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Abstract

We consider a hyperbolic quasilinear fluid model, that arises from a delayed version for the consti-
tutive law for the deformation tensor in the incompressible Navier-Stokes equation. We prove global
existence of small solutions and asymptotic results in R® and the half-space with slip boundary con-
ditions. Futhermore we show that this relaxed system is close to the classical Navier-Stokes equation
in the sense that for small times ¢ the solutions converge in high Sobolev norms to the solution of the
incompressible Navier-Stokes equation.

1 Introduction
Let n > 2 and T, 7, u > 0. In this note the fluid model

Tuy — pAu+uy +Vp+7Vpy = —(u- V)u — (tug - Viu — (tu - V)uy in (0,7) x R™,
divu =0 in (0,7) x R™, (1)

u(0,-) = ug, u(0,-) =uy in R"

for the velocity field u = u(t,z) : (0,7) x R® — R™ and the pressure p = p(t,z) : (0,T) x R" — R,
where ug and uy are given initial data, will be considered. This model arises from a delayed version for
the constitutive law for the deformation tensor in the incompressible Navier-Stokes equation (compare
below).

First of all there will be given some well-posedness and asymptotic results to the model above in R?, that
improve and complete known results due to Racke and Saal from [10] and [11].

Furthermore, thanks to a reflection technique, the equation in the half-space R’} with slip-boundary con-
ditions can also be solved.

As another main result it will be shown, that the model above is closely related to the incompressible
Navier-Stokes equation, in the sense that for small times ¢ the solutions (u”), of (1) corresponding to
7 > 0 converge for 7 — 0 in high Sobolev norms to the solution of the incompressible Navier-Stokes
equation.

The model can be derived from the incompressible Navier-Stokes equation as follows.
The incompressible Navier-Stokes equation (in the following also referred to as classical Navier-Stokes
equation) is given by
ur+ (u-Viu+ Vp=div2S in (0,T) x Q,
divu=0 in (0,7) x Q, (2)
U|t=0 = uo in Q,

where the deformation tensor S is determined by

S = % (Vu+ (Vu)'). (3)



Like the change from Fourier type law to Cattaneo in heat conduction, this law is replaced by a delayed
version

S 478, = % (Vu+ (Va)'), (4)

for a small relaxation parameter 7 > 0, where the left hand side is a formal first order Taylor approxi-
mation of S(t+ 7). By the second line in (2) one gets

div2(S + 75;) = pAu

and therefore (1) can be derived by differentiating the first line in (2) with respect to ¢ and after a
multiplication with 7 adding the resulting line to the original one. The equation (1) will be refered to as
hyperbolic Navier-Stokes equation.

This model was already derived in [2] and [3]. But in a mathematical rigorous way, concerning well-
posedness in high Sobolev norms, it has been treated first in [10] an [11]. Further results have been
established in the diploma thesis of the author [12], which in parts will be presented in the following.
Paicu and Raugel considered in [8] another hyperbolic fluid model by just adding a hyperbolic perturba-
tion Tus to the classical Navier-Stokes equation, but this model rather differs to the one above, because
their model remains semilinear, which makes it possible to carry over the proofs for the classical Navier-
Stokes equation. For an introduction to the Navier-Stokes equation we refer to [13] and [6].
Furthermore in [1] the model from [8] was examined for 7 — 0 and it was shown, that the solutions (u7),
corresponding to 7 > 0 converge for 7 — 0 to the solution of the incompressible Navier-Stokes equation.
However this result on an approximation of the classical Navier-Stokes equation by relaxation cannot be
compared to the Theorem 3.1 in this note, because different systems on different domains are considered.
Formally, regarding the derivation of the hyperbolic Navier-Stokes equation, the result on the approxima-
tion seems to be not so astonishing but one has to keep in mind the works [4] and [5], where it was shown
that delayed systems, that are formally close together, can behave differently. For example in [5] it was
shown, that a equation, coming from a Cattaneo type law, might not be exponentially stable, although
the same system with a Fourier type law is. In [4] it is even shown, that formal high taylor expansions
of the delayed term, can lead to ill-posedness. Altogether the result on the approximation feeds hope to
gain new ideas for the classical Navier-Stokes equation by examination of the hyperbolic Navier-Stokes
equation. Futhermore it makes the conjecture of Racke and Saal in [11], that the hyperbolic Navier-Stokes
equation has a blow-up for large data, even more interesting.

The paper is organized as follows. In section two well-posedness and asymptotic results to the model (1)
will be proven, where the whole space is treated in subsection 2.1 and the half-space in subsection 2.2.
In section three we will prove the result on the convergence to the classical Navier-Stokes equation for
7 — 0. In the first part of the section the boundedness in high Sobolev norms of (u"), for small times ¢
in 7 is proven, which makes it possible to show in the second part the convergence to the solution of the
classical Navier-Stokes equation.

2 Well-posedness and asymptotic results

In this section there will be given some well-posedness and asymptotic results for (1), but first of all some
remarks on the notation used in this note.

Let X be a general Banach space and Q C R™ a set, then C™(Q, X) denotes the space of m-times
continuously differentiable functions with values in X. Analogously LP(Q, X) with 1 < p < co denotes
the standard Lebesgue space of X-valued functions with norm || - ||,. For the Hilbert space L?(£2, X) we
write (-, -) for the scalar product.

As usual W¥*P(Q, X) denotes the Sobolev space of k-th order, with the norm

1
a,,|lp )P
il o= Fal o= { (Costoten 107015) " for <p <0 )
maxo<|a|<m [[0%U|oo, for p = oo,



where the multi-index notation is used, that means for v € Nj we set V := 0% := 9" - ... - 9%,

For a vector-valued function v : Q@ C R® — R", z — u(zx) = (u1(x),...,un(z)) u; denotes the i-th
component.

The Helmholtz projection onto the space

L9(Q) == fue (CF () dva=0]' " for Qe (R",R"} (6)

is denoted by P.

2.1 Whole space

In [10] the well-posedness in the whole space R™ has been proven under a smallness condition on the
initial data, where the existence time depends on the highest norm of the initial data. One can improve
this dependence to the result

Theorem 2.1 (Local existence)
Letn>2 and s > m > % For all

(uo,ur) € (W¥>2(R") N LE(R™)) x (WTH2(R™) N LZ(R?))
there exists a T > 0 and a unique solution (u,p) to (1) satisfying

ue CO(0,T],W*t»2(R™) N LZ(R™)) N C*([0,T], W*T2(R™)) N C*([0,T], W**(R™)),
V(p+1ps) € CO[0,T), W**(R™)).

The existence time T only depends on ||uo|m+2.2 and ||u1||m+1,2-

Hints on the proof:

One has to check where in [10] the existence time is determined. The basic idea of the proof in [10] is
to construct solutions to a linearized system and then use Majda‘s fixed point iteration to treat the full
system. To this end the boundedness of the iteration sequence is needed, which can only been proven
with a restriction to the existence time (compare [10, Lemma 5.2]). Therefore one has to find a better
proof of [10, Lemma 5.2].

One approximates the initial data with smooth functions, then gets a smoother iteration sequence, which
justifies to carry over the first part of the calculations in [10, Theorem 4.5 Step 2], and finally gets with
the idea used in [9, Theorem 5.8] the desired energy estimate with better dependence of the existence
time. The convergence of the iteration sequence to the solution can be proven like in [10]. O

In [11] the global existence in R? and R? was proven with a method by Klainerman and Ponce, like it is
for example described in [9]. The proof uses convergence rates coming from the damped wave equation,
which in two dimensions are worse than in three dimensions and therefore Racke and Saal focused on
the two dimensional case. Actually if one compares the equation with the damped wave equation, where
quadratic nonlinearties in R? touch the critical borderline, one would expect that the two dimensional
case is more complicated (compare [11, 1. Introduction|). The remark in [11] that the result in R? can
be improved has now been carried out in detail and the following Theorem was proven.

Theorem 2.2 (Global solution)
Let m > 3, then there exists a 6 > 0 such that for initial data
(ug,uy) € (WmH32(R?) N LZ(R3)) x (W™F22(R3) N L2(R?)) satisfying

[wollm+3,2 + [[utllm+2,2 + lluoly + [Jurlly <6, (7)
there exists a unique global solution (u,p) to the hyperbolic Navier-Stokes equation (1) with

u € C°([0,00), WTH2(R?) N L2Z(R?)) N C* ([0, 00), WM H22(R?)) N C([0, 00), W™ F2(R?)),  (8)
V(p+7pi) € CO([0, 00), W™ HL2(RY)). (9)



Furthermore

@z =0 (%) u@lne=0(£3),  IVu@lne=0(F)  fort—oo (10)
holds.

Remark 2.3 (Improvements)

Obviously the decay rates are better than in the two dimensional case, but furthermore the conditions
on the initial conditions were weakened and the proof was shortened and therefore the Theorem is a
interesting result. Of course it is also possible to show || - ||m,,q- decay rates like in [11], but for the proof
of the global existence in R3 this is not necessary.

Proof of Theorem 2.2:
One applies the Helmholtz projection P to (1) and gets for u € L2(R?) the equation

Tuy — pAu+ vy = —P((u- V)u) — P((tus - V)u) — P((tu - V)uy) in (0,00) x R,
= N; + Na+ N3 (11)
w(0,) = up, u(0,:) =uy in R3.
According to Theorem 2.1 let u be the local solution to (11). Then as usual the proof consists of a high
energy estimate and a weighted a priori estimate for u, which together guarantee that the local existence

theorem can be applied successively to obtain a global solution.
The high energy estimate can be quoted from [11, Theorem 4.1].

Theorem 2.4 (High energy estimate)

For
1
En(t) i= B (u®) := 5 > (7IVul3 + ullVVull3 + el Voul}) (1) (12)

o] <m—+1
with €2 > 0 appropriate, there exists a ¢ > 0 independent from T and the initial data (ug,u1) €
(WmF22NL2) x (W™Th2 0 L2) such that for 0 <t <T and m > 3 +1

Ep(t) < cEp(0)e® Jo UlelZg+llwe 11,00+l Vel o) (r)dr (13)
holds.

The improvement in the proof of the global existence in the three dimensional case to [11] lies in the
weighted a priori estimate, that thanks to better decay rates, can be formulated and proven easier
(compare the following Theorem to [11, Theorem 5.3|).

Theorem 2.5 (Weighted a priori estimate)
Let m > 3 + 1, then there exists a 6, > 0 such that for initial data (ug,uy) € (W™T2NL2) x
(WmF22N L2) with

[uollm+s.2 + lurllmrz,z2 + [luolly + lluslly < b1, (14)
there exists a My > 0 independent from T, such that for the solution u of (1)

M(T) = sup {1+ [u@llmo + 0+ DOl + QDI VuOllmaf < Mo (15)

holds.
Proof. We quote the representation formula [11, Lemma 5.2] for the solution u

Lemma 2.6 (Representation formula)
Let w(t)g denote the solution to

TV — AV +v, =0 in (0,00) x R3,
U(()? ) =0, vt(()? ) =49 m RS.



Then u can be represented as

p 3
u(®) = w(®)(us + Tun) + O (®yuo + - [w(t =) Y Ny(rydr. (16)
0 J=1

which makes it possible two obtain convergence rates for the solution u from the damped wave equation.
In the case of R one only (compare to [11, Lemma 5.1]) needs the following convergence rates.

Lemma 2.7
Let v denote the solution to

TU — AU + vy =0 in (0,00) x R3,
v(0,-) =vo, v(0,:) =0y in R3.

Then for all « € N3 and j € Ny

. _ M .
1V 8fu(t, |2 < (1 + )~ 5+ (vg, v1) | x,, (17)
. (1 m .
V0] v(t, Y2 < e(@ 4+~ G54 (v, 01)]x, (18)
. laf
12 8u(t, Iz < e(1 + )~ G5+ (ug, 01) | x, (19)
with
X L? x L2NLF x L¥, forlal+j=0
P wilelti2 s wlel+i-12 q Lk x LE for o] 4§ > 1.
holds.
Proof. Use [7, Lemma 1] with n =3 and m =2, m = % resp. m = 1. O

Now one successively deals with each term of M (7). In contrast to the two dimensional case one always
uses the following derivative structure of the nonlinearities. Because divu = 0, one can write

Ny =—P((u-V)u)=—P (V- (u ®u))zP(v.N1)=v-Pth
Ny =—P((tus - V)u) = = P(V-Ny) =V - PNy,
Ny = —P((tu-V)u) = = P(V-N3) = V- PNs.

I. Estimate for ||u(t)||m,2
Using the representation formula from Lemma 2.6

t

3
u(t) = w(t)(ug + %uo) + Orw(t)ug + %/w(t —r) ZNj(r)dr = vy (t) + va(t) + v3(t)
=1

0

one gets with (19) the estimates

01 ()l < (X +8)7F (Juollmr,2 + l[ut 1,2 + luolls + lurl1) < edr(1+¢)71, (20)
2 (8)[lm,2 < (1 + )~ FHD (Juollmsr1-1,2 + luoll1) < edi (1 + )G+, (21)

To estimate v3 one uses the derivative structure of the nonlinearities and the continuity of the Helmholtz
projection together with (18) and gets

t

Joa(lma <c [(L4er <+>Z||N Dllmsi-12+ 18,0l (2

0



Remark 2.8

The concerning the convergence rate better estimate (19) cannot be used here, because the Helmholtz
projection is not continuous on L. Otherwise the estimate (17) is not sufficient (this would avoid the
|- Iz terms), since then the convergence rate of [|u(t)|lm,2 would be too small (compare (32)).

With Theorem 4.1 and the Sobolev embedding theorem (m > %) it follows

1N () lm,e < ellu(r)lloo u(r) m,2
< clfufr) [lm 2l[u(r)lm,2

=@+ n) 7 (@40 u)lmz) 007 (40 u()m,2)

<c(l47)7 3 M(T)?

and
N2 () 2 + 1N3 () 2 < (14 7)~ 372 M(T)2,
Because of 1+ = % + %, one can use Holder, which together with the Sobolev embedding theorem implies
2
~ _3
1IN ()]s < ellulr)ll2llu(r)lls < cllulr)llmellu()mez < el +r)72 M(T)?
and

IN2(r) |5 + I Ns(r) |5 < e(1+7)" 52 M(T)2

Plugging in all estimates for the ij (r) in (22), it follows
t
[03(t)|lm.2 < M (T)>(1+1)~ 1 /(1 +t—r) G (1 +9) 2 (1 +t)Tdr. (23)
0

Using Lemma 4.2, one finally gets

[v3(t)lm.2 < eM(T)*(1+ )75

~leo

(24)
Summing up (20), (21) and (24)
(L + )3 ()2 < b1+ cM(T)? (25)

is shown.
II. Now to the estimate for ||u(t)||m, 2
Differentiating the representation formula from Lemma 2.6 with respect to ¢ yields

t 3
we(t) = Bt (ug + %uo) + O2w(t)uo + at% /w(t — 1) SN (r)dr
0

Jj=1

= Ou(t)(un + Ju) + OFw(Bhun + 1w(0) SN0+ [ Orult — ) 3 Ny(r)dr
0

i=1 j=1

<

=0
=V (t) + ’Ug(t) + ’Ug(t).

Analogous to 1. it follows
o1 ()l < (X + )7 (Jugllmsr—1,2 + l[ur mns1—1,2 + ol + Jurll) < e (1 +6)~GFD (26)
o2 (®)llm2 < e(X+ )~ (ugllmra—1.2 + uolly) < edy(1+)~G+2), (27)



Like above, but with (17) one gets

t
[05(8) o < / (1+t—1) <+1>Z||N Vs 111,26l (28)
0 J=1

Theorem 4.1 and the Sobolev embedding Theorem imply
1N (P) 41,2 < ellw(r)m,allu(r) [m1,2
< cllu()lm2(lulr)llmz + V" u(r)|l2), (29)

1N (1) lm1,2 + IN(F) e < elllulr) lm 2 lue(r) iz + e () lm2llu(r)mre)
< c(llu(r)llma(lue(r)llmz + V" ue(r)]2)
+ e () [l 2 () .2 + 1V u(r)]12). (30)

The highest derivative can be estimated with the representation formula from Lemma 2.6 and (17) to

m—+41

7n.+1 ]. —
llur + Uo||m+1 12+ e+ Jug 11—

V™ u(r) ]2 <e(t+r)772

—i—c/(l—i—r—/\ ~(=4g )ZHPN Mot 111 20N,
j=1

m+1

IV g (r) |2 <e(1 )~

(7n+1

1
|ur + ;“0||m+1+1—1,2 +e(l+7)” T2 || mt142-1,2

T 3
c/(l Fr— A" Z IPN; () [l 1141-1,2d .
0 =

The high norm ||P]Vj()\)||m+2,2 can be estimated by contiuity of the Helmholtz projection, Theorem 4.1
and the high energy estimate (Theorem 2.4) for m = m + 1 to

IPN; (Mllmre.2 < e(lluN) oo + e (Wlloo) () ms2.2 + e (M) llmre.2)
< c(fluM oo + llue (M lloc) Em+1 ()

< ce(JJu(N) || oo + ||ut()\)||OO)CEm+1(Q)ecf&(llu\liﬁl\utHl,oe+|\VuHoo)(a)d@.
Using Sobolev (m > 2 + 1) and Ey,41(0) < ¢||(ug, u1) lym+s2xpm+22 < cd1 it follows
1PN ()l < 1) lmz + (N mz)e 52 It ezt IVulna@de - (31)
and finally

@+ ) (V™ ()2 + [V () |2)

m1 1
<e(147) "% Jur + —upllmgrz +e(1+7)7

+c§1/<(1—|—r—)\)_(m2+1+
0

m+1

+(14r—X"3

m+1 3
= DF g [,

DA+ a0t [0+ 0 el e]

3
2

D+ Ea+nt o+ A)gllutu)llm,a])

A 5
eJaro > [t u(@) ] +0+0)7F [(1+0) T (ue(@) 2+ V(@)1 m.2)]de
- €

dA.



Lemma 4.2 yields

r

sup/(l—i—r—/\)*(m;r1+

r>0

D(14+A)"1(1+7r)1dA < oo,

r

sup/(l +r= N1+ )TE 1+ ) < oo
r>0
]

Obviously it holds

A
sup/(1+g)_%+(1+g)_%dg<oo. (32)
A>0
=0

Remark 2.9 (Comparison to the two dimensional case)

This estimate is the essential difference between the two and the three dimensional case. In R? it is not
possible to estimate the norms in the exponent of e against W™ 2-norms, because the integral (32) would
be divergent, since the convergence rates in R? are not good enough. Therefore in [11] W™9-estimates
were used.

With these estimates and by definition of §; (14) and M (T') (15) it follows
A+ DT um) e + IV ()l < edy (14 MDD,

Plugging in in (29) resp. (30) yields

(1+7) ZHN M1z < el ) Hlu() oz (147 u()llnz + (1 41T u(r)]l2)
c<(1 ) u) e (4w lhmz + 0+ 7)) 2)

+ (L) ) e () ) + (14 7)E ||Vm+1u(r>||m72)>
< eM(T) (M(T) +edy (1 + M(T)eC(M(T)2+M(T)))) .
If one puts this in the estimate (28) for ||vs(t)]], it follows

[03(t)[Im,2 <cM(T) (M(T) + ¢dy (1 + M(T)eC(M(T)2+M(T))>>
t 33
(1+1) %/1”—7“ (14 r) 73 (1 + )3 dr (33)
0

Again by an application of Lemma 4.2 one finally gets
(1+8)2 e (t) |l < 61 + cM(T) (M(T) + by (1 + M(T)eC(M<T>2+M<T>))) . (34)

III. Estimate of ||Vu(t)]|m,2
Differentiating the representation formula from Lemma 2.6 with respect to x yields

t

1 1 >
Vu(t) = Vw(t)(ur + ;uo) + Vouw(t)up + - / Vw(t —r) ZNj(r)dr
0 j=1
=1 (t) + U2(t) + 1}3(t).



Like above it follows

5

01 ()2 < 1+ 1)) (Jugllmir-12 + [unllmsr-12 + lluolls + lus 1) < edr(1+)7F,  (35)
[2() .2 < e(1 + )G (fugllms1s1-1,2 + uoll) < edr (1 + )~ EFD, (36)
Like in I. one gets with (18) the estimate
t 3
05 (£) |2 <c/ (L4t =) "G S (N (1) nsa—1.2 + [1N; ()] 3 )dr (37)
0 J=1

Now Z?Zl ||ij(r)||m+172 can be estimated like in II.,; while Z:;:l(HNJ(T)H% can be estimated like in I.
such that

3
1+7) Z IN; () vz + N5 ()] 3) < eM(T )(M(T)+c51 (1+M(T)60(M(T)2+M(T)))) (38)

follows.
Plugging in in (37), Lemma 4.2 and (35) and (36) yield

1+ )% |Vt |lmo < b1 + cM(T) (M(T) + by (1 + M(T)eC(M(T)2+M(T))>) . (39)

IV. Summary of L-III. and proof of the Theorem
Putting together (25), (34) and (39) it is shown

(1 + )3 [[ul) 2+ + ) F [ue(t)llm2 + (1 + O [Vt 2
< 0y + eM(T)? + cby + cM(T) (M(T) + by (1 + M(T)eC(M<T>2+M<T>)))

< 8y + eM(T)? + 6, M(T) (1 + M(T)eC(M(T)2+M(T))) .

By definition of M (T') (15) one gets

M(T) < 6y + cM(T)? + 6, M(T) (1 + M(T)eC(M<T>2+M<T>)) (40)
and therefore the claim follows by standard arguments (compare [11]).
O
Theorem 2.2 can now be followed as usual by applying the local existence Theorem 2.1 successively.
q.e.d.

2.2 Half-space with slip boundary conditions

In this subsection the solvability of the hyperbolic Navier-Stokes equation in the half-space with slip
boundary conditions is proven with a reflection technique. For simplicity we only deal with the three
dimensional case. To be precise, the equation

Tuy — pAu+u + Vp+7Vpy = —(u- Viu = (tug - Vju —(Tu- Viue iy (0,00) x R3,

divu =0 in (0,00) x R3, (41)
Ouyq Ous - \
o = = OR
o O o7 % uw=0 ?n na
w(0,) =v, w(0,:) =w in RY.



for u = u(t,z) : (0,00) x R — R?® and p = p(t,z) : (0,00) x R — R with g, 7 > 0 and given initial
conditions v and w is treated.

Assuming for the initial conditions v and w for m € N and § > 0

(VI(,m))  (v,w) € (WmF32(R3) NLZ(RY)) x (WmF22(R3) N L3 (RY))
with [[]lmi3.2 + lwlmy2,2 + [0l + w]i <6

(V2(m)) For all odd integers k € [3,m + 2] the partial derivatives satisfy
% vy, 05vy € HY(R™). Analogously for all odd integers k € [3,m + 1],
it holds O§w1, 05w, € HF(R™) (v; denotes the j-th component of the vector v).
Furthermore v and w satisfy the boundary condition.

the following Theorem can be proven.
Theorem 2.10 (Global solution in the half-space)
Let m > 3, then there exists a 6 > 0 such that if the initial conditions v and w satisfy (V1(6,m)) and

(V2(m)) then there exists a unique global solution (u,p) to the hyperbolic Navier-Stokes equation (41)
with

u € CO([0,00), WM H2(RE) N L7(RY)) N CH([0, 00), WM F22(RY)) N C2([0,00), WM H2(RY)),  (42)

V(p+1pe) € CO([0,00), WHA(RY)) (43)
Furthermore
[z =0 (1), u@lmz=0(t7F), IVu@llne =0 (1) Jort o0 (44)
holds.

Hints on the proof:

The basic idea is to reflect the initial data to functions in the whole space, then apply the Theorem 2.2
for the whole space and finally check that the restriction of this solution to the half-space solves (41).
In [14] this idea was described in a general context and applied for the classical Navier-Stokes equation.
Therefore one actually applies Theorems from [14].

The boundary conditions dictate how to reflect the initial conditions, which means even extension of the
first and second component of the vector and odd extension of the last component.

fi(z1,z2,23)
fa(z1,22,23) |, for 3 > 0,

fa(z1,22,~x3) ), for 3 < 0

_f3($1;1’727_w3)

for f € {v,w} (45)

The assumption (V2(m)) guarantees thanks to [14, Theorem 5.1] that this extension is smooth, which
means

(0, w) € (W™T2(R*) N L2(R?)) x (W™T>2(R*) N LZ(R?)) . (46)
Choosing § < & with § from Theorem 2.2 the assumption (V1(5,m)) ensures that Theorem 2.2 can be
applied to the initial data (v, w) which yields a solution (@, p) to the whole space problem.
Now one only has to check that

has the right boundary conditions. But this is clear because the equation preserves the symmetry of the
initial conditions (v, w) (compare [14, Proposition 4.1]).

The claimed convergence rates follow by construction of the solution directly from Theorem 2.2. The
uniqueness of the solution can be proven with the multiplier method (compare Section 3.2). O
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3 Relaxation parameter 7 — 0

Looking at the derivation of the hyperbolic Navier-Stokes equation one would expect that for vanishing
relaxation parameter 7 the corresponding solutions u” converge to the solution v of the classical Navier-
Stokes equation, but as mentioned in the introduction this is not clear.

It will be shown that in the whole space R™ with n = 2 or n = 3 for sufficiently smooth initial data,
Ty > 0 appropiate and m > 3

sup [[u”(t) = v(t)|m+22 = O(r?)  and sup |uf (t) = vi(t)[lm12 = O()  (48)
0<t<Ty 0<t<Ty
for 7 — 0 holds.
This will be proven with the multiplier method applied to an equation for the difference w := u” — v.
Therefore one first needs an appropriate equation for w.
Differentiating the Helmholtz-projected Navier-Stokes equation for v € L2(R™) with respect to t yields

vy — pAv+ P((v-V)v)=0 in (0,7) x R™,

49
v(0,) = v in R™. (49)

This equation is now multiplied with 7 and then added to the original equation and hence
TU — pAv — TpAvy + vy = —P ((v- V)v) — P ((tvy - V)v) = P ((1v - V)uy) in (0,7) x R™, (50)

v(0,-) = v, ©v:(0,) = pAvg — P ((vg - V)vg) =: 11 in R"™.

The initial condition for v;(0, -) is a natural compability condition from (49). Subtraction of this equation
from the Helmholtz-projected hyperbolic Navier-Stokes equation for v € L2 (R")

Tuy — pAu+uy = —P (u- V)u) — P ((tue - V)u) — P ((tu - V)uy) in (0,7) x R"™,
ENl +N2+N3 (51)

u(0,-) = vo, u(0,-) =v in R™,
gives the desired equation for L2(R") > w :=u — v
6
Twy — AW + wy + TpAv = z:l M; in (0,7) x R"™, 2)
=
w(0,-) =0, w(0,-)=0 in R".
Where the M, are determined by

—Plu-V)u+Plv-V)v=—P(u-V)(u—v)—Plu-V)v+ Pv-V)v
=—Plu-V)(u—v)—P((u—v) - V)v==Pu-V)w—P(w-V)v=M + M,

resp.

—7P(u - V)u—7P(u-V)ug + 7P(vy - VYo +7P(v - V),
=—7P(us - Vw — 7P (w - V)v —T7P(u-V)w — 7P (w- V) vy
EM3+M4—|—M5+M6.

The following energy estimate is similar to the methods used to proof the high energy estimate [11,
Theorem 4.1], but first we have to specify the regularity of the solutions u and v. Actually the solutions
should be just as good as that the following calculation works, which can surely be achieved if vy is
smooth enough and m > 5. To be precise Theorem 2.1 gives a solution

u™ € CO[0, T7], WmHB2(R™) N L2 (R™)) N CH([0, T7], W™22(R™)) N C%([0, T7], W™ E2(R™))  (53)

11



to the hyperbolic Navier-Stokes equation and for example with [13] one can derive a solution
v e CH[0,T,), Wm2([R") N L7 (R™)) N C*([0, T,], W™ H*(R™)) (54)
to the classical Navier-Stokes equation.

It will be shown that 77 > 0 can be chosen independent from 7 such that all solutions exist on a
common interval [0,T31]. Therefore the following definition and the subsequent calculation makes sense
for t € [0, T4].

One defines the energies by

1
Em(p(t) =5 Y. TVl + ul VeVl + IViel3)(¢)  for ¢ € {u,v,w} (55)

lal<m+1

and corresponding Lyapunov functionals by

En(p(t) = En(p®) +7 Y (V% Vi)(t)  for ¢ € {u,w}. (56)
la]<m+1

For 7 < % it holds

1 ~ 7

1 Em (@) < En(p(t)) < 7 En(p(t)). (57)
In subsection 3.2 it will be shown that for R > 0 appropriate and 7 small enough the estimate

Epn (w (t))

< /CTsz’I’ - exp c/ (Em(u(r)) + Emya (v(r)) + Em(u(r))% + Em,+1(v(r))% +1)dr
0 0 —E0)

(58)

holds, where c¢ is a constant independent from 7 (this shall hold for the whole section).
Since in subsection 3.1 for 77 > 0 appropriate the boundedness of E,,(u(t)) in 7 for ¢ € [0,T1] is shown,
E(t) stays bounded in 7 for ¢ € [0,77] and the following Theorem is proven.

Theorem 3.1
Form > 4 and vy sufficiently smooth there exists a T1 > 0 such that

sup B, (w(t)) = O(1?) for T — 0. (59)
0<t<T)
Especially
sup [[u”(t) = v(t) [mt2,2 = O(7?) and sup |[uf (t) = vi(t)[[my1,2 = O(7),  (60)
0<t<Ty 0<t<Ty

holds. This means that the solutions u™ of the hyperbolic Navier-Stokes equation converge for T — 0 to
the solution v of the classical Navier-Stokes equation.

3.1 Boundedness of " in 7

Theorem 3.2
There exists a Ty > 0 such that for m > % and vy € W42 (R")

sup B, (u(t)) = O(1) for T — 0. (61)

0<t<Ty

12



Proof. Under the assumption that the solutions (u”), exist on a common interval [0, 7] with T indepen-
dent from 7, for small 7 the a priori estimate

Ep(u(t)) < E ) +c / +1)2dr, (62)
0

will be shown. Then one can apply a nonlinear version of the Lemma from Gronwall 4.3 and gets the
claim.

For reasons of clarity the argument (¢) is dropped.

Let |a| <m + 1. Applying V® to (51) and multiplication with V®u,; in L%(R") yields

3
LIl + B SNVl 4 e = DAV, 7w (63)

Now one has to estimate the nonlinear terms. In doing so, one has to observe that terms like || V®u,||3 can
only be estimated 7-independent against E,,(u) if they have a prefactor 7. If 7 appears in front of other
terms like 7||V?u||3, one can estimate them 7-independent, if one assumes without restriction 7 < 1.
With the continuity of the Helmholtz projection and Theorem 4.1 one gets

(VN V)| < e ([[ulloc [V Va2 + [[Vulloo [V ull2) [V - (64)
Using Young’s inequality and Sobolev yields

(VN1 Vo] < e ([ullf, o[V Va3 + [1Vull7, o[ V™ ull3) + 51V ulf3
< B (u)® + 5[V ue3. (65)

Analogously

(VO Na, Voup)| < e ([uell7 oV Vull3 + [ Vull7, o uel3) + o7 V|3
< B (u)? + (B (u) +1)2. (66)

The last term can be rearranged to
(VEN3, V) = =7 ((u - VV*) ug, Vo) — 7(V ((u- Vug) — (u- VOV)u, Vi) = Ry + Ra.

With integration by parts one gets

Ry = —7(u;0;0%0uy, 0“0puy) VL0 —7(0;u;0% 00y, 0% Oyuy)

= T<uj8“8tur, ajaaatur> = T(@aﬁtur,ujajao‘@tm) = —Rl,
and therefore R; = 0.
The term Ry can be estimated with Theorem 4.1(ii) to
[Ra| < e[V ((u- V)uy) = (u- VOV)ur[l2[ V|2
< e (IVulloo [ V™ V|2 + [|Vue oo [V ull2) [V ue 2
< et (IVull7 V™ Va3 + [Vaellf, o[V al3) + e[|V ul3
< cEp(u)? + c(Ep(u) +1)2. (67)

Now one again applies for all |a| < m + 1 the operator V® to (51) but this time multiplies with V*u in
L?(R") to the end

3

L w2 = > (VEN;, Vou). (68)
Jj=1

d
— (Vo VO U>—Tllvauf||2+u||V“VU\|2+

Tat dit 2
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As above one gets
[(VENy, VOu)| + (VY Na, VOu)| < By (u)? + (B (u) +1)2. (69)
For the last term one distinguishes between |a| = 0 and |a| # 0. For |a| =0
(N3, u)| < e7l|(u- V)uel2fullz < e[| Vu|loo[[ull3
< er|[Vully, 2 + erllully < e(Bm(u) +1)% + cEp (u)? (70)
holds, while for |a| # 0 there exists a 1 < k < n with ay # 0 and therefore
[(VEN3, VEu)| < o7 ([[ulloo [V Vuell2 + [[Vueoo [ V™ ull2) [V ul2
< et (lullm 21V Vel I3 + [ Vue |7, o[V ull3) + erl|[ VO ul3
< cEp(u)? + c(BEp(u) 4+ 1)2. (71)
Adding (63) and (68), summing up over |a| < m + 1 and using the estimates for the nonlinearities (65),
(66), (67) and (69), (70) resp. (71) yields

d

aEm(u)ﬂL Y (IVouell3 =71V uel3 + ul VEVul3)

|a|<m+1

1
< CEp(w)? + c(Ep(u) +1)2+ > 5||vaut|\§.

la|<m+1
Without loss of generality one sets 7 < % and obtains

d ~
aEm(u) < cEp(u)? 4+ c(Ep(u) +1)? < o(Ep(u) +1)% (72)
If one integrates in time from 0 to ¢ and uses (57), the estimate (62) is proven. To apply the nonlinear
version of the Lemma from Gronwall 4.3 one has to look at the differential equation

h(t) = c(h(t) +1)?

7
h(0) = ZEm(u(O)) =: hyg,
which clearly has the solution
. ho +1 1
M) =Ty + frte D) (73)

The existence interval of h gets larger for 7 — 0. Setting § equal to the value of ZE,, (u(0)) for 7 = 1
and Ty as 0 < T} < 0(571“)7 then the continuous function h = h(t,7) : [0,71] x [0, 4] — R has a maximum
M and therefore

sup E,,(u(t)) < sup h(t) <M for 7 € [0, 1]. (74)

0<t<T: 0<t<Ty

It remains to show, that (u”), for 7 € [0, 3] arbitrary exist on the common interval [0, 7}].
Let 7 € [0,3]. Then u” exists on [0,77], where T7 = T7(||uglm+2, 1 |lmt1,7). If T7 > Ty nothing
is to prove and therefore let T7 < T;. From the estimate above one gets E,, (u"(T7)) < M. Now the
local existence theorem can be applied to the initial data ™ (T7) and u] (7T7) and therefore one gets a
solution on [T'7,T7] with T™ = T7 (M, M. If T™ < Ty again E,,(u”(T7)) < M holds and hence one
can argument successively. O

Remark 3.3 (Dependences of T and M)

T, is defined by the existence time of h (cp. (73)) and therefore depends on the norm of the initial data
and on the constant c that comes from the estimate above. To be more precise ¢ depends on the constant
coming from the Moser inequalities, on p and so on but most important ¢ and Ty do not depend on T.
M is by definition the maximum of h and so depends on the same quantities as ¢ and T7.
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3.2 Convergence for 7 — 0

Now we want to proof Theorem 3.1.

The estimate is very similiar to the one of the previous subsection, especially one again has to observe
that terms with time derivative must have a prefactor T to estimate them against the energy. Of course
for terms like ||vg||m,2 this is not necessary, but for clarity and uniformity we do so. Without restriction
let T1 S Tv-

For a suitable R > 0 and 7 small enough we prove with the multiplier method the estimate

4 B(u(®) < erR o+ c (Emw(t)) + By (08)) + B (u(£))2 + Eyna (0(t)) 2 + 1) B (w(t), (75)

form which one easily obtains (58) and the claim.
As above one gets

rd nd
2dt

2 dtHV‘”VMl% + Vw3 = —(ur V= Ave, Vuwy) +

J

IV w3 + (VEM;, Vwi). (76)

6
=1

Without restriction let again 7 < 1 hold. Analogously to the previous section one gets

(VM1 V)| < e ([ulloo V™" V]l + [Volloo [V ull2) [V w2

<
< e(llullf o + IV Hull D)V Vw3 + [VwllF, o) + 51V wll3
< B (u) B (w) + GV w3 (77)

and

(VM VOwe)| < e ([wllool V™I V0 ]2 + [Vl [V wll2) [V we]2
< CEpn (0) Bm(w) + §1Vw3. (78)

Furthermore it holds

(VEMs, Viwp)| < e (luelloo [V Vwlla 4 [[Vwlloo [V ugl|2) [V w2
< e (luellZ, 0 + IV a1V V0l5 + [Vwll2, o) + 51V w3
< etEp(u) By (w) + %||vawt||§. (79)

and

(VO My, V)| < o7 ([welloo [V V0]l + [V0]loo [V e [2) [V w1
< er(IV™ TV olls + [ Volloo) (lwellZe + V" we 13 + [V we13)

1
< CEpm(v)2 Ep (w). (80)
The term [(V*Ms, V*w,)| is rearranged to
(VEM5, V) = —=7((u - VV ) wy, Vi) — (VY (- VIwe) — (u - VV)wy, Vi) = Ry + Ro

and like above R; = 0 follows.
Moreover one obtains

[Ro| < e[V ((u- V)wy) = (u- VEV)w 2] Vw2
< o7 ([ Vulloo [V V|2 + [ Verlloo [V ull2) [V wel2
< er(IVulloo + V" ull2) (V" Vw3 + [Vl [3 + 1V w][3)

< By (1) Ep(w). (81)
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The last term |[(V* Mg, V¥w;)| can be estimated by

[(V Mg, V)| < o7 ([wllo [V Vel + [Voelloo [V w]l2) Vw02
< er?(IV Vo3 + Vo7, 2) (w2 + IV wl3) + 51V w3
< 7B (0) Em(w) + 5[V wif3. (82)

Now one applies for all || < m+1 the operator V¢ to (52), but this time multiplies with V®w in L?(R")
to the end

d
T (VOw, VOw) — 7| Vw3 + u| VY03 + —

. Vw3

dt 2|
6 (83)
—(urV*Auv, Vi) + Z(V‘XMJ», Vw).
j=1

With the same estimates as above one obtains

(VM Vo) < B ()2 Ep(w), (84)
(VO My, Vow)| < B (0)2 By (w), (85)
(V2 M, Vow)| < y/7 By ()2 B (), (86)
(Vo My, V2w)| < cEpn(0)2 Eyn (). (s7)

For the term |[(V* M5, V*w)| one distinguishes between ov = 0 and o # 0.
For |a| = 0 it holds

N

[(Ms, w)| < erl|(u- V)wtlla[Jwlla < erljufloo][Vwtlla[[wlle < cEpm(u)2 Em(w), (83)

while for || # 0 one obtains as above
[(VEMs, Vow)| < e (|ullool [V Vw2 + [Vl oo [V ull2) [V w2
< B ()3 By (). (59)
The last term can be estimated to
(V" M, Vow)| < er ([[wllsol [V Vvell2 + Vvt lloo [V uw]l2) [V w]]2
< VT B41(0)2 Eon(0), (90)

Now one adds (76) and (83), sums up over |a| < m+ 1 and uses the estimates for the nonlinearities (77),
(78), (79), (80), (81), (82) and (84), (85), (86), (87), (88) resp. (89), (90) and ends up with

d

g Em@)+ > (Vw3 = 7 Vw3 + | Vo Vuwlf)

lal<m-+1
< (Bn(t) + En1(0) + B (0) + Eypy1 (v)2) B ()

+ Z <§||V‘lwt|§ + [{(urV*Avy, V*wy) | + |<uTVaAvt,Vaw>> .
la|<m+1
The scalarproducts are estimated by
[{ur Ve Avy, Vi) | + [{(urV* Ay, VEw)|
< p(r? |V DulE + & IVowl3) + u(5 VA3 + 3 Vw]3)
< er?||V*Av|3 + £[IV*we||3 + cEm(w). (91)
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Plugging this in and settig without restriction 7 < % one finally obtains

%Em(w) < (B (t) + Emir (0) + (W) + Epi1(0)2 + DEn(w) +er® 3 [VoAw  (92)

la|<m+1

Now one defines R:= 3", <., 41 [V¥Auv;||3 and uses (57) what yields (75).

4 Appendix

Theorem 4.1 (Moser-Inequalities )
Let m € N. Then there is a constant ¢ = c(m,n) > 0 such that for all f,g € W™2R") N L=(R") and
a € Ni, |a| < m, the following inequalities hold:

V(92 < clllFlloc VT gllz + IV Fll2llgllo0), (93)
IV (fg) = FVoll2 < eIV FlloclV™ gl + V™ fll2llgll o) (94)
Proof. see |9, Lemma 4.9]. O

Lemma 4.2

Let a, 8,7 > 0. Then
t

sup/(l +t—r) (1 4+7r)PA+t)dr < oo
20 J
if and only if
(i) a+B—v>1,
(ii) o>~ and § > 7,
(i) (if B=1 then a>~) and (if o =1 then 5 > ),
are satisfied.

Proof. see |9, Lemma 7.4]. O

Lemma 4.3 (Nonlinear version of the Lemma from Gronwall)
Let v,w, g € C°([0,T],R)

(i) Let k € C°([0,T] x [0,T] x R,R), k(t,s,-) be monotone increasing for all s,t € [0,T] and let

v(t) < g(¢) +/k(t,s,v(s))ds, w(t) > g(t) —l—/k(t,s,w(s))ds for all t € [0, 7], (95)
0 0
hold, then
v(t) < w(t) for allt €0, T). (96)
holds.
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(ii) Let g € C1([0,T],R), k € C([0,T] x R,R), k(t,-) be monotone increasing for all t € [0,T] and let

h be the local solution of

h(t) = g(t) + k(t, h(t)), (97)

Then for all v € C°([0,T],R) with

the estimate

holds within the existence time of h.

Proof. (i) see [15, Theorem I.1.IIJ.
(ii) cp. [15, L.5.IX]. It is well known that h is well defined and h(t) = g(t) + fg k(s, h(s))ds holds.
Therefore part (i) with w := h applies. O

The standard Lemma from Gronwall is included in this lemma (cp. [15, I.1.II1}).
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