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The quantum nature and spatio-temporal structure of light 
are exploited in many intriguing applications ranging from 
novel spectroscopy methods of complex many-body phe-

nomena1 to quantum information processing2–4 and subwavelength 
lithography5,6. In conventional optics, there was no control over the 
absolute phase of a light pulse with respect to its envelope. This situ-
ation changed abruptly with the advent of femtosecond-frequency 
combs7,8. The carrier-envelope phase is especially relevant for few-
cycle pulses, which are at the heart of attosecond technology and 
extreme nonlinear optics9–11. So far, this area has exploited coher-
ent states of light, which come closest to the classical picture of an 
electromagnetic field with well-defined amplitude and phase. Only 
recently, quantum optics was carried to an analogous level with 
subcycle analysis of the noise properties of infrared electric fields 
by electro-optic sampling with femtosecond laser pulses12–16. Here, 
the concept of a carrier-envelope phase loses its meaning because 
highly non-classical states of light may exhibit excessive phase fluc-
tuations or no well-defined phase at all. Instead, it is the relative 
timing of a quantum noise pattern with respect to a subcycle probe 
that gains relevance. Interesting and unexpected phenomena may 
arise when the physics of such synchronal states of light is explored 
on a subcycle scale.

One of the most fundamental non-classical states of light is the 
squeezed vacuum17–19, which enables sensitivity below the shot-
noise limit in an interferometer20–22, and can potentially improve23,24 
the metrology of gravitational waves25. Stationary squeezed vacuum 
states carry a persisting flux of photons26, whereas there is a finite 
number of photons contained in a pulsed state. Pulsed squeezed 
light27 with many optical oscillation cycles was realized on the basis 
of parametric downconversion28. The case of the generation of 
pulsed broadband ultrashort squeezing29–31 was analysed in terms 
of a large set of single-frequency or broadband shaped temporal 
modes29,32–34, where each mode is characterized separately. The 
alternative time-domain approach based on electro-optic sampling 
provided the first insights into the temporally resolved dynamics of 

few-cycle squeezing supported by a simplified theoretical descrip-
tion15. This theory was restricted to the low squeezing regime or 
selected points in time. Furthermore, it has not yet incorporated a 
finite probe pulse duration for the detection of the temporal quan-
tum noise patterns. Here, we present methods that overcome these 
limitations by considering extremely short (in terms of optical 
cycles) pulses of squeezed vacuum light and provide a general theo-
retical picture of their generation and subcycle-resolved detection. 
We predict that the expected asymmetry between the anti-squeezed 
and squeezed temporal noise, well known in conventional quantum 
optics, can in fact be reversed for ultrabroadband driving fields, 
which are also within reach of state-of-the-art experiments. Our 
results shed light on the interplay between the quantum nature of 
electromagnetic fields and general relativity, leading to creation of 
particles out of vacuum on ultrashort timescales.

We consider the set-up depicted schematically in Fig. 1a. A 
coherent mid-infrared (MIR) electric driving field with a classi-
cal amplitude E z t( , ) propagates along the z axis and is polarized 
along the x axis. It enters a thin transparent optical generation 
crystal (GX), of length l and centred at z = 0, with a non-vanish-
ing second-order nonlinearity χ(2). Far from material resonances, 
χ(2) can be treated as a dispersionless tensor, which in the simplest 
case is reducible to a single effective nonlinear coefficient d. Inside 
the GX, E z t( , ) interacts with the co-propagating quantum electric 
field component ε ̂ z t( , ), which is polarized along the y axis, belongs 
to the same frequency range and corresponds to the vacuum field 
when entering the crystal (there are no incoming photons with y 
polarization). This gives rise to the y component of the nonlinear 
polarization Eε ε̂ = − ̂P z t d z t z t( , ) ( , ) ( , )

(2)
0 , where ε0 denotes the vac-

uum permittivity, but generates no x component. Such a situation 
can be realized for various nonlinear crystals (for example, for ZnTe 
in a configuration where the present unit vectors ex and ez would 
be aligned along the [001] and [110] crystallographic directions, 
respectively35). The driving field is assumed to be external but the 
situation is similar if this field is generated in the same crystal15.
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The nonlinear polarization ̂P z t( , )
(2)

 provides a source 

term in the inhomogeneous wave equation for ε ̂ z t( , ):  
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, where c0 and n denote the 

vacuum speed of light and refractive index. We decompose 
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into plane waves36, assuming an almost ideally linear dispersion 
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Integration over positive frequencies incorporates frequency-
conversion processes, while integration over negative frequencies, 
with ε Ω ε Ω̂ = ̂ −†z z( ; ) ( ; ), reflects parametric downconversion pro-
cesses32. Note that the assumption of a linear dispersion relation 
ensures perfect phase-matching37 for the co-propagating waves. 
Most importantly, it prevents the distortion of the pulse shape38 
inside the GX. This approximation works well if the GX is thin 
enough and the dispersion nonlinearity is negligible in the relevant 
frequency range. For the following discussion of ultrabroadband 
MIR fields with ZnTe as a typical nonlinear material, our estima-
tions show that the GX should be thinner than 10–15 μm. However, 
the description of the generation process is quite general and may 
be applicable to other frequency ranges and appropriate nonlinear 
crystals16,39,40. The perfect phase-matching also constitutes the major 

difference to descriptions of conventional parametric downconver-
sion set-ups commonly used for generation of squeezed vacuum 
states and entangled photon pairs1,32. The corresponding band-
width-limiting factor is absent in equation (1). The spatial (angular) 
separation of the outgoing photons may be neglected. All emitted 
photons propagate in the z direction.

Transforming equation (1) back into the time domain, by integrat-

ing on the left-hand side ∫ Ω = +ε Ω Ω ε ε
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and using on its right-hand side the properties of the Fourier trans-
form concerning products and derivatives, we obtain
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Note that, as a result, no central frequency and corresponding ampli-
tude or envelope38 were introduced in the time domain, in contrast to 
the conventional SVAA37,41,42. Therefore, also few-cycle and subcycle 
fields without unambiguously defined carrier frequency and phase 
can be described by this approach. Essentially, the way to obtain equa-
tion (2) may be considered as a broadband version of the SVAA36 (its 
limits of validity are discussed in the Supplementary Information).

Equation (2) can be solved analytically by using the method 
of characteristics, according to which the initial conditions of the 
partial differential equation of interest are propagated along char-
acteristic curves (see Methods for mathematical details). To give 
a physical interpretation, it is insightful to realize that there are 
gravitational analogues of these curves termed world lines43. The 
analogy is based on the fact that the light-driven time dependence 
of the refractive index, leading to nonlinear optical effects, has a 
closely related counterpart in general relativity43,44. With the ansatz 
ε ϕ̂ =z t Â z t i z t( , ) ( , )exp[ ( , )], with ϕ changing in space and time 
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Fig. 1 | Scheme of the generation and detection set-up and the corresponding evolution of the MIR quantum field z t( , )̂ε  inside the nonlinear crystal 
for a half-cycle MIR driving field with effective squeezing strength r�=�5. a, A strong MIR coherent field E z t( , ) polarized along the x�direction is sent into 

the nonlinear GX of length l where it squeezes the co-propagating vacuum field ̂ε z t( , ). The quantum noise of the squeezed vacuum field is shown in the 

horizontal plane above the detector (green represents vacuum noise, red represents anti-squeezing and blue represents squeezing). The squeezed vacuum 

field is then detected using electro-optic sampling: a probe pulse polarized along the x�direction with intensity envelope Ip plays the role of a temporal 

gating applied at various time points td. Statistical readout allows one to obtain the time-resolved variance of ̂ε z t( , ). Subcycle resolution is achieved for 

sufficiently short probe pulse durations tp. b, Horizontal plane: grey lines depict the world lines for ̂ε z t( , ) (determined by τ(z,�t)�=�const, characteristic 

curves of equation (2)), shown for the case of a half-cycle driving field (7) with duration Γ−
0
1. The equidistant spacing of the lines at the entrance is 

distorted as the quantum light propagates through the crystal. Vertical plane: field enhancement at the crystal exit is shown together with the final spacing 

between the world lines. In the simplified picture, red (blue) lines correspond to anti-squeezing (squeezing).
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faster than Â, it is possible to rewrite either the mentioned inhomo-
geneous wave equation or equation (2) directly in terms of k ≡ ∇ϕ 
and ω ≡ −∂ϕ/∂t. Separating terms that scale with different powers 
of the wavelength, to the lowest order in Ed , we obtain the same 
dispersion relation in both cases:
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In general relativity, the dispersion relation is given by the light 
cone equation gμνkμkν = 0, where kμ = (ω/c0, −k) is the four-momen-
tum vector. This means that the metric tensor gμν can be extracted 
from equation (3), resulting (for the ‘1 + 1’ space-time) in the interval

E
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The world lines for the evolution of ε ̂in the crystal with a refrac-
tive index modulated by E  can be calculated with the help of the 
null geodesic equations43 coinciding in their form with the equa-
tions for the characteristic curves. We summarize the conceptual 
correspondence between nonlinear (quantum) optics and general 
relativity in Table 1.

Each world line z(t; t0) can be uniquely represented via the cor-
responding implicit equation τ(z, t) = t0 with its own constant t0. 
Specifically, at the crystal entrance, z = −l/2, we have τ(−l/2, t) = t = t0. 
The change of the density of the world lines on propagation through 
the crystal at each fixed spatial position z (see Fig. 1b) determines the 
resulting difference in the flow of the local time τ(z, t) with respect to 
the laboratory time t. Note that τ(z, t) monotonically increases with 
t. Such a reparametrization of time can be formally introduced in 
connection with a conformal mapping xμ → x′μ (that is, a transfor-
mation preserving orientation and angles locally, particularly the 
shape of the light cones) (see Supplementary Information). The 
existence of such a mapping as well as a similar reparametrization of 
time used in cosmology, when transforming between a curved and a 
flat (Minkowski) metric45, suggests terming τ(z, t) as conformal time.

Denoting the quantum field at the entrance of the generation crystal  
as ε ε̂ ≡ ̂ =− ∕t z l t( ) ( 2, )in , the solution of equation (2) can be found as

ε τ ε τ̂ = ∂
∂

̂z t z t
t
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Note that back in the frequency domain, equation (5) represents 
a broadband (position-dependent) Bogoliubov transformation for 
the creation and annihilation operators:
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where τ−1 denotes the inverse function of τ with respect to its second 
argument. For the vacuum input ε ε̂ = ̂in vac, the form of the outgoing 
squeezed vacuum field resulting from equation (5) at the exit of the 
crystal can be attributed to two different effects. First, due to the 
driving field E z t( , ), the wave propagation of the incoming vacuum 
field inside the crystal is governed by the conformal time τ(z, t). 
This effect is illustrated by the world lines in the horizontal plane of  
Fig. 1b. Second, there is a modulation of the amplitude of the 
quantum field by the inverse conformal factor45 τ∂

∂
z t
t

( , ) . This fac-
tor is shown in the vertical plane of Fig. 1b at the crystal exit 
and is essentially related to the behaviour of E∂

∂
z t
t

( , )  (see ref. 15), as 
discussed below. Note that the quantum field is enhanced (sup-
pressed) in the same time segments where the density of the world 
lines is increased (decreased) (see vertical lines in Fig. 1b). In a 
simplified picture, neglecting the effect of the modified density of 
the world lines, the amplitude modulation of the quantum field 
leads to a corresponding modulation in the temporal profile of 
its quantum noise. The quantum fluctuations of ε ̂are suppressed 
beneath the vacuum level in certain time segments while exceed-
ing it in the neighbouring segments. Squeezing (anti-squeezing) 
can be connected to the deceleration (acceleration) of the local 
flow of the conformal time τ(z, t), determined by its derivative 
with respect to the laboratory time t.

For part of the discussion, it is convenient to use a retarded 

reference frame with = −′t t zn
c0

, z′ = z and τ τ= +′ ′ ′z t z t( , ) ( , ) nl
c2 0

.  

First we convey the essence of the effect and its detection for 
the case of an idealized half-cycle driving pulse; afterwards we 
study the single-cycle case. Figure 2a depicts the evolution of 
the conformal time in the retarded reference frame through the 
crystal resulting from a half-cycle driving field of the form (see 
Supplementary Information)

E E Γ=′ ′ ′t t( ) sech( ) (7)0 0

where E0 is the amplitude of the field and Γ0 determines its 
duration. It is useful to introduce a dimensionless parameter, 
E Γ= ∣ ∣ ∕ >r d l nc( ) 00 0 0 , that characterizes the effective strength of the 

driving inducing the squeezing, and we call it the squeezing strength. 
At the entrance of the crystal, the conformal time matches the labo-
ratory time: τ(z = −l/2, t) = t and τ′(z′ = −l/2, t′) = t′. With the inter-
action turned on, while the quantum field propagates through the 
crystal its conformal time starts to deviate from the laboratory time. 
Via equation (5), the conformal time directly links the squeezed 
vacuum field at the exit of the crystal at time t to the vacuum field at 
the entrance at time τout(t) = τ(z = l/2, t) (see Fig. 2b). According to 
equation (5), the modification of the variance of the quantum elec-
tric field after passing the crystal is given by (dτout/dt)2 if considered 
at a fixed time moment. Experimentally, the temporal dynamics of 
the quantum fluctuations of the electric field as a function of the 
relative time delay of the probe pulse td can be traced with subcycle 
resolution utilizing the electro-optic sampling technique and statis-
tical readout12,15, performing averaging over many probe pulses. The 
temporal resolution and sensitivity are limited by the duration of 
the probe pulse tp during which the information about the quantum 
field is collected. This is a significant aspect because, apart from the 
change in its amplitude, the quantum field of the incoming vacuum 
is effectively subjected to a modified flow of time at the crystal exit, 
as can be seen from equation (5). Alternatively we can say that in 

Table 1 | Comparison between the physically analogue 
frameworks nonlinear (quantum) optics and general relativity

Nonlinear (quantum) optics General relativity

Driving field E changes the effective 

refractive index, E= −n n d2eff
2 2

Massive/energetic bodies deform 

space-time, thus changing the 

metric gμν (see equation (4))

Excitations of the field modes 

propagate/evolve along 

characteristic lines

Point-like bodies/particles move 

along world lines

Time-dependent refractive index 

induces creation of photons in 

previously unoccupied modes

Time-dependent metric leads to 

particle creation even in vacuum
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a reference frame using the conformal time τout(t) in place of the 
laboratory time t, the probe pulse shape and duration are modified 
according to the flow of τout(t) (see equation (16) in Methods). To 
obtain the time-resolved detected variance ε= ⟨ ̂ ⟩V t t( ) [ ( )]d out

(d)
d

2  for 
the outgoing quantum electric field ε ε̂ = ̂ = ∕t z l t( ) ( 2, )out , that is the 
temporal trace of its quantum fluctuations, we employ the quan-
tum theory of electro-optic sampling13 (see Methods for details). We 
define the relative detected variance (RDV) as

ε
ε

= − Δ ̂
Δ ̂

t
V t

RDV( )
( ) ( )
( )

(8)d
d vac

2

vac
2

Here Δε ε̂ = ⟨ ̂ ⟩( ) [ ]vac
2

in
(d) 2  denotes the detected variance of the 

incoming quantum vacuum field, which does not depend on the 
delay time td.

Figure 3b depicts the RDV for the case of the half-cycle pulse 
equation (7), a very short detection time tp = 0.49 fs and different 
squeezing strengths r. For r = 0.1, RDV(td) is an almost perfectly odd 
function (red line) with respect to the centre of the driving pulse at 
td = 0 fs. In this case, the temporal trace nearly coincides with the 
waveform proportional to the third derivative of the driving field 
E ∕′ t td ( ) d3

d d
3 (dashed black line). This function corresponds to the 

exact analytic solution in the limit of small r and tp, which can be 
obtained via the squeezing operator in the frequency domain (see 
Supplementary Information). This dynamics differs from the sim-
plified picture where for each fixed time moment the variance of the 
squeezed vacuum field is determined by [dτout/dt]2 and in the low 
squeezing regime (r ≪ 1) leads to temporal profiles following the 
first derivative E ∕′ t td ( ) dd d (ref. 15). Note that the deviation becomes 
less significant if multi-cycle, more narrowband driving fields  
are considered.

For small r, the RDV scales linearly with r and therefore remains 
symmetric. A build-up of asymmetry between the time segments 
with reduced and excess quantum noise can be clearly observed 
when r is increased. First, we can see that the magnitude of the 
detected quantum fluctuations becomes more pronounced in 
the anti-squeezing period with respect to the squeezing period. 
This can be attributed to the fact that the conformal time τout(t) 
must always increase monotonically with t. As the slope of τout(t) 
approaches zero, the flow of time comes to a halt and, according to 
equation (5), ε ̂ t( )out  must vanish. In the simplified picture, looking 
only at the prefactor in equation (5), this would lead to an almost 
complete elimination of the quantum noise and squeezing limited 
by 100%. In contrast, acceleration in the flow of time in principle 
may lead to arbitrarily large prefactors determining the magnitude 
of ε ̂in equation (5) and therefore to an arbitrarily strong enhance-
ment of the quantum noise. In the full picture including detection, 
the decrease (increase) caused by the prefactor in equation (5) is 
partly counteracted by the slower (quicker) flow of the conformal 
time in ε τ̂ t( ( ))in out  in the case of squeezing (anti-squeezing). The 
duration of the probe pulse seen by the incoming vacuum field thus 
effectively becomes smaller (larger) for squeezing (anti-squeezing) 
and the detected variance V(td) increases (decreases) due to this 
effect12. Equivalently, the effect of the lower (higher) local world line 
densities (see Fig. 1b) alone would enhance (suppress) the detected 
quantum noise. Still, after the unperturbed vacuum contribution 
Δε ̂( )vac

2 is subtracted in equation (5), the asymmetry in the RDV(td) 
is preserved to a large extent for sufficiently short detection times tp. 
Second, with increasing r, the time segments of squeezing become 
broader while the time segments of anti-squeezing narrow down. 
This additional asymmetry can be comprehended from Fig. 2b. It 
is clear that the time intervals with steep slopes in the flow of the 
conformal time τout(t) (anti-squeezing) take less space on the hori-
zontal axis, representing the laboratory time t, than the intervals 
with flat slopes (squeezing). This is what we observe for the case 
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of r = 2 in Fig. 3b (blue line). Uniquely to the strong squeezing in 
the time domain, polarity reversal of the driving field (Fig. 3a) does 
not change the position of the squeezing valley while reversing the 
arrival time of the anti-squeezing burst.

In Fig. 3d, the dynamics of the RDV is shown for different probe 
pulse durations tp and a fixed squeezing strength r = 2. As tp grows 
(see Fig. 3c), higher frequencies in ε ̂ t( )out  are not captured any more, 
leading to a flattening of the detected temporal traces. The narrow 
anti-squeezing peaks are affected more strongly by such changes 
than the valley regions of squeezing. When the probe pulse duration 
approaches the oscillation time of the driving field, the asymmetry 
is almost completely lost.

We now switch our attention to the case of a single-cycle driv-
ing pulse (Fig. 4a). Figure 4b shows the resulting dynamics of the 
RDV, also in terms of the degree of squeezing (see Supplementary 
Information). For the given amplitude of the driving field, the 
maximum positive degree of squeezing amounts to 49.6% while 
the minimum negative degree of squeezing (corresponding to 
anti-squeezing) constitutes only −35%. Therefore, the previously 
described asymmetry in favour of higher absolute values for anti-
squeezing is reversed in this case. At first sight, one might won-
der whether Heisenberg’s uncertainty principle is violated in the 
described situation. Through the inspection of the RDV trace 
for the polarity-switched drive (inset in Fig. 4c), we discover that 
the amplitude of anti-squeezing is in fact nearly twice that of the 
squeezing (Fig. 4b). It is only in this temporally non-local sense that 
we are able to restore the familiar dependence of quantum noise on 
the squeezing strength (Fig. 4c and Supplementary Information), 
and hence directly recover Heisenberg’s uncertainty principle.

Our work provides a consistent time-domain theory of the gen-
eration and subcycle-resolved detection of ultrabroadband wave-
forms of pulsed squeezed radiation, linking these processes directly 
to a change in the local flow of time induced by the coherent driv-
ing field. This constitutes a non-perturbative analytical solution 
for the operator of the generated squeezed vacuum field and the 
electro-optically sampled traces of its quantum noise. This solution 
is valid at any time and also in the high-driving regime, restricted 
only by conditions underlying the broadband version of the SVAA 
and causality. We applied our theory to predict time traces of the 
detected variance and corresponding degrees of squeezing belong-
ing to ultrashort squeezed vacuum fields created by half-cycle and 
single-cycle driving. The results for the detected variance show 
that the use of electro-optic sampling for a time-resolved measure-
ment of the noise pattern of a squeezed field inherently introduces 
an admixture of vacuum fluctuations. However, the asymmetries 
between squeezing and anti-squeezing are preserved by this mea-
surement technique for sufficiently short probe pulses. Finally, we 
theoretically predict an effect that at first glance looks paradoxical: 
the conventionally observed asymmetry between squeezing and 
anti-squeezing can be reversed for specially designed driving fields.
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Methods
Method of characteristics. The method of characteristics is used to solve a given 
partial differential equation (PDE) by reducing it to a set of ordinary differential 
equations (ODEs), which define parametric curves in the space of the PDE 
variables (so-called characteristic curves). These curves allow one then to construct 
the solution of the PDE. Let us assume that the original variables of the PDE, in our 
case equation (2), depend on the parameter ζ. Comparison of the total derivative 

of ε ̂with respect to ζ with equation (2) gives us ODEs for z(ζ) and t(ζ) (with their 
respective initial conditions):

ζ
ζ= = = − ∕z z ld

d
1, ( 0) 2 (9)
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Here an additional parameter τ was introduced as the initial condition for t(ζ) 
when ζ = 0. Solving equation (9) reveals that ζ = z + l/2. Changing the variable from 
ζ to z in equation (10) and solving it, we obtain t(z, τ), where now also an explicit 
dependence on τ appears. Finally, the function t(z, τ) can be inverted to obtain 
τ(z, t) with τ(z = −l/2, t) = t. The functional form of τ(z, t) ensures that the total 
derivative of τ(z(ζ), t(ζ)) with respect to ζ vanishes

E
⎡

⎣
⎢
⎢⎢

⎤

⎦
⎥
⎥⎥

τ ζ ζ
ζ

τ τ= ∂
∂

− − ∂
∂

=z t z t
z

d
nc

z t n
d

z t
t

d ( ( ), ( ))
d

( , ) ( , ) ( , ) 0 (11)
0

2

meaning that τ(z(ζ), t(ζ)) remains constant when moving along a characteristic 
curve {z(ζ), t(ζ)} parameterized by ζ. This PDE for τ(z, t) can now be used to prove 
that equation (5) indeed satisfies equation (2). Therefore, the only remaining non-
trivial task is to solve equation (10) finding τ(z, t). Inserting the solution for τ(z, t) 

into equation (5) then gives ε ̂ z t( , ).
For the purpose of solving equation (10), the retarded reference frame with 

′= − ∕t t nz c0, z′ = z and E E= ′ ′z t t( , ) ( ) is utilized. This transforms equation (10) 
into a separable ODE. τ(z, t) can then be expressed as
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in the original reference frame, where f(t′) is defined as the solution of the 
following ODE

E

′
′ = ′ ′

f t
t d t

d ( )
d

1
( )

(13)

Note that for equation (13) no initial condition needs to be stated because it can 
be chosen arbitrarily. The necessary initial condition is already incorporated in the 
solution for τ(z, t) with τ(z = −l/2, t) = t, regardless of the specific form of f(t′).

Quantum electro-optic sampling. The quantum theory of electro-optic sampling13 
is employed to model the detection process. Electro-optic sampling is generally 
based on upconversion of the MIR (terahertz, multi-terahertz) field to the near-
infrared (NIR) range. More specifically, a second-order nonlinear interaction 
provides mixing between the MIR field and an ultrafast gate pulse of the probe field, 
which is of a duration shorter than the half-cycle of the sampled field42,46. Scanning 
the relative delay td between the MIR field and the centre of the probe pulse allows 
for mapping out the temporal evolution of the MIR waveform. It is extracted 
from the polarization state of the NIR photons, which are absorbed and counted 
in a pair of fast (that is, ~1 GHz electronic bandwidth) balanced photodetectors. 
The technique can also be operated in the regime of statistical readout, where 
probability distributions based on millions of individual NIR pulses can be analysed 
at each temporal delay between the MIR field and the gate pulse, providing access 
to the temporally resolved quantum statistics of the sampled field12,15,16.

The variance of the outgoing quantum field ε ̂′ ′t( )out  is calculated as a function 
of the relative delay time td with respect to the centre of an ultrashort higher-

frequency probe pulse E ′ ′t( )p  (for convenience the retarded reference frame is used 
here). The resulting operator of the sampled field is given by

∫ε ε̂ = ′ − ′ ̂′ ′
−∞

∞
t t R t t t( ) d ( ) ( ) (14)out

(d)
d d out

The detector function R(td) is determined by the normalized intensity of the probe 
field that, for a fast oscillating probe field, can be replaced by the normalized 
intensity envelope:
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Then for the outgoing quantum field, determined by equation (5) at z = l/2, the 
operator of the sampled field can be expressed via the incoming quantum field 

ε ̂ t( )in  in the original reference frame as

∫ε τ ε̂ = − ̂
−∞

∞ −t t R t t t( ) d ( ( )) ( ) (16)out
(d)

d d out
1

in

where τ= −x y( )out
1  denotes the inverse function of y = τout(x). Let us consider the 

case where the incoming field corresponds to the vacuum state. Then equation 
(16) shows that sampling of the generated squeezed field by the probe pulse in an 
inertial reference frame can be alternatively viewed as sampling of the bare vacuum 
field in a reference frame with a non-uniform time flow given by τ− t( )out

1 . In the latter 
reference frame, the shape of the used probe pulse is then effectively transformed. 
To characterize the dynamics of the resulting quantum fluctuations, we evaluate the 
RDV that is given by equation (8). For the corresponding calculations in this paper, 
we used a Gaussian shape of the probe intensity envelope with the full-width at 

half-maximum duration tp so that 
⎛
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To analyse further the quantum aspects of the generated signals in our 
time-resolved detection theory, it is elucidating to consider the positive 

ε ̂′ ′+ t( )out
( )  and negative ε ̂′ ′− t( )out

( )  frequency parts47 of the generated quantum field 

ε ε ε̂′ ′ = ̂′ ′ + ̂′ ′+ −t t t( ) ( ) ( )out out
( )

out
( ) . These parts contain only annihilation or only creation 

operators, respectively. The sampling of the corresponding field parts, which 
are non-Hermitian, can be performed by combining the information on the full 

field itself ε ̂′ ′t( )out  and the same field with π/2-shifted carrier-envelope phase 
⎡
⎣⎢

⎤
⎦⎥

ε ε ε ε̂′ ′ ̂′ ′ = ̂′ ′ ∓ ̂′ ′ ∕±π πt t t i t( ) : ( ) ( ) ( ) 2out, out
( )

out out,2 2
. Such a phase shift can be implemented 

experimentally by inserting an appropriate broadband carrier-envelope phase 
shifter48 or in a variation of the electro-optic detection set-up49. Mathematically, 
the corresponding operation represents the Hilbert transform40 of the original 

generated field ε ̂′ ′t( )out . In the time-resolved detection, we get

∫ ∫ε ε ε̂ = ′ − ′ ̂′ ′ = ′ − ′ ̂′ ′π
−∞

∞
π
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where πR t( )
2

 is obtained from R(t) via the shift of the carrier-envelope phase by 

π/2. In the frequency domain, ω ω=πR iR( ) ( )
2

 for ω > 0 and ω ω= −πR iR( ) ( )
2

 for 

ω < 0. We can also express ε ̂ π t( )out,
(d)

d
2

 via the input field ε ̂ t( )in , in the same way 

as in equation (16). Measurements on ε ̂′ ′t( )out  and ε ̂′ ′π t( )out,2
 can be performed 

simultaneously, in parallel, after a beamsplitter. Note that in the described detection 
scheme, giving local temporal access to the generated quantum field, it is more 

natural and advantageous to operate with ε ̂′ ′− t( )out
( )  and ε ̂′ ′+ t( )out

( )  in place of the time-

domain version of the creation ′†â t( ) and annihilation ′â t( ) operators, which are 
also possible to introduce40. This access enables a deeper study of the intrinsically 
quantum properties of the generated field. For example, taking the input vacuum 
field having zero intensity flux our generation process leads to the appearance of 
the time-dependent short-living intensity flux, which is not possible to replicate 
with stochastical quasi-classical models for the field. The corresponding illustration 
and comparison of the simultaneous temporal dynamics of the RDV for both 

ε ̂′ ′t( )out  and ε ̂′ ′π t( )out,2
 are provided in Supplementary Information.

The calculated values of the RDV typically are small compared to the values 
of RDV and respective degrees of squeezing that would follow directly from the 
simplified picture (see Fig. 4b). The reason for this is that the RDV (see equation 
(8)) is defined as the relative difference between the detected variance of the 
generated field and that of the unperturbed vacuum fluctuations. To resolve the 
signal in the time domain, the probe duration has to be much shorter than the 
typical timescales of the signal. Thus, the frequency spectrum of the probe has to 
be much broader than that of the coherent field driving the squeezing. This means 
that the probe pulse will sample not only modes at the frequencies that are affected 
by the driving field but also modes at higher frequencies that remain untouched. 
Therefore, the contribution of the unperturbed vacuum fluctuations to the RDV 
has to be significantly larger than the contribution from the frequency range 
affected by the generation process to appropriately resolve the temporal squeezing 
pattern. This can be interpreted as an admixture of vacuum fluctuations to the 
signal that can be modelled by losses. However, it is important to note that rather 
than being losses that can be avoided, these losses are inherent to the measurement 
process and are necessary to appropriately resolve the signal in time. Nevertheless, 
losses do not necessarily represent an obstacle for the reconstruction of the degree 
of the generated squeezing15, which is shown in Fig. 4c.

The experimental realization of quantum electro-optic sampling involves 
an additional contribution to the detected variance originating from the shot 
noise of the probe pulse. This contribution is an important issue but is tractable 
experimentally by referencing the signal with respect to the vacuum level. In 
the considered situation, this can be accomplished by producing sets of two 
immediately consecutive measurements with and without the squeezing process 
initiated in the GX crystal, respectively. Therefore, the relevant quantity measured 
experimentally, and connected to the calculated RDV, is the relative differential 



noise (RDN)15, incorporating the shot-noise (SN) contribution EΔ( )p,SN
2. The 

RDN is given by

E
ε ε

Δ
= −Δ ̂ Δ ̂

t V tRDN( ) ( ( ) )
( ) (18)d d vac

vac

p,SN
2

(see equation (8) for comparison).
The detection set-up can be operated under conditions when the probe pulse 

intensity is high enough so that the shot-noise equivalent field amplitude EΔ p,SN 
(inversely proportional to the square root of the intensity of the probe field) is 
reduced to an appropriate level, which is still higher than but comparable with both 

the root mean square values of the detected vacuum field εΔ v̂ac and the deviation 

induced due to the squeezing ε−Δ ̂V t( )d vac. Additionally, a large enough number 
of repetitions (millions in practice) are required to suppress the uncertainty in the 
detected variances for the generated quantum field and the bare vacuum. Under 
such conditions, an appropriate signal-to-error ratio can be reached for the RDN. 
Knowing the particular relevant probe intensity determining the shot-noise level, 
one can straightforwardly recalculate the RDV from the RDN and vice versa.
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