , : (0,00) — (0, 00) are
defined by

Sn—Z

o) _ —r(l+s
(24) pmyk(r) —‘/0 W@ ( )dS
3. AN ABSTRACT PERTURBATION RESULT

In this section we present a perturbation result for the class H*° (X)) where X is a Banach space
of class H7. This result will be of crucial importance when considering small perturbations of
elliptic boundary value problems in the subsequent sections. We start our considerations with
the following lemma. For a similar result see [KWO01].

Lemma 3.1. Let X be Banach space, A € H*(X) and h € HP(X,) for some ¢ > ¢%. Then
there exists a constant C' > 0 such that

|25jh(2jrA)|B(X) < Csup [gj]
J€L Jen
for allr >0 and €5 € C such that €; # 0 only for finitely many ;.

Proof. Observe that by assumption there exist constants ¢, § > 0 such that

217

We now set for r > 0
flz) = th(?%z), z € Xg.
J€L
Note that the above series 1s absolutely convergent since
()] < 1Elo D (2 r2)] < Cl(gg)loo
J€L
and since for { = r|z| we have

; (t27)8 2¢
J
> h(2rz)| < CZH(WW <o

JEL JEL

Hence f € H*(X,). By assumption we obtain

1> eih(2rA)sx)y = [F(A)sx) < Clf e < Cl(Ef) oo
JEL
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The following perturbation result on operators admitting a bounded H*-calculus was obtained
by J. Priiss in 1994 (see [Pru94]). The development of the concept of R-boundedness during
the last few years allows us to give a new and fairly short proof which 1s included here.

Theorem 3.2. Let X be a Banach space of class HT and A € H®(X). Let B be a linear
operator in X such that D(B) D D(A). Assume there exists n > 0 such that
|Bz| < n|Az|, =« € D(A).
Suppose further that there exist o € (0,1) and C' > 0 such that
B(D(AY™)) C D(A*)  and  |A“Bz| < C|AY™ 2| for x € D(A'T®).

Then A+ B € H™(X) provided n > 0 is sufficiently small. Moreover, for each ¢ > ¢ there
is no(¢) > 0 such that ¢ g < ¢ 1f n < no(9).

Remark 3.3. Observe that, by a counterexample due to McIntosh and Yagi [MY90], the
assertion of the above theorem is no longer true if merely the first condition above is assumed.

Proof. Denote by ¢4 the spectral angle of A. Let ¢ > ¢4 and A € =X;_4. Then
A=(A+B) ' =(A =47 > [B(A-
k=0
provided n < 1/C (7 — ¢), since
[BO = A7 <nlAA = A)TH < pCa(m = ¢).

Setting Ry := A(A— A)7! and K := BA~! we obtain

I+ EK)""A=(A+B) MI+K) = AA+B) ' A=(A+B)"H(A+B)A™!
= AQA—(A+B) AT =) [RAKF(A = A

which yields the following representation of the resolvent of A 4+ B

A= (A+B)™" = (I + K){D_[RaE]F (A= A) I+ K)™!
k=0
We next consider g € HF (), choose 8 € (¢%,¢) and define T to be the contour I' =
(00,0]e?? U0, 00)e™%. Then
1

o Fg(A)(A ~ (A B) )

g(A+ B)

(I+K) Z/ WRAKTF(A = A)~rdA (I 4 K)7!

(I+K) {—ZGk} I+ k)™t



In the following we estimate the norms of the operators Gy. To this end, we truncate the
contour ' by T'y = [['N Baw (0)] \ Ba-~(0) and observe that

N=co Jp
2N
= — lim g(rew)[RreloK]k(rew _A)_lewdr
N=co Joon
2N
+ lim g(re ) [Ryemio K] (re= " — A)~ e~ dr

N—co Jo-N
_ - +
= Nh_I};o Gy = G
The finite integrals Gji\,k may be rewritten as

N—-1 23+1

Gji\,k = Z g(reT )[R, e K]F (re? — o)L dp
j=—N7%
2 N-1
= / { Z 9( X reE )[Ry orio K1¥ 2 (20 re®™ — A)"1YeE 0 dr/r
j=—N
2
= / TE, (r)eEdr/r.
1
In order to estimate the terms Tik we use a randomization technique, Lemma 3.1 and the fact
that A is R-sectorial (see Theorem 2.1). In fact, for z € £, and § € (0, «), set hg(z) := %

and observe that hg € H{(Ey) provided ¢ < ¢ < §. Thus Lemma 3.1 applies to these
functions. Furthermore, we set Kg := APKA=P. Choose independent, symmetric {—1,1}-
valued random variables ¢; on a probability space (€2, M, u). We then obtain

N-1
| < Tik(r)ﬂx* >|=|< Z Ejz»g(ereiw)[szreizoI(]k2jr(2jreii€ — Ay le)et > |
j=—N
- |/ﬂ< D (D rer )by _p(A)2r)[KpRyspenio] T Kshp(A/2 r)a|2* > dpl
j=—N
N-1 ) ) ) N-1 )
= |/ < > g2 reE ) Ky Ryspeno] T Kghp(A)2r)x| > eihi_p(AT /P r)a > dpl.
2 j=_N j=—N
<D g2 re® ) KpRosper] T Kphs(A/27r)a| 1, 0x)
j=—N
N-1 )
1D eihiop(A/2 )" Lxe)
j=—N
N-1 )
< ghe [ K" R{ARY X € Sap 71| D iha(A/2 1)l pyix) -
j=—N

N-1
1D eihiop(A™ /P r)a” | Lyaxe
j=—N

< A\glpe | Kp|"R{RN : X € Sre g} |2,
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where we used the contraction principle (see e.g. [DHPO01], Lemma 3.5), Theorem 2.1, and
Lemma 3.1.
Thus we obtain the bounds

GNel < sup [T ] < lglwee K" R{RN : X € Bg}F 7,
1<r<2
which are uniform in N. This implies

SRS FR{RA : X € Sama I+ )71,
k=0

l9(A+ B)| < [T+ K|{lg(A)] + 2¢*|gln=

Ks

which is finite provided
1

R{R)\ A€ Eﬂ—_(z)}.
Now for § € (0, «) we have by complex interpolation

Blo

|[(@| <

|Kgs| < K|t—8/ < Cﬁ/anl—ﬁ/a’

K,

which tends to zero as 5 tends to zero. d

4. SMALL PERTURBATIONS FOR ELLIPTIC OPERATORS ON R"

Throughout this section let £ be a Banach space of class H7, n,m € N and 1 < p < 0.
Consider now a homogeneous differential operator Ag(D) = ZIQIIW a,D® of order m with
operator-valued coefficients a, € B(E) which is parameter-elliptic with angle of ellipticity ¢ 4,,.
We denote by Ay its realization in X = L,(R"; ) with domain D(Ag) = H]*(R"; E). Then it
was shown in Theorem 5.5 of [DHPO1] that Ay € H*(X) with H*-angle ¢% < ¢4,. In the
following, we consider small perturbations of the constant coefficient case, i.e. we consider the
operator

AO(D) —|—./41(l‘, D),

where Ag(D) is the operator defined above and A; is a homogeneous differential operator of
order m with coefficients al € BUCT(R™; B(E)), sufficiently small in Lo, (R™; B(E)). Let A;
be the realization of Ai(z, D) in X = L,(R"; E) with domain D(A;) = HJ*(R" E). The
vector-valued version of Mikhlin’s theorem in n dimensions (see [Wei01], [SW00], [HHNO1] or
Theorem 3.25 of [DHPO01]) implies that, for |« = m, the operators D*A5! are bounded in
X = Ly(R™ E), as well as in H,(R"; E') for each s € R. Hence the first condition of the
perturbation theorem 3.2 holds provided the L..-norms of a are suffiently small. In order to
verify the second assumption of Theorem 3.2, recall that Ay € H™(X) and ¢F < ¢4, (see
Theorem 5.5. of [DHPO01]). By classical interpolation arguments (see e.g. [Tri78], pp.103-104)
we have

D(Ag) = [X,D(Ag)}y = H(R™; E).

Since functions in BUC"(R™; B(E)) are pointwise multipliers for H*”(R"™; E') in the case where
n > my (see e.g. [Tri78]), we observe that the second assumption of the perturbation theorem
3.2 1s valid as well. Hence we may conclude that Ag + A; admits a bounded H*-calculus
provided the coefficients of A;(z, D) are suffiently small in L-norm.

We reformulate this last assertion in the following way: let n € (0,1) and assume that

(4.1) aq € BUCT(R™ B(E)),  |a|=2m.
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For some fixed zg € RZH assume that, for given ¢ € (0, 1), the coefficients are of uniformly
small oscillation in the sense that

(4.2) sup Z laa(z) — an(zo)| < €.

seR™ |a]=2m

Then the following proposition holds.

Theorem 4.1. For each ¢ > ¢4 there exists g = £o(¢) > 0 such that for all parameter-elliptic
operators A(x, D) satisfying (E), ({.1) and (4.2} with ¢ < eg, there exist C' > 0 such that the
L,-realization A of A(x, D) admits a bounded H* -calculus on L,(R™; E) with ¢ < ¢.

We remark at this point that in the situation of £ = CV this result has been obtained earlier
by different techniques by Priiss and Sohr [PS93] and also by Amann, Hieber, and Simonett
[AHS94]. Duong and Simonett [DS97] proved this result even for a, € Lo, (R™;CV), however
their proof is highly involved, it is based on the so-called 7T}-Theorem.

5. PERTURBATIONS OF BOUNDARY CONDITIONS

Let A(D) be a parameter-elliptic operator of order 2m with constant coefficients and angle of
ellipticity ¢4 on RT’l of the form

A(D) = Z aaDa
|a]=2m
with a, € C. Let further
Bi(w,D)= > bjs(x)D’, j=1,....m
|8l=m;

be boundary operators with coefficients b;g € C*m=™3 (RT&;B(E)). Let ¢ > ¢4 and assume
that F is of class H7. We now fix zg € RT’l and assume that, for given ¢ € (0,1), the
coefficients ;5 are of uniformly small oscillation in the sense that

(5.1) sup > |bip(w) = bjs(xo)| < e

=€RLM [5]=m,
For A€ X _p with ¢ > ¢4 and f€ L, (]RT'l; E) consider the problem

{((/\—I—A(D))u = f in R’_}_"’l,

(5:2) Bi(z,D)u)(0) = 0  on BM

Assume that the Lopatinskii-Shapiro condition is satisfied. It was proved in Section 7.3 of
[DHPO1] that there exists Ag > 0 such that for f € LP(RT_IL_H; E)and A € Z,_y with |A] > Ap
there exists a unique u € Hgm(}RT_IL_H; E) satisfying (5.2). Moreover, u is given by

(5.3) u=A+Ap)" = A+ AR+ Y T A+ AR
k=1
Here Ap denotes the realization of the boundary value problem (5.2) in LP(RT_IL_H; E), ie.

Apu = A(D)u
D(Ag) {ue HM(RYTS E); (B (¢, Dyu)(2',0)=0 2’ €R”, j=1,...,m}
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see Section 7.3 of [DHPO1] for details. Moreover, A} denotes the realization of the boundary
value problem with frozen constant coefficient boundary conditions, i.e.

AQu = A(D)u
D(AY) = {ue H"(RYMSE); (Bj(xo, D)u)(x',0)=0 2/ €R", j=1,...,m}
and T'(A) is defined by
B4 T = YIS WD+ S B D) = By, D))

where Dy = (—A—|—|/\|1/m)%. Moreover, S]»L(A), L = I,I1, are integral operators on LP(RT_IL_H; E)
of the form

(5.5) SEN)g; (¢, y) = //kfk(x’ — &, y+ §)g; (%, 9)didy

0 R
where the derivatives of order |a| < 2m of the kernels k»LA satisfy a Poisson bound of the form

o nt1-2mtlal n
(5.6) |DUKEN( )] < M-V (N (10 +y), 2 € Ry > 0,0 € Sy

Further note that (A + A(D))S]»L (A) = 0, by construction of the operator families S]»L(A). For
detailed proofs of these facts, we refer to Sections 6.6 and 7.3 of [DHPO1].

The philosophy in perturbing the boundary conditions is the same as in the abstract pertur-
bation result Theorem 3.2. We cannot directly apply this perturbation result since boundary
perturbations change the domain of the underlying operator. However, as we shall see the main
idea of our approach still works for boundary perturbations.

It follows from Section 7.3 of [DHPO01] that Ap + w is a sectorial operator in L,(R}1"; E)
with 0 € p(Ap + w) provided w > 0 is sufficiently large. Thus, for h € HF(X,) with ¢ > ¢4,
and R > 0 we have

h(Ap +w) = L/ R(A)(A — (w4 Ap))~tdr + L R(A)(A — (w4 Ag))~tdA,
27 Jr, 27 Jr,
where T' := {re??;r > 0} with 0 € (¢a,,¢), 1 :={A€T;|A| < R} and Ty := {X € T;|A\| > R}.

By a direct estimate, we have

| [ AV = (w + AB))_ldMB(Lp(]R_"‘_"'l;E)) < Crlhlyees,),  heHg (Bg)-

ry

for some constant Cg > 0. Secondly, observe that by (5.3)

(5.7) /Fh(/\)(/\—(w—i—AB))‘ld/\ = / h(=N)(A +w + A%)~LdA +

Z/ TA+w)f (A +w+AR) td),
provided the sum on the right hand side of (5.7) converges. By Theorem 7.4 of [DHPO1],
|/F YA +w+ AR)” 1d/\|B(L (RE+LE)) S Clhlnee(sy,), h € Hg®(Sg).

In the following we show that there exists C'r > 0 such that for all ¥ > 1 we have

1

0y—1 k k
(5.8) |/F2 T +w)f A+ w+ AT A 5 motopy) < Ch(lbles + o)
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where |b]os 1= sup{|b; g()| : = € Q,|8] = m;,j =1,...,m}. This will be shown directly for
the case k = 1. For k > 2, let R > 0 be such that 2/° = R for some j; € N. Define the path
Ly by Iy := {A€T; R < |A| <2V}, We then see that

/ (=T (M) A+w+A4%)"tdr = lim h(—/\)T(/\—i—w)k(/\—i—w—i—A%)‘ld/\:Nlim Hy g,
-r — 00

N—oo —Tn

where HN,k:H;k-I-Hka and with 9 =7—-1#6

2N

H;\_Lf,k = /2J' h(reiw)T(reim —|—w)k(rei“9 +w+ A%)_leiwdr
By dr
= / Z h(2‘77°6:|:“9)T(2‘77°6i“9 —|—(.d)k(2‘77°6:|:“9 +W+AOB)_16:|:Z€2]7°—
L j=jo r
2
dr
= / Unpi(r)—.
1 r

Let now (g;) be a sequence of independent, symmetric, {—1,1}-valued random variables on a
probability space (2, M, p). For x € X and #* € X* we then have

N-1
< Unp(r)e, o >= / < Z Ejz»h(ereim)T(ereim+w)k(2jreiiﬂ+w + ALY 1 et ) >
& j=je
Observe that for A € ¥,_g4 the term T(/\)k is the sum of mf-terms of the form
k
| A N CARY

=1
o [0 it =T
A if Ly=11

and j; € {1,...,m} for [ = 1,... k. Hence T(M)*(A + A%L)~! is the sum of m*-terms of the
form

where

WA Vi—2(A)Vi(A),

where
(5.9) W(A) = JxSE'(X)  forsome [€{l,... Kk},
k=2
(510) Vieo(d) o= [0 DY 0 B aSi (), k2 L
=1
(5.11)  Ve(A) = J7IDYT TR sk (A) DY T T gk By, (A AY) T

Here Jy is defined by Jy := ((—A)% + |/\|ﬁ) Thus for 1 < r < 2, ¢ € X, 2 € X* and
A = Wrett?l 4o < Ung(r)z|e” > is a sum of m* terms of the form

/ﬂ < Z_: 6]2]7,(/\] — w)W(/\])Vk_z(/\])Vk(/\])(/\] — w)x|x* > d/,L

J=Jjo

= /ﬂ < Z_: Ejh(/\]' — w)Vk_z(/\])Vk(/\])(/\] —w)x| Z_: EjW*(/\j)l‘* > d/,L

J=Jjo J=Jjo



13

By the contraction principle, the latter can be estimated by

N-1
< 1D gh(Ay —w)Va sV — ) ™0, x) -

J=Jjo

N-1
1> W) — @) T e Ly x0)

J=Jjo

IN

N-1
ClhleoR{Vi—2(X)i5 > G0} Y € Ve(A) (A — ) 210 x) -

J=Jo
N-1
1Y W AN — @) TP Lyax)
J=Jo
By the subsequent Lemma 6.5 and by Proposition 6.6, there exists a constant ' > 0 such that
R{Vi-1(X)54 2 jo} < CF 7 [bleo + (R4 w)H/2)EL

Moreover, it follows from Propositions 6.3 and 6.9 below that < Uy i (r)z|z* > is a sum of at
most m” terms, each of which can be estimated by

C*lhlos[1Blos + R™Y27)* ] |27|.

Choosing |b|s small enough and w large enough, we obtain the following result on small per-
turbations of boundary conditions:

Assume that the coefficients b;5 of B;(z, D) = Zlﬁlzmg‘ bja(x)DP satisfy
(5.12) bis € CImm ORI B(E)Y), |8l = my, 1< i< m.

Let 2o € RT’l and assume further that, for given ¢ € (0, 1), the coefficients b;5 are of uniformly
small oscillation in the sense that (5.1) is satisfied. Recall that

B;(x,D) = Bj(zo,D)+B;""(x,D),
where Bj(zg, D) := . bjg(z0)DP is an operators with constant coefficients and
Bl=m;
Bi*"(x, D)= Y (bja(x) — bja(x0)) D"
|Bl=m;

Then the following result is true.

Theorem 5.1. For each ¢ > ¢4 there is eg = eg(¢) > 0 such that for all operators A(D)
and B;(z, D) satisfying (E), (5.12) and (5.1) with ¢ < €o, there exists w > 0 such that Ap +w
admits a bounded H™ -calculus on LP(RT_IL_H; E) with H* -angle ¢, , < ¢.

In order to complete the proof of Theorem 5.1 we need the following results on commutators
and kernel estimates for the solution of the perturbed boundary value problem.

6. THE HARD PART OF SECTION H: COMMUTATORS, KERNELS AND R-BOUNDEDNESS

In the section we prove the assertions and lemmas cited in the previous section. Let us start
with the following observation. Minor modifications of the proofs of Propositions 6.5, 6.6 and
6.9 of [DHPO1] yield the following results.



14

Proposition 6.1. a) If « is a multiindex such that 0 < |a| < 2m, then (A + A%)~ admits a
representation as an integral operator on LP(RT_IL_H; E) of the form

(A+ AR (@ y) //kx — &,y,9) (&, y)dEdy, fe L, E),
0 R®™

whose kernel ky satisfies a Poisson bound of the form

—+— 7 m
ea(e’,y, 9) < CIAZw = poth (e M2 (2 + [y = §1),

for A€X,_y and 2’ € Ry, 5 > 0.
b) The kernels kjL)\, L =111, given in (5.5) satisfy an estimate of the form

N nt1-2mtlal 418l a1
6.0)  IDP=ANNIRE (o ) < € AR (3 (0] 4 ),
where ' €R™, y >0, A € Xy y.

Our next lemma will be of crucial importance in proving the central estimate (5.8).

Lemma 6.2. Let X be a Banach space and let A € Xy for some ¢ € (0, 7). Suppose that Ky
is a kernel operator on LP(RT_IL_H; E) of the form

Kaf(e'y) = / / ka(2' — &, ) f(F, §)d'dy, © € By > 0,
0 T

whose kernel ka(-,-, ) satisfies a Poisson estimate of the form
_+_ n m ~ n ~
ka2’ 9, 9)| < CIA= B (I ([2' 4y + ), A €8y, 2/ €R™, 5,5 >0,

where 0 <1 < m. Then there 1s a constant C' > 0 such that
[ BENEA < Clhl, b e (S),

and

1> 2 re Kyipeio] < Cle]oo,

J
where ¢ = (¢5) € lo(Z), r € (1,2) and |6]| < 7 — ¢.

Proof. To prove the first part, observe that the kernel of f_F h(—=A)KxdA is given by
kh($aya g) = / h(_A)kA($aya g)dAa
-T

which can be estimated by

kn(2,9,9) < c|h|<>o/ ot (ep M (|2 + y + )T dp
0

sP1ds
(1 + 5)2m+n—l

Clhle(le] + -+ 97+ = Cfhleo(le] 4y + )",
0

This is an LP(RT_IL_H; E)-bounded kernel; see e.g. [DHPO01], Lemma 7.1.
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We estimate the kernel ks of Z]' Ej?j re!® Koj .0 as follows.

ks(2 y, D) < Jeloo D lkaipe (2, )|
J
< eleloo (2P E L (h(2 ) P (10 4y + §)
J
<

o on1 S ntl PRV ;
- v E 9 ) B e~ F(1+0)(27r) (=" 14v+9) g5
clel /0 (1+ g)2m=i-1 : (2'r) € o

Next, setting g = wr/?>?(1 + o)(|2'| + y + §) > 0 and a := 2"/ the above sum may be
estimated as

S a0t o /Oo (D) =/ ala® g,

]' (o)
& 1)lan+!
| ety toga =
0]

ptlloga

Since 1 < r < 2 and [ < m by assumption,

[e’e} n—1
! ~ ! ~y—(n+1) o
(62) s Dl < celullel 4y 070 [ e
< cleloa(e!] +y +5)~ Y.
Hence the result follows again from [DHPO01], Lemma 7.1. O

Proposition 6.3. Let (¢;) be a sequence of independent, symmetric, {—1,1}-valued random
variable on a probability space (2, M, p) and X be a Banach space. Let R > 0 and for j € N
set A\j = 27re® +w where r € (1,2) and 0 €. Choose jo € N such that Aj, > R. Then there
exists a constant C' > 0 such that for * € X*

1
| Z 5] A — (.d) Zm I*|L2(ny*) S C|l‘*|
jzjo

Proof. Observe that by (6.1) the family of operators
VB (=) 5F (), ) € Bamg, N > B)

satisfies for & with || < 1 the assumptions of Lemma 6.2. Thus

| > W) A = @) 7 e e S 1D W) (N — @) 77 [5xey[27] < Cla”).

J2Jjo J2Jjo
O

In the following we consider L,-mapping properties of the commutator between a multiplication
operator with a function in BUC™7(R" B(E)) and (—A)Y?. Mapping properties of this kind
are well known in the scalar-valued setting even for Lipschitz continuous functions and pseudo-
differential operators of order 1 having smooth symbols (see e.g. [Ste93]). In the following we
are considering the vector-valued case. Observe also that the symbol of (—A)l/2 is not smooth,
which means that even in the scalar-valued case the classical results do not apply immediately.
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Lemma 6.4. Let E be a Banach space of class HT and b € BUCIT(R™ B(E)), with some
€ (0,1). Then there exists a constant C > 0 such that

(6.3) [ My, (_A)l/z].ﬂLp(]R";E) < Clfle,me), f€Lp(R™E),

where My denotes the operator of pointwise multiplication with the function b(z).

1 o0 )
——A/ AT dt
VT o

1 1 _1 o0 —1 1
= ——(A Aft?dt—A/ AT dt) = ——(Ty + T
R Y

Proof. Note that

(~A)* = —A(-a) 7

where 2! denotes the semigroup generated by the Laplacian in L,(R™ E). Thus thereis C' > 0
such that for f € L,(R™; E) we have

\MTof], = |Mb/ AeAU T fdt), §C|b|oo/ t=dt|f], < C|f],
1 1

| To My fl, = |/ AeAU T (bf)dt|, §C|b|oo/ t=Zdt|f], < C|f,-
1 1

Hence |[My, T flp, < C|flp-
Consider next [My, T1] and note that for 2,y € R™ we have
b(x) — b(y) = Db(x)(x — y) + h(x,y) where |h(z,y)| < Clz — y|* T,
since by assumption b € BUCH1(R"™; B(E)). Therefore, say with some f € C.(R"; E),

M, Tfz) - = / [ 6@) = b Ak~ s

z) / n/ (x — y)Aky(2 — y)t_%dtf(y)dy +

4 // (2, 9)Aky(x — )i~ ¥dt f(y)dy
: ( TSf()+T4f()

where k; denotes the Gaussian kernel. We observe that

1
Tsf = qx+f with q(m):/ J:Akt(x)t_%dt,xE}R"
0

1
|Taf| < rx*|f|] with r(a:):C’/ |x|1+”|Akt(x)|t_%dt,xE]R".
0

The Fourier transform of ¢ is given by ¢(¢) = cfo 65 (1€)%e —tlel® )

sup sup D[e[°[d(€)] < M
lo]<(L,...,1) EER™
for some M < oo. It thus follows from Mikhlin’s theorem for E-valued functions, F being a
space of class HT, and the regularity assumption on b that |T5f|, < C|f|,. Finally, in order to
estimate the term T3, note that there exist constant ¢, C' > 0 such that

C

nt2
t =2

Ak = y)] < eIz y e
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Thus
! 1 2
T($> S C‘/O |x|1+nt"T6_C|xl /tdt

for z € R™. Tt follows that |r|; < C’fol t/2=1dt < oo which implies by Young’s inequality and
the regularity assumption on b that |T4f|, < C|f|,. O

Lemma 6.5. Let D, = (/\1/’” — A)l/z and Jy = A/2m 4 (—A)l/2 on L,(R™ E).
Then R({DAJ;1 CAEX_4}) < oo, for each angle ¢ € (0, 7).

Proof. Set = A?" A = (=A)Y? in L,(R™ E). Then
D)\J>\_1 :A_l(/i_2+A_2)_1/2'N(N+A)_1 —|—A(/¢2+A2)_1/2~A(u—|—A)_1;

A, A7 as well as A? are R-sectorial and admit bounded imaginary powers with angles 0, hence
the assertion follows from Proposition 4.14 in [DHPO1]. O

Note that this lemma allows us to replace Dy by Jy wherever we please.

Proposition 6.6. There exists a constant C' > 0 such that fori e 1,...,m, 6 = 0,1, we have
R{DI =8 1= (9,) BiJaS* A € Br_g|A| > R} < C(|bloo + R)™77).

Proof. Notice that (9,)°B; = Zlﬁlzmz big(x)DP(9y)°. In order to simplify our notation we
consider in the following without loss of generality only one term of the form 6D?(9,)?, |8 = m;
in the above sum. We have to distinguish 4 cases.

(a) 2m—m; — & = 0. Then m; +& = 2m. If 34+ 6 # (0,...,0,2m) then D’ contains an
z-derivative, say J;. Then we write

IO DPJNS = Ot My, - JADYS + J5 (Oibig) JA DS,
where |y| = 2m — 1. This yields
R{I095DP I\S} < C(Jblos + R7HP™),
where
C < R{OT Hbloo + 101bigloo RANTP™ T 1)
If 8§Dﬁ = 85’”, we use ellipticty and (A + .A(D))Sy = 0 to obtain
0,7 Sx = —ag ' (ASx + A'(D)Sy),
where A’(D) contains an z-derivative. Hence the same estimates apply.
(b) 2m —m; — 8 = 1. Then
RADAI; b0, D S(N)} < RADAIY ' HblowRAD, D S(V)} < Clblos,
by Lemma 6.5 and Proposition 7.6 of [DHPO01].

(¢) 2m—m; —8 =:2l+1 > 2 odd. Then Dil is a differential polynomial of order 2{. Commute
it with b(z) to the result

20— |y[|-1841
2

[Dilab]: Z Czl,’%ﬁl|/\| " D’Yb,Dﬁl’
llgammal+|61|<21,v#0
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where the ¢o 4 3, are some constants. This implies for A € T,_y4, |A| > R,
R{DYT I 00558} < R{DAJ‘1}|I)|OOR{D,2\’65JAS}
FRTVIN " o1y 5, | Db R{DA T}, NRT 93 JxDPFPS(A}
7,61
< O(lbleo + RTHZ™,
using again Lemma 6.5 the R-boundedness properties of S(}A), and the regularity of b.

(d) 2m—m; —é6 =2{+2> 2 even. Then Dim_m’_é_z is such a differential operator of order
20; commute it with b as in step (c), and then with Jy, i.e. with (=A)Y/? to the result

|‘Y| 1811

Dim—m,—ét])\—lb — D§\J>\—2(bDim—m,—5—2J>\ + [(_A)I/Z’ b]Dil
=3 ot (D70, ()P FEEE D,
V.61
Note that, since Db € BUC?*?~"=0l ¢ BUC?, the commutators [(—A)'/2, Db] are bounded
by Lemma 6.4. We then may continue as in step (c). d

The next lemma is the crucial one for perturbation of boundary conditions.

Lemma 6.7. Suppose the kernel kx(x,y,y) has a bound according to
(6.4) ka(z, y,9)| < CAPnFD/2m=1.

R e = L DN+ b o D
where 0 < k, 1 < 2m, l # 2m. Then there is a constant C' > 0 such that

/ / Nz, y, 9)dAde < Clhlog(y.§),  h € HE(Z4), 4,5 > 0,

and

/ 1> 2 e koo (2, y, 9)dN | de < Clelooqly, 9),  ¥,5 >0,
Er S
J

where the integral operator QQ with kernel ¢ 1s Ly-bounded.

Proof. Set a = (1+s)(Je —2'|+y+ ¢ )+ (1 +7r)(|#'|+ |y — g|); then
Al 2y - n —pa
[ R <l [ e
0

= Olh|ewa™ 22

Integrating this expression w.r.t.  and =’ we get

n 1 o 1
2 2m _|>\|1/2ma ; dde'
/n/n/ |AZ=7 h(A)]e |dA|de'dx < C|h|oo/ / —p TR

where a(p,0) = (1+s)(p+y+y )—1—(1+r)(0—|— |¥" —y|). By means of the scalings 7 = b(1+s)p,
d=b(14+r)o, withb=(14s)(y+¢)+ (1 + )|y — ¥|, we may continue
B Clh]eo / / Tl tdrdy Clh]eo
b2(1+s)r(1+r)n (T+ 0+ 1)+2 21+ s)"(1+r)n’
Next we integrate w.r.t. ¥’; a simple computation yields

o0 o 1 1 l+r g
L+s)y+y)+(1+7))y —yl] 2dy = —(142 -
| )+ el =7 = s e e

IN
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Using the definition of the funktions p”+1 (t) we therefore end up with

s~ ldrds
Aka( dX|dz < Clh|eo :
/n / Az, y, y)dAlde || / / (1 + 5)2m+n—k=1(] 4 p)2mtn—i-1
1 1+» g )

—(1+2 -
2—1—5—|—r 1—|—5y—|—(1—|—r)y( 1+sy+y

<C|h|oo/ / (142 Y ) 1 1 drds

sy—l—y 7+ s sy + ryrim-kg2m—i

drds 1 1
< hoo BN E)
Clh] / / (r+ s)( sy—i—ry)[ +5]

where we used & < 2m and [ < 2m. Next we calculate

N ds S SRS S 7
/1 (5+7°)(y5—|—§r)_7~(§_y)1g[ T1r 1,

and then
oo e dsdr 1 e 14+ ry/y,dr
o L[y iy
1 Ji (sr)(ys +yr)r y—y ., L+r "r

Q—y]+/°° dr
— (6] . N/ . N
y—y 2y v r(l+r)(y+ry)

1
< ——log
y—y

Il
—_
as
—
+

By symmetry we arrive at assertion (i) with

_ 1 1 y—y
1y, 9) = —— + —— log[1 + =2 +—1g1+—
(v,9) = 2=+ o= lodl Qy] [+ =)

The estimate leading to (ii) is similar; cp. the proof of Lemma 6.2. In fact, as there we obtain

2(n+1)/2m
y2(ntl)/2m a2y (n+1)12 — —2n-2
|ZJ:€]A] € ! | S |€|00 a2n+210g21/m - C|€|00a 3
hence we may continue as above to derive estimate (ii).

It remains to show that the integral operator ) with kernel ¢ is bounded in L,(Ry) for
each p € (1,00). Since the kernel 1/(y + §) is Lp(Ry)-bounded, by symmetry it is sufficient to
consider, say,

1 y—y

—log[1l + —=]|.
-y [ 2y ]

qo(y,y) =

Let Qo denote the integral operator with kernel ¢¢ and fix any p € (1, 00). Then

~ [P daltr
L] ool

o0 1 —y 1 1

= 1L <—y_glog<1+—y2gy>>pdy]w

; R 1-—
[ (o ost1 +

< Clflpy P, y>o.

This shows that Qo : Lp(R4) — Lpwear(R4) is bounded for each p € (1,00), hence the
Marcienkiewicz interpolation theorem implies the boundedness of Qg in L,(Ry), for each p €
(1,00). The proof is complete. d

|Qof ()]

IN

t ))p’ dt]l/pl
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We are now in position to complete the perturbation of boundary conditions. Let us consider
the case k =1 first.

Proposition 6.8. There is a constant C' > 0 such that
| / (=T (A +w)(A +w+ A%) "1 dA| < Clhlco,
s

for each h € H(Zy).

Proof. Tt is enough to prove the assertion for a term of the form
Ti(A) = S A+ @)D" (@) DP (A +w + AR, |8l =my < 2m— L.

We have to distinguish 3 cases.
(a) {:=m; +6 < 2m. Then T1(A) has a kernel k) with a bound of the form

a2, € Co A2
] e = 2 g D+ 1 = sl

where [ < 2m and k < 2m. Therefore we may apply Lemma 6.7 (i) to see that
= / h(=\)T1 (\)dA
-T,

is bounded by Clh|eo.
(b) L:=m; +é6=2m, 3#(0,...,0,2m—1). Then DP contains at least one z-derivative, say
0;. Commute it with b to the result

Ti(A) = 0:87 (A +w)b(z)DT(A +w + AR) ™" — 57 (A +w)0ib(z) D7 (A +w + AR) ™,
where |y| = 2m — 1. For the first term we use Lemma 6.7 (i) as in (a), while the second term
has a decay like C|9;b|oo /|A|*F/?™ hence the A-integral for this term is absolutely convergent.
Therefore we see again that Hy is bounded by ClA|e.

(¢) 8,DF = 65’”. Here we use ellipticity to obtain

0" At w+ Ap) 7 = ai = A+ w)(A+w+ Ap) T = A (D) +w + AB)7],
where A'(D) is of order 2m but contains an z-derivative. This yields the decomposition
Ti(A) = 57 (Aw)bag  —(A+w) ST (Aw)bag *(A+w+AR) =57 (Atw)bag ' A (D) A+w+AR) ™!
The first term in this decomposition has a kernel bound of type

AP (Ao 4+ ),

hence we may apply Lemma 6.2 to this term. The second one is of type (a) above, while the last
one is of type (b). So we may again conclude that H; is bounded by Clh|eo, which completes
the proof. a

In the last step we show the randomized estimate for V3 ().

Proposition 6.9. Let ¢; be independent symmelric {—1,1}-valued random variables on a prob-
ability space (, M, p), and let Vi (X) and A € Z,_p.
Then there 1s a constant C' > 0 such that

1> a(h 4 @) PPV # Logasx) < Clal,
{

forallz € X = LP(RT_IL_H; E).
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Proof. We consider a typical term in V3 (A) of the form
Ti(A) = Jy 1Dy ™ T 0,08 DPISE (A 4 w) DI TR TR 98k DO (A 4w 4 AG) T
First we use arguments as in the proof of Proposition 6.6 to reduce T1(A) to a term of the form
To(X) = D5 DYSH(A +w)/2m DY =% by 98k DPx (A + w + AR) ™
by means of R-boundedness, where r + |y| = 2m — 1. Then use the arguments in the proof of
the preceeding lemma to to reduce T5(A) to the form
Ts(A) = DLDYSE(OA + w)2b, DS DP (A + w + A%) 7,
where 7+ |y| = 2m and s + |3] < 2m. Then T5(A) has a kernel k) with bound

|]€)\ z, Y,y |<C|/\|(n+1)/2m 1/2m
AR e = Ly DN+ W = ey

where k = 2m and { < 2m. Then we may apply Lemma 6.7 (ii) to obtain the estimate in
question. a

7. SMALL PERTURBATIONS OF THE COMPLETE BOUNDARY VALUE PROBLEM

In this section, we consider simultaneously perturbations of boundary operators and of the
elliptic differential operator acting on a half space. More precisely, for A € X;_4 consider the
problem

M) + Ao(Dyu(z) + Ai(, Dyule) = f(a), @RI,
B;(x, Dyu(z) = 0, xER":@RT’l, j=1,...,m
Here Ag(D) is a parameter-elliptic, homogeneous differential operator of order 2m having con-
stant coefficients, B;(x, D), 1 < j < m are homogeneous boundary operators of order m; < 2m
such that the Lopatmsku Shapiro condition is satisfied for (Ao(D), B;(x, D)). The operator
Ai(z, D) is homogeneous of order 2m with coefficients al, belonging to BUC’”(RZH;B(E)),
0 < n < 1, which are small in Lo,-norm. We denote by A; the L,-realization of A;(z, D)

with domain D(A;) = HS’”(]RT_IL_H;E). Furthermore, AP denotes the L,-realization of the
unperturbed boundary value problem i.e.

APu = Ao(D)u
D(AF) = {fue H(RIYLE): Bj(x,D)u=0on R* j=1,...,m}.
It was shown in Theorem 5.1 that A¥ +w admits a bounded H>-calculus on X = L,(R}H"; E)
provided (5.1) holds and w > 0 is large enough.

Next we consider the operator A¥ +w+ A, as a perturbation of AF +w. Observe that the first
assumption of the perturbation theorem 3.2 is satisfied in this case because D(A;) D D(AP) by
definition and the operators D%(A# +w)~! are bounded in X for |a| < 2m. In order to verify
the second assumption of 3.2 we compute the fractional power spaces of A¥. Observe that

o™ (RYTS E) € D(AF) c HIM (RS E).
Thus complex interpolation yields

o™ (RS E) C D((AT)) € Hy™(RYF E)
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for 0 <4 < 1. Since the spaces OHZZ,mV(RT'l; E) and HSmV(RT'l; E) coincide for 2my < 1/p
we obtain

D((Ag)") = HY™ (RYMS E), 2my < 1/p.
Moreover, if follows from the representation of (AF + w)~! given in (7.27) of [DHPO1] that

(A% +w)~! maps L,(R"; E) into Hgm(RT'l; E) and also OH;(RQL_H; E) into Hgm*'s(RT'l; E)
provided s < 1/p. Thus

(AF +w)=tH2™ (R By ¢ HZMUPORITSE), < 1/2mp.

Taking into account the fact that functions belonging to BU " (]RZ_H; B(E)) are pointwise mul-
tipliers for HS”” (]RT_IL_H; E) for n > 2my, we see that the second assumption of the perturbation
theorem 3.2 is satisfied provided @ < 1/2mp. Hence, by Theorem 3.2 we have proved the
following. Suppose that

(7.1) aq € BUCT(RYTLB(E)),  n€(0,1),]al =2m,
bjg € CP" M (RITLB(E)), |8l =m;,1<j<m.

Moreover, assume that for some zy € Ri"’l and given ¢ € (0, 1), the coefficients a, and b; are
of uniformly small oscillation in the sense that

(7.3) sup Z lao(2) — aa(zo)| < €,

+1
weRY |a|=2m

(7.4) sup > |bip(w) = bjs(xo)| < e

nt1
=€RLM [5]=m,

We then have A(z, D) = A(xo, D)+ A*" (2, D) and Bj(z, D) = B;(xo, D)+ B;°"(x, D), where

A(zo, D) == 3" aq(xo)D* and Bj(zo, D) = j@(xo)Dﬁ are operators with constant
|Oz|:2m |ﬁ|:mj

coefficients and

Az, D) = Y (aa(z) — ag(x0))D

|a|=2m
and
Bi*™(x, D) := Y (bjs(x) — bjg(0)) D’
|Bl=m;
Set
Agu = (A(wo, D)+ A (z,D))u
D(Ap) = {ue€ Hgm(}RT'l; ) (Bj(zo, D) + B (=, Dyu)(z’',0) =0 for 2’ € R"

and j=1...m}.

Theorem 7.1. Suppose that A(xg, D) is parameter-elliptic with angle of ellipticty ¢ 4 and that
the Lopatinski-Shapiro condition is satisfied for (A(zo, D), B;(z0, D)).

Then, for each ¢ > ¢4 there exists g = £o(¢) > 0 such that for all operators A(x, D) and
B;(z, D) satisfying (7.3), (7.4) with e < g9 as well as (7.1), (7.2), there exists pg > 0 such that
Ap + pp admits a bounded H™ -calculus on LP(RT_IL_H; E) with DA ptu, <O
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8. LOCALIZATION: PROOF OF THE MAIN RESULT

Throughout this section let G C R™t! be an open connected set with compact C*™-boundary
O0G. It is the aim of this section to combine Theorem 7.1 and Theorem 4.1 with a localization
procedure; following this path we obtain our main result on elliptic boundary value problems,
namely that ¢ + Ap admits a bounded H* calculus on L,(G;E), 1 < p < oo, provided p

is sufficiently large and the top-order coefficients of A(z, D) belong to BUC?((). Here Ap
denotes the L,-realization of the boundary value problem

Alx,Dyju = finG

Bi(z,D)u = gjondG,j=1...m,
where A is an operator of order 2m and B; are boundary operators of order m; < 2m. Following
the localization procedure described in Section 8 on [DHPO01] we subdivide our proof in several
steps. For detailed information on local coordinates and admissable coordinate tranfromations
we refer to Section 8 of [DHPO1].
Step 1: Coordinate Transformations
Let ¢ € 8G and choose coordinates corresponding to zy. By definition of a C?™-boundary,
there exists an open neighbourhood U :_U1 x Uy C R™T! containing z¢ = 0 with U; C R™ and
Us C R open and a function h € C?™(Uy) satisfying 0GNU = {z = (2',y) € U : y = h(z")}
and GNU ={x €U :y>h(x)}. Setting

/

) 1@ = (, ) @ED)

we obtain an injection g € C?™(U,R") satisfying GNU = {z € U : go(z) > 0} and G NU =
{x € U : go(x) = 0}. By compactness of dG, all derivatives of g and of g=! (defined on
U = g(U)) up to order 2m may be assumed to be bounded by a constant independent of zg.

We will also need an extension of g. For this we extend h € C*™(U;) to a function he C?™(R™)
with compact support and set, still using coordinates corresponding to zg,

Guy i={x e Ry > z(x/)}
Defining § again by (8.1) with A being replaced by Z, we obtain a C?™-diffeomorphism §: G, —
RQL_H with §lg = ¢g. For a function u: U NG — E consider the push-forward v = Gu de-
fined on U N Ri"’l by v(y) := u(g~'(y)). The linear transformation G induces isomorphisms
G HZ];(U NG, E) — Hg(ﬁ ORT_IL_H; E)forpe[l,o0] and j =0,...,2m. In the same way the
linear transformation given by g induces isomorphisms G, Hg(GwD; E)— HZ]; (]RT_IL_H; E). The
differential operator A(x, D) is transformed into the operator A%(y, D) := GA(x, D)G™L. In the
same way we define the transformed operators B}(»](y, D). Obviously A¢ and Bj»] are differential

operators of order 2m and m;, respectively and act on functions defined on U ORT_IL_H. Observe
that the smoothness assumptions (H) are satisfied for A¢ and Bj»] if this is true for 4 and B;.
Moreover, the principal symbol of AY is given by

(8.2) A (y,6) = Ag(g™ (), [Dglg™ WDI"O), yeUNRYT, ¢ ermt,

As Dg(z) is an isomorphism of R"*! for all # € U, (8.2) implies that parameter-ellipticity of
Ay is preserved under coordinate transformations. Moreover, if ¢ is admissable at zg then
the transformed boundary value problem (AY,BY, ... BY ) satisfies the Shapiro—Lopatinskiii
condition at the point g(xg). We finally remark that « € HS’”(U NG; E) satisfies A(z, D)u = f
in UNG and Bj(z,D)u=g; (j=1,...,m) on UNAIG iff the transformed function u9 satisfies
Ad(z, D)ud = f9 in ﬁﬁRT’l and Bf(z, D)u? = g{ (j=1,...,m) on UNRe~.

Step 2: Local Operators
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For an arbitrary zg € 9G there exist C?™-coordinates g = g, : Uy, — R™t! defined in an open
neigbourhood Uy, of ¢ with the above properties. As parameter-ellipticity of the principal sym-
bol and Lopatinskii-Shapiro condition are preserved under such transformations, we may apply
Theorem 7.4 of [DHPO01] to the L,-realization of the transformed problem (A9 (yy, D), BY (yo, D))
n RT’l with coefficients frozen at yy := g(xg). We then obtain that this realization admits a
bounded H>-calculus on L, (]RT_IL_H; E) with an H*-angle not greater than ¢ 4. Note that

Ai(yOag):A#(ang) fOngRn,

and that the analog statement for the principal symbols of the boundary operators is true, too.

It follows that all LP(RT_IL_H; E)-realizations of ((Aig(yo, D), Bg#(yo, D)) admit a bounded H*°-

calculus with uniform bound, and there exists an ¢y > 0, independent of 2y € G, such that
the statements of Proposition 4.1 and Theorem 7.1 hold. Now let us consider the transformed
operators A9 (y, D) and B}(»](y, D) with variable coefficients, which we write in the form

Ay, D) = Y aa(y)D,

|al<2m
Bi(y,D) = > bg(y)D’, j=1,....m, y€gUs) R
|Bl<m;

As the smoothness properties (H) are preserved under coordinate transformations of the above
type there exists r(xg) > 0 such that g;ul(Bzr(xD)(yo)) C Uy, and

Z |@a(y) — @alyo)l < €q,

Z |I;Jﬁ(y) - b]ﬁ(y0)| < €o, Yy e BZr(xD)(y0)~
|Bl=m;

We obtain an open covering G C |, csc got (BT(xD)(yo)) and choose a finite subcovering
0G C Ufc\le Uy with Uy, == g3} (Br(xk)(yk)) for k =1,..., N. Here we have set y; := ¢z, (¢1).
Now we extend the coeflicients of A%<+ and B;»]Zk from By, (k) ﬂRT’l to the whole half-space

R2+!. For the coefficients of A%k we can use the reflection method, i.e., as in [DHP01] Section
8, we define

~ 5 - Tatl
Clk(y — {aa(y)a yEBrk(yk)mR+ 5

’ Qolyn + 7 o),y € BT\ By (i)
For the coefficients of the boundary operators we fix y € C5°(R"**1) with y(z) =1 for |z] < 1
and y(z¢) =0for |[#| > 2and set for k=1,...,N, j=1,...,m and all |5] = m;:

bf@(y) = I;jﬁ (yk + X(y ;kyk)(y — yk)), = @

By construction, the extended coefficients a® and b}“ﬁ satisfy the assumptions of Proposition
4.1 and of Theorem 7.1.

Step3: Small Perturbations without Boundary Conditions

By Proposition 4.1 and a compactness argument, there exists > 0, independent of € G
[or of 2y € G U{oo} in the case of G unbounded] such that the L,-realization of Ag(xo, D)

admits a bounded H>-caluclus and, moreover, the L,-realization of Ax(zo, D) + Ay (z, D) for
any operator A, (x, D) with

Ai(z, D)= Y al(@)D?, |lakllriam <,

|a]=2m
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admits a bounded H*-caluclus, too, with bounds uniform in zo € G [z € G U {o0}]. If G is
unbounded, we choose a large ball B, (0) such that

N
U Ur C BTN+1 (0)

k=1
and such that for all |o| = 2m
lao(®) — an(00)|smy <n forallx e R with |z| > ry41
holds. We set Un41 1= G\m If G is bounded, we set Un41 := 0. Now we cover the
compact set G\ Ufc\:l_ll Ui by finitely many balls Uy = By, (x1), k = N +2,..., M, such that
lao(®) — aa(zr)|sey <n  forall |z — x| < g, laf=2m, k=N+2,..., M.
Finally, define coefficients a’, of local operators Aj, j=N+1,..., M by reflection as i.e.

ag-l_l(l‘):{ aa($) : xQBTNH(O)

aa(rjz\,_l_l#) ©ox € Bryy, (0) 7

and

al (x) = { att) 9 oy Pre ETj(xj)

o ao(xj +7; |x_xj]|2) o x g B (x))
forj=N+4+2,..., M.
Step 4: Small Perturbations with Boundary Conditions
For f € L,(G; E) consider the boundary value problem
Au+ A(x, Dyju=f in G,

Bij(z,D)u=0 ondG,j=1,...,m.

We choose a partition of unity ¢ € C°(R"), k =1,..., M, with 0 < ¢}, < 1 and supp ¢5 C Uy.
Then u is a solution of (8.3) ifffor k=1,..., M
(8.4) Aprw) + o A(z, DYu = o f  in GN Uy,
(8.5) opB;(z, D)u=10 on 0G N Uy.
For k = N+ 1,..., M boundary conditions (8.5) do not appear, and we rewrite (8.4) in the
form
(8.6) Mpru) + Ay (e, D)(pru) = or f + [Ag(x, D), prlu — ppA' (2, D)u

where we have set A'(z, D) := A(x, D)—Ay(z, D). We denote the resolvent of the L, (R"*; E)-
realization Ay of the operator

(8.3)

Ap(z, D)= > al(x)D"

|a|=2m
by R¥)(X). Employing R*)()) to equation (8.6), we get
(8.7) eru= RENep f+ RPDNC, (2, D)yu, k=N+1,..., M,

where
Cr(x,D) := [A#(l" D), ¢x] — on-A/(l" D)
is an operator of order not greater than 2m — 1. For £ = 1,..., N we use the local coordinates
ge, defined above. Assuming g,, to be extended to G, , the transformation u +— u%=» induces
an isomorphism
Gr: Hg(ka; E)— HZ];(RT_IL_H; E).
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We set
Aw(y, D) := Z ai(y)Da’
|a|=2m
]kya Z b a jzla"'am
|8l=

with a* and b}“ﬁ being defined in Step 3 of the proof. For each k¥ = 1,..., N we obtain a

: +1.
boundary value problem in R’™":

(8.8) AGr(enu) + Ar(y, D)Gr(pru) = Grlonf) + GrCr(e, D)u  in RYF
Bix(y, D)Gr(eru) = GpDjp(x, D)u, onR" j=1,...,m,

where we have set
Cr(z, D) := [A(z, D), px] = Gt (A% (y, D) — A(y, D)) Grpn

and

Djr(z, D) == [Bj(z, D), o] — Gy " (BI™* (y, D) — Bi(y, D)) Gror

(j =1,...,m). Note that Cx(x, D) and D;y(z, D) are partial differential operators of order
< 2m —1 and < m; — 1, respectively. It was proved in Propositions 7.8 and 7.9 of [DHPO01]
that the resolvent of the Lp-realization of (Ax(y, D), By(y, D)) exists for large w and that the
solution operators of the boundary value problem

(8.10) A+ Ap(y, D))u=0 in R}
(8.11) Bix(y,Du=yg; onR" j=1...,m,
exist also in the sense of Proposition 7.9 of [DHPO01] for large w. We will denote the resolvent

by E(k)(A) and the solution operators of (8.10)—(8.11) by §§\’k, j=1,...,m. Applying these
solution operators to (8.8)-(8.9), we get for k=1,..., N

(8.12) pru= RO Nppf + |RM(N)Ck(z, D)+ >S4 Dj(x, D) |u
ji=1

where we have set
R®I(X) = Gy LREY (NG,
SF =G S Gy, j=1,.m.
Summing (8.7) and (8.12) we obtain

M

(8.13) (A4 Ap)~' = ZRW(A)W
[ZR(’“) )Ci (2, D) —|—ZZS]’ Dix(z, D) (A + Ap)~!

k=1j=1

The fact that ord Cx(z, D) < 2m — 1 and ord Djp(z, D) < m; — 1 implies that there exists a
constant w > 0 such that (A +w + Ap) is continuously invertible for A € X,_4. Moreover,
i+ Ap is sectorial for p > w, and ¢4, < ¢.

Step 5: H* -calculus
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Choose now h € HE®(3g) where 6 € (¢, 7) and set T := {se™¥ r < s < oo} U {re'® - < a <
YU {se’¥ r <s < oo} where ¢ ya, < ¥ < ¢. It follows from Proposition 4.1 that there exist
constants C',w > 0 such that fork=N+1,..., M

(8.14) |/ MRUE (X + W)erdM L, (cnv,e) < Clhleo.
Moreover, by Theorem 7.1, there exist constants C,w > 0 such that for k =1,..., N

(8.15) |/ MR+ w)erdAr, . 2 < Clhlo.

Ty

Observe next that for a differential operator C'(z, D) of order 2m—1, by Theorem 8.2 of [DHP01]
we have

A+ @)™ C(z, DYA+w+ Ap) i, am <O, AEXa_y.
Thus by Theorem 5.7 (for k = N+1,..., M) and Proposition 7.8 (for k = 1,..., M) of [DHP01]

we have

(8.16) |/ MRP N+ w)Cr(z, DY A+ w + Ap) M| gavem  k=N4+1,...,M
<Clhll [ 3+l Fa < bl

(8.17) |/ MERM A +w)Cr(z, DY A +w + Ap) '\, 8y  k=1,...,N

op
< 0|h|oo|/ A+ w7177 dA < Clhoo.
-T
Finally, observe that
83 Djk(x, D) = T Dip(A) + Ry Dj(A)
where
RV =GR G
AT Ve M Yk
ik 1Ak
9% = GV Gy,

1) = G (=) T T | GuDju(e, D),

m

2m— c—1
- 1 -

1) = G [(=8) T + T | GhDi(e, D).
and where the operators ﬁ]\’k and E&’k satisfy
LM+ 1R < C/IAL - [M = do, A€ Bamse
It follows that

B18) 1 [ BENSED e DI+ + Ap) T AL

<Ol [ D+l HA SO, 1<ESMI< < m
r

Step 6: Lower Order Perturbations

This can be done as in the proof of Theorem 8.2 of [DHP01] by Gagliardo-Nirenberg’s inequality.
Finally, summing up all the terms in the representation (8.13) of (A + Ag)~!, the proof is

complete. a
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