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Stability for thermoelastic plates with two temperatures

RAMON QUINTANILLA and REINHARD RACKE

Abstract: We investigate the well-posedness, the exponential stability, or the lack thereof, of thermoelastic
systems in materials where, in contrast to classical thermoelastic models for Kirchhoff type plates, two
temperatures are involved, related by an elliptic equation. The arising initial boundary value problems for
different boundary conditions deal with systems of partial differential equations involving Schrodinger like
equations, hyperbolic and elliptic equations, which have a different character compared to the classical
one with the usual single temperature. Depending on the model — with Fourier or with Cattaneo type
heat conduction — we obtain exponential resp. non-exponential stability, thus providing another examples

where the change from Fourier’s to Cattaneo’s law leads to a loss of exponential stability.

1 Introduction

Thermoelastic plates of Kirchhoff type modeled by

ug + bA%u+dA) = 0, (1.1)
0y +divg —dAu, = 0, (1.2)
T +q+kVE = 0, (1.3)

for (u,0,q) = (u,6,q)(t,z) denoting the displacement, the temperature and heat flux in a
smoothly bounded domain @ C R”, ¢t > 0, z € Q, with b,d,x > 0,7 > 0, have been dis-
cussed in recent years with respect to well-posedness and asymptotic behavior in time (also for
unbounded domains) and both for 7 = 0 and for 7 > 0.

So-called non-simple materials are modeled by two temperatures, the thermodynamic tem-
perature 6 and the conductive temperature @, related to each other in the following way, see
2, 3, 4, 32],

0=¢—alp (1.4)

with a constant a > 0. The corresponding extension of the classical thermoelastic plate model
(1.1)-(1.3) then reads as

Ut + bA2U + dAO =
0; +divg — dAuy =

T¢ +q+ KV =

o o o o

0—p+alp =

9AMS subject classification: 35 B 40, 74 F 05, 74 K 20, 80 A 20
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Boundary conditions will be given for u, ¢ and/or ¢ below.

For a = 0 we recover (1.1)-(1.3). In this case, in particular, it is known that one has,
for appropriate boundary conditions, exponential stability for the Fourier type heat conduction
given by 7 = 0, while it is not exponentially stable for the Cattaneo (Maxwell) type given for a
positive relaxation constant 7 > 0, see [26, 27, 8]. Also the Cauchy problem (2 = R™) has been
investigated in [30], where the loss of exponential stability in bounded domains is reflected in a
regularity loss in the description of polynomial decay of solutions.

Here, we shall investigate initial boundary value problems for the case a > 0. We are
first interested in the well-posedness both for 7 = 0 and for 7 > 0, which is more delicate in
comparison to the case a = 0, since there will be no regularity gain in the temperature triggered
by the differential equations. The second main topic will be to investigate exponential stability
for 7 = 0 resp. non-exponential stability for 7 > 0. In particular for the case 7 = 0, we will
consider several boundary conditions, using different methods.

This way we also contribute a further example where the different heat conduction models,
one by Fourier (7 = 0), one by Cattaneo (7 > 0) predict different qualitative behavior, see [9]
for the thermoelastic Timoshenko model, and [26, 27, 8] for the classical thermoelastic model
(a = 0). As was indicated in [29], these might not be exceptions, that is, the change from
Fourier’s to Cattaneo’s “law” is likely to lead to a loss of exponential stability.

Some related papers are given as follows:

Case a = 0: For bounded domains and for 7 = 0, there are many results in particular on
exponential stability, see for example [1, 13, 14, 15, 16, 17, 19, 21, 22]. For results for the
Cauchy problem or in general exterior domains see for example [5, 6, 7, 21, 22, 30]. For 7 > 0,
exponential stability in bounded domains is lost [26, 27, 8], for the Cauchy problem we encounter
a regularity loss [30].

Case a > 0: Here only the second-order system

Uy — buge +db, = 0, (1.9)
0; + qr +dug, = 0, (1.10)
Tq+q+ R, = 0, (1.11)

0—¢+ape, = 0, (1.12)

in one space dimension in a bounded interval has been studied with respect to exponential
stability for a = 0 [25], the well-posedness was obtained in any space dimension [24]. The
non-exponential stability for 7 > 0 was proved in in [18]. We carry over considerations to
the fourth-order thermoelastic plate, which exhibits more complex difficulties, cp., for example,
Section 7.

Our main new contributions are
e First discussion of the fourth-order thermoelastic plate system with two temperatures.

e Proof of well-posedness for rather weak regular solutions, both for 7 = 0 and for 7 > 0.



e Proof of exponential stability (7 = 0) resp. the lack thereof (7 > 0) for different boundary
conditions with different methods; this way also providing another example for the problem

of “right” modeling with Fourier or Cattaneo type laws.
e Providing the rigorous proof of exponential stability for the second-order system.

The paper is organized as follows. In Section 2, the well-posedness for the thermoelastic plate
model (1.5)—(1.8) (with appropriate boundary conditions and initial conditions) is investigated
for 7 = 0, while the corresponding results for 7 > 0 are given in Section 3. The exponential
stability for (1.5)—(1.8) is shown for 7 = 0 for the boundary conditions (2.5) and (2.7) in Section 4
with semigroup methods, while Section 5 shows the general non-exponential stability for 7 > 0.
The exponential stability for the second-order thermoelastic model (1.9)—(1.12) is proved for
7 = 0 in Section 6. The exponential stability for (1.5)—-(1.8) is proved for 7 = 0 in Section 7 for
Robin type boundary conditions on the temperature with energy and lifting methods.

We use standard notation, in particular the Sobolev spaces LP = LP(2), p > 1, and H® =
W*%(Q), s € Ny, with their associated norms || - ||z» resp. |- |gs. The inner product in a
Hilbert space X is given by (-,-)x, and (-,-) := (-,-);2. By Id we denote the identity on some

given space.

2 Well-posedness for 7 =0

Here we extend the work on the second-order system in [25] to the fourth-order system.

We start proving the well-posedness of the system (1.5)—(1.8) with 7 =0, i.e. for

uy +bA*u+dA) = 0 in [0,00) x Q, (2.1)
0 — kAp —dAuy = 0 in [0,00) x €, (2.2)
0—p+alAp = 0 in [0,00) x €, (2.3)

recalling that a > 0. Initial conditions are given by
uw(0,) =up, u(0,) =wug, 0(0,-) =06 in Q, (2.4)

while boundary conditions are prescribed either by

u(t, ) = gZ(t, ) =0, (t,-) =0 in [0,00) x 09, (2.5)
or by 5 5
_Ju — ¥ — :
u(t,-) = a(t, ) =0, E(t’ )=0 in [0,00) x 09, (2.6)
or by
u(t, ) = (bAu+db)(t,-) =0, o(t,:) =0 in [0,00) x 0%, (2.7)

where v denotes the exterior normal at the boundary. We write

o= (Id—aA)t0. (2.8)



Here (Id — aA)_l denotes the homeomorphism from L? onto H2 N H} in case of the boundary
conditions (2.5) or (2.7), and from L2 onto H? N {p| g—f = 0} N L? in case of the boundary

conditions (2.6), where
L:={fecl? / f(z)dz =0}.
Q
The boundary condition (2.7) will be treated at the end of this section. Then we obtain
u + A(bAu+df) = 0 in [0,00) x €, (2.9)
0, — B0 —dAu; = 0 in [0,00) x €, (2.10)
with

. { L? = [2 for (2.5) or (2.7), (2.11)

| L2 — L2 for (2.6),
B := kA (Id — aA) 16,

B being (just) a bounded operator. By (2.3), we have for the boundary conditions (2.6)

/Oda::/gada:,
Q Q

/Oo(x)dx:O:VtZO:/H(t,x)(x)dajzo,
Q Q

and this is an invariant, i.e.

which can be obtained by integrating (2.10).

Remark 2.1. The equation (2.10) for, essentially, 6 does not trigger any regularity for 0, in
contrast to the situation where a = 0 (only one temperature 0 = ¢). For a = 0 we would have
the classical operator B = kA on its usual domain. On the other hand, in equation (2.9) one
needs, yet formally, AO. This lack of reqularity will be reflected in a lack of separate for requlariy

foru and 6. We shall have a connected regularity, see below.
The operator B satisfies for 0 = ¢ — aAp
(BY,0) = =k Vellze — wal Al <0. (2.12)

We transform the system (2.9), (2.10) into a system of first order in time for V' := (u,uy,0)’,

where / denotes the transposed matrix:

0 1 0
‘/t = —bAZ 0 —dA V= AfV, V(O, ) = VO = (UO,ul,Go)/. (2.13)
0 dA B

This formal system with the formal differential symbol A, will be considered as an evolution

equation in an associated Hilbert space

HZ x L? x L? for (2.5),
H:=q HExL?>xL? for (2.6), (2.14)
(H>NHY) x L* x L*  for (2.7),
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with inner product

(V, V) = b(Au, AT + (v, ) + (6,6).

Then
Vi=AV, V(t=0)=V" (2.15)

where
A:D(A)CH—H, AV = AV, (2.16)

for Ve D(A) with

{V = (u,v,0) € H|ve HZ, A(bAu+df) € L*} for (2.5),(2.6),

2.17
{V = (u,v,0) € H|(bAu+df) € H*N H } for (2.7). (217)

D(A) = {

In the definition of D(A), the problem of the missing (separate) regularity for 6 is reflected. cp.
Remark 2.1. One just has the combined regularity A(bAu+df) € L?, not writing A%u, Af € L2,
and this way A;V has to be interpreted.

As usual, A(bAu + df) € L? means

Jhe L2V € CF : (bAu+ db, Ay = (h,1)). (2.18)
We will show that A generates a contraction semigroup.

Lemma 2.2. D(A) is dense in H, and for V = (u,v,0) € D(A), with § = ¢ — aAp, we have
the dissipativity of A,

Re (AV,V)y = (BY,0) = —r[| V|72 — ral| Ap[[72 0.
PROOF: (C5°)? is contained in D(A) and dense in H.

Re (AV,V)y = Re (b(Av, Au) + (A(—bAu — df),v) + (dAv + B, 0))
= (B6,0) (using v € HZ for (2.5), (2.6))
= —#llVellZ: — rallAgll7. <0 (by (2.12))

U
Lemma 2.3. The range of Id — A equals H.
Proor: (Id — A)V = F is, for given F' € H, equivalent to finding V' € D(A) solving

wu—v = F.
v+ AbAu+df) = F?,
6 —dAv— B = F3.

v :=u — F! will be given if (u, #) satisfy

A(bA — F24F!
u+ A(bAu + df) + P } 2.19)

0 —dAu— B = F3—dAF!.



Consider the sesquilinear form g : K — C, where
HZ x L? for (2.5),
K:=14 HZxL? for (2.6),
(H2NH}) x L*  for (2.7),
B ((u1,01), (u2,02)) := (u1,u2) + (bAuy + dby, Auz) + (01,02) — (dAuy,02) — (Bb;,02),
and the associated variational problem to find, for any (h,g) € L? x L%*), a unique (u,0) € K
satisfying
V(¢1,92) € Kt B((u,0), (¥1,¢2)) = (h,¥1) + (g, ¢2). (2:20)
Solving (2.20) with
h:=F'+F?  g:=F—dAF!

gives the solution (u, 8) to (2.19). Here we use for the case of the boundary conditions (2.7) the
self-adjointness of the Dirichlet-Laplace operator in L? with domain Hg N H&.
The solvability of the variational problem follows from the Theorem of Lax and Milgram,

observing
|B ((uh 91)7 <u27 92))’ < C”(uhel)HH?XLZH(UQ: HQ)HH2><L27
with some positive constant ¢ > 0, and, using the boundary conditions,
Re 3 ((u,0), (u,0)) = |lullf> + b Aullf> + [0]7 — (B6,0)
[ull72 + bl Aul72 + (61|72

>l (u,0) |72 2

v

with some positive constant ¢ > 0 by elliptic regularity.
O

By the Lumer-Phillips theorem we conclude

Theorem 2.4. A generates a contraction semigroup, and, for any VO € D(A), there is a unique
solution V' to (2.15) satisfying

V e C([0,00),H) N CY([0,00), D(A)).

By the contractivity we obtain the following stability estimate for the solution V' to (2.15),
for t > 0,

w(t, ) gz + lue(t, )2 + 10 )22 <k ([Juoll gz + [Juillz2 + |00l £2) (2.21)

with a constant & > 0 not depending on t or on the data. More precisely, we have for the
associated energy
E(t) := b Aut, )[|72 + llue(t, )72 + 10, )72
the relation .
E(t)=E(0)+ 2/0 (B0,0)(r)dr (2.22)

for any V0 € D(A) and ¢t > 0. This can be easily seen multiplying (2.9) by u; (in L?), and (2.10)
by 0, adding, and using w(,-) € HZ.



3 Well-posedness for 7 > 0

The model (1.5)—(1.8) for thermoelastic plates of Kirchhoff type with two temperatures under

the Cattaneo law, i.e. for 7 > 0,

uy + bA*u +dA) = 0, (3.1)
0; +divg —dAu; = 0, (3.2)
T +q+KVe = 0, (3-3)
0—p+alAp = 0. (3.4)

will be shown to be well-posed for two different boundary conditions..

The well-posedness requires the choice of suitable representations of the solutions and corre-
sponding phase spaces. The regularity issue is even more complicated due to the fact that the
heat flux is not immediately of the same regularity as the gradient of the temperature ¢, as it
was in the case of the Fourier model discussed in the previous section.

The issue of only combined regularity for (u, 6, q) only, in contrast to separate regularity for
each of u, 0, g, comes up again requiring the right spaces and domains of operators.

Initial conditions are given by
u(0,-) =up, u(0,-) =wuy, 0(0,) =06y, q(0,-)=qo in €, (3.5)

while boundary conditions are prescribed either as before in (2.5) by

u(t,-) = gZ(t, ) =0, (t,-) =0 in [0,00) x 09, (3.6)
or as before in (2.7) by
u(t, ) = (bAu+db)(t,-) =0, o(t,:) =0 in [0,00) x ON2. (3.7)

Defining w := wu;, we obtain from (3.1)-(3.4)

wy + A(bAw + db;) = 0, (3.8)
704 + 0; — BO — dAw — 7dAwy = 0, (39)

where B = kA (Id — aA) ™" denotes the operator defined in (2.11).
Solving (3.8), (3.9) with inital conditions

U)(O, ) = U1 =: W, ’U)t(o, ) = —A(bAw + dAeo) =:wq,
0(0,-) = 6o, 0:(0,-) = —divgo + dAuy =: b (3.10)

and boundary conditions on 0f2, either

_ Ow

=5, t)=0,  ¢t.)=0, (3.11)

w(t,-)



or

w(t, ) = (bAw + db)(t, ) =0, o(t,-) =0 in [0,00) x 09, (3.12)

one gets a solution (u,0,q) to (3.1)-(3.6) by integration. For the solvability for (w,f), we

transform it to a first-order system W := (w,wy, 6, 6;)’,

0 1 0 0
—bA%2 0 0 —dA
W, = 0 o0 o 1 |WEAW W)= WO = (wo, w1, 00,61)". (3.13)

laa da i -1

System (3.13) together with the boundary conditions (3.11) or (3.12) will be considered as an

evolution equation in the associated Hilbert space

HZ x L* x L? x L? for (3.11),
Hi = 9 1 9 9 9 (3.14)
(H*NHj) x L* x L* x L*  for (3.12),
with inner product
Then
Wy =AW, W(t=0)=W° (3.15)
where
Ay D(Al) C Hi1 — Hi, AW = ALfVV, (3.16)
for W € D(A;) with
_ / 2 2
D(A) = {W = (w,2,0,y) € Hi|z € Hj, A(bAw + dy) € L*} for (3.11), (3.17)
{W = (w,2,0,y) € Hi|z, (bVAw+dy) € H*NH}  for (3.12).

In the definition of D(A;), the problem of the missing (separate) regularity for Aw,y is reflected
again, cp. Section 2.

As in Section 2 one can show that A; generates a Cy-semigroup. For this purpose we write

z
—~A(bAw + dAy)

Y
LdAw +dAz+ L1BO — Ly

AW =

z 0
B —A(bAw + dAy) N 0
= 0 y
dAz + 1 B0 ldAw+1B0 — 1y
EA11W EA12W



The operator
Alg : Hl — 7‘[1

is bounded, and for
Aqq D(All) = D(Al) CHi— Hi
we have
Lemma 3.1. (i) D(A11) is dense in Hi, and Aq1 is dissipative,
Re <A11VV, W>'H1 =0.
(i) The range of Id — A1y equals H, .

PROOF: (i) is easy, and to solve (Id — A11)W = F is, for given F' € H;, we may argue as in the
proof of Lemma 2.3 using the bilinear form £y : K1 — C with

1 H§ x L? for (3.11),
YT (B2 HY) x L2 for (3.12),

Bi1 (w1, y1), (wa, y2)) := (w1, w2) + (bAwr + dy1, Aws) + (Y1, y2) — (dAw1, y2)

and the Theorem of Lax and Milgram.
O
As a consequence we obtain the well-posedness of (3.15), corresponding to the boundary condi-

tions (3.11) or (3.12),

Theorem 3.2. Ay generates a Co-semigroup, and, for any WO € D(Ay), there is a unique
solution W to (3.15) satisfying

W e C([0,00),H1) N C°([0,00), D(A1)).

In Section 5 we will demonstrate for the hinged boundary conditions (3.12) that there is not
exponential decay. That is, we will have another example of a thermoelastic system for which
the modeling with he Fourier law leads to an exponentially stable system (see Section 4), while

the modeling with the Cattaneo law does not yield exponential stability (see Section 5).

4 Exponential stability for 7 =0

Here we will show the exponential stability of the thermoelastic plate with two temperatures
for 7 = 0, and for both boundary conditions (2.5) or (2.7) using semigroup methods. We use
the following characterization of exponential stability given in [20] going back to Gearhart [10],
Huang [11] and Pri8 [23].

Theorem 4.1. Let {etA* >0 be a Co-semigroup of contractions generated by the operator A
in the Hilbert space H.. Then the semigroup is exponentially stable if and only if iR C p(A,)
(resolvent set) and

limyg o0l (iB] — A) 7| <00, BER. (4.1)

9



The three steps to obtain exponential stability for {etA}tzo, with A from Section 2, are:
Step 1: Prove 0 € p(A).  Step 2: Prove iR C p(A). Step 3: Prove (4.1) for A, := A.

For Step 1 we solve A(u,v,0) = F for F = (F', F?, F3)" ¢ H, which is equivalent to solving

v = F1
—A(bAu+db) = F?,
dAv+ B = F3.

Choosing v := F!, having the desired regularity in D(A), we solve
BO = F? + dAF!

by
0 :=B ' (F?+dAF") =

x|

(A™! —ald) (F? + dAF).
For the boundary condition (2.5), we solve
bA*u=—F* - Afc H* = (HZ) (dual space)
with a unique u € Hg. By construction we have
(u,v,0) € D(A),  [l(u,v,0)ll3 < || Fl- (4.2)
For the boundary condition (2.7), we first solve
—Aw = F?, w e H? N HY,

and then
bAu=w—df, uec H>NH,.

Again we have (4.2), thus for both boundary condition 0 € p(A).

To prove Step 2 we assume that the imaginary axis is not contained in the resolvent set.
Following standard arguments ([20, p.25]), there exists a real number w # 0 with ||[A71||7! <
lw| < oo such that the set {i\ C iR ||\ < |w|} C 0(A) and sup{||(iX — A)7||||\] < |w|} = oo.
This implies the existence of sequences (A,), C R and (W,,),, C D(A) with

A —w, ([Wallyg =1, (A, — AW, = F, =0, as n — oo.

With the notation W,, = (up, v, 0,) and F,, = (F}, F2, F3)" we conclude

IApUp, — Uy, = F&, (4.3)
iAUn + A(bAU, 4 db,) = F2, (4.4)
iXOp — BO, —dAv, = F2. (4.5)

The dissipativity of A from Lemma 2.2 gives for 6,, = ¢, — aApy,

/£||V<pn||2 + a/{||Ag0n||2 = —Re (AW,,, Wp,)1 — 0,

10



implying

on—0 inH?)  6,—0,  Bf,—0. (4.6)
From (4.5) we conclude
A
0 (4.7)
An
This implies together with (4.3)
Au, — 0,
hence
up — 0 in HZ. (4.8)

Multiplying (4.4) by u, in L? yields
i(Uny Antin) + (ADAU, 4 db), un) = (F2,u,) — 0.
Using
(A(bAuy + dby), uy) = (bAuy, + dby,, Auy,)

which holds under both boundary conditions (2.5) or (2.7), we conclude
—llvnll* = {vn, Fa) + 0| Aun|* + d{0, Aun) — 0,

implying
vy — 0. (4.9)

With (4.6), (4.8), (4.9) we conclude ||W,||% — 0 which is a contradiction to ||W,||% = 1. Hence
we have proved iR C pA.

Finally, to prove Step 8 we can argue by assuming that (4.1) does not hold and conclude a
contradiction in the same way as in Step 2, the only difference being that |\,| — oo instead of
Ap — W.

Altogether we have proved the exponential stability.

Theorem 4.2. Solutions to the thermoelastic plate equation with two temperatures, both for
the boundary conditions (2.5) and for the boundary conditions (2.7), tend to zero exponentially

uniformly, i.e. the associated semigroup {etA}tZO is exponentially stable.

5 Non-exponential stability for 7 > 0

Here we discuss the thermoelastic plate with two temperatures and 7 > 0, (1.5)—(1.8), in space

dimensions n > 1,

ug + bA%u + dAO =
0 +divg —dAuy =

gt +q+ KV =

c o o o
~~ o~~~

0—p+aldp =

11



with hinged boundary conditions,
u(t, ) = (bAu +db)(t,-) =0, o(t,-) =0. (5.5)

We will prove the existence of slowly decaying solutions giving the non-exponential stability.
That is we have another example where Fourier models gives exponential stability (according to

Section 4; cp. also Section 6), while the Cattaneo model is not exponentially stable.
Theorem 5.1. The system (5.1)—(5.5) is not exponentially stable.

PROOF: Let (x;); denote the eigenfunctions of the Laplace operator for Dirichlet boundary
conditions,

—Ax; = Ajxj, xj =0 on 99,

with eigenvalues 0 < A\ < Ap <--- < \j — 00 as j — oo.

We make the ansatz
ui(t,x) = a;(t)x;(x),  q;(t,x) = d;(t, )V (z),

@it ) = bj(t)x;(x), 05, ) = (1+aX;)b;(t)x;(x).
This ansatz is compatible with the differential equations (5.1)—(5.4) and with the boundary con-
ditions (5.5). It gives a solution (uj,qj, ¢;,0;) if the coefficients (a;,b;, d;) satisfy the following

system of ODEs, where a prime ’ denotes here differentiation with respect to time t,

a;-’ + b)\?aj — d/\j(l + a)\j)bj = 0,
(1 + a)\j)b; — Ajdj =+ d)\ja; = O, (56)
Td; + dj + fibj = 0.

System (5.6) is equivalent to a first-order system for the column vector V; := (aj, a;-, bi,qj),

0 1 0 0
—bA\? 0 d\j(1+ah;) 0
i=|l 0 ! 0 T | Vis A (5.7)
1+a); 1+a);
00 =

We are looking for solutions to (5.7) of type Vj(t) = e**V. In other words, w; has to be an
eigenvalue of A; with eigenvector V}O as initial data. It is the aim to demonstrate that, for any
given small € > 0, we have some j and some eigenvalue w; such that the real part Rew; of w; is

larger than —e. This will contradict the exponential stability. We have

1
J
[Td®XN5(1+ a)j) + £A; + THAZ (1 + a)j)] w?
+ [d*A2 (14 aXj) + bAS(1 + a)j)] w + brAS}
1
7'(1 + a)\j)

Pj(w).

12



To show that
Ve>0 Elj Ele, Pj(w]') =0: Rewj > —¢,

we introduce, for small € > 0,
z:=w+e, Pj.(2) := Pj(z —¢).
That is, we have to show
VO0<e< 1 3j 3z, Pj(z;)=0: Rez; >0. (5.8)
To prove (5.8) we start with computing

Pi(2) = qu2* + ¢32° + 22 + 1z + o

where
q4s = T(l + a/\j),
g3 = (1 —4eT)(1+ a)j),
qo = 67 — 3¢ + (67¢%a — 3ear) N,
q = —473(1 + a)j) + 32 (1 + a)j) — 2 (r(b+ d2))\? + 1a(b+ d2))\§?)
FA? + abA? + d*NF + ad® A3,
@ = 7' (14 aXj) — (1 +a\j) + &% ((rb+ 7d*)A3 + ra(b+ d*)A} + k)
—& (b°A7 + abA] + d*XF + ad®X3) + brA].
The coefficients qo, .. ., g4 are positive for sufficiently small € and large j, since A\; — co. We use

the Hurwitz criterion [31]: Let

g3 q¢ 0 O
H = q1 42 43 g4
0 9@ @1 @
0 0 0 q0

denote the Hurwitz matrix associated to the polynomial Pj.. Then (5.8) is fulfilled if we find,
for given small ¢ > 0, a (sufficiently large) index j such that one of the principal minors of H/
is not positive. The principal minors are given by the determinants det Di, of the matrices Dﬁﬁ,
for m = 1,2,3,4, where D?, denotes the upper left square submatrix of HY consisting of the
elements H{l, .. ,Hznm.

We compute
det Dj2 = g3g2 — qiqs = —2e7%a?(b+ d*)A} + O(\}) < 0

as j — 00.
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6 Exponential stability for the second-order system

The second-order thermoelastic system with two temperatures (1.9)—(1.12) is for 7 = 0 given by

U — bugy +db, = 0 in [0,00) x (0,1), (6.1)
O+ qu+duy, = 0 in [0,00) x (0,1), (6.2)
g+ rKp, = 0 in [0,00) x (0,1), (6.3)
0—p+ap = 0 in [0,00) x (0,1), (6.4)

together with initial conditions,
U(O, ) = Uug, ut(ov ) = Uy, 0(0, ) — 00 in (07 1)’ (65)

and boundary conditions

u(t,0) =u(t,1) =0, @u(t,0) =¢(t,1) =0, for t>0. (6.6)

Assuming
1
/ o(x)dz = 0 (6.7)
0

we avoid trivial non-decaying solutions as (u = 0,6 = 1). We notice that by equation (6.2) and
the boundary conditions (6.6) the property of mean value zero for 6 is invariant in time. i.e.

assuming (6.7), we have for any ¢ > 0

/1 0(t,x)(x)dx = 0. (6.8)
0

In [24] Quintanilla investigated time-harmonic solutions showing that the real parts of the
possible frequencies are strictly less than zero indicating exponential stability of the semigroup.
Here we strictly prove the exponential stability by energy estimates, on one hand in order to
complete [24], and on the other hand, as first demonstration of possible considerations for proving
exponential stability with energy methods in the case of two temperatures. The latter will be
considered for Robin type boundary conditions in the temperature for the fourth-order system
in Section 7.

The well-posedness of (6.1)-(6.6) has been studied (for Dirichlet type boundary conditions
instead of Neumann type boundary conditions for ¢) by Quintanilla in [25] for any space di-
mension n = 1,2, 3.

As regularity of the solutions we have
u € C([0,00), Hy), ut € C°(([0,00), L?), 8 € C1([0,00), L?), (buy — df) € C°([0,00), H).

Let (Id — adyy)~" denote the homeomorphism from L2 N { f € L?| fol f(z)dz = 0} onto
H>n{peL?| [} p(z)de =0, ¢,(0)=py(1)=0}. Defining

By :L? - L% B := kO (Id — adp) ' 0, (6.9)
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we rewrite (6.1)—(6.4) as
Ut — bUge +dB, = 0, (6.10)
0, — B10 + dug, = O. (6.11)
Defining the associated energy
Ex(t) = bllug(t, )72 + llue(t, 122 + 110(2, )22
we have, cp. (2.22), (2.12),

CB(1) = ~2(B10,6) = ~rll@al}a — ralloela
Observing
0 =¢—ape
we conclude J
B < —c1]0]13, (6.12)

where ¢; will denote a positive constant in this section, possibly varying from line to line, and
not depending on ¢ or the initial data.
Multiplying (6.10) by v in L?, we obtain

dd _db d d?
et = = DlualFa + Slullfa + 5 >

d d
= ||ux||L2+ ||UtHL2+ H9||L2 (6.13)

(0, uy)

Because of the given regularity, not pr0v1d1ng higher regularity for u and 6 separately, we cannot
use some multipliers typically used in thermoelasticity, cp. [28]. Therefore, we lift the regularity

by integrating in space. For this purpose let

n(t,x) := /Ox 0(t,y)dy. (6.14)

Integrating (6.11) we get n(t,-) € H} and

N — / B10dy + us = 0. (6.15)
0

Let P denote the operator given by

(Pu)(x) = /0 " w(y)dy.

Remark 6.1. Let B denote the operator defined in (2.11) in Section 2 again, now for Q = (0,1)
Then we have
PoBy=BoP on L.

This is equivalent to proving p = q. for p and q satisfying
p—apzz =0, px(0) =ps(1) =0,  ¢q—agz = P0, q(0) =q(1) =0,

which easily follows using the boundary conditions and uniqueness for the boundary value prob-

lems.
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Multiplying (6.15) by wu¢, we obtain

d
%(777Ut> = (PBif,u) — dHUt”%z + (n, ug)
= (B0, w) — dlula + O, (b — dB).)
= (PBAO,w) — dlul 3 — b0, ) + dO]
1 3d db 2
< 2PBolEs - Sl + Pl + (a+ 2 ) 08 (610

Since
1PB16]|7> < <017
for some (generic) ¢ > 0, we conclude from (6.16)

_3d
1

db

luelze + g lluallz2 + ellfll 72 (6.17)

d
% <177 'LLt> S

Combining (6.13) and (6.17) we get

d d
%Re (<ut7u> + <771 ut>) < _ZHutH%? -

db

el -+l (6.1)

Defining the Lyapunov functional L; for € > 0 by
Ly(t) := Er(t) + e {Re ({ug, u) + (n,ue))}

and choosing € small enough, we obtain from (6.12) and (6.18)

%Ll(t) S —alEl(t), (619)

with some a; > 0 depending on € and on ¢; (i.e. the coefficients of the differential equations).

Observing
1
e {Re (uey ) + G, u)}| < 5E(0)
for sufficiently small £, we have, for any ¢ > 0,

1 3
SELD) < Li(t) < SEA() (6.20)
and then, by (6.8),

d 2
le(t) S — = Ll(t),

dt 3
—

and, finally, obtain

Theorem 6.2. The energy E for the system (6.10), (6.11) decays exponentially. For anyt > 0
we have
E1 (t) S 3E1 (O)e_at.

with a positive constant o which does not depend on t or on the data. In terms of the associated

semigroup, we have exponential stability.
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The statement on the exponential stabilty of the semigroup follows, as usual, from the fact,
that after transforming to a first-order system for V' = (u,uy, ) as in Section 2, the square of
the norm of the solution is equivalent to Fj.

The discussion in this section prepares the one of the next section for the fourth-order
operator where the (low) regularity of the solution also will require a (more complicated) lifting

in space, here reflected by the definition of 1 above.

7 Exponential stability for the fourth-order system for 7 = 0 for
Robin type boundary conditions

We prove the exponential stability for the thermoelastic plate equation with two temperatures

and 7 =0, (2.1)—(2.4), (2.6), in one space dimension,

Ust + DUgger + A0z = 0 in [0,00) x (0,1), (7.1)
O + qp — diugzr = 0 in [0,00) x (0,1), (7.2)
q+rpy = 0 in [0,00) x (0,1), (7.3)
0—¢o+ap,, = 0 in [0,00) x (0,1), (7.4)
u(0,) =up, u(0,) =wus, 60(0,-) =6 in (0,1), (7.5)
with boundary conditions, for ¢ > 0,
u(t,0) = u(t,1) = uz(¢,0) = uy(t, 1) =0, (7.6)

Bafo(t, )] = @u(t, 1) = 92(2,0) =0, Rafo(t, )] i= @u(t, 1) = (0(t, 1) = ¢(¢,0)) = 0. (7.7)

These mixed periodic-Robin-type boundary conditions for ¢ are different from those considered
in Section 2, so we will first give the arguments for the existence of solutions. The reason
for considering these boundary conditions is mainly technical: the Dirichlet resp. Neumann
boundary conditions for ¢, studied in (2.5) resp. (2.6) in Section 2 and discussed in Section 4
in any space dimention, do not allow to carry over the energy approach below. The choice of
the function h below has to assure h € HZ and simultaneously to be compatible with different
aspects of the equations. Lifting the regularity, expressed in the definition of h and corresponding
to the lifting given for the second-order problem in the previous section in the definition of 7 in
(6.14), seems appropriate.

For the existence of solutions in appropriate space we first consider the operator
A D(Ay) :={¢ € H*|Ri[p] = Ra[¢] =0} C L* — L2,

A = Pgz.

Lemma 7.1. (Id — aA,,)"" ezists on L? and is a homeomorphism onto D(Ay,) (the latter

equipped with the H?-norm).
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PROOF: By the theory of boundary value problems for ODEs, it is sufficient to check that

the homogeneous problem

o —apge =0, Rifp] = Rafp] =0 (7.8)

only has the trivial solution. Let ¢ solve (7.8). Then

with constants «, 8 € R. Since R;[p] = 0 we get

1
eva —1
f=o—a—.
e Vo —1
Using Ra[p] = 0 we conclude
1 % 1 1
L eve — _1
a +1—e\/5>:oz<—l—|—e\/5>. (7.9)
<\/ZZ e_%—l \/a

Equation (7.9) is never satisfied for 0 < a < oo unless @ = 0 which implies ¢ = 0. The argument

for this is, for example, to look, for v := ﬁ € (0,00), at the function

fN=02-ve"+(2+7)e " —4

Equation (7.9) is equivalent to

and it suffices to prove, for all v € (0, c0),

f(v) <0.
The latter follows easily for v > 0, and for 0 < v < 2 it suffices to look at
fl)=0=7e —=(1+7)e,

observing f/(v) < 0 for v > 1. For 0 < v < 1 we notice f'(0) < 0, and f" does not have any zero

in (0,1) since

2V <« 1+v
L—x
for v € (0,1) (by considering g(z) := z — In(2+ z) — In(2 — 2) for z € (0,2) and proving ¢’ < 0
there).
U

We rewrite the differential equations as in Section 2 in the form

915 — Bm9 — duth = 0, (711)
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where
By :L* 5 L% Bpf:=rA(Id—aA,) 6. (7.12)

The transformation to a first-order system for V := (u, us, 0)’ reads as

Vi=A,V, V(t=0)=V":= (ug,ui,b), (7.13)
where
0 1 0
Ap e D(Am) CHm — Hm, ApV = 001200 0 —d0yy V,

for Ve D(A,,) with
Hy = HE x L? x L

with inner product

(V, V), = b{uge, tza) + (v,0) + (0, 0).
D(Ap) :=={V = (u,v,0) € Hp |v € Hy, Opu(btis + d6) € L* }.

The unique solvability is obtained as in Section 2 giving

Theorem 7.2. A,, generates a contraction semigroup, and, for any V° € D(A,,), there is a

unique solution V' to (7.13) satisfying
Ve G ([0,00), Him) N CY ([0,00), D(An)) -

The exponential stability is of course only on the orthogonal complement of the null space
of A,,.

Lemma 7.3. (i) N(An)={0}x{0} x{z—az+B|a,B€R}.
(i) N(Ap):-=H3x L*x{feL?| [ fx)dr = [, xf(z)dz=0}.
Proor: A,V =0 implies
v =0, Opg(bOyzu+df) =0, Bpb=0.

From B,,0 = 0 we conclude ¢z, = 0, hence p(z) = ax+ . But all these functions are in D(A,,)
since
Rijx = ax+ ] = Re[z — ax + ] = 0.
Then
0(z) = p(x) — apre () = @(x) = oz + 5.
Finally, Oyzzzu = 0 and u € Hg imply u = 0.
This proves (i) and hence (ii).
H

For the following Lemma, the special boundary conditions for ¢ are important.
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Lemma 7.4. N(Ay,)" is invariant under A,,.

PROOF: Let V = (u,v,0) € N(4n)' N D(Ay), ie. V € D(Ay) and [, f(z)ds =
fol zf(z)dr = 0. We have to show

1 1
/ dvgy(z) + B (z)dr = / Z (dvgg(z) + Bpb(z)) dx = 0.
0 0

Since v € Hg, we have

1 1
/ Vg (2)dr = v, (1) — v,(0) =0, / Tz dr = (1) — (v(1) — v(0)) = 0.
0 0

Moreover, ) )
/ Byf(2)dz = 1 / en(2)dz = 1 (pa(1) — 02(0)) = KE1[8] = 0
0 0
and
1 1
| oBub@ids = [ wona()dn = (all) = (p(1) - (0))) = KRali] = 0.
0 0
]

Lemma 7.5. For 0 = ¢ — apy, with fol o(x)dz =0 and fol zo(z)dx = 0, we have

/0 o)z = 0, /0 0y = 0.

PRrROOF: Using R;[p] = Ra[p] = 0, we have

/01 0(z)dx = /01 p(z)dz, /01 z0(z)dz = /01 zo(z)dz.

Defining the associated energy

O

Ep () := 0ljtta (£, ) |72 + lue(t, )72 + 161172

we have

d
dt
where ¢; will denote a positive constant in this section, possibly varying from line to line, and

B = (Bub,6) < —kallpuc|22 < —cill6]2, (7.14)

not depending on t or the initial data. (7.14) follows, using R;[¢] = Ra[¢] = 0, from

(Bm0,0) = K{pzz, P — apzz) = K (%(1)%0(1) — ¢2(0)p(0) — (”SDxH%2 + a”@%”%?))
= 5 ((p(1) = () = (l:lEz + allesl))

- & ((/01 %(a:)dxf = (lpalfz + al!smll%z))

< _’“LH‘PMH%%
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Multiplying (7.10) by u in L2, we obtain

dd d d?
C ) =~ luaellZa + el + S 6,0)
d d
A (7.15)

The regularity lifting is done as follows. Let
ta) = [0ty (7.16)

By Lemma 7.5 we have n € H}. Let

h(t,z) := /Ox n(t,y)dy = /Oz /Oye(t, z)dzdy. (7.17)

h e HZ, haw = 6.

Then

The boundary conditions for A follow from Lemma 7.5 since

hy(t,1) = /01 0(t,x)dz = 0. h(t,1) = /01 0(t,x)dx — /01 20(t, x)dx = 0.

That is, the reason for looking at the special boundary conditions was to, finally, achieve h € Hg,
which will allow a kind of partial integration in (7.19).

Integrating (7.11) twice, using u € HZ, we obtain

hy — P\ By — duy = 0, (7.18)

(Prw)( / / z)dzdy

defines a bounded operator in L?. Multiplying (7.18) by u; in L?, we obtain

where

d
—£<h, w) = —(PiBpb,w) +dl|lul32 — (h,ug)
= _<Ple9>ut> dHutHL2 + < (bu:r:r + d0)361>
= —(P1Bm0,ug) — dljug||72 — b(0, uga) — d||6]72. (7.19)

The last equality was obtained because h € Hg. Thus

d 1 3d
~ ) < GIPBIE — S e + Phusale+ (4 ) 1012
3d db
< Tl + sl +clol (7.20)

with some (generic) constant ¢ > 0. Combining (7.15) and (7.20) we get

d d db
SR (e, u) — (hyw)) < =l — sl 32 + 6132, (7.21)
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Defining the Lyapunov functional L,, for € > 0 by
L (t) := Ep(t) + e {Re ({ug,u) — (hyu))},

and choosing € small enough, we obtain from (6.12) and (6.18)

d

%Lm < —ank,y,,

with some ag > 0. As in Section 4 we conclude

a

and, finally, obtain

Theorem 7.6. The energy E,, for the system (7.10), (7.11) decays exponentially.

t > 0 we have
En(t) < 3E,(0)e .

For any

with a positive constant o which does not depend on t or on the data. In terms of the associated

semigroup, we have exponential stability.

The statement on the exponential stability of the semigroup follows again from the fact,

that after transforming to a first-order system for V' = (u, us, 6) , the square of the norm of the

solution is equivalent to F,,.
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